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Let k be a field and Gk the category of commutative alge~raic 

group schemes over k. One can define the extensi~n groups Ext~(-,-) 
in Gk by means of Yoneda. extensions. Let~ E Ext~(G, Ga) be represented 

by 

••• -+ G. -+ G-+ 0 
1 

G E Gk and Ga the additive group over k. For every :r E k let A;r : Ga -+ Ga 

/ be the. hom.omornhism "multinlication with r'. We define t~ as the element 

of Ext~ ( G, Ga) represented by the -push-out of (* ) along A_r. This turns 

Ext~(G, Ga) into a lef't vectorsnace over k. Using this and base chMr,e 

k - K we get a natural homomorphism for all i = O, 1, 2, •.• 

The m~in theorem of the nresent note is that ~i is an isomorphism in 

case G is finite, K/k an algebraic extension with K perfect. As a 

corollary one then has that Ext!(N,G8 ) = 0 for N finite, i ~ 2, k 

any field, which answers a question of [ 7] , 

In case k is a ~erfect field and K/k an algebraic extension, 

¢i was proved to be an isomorphism in [4]. We are therefore only 

interested in the case that k is not perfect. In particular we shall 

always assume that char(k) = n > 0. 
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As a Preliminary to the proof of this theorem we study in section 

2 a. pronerty of embeddings of abelian categories t c..., /!) which 

guarantees that the natural map Ext~(c,c 1 )-+ Extb(c,c'), C,C' EC 1.s 

an isomorphism. 

We use Schk to denote the category of algebraic schemes over k 

and Schk(X,Y) denotes the set of morphisms from X to Y. We write 

Ho1\.(G,H) for the group of homomorphisms of the p;roUP scheme G into 

the groun scheme H, G, HE Gk and Ext!(G.H) for the i-th extension 

~roun in the category Gk. 

2. THE PF.OPERI'IES ESC AND ESD 

In any a.belia.n category t one can define the functors Extt(X,Y), 

X,Y Et by means of Yoneda extensions. Ifi :C+'f:) is an exact 

embedding of abelian categories there are 

Extt(X,Y) + Ext£(x,Y). In this section we 

embeddin~s i which guarantee that the in 

natural maps 

study two conditions on 

are isomorphisms. By lookin~ 

at the cases n = 0 and n = 1 one sees that i must in any case be a 

full embedding and that it must be (more or less) a complete embedding. 

2.1. Definitions. 

(i) 

(ii) 

Let i : L -+ f) be an embedding of abelian categories. 

l. l.S 

1. is 

exact if exact sequences in t remain exact under i. 

full if Homt(X ,Y) ~ Hom~( X,Y) for all X ,Y € t. 
(iii) 1 is complete if i is exact, full and if for every short exact 

sequence 

0-+ C'-+ D +C"+ 0 

1.n D with C' ,C"E t it follows· that D is int. 

(iv) i is said to satisfy the property ESC (enough small codomains) if i 

is comolete and if for every monomorphism C-+ D in b, C E 'C , D E lJ 
there exists a mon,hism D + C', C' Et such that the composed 

mornhism C -+ D + C' is a monomornhism ( in L or in 1)). 

(v) is said to satisfy the property ESD (enough small domains) if i 1.s 

comnlete and if for every epimorphism D + C, D E /J, C Et' there 

exists a morphism C' -+ D, C' € t such the composed map C' -+ D -+ C 

is an enimorohism. 
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2 . 2. Remarks • 

1. It suffices for our purposes to require under (iii) (definition 

of comolete) that there be an object in 'C isomorphic to D. 

2. In (v) the rnon::ihism C' + D need not be a monomorphism, and 

D + C' in (iv) need not be an e~imorphism. 

2.3, Examole. 

Let C be the category of finite abelian groups and /J the category 

of finitely p:enerated abelia.n groups, The natural embedding i : t + b 
has ESC. Indeed, let C + D be a monomorphism, let n be such that nC = O. 

Then D/nD E Z:: and C + D + D/nD is a monomorphism; one easily checks 

that i is complete. 

More ~enera.lly let R be a ring, t the category of finite R-rnodules 

and 1' the category of R-modules which a.re finitely generated as abelian 

group. Then i : t + J!J has ESC. 

