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1. INTRODUCTION

Let K be a finite extension of Q,, , the field of p-adic numbers. Let L/K be a
galois extension. Local class field theory studies the cokernel of the norm
map Ny, L* — K*. Let A; , Ax be the ring of integers of L, K and let
U(L), U(K) be the group of units of 4, , Az . The most difficult part of the
determination of N, (L*) is the determination of the image (or cokernel)
of Ny ,x: U(L)— U(K). This map can also be viewed as follows. Let G,, be
the multiplicative group. Then G,,(4,) = U(L), G,,(Ax) = U(K) and the
map Ny x is: Ny x(x) = sum of all the conjugates of x in G,,(L).

The following generalization is now natural and also interesting for various
reasons (cf., [7, Section 4]). Let G be an arbitrary commutative group
scheme over 4y . Define Norm(x) = sum in G(4;) of all the conjugates of x,
for x € G(AL). Problem. Determine the cokernel of Norm: G(4,) — G(dg).
As in the case of G,, an important step is to calculate the cokernel of the
induced map G(4,) — G(Ag) where G is the formal completion of G; G is a
formal group over Ay .

’ In the following we study the cokernel of Norm: F(A4,) — F(Ay) where
F is a one-dimensional formal group over Ay . In case the height of F is equal
to 1 the answer is up to a twist given by local class field theory (cf., [7]).
Important is the fact that Norm: F(47) —F(Ag) is surjective if height
(F) = 1, where L, , K, is the maximal unramified extension of L, K. The
picture changes drastically as soon as height (F) > 1. It is then not true in
general that Norm (F(L)) = F(K) if L/K is a finite galois extension and the
residue field of K is algebraically closed.

* While the research for this paper was done the author stayed at the Steklov
Institute of Mathematics in Moscow (1969/1970) and he was supported by Z.W.O.,
the Netherlands Organization for the advancement of Pure Research.
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The main part of this paper is devoted to the precise determination of the
cokernel of F(L) — F(K) for one special class of extensions L/K. We take
K = Q,, the p-adic numbers. Let L, be the extension of Q, obtained by
adjoining all p7-th roots of unity. Gal(L,/Q,) =~ U(Q,) ~ 4 X Z, where 4 is
the torsion subroup of U(Q,). Let K be the invariant field of 4. Gal(K./Q,) =~
Z,, ie, K /Q, is a I-extension. Let K, be the invariant field of
p" Gal(K,/Q,). We determine Im(F(K,) —F(Q,)), where F is any formal
group over Z,, of height (F) = 2.

The results and proofs turn out to be generalizable to some extent (cf., [3]).

The motivation to study precisely I-extensions came from [7].

It remains for me to thank the reviewer who thoroughly criticized an earlier
version of this note.

2. GENERALITIES ON ForMAL GROUPS

2.1. Some Notations and Definitions

K will always denote a local field of characteristic 0 and residue charac-
teristic p > 0; Ay is its ring of integers; 7y is a uniformizing element and vy
is the normalized exponential valuation on K (i.e., vg(mg) = 1); M is the
maximal ideal of A .

A one dimensional formal group over 4y is a formal power series in two
variables over Ay of the form

FX,Y)=X+Y+ Y a;XY, ayedg, (2.1.1)
1.5=1
which satisfies
F(X,F(Y,2Z)) =F{F(X,Y), 2Z). (2.1.2)
All formal groups considered in this paper will be one dimensional. A one
dimensional formal group over Ay is automatically commutative; i.e., it

satisfies F(X, Y) = F(Y, X) (cf. [4]).

2.2. Points and Norm Maps

Let L be a finite extension of K. One can use a formal group over Ay to
define an abelian group structure on the set M, . In fact one simply sets

x+Fy =F(xvy); x,ye 9--RL- (2-2.1)

(The series F(x, y) converges in M,.) This group is denoted F(L). If



NORM MAPS FOR FORMAL GROUPS I 91

%, ye Mt =mt4;,, t =1,2,., then x+rye M’ The group F(L)
therefore has a natural filtration by subgroups F{(L) where the underlying set
of Fi(L) is m;*4, .

Because F(X, Y) = X + Y mod(degree 2), cf. (2.1.1), we have
FYL)[Ft+Y{(L) =~ I+, (2.2.2)

where [+ is the underlying additive group of the residue field [ of L.
Now let L/K be a galois extension with galois group G = Gal(L/K) =
{o1 -y 0,}. We define a norm map F-Norm: F(L)— F(K) by the formula

F-Norm: F(L) — F(K), x> 0% Fpogx +p o Fpox). (2.2.3)
(The F-sum of the conjugates of x is in K because it is invariant under G.)

ExampiLes. If F = G,, the additive group, given by G,(X, ¥) = X + ¥,
then F(L) = M, (with its original additive group structure) and F(K) = M .
The norm map, G,-Norm, is equal to Tt , the trace map.

