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1. INTRODUCTION

Let k be a field and Gk the category of commutative algebraic
group schemes over k. One can define the extensmn groups Ext (-,-)
in G by means of Yoneda extensions. Let £ € Ext, 1, ¢ ) be represented

by

*
() O+Ga+G1+G2+...->Gi+G->O

Ge G and €_ the additive group over k. For every X € k let A\, : G, -~ G,
be the homomorvhism "multiplication with X'. We define X% as the element

of Ext;(G, Ga) represented by the push-out of (*) along Ay This turns

Exti(G, Ga) into a left vectorspace over k. Using this and base change

k - K we get a natural homomorphism for all i =0, 1, 2,...
i, i i
¢ KR Extk(G, Ga) + Ext, (G,,6 )

The main theorem of the present note is that ¢i is an isomorvhism in
case G is finite, K/k an algebraic extension with K perfect. As a
corollarv one then has that Ext. L(N,G ) O for N finite, 1 > 2, k
any field, which answers a questlon of [1]1.

In case k is a perfect field and K/k an algebraic extension,
¢i was proved to be an isomorphism in [4]. We are therefore only
interested in the case that k is not perfect. In particular we shall

always assume that char(k) = o > 0.



As a preliminary to the proof of this theorem we study in section
2 a proverty of embeddings of abelian categories [ <, B which
guarantees that the natural map Extti(c,c') > Ext‘é(C,C'), C,c' €C is
an lsomorphism.

We use ic_:_}lk to denote the category of algebraic schemes over k
and _S_g:_nk(X,Y) denotes the set of morphisms from X to Y. We write
Homk(G,H) for the group of homomorphigms of the group scheme G into
the grouo scheme H, G, H € G, and Ext;(G.H) for the i-th extension
groun in the category Gk'

2. THE PROPERTIES ESC AND ESD

In any abelian category C one can define the functors Extg(X,Y) s
X,Y €U by means of Yoneda extensions. If i : L + £ is an exact
embedding of abelian categories there are natural maps Lt
Extg(X,Y) > ExtE(X,Y). In this section we study two conditions on
embeddings i which guarantee that the i® are isomorphisms. By looking
at the cases n = O and n = 1 one sees that i must in any case be a

full embedding and that it must be (more or less) a complete embedding.

2.1. Definitions.

Let i : L+ P be an erbedding of abelian categories.
(i) i is exact if exact sequences inC remain exact under i.
(i) 1 is full if Hom.(X,Y)¥ Homy(X,Y) for all XY ¢E.
(iii) i is complete if i is exact, full and if for every short exact

sequence

0+ C'»- D +C"> 0
in D with C',C"€ T it follows that D is inC.

(iv) i is said to satisfy the property ESC (enough small codomains) if i
.. is complete and if for every monomorphism C+ D inH, C ¢l, D €0
there exists a morphism D = C', C' € C such that the composed

morphism C * D + C' is a monomorphism (in T or in D).

(v) is said to satisfy the proverty ESD (enough small domains) if i is
complete and if for every epimorphism D + C, D €D, C EC there
exists a morohism C' =+ D, C' €L such the composed map C' + D + C

is an epimorvhism.



2.2. Remarks.

1. Tt suffices for our purposes to require under (iii) (definition
of complete) that there be an object in L isomorphic to D.
2. In (v) the morphism C' = D need not be a monomorphism, and

D+ C' in (iv) need not be an epimorphism.
2.3. Example.

Let { be the category of finite abelian groupns and B the category
of finitely generated abelian groups. The natural embedding i : & » 06
has ESC. Indeed, let C + D be & monomorphism, let n be such that nC = 0.
Then D/nD €l &8nd C » D + D/nD is a monomorphism; one easily checks
that i is complete.

More generally let R be a ring, t the category of finite R-modules
and § the category of R-modules which are finitely generated as abelian
group. Then i : + D nas EsC.