2.4. Theorem. 

Let i :t+ tJ be a comolete embedding of abelian cate~ories which 

satisfies ESC or ESD. The natural ma-p 

1s then an isomorphism for all n = O, 1, 2, ••• ; X,Ye t 
To prove this we first prove a lemma. 

2.5. Lemma. 

Let i : t + fJ satisfy ESC. Then for every exact sequence 

0 + Y + D1 + D2 + ... + Dn + X + O, X,Y Et: there exists a commutative 

diagram with exact rows, 

0 + Y + n, + D2 + ••• + D +X+O n 
II ... ~ ~ II 

0 + y + c, + c2 + ••• + C +X+O n 

with C. Et,i=1,2, ... , n 
l 

(If i : t + 1J has ESD there exists such a diagram with the vertical 

arrows reversed). 



Proof. The lemma holds for n • 1 because i is complete. Assume b:, induction 

that the lemma. holds for n-1 > 1 • Because i has ESC there is a morphism 

D1 ➔ c 1 such that Y ➔ D1 -+ c1 is a monanorphism. Let D1 be the cokernel of 

Y ➔ D1 and c1 the cokernel of Y ... c1• Note that c1 Et. Bow push out 

O ➔ D1 ... D2 ... • • • ➔ Dn ➔ X along D1 -+ c1 and apply the induction hypothesis 

to the resulting exact sequence O -+ c1 .. D2 ➔ n3 ➔ ••• ➔ D~-+ X-+ O 

(D2 • D2 ;, c1, D3 • D3, ••• , D~ • Dn). This gives us camnutative diagrams 

with exact 1rows 

0-+ D' -+ D2 ... ..... D ... x_.,,o 
... , + ,..n 

11 o ... Y ➔ n1 .. D' .. 0 O ➔ C' .. D'-+ ..... D' ➔ X __,.,o 
II + +1 II +2 ,._n 11 

0 ➔ Y ➔ c, -+ C' ... 0 0 ➔ C' ... c2 ... . . ... C ... X. --o 1 1 n 

How put together the top and bottom rows of these diagrams to obtain the 

desired result. 

2.6. Proof of the theorem ---
The surjectivity of the maps in(X,Y) torn> 1 follows directly fran 

the lemm.a. For n • o, i 0(x,Y) is a.ii isomorphism for &ll x.Y et because i is 

tull. And for n • 1, i 1<x,Y) is an iscmorphiSll because i is complete. By 

induction ve can assume that in-l (X, Y) is an isomorphism for all X,Y £ t , 
n - 1 > 1. Let t e Extt (X,Y) and suppose that in(X,Y)(t) • o. Let 

o ... Y ! c1 ➔ ..... en ... X ~ O, Ci et represent t• Consider the following 

diagram induced by the exact sequence O ➔ Y ➔ c1 .. E .. 0 

, n-1 ) Extn-l (X,E) Extn(X,Y) 
f* 

Extn(X,C1 ) .. Ext (x,c 1 + + -+ 

sj in-1 si in-1 l. l .n 1 in 

Extn-l (x,c1) + Extn-l (X,E) + Extn(X,Y) + Extn(X,C1 ) 

We have that f*(~) • o in Extn(x,c 1). Using the fact that in-1(X,E} and 

in-l (x,c 1 ) are isomorphism.a, it is nov easy to shov that ~ • o. (The same 

argument was used in- (5], Prop (3.3). This concludes the proof. 
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3. EXAMPLES OF ESD AND ESC 

3. 1. The natural embedding or an abelian category into its procategory has ESC. 

Lett be an abelian category and Pro(t) its procategory. An object 

(Xa)a€A or Pro(t) is isomorphic to the zero object ir and only if for every 

a€A there exists an a'> a such that X, + X is the zero map. 
a a 

The embedding 'C.+ Pro(t) is full by definition of Pro(t). Now let 

0 + X J {Y,() i Z -+ 0 

be an exact sequence with X,Z €t. The map j consists of a coherent system 

of maps X + Y; a€ A; the kernel of j is the pro-object (K) where 
a a 

K • Ker(X + Y) (cf. e.g. [4], §3); using the remark above ve see that there 
a a 

exists an index a 0 such that X +(Ya)+ YB is monomorphic for all B > a 0. 