IfF = Gm , the multiplicative group given by (A},,z(X, V) =X+ 1Y+ XY,
then F(L) = U,%, the group of units congruent to 1 mod =, of ;. The
norm map, G,,-Norm, becomes the ordinary norm map U, — Ug! under
the isomorphisms F(L) = U,! and F(U) = U

2.3. Height of a Formal Group

Let F be a formal group over Ay . We define inductively

F2(X1 ’ X2) = F(Xl s Xz)""an+1(X1 FI) X’n+1)
— F(FA(X, oy Xy Xs)ooe - 2.3.1)

Because F is associative and commutative, one has that F(X, ..., X,) =
F(X,q) »--» Xo@) for every permutation of {1, 2,..., n}.

Let p be the residue characteristic of A . One defines [ p](X) as [p]#(X) =
Fy(X, X,..., X). We consider [p](X)mod mg . There are two possibilities
(cf., 1, 4]).

(i) There exists a number 4 € N such that [p]s(X) = g(X7") mod my
where g(Z) = b,Z -+ b,Z% + - is a power series over A withb; =0 mod 7 .
"The number & = A(F) is called the height of F.

(i) [p](X) = 0 mod 7y . In this case one defines h = h(F), the height
of F, as h = 0.
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2.4. Lemma on F-Norm

Let F, be a formal group over Ay . If Mis a monomial in X ,..., X, ,
e.g., M = XJ1-- X7» we define

Tr(ﬂ{) — ‘Yix X;" -+ X;l X;n—lxlrn e XZ;I"YITZ X;T.L_l .
We write N¥(X) for X, --- X, Using these notations one has the following.

Lemma 2.4.1.

Fo(Xy ey X,) = Tr(Xy) + Y, a;N{(X) + . ap Tr(M),
i=1 M
where a; , ay; € Ay , and M runs through a set of monomials of total degree = 2
which are not of the form N¥(X). If moreover n = p, the residue characteristic
of K, thenvy(a;) > | unlessi = kp" 1 k =1, 2,..., and vg(a;) = 0if i = p*-L,
where h is the height of F. (If h = o0, v(a;) = 1 for all iif p = n.)

Proof. The first statement follows from the fact that F(X, ¥) = X + YV
mod (degree 2) and the fact that F(X ,..., X)) is invariant under permutations
of the X7 ,..., X, . The second part of the lemma follows from the first part
and (2.3), because substituting X for the X; in Tr(M) results in something
=0 mod p if M is not of the form N*(X). Q.E.D.

Now let L/K be a cyclic galois extension of degree n. Let Try  and Ny &
denote the trace and norm maps. We write N, () for (IV, x(x)’. From the
definition of F-Norm and (2.4.1) one then immediately obtains the following.

COROLLARY 2.4.2.

F-Normyk(x) = Trpx(x) + Y. @:N1/x(x) mod Tryx(x*4,)

i=1

Jor all x e F(L). If n = p one has the same statements on the valuations of the
a; as in (2.4.1).
3. UNRAMIFIED AND TAMELY RAMIFIED EXTENSIONS

In the case of an unramified or tamely ramified extension L/K, the image
of F-Norm: F(L) — F(K) is very easy to calculate.

PropositioN 3.1. Let L/K be a tamely ramified galois extension, then
F-Norm: F(L) —F(K) is surjective.
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Proof. First suppose that L/K is unramified. F-Norm maps F %(L) into
F5(K) and for every y € F(K) of valuation vg(y) = s, there exists an x € F5(L)

such that
F-Norm(x) = y mod(#%).
Indeed, according to (2.2.1) and (2.2.3) we have
F-Normyx(x) = Trp/(x) mod(«%),

and it thus suffices to select an x € F5(L) such that Tr.x(x) = y which can
be done because L/K is unramified. It follows that the induced map Fs(Ly —
Fs(K)/Fs*}(K) is surjective and this proves the proposition in this case
according to Lemma (3.2) below.

Now let L/K be totally and tamely ramified. Because Gal(L/K) is cyclic of
order prime to p (cf. [8], Chapter IV, Section 2]), it suffices to treat tamely
and totally ramified extensions of prime degree /, (I, p) = 1. For such exten-
sions one has

Trp(mtAL) = mg Ay, r=[((I—=1)+ )] (3.1.1)

where [s//] denotes the entier of s/I. (cf. [8, Chapter V, Section 3].) It follows
that for every s € N there exists a number ¢, such that

(1) ts => S,
(i) ox(Trp k(%)) > s if v.(x) > £,
(1)  vg(Try x(x)) = s if v (x) = ¢,.
It follows from this and (2.4.2) that

F—NormL/K(zx) =g TrL/K(x) mod(ﬂ;(+1AK)

if v (x) = ¢t;, x € Ag . Using this, (2.2.2) and (iii) above we see that the
induced map Fs(L) — F3(K)/Fs+{(K) is surjective, which proves the proposi-
tion in this case.

Finally let L/ K be tamely ramified. The extension L/K can be decomposed
into a tower K CL,,, CL, where L,,/K is unramified and L/L,,, is totally and
tamely ramified. As F-Normy,, = F-Norm; . F-Normy, = we are
through. Q.E.D.

