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1. INTRODUCTION

The present note merely gives some complements to the constructions of
commutative (universal) formal proups in [4], [5]. In [T} Honda has
given a method of constructing manv formal groups over rings which
satisfy a certain hvoothesis, e.g. over W(k) where k is a field of

characteristic » > 0.

In case of W{(k) this method gives all isomorvhism classes of
commutative formal groups; this is not true for ramified extensions of
Wik). In section 2 we discuss a link between the constructions of
[W, [5]and those of [T].

Let. Fy, be the formal group over ZfT1, Tys ..., constructed in [4]

section (1.1). I.e. F_(X,Y) = f-1(f (x) + £.(Y)) where f_(X) is given
T T ; T T T T

1 (1), (1) . .

o p (X ), where fn ' is obtained from £ by

i i

renlacing all the parameters T, T2 s «es DY T? s Tg s aee

by rT(x) = X +

W~ 8

i=1

Let t = (t1,t2, ...) be a sequence of elements of a Z(D)—algebra A

and let ?"+ be the formal group over A obtained from FT by substituting

ti for Ti' Everv formal group over A is strictly isomorphic to some F_.

(%3
([h1, theorem (2.6)).
By means of some formulae derived in section 3 we prove in section Uk

+nat for one dimensional formal grouos over Z(n) or ZD the following nolds:
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= ' = 1 { . '
let t (t1, ts ), t (t1, t2,...), ti, ti € Z(p), Zp

then Ft and Ft' are isomorphic if and only if ti = t{ mod pi=1, 2, ...

As a corollary we get another proof of the fact due to Cartier [1],

[31]and Hill [6], that two formal groups over Zp.are isomorphic if and

and only if their reductions are isomorphic. It seems that this result
is not generalizable as is shown by two examples given in section 5.

As regards terminology: all formal groups are supposed to be
commutative; an n-tuple of power series f(X) = (f1(X), cees fn(X))

over a ring A in X = (Xi, cees Xn) such that f(X) = MX, mod degree 2,

where M is an n x n matrix, is said to be an isomorphism between the
n-dimensional formal groups F(X,Y) and G(X,Y) over A if
f(F(X,Y)) = 6(£(X), £(Y)); f is said to be a strict isomorphism if

M= I, the n x n unit matrix.

2. THE FORMAL GROUPS OF HONDA [6].

2.1. Honda's Construction (One Dimensional case)

Let A be characteristic zero discrete valuation ring of residue

characteristic p > 0; let P be the maximal ideal of A. Assume moreover

that the following condition is satisfied

(2.1.1) there exists an endomorphism g of A and a power q of »

such that ac = a modr for all a € A.

One can take e.g. A = W(k), the ring of Witt vectors of a field of
characteristic p. Then q = p and g is the endomorphism denoted F in
[8] , Ch. II, §6, the Frobenius endomorphism.

Let AU[[W]] be the noncommutative ring of power series in W over A
defined by the multiplication rule.
(2.1.2) Wa=a% for a € A

oo

Let u € Ac[[W]] be an element of the formu=n1 - I ¢ WV, wvhere

o V=1
where m is a prime element ofj‘; write 'lm_1 = I vaV, bv € Q(A), the
V=0

field of fractions of A. Now let



= a =p!
(2.1.3) h (x) = z; b X", H (X,Y) =h '(h (X) +n(Y))
where ¢ = (c1, s «..). Then we have

(2.1.4) Theorem (Honda [7])

HC(X,Y) is a formal group over A

It is not particularly difficult to calculate h(X) from u. One

readily finds the recursion relations

c
by =t
"o
b1€% c2
(2.1.5) b, = >t
o o
T T
2
b é’ b 6’ c
b = 271 + 172 +
3 o3 U3 03
b m bl

This looks rather like formula's (8) of [L). And in fact it is now
not difficult to show (reverse the arguments of [L4], appendix) that

hc(X) satisfies and is determined by

o0 ci O'i qi
(2.1.6) hC(X) =X+ I ‘Z{i’hc (x" )
i=1 7

Practically the same arguments as those of [L4] §1 now prove (2.1.L4)

2.2. More dimensional Honda formal groups.

Now let the c, be n x n matrices, let X = (x
i i i
x? = (X? s vees Xg ), and let hc(X) be the n-vector of formal power

1% ** xn)a
series in X determined by (2.1.6). Define the n-dimensional formal groun
H, by HC(X,Y) = h;1(hc(X) + hc(Y)). Then (2.1.4) also holds for these

more dimensional formal groups.

