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SOME OF THE GENERATORS OF THE COMPLEX COBORDISM
RING.

In [1] we wrote down a recursion formula for a set of generators
of the complex cobordismring. In this little note we write down
some of these formulae in full by way of a trivial addendum (and

corrigendum) to [1].

1. The general formula.

Let P. be the cobordism class of CP". Write qQ. =P, ., q, = 1.
1 1 1-1 1

The complex cobordismring is then isomorphic to Z[tz,t3,...1

(note that we start with index 2 !), where ti is given by the

recursion formula:

' (1) 9 4 . (1) q aa
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(1.1) t, = u(s)qs - I v(s,d1)d by *oeee * (=1)" T u(s,d )= t,. t ..
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Here (%) is the sum over all pairs (d,d1) such that dd1 = s,
d, # 1,53d,d, € N and (§)

’ is the sum over all sequences (d,d;,d;

1,...,d])

such that 4, di’ cees 4y €N, ddi...d1 =53 d1 # 1, 53 dj a composite
number for all j = 2, ..., i. (i.e. there are at least two different
prime numbers dividing d.). (Note that there may be contributions with
a=1in @ irisa)

The integers u(s) and v(s,d) which occur in (1.1) can be obtained
as follows. For every pair of prime numbers p,p' let c(p,p') be an

integer such that
(1.2)  c(p,p) =1 and c(p,p') = 1 mod p, c(p,p') = 0 mod p' if p # p'

We now define for 4 dividing s, 4 # s:

m(s,d) = 1 if 4 is composite or 4 = 1

(1.3) m(s,p’) = T c(p'sp), if p prime and r > 0, where
p'es
s

J = {2|2 is prime number and 2|s}

u(d) = 1 if d composite or d = 1
(1.4)

u(pr) =p if p 1is prime (and r > 0)

EMATISCH CENTRUM

STERDAM

BIBVOTHEEX MATH
A

Zh5Y bal




u(s)
u(a)

(1.5)  v(s,d) = m(s,d)

2. TWO TABLES

A possible choice for the numbers c(p,p') for small p is
given by the following table.

2 3 5 7 11 13 17T 19 23 29 31 37 "Lt k3 U7

5 7T 11 13 17 19 23 29 31 37 41 43 L7

2 1 3

3 L 1 10 T 22 13 34 19 L6 58 31
56 6 1 21 11 26 51 76
7 815 15 1 22 78

11112 12 45 56 1

13 14 27 Lo 14

1718 18 35

19|20 39 20

23| 2k 24

29/ 30 30

31| 32

37| 38

41l k2

L3 uh

L7l 48

(2.1) Table for c(p,p'), p vertical, p' horizontal

This table together with c¢(p,2) = p+1 and c(2,p) = p if p # 2 gives
possible values for c(p,p') for all p,p' for which pp' < 100.

The corresponding values for v(s,d) are given by the following
table (2.2) if one takes into account that v(s,pr) = y(s,p) and
v(s,d) = 1 if 4 is composite or 1. A11 the unlisted v(s,p), p prime,
s < 50, s =60, 72, 96 , 216 are equal to 1. '




v(6,2) = 2 v(2h,2) = 2 v(35,7) = 3 v(b5,5) = 2
v(10,2) = 3 v(e6,2) = 7 v(36,2) = 2 v(46,2) = 12
v(12,2) = 2 v(28,2) = L4 v(38,2) = 10 v(k8,2) =
v(1k,2) = 4 v(30,2) = 12 v(39,3) = 9 v(50,2) =
v(15,3) =2  v(30,3) = 6 v(k0,2) = 3 v(60,2) = 12
v(15,5) = 2 v(30,5) = 10 vfk2,2) = 16 v(60,3) = 6
v(19,2) = 2 v(33,3) = 1 v(42,3) = 15 v(60,5) = 10
v(20,2) = 3  v(33,11) = 2 v(k2,7) = 7 v(72,2) =
v(21,3) =5 v(3h,2) = 9 vw(kk,2) = 6 v(96,2) =
v(22,2) =6 v(35,5) = 3 v(L5,3) = 2 v(216,2) =

(2.2) Table for v(s,d)
3. SOME OF THE RECURSION FORMULAE EXPLICITLY
If s = pr, p prime, r > 1 then
4 r q r-1 pr—1 q r-2 r-2 ?