For completeness sake we state the lemma which was used twice in the
proof above, and which we shall use a few more times in the sections below.

Lemma 3.2. Let A and B be abelian groups filtered by subgroups
A=A4,D2A4,DB=B,DB,D - suchthat A =lim AfA, ,and (), B, ={0}.
Let u: A—> B be a homomorphism and suppose that there exist indices t; <ty << ---
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such that u(At‘) CB; and u: Ati—>Bi/Bi+l is surjective for all 1 = 1,2,....
Then u: A — B is surjective.

Proof. Very easy, cf., e.g., [8, Chapter V, Section 1, Lemma 2].

4. Tre CycrLoromic I-EXTENSION

A TI-extension of a field K is an (infinite) galois extension K /K such that
Gal(K,/K) ~Z,, the p-adic integers.

4.1. The Cyclotomic I'-Extension of Q,

Let Q,, be the field of p-adic numbers. Adjoin to Q,, all p™-th roots of unity,
for all . The result is a totally ramified abelian extension L,/Q, of galois
group isomorphic to U(Q,). Let 4 be the torsion subgroup of U(Q,). If
p > 2, this is the subgroup of the (p — 1)-st roots of unity; if p = 2 this is
the subgroup {1, —1}. Let K, be the invariant field of 4. Then K/Q, is a
I-extension (associated to the prime p). We shall call this extension the
cyclotomic I-extension of Q, . Let K, be the invariant field of the closed
subgroup p" Gal(K,/Q,). We obtain a tower of totally ramified extensions of
degree p =+ — K,z — K, —— K, — K;, —Q, =K.

Another way to construct this I-extension of K = Q,, for p > 2 is as
follows. Let f(X) = X? + pX; Let f™(X) be the m-th iterate of f(X), i.e.,
FO(X) = fon-D(f(X)), fOX) = X. Let (LT),4 (the (n + 1)-st Lubin—
Tate extension of K; cf. [6] or [2]) be the extension generated by any root
Apyp of fI(X), which is not a root of f™(X). The extension (LT), /K is
galois and totally ramified; the galois group is isomorphic to U(Q,)/U™(Q,).
(Ct. [6] or [2]; U(Q,) = units of Z,; UQ,) = {u e U(Q,) | # = 1 mod p"}).
The action of z e U(Q,) is given by A,y > [1]4(A, 1), where [],(X) is the
unique power series such that [u](X) = uX mod (degree 2) and [u]; o f =
folu]ls. Let { be a (p — 1)-st root of unity, then [{](X) = (X, because
(EX)? -+ p(LX) = {(X? + pX). The element u,, = A7} is therefore invariant
under the action of 4. The extension (J, Q,(k,)/Q, is the cyclotomic
I'-extension of Q,,. (If p = 2 one obtains in this way the whole extension

Lo/Q: )
4.2. The Number m(L|K)

Let L/K, be a totally ramified extension of degree p. Then there exists a
certain number m(L/K) e N such that

Trpg(m!Ay) = m"Ag  where 7 = [{(m(L/K) + 1)(p — 1) + 2}/ p]
(4.2.1)
(cf. [8, Chapter IV, Section 2]).



NORM MAPS FOR FORMAL GROUPS I 95

4.3. Equations for p.,

It is not difficult to find equations for the u, defined in (4.1). Indeed, we
can choose A, A, ... inductively such that AL, + pA,,; = A,, n = 1,
M~ = —p. We have p,, = A%73; it follows that py = —p and that

X(X 4 p) = oy (43.0)

is the minimal polynomial of u, over K, _, . (Note that u, is a2 uniformizing
element of K, .)

4.4. The Numbers m,,

Let m, = m(K,/K,_;), n = 1,2,.... One finds by explicit calculations
from Eq. (4.3.1) above that

Tr1z/n—1(l~"n) = _(P - 1)P,
Trn/-n—l(l""nz) = (P _ I)Pg» (441)
Trn/n—l(u""i’t_l) = (—l)p_l(P - I)Pm_l-

(We have written Tr,,_; for Trg jx ). Comparing this with (4.2.1) one
finds that

my,=1+p+ - +p~L (4.4.2)

In the sections below we shall need to know something about Tr,, ,,,_,(u,"),
especially in the case that % is a multiple of p.

Trace LEmMmA 4.5.
Trpma(0e?*) = 0mod pf_1p% ¢ = 1,2,.,p — 15k=0,1,2,..,,
Ttn/na(is’) = Ppinsa mod pn 3 p% b =1, 2,.....
Proof. 'The formulas (4.4.1) above take care of the cases k=0,

¢ =1,2,..,p — 1. We have the relation

b+ (2T )+ + ”"(i T )P = (45)

Applying Tr,,,_; and using (4.4.1) we see that
Ttn/n-1(tn?) = pn-y mod(p?). (4.5.2)

To prove the lemma for kp + ¢ > p, multiply the relation (4.5.1) with
w1246 and use induction.
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5. Some PReLIMINARY CALCULATIONS

In this and the following Sections 6, 7, K = K; = Q,, and
-—K,——K,—K
is the tower of extensions constructed in 4.1, K, = K, i(u,). If p > 2,
Un K, is the cyclotomic I-extension: if p = 2, (J, K,/K has galois group

isomorphic to U(Q,) ~Z, x {1, —1}. We write F-Norm,,;, or Norm, for
F-Normy /¢, and N, for Ng ik, - Furthervg =, , dg = A, .

