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1. INTRODUCTION

The paper referred to in the title is: G. Debreu. Economies
with a finite set of equilibria. Econometrica 38, 1970, 387-392. In it
Debreu considers pure exchange economics with £ commodities and in
consumers whose needs and preferences are fixed and whose resources vary.

Let R denote the real numbers and let
L={we Rlvw >0}
Pa{xeRt! x= (x,, ...,rz),xi> 0}
s ={pe€ P Ip; = 1}
P = {x€ E&l x,> 01}, the closure of P
3={pe B Zpi = 1}, the closure of S.

The preferences of the i~-th consumer are specified

by means of his demand function fi : S x L+ P which has the property
P. fi(p, wi) = v, where the dot denotes the inner product. (Given the

price vector p € S and wealth wi € L, the i~-th consumer demands the

commodity bundle fi(p, wi)). The following assumption plays a rol’e.

1.1. Assumption (A): If the sequence (pZ, wg), a=1,2, ... in S x L
converges to (p°, wg) in (§ ¥ S) x L, then
Hfi(pq. i) || goes to +=.

(Here I‘ ||denotes any norm in Rz ; €.g. the usual norm)



An economy is defined by (r1, cees T Wy e, mm), an m-tuple
of demand functions and an m-tuple w = ( Wys ooy W ) of vectors in P.
xe m ]
Since Debreu keeps the demand fnncti%%ijgn economy is actually defined
by w.

Given w an element p of S is an equilibrium price vector of the

economy (f,w) (or w) if

m m
(1.2) R fi(p,p.mi) = 'Z w;
1=1 1=1
Let W(w) denote the set of p satisfying this equality. Debreu

proves: .
1.3. Theorem.
Given m continuously differentiable demand functions (f1, ooy fh),

if some £, satisfies (A), then the set of w € P" for which W(w) is

infinite has null closure.
(A set Fc R!m is called null if it has Lebesque measure zero).

It is now natural to ask whether something similar is true if
one allows both f and W to vary. (Also in view of the fact that the

fi will almost never be exactly known.) This is in fact the case.

However, the space of demand functions has no naturally defined measure
on it, but there are several more or less canonically defined
topologies on it. It therefore becomes convenient to rephrase Debreu's

result in topological terms as

1.4, Theorem.
Given m continuously differentiable demand functions (f1, cees fm),

if some fi satisfies (A), then the set of w € P™ for which W(w) is

'

finite, contains an open dense subset of _Pm.

Let ® be the set of m-tuples of continuously differentiable demand
functions; let ®A be the subset of ¢ consisting of m-tuples (f.‘ s eves fm)

such that at least cne fi satisfies A.

Let T be a topology on ®A (cf. section 3 below), and let @AT denote
the resulting topological space. Give the space of economies ®A x P™
the product topology. Our problem is then:

Is the property "having finitely many equilibrium price vectors"

generic in some sense.



More precisely:

Does there exist an open dense subset Ul of OAT x fm such that
all economies in U have only finitely many equilibrium price vectors.
The answer depends to some extent on the topology T (of course).
However, even in the weakest topology considered by us (the
C1—compact-open topology) there is in any case a residual subset
U in QAT x Pm of economies with only finitely many equilibrium
price vectors. In any case one can therefore say that:

Most economies have only finitely many equilibrium price vef:tors.

Remark. It follows from (1.4) that for every f ¢ ®A_ there is an .
open dense subset V,c ffix P™ of economies with at most
finitely many equilibrium vectors. This does not imply that

there is an open dense subset oftbA_t x _E’m of economies with at most

finitely many equilibrium vectors. To see this consider the following
elementary example in R x R; for every X € R, let Ux = {x} x Rif

X is irrational and Ur/s = {r} x {%lm € Z} (Z denotes the integers),

ifx =r/s, (r,s) = 1. Then Ux is open and dense in {x} x R for every
X € R (and its complement is closed and has measure zero in
{x} x R). However if F. = {x} x R~ U s then F=UF_ is dense

in R2! x

2. PART OF DEBREU'S PROOF,

In this section we recall that part of the proof given by
Debreu in [ 1] which will be needed in the sequel.
One can assume without loss of generality that the (demand

function of the) first consumer satisfies condition (A). Let

U=SxLme-1; we define a function F : SxLme-1+Pmby'
the formula
(2.1) F(p, Vis W ...,mn)s(w1,w2, ...,mn)

n m
w,=f (p,w,)+ & f.(p,p.0s.)= I w.
! 1 1 1=2 1 2 1=2 1

The price vector p belongs to W(f,w), the set of equilibrium price



vectors of the economy (f,w) if and only if F(p,p.w1,m2, coes wn) =,

and the ﬁoints of W(f,w) are in a one to one correspondence with
F(w).