2.4. Theorem.

Let i :C+ D be a complete embedding of abelian categories which

satisfies ESC or ESD. The natural map

iMx,Y) - Extg(X,Y) - Ext;(ix,iY)

is then an isomorvhism for alln =0, 1, 2, ...; X, Y& €&
To prove this we first prove a lemma.
2.5. Lemma.

Let i : ¢ +® satisfy ESC. Then for every exact sequence

0+>Y+D, » Dy + vee =+ Dn > X > 0, X,Y €€ there exists a commutative
diagram with exact rowvs.

0O+Ya>D, +D; > vee D X0
1 2 n

A | I v

O+Y+C1+C +...+Cn+X+0

2
with C, €C,i=1,2, ..., n

(If i : & + B has ESD there exists such a diagram with the vertical

arrows reversed).



Proof. The lemma holds for n = 1 because i is complete. Assume by induction

that the lemma holds for n~1 > 1. Because i has ESC there is a morphism

D, =+ C, such that I-+D, - c, is a monomorphism. Let D; be the cokernel of

Y -+ D, and C] the cokernel of Y - C,. Note that C! €. Now push out

0 - D; - D2 -+ cee = Dn - X along D; - C; and apply the induction hypothesis

to the resulting exact sequence 0 - C1' - Dé - Dé AT Dx'x - X-0
(Dé = D2 ﬁ' C;, Dé = D3, ceesy D!‘1 = Dn). This gives us commutative diagrams
with exact1rows

O-OD{-vDa-O...-bD-».X-*'O
+ + 8
O-oY-»D1-D."-O O-OC'-OD:'Z-’...-» D' » X —o0
[+ + T M
O»Y»CI»C;-DO 0-»0;-002-0...-' Cn»X——oO

Now put together the top and bottom rows of these diagrams to obtain the
desired result.

2.6. Proof of the theorem

The surjectivity of the maps in(X,Y) for n > 1 follows directly from
the lemma. For n = 0O, io(X,Y) is an isomorphism for all X,Y €l because i is
full. And for n =1, i1(X,Y) is an isomorphism because i is complete. By
induction we can assume that in‘l(X Y) is an isomorphism for all X,Y €,
n-1 > 1. Let £ € Extt (X,Y) and suppose that i(X,Y)(g) = 0. Let
0o-Y 3% C,=» .. »C =X=0,C; €l represent £. Consider the following
diagram 1nduced by the exact sequence 0-+Y > C1 +E-0

. _ _ Ta
TExt™ 1(x,c1) +» Ext®(x,E) » Ext®(X,Y) - Extn(X,C1)

s‘! el sl 381 l i® l iB
n-1 (x,c,) = Ext® N (X,E) » Ext®(X,Y) - Extn(x,c1)
We have that f£,(g) = 0 in Ext™(X, ¢, ). Using the fact that i" 1(x E) an

(X C ) are isomorphisms, it is now easy to show that £ = 0. (The same
argument was used in [5], Prop (3.3). This concludes the proof.



3. EXAMPLES OF ESD AND ESC

3.1. The natural embedding of an abelian category into its procategory has ESC.

Let T be an abelian category and Pro(C) its procategory. An object
(Xu )aeA of Pro(C) is isomorphic to the zero object if and only if for every
a€A there exists an a' > a such that Xu, - Xa is the zero map.

The embedding T+ Pro(C) is full by definition of Pro(L). Now let
o+-x 4(r) %zso0

be an exact sequence with X,Z € C. The map j consists of a coherent system
of maps X + Ya; a € A; the kernel of j is the pro-object (Ku) vhere

Ka = Ker(X » Ya.) (cf. e.g. [U4]), §3); using the remark above we see that there
o Such that X (!a) > Y
This proves the ESC property. It remains to show that U -+ Pro({) is complete.

exists an index a is monomorphic for all g8 > agye

Let p be represented by Yu + Z. The cokernel of p is the pro-object (ca )azu .
where Cu = Coker (YQ > Z),‘a 2 a3 using the same remark as above we see !
that there exists an index ay such that Y » Z is epimorphic for g 3 aye Take

Y > a;sa,. One now shows easily that (Ya) o YY in Pro(l).