Levya 5.1. Let x e FY(K,,). Then
v, q(Norm,, ,,_y(x) = min{[p=((m, + 1)(p — 1) + 2)], p"7'2}.

Proof. Tt follows from (2.4.2) that

Up_y(Normy, n_y(¥) = min{[p~((m, + 1)(p — 1) + )], voa(a) + .

Because v,_;(a,-1) = 0, we can omit v,_,(a;) + i for i > p* 1 without
changing the minimum. If 1 <7 < p"71, then p|a;, and v, 4(a;) + ti =

P 1> p(ma + 1)(p — 1) + ), because m, = 1 4 p + - + pr-t
and z >1,7> 1. Q.E.D.

Lemma 5.1 shows that the numbers [p=((m, + 1)(p — 1) + £)], p*t are
probably important in the determination of Norm,, ,(F(K,)).

5.2. The Functions o, ;(t) and v, (t)

We define inductively

Un/n(t) =1, Un/k(t) = o'k+1/k(0n/k+1(t))t

) (5.2.1)
Onma(t) = min{[p~Y((m, + 1)(p — 1) + )], p~t}.
It is also convenient to define
Fnimnaa(t) = [p7((mn + 1)(p — 1) + 1)],
(5.2.2)

Onimaa(t) = p"7t,

and
tt) = —1if 03 i 3(0/k(1)) < 0k/pa(onn(t))

=h — 1if o} j5_y(0, /() > % 1—1(Gn/i(2))- (5.2.3)
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It follows immediately from the definitions that if 2 < n

Tnit) = min{oRss /(00 41())s Thsa(n ()} (5.2.4)

The function ¢, ,(#) indicates whether it is the value of o%,,_,; or ¢},,_; which
determines o,/ _4(¢), or in other words whether in the step from K, to K;_;
(having started in K, with an element of valuation ¢), it is T'ry_(Norm,, ;(x))
or N, }c”,h,:l(Normn/k(x)) for which the lower bound on the valuation is sharpest.

Lemma 5.3.
Norm,, o(F{(K,)) C Foro(K).
This follows immediately from (5.2.1) and Lemma 5.1.

We now proceed to calculate the functions o, .4(f). In case & =1, the
functions o,,y(t) are determined by the Herbrand functions l/'K"/K(S)- Indeed
z/;Kn,K(s) <t < g k(s + 1) is equivalent to oy, (2) = s + 1.

Lemma 5.4.
ta(t) = —le>t = (p" — D(p" = 1).
Proof. i,m(t) = —1 is equivalent to 6%,,_1(2) < o}/n_1(2); i€, tn/n(t) =
—1iff

Y1 +p+ -+ t+ D=1+ )] <p+'t
Sp I +p+ o Fp =D+ ) <P+ (p— D
o=+ (p—D+t<pt+(p—1)
ot = (pn = D" — 1)

LEMMA 5.5. If b = 2 and v, ,(t) = —1, then v, 4(¢) = —1.
Proof. Let s = o,,(t). Then y(s) = —1. Let s = op/4(5) = 0%1(9)-
We must show that ¢;_;,,_(s) = —1. We know that

s = ("= DI = D).

Hence

fme DDA mlp—1) | Pl
= » =t r—w
Pk_l pk_l >pk—1__1.

P —p T -1
Using (5.4), (5.5) and (4.2) it is not difficult to calculate g, /(t) for large
enough ¢. We find the following.




98 MICHIEL HAZEWINKEL

LEMMA 5.6.

n o n ]

-%"——-—i—\t<§)—1 —> opp(t) =n
”"1+ww<f<f:1+@+nﬂume=n+k+L

p—1 1

Let j,(t) be the number of indices & = n, 7 — 1,..., 2, 1 such that ¢, ;(2) =
h-1.1In view of (5.5) we have j,(t) = s = 14> tyn(t) = b = 1,eistn/nosa(t) =
h— 1, “n,’n-—s(t) - —1,..., "'n/l(t) == —1.

Lemma 5.7.

