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ABSTRACT

Fixes are presented for the solution errors (‘pressure oscillations’) that may occur near two-fluid interfaces when
applying a capturing method. The fixes are analyzed and tested. For two-fluid flows with arbitrarily large
density ratios, a variant of the ghost-fluid method appears to be a perfect remedy. Results are presented for
compressible water-air flows. The results are promising for a further elaboration of this important application
area. The paper contributes to the state-of-the-art in computing two-fluid flows.
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1. INTRODUCTION

A known difficulty of capturing contact discontinuities in a conservative formulation of, e.g., the Euler
equations is that large solution errors (in literature often referred to as ‘pressure oscillations’) may
arise near the contact discontinuity. (For tracking and fitting approaches the problem does not exist.)
We will show that the solution error referred to is proportional to the density ratio. For large density
jumps across the interface, the errors may even degenerate to instabilities. Fixes for this solution-error
problem are available. We refer to the works of Karni [1, 2] and Abgrall [3], their common paper [4],
and also to [5, 6, 7]. In most of the available capturing literature though, the ratio of the two densities
at the interface is O(1)-0(10%). To our knowledge, only in [5, 6] ratios of (O(10%), typical water-air
ratios, are considered.

Conservative capturing through the two-fluid, linearized Godunov scheme proposed in our foregoing
paper [8] also suffers from the problem. In the present paper, we will show this on the basis of a model
flow with known exact solution. Flows with a single spatial dimension only are considered. The spatial
simplicity allows us to compute fluid-flow problems with known exact solutions.

The contents of the paper is the following. In Section 2, we analyze the solution-error problem near
interfaces. Next, in Section 3, some approaches to fix the problem are described. Not all of these
approaches (some of them already known) appear to work for water-air flow with its large density
jump. One fix is proposed which works perfectly, it is a simple variant of the ghost-fluid method [6].
In Section 4, numerical results are presented for compressible water-air flows.



2. ERROR NEAR INTERFACE

2.1 Fluid-flow equations

To describe a 1D two-fluid (water-air) flow, consider (for a sufficiently small control volume 2) the
following system of equations:

g " pu pu
/ — | pu |dz+ | pu®+p —| pu+p =0, (2.1a)
q dt

p¢ pugzﬁ OQright pu¢ OQert

with p the bulk density, which is defined as

p=a(9)pw(P) + (1 — a(d))pa(p), (2.1b)

where « is the volume-of-water fraction, ¢ the level-set function, and where p,,(p) and p,(p) are the
equations of state for water and air, respectively. For the latter, we use Tait’s:

puld) = (G52 s a0 = (FE52) T (e .10

The level-set function ¢ is defined as the signed-distance function and is taken positive in water. For
a further discussion of this flow model, see Section 2 in [8].

2.2 Analysis for model flow
Consider a 1D tube with unit length, z € [0,1], inflow at z = 0, outflow at z = 1 and with as initial
solution:

u(z,t =0)=U >0, (2.2a)
p(l’,t = 0) =P, (22b)
plat=0) = { AN ok (2.2¢)

where U and P are constant, and where zf, is the location of the free surface, the water-air interface.
For ¢t > 0, the corresponding exact Euler-flow solution simply reads u(x,t) = U, p(z,t) = P, p(x,t) =
puw(P) for x < (x45),_, + Ut and p(z,t) = po(P) for x > (x45),_, + Ut (Figure 1). The model flow
seems trivial, but it is not. It precisely uncovers the deficiency of capturing methods with regard to
material interfaces. For the problem at hand, for the space discretization of (2.1a) we consider an

p
P (P)

Pa(P) |-

Figure 1: Water-air interface running from left to right through a 1D tube, at constant speed U and
pressure P.
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equidistant finite-volume grid with mesh size h. For the time integration, just for convenience, we
take the forward Euler scheme. The space discretization is taken first-order accurate. Then, denoting
the solution in cell i at the old time level by ¢, ¢ = (p, pu, p¢)T, we have as equation for the solution
q{”‘l at the new time level:

" At
q; = qi — W (F(qzn)qzn:i»l) - F(qglquzn)) ) (2.3)

with At the time step, and with F' denoting the two-fluid, linearized Godunov flux (3.11)—(3.12) from
[8]. Considering the situation where ¢;* |, ¢* and ¢}, are according to initial solution (2.2), with
(xs)" = (Tfs)yg = Ti1 (Figure 2), with the two-fluid, linearized Godunov scheme presented in [8]
we get

Pt = 0pu + (1= 0)pa, (2.4a)
(pu)! ™ = (opw + (1= 0)pa) U, (2.4b)
h
(p$)i ™ = (0pw — (1= 0)pa) 2 (2.4c)
where o = UTM.
p
G
—t U
L h
pa(P) T : | X
[ = T I R D R
i~ i+t
Figure 2: Bulk density distribution near cell ¢ at time level n, water-air interface at x,_ 1.
n+1
Note that p?™! according to (2.4) is exact, as is u™' = % = U. However, for ¢?*" it follows
from (2.4) l
wrt _ (P97 opu—(1—0)pa h
¢i - n+l bX (25)
P; 0pw + (1 —0)pa 2
whereas the exact discrete solution reads (¢?+1)exact = —% + oh. Hence, for the local discretization
error AgH = gt — (g7) it holds
Attt = g(1—g)—Lu Lo p (2.6)

opw+ (1 —0)pa

So, Ad);‘“ = 0 only if — trivially — o = 0, if ¢ = 1 (formally unstable with forward Euler and o = UTM),

or if p, = ps. For 0 < o <1 and p, > p, it always holds Ad)?“ > 0. The local discretization error

(2.6) is O(h), but can not be made of higher order by applying a higher-order discretization. (This
holds for any numerical flux function F.) Higher than first-order accuracy is simply inhibited by the



bulk density, which is a smeared out representation of the exact discrete density. Through bulk-density
formula

p(d;p) = a(@)puw(p) + (1 = a(d))pa(p), al¢) € [0,1], (2.7)
with a denoting the volume-of-fluid (water) fraction, the error (2.6) carries over into a pressure error
n41
Aptt. Given Ap!t! = 0, from (2.7) it follows after linearization p? ™" = (at" + Aat") (pw(P) + %)4—

1

n+
(1=l = 2a}™) (pu(P) + gy ) e

c2
2.2

“wla (Pw — pa) At (2.8)

+1 _
Ap? - n+1 n+1 2 n+1 n+1 2
(ai + Aq; ) 2+ (1 —a" = Aa] ) c2,

From the formulae for the volume-of-fluid fraction «; as given in Section 3.1 of [8], it follows that,

besides on A¢?, Aal*" also depends on A¢™!' and A¢P'. For the model flow considered, it

nt1
follows with the two-fluid, linearized Godunov scheme: gzﬁ?fll = % = % + oh and ¢?_:r11 =
n+1
% = —37” + oh, which are both the exact results. Resuming, we have ¢! = —% +oh+ Apith
i1
M = oh+ FAGM and @7 = —h 4+ oh + $AYIF, with Aglt! according to (2.6). With the
2

ity
procedure for computing the volume-of-fluid fraction « as described in Section 3.1 of [8], the following

expressions can then be derived for the error Aaf™ = af*! — (af*!) -
1 At
1 _ +1
ACK? - <§ + U) h— AZ¢?+17 QS? < 0> (293.)
3 At
+1 _ i +1

Note that Aa*' = O(1) (i.e., mesh-size-independent) and — hence — with (2.8) also the pressure error
Ap?+1 is! Also note that the pressure error (2.8) is proportional to the density ratio 2. This illustrates
the poor, density-ratio-dependent solution-error behavior already mentioned in theabeginning of this
section. (Note that the error behavior is not so poor that the denominator h — A¢?*! in (2.9a) may
become zero for 0 < o < 1 and py > pg.)

2.8 Guidelines for error improvements

Before proposing improvements of the poor local error behavior near the interface, it is useful to make
an error analysis of bulk-density relation (2.7) and — also — to consider the conservative equations near
the interface.

