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1. Introduction 

Let K be a mixed characteristic complete discrete valuation field; Ax its ring of 
integers. Let F be a formal group over Ax; let p be the residue characteristic of K and 
let K 00/K be a I'-extension of K, with layers · · · - Kn - Kn-i - · · ·. In this paper 
we continue our investigation of the image of the norm map 

F-Norm.,.10 : F(Kn) ➔ F(K) 

begun in [3]. The main result is Theorem 3. 1, which is proved in Sections 4-11. The 
proof is, except for some technical complications, the same as the proof of Theorem 6. 1 
of [3] given in [3]. Cf. also 12. 1 below. 

Most of the notations and conventions of [3] remain in force. 
The residue field of K is always supposed to be perfect. 

2. r-extensions 

A I'-extension of a local field K (associated to the prime q) is a galois extension 
K 00 /K with galois group isomorphic to 'll", the q-adic numbers. Let p be the residue char
acteristic of K. We shall only consider I'-extensions associated to the prime p. (Other 
I'-extensions are not very interesting in view of [3], 3. 1.) Let L be the maximal unrami
fied extension of K contained in K 00• If L = K 00 we again know the image of the norm 
map ([3], 3. 1). If L =\= K 00 then K 00 /L is a totally ramified I'-extension. Using the proof 
of [3], 3. 1 ( cf. also [3], 6. 3, and 3. 4 below) we see that it suffices for our purposes to 
consider only totally ramified I'-extensions associated to the prime p, where p is the 
residue characteristic of the local field K. All I'-extensions occurring below will be as
sumed to be of this type. 

*) Research for this paper was done in 1969/1970 when the author stayed at the Steklov Institute of Mathe
matics in Moscow and was supported by Z. W. 0., the Netherlands Organization for the Advancement of Pure 
Research. 
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. If L/ K is_ a cyclic extension of prime degree p, let m (L/ K) be the number gover-
ning the behav10ur of TrL/K i.e. m(L/K) is such that Tr (""1 A ) - r4 h 

, L/K '"L L - :n:k" kw ere 

r = [p- 1 ((m(L/K) + 1)(p -1) + t]. 
(If x E IR, [x] denotes the entier of x; (cf. [9], Ch. V, § 3).) 

Now let K c<J K be a (totally ramified) I'-extension · let K be the invariant field 
of pnGal(K 00 /K). We write mn = m(Kn/Kn_ 1). Then the' followi~g holds 

2, 1. Lemma (Tate [10]). There is a constant m0 such that 

mn = e K ( 1 + p + · · · + p n- 1) + m0 

for all sufficiently large n. 

Here ex denotes the absolute index of ramification of K, eK = l'K(p). 

If L/K is a totally ramified extension of degree p, then m(L/K) ~ (p -1t 1peK 
( cf. e. g. [2], (6. 2 D) and Lemma (6. 3. B)). It follows that 

2. 2. Lemma. 

3. Statement of the theorem. Some remarks as to the proof 

The main theorem of this paper is 

3. 1. 'fheorem. Let K be a mixed characteristic local field with algebraically closed 
residue field; let F be a one parameter formal group orer the ring of integers AR of K of height 
h; let · · · - Kn - · · · - K 2 - K 1 - K be a I'-extension of K. Then there exist constants 
c1 , c2 such that 

F"n(K):::, F-Normn/o(F(Kn)):::, Ffln(K) 

h-1 h-1 
where an= -h- exn- Ci, fln = -h- exn + c2 • 

(If h = =, (h- i)h- 1 should be interpreted as 1.) 
Basically, this theorem is proved by means of the same techniques as used in [3]. 

There are however some complications. 

a) We have no longer a completely regular formula for mn. This causes difficulties 
in the calculation of the an10 (t) and a,,. (cf. § 8, § 9). The same fact causes difficulties in 
the calculation of Trk/k-i (xPt) and thus makes necessary the introduction of some extra 
functions C!nfk(t) and rnfk(t), to keep track of what is happening. Cf. § 6. 

b) It is no longer true that either Trkfk-I or Nf~:-.1 (in the step from level k to level 
k-1) is the most important term in the expansion of F-Norm(x) as 

00 

F-Norm(x) = Tr(x) + .,}J aiNi(x) + ..lJ aM Tr(M) 
i=l 

( cf. [3]). In fact there is for every x E F ( Kn) a finite number of levels (bounded indepently 
of n !) in which terms of the form aiN\ 1 < i < ph-i dominate. 

c) In the case of the cyclotomic I'-extension of <QP it so happened that, provided 
we started with elements of particularly nice valuations we could always neglect all 
except precisely one term of the expansion of F-Norm(x). This is not true in the more 
general case and it is this fact that makes the assumption "the residue field is algebra
ically closed" necessary. This also causes us to consider "change points" (cf. § 7). 
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d) It is no longer true as in the cyclotomic case that the set {an/o (t) I t = 1, 2, ... } 
is of the form {s EN I s > s0}. In general there will be "holes" in the sequence {o-nfo (t)}. 
The difficulties due to these facts can be diminished to some extent by "changing the 
base field". That is instead of considering K00/K we take a (suitable) finite extension 
L/K such that L · K 00 /L is still totally ramified (and a I'-extension) and prove the theo
rem for the I'-extension L · K/L. 

The most difficult part of the theorem then follows also for K 00 /K according to 
(3. 5) below. To prove this we need some preliminaries. 

Let L/K be a finite extension. We define functions J.L/K(t) and XL/x(s) as follows: 

3. 2. Definitions. (i) If L/K is unramified J.Ltx(t) = t. 

(ii) If L/ K is tamely and totally ramified of prime degree l =!= p we define 
.?i.L1x(t) = cz- 1 (z -1 + t)J. 

(iii) If L/ K is totally and wildly ramified of prime degree p we define 

11.L/K(t) = [p- 1((m(L/K) + 1) (p -1) + t)]. 
(iv) If M -L- K is a tower we define J.M/K as k,,r,x = ).L/K O J.M/L· 

This defines J.L/K for all L/K because every L/K decomposes as a tower of exten
sions of the types considered under (i), (ii), (iii), as K is a mixed characteristic local field 
with perfect residue field. 

For each integers> J.Ltx(1) we define the number XLtx(s) as the largest integer t 
such that J.L1x(t) = s. (Note that such a t always exists ifs> ).LJx(i).) 

3. 3. Lemma. (i) TrL1x(,,.tLAL) = n'kAx withs= ALtx(t). 

(ii) If t = XLtx(s), and L/K is totally ramified, then vx(TrL1x(x)) = s, if vL(x) = t. 

(This also shows that the definition of J..LJK does not depend on the decomposition 
of L/K as a tower.) 

3. 4. Lemma. Let L/ K be a finite extension and F a one parameter formal group 
defined O()er Ax. Then there exists a constant t0 such that fort> t0 

Proof. In case L/K is unramified this follows from the proof of [3], 3. 1. In case 
Lf K is totally ramified of prime degree we have an expansion of Norm(x) as 

00 

(3. 4. 1) Norm(x) = TrL1x(x) + .I a1,N~1x(x) + .I aM TrL1x(M). 
i=l M 

Now because m(L/K) < (p-1)- 1pex we have that 

Hence we have that Norm(x) = TrL1x(x) modn~LJx<tJ+i if vL(x) is of the form XLtK(s) 
for some s > }.L/x((p - 1)- 1pex)· This proves the lemma in this case (cf. 3. 3 above and 
[3], 3. 2). Finally let M/L/ K and suppose the lemma holds for M/L and Lf K, then it 
also holds for M/K because ).MJK = ).LJK o 11.MJL, ).Ltx(t') > ).LJx(t) if t' > t and 
Jim ).M/L(t) = =· 
t ➔ oo 
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We are now in a position to prove 

3. 5. Proposition. Let 

Loo ... - Ln - ... - Li - L 

I ! I I 
Koo ···-Kn- ···-Ki-K 

225 

be a diagram of field extensions such that L 00 /L and K 00 / K are I'-extensions and L/ K is 
finite. Let F be a one dimensional formal group orer Ax of height h and suppose that there 
exists a constant c' such that 

where 
h-1 

(3~ = h neL + c'. 