—sh __ pS—sh ~(s—Dh __ pls=1)—(s—1)h
Mo=s>1aﬁgﬁg?i<z<Pnsiﬂf2 =,
. m—1
Ja(t) = OH%ﬁ <t

Proof. The second formula follows from (5.4) and (5.5). As to the first:

(Mp—spn + D(p — 1) +p(s-1)(h—1)t]
p

and pls+D (-1t > [(mn—-s + D(p ; 1) 4 ps»-1¢ ]

(Use (5.5) and the fact that ¢,,(t") = —1 if ¢4;(¢") = —1 and ¢ > ¢” (cf.
(5.4)) and p™*Vt > 0,/ m(t).) The same calculations as in (5.4) now
prove (5.7). Q.E.D.

jn(t) =5 > als(h—l)t < [

ProrosiTION 5.8. Writen = lh + 7, with 1 < v < h. Then we have

T
t<i<Z=l o =n—1

p—1
r_l r+h__1
%_—1<t<1°———?_1 > aupt) =n— 1+ 1,
r+kh —1 r+kh+h
1>1)—_~1_<t<P_5:-1‘—1—)0n/0(t)=n~l+k+1’
E=0,1,.,1—1,
n_l h__l
T <t<f=g+r—a=n+1,

n_l n o ___
Bl <t <l ol ) > = n+ B+ 1,

?—1 =
E=1,2,..
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5.9. Remark
These formulas are also true if 4 = oco;take ] = 0, r = #.

Cororrary 5.10.
F-Norm,, o(F(K,)) C F*(K),
where o, = n — [(n — 1)/A].
5.11. Proof of Proposition 5.8
Let j,(¢) = s 2> 1. Then according to (5.7)

n—sh __ #5—sh
p p

- s—1—sh+h
P'n sh+h P +.
<

Ph — 1 st Ph —1
Further
pn—s —_ 1 B Pn+h—s . Ph—l
TS Camelt) = PN <
We have v,_s/n_s(0n/m-s(t)) = —1 (because j,(f) = 5) and we can therefore

now calculate o,,_/(0,/n—s(2)) = 0,,0(f) by means of Lemma 5.6. The result is

n—sh __ #5S—sh n—sh __ H8—sh
2 Pt b ?

e R e o) =n—s (5.1L1)
and

n—sh __ ps—sh n+h—sh __ ps—1-sh+h

i p__’l’ <t<? Ph_Pl op(t) =n—s+1. (5.11.2)

Because 2 > 1, we have that 0 << ps~* < [ for all s =0, 1, 2,... . It follows
that

n—Ssh ___ — 8 —8h __
; > pl Ps h o Pn R 1
p—1 p—1
Now put the formulas (5.11.2) and (5.11.1) for s = 1, 2,..., [ together (note
that s = [ 4 1 gives nothing if # = Ih + £); use (5.11.3) and combine this
with the result of (5.6). The result is Proposition 5.8.

<t (5.11.3)

6. STATEMENT OF THE THEOREM AND OUTLINE OF THE PROOF

THeOREM 6.1. Let F be a formal group over'Z, . Let
'”—Kn_Kn—l_”'—"Kl'—K:sz

be the tower of extensions comstructed in Section 4. (If p > 2, U, K, s the
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cyclotomic T-extension of Q,: if p = 2 it is a shghtly larger abelian totally
ramified extension). Let h = h(F) > 2. Then we have (n = 1)

F-Norm,, ,(F(K,)) = F**(K),
where o, 1s equal to &, = n — [(n — 1)/A].
Remark 6.2. 'The theorem is also true for 2 = co; (n — 1)/A = 0.

6.3. Proof of Theorem 6.1 in case h = co. For each s > n, let

ty=(p"— DI(p—1) + (s — n)p"

It is not difficult to calculate o,/(¢,) and o, (t, + 1) for & =n—1,
n— 2,...,2,1,0. One finds

ounlts) = (p* — DI(p — 1) + (s — n) p* + (n — k) p*
for A>=1 and o,,(t) =5
(6.3.1)

Ganlts +1) = (" = DI(p — 1) + (s —n) p* + (n — k) p* + 1
for A>1 and o, ¢, +1) =5+ 1.

It is now easy to check that

hree1(@n/i(ts)) < O%spa(onml?s))- (6.3.2)

It follows from this, (2.4.2) and (6.3.1) that the induced map

Normk,k_l . FU"/k(t")(Kk)/FU”/k(t’)+1(Kk) s Fc,,/k_l(ts)(Kk_l)l/Fo,,/k_l(t3)+1(Kk—1)
(6.3.3)
is equal to the map

T

R B B . N SR (X X

This last map is surjective because
ea(Onn(ts) + 1) = o aa(oants) + 1,

and K, /K,_, is totally ramified (cf. 4.2.1). It follows from this and the fact
that (6.3.3) and (6.3.4) are the same maps that the map

Norm,,  : F(K,,) — Fortd(K)[Fonntd+1 (K (6.3.5)

is surjective. In view of Lemma 3.2 and Corollary 5.10 this concludes the
proof in case 2 = co because o, (t,) =n = a, if 1 = 0.
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6.4. Idea of the proof of Theorem 6.1 in case h < co. A first step in the proof
of Theorem 6.1 is to show that for every s > n — [(n — 1)[h] there exists
aty, and an element x, € 7,4, such that vy(Norm,, ,,(x,)) = s. For s > n one
can take ¢, = (p" — 1)/(p — 1) + (s — n) p” (cf. (6.3)). Let I = [(n — 1)/A].