3.2. Thecrem

For every abelian category C one has
‘ Ext: (X,Y) o Ext (X,Y)
c'ee Pro(C)' ™

Proof. Combine (3.1) and (2.4). This result generalizes a result of [5].
In order to get some more examples of ESC and ESD we first define some

full subcategories of , the category of commulative algebraic group schemes

N
over a field k.

gk , the category of commulative algebraic group schemes over k

Ligl , the full subcategory of _(_}_\k consisting of the linear group schemes

Un] , the full subcategory of Lig! consisting of the unipotent group schemes
Mult, , the full subcategory of L:i.gx_l consisting of the multiplicative

group schemes

the full subcategory of finite group.schemes in gk, ggk is in fact
a subcategory of _I_._J._q.k

, the full subcategory of finite unipotent group schemes

the full subcategory of finite multiplicative group schemes.

o

7
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Because all embeddings are full we can use Homk to denote homomorphisms

for all these subcategories simultaneously.

3.3. Some well known properties (Cf. [2], [31)

3.3.1. Hom (U,M) = Hom (M,U) = 0 if M € Mult., U € Un

3.3.2. There is a funcot Lig] - Mult, , L =»T(L) and a funck1 monomorphism
Tt -» Id such that

0-+TUL) » L-+¥(L) »0
is exact with W(L) € Un, for every L € Lin,.
3.3.3. All the natural embeddings of the categories defined above in each
other are thick; i.e. they are complete and subobjects and quotients

of an object of the smaller category are also in the smaller category.

3.4. A diagram of the ESC and ESD properties of various categories of group

schemes
ron, B2
hSC 1ESC
/ I, S5 Ly, 2 g
TEBD 1ESD
Pede, 0 Mu,

(NB. If L', L' < U" are two ESD (resp. ESC) embeddings, then the composed
embedding U< " is also ESD (resp. ESC)).

3.5. FUEE & Eqk is an ESD embedding

This is proved in several steps.

3.5.1. Lemma (A very special case).
Let 0+Ga+U+E~>0be exact, U € Un,, E€FUx_1! an etale group scheme.
Then there is a finite subgroup scheme E' of U such that E' -+ U + E is

monomorphic.



Proof. After a finite separable (galois) extemsion k'/k, Ek' is constant.
Now Ga = UO, the connected camponent of the identity of U because E is etale
and Cra is connected. It follows that over k', U -+ E as a map of schemes looks
like

Spec(k'[X]1 & k'[X)® ... ® k'[X]) » Spec(k'® k'® ...e k')

This map admits a 1lift, say ¢, over k' (¢ is probably not a homomorphism).
Let E" be the finite group scheme generated by ¢(Ek, ); E" is defined over k'.
(NB. E" is finite because prU = 0 for a suitable r (p = char(k) > 0)). Let E'
be the sum (in Uk,) of the k'/k conjugates of E". Then E' is defined over k
and E' - U » E is epimorphic.

3.5.2. Lemma (A special case)

Let O*Ga-’U-OE-’ O be exact, UElqk, EEFUx_z_]. Then there is a
finite subgroup scheme E' of U such that E' - U -+ E is epimorphic.

Proof. If G € Sy is any commulative group scheme, we denote with F : G - G(p)
the Frobenius homomorphism (cf. [2], Ch.II, §7, 1.1; [3], Exp XVII, App.II;
[6], (I.1)). For every G € G, there is an index n, such that G/Ker(F") is
reduced for all n > n. (ef. [3], exposé XVII, App.II). We shall denote

n
Ker(G F, G(p )) vith I®(G). We have a commulative diagram.