2.3.1 Error analysis of bulk-density relation  Errors in the pressure and volume-of-fluid fraction (Ap
and Aa) induce an error in the bulk density (Ap), which, given (2.7), satisfies the equation

p+Ap=(a+Aa)py(p+Ap) + (1 —a— Aa)p.(p + Ap). (2.10)

For the model flow and discretization method considered in Section 2.2, we found Ap = 0 and
Aa = O(1). Then, according to (2.10), Ap = O(1) as well, which is in agreement with what we
derived in Section 2.2. Near the interface, instead of the zeroth-order pressure error Ap described by
(2.8)—(2.9), we ideally prefer Ap = 0, which implies according to (2.10)

Ap = Aa(pw(p) — pa(p))- (2.11)

One of the fixes to be considered in the following is to make the numerical method so that Ap and
A« exactly satisfy (2.11).
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2.3.2 Reconsideration of fluid-flow equations near interface  Consider the situation in which the
interface is in cell Q = Q; (only the interface, so no shock or rarefaction). Since velocity and pressure
are continuous across the interface, for sufficiently small €2;, we may then write by good approximation:
U_p =ug 1 =u; and p;_1 = p;, 1. With this, (2.1a) can be rewritten as

L)

g " p p
/ — | pu |dr+u; pu —| pu =0, (2.12)
dt
po P9 ) oq P9 ) sa |
it3 i-1
i.e., as
/ —da:+ul ql+% _qi—%) =0, (2.13)

which is a system of advection equations for the entire solution vector ¢;. (Contact discontinuities
are linear phenomena.) If all conservative solution components are advected — p;, (pu); and (p¢@);
— then any solution component in 2; (either conservative or non-conservative) is. ILe., in (2.13), in
a cell with (only) a contact discontinuity, instead of the fully conservative solution representation
i = (pi, (pu)i, (pd);) we may equally well consider, e.g., the partially conservative representation
g = (pi, (pu)i, &;), the fully non-conservative representation q; = (u;,p;, #;), or whatever. This
knowledge is important. In combination with error equation (2.10), it allows us to derive a fix for the
zeroth-order error observed in Section 2.2.

3. FIXES FOR ERROR IN CELL WITH INTERFACE

3.1 Advection of level-set function

This approach is based on the observation made in Section 2.2 that the update of ¢}' through division
of (pp)t* by p!*! leads to a first-order accuracy barrier in ¢!™! because of the intrinsic smearing in
the bulk-density representation itself. For the update of the real physical quantities p; and (pu); we
may stick to the conservative formulation and, hence, to the two-fluid, linearized Godunov scheme.
Doing so, with the forward Euler, first-order upwind discretization of the single advection equation

do

ot (¢Z+1 — s ):0, (3.1)

for the model flow considered — in addition to (2.4a) and (2.4b) for p*' and (pu)?*" — we get
n+1 h
ot = —2 +ah, (3.2)

which is exact. Note that ¢?+1 is exact because ¢ has been defined as the signed-distance function. (A
nonlinear spatial distribution of ¢ would have yielded an error A¢?**.) Because Ag!'™ = 0, it also
holds Aa"™" = 0. Since Ap!™ =0 as well (Section 2.2), from (2.10) it then follows Ap?*" = 0. In
all other cells, the fully conservative scheme (2.3) is applied, yielding there the exact discrete solution.
However, at time level n + 2 the numerical solution is no longer exact. According to the linearized

Godunov scheme it holds for first-order state interpolation to the cell faces: p?ﬂl = pl‘“ = puw,
pfjll = p = opy+(1—0)p, and u"+11 = u"jll = U. Then, from (2.3) it follows p"Jr2 =20py+(1—
2

20)pa—02(pw—pa), whereas (p;‘“)emct = 20py+(1—20)p,. Hence, Ap!™ = —52(p,,—p,). With the

forward-Euler, first-order upwind discretization of (3.1), it follows A¢”+2 =0 and, as a consequence,
Aat? = 0. With (2.10), it then follows, since Ap!'t? = O(1), that Ap”Jr2 O(1). So, this partially
conservative approach is not a fix. With some tricks one can make the method work. Taking for the left
and right cell-face densities to be substituted into the linearized Godunov scheme, instead of the bulk



densities, the local (non-bulk) densities (pure water or pure air) at ¢ = t", the method works as long
as the interface does not cross a cell face during a time step. IL.e., the method works for ¢ = %, with

m integer. For the problem at hand, verify that, instead of p?jj = opyw + (1 — 0)pa, this would have
2
yielded p?jll = p, (pure air), and so (with p?jll = py and u?;ll =U): p'"? = 20py, + (1 —20)pa, thus
2 2 2

Apit? =0, and — hence — with Aa™? = 0: Apl't? = 0, instead of Ap!'t? = O(1). Aforementioned
requirement on ¢ is too restrictive to let the method be of much practical use.