Debreu proves:
(2.2) if K< P® is compact, then F'(K) is compact

Let g : V> Rb be a continuously differentiable function, V an
open set in R®; let B be a subset of V and let w € Rb be a point. One

then says that g is transversal to in B if

’

(2.3) for every x € B we have either g(x) # w or, if glx) = w,
then the Jacobian matrix of g in x has rank b.
For the purposes of this note we shall call an economy (f,0)
a good economy if the following conditions hold

(2.4) (i) f edA

(ii) The map F defined above in (2.1) is transversal Lo

w inU=8 xLx Pm-1.

Debreu now proves by means of Sard's theorem (cf.[L]) that

(2.5) given £ € A, the set of w such that (f,w) is good

. . m
1s open and dense in P .,

The result (2.2) implies that a good economy has only finitely

many equilibrium points.

3. SOME TOPOLOGIES ON #A.

Let V be an open set in Ra. We consider C1(V,ﬁb) the set of
continuously differentiable function V a-Rb, We shall define three
topologies on C1(V,ﬁb)

3.1. The C1-compact-open topology.

Given a number € > 0, a compact subset K of V and an element
f € C1(V,Rb) we define



U (e,k,2) = {g € C'(V,E°)| w €, [|aly) - £()]| <&,
3 af .
|5§i(y) AU NI

The sets !Lco(s,K,f) for varying €,K,f form a basis of a topology on

C1(V,Rb) called the C1-compa.ct-open topology. If M is a subset of
C’(V,Rb) s, We denote with Mco the topological space induced by this

topology on C1 (V,Rb) .

3.2, The C'-uniform topology.

Given a number € > O, and an element f € C‘(V,Rb) we define
1
U.u(e,f) = {g€C (V,Rb)l vyE v, |lely) - £w)]] < ¢,
3 () _ 2t -

The sets u (E,r) for varying £,f form a basis of a topology on

C (V R° ) whlch could be called the C1-un1rorm topology. If Mis a
subset of C (V R° ), we denote with Mu the topological space
induced on M by this topology on C (V,R ).

3.3. AC -mixed—topoloy.

Given & positive number ¢ > 0, a compact subset K V, and
an element f € C‘(V,Rb) we define

U (e.K,2) = {g € C'(V,E)|vy € V, |[aly) - £(u)]] < 3
of 28
vy€ K, |axi(y) - axi(y)l < g}

The sets um(e,K,f) for varying €,K,f form a basis of a topology

on C1(V Rb) vwhich is ihtemediate between the two previous ones.
IfM is a subset of C (V R ) we denote with i"‘ the topological space
induced by this topology on C (V,R ).

The topologies c.o,u,m, are related as follows:

udmd{c.o.



where { denotes "finer then”. E.g. a subset U of 01(V,Rb) which is

open in the m-topology is also open in the u-topology, but not
necessarily open in the c.o.-topology.

Taking V=S x L, b =m and for M the set ¢ of demand
functions £ = (£, ..., £ ): SxL+>Pc R or the set @A of

demand functions £ = (f1, esay fm) such that at least one fi

satisfies assumption A we get topological spaces Qco’ Qu, ‘bm, ‘Mco, QAu,
oA .

n !
Remark. If f € ®A and g € ¢ and g € Um(e,K,f) or g € Uu(s,K,f) for

certain €,k then g € ®A.

4, MOST ECONOMICS HAVE FINITELY MANY EQUILIBRIUM POINTS.

The precise form of this statement is the theorem below. To be
able to state it in a convenient way we define an economy (f,w)
to be good with respect to a compact set K< S x L if the
corresponding map F : S x L x Pm"1 + P® ig transversal to w in
K x P (ef. (2.1)).

We denote with Eoc’ Em’ Eu the topological spaces of economies

m
Eoe =% xP, Em = %A x P, Eu =0 x P™. Note that the

underlying sets of these spaces are the same; only their tcpologies
differ.