Honda also considers a stronger condition on A.

(P.2.1) condition (2.1.1) is satisfied with q = v and the valuation

of A is unramified.



He proves under this condition.

2.2.2. Theorem (Honda [T]).
If A satisfies (2.2.1) then every formal group over A is

isomorphic to an H,-

2.3. Formal Groups over Rings of Witt Vectors.

Let T,, S; be n x n matrices T, = (gTi)jl) = ((s, )+Q)

1, 2= 1, ..., n in indeterminates (Ti)}i (Si);l . Let Z(p)[T,S]

be the ring of polynomials over Z(p) in these indeterminates.

We define two n-vectors of power series in X = (X cees Xn).

1’

(2.3.1) £,(X) = X + s 1 (1)(x°) £ (0 = X+ zsxp +

S

i=1 i=1
oo i
b Tel) e
T,S
=1 P
SN : (1) (i) :
where X~ = (X1 s sees ) and f and fT g are obtained from

f, and f& g by replacing the parameters (Ti)gland (Si)JQ by their

p-th powers. Define

(2.3.2)  Fy(X,Y) = f%‘(fT(X) + £,(0)),

Fp g(0Y) = 25 o8, (0 + £

r,s'fr.s 7,s(¥))

Then we have: FT and Er g &re strictly isomorphic formal groups over
Z(5)[T8]- (Cf. [4]). Let A be a commutative Z(,)-aleedbra; let

Ft’ Ft,s be the formal groups over A obtained from F‘T and F‘I‘,S

by substituting elements (ti)!z and (s.) , for (Ti)dl and (Si)JQ'

1;2,
We know, that every formal group over A is strictly isomorphic to
an Ft' Now let A be also an integral domain. An n-dimensional formal

group over A will be called p-typical if its logarithm g looks like
0o

g(Xx) =X+ I MiXp where the Mi are n x n matrices. One also has
i=1

(cf. [L]): every p-typical formal group over A is equal to some F, .



Given the sequences of matrices t,s let t' be such that

F,, =F_ . The formal groups Ft and Ft' are strictly isomorphic.

t' T Tt,s
Using all this one gets:
(2.3.3) let R be a system of representants of A/pA in the Z(p)-algebra A.

Then for every n dimensional formal group G over A there

exists a sequence of matrices t 8'(t1, tys S IR (ti)'L €ER

such that G is strictly isomorphic to F, . (If A is of
characteristic zero there exists precisely one such sequence

of matrices).

Now let k be a field of characteristic p (or more generally an
integral domain of characteristic p). Let A = W(k), and for a € k
let [a] denote the Witt vector [a] = (&, 0, 0, ...). Let O be the
Frobenius endomorphism of W(k). Let R be the system of representants
R = {[a]|a € k} of A/pA = k in A.

The ring A satisfies condition (2.2.1). Also if t € R then 7 = ¢P,

This gives:

(2.3.4) if (ti)jl €ERforalli=1,2, ... j, =1, ..., n then

I-It(X,Y) = F, (X,Y)

and this combined with (2.3.3) gives a proof of theorem (2.2.2) for
rings A = W(k)

(2.3.5) Remark.

The result derived above on the one hand extents (2.2.2) a bit and
on the other hand does not cover all of (2.2.2). This last fact can be
repaired to a large extent as follows. Let t,s be two series of matrices in
Wik); let t" = (t}, tJ, ...) be defined by

(p + t:w + £

o+ o) = (1 4 s1W + 8

2w2+ o) (p + t1w + t2W2 + ...)