This proves the ESC property. It remains to show that 't + Pro(<'.:) is complete. 

Let p be represented by Y + z. The cokernel or pis the pro-object (C) , 
a 1 a aia 1 

where C • Coker (Y + Z), a ~ a 1 ; using the same rem.ark as above we see 
a a 

that there exists an index a 2 such that Y + Z is epimorphic for B ~ a 2• Take 

y > a 1 ,a2 • One nov shovs easily that (Ya)~\ in Pro(t). 

3.2. Theorem 

For every abelian category tone has 

Proof. Combine (3.1) and (2.4). This result generalizes a result of [5]. 

In order to get some more examples of ESC and ESD ve first define sane 

full subcatego#es or~, the category or camnulative algebraic group schemes 

over a field k. 

~ 
Li~ 

Unk 

Multk 

, the 

, the 

, the 

, the 

category of ccxamu1:ative algebraic group schemes over k 

full subcategory of~ consisting of the linear group schemes 

ful). subcategory of Li~ consisting of the unipotent group schemes 

full subcategory of~ consisting of the multiplicative 

group schemes 

FGk , the full subcategory of finite group:.schemes in~, FGk is in fact 

a subcategory of Li°it 

~ , the full subcategory of finite unipotent group schemes 

FMultk, the full subcategory of finite multiplicative group schemes. 
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Because all embeddings are tull ve can use Ho.Jr\ to denote homcmorphisms 

for all these subcategories simultaneously. 

3. 3. Same !!J:! known properties (Cf. [2], [3]) 

3.3.2. There is a tuncb1. Li!lJt ... Multk, L ... m(t) and a :f'1UlCt01. monc:morphism 

m .. Id such that 

0 _. ltl(L) ➔ L-+ J.l?(L) ➔ 0 

is exact with >P(L) E ~ tor every L E Li!lJt• 

3. 3. 3. All the natural embeddings of the categories defined above in each 

other are thick; i.e. they are complete and subobjects and quotients 

or an object ot the mu.ller category are also in the eaaller category. 

3 .• 4. ! diagram of ~ ~ !!!! ESD properties of various categories of group 

schemes 

~ 
ESD 
~ -

lmc !ESc 
, '°lt ESD 

Li!lJt 
ISD 

~ - -
lFBD lF.SD 

FMultk ~ Multk 

(NB. If tc.+ C', t' '+ t" are two ESD (resp. ESC) embeddings, then the cc:mpoaed 

embedding t 4 t." is also F.SD ( resp. ESC) ) • 

3. 5. ~ ~ ~ is ~ ESD embedding 

Thia is proved in several steps. 

3.5.1. Lemma (A very special case). 

Let O +Ga+ U + E + O be exact, U € Y!!t,, EE~ an etale group scheme. 

Then there is a finite subgroup scheme E' of U such that E' ._. U -+ E is 

monamorphic. 
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Proof. Af'ter a finite separable (galois) extension k'/k, ~• is constant. 
0 Nov Ga= U, the connected canponent of' the identity of' U because Eis etale 

and G is connected. It f'ollovs that over k', U ➔ E as a map of schemes looks a 
like 

This map admits a lif't, say IP, over k.' ( ♦ is probably not a hancmorphism). 

Let E" be the finite group scheme generated by ♦ (Ek, ) ; E" is defined over k'. 

(NB. E" is finite because prU • 0 for a suitable r (p • char(k) ~ o)). Let E' 

be the sum ( in Uk, ) of' the k' /k. conjugates of' E". Then E' is defined over k 

and E' ➔ U ➔ E is epimorphic. 

3.5.2. Lemma (A special case) 

Let O ➔ Ga ➔ U ➔ E ➔ 0 be exact, U E ~, E E ~. Then there is a 

finite subgroup scheme E' of' U such that E' ➔ U ➔ E is epimorphic. 