3.2 Advection of velocity, pressure and level-set function
Taking in (2.13) q; = (us, pi; ¢i), with (u;_1,p; 1) = (uiy1,p;41), it follows the exact result

n+1 n

U U 0 U
¢ ), ¢ ), oh —b 4 on
However, in cell ;,; an error arises. Verify that qull is still exact, q;fll = (U, P, —%h + oh), as

is q?jzl = (U, P, —%h + oh), but for t = t"*? we find with the linearized Godunov scheme: p?ff =
pa + 02(pw — pa). For o < %, this is wrong; water is erroneously transported from cell i into cell
i + 1. The corresponding error reads: Ap?*? = ¢%(p, — pa) = O(1). Meanwhile, for o < 1 such

that ¢ "7 = ¢!'F7 are both still negative, we correctly find aj}? = 0. So, with (2.10) it then follows
2 2

Ap?jf = O(1) and therefore this approach — although (trivially) fixing the pressure-error problem in

the cell with interface — is not (yet) good either, because it yields an error in a neighboring cell.

3.8 Advection of density and volume-of-fluid fraction

In Section 2.3 we have seen that if Ap and A« are such that (2.11) is satisfied, then Ap = 0. We
derive a possible fix which is based on (2.11). On the basis of general advection equation (2.13), we
can directly write the advection equations

dp

o ada: + u; (pH_% - pi_%) =0, (3.4a)
da

o, Edl‘ + u; (ai_,’_% — ai_%) = 0. (3.4b)

of real volume-of-fluid fractions upon further discretization. Yet, further discretization is not necessary
since (3.4a) and (3.4b) are identical. ‘Extension’ of the relation p;_1 = p;, 1, which underlies (2.13),

The peculiar cell-face based volume-of-fluid fractions o;_: and «; 41 in (3.4b) may become functions

to p;_1 =p;y1 = p; implies that with p = apy (p) + (1 — a)pa(p), (3.4a) can be rewritten as (3.4b).
So, when we maintain (3.4a), the updates (p?™' — p2), (pI't? — pI'*t!), etc. which it renders, may be
directly translated (through (2.11)) into updates (o' — o), (a™® — a?*!), etc. Whereas in the
previous fix the pressure error was explicitly set to zero, here it is implicitly done so. However, as with
the fully non-conservative approach from Section 3.2, in the second time step an (1) pressure error
arises in neighboring cell 2,1, when the fully conservative approach is still applied there. Moreover,
even in a better case, this fix will yield an exact pressure solution at the expense of a diffused density
profile. A perfect fix is a variant of the so-called ghost-fluid method [6]. The variant is described in
the next section.

3.4 Ghost-fluid method
In [6], the ghost-fluid method is introduced for the non-homentropic Euler equations of gas dynamics.
For our more compact system of fluid-flow equations, we propose a simple variant of the ghost-fluid
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method. As the so-called ghost cells we define those cells in which there is an interface (i.e., a zero
of the level-set function). These cells are considered in an ambiguous manner: as fully filled with
water (ghost water) and as fully filled with air (ghost air). Then, still considering the 1D situation for
convenience, across the two walls of the ghost cell, both water and air fluxes of mass and momentum
are computed (ghost fluxes). On the basis of the difference between the two ghost-water fluxes,
the ghost-water solution is updated (i.e., its mass and momentum). Likewise, the ghost-air solution
is. Expressed in (u, p)-variables, these two new ghost solutions (for water and air) will generally not
differ very much. (For the 1D problem introduced in Section 2.2, both solutions will be even identical.)
Throughout the entire computational domain the level-set function is simply advected with (3.1). In
case the updated ghost-water and ghost-air solutions do differ, we propose the following. From the
(updated) level-set solution, the volume-of-fluid fraction in the ghost cell can be computed. Then, the
solution in the ghost cell is made unique with