For n — [ < s < n a natural choice of #, is

. Pn—(n—s)h — 1

p—1

Then ju(t;) = n — s (cf. (5.7)). It is easy to calculate o, () for k =n — 1,
n— 2,..., 1, 0. The result is

t, (6.4.1)

Onsmlts) = PP-m0=Dt for n=m >,

Fnm(ts) = pn=ItNp=lemmp 4 (s — mlp™, s =m =n— (n— Sk,
Onm—(n-sn(ts) = t; 4 (. — s)(h — 1)pn=(n=9t,

Onmlts) = (p" = D/(p — 1)+ (s —m)p™, n—(n—9s)h=m=0,

Turolts) = - (6.4.2)

As in (6.3) it is useful to calculate also o,,(#; + 1). Because & > 1, also
Ju(ts + 1) = n — s. Let o, ,(t,) be defined by

o (ts) = (m — m)(h — 1), for n=m>=s,
Wnts) = —s)(h—1)—(s—m), for s=m>=n— (n—s)h, (6.4.3)
ann(ts) =0, for n—(n—h=m=0.

One then has

an/k(ts -+ 1) = an/k(ts) -+ p&"/k(%)- (64.4)

(In all these calculations the simple fact 0, ,(rp) = r + p*~L, k > 2 is very
usefull. It follows immediately from m;, = (1 + p + -+ + p¥1)).
A convenient picture of o,,,(2,) and o, (¢, + 1) is sketched below.
According to Lemma 6.5, to calculate Norm,,;(x) mod wr/x+V where
x has valuation v,(x) = t,, we can disregard for all m, where n = m > &
all terms of Norm,, ;,(x) of which the valuation falls below the lower line in
the picture above. In Section 7 below we shall show that in fact for x € 7,,4,,

- m— ( ) o) —
Norm,  .(x) = N;’:‘/J_l(x) mod vt if o (x) = o, m(ts)

and 72 >=m > s (6.4.5)
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Ky Ky K K Ko_(n-sjh K=Ko
ls
1
;s +1
ts Infn-(n-s) (tg)
) 1
o+l
On/klts)
)p"n/k {9
e
Onjklts+1)
plh-1Yn-s)
Un/nltg)=h-1 Tnjm(ts)=h-1  psltgl=-1 Tnjk (ts)= =1

and for x € m, A4,

— _a( & ) 1 —_—
Norm, , ,(x) = Tr,, _,(x) mod #{»/- B g (x) =0, )

and s =% >0. (6.4.6)

LemMa 6.5. Let t >t =1, opp(t) =5, opp(t) =5 If %,y €mpd,,,
V(%) =1, vp(y) = t', then

Norm,,(* + ¥) = Norm,, (x) mod =5 .

Proof. Because A,, is complete and (2.1.1), (2.2.1), there is an v’ € =5 4
such that x + 3 = x +; 3'. Now

m

Normm/k(x +.F J’l) = Normm/k(x) +F N()I’l’l‘lm/k(y,)'
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concludes the proof.

7. Proor ofF THEOREM 6.1

ProposiTiOoN 7.1. Let F, K, , h, «, be as in Theorem 6.1. In this section we
take the uniformizing element =, of K, equal to w,, . Then for everv s > w, =
n— [(n— 1)k, there is a t_ such that

(1) F-Norm, , maps F's(K,)) into F'"(K).
(i) F-Normy, o maps Forietts-U(K,) into F**YK) for all 0 < k < n.
(i1) The induced map
FK,) —F(K) F"(K)
is surjective.

Proof. Letn = lh-+r, 1 =« r < h Fors > ntake

t.=(p"—D(p—1)+(—np"

Form —1<{s < ntake t, = (pn """V — 1) (p — 1). Parts (i) and (i) of
the proposition then follow from (6.4.2)-(6.4.4). For s > # (iit) follows from
(6.3) (the proof for £ = o) and (6.5). Now let n — [ <{ s < n. We shall
first establish (6.4.5) and (6.4.6).

Letn > j > s. To prove (6.4.5) we must show that

0? J—l(cﬂ ‘i(ts)) = o'n‘j—l(ts) + P’" JHl“x), (711)
i"J-—l(ai) _"' ia'n 'J(fs) >‘ On 'j—l(ts) - Pa,‘ JMl(mv i€ N, 1' s Ph-l, (712)

where a;, 7 = 1, 2,... are the coefficients appearing in formula (2.4.2) for

F-Norm.