4.1, Theorem.
a. Given a compact set K S x L, the set of economies good

with respect to K is open and dense in Eoc'
b. The set of good economies is residual in EOC.
c. The set of good economies is open and dens& in Em'
d. The set of good economies is open and dense in Eu'

Because a good economy has finitely many (none is possible)
equilibrium points in virtue of (2.2), we get as a corollary that
the set of economies with finitely many equilibrium points contains
a residual (resp. open and dense, resp. open and dense) subset of

Eoc(resp. Em’ resp. Eu)' Another way to say this is as follows.



4.2, Corollary.

a. The closure of the set of economies with infinitely many

equilibrium points in Eoc is a countable union of closed

nowhere dense sets.
b. The closure of the set of economies with infinitely

many equilibrium points in.Em(resp. Eu) is a closed nowhere
dense set 1n.£m(resp. Eu).

The proof of theorem (L.1) rests on the following fairly'

elementary transversality lemma (cf. e.g. [3]) ’

4.3, Lemma.

Let U c R® be open, K a compact subset of U, £ : U =+ Rb a

continuously differentiable function which is transversal to z € Rb

in K. Then there is an € > 0 such that every g € Uco(e,K,f) is also
transversal to z in K. (for the definition of Uco(E,K,f) ef. (3.1)).

4.4, Proof of Theorem (L.1).

1

a. Let (f,w) be an economy. Let F : S x L x P ' + P be the

associated map (cf. (2.1)).

Given w = (m1, cees wm), F is entirely determined by its

associated map

m m
(4.4.1) F:SxL~>P, (p,w) + f1(p,w) + E fi(p,pwi) - E w,
1=2 1=1
Indeed
(k.4.2) F(p,w,mz, cees wn) = (Fb(p,w) W Wy eees wn)

Let K be a compact subset of S x L. It follows from (L.k4.2)
that F is transversal to w € P™ in K x P e and only if Fw is
transversal to O in K

Given w,f and K we define K, =K, K, = {(p,p.mi)‘(p,w) € K}

n

i=2, ..., mi. Let K'= U Ki; this is a compact set. Choose ¢
i=1

1>0

such that



K *= {(p,v) € S' x R| 3(p',w') € K' such that ||(p,w) - (p',w*)]] <e}
is contained in S x L. Here S' = {x € R"lz x, = 1}. K* is also

compact. Let €, > 0. Now choose 83 > 0 such that

2
(i) w' € R T, ”w'-—m“f_&:3 wp' € ™
(ii) [|w'=w|]| < €35 (p,w) EK = (p,p.wi’) €K foralli=2, ..., m

L
<ss ' . UpvIEK, )

(iii) Hf’i(p,p.wi) - fi(p,p.mi)” <e, 1f'H¢u'-w|| < 8,3}17 2y vy m
of (PmeK,)

of. - \Prch )
(iv) lg—é(p,p-w’;) - 5;‘;" (pipew;)| <y if [ldwf] <egii=2, ..., m

3

Such an 83 > 0 exists because of the following facts: _Pm is open
. 4 . . .

in R'™; the function w{ —> p.wi' is continuous and the set Ko
of p € S such that (p,w) € K is compact; fi is continuous,

of,

w!+ p.w! is continuous and X is compact; = and w!~ p.w! are
i i o) Bpj i 1

continuous and Ko is compact.
Let €, > 0 and let g € Uco(eh, K*, £). Construct G and G,»

from (g,w') in the same way as we obtained F and F,, from (£,w).

Then we have if||@'-w|| < €, and (p,w) € X

3

e, (psw) - F (o,w)]] < |l (pw) - £,(p,W)]] +

m
+ I |]g(p,pew)) - £, (p,pew!)]]

1=2
m

(4.4.3) + L Hfi(p,p.m].f_) - fi(p,p.wi)H +
1=2

T I
+ I w! - w.
5.81”1 *

g+ (m—-1)eh + (m-1)e, + m

2 3
and
aG . aF 9 of
1 1
l;p-‘; (p,¥) - 55‘;1 (pswW)] < 1-553- (ps¥) - », (p.w) ] +

T ) - )|
+ I P,p. W) - pyp.w')| +
igzapj 1 393- i



n 'Bfi 3fi
+ I |7 (p,p.w!) = == (p,p.00; )]
=2 an 1 apj 1
n Bgi
k. h.h + I |—=* (p,p.0))w!. ;
( ) i-2| 3y (PP wl)ml:j - —5-‘1; (p,p.w{)m{jl
n ari ari
—_— V' | o —e
+ ifgl v (P:ani)wij ow (P,P.wi)mij]
n 'Bfi ari |
+ I |—== (pyp.w;)w', - —== (p,p.w, )u, .
1= ow 1771 v S
< g, + (n-1)g) + (n=1)e, + (n-1)Ag, + (nr1)Ag, +
+ (n~1)Be3 ‘

Whete @';; is the j=th component of w!; A = max {wijl Ho'-w|] < 63};
of

B = max {—a-‘l; (p,p.wi)|(p,w) € K}. Note that A decreases as €4 decreases

and that B is a constant depending only on K, f, w.