0 - I%c,) - I(U) - 1%(E)

+ ' +
’ 0 = G - U - E -+ 0
a
+ FB + P + FR
n n n
o-.cip) o) L @)L

It follows by the snake lemma that I%(U) » I®(E) is epimorphic, because

o Ga. > Gflp is epimorphic. We obtain an exact diagram



0 0 0 8
+

' +

0 » In(Ga) > I%u) > I%E) + O
+ + +

0 > G, + U =+ E =+ 0
+ + +

0 - Ga/In(Ga)-» U/1%U) » E/I™E) » O
' '
0 0 0

For n large enough E/I®(E) is etale; also Ga/I(Ga) o Ga./° 0 Ga. (ef.[3],
Ch.IV, §2, no.1). By (3.5.1) there exists a subgroupschem® E" of U/I™(U)
such that E" - U/I®(U) - E:I*(E) is epimorphic. Let E' c U be the inverse
image of E" in U; E' is finite because I“(U) and E" are finite. It is clear

that E' 4 U » E is epimorphic.

3.5.3. Proposition.
Let U » E be an epimorphism in with U € Egk, E € FUE; , then there
exists a finite subgroupscheme E' of U such that E' + U -+ E is epimorphic.

Proof. There exists a sequence of subgroups of U, U > U1 >U.,> .ee D Un = {e}

such that the successive quotients Ui/UiH are isomorphic tozGa or to a finite
subgroupscheme of G‘. ([2], Ch.IV, }2, no.2) We shall prove the ESD property
for epimorphisms U/Ui - E; vy induction on ij i=1,2,3,..,1n. Let i =1

and let U/U1 -+ E, be an epimorphism. If U/U1 is finite there is nothing to
provF; if U/U1 o Ga.’ E1 = {0} because all subgroupschemes of Ga unequal to Ga
are finite. Now suppose the proposition proved for U/Ui - Ei’ and let

u/u - E; , bean epimorphism. We have an exact diagram

i4+1

0 - Ui/Ui+1 - U/Ui'ﬂ - U/Ui - 0

. - (3 ] .
where D is the image of U]._/Ui."1 in E, ,, and E, = Ei-ﬂ/D' Let Ef U/Ui be
a finite subgroupscheme such that E]'. - U/Ui - Ei is epimorphic. Let

" '
(3.5.3.1) 0 = Ui/ui+1 - Ej - E! - 0

+1

be the pullback of the toprow of the diagram above along Ei - U/Ui' The



- " . - . . . ° _ .
homomorphism Ei+1 - U/Ui+1 - Ei+1 is epimorphic. If Ui/UiM is finite then
E"

. - . 1)) s
141 igs finite and we are through. If Ui/Ui-1 ot Ga.’ then Ei+1 - Ei-'- factorizes

1
through E;_ because Gn is connected and reduced and E is finite, so that

i+1
it suffices to apply (3.5.2) to the exact sequence (3.5.3.1).

3.6. Proposition
FMult, < Mult, is an ESD embedding.

Proof. Let M » N be an epimorphism with M € Mult, , N € I"Multl . For each

M € Mult let D(M) = Homx(M, Gm,k)' The galois group Gal(k/k), where k is

the algebraic closure of k,acts on_D(M). Thus we obtain a functor D : !—uib—k"
(category of finitely generated G(k/k) modules on which G(k/k) acts continuous-
ly). If M is a finitely generated G(k/k) module on which G(k/k) acts
continuously (discrete topology on M) it is also finitely generated as an
abelian group because the orbit of every m € M under G(k/k) is a finite set
because G(k/k) acts continuously. This fundor is an antiequivalence (ecf.[3],
Exp.X, Prop. 1.4). The embedding (finite Gal(k/k) modules) - (G(k/k) modules
vhich are finitely generated as abelian groups) has ESC (cf. (2.3)). Therefore
PMult] - @k has ESD.