Now |
& salont)) = [ N2 1[3 S )
. n-tm-oh _ 1 1
d e 2L L
an
Onpyglt) = proimitd — plnmien G- proin-oh ]

- p =i+ D (1)
—p
p—1

—jh+ =2 —-j+ - | —j+ 1) Ch—
:Piu-sh Jh+i=2 4 ... _‘,_P(n J+1{h-1)+1 + 2p(n J+ 1) (h=1)

< p
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because j —1 > (h+sh —jh+j—2)+ 1 (as j = s + 1). This proves
(7.1.1). If  is not a multiple of p*%, v, y(a;) + 1. t = oyy;_4(?) for all €N,
this proves (7.1.2) for those i = p*~1, which are not a multiple of p**.
Finally if 7 > 2p*2, then

05a(@;) + 10g5(t) = PP Von4(ts)
— - - ni(ts)
= 2Ph 10’7;/;‘("8) = Ph 10n/j(ts) +Ph ! pimiite
=Ph——1°‘n/]‘(ts) _[__pu"/j_l(t‘g)

because o, () = p»/itt. This proves (7.1.2).
To prove (6.4.6) we must show that (cf., (2.4.2)) fors =7 >0

ayl’li—l(o'n/j(ts)) = Onyialts) + Pa"”—l(ts)a (7.1.3)
051(@)) 41+ 1y = 0q5q(ty) + po 1 = 1,2,3,.., (7.1.4)
0%11(200/5(ts)) = Onyia(ts) + P, (7.1.5)

First let s > j > n— (n — s)h. Then a, () > 0 and p divides o,/(2,)
(cf. (6.4.2)). It follows that

03/i-2(20/5(t)) = Gnsica(ts) + P 0nsi(ts)-

As o,,)i(ts) = poaii(ty), and a5 4(2) = on/(2) — 1, this proves (7.1.5) for
szi>n—(Mm—5h If n— (n—s)h =7 >0, then o,,(t) = p and
hence

05/5-1200/5(ts)) = 0550(0n5(2s)) + 1
= onyialts) + 1 = 0nya(ty) + pirts.

This proves (7.1.5). As to (7.1.4), let 7 be not divisible by p*-1. Then
v;_4(a;) = p*~! and we have

[(m,- +D(p—1+ 2t] < (m; + 1)(p —1) +2¢
P P
a, p—1 2t . . :
= pJ +—P—+—P;<P’1+lt<7’j-—1(di)+’t

providedp > 2and ¢t > p. If p = 2 then

[ £ D2 = 1)+ 2

f J =21 4t <o (a;) + it
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forallt > 1. As 0, ;(ts) = p forall s > j > O this shows that (7.1.5) implies
(7.1.4) for those 7 which are not divisible by p*»-. If 7 is divisible by pt-!
(7.1.4) follows from (7.1.3) (which is the case 7 = p"~! of (7.1.4)). It therefore
remains to prove (7.1.3). We have

O'Jl'/j—l(o'n/j(ts)) — ph—l _P(n-—s)(h——l) .p-—(s—:i)t8 + (s ___]) PJ' 'Ph_l

and

o i1 {ts)
Opsia(ts) + p=/it
= pn=9 -1 . p(s—itD) o f (s—j+1pt 4 pn=8) (=1 p—(s=i+1),

If s >j >n— (n— s)h, we have (s — j)pip"~t — (s — j + 1)p"~t = 3pi-1
and(n —s)(Ah— 1) — (s—j+ 1) <j— 1because s = n — [ > n — (n/h).
This proves (7.1.3) in this case. If s >n— (n— s)h =7 >0, then
oy i-1(ts) = 0and (s — ) pip"1 = (s — j + 1)p"~* 4 1. It remains to prove
(7.1.3) in the case s = j. We have to prove that

Ph-—l . p(n—s)(h—l) . ts > P—l . p(n—s)(h~1) . ts __]__ ps-—l + P«l .P(n~s)(h—1)
or equivalently
ts > (pn—(n-s)h + 1)/(])” — 1)

as t; = (p — 1) pn—»=9% — 1), this follows from the fact that

(=DM == —-DHp'+ 1)

if f>1, and 2> 2 and the fact that n — (n — )k =n—nh + sh >
n—nh+(n—-l)h =n—1Ilh=7r_>1becauses 2n—Ilandn = lh +r,
1 < r < h. This concludes the proof of (6.4.6).

Let @ = ayn-1, the coefficient of N7" " in (2.4.2). Let s € 4y = Ay =Z,.
According to (6.4.5) and (5.5) we have

(n—on -8 n s(tx) n (ts )
Normn/s(zp. = 4 22" g - st mod plmstTY (7.1.6)

(the sign is + if p > 2, and (—1)"*if p = 2).

For k <5, it is Ty, which is the most important part of F-Normy,;_,
according to (6.4.6). We wish to apply (4.5) and shall therefore need to show
that fors > k >n — (n — 5)h

oK) g s(ts) _Ps—k—H p~le—k+1)

Trk/k_1(ps~kf"’;f [ onjstd mod ,LLO"/k l(t’+l) (117)

(Note that v, p*%) + p=0-Mo,(1,) = aaplty) for s >k = n — (n — S)h;
furthermore, n — (n — $)h = 7 = 1, and for k < n — (n — 8)h, oyy(ts)
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contains no factors p so that we cannot apply (the second formula of)
Lemma 4.5 for k << n — (n — $)h).