Choose € > 0 and (f,w), take any €, and the corresponding K*. It follows

1
from the above that there exist an 63, €), > 0 such that

(.k.5) gEU_ (g K*, 1), |lwt=w]| <. = G, € U (€,K,F)

3
Nov let (f,0) be a good economy with respect to K. Lemma (h.3)
and (4.h.5) imply that there is an open neighbourhood of (f,w) in

Eco consisting of economies gonrl with tespect o K.

It follows that the set of economies good with respect to K is open
in Eco' It remains to show that this set is also dense in Eco' This
follows from (2.5). This concludes the proof of a.

b. S x L can be written as a countable union of compact subsets.

It follows therefore from a) that the set of good economies is a

countable intersection of open dense sets in Eco and it is therefore
residual 1n gco'

c. Let (fw) be a good economy. The map F : S x L x e~
is than transversal at w in all of S x L x Pm~1, and there are finitely .
many, say k, elements in F-1(w). It follows from this and (2.2)
(cf. also the remark on p. 390 of f[i])that in a small
neighbourhood V of w ntinuously differentiable functions
Bys voes B V+ S x L x P! such that the elements of F_1(u)'),
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w' € V are g,(m‘), cees gk(m'). The solutions of Fw,(p,w) =q

are in 1-1 correspondence (in a differentiable way) with the elements

of F-1(m; +Nswls sees m;). It follows that there are positive

numbers €45 €5 and k continuously differentiable functions h1, cens hk
such that

-1
(hoh‘s) l!n‘l :51! |'m" (&‘H _<__€2-0 Fm'(n) = {h1((ﬂ~'|"nﬂé5"'sm;1)s cee 9
b (wimwls oovs w))}
Let K be compact set in S x L containing F;:(n) for all n.w'

such that ||n]| < €4 | lww']] <€y It follows from (4.4.3) that there

exists an €) > 0 such that
(h-h-'{) g € Um(eh:K"' af) - !‘an(Psw) - Gwc(P’w)H < €1

Now let (p*, w*) be a solution of Gw,(p,w) = 0 where {|u'-w]|| < €5+ Then

Fm,(p*, we) = n with ||n|] < e, and it follows that (p*, w*) € K.
Every solution of Gm.(p,w) = 0O must therefore lie in K. An economy (g.w)
with g € Um(sh’ Ke, £) and ||w-w'|]| < €, is therefore good if and only

if it is good with respect to K.
Now repeat the argument of a) to find an gs, € > 0 such that
(4.4.8) |Jww'|] <e.> 8 € Uco(EG’ K ,f) » (g,w') is good with respect
to K

5

Take e, = min {e,, €5}, €g = min{ey, gg}. Then ||w-w'|| < e; and
g € Um(eS,K ,f) guarantee that the economy (g.,s') is alsoc good, This

proves that the set of good economies is open in Em. This set is

dense in Em because of (2.5).

d. The openness of the set of good ec onomies follows from c
because every set open in Em is also open in Eu' The denseness follows
once more from (2.5).

This concludes the proof of the theorem.
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4.5, Remark.

Given (fw) € £, there exists\a/g arbitrarily close to f with
respect to any one of the topologies introduced in 3 such that
the economy (g.) is good. This requires another result on
transversality and the use of partitions of unity. The same

techniques were used in [2]; they are wellknown.
4.6. Remark.

Given an economy (f4) such that an fi satisfies condition A,
there is no guarantee that there exist an equilibrium point. However,
Debreu proves that if all the fi’ i=1, ..., n satisfy condition ,

(A) then there does exist at least one equilibrium price vector.
Let £A be the set of economies (fuw) such that all the fi satisfy

assumption (A). Theorem (L4.1) remains true if one replaces £ by

EA.
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