3.7. Corollary(of the proof)

If M » N is an epimorphism in Mult, , N € I"Mult] , then there is an integer

n such that ;M -+ M » N is epimorphic, where nM is the kernel of multiplication
with n in M.

3.8. Proposition
FGJ - Ll_!_l.] is an ESD embedding.

Proof. Let L » N be an epimorphism in Lin with F € FG,. Applying (3.3.2) we
get an exact diagram

0 0
+ +

- (L) » (W) + 0
+ +
L - N -+ 0
+ +
(L) » (§) » o0
+ +
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There is a number n € N such that a) nm(L) -+ T . ) »TYN) is epimorphic
(ef. (3.7)) and b) n'lf(L) = 0. Let L be the kernel of L *} L. The homomorphism
nL - L - N is then surjective. We have an exact diagram

0 0
+ +
JKL) > T(R) +. 0
+ +
nL - N + 0
+q +
W) +H@E + o
+ +
0 0

Because _FLU_x_x_k + gt_x_k has ESD there is a finite group scheme E' c (L) such that
E -+ N(L) -+ M(N) is epimorphic. Let N' be the inverse image of E' under q;

K' is finite because n'M(L) is finite (cf. proof of (3.6)) and E' is finite.
It is clear that N' = nL - N is epimorphic.

3.9. Proposition

The embedding Mult. + Lin_ is ESD. The embedding Un_ -+ Lin, is ESC.
Tty T 2y =By T 228y

Proof. These statements are proved in a similar way. Let U - L be a monamorphism

in Lin with U € Un,. Applying (3.3.2) and (3.3.1) we obtain an exact diagram

o
¥
O +«+ €& — C « O + O
+
e

3.10. Remark

It is not true in general that Mult] > Ll& is ESD or that Unk -+ L:Lgl 1s
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ESD. Indeed,there are over nonperfect fields exact sequences 0+ M-+ L-» U~ 0,
Mg Mult , U€ Un, which do nmot split (Cf. [3], Exp.XVII), and if Mult, - Lin,
vere ESC or _ngc Lix_:q ESD these sequences would split. (Use snake lemma and
(3.3))

To prove the last one of the ESD properties we listed in (3.4), we need
a lemma.

3.11. Lemma.
For every G € gk there exists an exact sequence

O+ LG+ A-0

with L € Lir_xi and A an abelian variety.

Proof. Let I2(G) be the kernel of the iterated Frobenius homamorphism

P :Go G(p ). For n sufficiently large G, = G/1%(G) is reduced. Let G be
the connected camponent of the identity of G1 Let N = G /G and n € N such
that nN = 0; let A be the Albanese variety of Go. A = G /L' where L' is the
maximal reduced connected linear subgroup of G? (ef.[1] ). We have a commulative
diagram with exact rows

O-OG?-D -+ N » O
xn xn xn$0
e o
O-oG.'*G.‘-bN-oO
’ }
A

because xn is zero on N we have a lift of G‘ x3 G1 as indicated. The composed
map G, - Go -+ A is epimorphic because xn : A +» A and G0 - A are epimorphic.

The kernel of G -+ Go is G so that Ker(G -+ A) is an extension of a subgroup
of L' = Ker(G -+ A) \nth G vhich shows tha.t Ker(G -+ A) is linear. The kernel
of G - G/In(G) =G, »Ais an extension of Ker((}1 - A) with I?(G) and hence
also linear. This proves the lemma.

3.12. Corollary
The embedding Lig] =+ G is ESD
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Proof. Let G -+ L be an epimorphism 1in gk with L € Lln]. Applying (3.11) we

get an exact diagram

0O » L' - G -» A -» 0
+ + 4
0 -» L" - - L/L"» 0

where L" is the image of L' in L. The map A = L/L" is epimorphic because

G- L - L/L" is epimorphic; but because A is an abelian variety and L/L"

is linear it follows that (A -» L/L") = 0, so that L/L" = 0, i.e. Im(L' - G » L)
= L, q.e.d.