Then there exists a constant c such that 

h-1 
where /Jn = h nex + c. 

Proof. Let t0 EN be such that Lemma 3. 4 applies to L/ K. For n sufficiently large 
{J;, > t0 and then 

( ) ( ) "LfK(fi') NormKn/K F(Kn) :;;, NormL/K NormLnfL(F(Ln) :;;, F " (K). 

It now suffices to remark that 

(3. 5. 1) 

where the e1 are bounded independently of t. (This follows directly from the definition 
of ).L/x(t).) q. e. d. 

4. A trace lemma 

As in [3] we shall need to know something of TrL/K (xPk) for totally ramified exten
sions of degree p ( cf. [3], § 4. 5 ). 

4. 1. Proposition. Let L/ K be a totally ramified galois extension of degree p; let 
m = m(L/K) and r = [p- 1 ((m + 1) (p -1) + 1)]; let nL be a uniformizing element of 
Land let nx = (-1)P- 1NL1x(nL)- Then we have 

TrL1x(n}}') == pn'x modn~+k-i_ 

Proof. The element nL EL satisfies an equation of type 

( 4. 1. 1) 

where the ai are equal to a,;= (-1)i(T;(r1nL, ... , rpnL), where (Ti is the i-th elementary 
symmetric function in p variables and r 1nL, ... , rpnL are the conjugates of nL. 

If S =. {ri,, ... , ri.} is a subset of G(L/K), let rS = {rri,, ... , rri8}, nf = TI r:n:1 
TES ., 

and / S / = the number of elements of S. With these notations 

(4. 1. 2) a;= (- 1)i ..E n'i,. 
ISi =i 

Now if IS I =t= 0, p, then rS =t= S if , =t= id because G(L/ K) is cyclic of prime order p. 
Hence each a; is of the form 

(4. 1. 3) 

Journal f[ir Mathematik, :Band 268/269 29 
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Therefore vx(a;) ~ r. Now apply TrLJK to the relation (4. 1. 1) to obtain 

(4. 1. 4) 

This proves the proposition for k = 1. For k > 1 multiply the relation (4. 1. 1) 
above with n/J,-llP, apply TrL/K to the result, use induction, and use 

vx(TrL/K(nI)) > k-1 + r 
ifs > (k -1)p + 1. Cf. 3. 3. 

5. Some functions 

Let F be a formal group over Ax and K 00 / K a I'-extension of K. Let 

00 

F(X 1 , ••• , Xp) = Tr(X1) + ..2 a;Ni(X) + .2 aM Tr(M) 
i=l M 

(cf. [3], 2. 4). We write Normn/k for the norm map F(Kn) ➔ F(Kk). In [3] we used a 
number of functions anfk, tnfk, dn/k to keep track of what was happening and to calculate 
antk we used some auxiliary functions Jn and ln. All these functions and some more will 
be· needed again. All of them will be defined in this section. 

We use v = Vx for the normalised exponential valuation on K and vk = Vxk for 
the normalised exponential valuation on Kk. 

5. 1. The function an1dt). Let d; = v(a;) = vx(a;), where ai is the coefficient of 
N\X) in the expansion of F(X1 , ••• , Xp)- We define for all t E IR, t > 1, 

(5. 1. 1) 
0 (t)-[(mk+1)(p-1)+t] 

ak/k-1 - p , 
i = 1, 2, ... 

a1Jk-i (t) = d;pk-i + it, 
(note that the a}fk-i (t) of [3] is equal to arf.21 (t) as defined here). 

Using the aifk-i we define 

(5. 1. 2) akfk-i (t) = min {aLk-l (t)}. 
i=O, l,p1 p2 , ••• ,ph-1 

Remark. Let t be an integer. Then the smallest integer i0 such that 

a~fk-l (t) = . min {a1;k-l (t)} = s 
i=0,1,2, ... 

is necessarily equal to 0, 1 or a power of p. Indeed Normk/k-l induces a homomorphism 

(K is the residue field of K) 

K_+ ~ pt(Kk)/Ft+I(Kk) ➔ ps(Kk-1)/Fs+l(Kk-1) = K_+. 

And if i0 > 0 this homomorphism is given by a polynomial a;/' + higher degree terms. 
It follows that i0 = 1 or a power of p. 

A corollary of this remark is that 

(5. 1. 3) Normkfk-1(Ft(Kk)) c p"kfk-1<t\Kk-1), t EN. 

We now define an11c(t) for k < n inductively by 

(5. 1. 4) 
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It follows from (5. 1. 3) that 

(5. 1. 5) 

We define 
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t1c;k(t) = -1 if ak/k-1(t) = aZ11c-1(t), 
(5. 1. 6) 

lk/k (t) = r if (jk/k-dt) = ar;k-1 (t) < aLk-1 (t), j = 0,1, P, . .. ' p,-1_ 

Using this, we also define 

(5. 1. 7) k = 1, 2, ... , n, 

(5.1. 8) !Xn/n(t) = O; !Xn/k(t) = !Xnfk+1(t) + ln/k+1(t), 

•n/n(t) = t 

if ln/k+I (t) = r > 0, 'n/k(t) = vk(ap,) + p''nfk+1(t) 

(5. 1. 9) 'nfk(t) = vk(p) + p-l. 'nfk+l (t) if ln/k+l (t) = - 1, !Xn/k+l (t) > 1, 

T (t) = (mk+l + 1) (p -1) + 'n/1c+1(t) 
n/k p 

1 
lln/n (t) = t, 

(5. 1. 10) lln/k(t) = Vk(apr) + ~: · lln/k+I (t) 

/lnjk(t) = Vk(p) + p '/lnJk+I (t) 

Further we define 

(5. 1. 11) ln(t) = 0 if !Xn/o(t) > 0, 

if tn/k+l (t) = r > 0, 

if lnfk+I (t) = - 1. 

ln(t) = smallest natural number i such that !Xn/i(t) = 0 and in1;(t) = - 1, 
if °'n;o(t) < 0, 

(5. 1. 12) k,.(t) = largest integer i such that tn;i(t) = -1, 

(5. 1. 13) Jn(t) = number of different indices i such that ln;;(t) = h -1. 

The last function we define is 

(5. 1. 14) d _ "'nfk(t) 
n/k(t) - •njk(t) + P (e1 - mo) 

= •n/k(t) + 1 

if /)(,n/k(t) > o, el= (p - 1)-1eK, 

if IXn/k (t) < 0. 

6. Some elementary properties of the functions 

anjk, Pn/k, "Cn/k, ln/k, /n, }n, kn, a,n/k 

Let K 00 /K be a I'-extension and let F be a formal group over AK. In this section we 
assume that the I'-extension K 00 /K is such that 

mn = (1 + p + · · · + pn-l) eK + m0 

for all n = 1, 2, 3, ... (cf. Lemma 2. 1). 

6. 1. Lemma. tn/k(t) < tnfk+I (t) for all t, 1 < k < n. 

Proof. Let s = an/k+l (t) and s' = an/k(t). Suppose that in/k+I (t) = r > 0, 1. e. 

(6. 1. 1) pkdt + is > pkdpr + p' S for i = pr+1, pr+2, ... , pk-I. 