Proof'. If' G €~is any cc:amu:b.tive group scheme, ve denote vith F: G ➔ G(p) 

the Frobenius hananorphism (cf'. [2], Ch.II, §7, 1.1; [3], Exp XVII, App.II; 

[6], (I.1)). For every GE~ there is an index n0 such that G/Ker(Fn) is 

reduced for all n >-, n0• (er. [3], expose XVII, App.II). We shall denote 

ICer(G "! G(pn)) vith In(G). We have a camnu±a.tive diagram. 

0 ➔ In(G) ➔ In(U) .. In(E) 
a 

+ + + 
0 ➔ G ➔ u ➔ E ➔ 0 

a 

+ r1 + pill + Fn 

0 ➔ 
G(!)n) 

➔ 
u<'Pn) .. E(pn) ➔ 0 

a 

It :f'ollovs by the snake lemma that In(U) -+ In(E) is epimorphic, because 

Fn: G -+ G(pn) is epimorphic. We obtain an exact diagram 
a a 



0 

-+ 

0 + In(G) 
a 

-+ 

0 + G u 
a 

-+ + 
0 + G /I0 (G )+ U/In(U) + 

a a 
-+ 

0 

+ 
0 

8 

0 

E + 0 

0 

For n large enough E/I0 (E) is etale; also G /I(G ) a, G /a a, G (cf.[3], 
a a a n a 

Ch.IV, §2, no.1). By (3.5.1) there exists a subgroupschem~ E" of U/I0 (u) 

such that E" ... U/In(U) -+ E:In(E) is epimorphic. Let E' c: U be the inverse 

image of E" in U; E' is finite because I 0 (U) and E" are finite. It is clear 

that E' ... U ... Eis epimorphic. 

3.5.3. Proposition. 

Let U ... E be an epimorphism in with U € ~, E € ~, then there 

exists a finite subgroupscheme E' of U such that E'-+ U-+ Eis epimorphic. 

Proof. There exists a sequence of subgroups of u, U ~ u1 ~ u2 ~ ••• ~Un= {e} 

such that the successive quotients U./u.+1 are isanorphic to G or to a finite 
l. l. a 

subgroupscheme of Ga. ([2], Ch.IV,j2, no.2) We shall prove the ESD property 

for epimorphisms U /U. ... E. by induct ion on i; .i ~ f, 1, 3 ·i • . • , n a Let i = 1 
l. l. 

and let U/U1 ... E1 be an epimorphism. If U/U 1 is finite there is nothing to 

prove; if U/U1 01t G , E1 • {O} because all subgroupschem.es of G unequal to G , a a a 
are finite. Now suppose the proposition proved for U/U ... E., and let 

. l. l 
U/U. 1 ... E. 1 be an epimorphism. We have an exact diagram 1+ 1+ 

0 .. D 

-+ U/U. -+ 0 
l. 

... E. .. 0 
l 

where Dis the image of U./U. 1 in E. 1 , and E. • E.+1/D. Let E! c: U/U. ·be 1 1+ 1+ 1 l. l. l 

a finite subgroupscheme such that E! ... U/U .... E. is epimorphic. Let 
l. l. l 

0 U /U E" ➔ E! -+ 0 ... i i+1 .. i+1 i 

be the pullback of the toprov of the diagram above along Ei -+U/Ui. The 
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hanom.orphism Ei+1 + U/Ui+1 + Ei+l is epimorphic. It Ui/Ui+l is finite then 

E~ 1 is finite and we are through. If U./U. 1 Cl! G, then E~ 1 .. E. 1 factorizes 
1+ l. 1- a l+ l.+ 

through E ! because G is connected and reduced and E. 1 is finite, so that 
1 a 1.+ 

it suffices to apply (3.5.2) to the exact sequence (3.5.3.1). 

3.6. Proposition 

FMultk c Multk is an ESD embedding. 

Proof. Let M ➔ N be an epimorphism with M € Multk., ll € FMultk. For each 

M € Multk. let D(M) • Hom (M, G ,. ) • The g&lois group Gal(k/k), where i is 
.It. m,A. 

the algebraic closure of k, acts on D(M). Thus we obtain a tune rot D : Multk.➔ 

(category of finitely generated G(k/k) modules on which G(k/k) acts continuous­

ly). If Mis a finitely generated G(k/k) module on vhich G(k/k) acts 

continuously (discrete topology on M) it is also finitely generated as an 

abelian group because the orbit of every m €Munder G(k/k) is a finite set 

because G(k/k) acts continuously. This tundor is an antiequivalence (cf.[3], 

Exp.X, Prop. 1.4). The embedding (finite G&l(k/k) aodules) .. (G(J;/k) modules 

which are finitely generated as abelian groups} has :me (er. (2.3)). Therefore 

FMultk ➔ Multk has F.BD. 