L. Ext;(N,Ga) FOR FINITE GROUP SCHEMES R

4.1. Lemma

1r (Pa) € Pro(FG]) is projective then (Pa) is also projective in Pro(gk)
Proof. It suffices to show that for every exact diagram

(P )

a

+t g
G23 G.| - 0

there exists a lift of g. (Cf.[8],§ 3, Prop.2) Let g be represented by

Pa - G1 and let N1 be the image of Pu - Gl‘ Then N1 € FG, , because Pa € FG].

Let Gé be the inverse image of N1 under g. Because FG! »_gk is ESD there
exists an N2 - Gé such that N2 - Gé - N, is epimorphic. There exists a 1lift
of (Pa) - N, to a homamorphism (Pu) - N2 because (Pa) is projective in Pro(FG]).
(P
- a
//’ +
“” 1
N2 - G2 - N1
¥
G, » G, =» O
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L.2. The Weil restriction functor (cf.[2], Ch.I, §1, no.(6.6))

Let 1/k be a finite field extension. Then there exists a right adjoint
to the base change fundor Sc)_xa - §§_l_11 vhich takes group objects to group
objects. We have a canonical iscmorphism

Hom (T,W(S)) = Hom, (T, ,S) S€G,, TEG

Substituting T = W(S) we get a canonical morphism

JS : W(S)l -+ S

and substituting S = Tl we get a canonical morphism

i

T F Y W(Tl)

The camposed map ‘jT ° (iT)l is the identity on T,. If 1/k is separable then

1
ig : U(S)l -+ 8 is e%imcrphic (cf. e.g. [b4]). Being a right adjoint funchrr W

is automatically feft e~act,

4.3. Lemma

Let ki/k be an algebraic extension such that ki is perfect. For every

HE?_Gti there exists an K' e_;rg_k and an epimorphism nii-o N.
Procf. Let!€ ;3 K can be written as a direct sum N = § ﬁnmen .

vhere E is multlphcatl.ve, Nmn is unipotent and E’D multiplicative and Nuu
is nnzpotent and ED is unipotent (cf. [6]) (If N E FG, ¥ denctes the linear
dual.) It suffices thererore to prove the lemma for finite group schemes of
these three types.

Let N be defined over 1/k, [1:k] < = and let k €1 <1 be a decamposition
of k © 1 into a separable part k © ls and a purely inseparable part .‘x.s c 1.
1) Let N be multiplicative (cf.[ ], exp. ). Then N is isamophic to an group
scheme Hi vhere H' is defined over ls' Let W denote the Weil restriction

functot Sch, —» Sch « There is a natural map W(N')l - N' which is epimorphic
s 8

because 1_/k is separable. (Cf. e.g. [4])

2) Let BD be multiplicative. Then KD is isomorphic to a group scheme N' 1

where K' is defined over Ls’ so that K is isomorphic to (N' )1. Now use W again.
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3) N is unipotent and N is unipotent. By enlarging 1 if necessarily we can
assume that there exists an embedding over 1

ND - Ws
n

where Wn is the ring of Witt vectors of length n,([9]). Let F be the Frobenius
morphism. Wn and F are both defined over k. Let N' = Ker(F'
Because ND is local there exists an r such that

desired epimorphism also in this case.