The formal groups Ht" and Ht are then strictly isomorphic (Honda [7]).
Now let A be a subring of W(k) which is invariant under g and contains
a full set of representatives of k = W(k)/pW(k), then every Honda
formal group over W(k) is strictly isomorphic (over W(k) to one defined

over A. Thus we also get a proof of (2.2.2) for such subrings of rings
w(k).



3. A FORMULA.

(x)

As in (2.3) let the n-vectors of power series fT(X) and f, o
;]

in X = (X1, cees Xn) be defined by

oo Ti (1) i
(3.1) £(X) =x + I =1, (x* ),
ij=1 P
= ot 2T ()t
fT,S<X) = X+ 121 SiX + iET '—5 fT,S(X )
° pi
(3.2) fT(X) = I Ai(T)x s
1=0
o pi
fT,S(X) = Z Al(T’S)X
1=0

* . *

where the Ai(T) and Ai(T,S) are n x n matrices, AO(T) = AO(T,S) =1,
i : i

and X* is the columnvector consisting of the Xg sy J=1, «eeyn

Then we have (cf. [k] appendix)

(m-i)
- m Ti
(3.3) Am('l‘) = i£1 Am—-i(T) Y
(3.4) A(D,8) = A5(1) + 1 A% (1) slm-i)
3. m 77 T Tm i§1 m-i i
(o) (r) (r) T
vhere Tio =T, are Tir (resp. Sir ) is the n x n matrix (((Ti)‘l)p )

r
(resp. (((s9):)").

We define
Tis(.l)-si'r(.l) () Tgr)s(.”r’-s?)tr(.”r)
(3.5) z..(T,8) = = l— and z,."(r,5) = 2—iL 3
ij p ij P

Then we have

3.6. Proposition.
m T(m.i)
i * (m=-i-j)
A(T,S) = § A .(T,8) = + T A . .(T)Z." (T,S) + 8
n i=1 *7 P i,j>1,i¢j<m "7 1Y n



Proof. Using (3.3) and (3.4) one finds

* m o, (m-i)
A(T,S) =A(T)+ L A .(T)S;
=1

m-1 Tgm‘l) T m-1 m-i T(m-l-J)s(m-i)

=z A (M= +2+ 31 1 a . (1)1 i+
i=1 BT P Poi=1 j=1 J o
m-1 Tim'l) m-1 m-i ; (m-i-j3) T(m—i)

= I A (18)—= - I I A . .(1)s" T4
i=1 ™ P i=1 j=1 J D
m-1 m-i T(m-l-J) (m-i) -

+ L I A () < s +24+s
j=1 = Wi D i P m
m-1 p{m-i) (meioi) T

= ¢ A .(T,8) %  +I (1) 25T s)+2 4s
i=1 P i,j21,i+j¢m J 1
m T{m-i) * ..

= £a_ (1,8 1 4 Am_i_.(w)z§§‘1‘3)(w,s) +5_
i=1 P i,521,i+j4m "7

L. FORMAL GROUPS OVER and Z.

-Z-(p)’ L, and

4.1, p-Typical Groups.

Let A be a Z-algebra. A more dimensional formal group G over A
is called p-typical if it is of the form G = Ft for some sequence of
matrices t = (t1, tys «+.) Wwith coefficients in A. This agrees in the
one dimensional case with the definition used in [L4] and elsewhere.
Every formal group over a Z(p)-algebra is isomorphic to a p-typical one.
Simply because the universal formal group of [5] is isomorphic

(over Z(p)[T,S]) to Fp.
Let ,for the moment A be a characteristic zero Z(p) integral

domain. Let G be a formal group over A with logarithm g. Replacing the
s 5, s

coefficients of all monomials X~ = X1 s coes Xnn with zero for all s

which are not of the form (0, ..., O, pr, 0, «c., 0) gives a vector of

power series f which is the logarithm of a formal group F over A which

is isomorphic (over A) to G.



As in the one dimensional case cf [2] this isomorphism can also
be described in terms of the formal group G.