(3)=e(rn)ra-a(5r) (3.5)

There are no physical or mathematical arguments for applying this weighting, other choices are possi-
ble. The fluxes (real and ghost) are computed with the single-fluid version of the two-fluid, linearized
Godunov scheme. To compute a water flux (either real or ghost), in the expressions for u 1 and p 1
(given in Section 3.3 of [8]), for pg, p1,co and ¢; the water values are taken. The similar is done for the
computation of the air fluxes. Note that in the computation of all types of fluxes (real or ghost, water
or air), use is made of the same, unique values of u and p in each cell. This uniqueness ensures that
the free-surface conditions are satisfied implicitly. In [6], for the non-homentropic Euler equations of
gas dynamics, entropy is extrapolated across the interface. The present homentropic equations do not
require any solution-component extrapolation. Tangential velocity components do not yet apply here.
In multi-D, in each cell, besides the physical normal velocity component and pressure, we would also
use the physical tangential velocity components available there. (With Navier-Stokes as the ultimate
flow model, like the normal velocity component and pressure, the tangential velocity components will
also be continuous across the interface.) Considering the 1D situation with, at time ¢ = ¢", the in-
terface somewhere in cell i, with — say — water at the left, in case of the first-order accurate space
discretization, the fluxes to be computed are those depicted in Figure 3. So, only across the cell faces
1

it — 5 and i + % ghost-water and ghost-air fluxes are computed, across all cell faces left of cell face

i— %: real water fluxes and across all cell faces right of i + %: real air fluxes.

—»: real-water flux ——0—: ghost-water flux

—: red-air flux —=: ghost-air flux
interface
— - — i
X
5 3 P 3
|-? I-E I-E 1+ |+7 1+=

Figure 3: Types of fluxes computed in present ghost-fluid method.

Note that in the ghost-fluid method the interface is no longer captured at the smallest discrete level
(that of a cell face), but at the next larger: a cell. Because in the ghost-fluid method fluxes are always
of the single-fluid type, explicit calculation of w1 and p1 can be done by using, e.g., Osher’s scheme,
instead of the linearized Godunov scheme.



4. NUMERICAL RESULTS

4.1 Water front at constant speed and pressure

4.1.1 Numerical choices The first test case to be considered is the 1D tube flow already introduced

in Section 2.2. Numerical values to be considered are: (zs)i=0 = 0.5 (initial interface halfway tube)
r (2fs)t=0 = O (initial interface at inlet boundary), U =1, P =1, p,,(P) = 1, po(P) = 0.001 (in the

ideal case), Yo =7, Yo = %, By, = 3000 and B, = 0. According to the speed-of-sound relations

1+B

¢, = Y LBl (4.1a)
Puw

&=y, (4.1b)

these values imply c,(P) ~ v/15¢,(P), which agrees fairly well with common sea-level conditions.
As in Section 2, the grids to be used are equidistant. The boundary conditions to be imposed are
u(lz=0,t) =U >0, ¢(x =0,t) = Ut and p(x = 1,¢) = P. Time integration is done with the forward
Euler scheme, with the time step constant and sufficiently small to guarantee stability:

h

At=g———— 1. 4.2
=) 7 F (42)

The space discretization is taken first-order accurate, like in Section 2.2.

4.1.2 Results fully conservative approach  This is the approach without any fixes for solution errors
near the interface. For the numerical values just mentioned, the computation breaks down. Stumbling
block is the large density ratio. In Figure 4, pressure errors are depicted for computations with
successively the following three still rather small density ratios: Z—“: = 2,4 and 8, and after the
following three numbers of time steps: 10 (left column of graphs), 20 (middle column of graphs) and
40 (right column). The time step on the coarsest grid is twice as large as that on the middle grid and
four times larger than that on the finest grid. So, note that in each of the eight graphs (no results
were obtained for ‘;—“: = 8 and 40 time steps), the three pressure-error distributions correspond with
the same number of time steps (10, 20 or 40), not with the same time. The pressure error appears to
be about linearly proportional to the number of time steps taken. In agreement with the theoretical
findings, it also increases with the density ratio Z—‘:. The latter increase is clearly nonlinear. With the
conservative approach, results for 2= = 1000 are still far out of reach. The deceptive performance of
the conservative approach was expeéted given the analytical results of Section 2.2.