) s
.w:..wn)em].
c (R;)l. Dualizing we get the

4.4, Lemma

Let P € Pro(FGi) be a profinite projective object; and let ki/k be an

algebraic extension with k, perfect. Then P, € Pro(gk ) is projective.
i i

Proof. Using (4.1) and (4.2) we see that it suffices to prove that for every
exact diagram

Nki-—ﬂ N, —0

where N € ggk, there exists a 1lift of g. Let 1 be a finite extension of k

such that q, g and N1 are defined over 1. By enlarging 1 if necessarily we
can.also assume that there exists an embedding N1 - W: x G;. Let W be the

Weil restriction functor Sch, - Sch, . We have a diagram

P
big
W(P,))
bwte)
W(Nl) LICY w(N,)

Assertion: (W(g) o iP)(P) c Im(W(q)). It suffices to prcve this after base
change k - 1. We have a diagram
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w(Hy),  —ai=¥(a)
Iy 1] 1y
L —4,

ometimes
t . . .
Here G = H‘; x G € G, , and we haveYwritten i_ for "1(;)1 ir g €
1
¢'q'in(Nl) = icoq(lll) ) iG¢g(Pl)

further
ig¢e(P)) = ich(P,) = n'i (P) = ¢'g'ip(P,)

vhich gives us
o'q'in(Nl) > ¢'g'iP(Pl)

and hence because ¢' is monomorphic
3 13
q'ig(¥,) o g'ip(P,)

and hence certainly

a*(W(H),) > g'ip(P))

which proves the assertion.
There exists therefore a homomorphism f : P —» W(Nl) vhich lifts
W(g) o ip. It is now not difficult to check that the composed map

Jgofy i By~ W) + K

lifts g.

Qk,ijor
Jop it T €G,. Leth-¢og,h'-w(h)l.Wehaveh'oiP-iGoh.Nov
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)

h. L2 g
5. K e Hank(G,Ga) e HamK(GK,Ga,K

For any G € §_k the group Homk(G,Ga), vhere Ga is the additive group over
k has a natural left-k-vectorspace structure because k - Hom (G,,G ). Let
Sch, (G,Ga) dencte the set of all scheme morphisms over k from G to G,. Let A
be k-algebra of global sections of G. Then Scp_] (G,G‘) o Algk(k[f_] A) = AL
Using k -+ Hom, (G,,G,) = Sch, (G,,G,) one also finds a k-vectorspace structure
on chl (G’Ga) and this structure coincides with the k-vectorspace structure
of A under the isemorphism Sch (G,G,) S A. The multiplication G x G = G
induce ipli i : . g]

8 a comultiplicationm : A - A CH A. The elements of Homk(G,Ga) c Sc (G’Ga)

correspond to those elements f € A for vhichmf = 1 ® £ + £ ® 1 (i.e. the
group like elements of the coalgebra A).

Now let K be any extension of k. Similarly we have K-vectorspace

structures on SChK(GK’Ga,K) and EanK(GK,G‘,K). We find a natural diagram

K§ A =« K@ Schk(G,Ga) <Ko, chk(c,ca)
! s Ly

K & A o SChK(GK’GaK) © HmK(GK’GaK)

It follows that ¢ is injective. Let {e | @ € I} be a basis of K over k.
Then A 9x K is a free A-module with basis {1 ® ea}.

If one identifies (K ®, A) 6y (‘% @ A) wvith K @ (A8 A) in the
natural way, then the comultiplication m, on K &, A deduced from the multi-
plication on GK looks like 1 Qk m.

Let f € HanK(GK,GaK?; we can write f = Z*e&@ra, fu. € A. We then have,

using the identification mentioned sbove,
® + & 1=
e, w10 f +e @ f & ) =16 e o f +Ie o L

=10+ o1 =m(f) =ml(le ® ra) = : e @ (mfu)
It follows that 1 & fa + fa ® 1= mi’tx for all fa involved in f = Ie & I‘a
because (A e A) €, K is a free A 8, A algebra with basis {1 & ea}. This
shows that ru € chk(G,Ga) and we have therefore shown that the map ¢ in

the diagram above is an iscmorphism.
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L.6. Corollary
The natural map K ® Homk((Ge( ), Ga) 3 HomK((G* K)’Ga.K) is an isomorphism
for all proobjects (Gd) € Pro(_G_k).