3.7. Corollary(of the proof} 

If' M .. Bis an epimorphis:m in Multk, N € FMultk, then there is an integer 

n such that · .M .. M .. If is epimorphic, where M is the kernel of multiplication 
n n 

with, n in M. 

3.8. Proposition 

FGk ➔ ~ is an ESD embedding. 

Proof. Let L ➔ N be an epimorphism in~ with F € FGk. Applying (3.3.2} we 

get an exact diagram 
0 

... 
(L) + 

... 

L + 

... 

(L) + 

... 

0 

0 

.. 
(N) + 0 

... 
N + 0 

... 
{N) + 0 

... 
0 
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There is a number n € B such that a) TI1( L} ... itt{ . } .. 'lTl( N) is epimorphic n 
( c:t'. ( 3. 7)) and b) 'lf( L) • o. Let L be the lterne1 ot L XJ L. The homomorphism 

n n 
nL .. L ... B is then surjective. We have an exact diagram 

0 0 

+ + 
11t( L) -+ 

n 
'm(B) -+. 0 

+ + 
nL -+ 1' -+ 0 

... i, + 
')J'(L) -+ ')J(B) -+ 0 

... + 
0 0 

Because !!!!it -+ ~ has ESD there is a :tinite group scheme E' c: J.!(L) such that 

E1 
... ')./(L) ... ')..((If) is epimorphic. Let B' be the inverse :illlage ot E' under q; 

B' is :tinite because n'Jf1{L) is :t'inite (ct. proof' ot (3.6)) and E' is tinite. 

It is clear that B' .. L .. lf is epimorphic. n 

3.9. Proposition 

The embedding Multk-+ LiAt is ESD. The embedding YAt-+ Li?Jt is ESC. 

Proof. These statements are proved in a similar va:,. Let U-+ L be a monanorphism 

in~ vi.th U € ~• Applying (3.3.2) and (3.3.1) ve obtain an exact diagra 

0 0 

+ + 
0 -+ 1'r1l(L) 

... ... 
0 + u -+ L 

11 + 
u -+ '}J(L) 

... + 
0 0 

3. 1 O. Remark 

It is not true in general that Multk -+ Li!!it, is ESD or that U°it + Li9it is 
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ESD. Indeed, there are over nonpertect tields exact sequences O .. M .. L ➔ U .. 0, 

M € Multk, U € ~ which do not split (Ct. [ 3], Exp.XVII), and if Multk .. LiPit 

vere ESC or ~c: LiPJt !:SD these sequences would split. (Use all&ke lemma and 

(3.3)) 

To prove the last one ot the ESD properties we listed in ( 3. 4) , we need 

a lemma. 

3.11. Lemma. 

For every G € ~ there exists an exact sequence 

with L € Lil\. and A an abelian variety. 

Proof. Let In(G) be the kernel ot the iterated Frobenius hcmcmorphism 

r1: G .. G(pn). For n auf'ticiently large o1 • G/In(G) is reduced. Let G~ be 

the connected caaponent ot the identity ot G1• Let B' • o1 /G~ and n € I such 

that nif • O; let A be the Albanese Tariety ot G~. A • G~/L' where L' is the 

maximal reduced connected linear subgroup ot G~ (cf.[ 1] ). We have a cammia&tive 

diagram vith exact rova 

0 .. 

0 .. 

A 

because >rn is zero on B we have a li:tt of G1 X? G1 as indicated. The ccmpoaed 

map o1 .. G~ .. A is epimorphic because xn : A .. A and G~ .. A are epimorphic. 