Let c(X), ¢'(X) be n-vectors of power series in X = (X1, cees Xn)
with coefficients in A without constant terms. Let G be an n-dimensional

formal group over A. One defines

(ho1.1) (e +. c")(X) = G(c(X), ' (X))

G

and for each i =1, ..., n and m € N we define operators Vm(i), Fm(i)

as
(4.1.2) (v_(1)e)(X) = c(0, ..., x? , 0, «e.y O)
(L.1.3) (Fm(i)c)(X) = ¢c(0, «.., cmx;/m,o, ey, 0) +
2.1/m
+Gcm,.“,o,QJi @“.HMEH.
m ”M
b C (\,' ,‘-JSV‘XL'O”°°’O)
Now let c°(X) be the n-vector of power series cO(X) = (X1""’Xn)'

Define
(4. 1.4) ¢ =3 ‘-‘S‘-’— v_(3)F, (i)c®

G 1i=1,2,...,n

(m,p)=1

Then CG(X) is the isomorphism between G and the p-typical formal group

F. This also works over Z(D)—algebras A which are not an integral domain.

4.2. Isomorphisms of p-typical Groups.

Below we shall need the following isomorphism result of [4].

L.2.1. Proposition.

Let A be an integral domain, Ft the formal group obtained from F

T
(t.)

by substituting (ti) e € A. Let G be another

b for (Ti)

\

2

p-typical formal group over A. Then G is strictly isomorphic to Ft if and
only if there are n x n matrices S;» i=1, ..., nwith coefficients in A

such that G(X,Y) = F s(X,Y), where F_ is the formal group obtained

t.



from FT,S by substituting (ti) o and (si);l for (Ti)}& and (Si)él .

¢

L.2.2. Remarks.

1. For a proof cf [4] or (better) [5].
2. The most important step of the proof of (L.2.1) is to show

that F and F_ are isomorphic over Z, ,[T,S] (or Z[T,S]). Another
T,S T (p),

proof of this rests on the following lemma.

i._s
Lemma. In the expansion of (X + uXp )p there occur no other
o8 i+s
p-power powers of X then X~ and xP . (N.B. this is not true if

there occur more than two terms inside the brackets). Let f& s(X) and
1

f&(x) be the logarithms of ET,S

dimensional case how to obtain fo s(X) from ﬁr(X) by successive
9

and FT. We now indicate in the one-

substitutions. First substitute X + s,xp for X and render the resulting
. o 5
povwer series p-typical; the resulting coefficients are (if ﬁT(X) = I a.iXp )
i=1
P Pz P3 Ph
+
S1, a, + a1S1 ,2a3 + aes1 > &) + 3381 > 8g + 85, ...

Now substitute X + 82Xp and render the resulting power series p-typical

1, a1

again. We obtain
2 3 2

P D D P
5 a3 + 3281 + a182, a, + a3S1 + 3282 +
2

PP
+ a1S182 9 oo

D
1, 31 + S1, 32 + a1S1 + S

3
Now substitute X - 8182Xp (assuming p is odd) and render p-typical

again. We obtain
2

D P P
+
1, a S1, a, + a5, + S + a281 + 5182,

2 T 80 * 5 8y
3 2 2

D P _ o oPeP
2, + 887 + a5, -SSiSH, ...

1

Now substitute X + s3xp and render p-typical. We find

2
P P P
1, a 5 + a1S1 + 52, a3 + a281 + 3182 + S3,

3 2 2

P D D D _ PP
a), + 3381 + a232 + a1S3 + S1S3 S1S1S2 s see

1* 5.2
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3 17172
coefficient of X° , and then S), is introduced, continuing in this way

1T e "
we "finally" get fi,S(X).