4.1.3 Results advection of level-set function  Here the fix proposed in Section 3.1 is numerically
investigated. The fix is applied not only in the cell in which the interface actually is, but also in its
left and right neighbor cell. The fix clearly gives an improvement as compared to the fully conservative
approach, but the fix is not adequate. For (zfs)i=0 = 0 and 2“’ = 10, in each of the three graphs
in Figure 5 we present the computed bulk-density profiles at ¢ = 0.0,0.1,0.2,...,1.0. The results
look perfect, but they are not. They are cursed with a pressure error, Wthh for 2w = 10 is still
negligibly small. But, as in the previous section, the error grows rapidly with increasinag density ratio

. Results similar to those in Figure 5 cannot be obtained for pp—’" = 1000, not even for pp—’" = 100.

From Figure 6 it appears that the pressure error grows exponentially with p‘" .

4.1.4 Results advection of velocity, pressure and level-set function Here, the fix proposed in Section
3.2 is tested. The advection of u,p and ¢ is applied in the cell with interface as well as in its left and
right neighboring cell. The fix is an improvement compared to that with advection of ¢ only, but it
does not work satisfactorily either. It also breaks down for increasing density ratio Z—‘:; for 2= =100

Pa
after ¢t = 0.7, and for Z—: = 1000 after ¢t = 0.4 (Figure 7).
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level-set function, h = 5.
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4. Numerical results
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Figure 8: Bulk-density profiles at t = 0.0,0.1,0.2,... ,1.0, ghost-fluid method, h = %.
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4.1.5 Results ghost-fluid method The fix proposed in Section 3.3 is skipped, its expected smearing
of the density excludes it as an interesting option here. The ghost-fluid method described in Section
3.4 is interesting; it works (Figure 8). For the problem at hand, it even works for arbitrarily large
density ratios (Figure 9).

4.2 Oscillating water column

4.2.1 Analysis  Although the previous constant-speed-and-pressure test case is not trivial from a
numerical point of view, from a physical perspective it is. As a second test case we propose the
following, physically more interesting one. Consider a 1D tubular circuit with a valve in it which for
t < 0 is in open position. The tube contains a water and air column (Figure 10), flowing (for ¢ < 0)
at constant speed U and pressure P.

¢ valve

Figure 10: Tubular circuit with columns of water and air flowing at constant speed U and pressure P.

At t = 0, when the water column’s center of gravity is at the maximum distance from the valve, the
latter is instantaneously closed. Ignoring curvilinearity, the initial situation is as sketched in Figure
11. Then, starting from ¢ = 0, the air at the right will be compressed by the water and the air at

-Xgs 0 Xts

Figure 11: Initial condition: shut off tube with column of water in between two columns of air, all
three columns flowing to the right at constant speed U and pressure P.

the left will expand. Hence, a pressure difference is built up across the column of water, with as a
consequence a deceleration of the latter’s flow to the right, followed by a stagnation, and next an
acceleration and flow to the left. The latter leads to a reverse pressure gradient across the water,
which will redirect the flow from left to right again, and so on. The water column starts to oscillate.
An elementary analytical flow solution can be derived by making three simplifying assumptions. The
first is that the density in the two air columns depends on time ¢ only (not on the spatial coordinate
x). Then, denoting the displacement of the water column in positive z-direction by s(t), the density
in the left and right air columns can be approximated as

11—z
pL(t) = !