The kernel of G1 .. G~ is nG1 so that 1Cer(G1 .. A) is an extension ot a subgroup 

ot L' • Ker{G~ .. A) vith nG1 which shOVB that 1Cer(G1 ➔ A) is linear. The kernel 

ot G .. G/I11(G) • G1 .. A is an extension ot Ker(G1 .. A) vith In(G) and hence 

also linear. This proves the lemma. 

3.12. Corollary 

The embedding LiE:it-+ ~ is ESD 
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Proof. Let G ➔ L be an epimorphism in~ with LE Link. Applying (3.11) we 

get an exact diagram 

0 ➔ L' ➔ G-+ A-+ 0 

+ 

0 

where L" is the image of L' in L. The map A ➔ L/L" is epimorphic because 

G ➔ L ... L/L" is epimorphic; but because A is an abelian variety and L/L" 

is linear it follovs that (A ➔ L/L") = O, so that L/L" = O, i.e. Im(L' -+ G-+ L) 

= L. q.e.d. 

4. Ext~(N,Ga) FOR FINITE GROUP SCfilMES N 

4.1. Lemma 

If (Pa)€ Pro(FGk) is projective then (Pa) is also projective in Pro(~) 

Proof. It suffices to shov that for every exact diagram 

there exists a li:ft of g. (Cf.[8),§ 3, Prop.2) Let g be represented by 

Pa ➔ G1 and let N1 be the image of Pa ... G1• Then N1 E: FGk, because Pa E FGk. 

Let G2 be the inverse image of N1 under g. Because FGk ➔ ~is ESD there 

exists an N2 ➔ G2 such that N2 ➔ G2 ➔ N1 is epimorphic. There exists a lift 

of (P0 ) ➔ N1 to a homcmorphism (Pa) ➔ N2 because (Pa) is projective in Pro(FGk). 

- (P ) .,., a 
, + J..:, 

N2 ... G' ➔ N1 2 
.j. .j. 

G2 ➔ Gt ➔ 0 
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4.2. The Weil restriction tuncioi (cr.[2], Ch.I, 11, no.(6.6)) 

Let l/k be a finite field extension. Then there exists a right adjoint 

to the base change tu.ndor ~ ~ ~l which takes group objects to group 

objects. We have a canonical isc:aorphia 

Substituting T • W(S) ve get a canonical IIOl'phi.sm 

and substituting S • T1 we get a canonical morphia 

The cc:aposed map jT o (iT}l is the identity on T1• It 1/k is separable then 

j 8 : W(s)1 .. 8 is eiiaorphic ( cf'. e.g. ["1 }. Being a right adjoint tuncbrz W 

is automatically itl ~ u,ccict. 

4.3. Lemma 

Let k/k be an algebraic extension such that lti is perfect. For every 

11 € l"Gk. there exi.■ts an I' e: ll'Gk and an epiaorphia 5t... I. 
l 1 

Proof'. Let :I E: ll'Gk ; I can be written u a direct •• B • lf e I s B , 
• • UJI uu 

vb.ere 11 is multiplicative, I ia unipotent and i' aultiplicative &Ad N 
• um um uu 

is unipotent and i' is uni~tent (ct. [61) (It ll e: FG, 'ff denotes the linear 
UU r- -

dual.) It suffices therefore to prove the lemma tor finite group schemes or 

these three types. 

Let Ii be defined over 1/k, [l:k] <•and let It c: 18 c: l be a decc:mposition 

or k c: l into a separable part k c: l and a purely inseparable part 1 c: l. 
IS S 

1) Let B be mul.tiplicative (ct. [ ] , exp. ). Then If is iscnophic to an group 

scheme Bi vhere I' is defined over ls. Let W denote the ~eil restriction 

tund:01. Sch1 -+ ~; There is a natural map W(I' )1 .. I' vhich is epimorphic 
s s 

because l /k is separable. (er. e.g.[~)) 
s 

2) Let -/' be aultiplicative. '!'hen i' is i■011orphic to a group scheme B' 1 
where 11' is defined over Ls, so that B is isomorphic to (N'D)1• Nov use W again. 
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3) N is unipotent and i/J is unipotent. By enlarging 1 if necessarily we can 

assume that there exists an embedding over 1 

where Wn is the ring of Witt vectors of length n,([9]). Let F be the Frobenius 

morphism. W and Fare both defined over k. Let N' • Ker(Y :w8,. w8) € FGk.. 
n 1' n n 

Because ,,I) is local there exists an r such that tr' c (1'f~)1 • Dualizing we get the 

desired epimorphism also in this case. 