(3.1) t _=-B—_ 2 4 - t - - =

_- - - 2 -

D pr 1 r-1 P r-2 P Pr 1
E.g
a q a a q

_ 32 *16 .16 =8 .8 L oL 2 2

(3.2) R R T Tt Wy S M T tig
If s = pp', p and p' prime and p # p', then
_ 329 G opr vy o

(3.3) topt v(pp',p) o7 % v(pp',p"') p o
E.g

q kg, q q 3q 3q

S S (R - 35 T LT 5.5
(B.h) by =y -t - S bty =35 - T b5 - 50
Al]l the other t also involve terms from (%) with i > 2. The first

s for which there is a contribution in t from (§) s = 12; the

first s for which there is a contrlbutlon in ts from (E) is s = T2

(%)

and the first s for which there is a contribution in ts from is

= 436.



The simplest s for which ts has a contribution from (é) are
of the form s = p2p' where p,p' are two different prime numbers. For

these t one has the formula
s

q q
2, 2 2 , .
t = -R-L - \)(pgp"p') _P..._tp' — V(pQP'QP)h— tpp
' 2_, 2 p pp' p
PP PP P
1 ]
- v(pgp'~p2)3§7 tp2
P
ER P pp'
. - s t + D)t ,t
(3.5) v(p p',pp') o' v(p°p' ,p) p' 5
2 Al
Gl P pp' p' P !
= - 1
. 2 | ol %] T
d, D D P PP
d1 bl
E.g.
q q 2q
_die %6 Won 33 %o 6
R T e i e S i SR AN
a q q a
. 18 __2 9 *% .6 %3 3 % 2 6
tig T g T g o3 -3t T o gttty

In the table below are the recursion formulae for the tS with
s < 39 and not of the type covered by (3.1), (3.3) and (3.5) and the
recursion formulae for th8’ t60’ t72, t216'
listed the "vectors" (d’di’ e 2,d ) which "contribute to tg ",

The s £ 100 which are not of the type covered by (3.1), (3.3), (3.5)

are listed below in groups of the same type.

Below each formula are

24, ko, sk, 56, 88 type: pop'
30, L2, 66, 70, T8 type: p"p‘p
36, 100 type: P p'°
48,80 type: Php
60, 8k, 90 type: pp'p"
T2 type: pop'"
96 type: p '

Below are the recursions formulae for t, for s = 2k, 30, 36, 48, 60, 72, 96



q 2q q 2q Q 2q
_ Gy 12 .12 % 8 6.6 W 1 33 % .2
o, TTB T2 Y2 TTBY3TE W L% T3 T 2 a2
2q
2 212 12 6
d 21 1
12 8 6 L 3 2 al = lg |12 E 6
ol s lulel s e aj 2| 2 l 4
N 20,5 45 839 t1o_m°'-6 .5 3.3 oo
30 30 15 2 10 3 10 5~ 5767 3710 2 "15
15 10 6
+ 121:151:2 + 6t1ot3 + 1Ot6t5
. a 11 1
d i} 15 l 106153 2 al =hs |10
d1 2] 315 |61(10]15 d 21 3
q 2g e} 2q q Q q
436 18 .18 Y12 12 Y9 9 % 6 L 4 93 .3 L 2
P36 =736 - t “1t3'9tu' g% "L - T3%2 "2 Fs
2q o}
~*3.,3.18 2 .2 12 18 12 6
+— bghy + 5 gt + 2bigt” + bt + bt
d 8T121oi6lL4]3]2 d 312 ! ! 1
= . d2 = 6| 6|18 |12 | 6
a, 2 314|619 12|18 . > 3le
a
1
Qs 2%y 2 %6 18 Yo 12 Y9 .8 %95 6 %y L
T T TIBTTR Y2 T TE Y T2 Yu-T8% g Y8 TN e
2q 2q 2
.3 oo b o boy % 2 ol
-~ sttt Yt o tiots
29,
2212 2L 12 6
o bgh,” F 26,0 4 2t b + 2t tg
3 ST T2 1816 v T34 [@ bl e T
= a,l = 6 |12 24 |12
d1 2 3 L | 6| 8 |12 [16 |2U a, > 1o 5|y