= mpa(m and (4.3a)
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1-— Tfs
"(t) = ———————pa(0), 4.3b
piD) = 7 0 (43b)
respectively. With the equation of state, for the pressure in the two air columns it then follows:
1—2 Ya
| fs
t)=|—— P, 4.4
0= (=) P (1.42)
1— Tps Ya
"t)y=| —"—— P. 4.4b
o= (=) (1.40)

The second assumption is that the water column behaves as a rigid body (as an ice cube say). With
this, Newton’s second law of motion applied to the water column’s motion reads

d’s

pueps s = (t) = 1" (1), (4.5)
which, with (4.4a) and (4.4b), yields as differential equation for s(t):
d?s 1— 2y, a 1— 2y a
w2l fs = = —_— | — P. 4.6
s = ((antsm) (o m) ) 45)

The third assumption made is that the water column’s displacements are small with respect to the
length of the initial air columns: |s(t)] <« 1 — x,. With this, the pressure expressions (4.4a) and
(4.4b), and hence the nonlinear differential differential equation (4.6), can be linearized by good
approximation:

d28 ’Yap

z° = =@ 4.
e +as=0, « puzra(l—270) (4.7)
With the initial conditions s(0) = 0 and dsd(to) = U, the solution of (4.7) is
s(t) = v sin at; (4.8)
=7 ; )

the water column makes a harmonic oscillation with amplitude % and oscillation time 7 = \2/—% The
assumption that the pressure in the air columns is space-independent is satisfied by good approxima-
tion if c,7 > 1 — xy,, Le,, if

Tfs Pw
27, | > 1. 4.9a,
L —z¢s pa(P) ( )

The small-displacement assumption |s(t)| < 1 — x5 implies

U Lfs Pw
ca(P)\ 1 =5 pa(P)

Requirements (4.9a) and (4.9b) conflict easily. Assuming that (4.9a) is satisfied, (4.9b) can only be
satisfied if —U5- < 1. With the linearized versions of pressure relations (4.4a) and (4.4b), for the

< 1. (4.9b)

cq(P)
pressure coefficients P! = pl(t# and P" = W, it holds
! s(t)
t) = =7, , 4.10
PO = 3t (4100)
s(t)

"(t) = . 4.10b

PE) = oo (4.10b)

The two coefficients are exactly opposite in phase.
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Figure 12: Time evolution of pressure coefficients at left and right boundary (solid lines: left boundary,
dashed lines: right boundary).

4.2.2 Numerics We proceed by presenting numerical results obtained through the ghost-fluid method.
In the numerical computations, both water and air are taken compressible. As for the previous test
case, we take v, = 7, Vo = %, B,, = 3000, B, =0, p,,(P) =1 and p,(P) = 0.001. Further, we take
U=1,P=1andzss =0.1. For these numerical choices, in Figure 12a we first give the time evolution
of P! and P" according to the analytical estimates (4.10a) and (4.10b). For the numerical computa-
tions, an equidistant grid with A = % is applied. Time integration is done again with the forward
Euler scheme and the space discretization is again first-order accurate. The level-set function is taken
as the signed-distance function. For this test case, as opposed to the foregoing, the level-set function
is reinitialized. (The reinitialization is done after each time step.) In Figure 12b the time evolution
of the pressure coefficients P(x = —1,t) = % and P(x = 1,t) = % is given. Note
that although requirement (4.9b) is not satisfied very well for the aforementioned numerical values,
the analytical results depicted in Figure 12a still agree fairly well with the nonlinear numerical results.
Also for this test case, the ghost-fluid method appears to work fine. In the ghost cells, the conservation
laws are applied to virtual (ghost) amounts of water and air, not to the real physical amounts. So,
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Figure 13: Time evolution of relative error in total mass of air in shut off tube.

conservation of the real amounts of mass and momentum is not guaranteed automatically. In case of
accurate resolution of the level-set function and the pressure, in and near the ghost cell(s), mass and
momentum are expected to be accurately conserved though (not exactly). In Figure 13a we give the
time evolution of the relative mass error M(t) = %{g)“(o), where m,(t) is the total mass of air in
the shut off tube at time ¢. The mass error appears to be composed of two components: one oscillating
and the other behaving linearly in time. Both obey the numerical method’s order of accuracy, which
is O (At,Ax) here. To show the latter, in Figure 13b the time evolution of the relative mass error
is given for a grid and time step twice as fine as those corresponding with Figure 13a. Both the
oscillation’s amplitude and the linear behavior’s slope appear to been halved approximately. Due to
the still relatively coarse resolution of the water column (8 and 16 cells, respectively), the mass error
for water (not given) does not yet show asymptotic first-order convergence behavior.