29* 



228 H a,z ewinlc el, ;,.; orm r,wps for one dimensional formal groups. II 

Then s' = pkdpr + p's and we must show that 
k l le I r f · r+ I r+ 2 h-1 (6. 1. 2) p ·- d; + is' > p - dpr + p s' or i = p , p , ... , p 

which follows from (6. 1. 1) because s' > p- 1 s. Now suppose that tnJ1e+i (t) = - 1. This 
means that 

s'=[(m1c+1+1)~p-1)+s]<p1edi+is for i=1,p,p2, ... ,ph-1 

which is equivalent to 

(6, 1. 3) 

And we must show that 

(6. 1. 4) 

It suffices to show that s' ~ m1e- We have 

· 1 2 h-1 
i = ' P, p ' ... ' p . 

· 1 2 h-1 
L = 'P, p ' ... 'p . 

S1 = [r1((m/c+l + 1) (p -1) + s)] > p-1(p -1)mle+I 

= p- 1(p-1) (1 + p + • · • + pk)eK + r 1 (p-1)mo 

= pkeK- p-leK + p-l(p -1)mo. 

And this is greater or equal to mk = (1 + p + · · · + p1e- 1) ex+ m0 because 

pie> 1 + p + ... +pie-I+ 1 

q. e. d. 

Note that we have also shown that 

(6. 1. 5) 

(this result holds because rn1c :S (p -- 1)- 1 pkeK and 1s independent of the assumption 
on K °',/ K). 

6. 2. Some properties of t,.1k, anfk, f!n;1c, 1:nfk, cxn/k· Directly from the definition of 
ik/k one sees that 

(6. 2. 1) 

This is obvious if tk/k(t) ~ 0. If l1c;1c(t) = -1, then writing b1 for dip1c-i, and c for 
(m1c + 1) (p -1) we have 

[-~]<b+· . p = i it, i = 1, 2, ... 'Ph-I_ 

Now suppose that there is a t' > t such that r C + t' l >bi+ it' for a certain i then 
L p J 

[ C + t'] [ C + t] 11 [C + t'] C + t" [C + t"j . 11 -p-· > -p- ; let t be such that -p- = -p-, then also --p- >bi+ it 

C + t" + t" and t" > t and t" is an integer. Then --- z bi+ it" + 1 because c and 

b + · " · t d c + t b + . +p 1 -h'l " h' h . p 
1 it are m egers, an --- < ; it w 1 e t > t w 1c 1s a contradiction. 

p 
As a corollary to Lemma 6. 1 we get 

(6. 2. 2) 
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Using this and (6. 2. 1) we see that 

(6. 2. 3) <Jnjk(t') ~ <Jnjk(t), l!n/k(t') > l!njk(t), in/k(t') ~ in/k(t) if t' 2 t 

and this and (6. 2. 1) gives 

(6. 2. 4) 

The functions -r:nJk, an/k and r!n/k do not differ much. Indeed we have 

(6. 2. 5) 

This is proved by induction on k. The first two inequalities are immediate. As to the 
last one if in;m(t) ~ 0 then en;k(t) = anfk(t), fork> m-1. It remains to show that if 
enlk+i(t) < an/k+l(t) + (p-1)- 1ex-m0 , and in/k+1(t) = -1 then 

(!nJk(t) ~ (J'n/k(t) + (p-1)- 1 ex-mo. 

We have 

er (t) = [ (mk+l + 1) (p -1) + O'n/k+I (t) l > p-10' (t) + p-1 (p _ 1) (m ) 
n/k p = n/k+l · . k+l 

p-1 > p-l(J'n/k+l (t) + pkeK - p-leK + p mo. 

On the other hand 

1r; -1 k O'n/k+I (t) ex 
(!n/k(t) = eK . p + p /!n/k+I (t) < eKp + p + p(p _ 1) 

< a t ex _ m 0 + ex _ p - 1 
= n/k ( ) + p (p _ 1) p p p mo 

= an/k(t) + (p - 1)- 1 ex - mo. 

6. 3. Some properties of jn, kn, ln-

(6. 3. 1) 

Further we have as a consequence of 6. 1, (6. 2. 1), (6. 2. 4): 

(6. 3. 2) If ln(t') = ln(t) > 0 then for all O < k < n we have 

Finally we have 

(6. 3. 3) 

(6. 3. 4) 

in;k(t') - in/k(t) = t' - t if O < k = ln(t) = ln(t'). 

t = in;k(t) mod pk if O < k = ln(t). 

p 

(6. 3. 5) If ln(t) = b > 0, then cxn/i(t) = i - b for b < i :=;:; kn(t) and 

°'nJi(t) < i - b for kn(t) < i < n. 

(6. 3. 6) 

The properties (6. 3. 3)-(6. 3. 6) fo11ow directly from the definitions of the various 
functions involved. 
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7. Change points and nice pairs (F, K 00/K) 

Let F be a formal group over AK and K00 /K a I'-extension of K. Let 

00 

F(X1, ... , Xp) = Tr(X1) + 2J aiNi(X) + 2J aM Tr(M) 
i=l M 

(cf. [3], 2. 4). We write Normi:,i:-i for the norm map F(Ki,) ➔ F(Ki,_ 1). It may happen 
that for certain x E F(K1c) there occur several terms of the same (minimal) valuation 
in the expansion 

00 

Normk/k-1(x) = Trk/k-i(x) + _.l: aiNk/Jc-1(x) + 2J a]J,1 Trk/k-i(M). 
•=l .~ 

The valuations vk (x) of elements x at which this is to be expected will be called change points. 

More precisely, the smallest number t such that crltk-l (t) = cr{/k-i (t), 0 < i =l= j < ph-i, 
k = 1, 2, ... , n will be called an (i, j)-le"el k-change point, and will be denoted cii(k). 
The change point ci/k) is called actual if moreover 

crk/1<-1 ( ci/k)) = crltk-1 ( cii(k)) = cr{/k-1 ( cii(k) ). 

7. 1. Lemma. c.1(k) = d!- ~i pk-i if O < i < j, 
J-t 

(p-1)(mk+1)-pkd. p (k)<(p-1)(mk+1)-p"d,_ 
pi - 1 pi -1 < Cm = pi - 1 if O < i. 

Proof. The first part is obvious. As to the second if t = ci0 (k) then 

(7. 1. 1) [ (m1c + 1) (p -1) + tl - k-1d + ·t 
p 1-p i i 

which means 

(7. 1. 2) 

(mk + 1) ~ - 1) + t = p1c-1di + it+ e, 0 < e < 1, 

t= (p-1)(mk+1)-l''di pe 
pi-1 pi-{. 

This proves the lemma. 

Corollary. If m1c = (1 + p + · · · + pk- 1)eg + m0 then 

(7. 1. 3) Cio(k) = (eK-:- di1)/c - eg - (p --:-1) (mo+ 1) 
pi- pi-1 

pe 
pi-1' 

0 < e < 1. 

Remark. If i = 1, then we see from (7. 1. 1) that ci0 (k) = t is an integer; it fol
p -1 

lows that e < ---, so that 
- p 

(7. 1. 4) 

7. 2. Definition. A pair (F, K 00 / K) consisting of a formal group over Ax and a 
(totally ramified) I'-extension will he called nice if the following conditions are satisfied: 

(i) mn = m(Knf Kn_ 1) = ex(1 + p + · · · + pn-1) + m0 for some constant m0 

for all n = 1, 2, 3, ... , 

(ii) the numbers d~ - ~1- are integers for all 1 < i < 1· < ph-1, 
J-t - - -
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( ... ) h b ex-d-
m t e num ers pi_ 1• are integers for all 1 ~ i ~ ph-1, 

(iv) e K is divisible by p -1. 

In the following section we shall need a few technical results on the position of 
various change points in the case of nice pairs (F, K 00 / K). 