. %0 %930 30 Sazg 20 25 a5 %% 12 %0 50 % 6
60~ %0 " 30 ‘2 T 20 U3 15 7L 12 5 T 10.6 6 10
q q q q 12q 6q

5 5 4 on %33 o2 5,530 , 2 .2 .20
- st - b5 -3t " 2 %0 TS bt YT tiols
10q,

2 212 30 20 15 12 10 6
+—3 t6t5 + 12t30t2 + 6t20t3 + 12t15th + 10t12t5 + t1ot6 + t6t10
A 3012 [15]122]10[6]5[k[3T]2
a, 2 3 L 5 & [10 |12 |15 |20 |30
a | 2T 2 T1 131111171 |1
| = 6 110 | 6 |30 |20 |15 |12 |10 | 6 3
d1 > | 3 2 13| 4|5 1|6 {10

- 2a3¢ .36 _ Zou 2l 248 18 _ T2 12 By L9 _ 38 .8
T2 7 36 2 T 2L "3 1 L 12 76 9 '8 8 "9
9% 6 % n 9% 3 YL o 25 g 3¢ Y ) oY
S R T B T M Sy S N LT
29 2q 2q
93 3 .36 93 318 Db 2 .36 % 2 24 % 212 36
P ERt Y3ttt Tty o Biots o tete T 2Eaghs
2u 18 12 6 6,36
B R Y L P L PP P
Ff' 3% |2k | 18l12 19 | 816 k]| 3] 2
d1 2 3 Lt 6181 9 |12 {18 {24 |36
S
_ | 17
d | 61 4| 3] 3 2] 2 2] 1] 1] 1 ]‘1 1 a 6
| 3 '
d2 = 6| 6 (12| 6| 18 12| 6|36 | 24| 18 ;12 6 =
d, 2 2| 3| 6| 2| 3| v| 612 |% 6
- [ a, > |
. L




240, o), %46

qQ 2q q 2q q
_ 96 48 .48 32 32 16 12 .12 8 .8
o6 =96~ 48 T2 " T32°3 " oL Yuw "8t "1 fts gt
% 6 Wy 3 3 9% , 243 gug 2y ) g
- TR T N e e R N B L N s P P
29, o, % 2 oug %% o oan %% 5o 18
POtttz tate YTz Pty T gty * Ptughs
ok 12 6
* 2oty F 2h oty + Pty
[hs 32 2hb 1612181641372
; ol 3] 4| 61| 8|12 |16 |24 |32 |L8
@ BV [¥Tafelel[ 1[1]1
a, = 6 (12| 6 |2u |12 | 6 |18 | 2k 112 |6
i I
a. !2 > L|le2{4|{8]2]| 4|86
RN
For s = 216 de "d-vectors" contributing to ty,g are
(’} 108] 727 5L 36 er 2k 18] 12 9] 8] 6] b [3] 2
=
jd1§ |2 3] 4| 6] 81 9 l12 18| 2L | 27 |36 | 54 |72 | 108
T 'i18 2] 9191616 6114 373[3]3[3J2]z2]z2]z2
a, = |6 6i 12 | 6 118 12| 6|18 36 |24 |18 |12 | 6 |5k |36 [18]12
a,, 21 3] 214 % 2136139 2|3|u|6l12|2]|3]|6|9
ST 1 1111111171171
6 |108{72 |54 |36 |2k |18 |12 | 6
18] 23| 4|61 9l12]18 |36
|
a | 3 ; 2T 1 [ 1] 1171
a, 616118121666
a, T 666611811216
a, 2 . 3 21316
- 2q do 2 12,72
So that we get terms like - ?3 tgtg‘gt;oa and - -—g— t6t6't';



4. CORRIGENDUM.
The formula for t18 on page 13 of [1] is not correct as stated.

A term

P P8 2

L
- =L _ P_Q)
2° 3 3

should be added. (Cf. the formula for t]8 above).
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