The rest of the proof of (4.2.1) goes as follows. Let G be

2
In two steps one now gets rid of S1Sp and - S,5°SP in the
I

isomorphic to Ft’ suppose we have already found Sys cees S such

that G and F, _ coincide mod deg pr o+ 1, then both being p-typical
]

they coincide mod pr+1‘

They are also isomorphic (because ig and F, ¢ 8re isomorphic). The
1 ]

isomorphism must look like X + ax® mod degree pr+1 + 1, a an

n x n matrix over A. Choosing S 41 = 8 we see that

G =EF mod degree pr‘H + 1.
t,s

From now on in section 4 we shall consider only one dimensional

formal groups over Z, Z(p), Z_ (and other rings A for which a.ps a

P
mod p).

4.3, Proposition.

Let A be a characteristic zero integral domain in which
p
a = a mod p holds. The one dimensional p-typical formal groups

Ft and Ft' are then strictly isomorphic if and only if ti= t{ mod p.

i’ 1’ 2, LN

Proof. Let f, end f,, be the logarithms of Ft and Ft" We write
o pi o i

(4.3.1) £.(X) = I ax £,.(X) = I a. xP
i=o0 i=o

First assume that Fe and Ft' are strictly isomorphic. Then there are

(m) _ ,(m)
S;s 855 ++v 5 8; € A such that ft,(x) = ft,s(x). Let z. ., Z.. (t,s)

ij ij
(ef. (3.5)). Using (3.6) we find

m-1i
m-1 tP . (mi-i) ¢
(4.3.2) a, = I a ==+ T a_ . .z, 7Y R S
imp M7 iyd01,i%j¢m TR P om
and on the other hand (ecf. (3.3)).
m-1
m-1 s t!
(4.3.3) a = I & , = + =
, m . m-i )
1=1
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Taking m = 1 gives t1 = t; mod p. Now because a® = a mod P we have

Di 1 (2) nl i+2 1+4
pz.. 2 0mod v (pz.. = t.s. = s.t? )} and vz.. = t.s. - tp = 0
1)) 1) 1) 1) 1] 1] 1]
+ * -i-j ..
mod o¥*'. It follows that B i’; 1-3) 2 0 mod 1 for a1l i,j.

Now suppose ti =z ti for 1 =1, ..., m~1, then

m-1i m-1 .
m-141

t? = t{b mod D ; using this and (L.3.3) and (L.3.2) we find

that t = t' mod p.
m m

Now suppose ti = t{ mod p for all i = 1, 2, ... To prove F, and Ft'

t

isomorvhic we must show that we can find s

t!-t
ft' = ft,s' Take 5, = v Suppose we have already found

12 So sees € A such that

Sys +++» S__,- The element S is then determined by (L.3.2) and we
.. . * (m=1-3) - .
must show that i1t 1s in A. This follows from am i jzii = 5 mod 1
-1 nm—i m-1
and o a_ .(t: - P ) E0mod 1,1 =1, ..., m c.e.d
m-1' "1 i

L4, Corollary.
The formal grouns Ft and Ft" over A are isomorphic if and only if

t. T t] mod n.
i 1

Proof. We need only prove that if Ft and Ft' are isomorphic then

t. T t!. Let (X)) = uX + u

i i X2 + ..., uaunit of A, be the

2
isomorphism. ¢(X) can we written as ¢ = Yox whare

x(X) = uX and ¥ is a strict isomorphism between G(X,Y) = u']Ft(uX,uY)

and Ft,(X.Y). The logarithm of G is g(X) = u_1ft(ux). It follows that
i

1 1
P D

- " -1
g(X) = ftu(X) where t! t., and as u

1 mod p, we find

Al

i =ty mod p. Also t; = ti mod v according to (L4.3). Therefore

t

t. T t! mod o.
i i

L.5. Corollary.

Two p-typical formal groups over Z/(p) ar~ (strictly) iscmornhic

1f and onlv if they are idertical.
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n
Proof. Let F,G be two p-typical formal grouns over Z/(p). Let F

be a formal group over :n which 1lifts F. Let ¢ be an

isomorphism between ¥,G and let % he anv power series over

Zn without constant term which lifts ¢. Define

LYY = $—1F(5X.6Y). Now render ¢ p-tvpicali using (L.1.k). Let G be

the result. Then G also reduces to G (because G is already p-typical).