7. 3. Lemma. If i < j, t > C;i(k) then o{/k-l (t) < ot/k-i (t). 

If i < j, t < C;i(k) then aitk-i (t) > a{,,k-l (t). 

This is not immediately clear only in the case that i = 0. In this case one uses the 
same argument as was used to establish (6. 2. 1); note that C;-(k) is the smallest number t 

• . 1 

such that a1,k-l (t) = O"~Jk-l (t). 

7. 4. Lemma. Let (F, K 00 /K) be a nice pair and suppose p' > i > 0. Let t be an 
integer, tk/k(t) = r, and suppose that c;,pr(k) does not belong to the inten1al (t, Co,pr(k)]. Then 
c0,i (k) < Co,pr (k). 

Proof. We write j = p'. Because tk1,.(t) = r we have, because i < p' = j, that 
aitk-l (t) > cr{,,k-l (t) and hence, by (7. 3), C;i(k) > t; therefore C;;(k) > c0i(k) and hence, 
by (7. 3), a{1k_1 (c0;(k)) < altk-i(c0;(k)) and as cr{,/k-i(c01(k)) = ai/.t-i(c01 (k)) we have 
again by (7. 3) that c0i(k) > c0;(k). 

7. 5. Lemma. Let (F, K 00 / K) be a nice pair and let e1 - m0 2 1, pk > (e1 - m0) + 1. 
Suppose that 0 < i < j and c0;(k) < c01 (k) then c0;(k-1) ~ c01(k- 1) + 1 (here 
e1 = (p - 1)-1ex)-

Proof. We have (using the fact that m1c = ex(1 + p + · · · + p1c- 1) + m0) accor
ding to (7. 1) 

ex - (p -1) (m0 + 1) 
pi-1 

ex - (p -1) (m0 + 1) 
pj-1 

pe 
pi-1' 

pe' 
pj-1 

where Os e, e' < 1. Because 0 < (pi-1)-1(ex- (p-1) (m0 + 1) + pe) < p"' by 
hypothesis, we have that (pi -1)-1(eg-d;) ~ (pj-1}-1(ex -d1). (Both these num
bers are integers because (F, K 00 / K) is nice.) Therefore 

pe" 
c0 ,.(k-1) < c0 ,.(k-1) + . 1 < c0i(k-1) + 1 

. - ' pJ-

because (pi -1)-1 ( ex - (p -1) (m0 + 1) > (pj -1)-1(ex -(p -1) (mo+ 1)). 

7. 6. Lemma. Let (F, K 00/K) be a nice pair and suppose that e1 -m0 ~ 2, 
t=-(e1 -m0)p1 modpl+u, fElNv{0}, (e 1 -m0)<pu, k>f+g and tk/k(t)=r. 
Then c;i(k) < t for i > j, where j = p' if r > 0, j = 0 if r = -1, except possibly in the 
case f = 0, r = - 1, i = 1. · 

Proof. Because tk/k(t) = r we have in any cas~ c;~(k)::;; ~ (cf. (7. 3)). Suppo~e that 
r > 0, then c;1(k) = 0 modp"'- 1 because (F, K 00/K) 1s mce. This makes c;;(k) = t impos
sible. Now let r = - 1 then we have 

(pi -1)-1(ex - (p -1) (m0 + 1) + p) < (e1 - mo)P1 

if either f > 0 or i > 1, which makes C;0 (k) = t impossible (cf. (7. 1. 3)). 
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7. 7. Lemma. Let (F, K 00 /K) be a nice pair, t E lN, ts+i;.,+ 1(t) = -1, and 
eKps ~ 2(e1 - m0) > 4. Then 

0'8+ l/s (t) > c0,i (s) + 1 for all i = 1, 2, ... , ph- 1• 

Proof. Let 

c0;(s) = (pi-1)- 1 (eK-di)p 8 -(pi-1t 1 (ex-(p-1) (m0 + 1)) 
sp 

pi-1 

then 

Co,(S + 1) = (pi- 1)-1 (eK - di)ps+l - (pi -1r 1 (eK - (p -1) (mo+ 1))- p ;:._ 1 

with the same s ( cf. (7. 1. 1)). Because t8+ 1;s+l (t) = -1 we have that t > c0i(s + 1). 
It follows that 

> [ (ms+l + 1) (p - 1) + t ]- ( ) _ 1 0'8+1;8 (t)-c0i(s)-1 = P C0; s 

> ms+1(p-1) +_!__-c .(s)-1 
_ p p Oi 

ps+1ex P -1 
> --- --(e1 - mo) 
- p p 

(eK-di)ps+ 1 (p-1)(e1-m0) s 
+ p (pi - 1) - p (pi - 1) - pi - 1 

_ (ex-di)p" + (p-1)(e1 -m0) _ p-1 + sp _ 1 
pi-1 pi-1 pi-1 pi-1 

p - 1 (e - m ) - (p - 1) (e1 - mo) 
=p•eK p 1 0 p(pi-1) 

+ (p -1) (e 1 - m0 ) + (ps + 1-p) (p -1) _ 1 
pi - 1 p (pi - 1) 

>p 5ex-p p 1 (e1-m0)-22:p 5 ex-(e1 -m0)-2 

?: p•ex-2 (e1 -m0) > 0. 

7. 8. Corollary. Let (F, K 00 /K) be a nice pair, t E lN, t,+ 1;,+ 1 (t) = -1, and 
eKp• 2:: 2 (e1 - m0) > 4. Then 

a;;s+1 ( O's+1;.(t)) > O'~/s-iC 0'8+11,(t)) for all i = 1, 2, .... 

This follows directly from Lemma 7. 7 above, and the definition of the a\ because 

· · · h o ( ') < o ·( ) + 1 . t' - 1 1f t 1s an mteger t en a,1,_1 t + t = a,1,_1 t + p 

8. The main proposition 

The proposition below is our main tool in the proof of Theorem 3. 1. The proof is 
rather lengthy and involved but not difficult. 

8. 1. Proposition. Let ( F, K 00 / K) be a nice pair such that e1 - m0 > p, e K > ( e1 - m 0). 

Let t be an integer of the form Xb;o (t'), b E lN, b < n such that 

(8. 1. 1) Z,.(t) = b, 

(8. 1. 2) t 2: ph+ 1 (e 1 - m 0 ) + p7•+ 1 (e1 - m0 + 2) 
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where r0 is the smallest natural number such that pr, > (e1 - m 0 ), and 

(8. 1. 3) 

(8. 1. 4) 

Then we ha<;e 

Pb > P (e1 - mo) (ph + 3), 

pb-r, > 2 (e1 - m 0 + 1). 

(i) C1n1o(t) = 'n10 (t), F-NormnlO maps F 1(Kn) into FTnio(O(K). 

(ii) F-Normifb maps FanliCt\Ki) into Fdnlb<t> (Kb) for all b < i < n. 

(iii) F-Normilo maps Fdnli(tl (KJ into FTn;o(t)+l (K) for all 1 < i < n. 

233 

(iv) The induced map Ft(Kn) ➔ FTnioCt\K)/FTnfo(t>+l(K) is surjecti()e if the residue 
field of K is algebraically closed. · 

Proof. To prove (i) we must show that Az,.(t)io('nllnCo(t)) = anfo(t) (because 
lnlk (t) = - 1 if k :':S Zn (t); cf. the definitions of -rn/k and anlk). Now 

inlln(t/t) = 'nlb(t) > t 

and by (6. 3. 4), 'nib (t) == t mod pb. Because t is of the form XblO (s) it follows that -rnfb (t) 
is also in the image of XbJo. And we have therefore 

(8. 1. 5) 

Now an/b(t) < -rn/b(t) < anlb(t) + (e1 - m 0) by (6. 2. 5) and (e1 - m 0) < pb by condi
tion (8. 1. 3). This proves the first part of (i), the second part follows immediately ( cf. 
(5. 1. 5)). 