5. CONCLUSIONS

To avoid large solution errors near interfaces (an intrinsic problem of capturing methods), four fixes
have been proposed, three consisting of some locally non-conservative solution update and as the fourth
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a ghost-fluid fix. For density ratios of the order 1000 (typical water-air ratio) the non-conservative
fixes fail, in the analyses as well as in the numerical experiments. As opposed to that, the ghost-
fluid technique works. Even the computation of fronts running into vacuum (‘;—: = 00) is expected
to be possible with the ghost-fluid method. (Since in the ghost-fluid method only single-fluid fluxes
are computed, it does not need a two-fluid Godunov approach.) The first numerical computations
performed with the discretization method are promising. Extensions to higher dimensions, higher
accuracy, flows with gravity, etc. are challenging. The test case performed with the oscillating water
column suggests that the method may lend itself particularly well for applications as, e.g., the impact
of storm surges on ships and off- and onshore constructions. Compressibility plays an important role
in these problems.



References 17

REFERENCES

1.

S. KARNI, Multicomponent flow calculations by a consistent primitive algorithm, J. Comput.
Phys., 112, 31-43 (1994).
S. KARNI, Hybrid multifluid algorithms, SIAM J. Sci. Comput., 17, 1019-1039 (1996).

R. ABCRALL, How to prevent pressure oscillations in multicomponent flow calculations: a quasi
conservative approach, J. Comput. Phys., 125, 150-160 (1996).

R. ABGRALL AND S. KARNI, Computation of compressible multifluids, J. Comput. Phys., 169,
594-623 (2001).

M. SussMAN, P. SMEREKA AND S. OSHER, A level set approach for computing solutions to
incompressible two-phase flow, J. Comput. Phys., 114, 146-159 (1994).

R.P. FEDKIW, T. AsrLaM, B. MERRIMAN AND S. OSHER, A non-oscillatory Eulerian approach
to interfaces in multimaterial flows (the ghost fluid method), J. Comput. Phys., 152, 457-492
(1999).

P. JENNY, B. MULLER AND H. THOMANN, Correction of conservative Euler solvers for gas
mixtures, J. Comput. Phys., 132, 91-107 (1997).

B. Koren, M.R. LEwis, E.H. VAN BRUMMELEN AND B. VAN LEER, Riemann-problem and
level-set approaches for two-fluid flow computations I. Linearized Godunov scheme Report MAS-
RO112, CWI, Amsterdam (2001).



18

TABLE OF CONTENTS

1
2

5

References

Introduction . . ... e e 1
Error near interface . .. ... ... 2
2.1 Fluid-flow equations . ... ... ... 2
2.2 Analysis for model flow ... ... .. 2
2.3 Guidelines for error improvements . ... ....... ...ttt 4
2.3.1 Error analysis of bulk-density relation.......................... 4
2.3.2 Reconsideration of fluid-flow equations near interface . ............. 5
Fixes for error in cell with interface. ... ... ... .. .. . 5
3.1 Advection of level-set function .. ... ... ... .. . ... 5
3.2 Advection of velocity, pressure and level-set function ..................... 6
3.3 Advection of density and volume-of-fluid fraction . ............. ... ....... 6
3.4 Ghost-fluid method. . ... ... . 6
Numerical results . . ... ... 8
4.1 Water front at constant speed and pressure .. .............. ... ... ... ... 8
4.1.1 Numerical choices .. ..... ... . . . . 8
4.1.2 Results fully conservative approach .......... ... .. ... ... ..... 8
4.1.3 Results advection of level-set function . .. ........... ... ... ... .. 8
4.14 Results advection of velocity, pressure and level-set function ........ 8
4.1.5 Results ghost-fluid method .. ... ... .. ... ... .. . . . . . 12
4.2 Oscillating water column .. ...... ... . 12
4.2.1 Analysis .. ... 12
4.2.2 NUMETICS v ottt e e e et e 14
ConclUSIONS .« o v vt e 15