4.4. Lemma 

Let P E Pro(FGk) be a profinite projective object; and let k/k be an 

algebraic extension with k. perfect. Then Pk E Pro(~) is projective. 
l. • -· l. l. 

Proof. Using (4.1) a.nd (4.2) we see that it suffices to prove that for every 

exact diagram 

where HE FGk, there exists a litt of g. Let 1 be a finite extension of k 

such that q, g and H1 are defined over 1. By enlarging 1 if necessarily we 

can ,also assume that there exists an em.bedding B1 ,. w8 x Gt. Let W be the n m 
Weil restriction functor Sch1 ,. ~• We have a diagram 

p 

tip 
W(P1 ) 

!w(g) 

W(N1 ) .!i$) W(N1 ) 

Assertion: (W(g) o ~)(P) c Im(W(q)). It suffices to prove this after base 

change k - 1. We have a diagram 
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pl 

½, !t 3p 
W{Pl)l 

i W(g)1 • g 

W(Bl)l 
q'•W(q) 

W(.N1)1 t' W(G1 \ 1 • 

jl !r ili ljli jG lt iG 1 
Bl 4. Nl 

♦ GV 

~orwirlti..cs) 
Here G • w8 • Gt e: g"- , and we have'<vritten i far ii ) if G € G j for 

n m ---... G G 1 4t' T 
jTl if T €~•Leth• ♦ o g, h' • W(h)1 • We have h' o ~ • iG oh. Nov 

:turther 

vhich give■ WI 

• 'q'i (N)::::, ♦ 'g'i (P) 
If 1 P l 

and hence because ♦ ' is monomorphic 

and hence certainly 

which proves the assertion. 

There exists therefore a homomorphism :f : P ... W(li1 ) which lifts 

W(g) o ~- It is now not difficult to check that the canposed map 

lifts g. 
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For any G € ~ the group H~(G,Ga), where Ga is the additive group over 

k has a natural le:rt-k-vectorspace structure because k-+ Hen. (G ,G ) • Let 
K a a 

Schk(G,Ga) denote the set or all scheme morphisms over k frcm G to Ga. Let A 

be k-algebra or global sections or G. Then ~(G,Ga) a, Al~(k[X] ,A) a, A. 

Using k -+ Hom. (G ,G ) -+ S& (G ,G ) one also finds a lt-vectorspace structure a:aa ~aa 
on ~(G,Ga) and this structure coincides vith the k-vectorspace structure 

or A under the isan.orphi11J11. ~(G,Ga) :; A. The multiplica.tion G x G ... G 

induces a comultiplication m : A ... A gk A. The elements of Hom..(G,Ga) c ~(G,Ga} 

correspond to those elements r €Ator vhich mt• 1 ~ t + t ® 1 (i.e. the 

group like elements ot the coalgebra A). 

Nov let K be any extension or k. Similarly we have K-vectorspace 

structures on SchK(GK,Ga,K) and H~(GK,Ga,K). We rind a natural diagram 

It tollOVB that ♦ is injective. Let {e I a € I} be a basis or K over k. 
a 

Then A @k K is a free A-module with basis {1 ® ea}. 

If one identities (K ® k A) ®1t {K ~ A) with. K 4\_ (A ®1t A) in the 

nat~al va,-, then the ccmul.tiplication -~ on I: ®k_ .A. deduced fran the multi­

plication on GK looks like 1 ®1t m. 

Let t € H~(GK,GaK?; ve can write t • I:·eo<.ef11 , 

using the identification mentioned above, 

r €A.We then have, 
a 

t( e !i> 1 f/J t + e f/J t ® 1 ) • 1 ~ !e ~ f + !e 69 t © 1 = 
a a a a a a a a 

• 1 ® r + r 49 1 • n,c(r) • mx:(tea fl) f 0 ) • t ea fl) {mr0 ) 

a 

It follows that 1 fl)_ t + t 119 1 • mf f'or all r involved in r • teo(. ® r0 a a a a 
because (A '1k A) 4!/k K is a tree A ~k A algebra .with basis {1 (I) e0 }. This 

shOYS that r € Hom. (G,G ) and we have therefore shown that the map ♦ in 
a .a: a 

the diagram above is an isaaorphism. 
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4.6. Corollary 

The natural map K ®k H~( (Ge,(), Ga) :: Hon;c( (Got K) ,GaK) is an isomorphism 

for all proobjects (G~) € Pro(~). 