To prove (ii) we use induction on i. Let k = kn (t) = largest integer for which 
tnlb (t) = - 1. Let i ~ k. Then we have 

(8.1.6) vb(Tr;1b(x))?rn1k(t)+1 if vi(x)?-rilb(t)+(pi-b_1)(e1-m0)+1. 

This will be proved in (8. 4) below. This proves (ii) for i < k because -rnlb (t) + 1 = dnlb (t), 
and dn/i(t) = pi-b(e1 - m0) + 'n/i(t) (cxn/i(t) = i - b because ln(t) =band lnli(t) = -1). 

Now let i > k + 1 = kn(t) + 1. Let t' be the smallest actual level i-change point 
(cf. 7) such that t' > 'nli (t). There are three possibilities 

1) t' - -r,.1;(t) > (e1 - m 0)p''nti<t). 

2) t' - inr;(t) = (e 1 - m0)p''n/i(t). 

3) t' - -rn1;(t) < (e1 - mo)p'"nli(t). 

In the first case as anfi(t) = -rn/i(t) we have t;1;(dn1;(t)) = t;1/tn1;(t)) = r > 0 and hence 
by the definition of dn/k and -rn/k 

at:-1 ( dnli (t)) = pi-I dpr + pr ( -,;n/i (t) + p"'nJ;(t) (e1 - mo)) 

= '(n/i-1 (t) + p°'nli-1(t) (el - mo) = dn/i-1 (t) 

which implies 

which proves the induction step in this case. · 

Journal fiir Mathematik, Band 2681260 30 
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In case 2) we have that d,.1;(t) = t', let t' = cpr;(i), j < p'. Then t;1;(d,.,;(t)) < r 
and a;1;_1(d,.1i(t)) = a{/i_1(d,.1;(t)). But because d,.1;(t) = t' = Cpri we have that 

a{,;-1 ( d,.,; ( t)) = <1ff.-1 ( dnfi ( t)) 

and the same calculation as above proves the induction step also in this case. 

Now suppose that case 3) applies. Because (F, K 00/K) is a nice pair we have that 
(p -1) I ex and as t is of the form XbJo(t") for some t" we have according to 8. 3, 
t = - (e1 - m0) modpb. It follows that 

(8. 1. 7) 

(cf. (6. 3. 5)). Let t111;(t) = r > 0, then t' must be a cpr,(i) withs< pr because t' is the 
next largest actual change point. Now if s > 0 then 

(8. 1. 8) Cpr,(i) = 0 modi- 1 

because (F, K 00 / K) is nice. Furthermore ix111;(t) < i - b ( cf. (6. 3. 5)) so that 

c:,,r,(i) = 0 modpb+"'nJi<t>; 

further (e1 - m0) < pb ( condition (8. 1. 3)). It follows that case 3) can only occur if t' is 
the actual change point t' = Cpro(i). We then have (cf. (7. 1. 3) and (7. 1. 4)) 

( ) "'nfi(t) + p'(ex - dpr) p -1 ( l) pe 
- e1 - mo P p•+I -1 - (y+1 -1) e1 - mo- - pr+1 _ 1 , 

·() < pi(ex-dpr) p-1 ( _ _ 1 _ pe _ ') 
< -c,.,, t = p•+I - 1 p•+l - 1 el mo ) pr+1 - 1 - Cpro(i 

where O ~ e < 1 if r > 0 and O ~ e < p -1 if r = 0. Note also that -c,.1;(t) = Cpro(i) 
is impossible because then i 111;(t) = -1 which contradicts i > k + 1. The number 
(pr+l -1t 1 (ex - dpr) is an integer because (F, Koo/K) is nice, pi = 0 mod/+"n/i(!) 
and (pr+ 1 - 1)-1 (p - 1) (e1 - m0 - 1) > 0. Now 

( ) "n1;(t) > ( ) > P - 1 p e 
e1-mop = e1-mo = pr+I-1 (e1-mo-1)+ pr+1-1' 

because of (8. 1. 7) it follows that case 3) can only occur if 

(8. 1. 9) 

Suppose first that i = k + 1. This gives us 

(t) _ r+i. eg-dpr r "nfi(t)( i-1 
•n/i-1 - p p•+I -1 - pp el - mo)+ dprP . 

Further d111;(t) = •n1;(t) + p"nt;<t> (e1 - m0) > Cpr0(i) and Cpro(i) is an actual change point 
so that 

ai/i-1 (dn/i(t)) = ai/i-I ( d111;(t)) = [p-1 ( (m; + 1) (p -1) + pi • ;:+-;-~)] 
> (pi-1)ex+(p-1)m0 + H. ex-dpr 
- p p p•+l_ 1 

The difference a;1;_1 (d111;(t))--r111;+i(t) is larger than or equal to 

p' · p°'n1.<t> (e1 - mo) - p -1 (e1 - mo) 
p 
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because 

Further 

p' · l'n/i<t) (e1 - mo) - (e1 - mo) > (p"'·n/H _ 1) (e1 - mo) + 1 

because 1Xn/i-I (t) = IXnfi(t) + r and (e1 - m0) > p. And according to (8. 1. 6) we have 
that 

Normk/b(Ft" (K1c)) c p-rn;b<tJ+1 (Kb) 

if t" > •nfk(t) + (p"n/k(t) _ 1) (e1 - m0) + 1, because t1c;1cU") = -1. This proves (ii) 
fork= i + 1. 

Finally if i > k + 1 then case 2) cannot occur. For suppose that 

(8. 1. 10) ( ) - ) - i e K - dpr "n/i(t) 
ln/i t - r, Tn/i(t - p pr+l -1 - p (el - mo). 

All (j1 , j 2)-level i-change points are = 0 mod pi-I if j 1 , j 2 > 1. There are therefore be-

( ") i eK - dpr h . f ( ") . . > 1 b ( ) d cause cpro i < p pr+i _ 1 no c ange pomts o type ci,,i, i , Ji, }2 = etween •n/i t an 

Cpro(i). It follows that (cf. 7. 4) 

(8. 1. 11) 

Using Lemma 7. 5 we find 

(8. 1. 12) 0 < j < p'. 

Now suppose we can show that 

(8. 1. 13) O'n/i-1 (t) > Co,pr(i - 1) + 1. 

We know that tn;;(t) = r, therefore tn/i-I (t) < r, and (8. 1. 12), (8. 1. 13) then imply 
tnfi-l = - 1, (cf. Lemma's 6. 1 and 7. 3). This is a contradiction because i > k + 1 
and k is the largest index such that ln;1c(t) = -1. 

It remains to prove (8. 1. 13), this calculation is done below in 8. 5. This proves (ii). 

(iii) follows from (ii) because -cn/b (t) is of the form Xb/O (s'), tn/i(t) = - 1 for i < b 
and dn/i (t) = -,;n/i (t) + 1 for i < b. 

To prove (iv) we distinguish two cases A) 1Xn;1c(t) > 0, B) 1Xn/1c(t) = 0 where k = kn(t) 
as before. First suppose that IXn/k(t) >0. We shall show that if tn/•(t) = r then 

(8. 1. 14) 

(8. 1. 15) 

1 < s < n, i > pr, 

Let j = 0 if r = - 1, j = pr if r > 0. First suppose that s > k, then either an/s (t) > 0 
or tn;,(t) > 0 (or both), otherwise we would have IXn/k(t) = 0 by (5. 1. 8) and Lemma 6. 1. 