If s > k > n— (n — s)k, there is a factor p in p~5Ha, (t,) so that we
can apply the second formula of Lemma 4.5. The result is that formula
(7.1.7) holds modulo

P T SR
We must show that the valuation of this is larger than or equal to ay,/_1(Zs)-
But oy (psF+Y) + p=—k g, (t) = 0yp_q(fs) SO that it suffices to show
that

g (PP Heih) = P, (7.1.8)
We have

Dea(PP eh) Z PP — 1 () = — h — 1) — (s — & + 1)

(7.1.8) follows from this because (k — 1) —{(n — )k — 1) — (s —k + 1) =
—nh+sh+n > —nh+(n—0Dh+n=mn—1Ih =r = 1. This proves
(7.1.7).

Using (6.4.6), (7.1.6), (7.1.7), and (6.5) we now obtain, writing I(s) for
n— (n — s)h,

(n—=s)h

to\ - —1(s) . ¢ (ts+1)
Norm, , (21, = + 27 <@ pT et mod e T (7.1.9)

(because p=ts-UNg, (1) = p=s—ntnh=sh . ple=s)h-1f = 3}, Now

. pn—(n—s)h —1 . pl(s) —1

ts p—1 p—1

It follows from (4.2.1) that

'”us)—1(Trus>/us>—1(F‘tz?s))) = (T = Dlp — 1) + 7

and (using induction) one finds

vo(Trz(s)/o(l‘ifs))) = I(s). (7.1.10)
Combining this with (7.1.9) and (6.4.6) we find
(n—3s)h

Norm, (su,5) = £ 2" a"*p’b mod p°*, (7.1.11)
where b is some elemnt of Z,, of valuation ©(b) == I(s). Part (iii) of Proposi-
tion 7.1 follows because v(a) = 0 and we can extract p-th roots in Z/(p).

Q.E.D.
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7.2. Proof of Theorem (6.1). Combine (7.1
Lemma 3.2 on filtered abelian groups.

) and (5.10) and use the
CoRrOLLARY 7.3 (of the proof of Theorem 6.1).

algebraic extension of QusletL, = K, - L where K

Theovem 6.1 also holds with K, replaced by L, .

Let L be an unramified
n 85 as in Theorem 6.1. Then

CorOLLARY 7.4. Let L be an unramified algebraic extension of Q o and let
Ly — e = L, — L be an extension such that there exists a
extension K' of L such that L, - K' = K’ - K,

with K,, replaced by L,, .

finite unramified
. Then Theorem 6.1 also holds

Proof. Consider the commutative diagram

Normg .;p
F(Ln) «———F(K'-L,) = F(K,)

Norm,_”,l_ NormKn.,K.

Normg
F(L) «—F(K")
The map Normxn' /1, is surjective according to Proposition 3.1. The image of

Normy /g is Fen(K') according to (7.3). The same arguments as used to
prove (3.1) in the unramified case show that Normy: ,(Foa(K')) == Fas(L).

Q.E.D.

8. CoNCLUDING REMARKS

8.1. 4 Counter Example

Let K, be as in Theorem 6.1. Fix an index 7 and consider the I™extension
-+ — K, — -+ — K;; — K;of K; .1t is not difficult to check that Theorem 6.1
is not true for this I™-extension if 7 is large enough, even if F is defined overZ,, .

8.2. More General I'-Extensions

Let K be a local field of characteristic 0 and residue characteristic p, and
let K,/K be a totally ramified extension of galois group Gal(K,/K)~Z,.
Let K, be the invariant field of p” Gal(K/K). Let F be a formal group of
height 2 > 2 over K. For each n we define

¥n is the smallest natural number such that Norm,, ,(F(K,)) CF*(K),
8, is the largest natural number such that F?+(K) C Norm, ((F(K,)).

Then one can prove the following.
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If the residue field of K is algebraically closed then the differences

8, — k=10 neg and Vo — -(fl—;—!-)— neg

h
are bounded independently of 7 (cf. [3]).

Remark 8.3. In the case considered in this paper, i.e., the situation
F-Norm: F(K,)—F(K), where K = Q,, K, is the n-th level of the
cyclotomic I-extension of Q, and F is a formal group defined over Z,,, the
cokernel of F-Norm depends only on the height 2 of F and the extension
K,/K.

Now consider the following situation

F-Norm: F(L) — F(K),

where K is the quotient field of the ring of Witt-vectors, W(F,), over the
finite field of ¢ elements, F,; where F is defined over W(F,) and L/K is a
finite (galois) extension. In this situation one can conjecture that the cokernel
of F-Norm depends only on the reduction F* over F, of F and the extension
L/K. This is certainly the case if K = Z, because two formal groups over Z,
with isomorphic reductions are isomorphic. Moreover, in the situation
described above, one can show that the image of F-Norm is necessarily of the
form Fi(K), i.e., a filtration subgroup of F(K).
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