$ o

e

(o]

[ I
.

+

Q —

Let ? = F 8 =

t Ft" Then ti = ti. Tt follows that F = G, Cf. lemma

below. (N.BR. & need not be the identity).
q.e.d.

L.6, Lerma.

D)—inregral domain. The

reductions mod p of Ft and F_, are identical 1ftt. = ti, i=1,2, ...

Let A be a characteristic zero Z(

t 1

Proof. The coefficients of ?T(X,Y) are polynomials in Tl’ T and

PYIREEE

'Y Y v Al
F(T,,...,Tr,O,O,...)&“"> and Fo(X,7) differ by
Tr Ur Dr r -

—;[‘X +Y)° - xP - Y ] mod demree P+ 1.
Remark. This lemra does not hold for the groups HT(X,Y) discussed in

secticn 2.
L.7. fo~llarvy (Cartier [1], Hiil [61}
Two formal grouvps over Z{D) or Zn {cr anv ring in between) are
isomorphic ifftheir reductions mod v are iscmorphic.

* *
Proonf. Let the reduction.¥ and G of ¥ and G he isomorphic. Let
-1 e . .
= cp (F(CF(X), cF(Y)). where cg is as in (L.1.4), Then
is m-tyvical. The reduction ¢f C mod pois © 4.

F

~
T

(This follows

“rom (L,1.4)).
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-y = Coe
! r

* * ~
Let ¢(X) be the isomorphism between G and F , let ¢(X) = uX + u2X2 L
. . -1
u a unit be any lift of ¢(X). Let H(X,Y) = 3‘ G(X(X). X(Y)). Then
*
H reduces to F . It follows that the reduction of q is ¢ ,. Let
F

H'(X,Y) = c;1H(cH(X), cH(Y)). The formal groups H' and F' are both
p-typical and have the same reduction. It follows that they are

isomorphic ((L.6), (4.3)). And as 3, Cy and c, are isomorphisms,

F and G are also isomorphic.
* *
4.8. Remark. If F and G are strictly isomorphic then F and G are
2

strictly isomorphic. (Take X(X) =X + u2X + ...).

4.9. Corollary.

Two formal groups over Z are isomorphic if they are isomorvhic

mod p for all primes p.

5. TWO COUNTEREXAMPLES.

The results of (4.3) - (4.9) do not seem to be generalizable.
More precisely: let k be a field of characteristic » which is not
equal to Z/(p). Then there are one dimensional b-typical formal
groups over W(k) with the same reduction which are not isomorphic.
Cf. (5.1) below. The corollary (L.5) is also false over k (also
for strict isomorphisms).

Finally two more dimensional formal groups over Z(p) or Zp

with the same reductions need not be isomorphic. Cf. (5.2).

5.1. Example.

Let Fy = k, the field of 9 elements; W(k) = 23(1), where i° = -1.

Let t, =0,t, =1, t

1 5 3 =0, th = 04000y tn = 0Dy

t.; = 31.-9 té= ig té = O,-on, t;": O,...
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Consider the formal groups F, and F , over Z3(i).

(i) The formal groups F, and F , are not strictly isomorphic
over Z3(i)' Indeed, if they were there would be elements

S1s Sps ees e;Z3(i) such that F , = F _ or, equivalently,
b

foo = f't g+ Then we must have s, = i. Looking at the
t ]

27

coefficients of X ' we see that tgere must be an 555 s3 € Z3(i)

such that (cf. (4.3)).

2
ty, P PP by gy v by tie) e
I I — + = + -—_ + —
(5.1.1) e +ay— R p2 > S +
e} P2 | P2 P
t.s.-s.t t,s, -s.,t
+ 172 271 + 2 1 1o +s
P P 3
o pi
where p = 3, ft,(X) = igoaix » 8y = 1. Because t, = 0 and ti = t; mod p,
ths Mp&ts dhat
D?
t2sa - s1tg = 0 mod p which is not the case.
(ii) The formal grouvs F, and F,, are not isomorphic over Z3(i).