N ( ) ( ) "n/s(t) d "'n/.<t)+b 2 < b-1 (t) + b 1 OW Tn/s t = e1 - mo p mo p , = el - mo < p , ()(,n/s - < S 

( cf. (6. 3. 5)). We can therefore apply Lemma 7. 6 (with g = b-1, f = a,,18 (t)) to con
clude 

(8. 1. 16) s 2: k, i >j. 
30* 
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If b < s < k we can apply Lemma 7. 7 (with o-nfs+i (t) for t) to conclude 

(8. 1. 17) i > 0, b < s < k. 

It follows that for b < s ~ n 

(8. 1. 18) j < i < ph- 1 ; b < s < n. 

eK - (p -1) (m0 + 1) + pe; 
< pi-1 pi-1 

l 
O"n/s(t) 

l > ps-1 
< (e1 - mo) 

•njs (t) 

+= 
} - I - ) •• ,.<,, - e1 mo p 

= 0 modps-l 

( e; < 1 if i > 1; el< p-; 1 if i = 1; cf. (7. 1)) 

This is most easily seen by looking at the picture drawn above. Use s > b + ocn/s (t), 
ocnfs (t) > 0 and condition (8. 1. 3) of the proposition. That the relative position of •nts (t), 
crn/s(t) and cii(s) with respect to points = 0 modp"- 1 is as indicated, follows from the 
following facts: 

C;i(s) < O"n/s(t) < •nts(t) (8. 1. 16), (8. 1. 17) C;i(s) = 0 modp'- 1 if i > j > 0 

() - eK-(p-1)(m0 +1) ep modps-1 
ciO s = - . 1 - . 1 pi- pi-

where O < e < 1, if O < i < ph-l (cf. 7. 1) and ex - (p -1) (m0 + 1) > 0. 

Finally for b < s < n we have 

( _ ) °'nfs > ( _ ) > eK - (p -1) (m0 + 1)_ + pe; 
e1 mop = e1 mo = p i-1 pi - 1 

which in view of (8. 1. 16) shows that the picture represents things correctly and thus 
establishes (8. 1. 18). It is now a matter of some straightforward calculations to prove 
(8. 1. 14) for b < s :S n. This is done in 8. 6 below. 

Now let s < b; let r 0 be the smallest natural number such that p'' > (e1 - m0 ). 

Note that r0 < b because of (8. 1. 4). Because ocnfkn<t> > 0 we know that b < k = kn(t). 
It follows that 

(8. 1. 19) 
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Using (8. 1. 19) one checks directly that (8. 1. 14) holds for b ~ s > b - r0 • Cf. 8. 8. 

Now suppose that 1 -::;; s < b - r 0. Because 'nfb(t) is of the form Xb;o (b') for some b' 
(cf. the proof of (i) above), we have that 

(8. 1. 20) 

It follows from this that (because an;.,(t) > rn;s(t)-(e1 -m0 ) and pr,> (e1 -m0)) 

(8. 1. 21) 

To prove (8. 1. 14) for s ;£ b - r0 it therefore suffices to show that 

(8. 1. 22) 

and this follows from 7. 8 because s > 1, ex> (e1 - m0), (e1 - m0) > p. 

We have now proved (8. 1. 14) for all 1 ;£ s < n, in the case {X,n/kn(t) > 0. As to 
(8. 1. 15) we remark that 

(8. 1. 23) 

Using this it is not difficult to prove (8. 1.15) for s ~ b. Cf. 8. 9 below. To prove (8. 1. 15) 
for b > s > b-r0 , where r0 is again the smallest natural number such that pr,~ (e1 -m0), 

we use the fact that 

(8. 1. 24) 

which follows from tb;b(an;b(t)) = -1. Cf. (8. 1.19). To check that (8. 1. 15) holds for 
n > s > b - r0 is now straightforward. Cf. 8. 10 below. 

Finally for s < b - r 0 we have that 'n;s(t) = an;8 (t) (cf. (8. 1. 21) above); more
over 'n;,(t) is of the form Xn;s(t') for these s. So that 

(8. 1. 25) 

and this proves (8. 1. 15) for s < b - r0 • We have now proved (8. 1. 15) for all 1 < s < n. 
Note that the hypothesis an/kn(tl > 0 has not been used in the proof of (8. 1. 15 ). 

We are now in a position to prove statement (iv) of the proposition in case A; 
i. e. in case an/kn(t) > 0. 

Let :n: be a uniformizing element of K; and let :n:5 , s = 1, 2, ... , n be uniformizing 
elements of K 8 , s = 1, ... , n, chosen such that N.18_ 1 (:n:8 ) = :n:8_ 1 , N 110 (:n:1) = :n:. Let 
x E Ag; it follows from (8.1. 14) and (8. 1. 15) that for s 2:: kn(t) = k 

(8. 1. 26) 

where 

(8. 1. 27) 

1 d I (l) Norm (x:nt) = b xus + b Xu,- + ' ' ' + b X + b mod:n: n S n/s n u8 u8-1 1 0 s 

bu,= Z8 :n:;(•l, t(s) = p"'nfs(t)t, Z8 E AK, 1!8 (bu.) = 'n;,(t) = an/s(t), 

V8 (b'i) ~ an1,(t), i = 0, 1, ... , U8 -1, U8 _ p"n+ 1 + ... + /•+1+1 

if ln/j = r i, j = n, ... , S + 1. 

This can e. g. be seen as follows. One uses induction. Suppose (8. 1. 26), (8. 1. 27) have 

been proved for s + 1. Because 'n/•+1 (t) = anfs+i (t) > p"nfs+i(t) (e1 - m0) we also have 

N ( t ) - b u•+ 1 + + b + b d dnf•+ l (t) ormnfs+l X:nn = u,+1 X F . . . 1X Omo :n:s+l . 
F F 
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and hence 

Normn,,(xn~) == Norm,+11,(bus+lXu8+ 1) + ... + Norm,+11,(bo) modn~n/s<t>. 

Now let tnfs+i (t) = r,+1, then we have using (8. 1. 14), (8. 1. 15) 

N Cb us+l) - b Us+ ... + b' + b' d dnjs(t) Orffis+l/s uv+l X = u,X 1X Omo 71:8 

with v,(b;) > CJ'n/s(t), and for i = 0, 1, ... , u,+ 1 -1 

N (b i) - b" i'+ ... + b" + b" d dn/s<t) orm,+ 11, ix = i' x O x O mo n, 

where i' :;;; prs+1+1 + i < u, and v,(b;') > <J'n/s(t). This proves the induction step. 

For s < k = kn(t) one sees from (8. 1. 14) and (8. 1. 15) that 

(8. 1. 28) 

We now use the trace lemma of Section 4 above to keep track of what happens to 
the "leading coefficient" of (8. 1. 26). We have 

(8. 1. 29) 

if V (z 'JT,t(s)) = T t(s) = p"'nfit)t t(s -1) = p-1t(s) = p"n/s-i<t> z EA 
s s s n/81 1 , s K • 

This follows directly from proposition 4. 1 and condition (8. 1. 3). Cf. 8. 11 below. 

From (8. 1. 26), (8. 1. 27), (8. 1. 28), (8. 1. 29) and (5. 1. 5) we obtain for b < s < k 

(8. 1. 30) 

where U = U = p'n+I + • · · + p'k+i+l b = Z 'JT,t(s) t(s) = p!Y.njs(t)t V (b ) = T (t) le , u s s , , s u n/s , 

v,(bi) > CJ'nf,(t), i = 0, 1, ... , u -1, b < s < k. In particular we have that 

(8. 1. 31) 

u = uk, Cu= zbnt<b>, t(b) = t, vb(cu) = "nfb(t), vb(c;) > CJ'n1dt), i = 0, 1, ... , u -1. 