(This follows from (4.5) because inductive limits canmute with tensorproducts.) 

4.7. Theorem 

Let K/k be an algebraic field extension such that K is perfect and let 

N € FGk or Pro(FGk). The natural map 

is then an isanorphism for all n = O, 1, 2, ••• 

Proof. Let 

be a profinite projective resolution or Nin Pro(~). Such a resolution 

exists by (4.1). After base change k - K ve obtain a projective resolution 

. . . .. x K .. x 1K ..... n, n- , 

of NJ(. The Ext: (NK, GaK) are equal to the hanology of the ccmplex 

The Ext; (N,Ga) are equal to the homology groups of 

Now use (4.6) and the exactness of KODk - to obtain the theorem. 

4.8. Remark 

The left-k-vectorspace structure on Ext: (N,Ga) can be obtained in two 

YQ'!I: 1) by viewing Ext: (If,Ga) as the n-th hanology group of a ccmplex of 

left k-vectorspa.ces; 2) by means or Yoneda extensions as follows: 



let~ E Ext 0 (N,G) be represented by a 

0 -+ G -+ G1 -+ ••• -+ G -+ N .. O a n 
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then for x € k,~11s represented by the pushout of this sequence along 
X 

G .. G • 
a a 

If O .. N1 .. N-+ N2 .. 0 is exact, then all the maps in the long exact 

sequence of the Ext(-,G) groups are k-vectorspace maps. a 

4.9. Corollary 

Ext~ (N,G8 ) RO for i ~ 2 for all fields k. N € FGk. 

This answers a question of [7). 

5. CONCLUDING R™ARKS 

5.1. Exti(M,Ga), M € Multk 

Let M € Multk be such that its corresponding galois module:,H~(M,Gm) 

1s torsion free. The map M ~Mis then epimorphic, let M be the kernel. Because 
p 

xp 1s zero on G we get exact sequences 
a 

0-+ Hom( M,G)-+ Hom(M,G) ➔ 0 p a a 

0 ➔ Han(M,G ) ➔ Ext 1 ( M,G ) ➔ Ext 1 (M,G ) ➔ 0 
a p a a 

. . . . . . 

From this one easily shows by induction that K ®k Ext! (M,G8 ) c.1 Ext~ (~,GaK) 

for such multiplicative groups and hence for all multiplicative groups because 

for every multiplicative group M there exists an exact sequence 

0 ➔ M 1 -+ M -+ M" -+ 0 

with M" € FMult M' such that D(M') is torsion free. 
----irk' 

5.2. Exti(A,G) for abelian varieties A 
a 

The same argument as above shows that K ®k Extt(A,G8 ) c.1 Ext~(AK,GaK) 

for abelian varieties. 
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5.3. Remark 

Because every group scheme over k can be built up rran finite group 

schemes. multiplicative group schemes, abelian varieties and copies or G ,, • .. a 
it only :ems.ins to s!e whether K ®k Ext~(Ga,Ga) ci1Ext~(GaK,GaIC) to prove 

K Clt Ext~(G,Ga)a, Ext~(GIC, Ga) tor all G € ~• This will be dealt with in a 
future note. 

5.4. Remark 

Let L be the kernel or -I'- : W ➔ W and let L be the pro-object ma n n •,• 
consisting ot the L ; L is defined over every field k and is projective 

ma •,• 
it k is perfect. But it k is not perfect then one sees fairly easily using 

the exact sequence O ➔ a ➔ G .. G ➔ 0 and (4.7) that Ext(L ,a ) is very 
p a a •,• p 

large (a countably infinite sum ot copies ot k/kP), showing acme difference 

tor Ext groups over non perfect fields, as can.pared to Ext groups over 

perfect fields. 
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