Every isomorphism ¢(X) = uX + u2X2 4 ..., uaunit of ZB(i)

can be decomposed as ¢ = Yo ) where X(X) = uX and
. . . . -1
v(X) = X + ... is a strict isomorphism. Let G(X,Y) = X F(XX,XY).

The logarithm of G is ft"(X), where tq =0, tg = P ‘1t2,

tg = 0, vou, t; = 0,... The groups G(X,Y) are strictly

isomorphic. There must therefore be s., s, , ... € ZB(i) such

12 72

that £, (X) = f_,(X). This gives s, = i. As above (5.1.1)
t ,s t 1 : >

must hold (with t. replaced by tg). Now u® '« 1 moa P

because the residue field has p2 elements. It follows that

" = n D nP =
t2 = t2 mod p, and therefore we must have tgs1 - s1t2 =0

mod p, which is not the case because tg Z i mod p and s, = i.
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5.2. Example.

We work over Z_ or Z . Let the matrices t., t! be given by
P (») i* 71
1 0 0 ¢
t, = (3 o),t?= (O 1), ty =0, coes b = 0,0,
1 D 0 0
' = ''= = .
t1—(p O),t2 (o 1),t3 0, «vvs t =0,..

We consider the 2-dimensional formal groups FF

(i) The formal groups Ft and Ft,are not strictly isomorphic over

and F, over Z or Z .
t (p) D

Zo' If they were strictly isomorphic there must be matrices
N 0 1

S;» Sp» +-. such that F,, = F We find s, =(1 O) and

t,s’

comparing the coefficients of X* in £, ,(X) and f, s(X) we see
b}

t'
that
-2,1 1 0 0 0 “1p .1 0y,0 1, ,0 1y,1 Oyy _
P (] 8)(0 o)t g Drsyre L G =0 QG QY=
2,1 p,,1 Dp 0 0
=1 )( ) o+ ( )
p O pn 0 0 1

for a certain S, with coefficients in Zp. Contradiction.

(1i1) The formal grouvs F, and Ft' are not isomorphic over Zo'
Every isomorphiém is of the form uX + ... where u is an
invertivle 2 x 2 matrix. Decompose $ as Y ¢ X where

. . . . -1
X(X) = uX and y is a strict isomorphism. Let G(X,Y) = u Ft(ux,uY)

. . -1 . .
The logarithm of G is then %(X) = u ft(uX). G is not a p-typical group

in general. Rendering G p-typical gives a formal group G' with logarithm

2 2
-1 * -1 * ) * *
g'(X) = x+u aTu(1)Xp +u 1a2u<2)xp + ... 1f ft(X) = X+ aTXp + a2Xp +..
(i), (1) _ ot .
where u' ~’'is the matrix u = (u R). The formal grouos G' and F,_, are

strictly isomorphic. This means that we must have

-1 *
(5.2.1) u ‘a1u(’) -
‘ p? b e (1)
17 ft,(X‘) =X+a1)P+a.2X + ... Let u = (d P’),becauseu = U mod v

a, mod 1

1
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we see that we must have

(P9 5= " % moanp

1

0 0 4 e d e 0 O
This gives ¢ = d = 0 mod p. Let g'(X) = ft,,(X). We calculate t';, tg.
This gives
eb? 0 -
tq = det (u){ mod p where pd' = 4
-pd'v® 0
Therefore
1+py O -
t? = mod p v, z €2
Pz 0 P
0 o')
t" E
2 0 1 mod p
There must be matrices Sy S5 such that
t"(1) t" t"s(1)_s t"(1) t|(1) tl
1 2 171 171 1 2
a + — 4 + 5 = g + —=
1 »p P P 2 L P

Because t" = t; mod p and t! = t, mod p, this implies

1 2 2
(5.2.2) £'s{") C s 1) 2 6 mea p
11 11
Now
0 1 1 0
" o
s, = ( ) ty = (O 0 ) mod p
1-2 O

which contradicts (5.2.2)
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