Now "nib (t) is of the form XbJo (t') for some t'; further 

vb(ci) > <1n/b(t) > -cn/b(t) - (e1 - m0) >-cn/b(t) - p\ i = 0, 1, ... , u -1. 

It follows that 

(8. 1. 32) 
Vo(Trb/o(cu)) = Ab/o("n/b(t)) = -Cn/o(t) = O'n/o(t), 

vo(Trb/o(ci)) > Ab/o(-cn/b(t)) = -,;n/o(t) = <1n1o(t), i = 0, 1, ... , u-1. 

Putting (8. 1. 31), (8. 1. 28) and (8. 1. 32) together yields 

Norm (xnt) = c' xu + · · · + c' x + c' modndn1o<t) n/0 n - u 1 0 , 
(8. 1. 33) 

V 0 (c~) = CJ'n/o(t), v0 (t;) > an1o(t), i = 0, 1, ... , U -1 

and this proves statement (iv) of the proposition in the case that rxnfkn<tJ > 0. 
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Now suppose that we are in case B; i. e. rxn/k(t) = 0 where k = kn (t). Then 
t,.1,(t)=Ofors=n, ... ,k+1;tn/s(t)=-1fors=k,k-1, ... ,2,1;b=k. Itis 
not difficult to check that the proof given for (8. 1. 14) in case A for n > s > k also 
works in case B provided s > k. (The hypothesis cxn/k (t) > 0 is used twice: to establish 
(8. 1. 16) in case s = k and to establish (8. 1. 19) in case s = b.) The arguments used to 
prove (8. 1. 14) for s < bin case A also remain valid, except in the cases= b (cf. 8. 1. 19). 
In the cases = b = k we have instead of (8. 1. 16) (cf. Lemma 7. 6 exceptional case) 

(8. 1. 34) •ntb(t) = O'n/b(t) > C;0 (b), i > 1; •ntb(t) = O'n/b(t) > C10(b). 

There are therefore two possibilities in case B. 

B 1• •ntb(t) > c10 (b) in which case (8. 1. 14) also holds for s = k = b ( cf. (8. 12) ). 

B 2. •ntb(t) = c10 (b) in which case (8. 1. 14) fails to hold for s = k = b. 

Formula (8. 1. 15) has been proved above without any hypothesis on cxnfk(t). We are now 
in a position to prove (iv) also in case B. Exactly as above one shows that 

N ( t ) - b u + .. , + b + b d dnfk(t) ormn/k x:nn = .. x 1 x O mo :nk 
(8. 1. 35) 

V1c(bu) = •n;k(t) = <ln;k(t); v(b;) > <ln;k(t), 

i = 0, 1, ... , u -1, u = (n - k)p. 

Applying Normk/k-i to this we find 

(8. 1. 36) 

where u' = up in case B2, and then V,1;_ 1(c.,.) = rn/k-1(t) = an/k-i(t) because cxn1,.,(t) = 0 
and rn/k(t) = c10 (k); or u' = u in case B1 and then vk_ 1 (c.,.) = •n;1.;-1 (t) = an/k-l because 
"nfk (t) is of the form Xkto (t') for some t'. Also in both cases V,1;_ 1 (c;) > an/k-I (t). Using 
(8. 1. 36) instead of (8. 1. 31) one obtains in the same way as in case A that 

(8. 1. 37) 

v0(c~.) = rn/o(t) = a,,10 (t); v0 (cD > -r:,,,10 (t) = a,,,10 (t), i = 0, 1, ... , u' -1 

which proves statement (iv) of the proposition in case B. 

8. 2. Lemma. Let (F, K 00 /K) be a nice pair, let cx,,,1;(t) = i-b, i >b and 
t,,,1;(t) = -1, Then 

Xi/b("nfb(t)) = (pi-b -1) (e1 - mo)+ "nfi(t). 

(Note that Xi/b(•nfb(t)) is defined, because ).,ifb("nfi(t)) > "nfb(t), from which we also 
see that Xii•ntb(t)) > -r:,,,1;(t)). 

Proof. According to Lemma 8. 3 below we have 
i-b 1 

Xi/b( rn/b(t)) = (-r:n/b(t) - pbex(i- b) - mo) Pi-b + mo + exp p ~. 

and because t,,1; (t) = -1 and cx,,1;(t) = i - b we have that 

•nti(t) = pi-b"nfb(t) - (i- b)pieK 

(by the definition of the functions "nfk). q. e. d. 
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8. 3. Lemma. Let (F, K 00 / K) be a nice pair. If the function XiJo, i > b is defined 
for a certain s, then 

. ) ( b ( . b) ) i- b + + p i-b - 1 XiJo(s = s-p eg i- -m0 p m0 eK p-i 

(and XiJb(s) is defined for alls for which this expression is positiPe). 

Proof. For calculations like this the following fact is useful. If a1 , a2 , ••• , ar is 
a series of integers, t E IR and we define 

t = [ a1 + t] t = [ a, + tr-l] 
1 p , · · ·, r p , 

t' = ar + t 
r p ' 

The lemma follows from this. 

8. 4. Proof of (8. 1. 6). Because vi(x) > (pli-b) -1) (e1 - m 0) + 1 and Lemma 8. 2 
we have that vi(x) > X;10 (-i-n/b(t)) + 1 which implies Ji.i/o( v.;(x)) > •nJo(t) + 1 = dn10 (t) 
which implies (8. 1. 6) because ,.,,1;(t) = - 1, 'n/i-l (t) = - 1, ... , i.,,10+1 (t) = - 1. 

8. 5. Proof of (8. 1. 13). We have 

- 0 ) - i e K - dpr - '"nfi(!) 
t.,,1;(t) - r > , -r.,,1i(t - p p•+I _ 1 p (e1 - m0) 

and we must show that O'n/i-i(t) > cpro(i-1) + 1. First, suppose that O < r < h-1, 
then dpr > 1 and we find 

<1.,,/i-l (t) - Cpro (i - 1) - 1 = •n/i-l (t) - Cpro (i -1) -1 

> i+r eg - dpr r °'nji(!) ( ) 
= p p•+I - 1 - p p e1 - mo 

+ d i-l _ i-l ex - dpr + ex - (p -1) (m0 + 1) _ 1 > O 
pr P P p•+ 1 _ 1 p•+ 1 _ 1 = 

because pi-I> p'+"'nJ;<t) (e1 - m0) as r + /X.n/i(t) = /X.n/i-l (t) < i-1-b and pb > e1 -m0 
and 

r+i ex - dpr i-i ex - dpr 
p pr+l-1 -p pr+l-1 

(because (p'+ 1 -1)-1 (ex - dpr) is an integer > 0). 
Now let r = h -1, then dpr = 0 and we find 

(1 . (t) - C (i- 1) -1 > pi+h-1 ex -ph-lp"'n/i(t) 
n/i-1 pro - ph _ 1 

> p(ph - 1)pi-1 ph ~ 1 

because pb > e1 - m0 and /X.n/i-l (t) < i - 1 - b. 
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8. 6. Proof of . (8. 1. 14) in the case tXn/kn(tJ > 0, n ~ s > ln(t) = b. Let 
n > s > ln(t) = b. First suppose that r = tn18 (t) ~ 0, let j = p', and i > j then 

a!/s-1 ( O'n/s (t)) - o-!ts-1 ( C;;(s)) = i( an/• (t) - c1;(s)), 

ats-1(anf,(t))- a!1s-1(c1;(s)) = p'(an/s(t)- Cj;(s)), 

and a!1,_1(0-1118 (t)) = o-n/s-1(t), d,1,_1(c1,(s)) = a!1,_1 (c;;(s)). 

It follows that 

a!1s-1 ( O"n/s(t))- O"n/B-1 (t) = (i- p') (-o-n/s(t) - C;i(s)). 