(This follows from (L4.5) because inductive limits commute with tensorproducts. )

L.7. Theorem

Let K/k be an algebraic field extension such that K is perfect and let
N € FG_ or Pro(FG! ). The natural map

n n
K @k Ext, (N,Ga) - Ext (NK,GaK)

is then an isomorphism for all mn =0, 1, 2, ...

Proof. Let

...-DX "x "’.o."X "X -ON-OO
n n-1 1

0

be a profinite projective resolution of N in Pro(gk). Such a resolution

exists by (4.1). After base change k - K we obtain a projective resolution

e e ‘.Xn’K"Xn‘1’K“ e e "’XO,K“’NK"O

(NK’ G aK) are equal to the hamology of the complex

n
of NK' The ExtK

0 -+ HmK(XO,K’ Ga.,K) 2 eee = HomK(Xn’K, Ga.,K) - eee

The Exbz (N ’Ga) are equal to the homology groups of
C - Homk(Xo,Ga) - . = HomK(Xn,Ga) < ..

Now use (L4L.6) and the exactness of K ®, - to obtain the theorem.

4.8. Remark

The left-k-vectorspace structure on Ext.;: (N’Ga) can be obtained in two
ways: 1) by viewing )E:x't;;‘1 (N’Ga) as the n-th hamology group of a complex of

left k-vectorspaces; 2) by means of Yoneda extensions as follows:
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let £ € Extn(N,Ga) be represented by
O-oGa»G]-»...-.Gn-.N-OO

then for x € k,x} is represented by the pushout of this sequence along
¢ 2.
a a

If 0 ~» N1 <+ N N2 -+ 0 is exact, then all the maps in the long exact
sequence of the Ext(-,Ga) groups are k-vectorspace maps.

k.9. Corollary
Extllg (N’Ga) = 0 for i » 2 for all fields k. N € FG, .

This answers a question of [T7].

5. CONCLUDING REMARKS
i
S5.1. Ext (M,Ga), M€ y_uy:k

Let M € Mult] be such that its corresponding galois module:,Hmk(M,Gm)
is torsion free. The map M B M is then epimorphic, let PM be the kernel. Because

xp is zero on Ga. we get exact sequences
0=~ Hom(pM,Ga) - Hom(M,Ga) -0

1 1
, 0 - Hm(M,Ga) - Ext (pu,c;a) - Ext (M,Ga) -0
i 141 141
0 -+ Ext (M,Ga) - Ext (pM,Ga) - Ext (M,Ga) -0
. . . . i i
From this one easily shows by induction that K @k Ex‘l:k (M’Ga) o Ext (M'K’Ga.K)
for such multiplicative groups and hence for all multiplicative groups because

for every multiplicative group M there exists an exact sequence
0O-+M aMaM' >0

with M" € FMult., M' such that D(M') is torsion free.

5.2 Extl(A,Ga) for abelian varieties A

i i
The same argument as above shows that K &, Extk(A,Ga) o~ ExtK(AK,GaK)

for abelian varieties.
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5.3. Remark

Because every group scheme over k can be built up fram finite group
schemes, multiplicative group schemes, a.bel:.a.n va.rzet:.es and cop:.es of G
it only remains to see whether K ®, Ext (G .G, ) ~Ext (G ) to PI'O"e

K e, Ext (G G, ) Ext (GK, G, ) for all G €G- Th1s w111 be dealt with in a
future note.

5.4. Remark

Let L__ be the kernel of F* : W_ - W_and let L be the pro-object
nm n n ® o
consisting of the an; L, . is defined over every field k and is projective
’
if k is perfect. But if k is not perfect then one sees fairly easily using
the exact sequence 0 - a, = G, =G, =0 and (4.7) that Ext (L_ «%p ) is very
large (a countably infinite sum ot copies of k/kp), showing scme dxfference

for Ext groups over non perfect fields, as compared to Ext groups over
perfect fields.
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