Using (8. 1. 18) and (6. 2. 5) we see that for i > j 

a!,,-1 ( ants (t))- •n1s-1 (t)) > (i - p') (e1 - m0) (ph + 1)p"nts<t> - (e1 - m0) 

> (ph + 1)p"'n18't\e1 - mo) - (e1 - mo) 

> /+"'nt.Ct) (e1 - mo) 2 p"'n/s-1<t) (e1 - mo) 

which proves (8. 1. 14) for the case r > 0, p' < i < ph- 1, b < s ~ n. 

Now let r = tn/s(t) = -1, then for i > 1 

a!1,_1 ( an1,(t))- a!1,_1 ( ciO(s)) = i( a111,(t) - C;0(s)) 

and 

o ( (t))- 0 ( (s))=[(ms+1)(p-1)+ants(t)j'-[(m8 +1)(p-1)+cw(s)lj 
a,fs-1 an/s O"sfs-1 CiO p p 

< (ms+ 1)(p-1) + O'n/s(t) _ (ms+ i)(p-1) + C;0 (s) + 1 
- p p 

=p-1(0-n/s(t)-cw(s))+ 1. 

It follows that a!1,_1 ( 0-1118 (t))- an/s-l (t) > (i- p- 1) ( a1118 (t) - Cw(s))-1 and hence 

o-!1,-1 ( O'n/s(t))- •nfs-1 (t) > (1 - P-1) (ph + 1) (e1 - mo)p"'nJs<tl _ 1 - (e1 - mo) 

= (p -1) (ph + 1) (e1 -mo)p"'nfs-1<tJ _ 1 _ (e1 - mo) 

= ((p -1) (ph + 1)p"'n/s-1<tJ _ 1) (e1 -mo) -1 

> php"'nfs-1(t)(e1 - mo)-1 2 Pixn/s-1<t>(e1 - mo) 

which proves (8. 1. 14) for the case r = - 1, 1 ~ i < ph- 1, b < s ~ n. 

It remains to prove (8. 1. 14) for b < s < n, i > ph-1• We have (cf. 8. 7 below) 

(8. 6. 1) 

For i > ph-l we have 

a!/s-1 (anf,(t))- •nts-1 (t) > a!1,-1 ( O'nf• (t))- O'n/s-1 (t) - (e1 - mo) 

> a!,,-i ( an/s (t))- af1!=~ ( a,.,s(t))-(e1 -mo) 

> (i - ph-1)a,.1,(t) - (e1 - mo) > anf•(t) - (e1 - mo) 

> p°'nfs(t)t - (el - mo) > p"'n/s-1(t) (el - mo) 

Journal filr Mathematik. Band 268/269 
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because t > (ph + 1) (e1 - m0), according to condition (8. 1. 2). This concludes the proof 
of (8. 1. 14) in case 1Xn/kn(t) > 0, n > s > ln(t) = b. 

8. 7. Lemma. If b < s < n, b = ln(t) > 0, then O'n/s(t) > p"'nisCt>t. 

Proof. This is obvious ifs> k,.(t). Using O'~/s-i (t') > a~18_1 (t) if t' > t, it therefore 
remains to show that 0'~1,_1 (pt') > t' which follows from the definition of O'~/s-i. 

8. 8. Proof of (8. 1. 14) in the case °'nr1c,µi > 0, b > s > b - r0 • If i is not a 
multiple of ph- I we have 

O'!/s-1 ( O'n/s(t)) - "n/s-1 (t) > O'!/s-1 ( O'n/s(t))- O'n/s-I (t) - (el - mo) 

> 0'!1s-1(0'n/s(t))- O'~/s-1(0',.,,(t))- (e1 - mo)· 

And because 0',.18 (t) > eKp 8 - (e1 - m0) this is larger than or equal to ( cf. (8. 8. 1) below) 

a!1,-1 ( exP 8 - (e1 - mo))- <1~/s-1 (eKP 8 - (e1 - mo))- (e1 - mo) 

> egp 8 -(e1 -m0 ) + p 8- 1 -p-1 (eKp 8 - (e1 -m0) + (p-1)(m8 + 1))- (e1 -m0) 

> eKps- (e1 - mo)+ ps-1 

- p- 1(eKp 8 -(e1 - m0) + p 8ex - eK + (p-1)m0 + (p -1))- (e1 - m0 ) 

> s-l ( ) + -1 ( ) + -1 . -1 ( 1) p - 1 ( ) =p - e1-m0 p e1-m0 p eK-P p- m0 - p - e1 -m0 

= p 8- 1- (e1 - m0) - p-; 1 > Pb_,,., - (e1 - m0 + 1) > 1 = dn/s-I (t) - "nl•-I (t) 

because of conditions (8. 1. 4) and (e1 - m0) > p. 

If i is a multiple of ph- 1 we have as above 

0'!1s-1 ( O'n/s (t))- "nfs-1 (t) > 0'!1s-1 ( egp 8 - (e1 - mo)) 

- O'~Js-1(eKp'- (e1 - mo))- (e1 - mo) 

which is larger than or equal to 

ph- 1 (egp 8 - (e1 - m0))-2eKps-l - (e1 - m0) 

> ph- 1(exp 8 - (e1 - m0))- eKp 8 - (e1 - m0) 

= (ph- 1 -1) ( eKp 8 - (e1 - m0))- 2 (e1 - mo) 

> egp 8 -3(e1 - m0) > pb-r,+i - 3(e1 - m0) > 1 

because of (8. 1. 4). Note that we have used 

(8. 8. 1) 

This is obvious from the definitions of a!18_1, ~Ja-1 if j > 1. If j = 0 to prove (8. 8. 1) 
one uses 

0 0 t' -t-1 
a,18_1 (t') < a,18_1 (t) + 1 + ---- , 

. p 

a!ts-I (t') = O'!/s-l (t) + i(t' - t) (i > 0). 

8. 9. Proof of (8. 1. 15) for n > s > b = l,.(t). Ifs> b then ( cf. Lemma (8. 7)) 

(8. 9. 1) 
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Using (8. 1. 23) and (8. 1. 2) we see from this that 

O'~/s-1 (2 O'n/s (t) )- Tnfs-1 (t) > O'~/s-1 (2an/s(t) )- 0'8/,-l ( an/• (t))- (e1 - m0) 

> a~,,-1(2an/s(t))- <J'~/s-i(an/s(t))- (e1 - mo) 

> p-lp"'nfs(t) t- (el - mo) -1 

> p-1p"'nfs<t)ph+1(e1-mo) + p-1p"nfs(t)p(e1-mo+2)-(e1-mo)-1 

> p . PCXnfs-1(t) (el - mo) 2: p°'nfs<t) (el - mo), 

243 

8. 10. Proof of (8. 1. 15) for b > s > b - r0 • Using (8. 1. 23), (8. 1. 24), (8. 1. 4) 
we see that 

O'~/B-1 (2 O'n/s (t)j - Tn/s-1 (t) > O'~/s-1 (2an/s (t))- a~fs-1 ( <J'n1,(t) )- (e1 - mo) 

> p-1anf,(t) -1- (e1 - m0) > p- 1(e.Kp• - (e1 - m0})-1 - (e1 - m0} 

> s-1 el - mo 1 ( b =eKp ___ p ___ - e1 -m0)>e.Kp-'0 -2(e1 -m0)-1~1 

= dn/s-1 (t) - •nfs-1 (t}. 

8. 11. Proof of (8. 1. 29). Because b < s ~ k = kn(t) we have cxn1,(t) > 0 so that 
t(s) is a multiple of p. We can therefore apply proposition (4. 1) to obtain (using that 
z, E Ak) 

Tr (z :n1<•)) = pz np-'t(s) modz n2',+P-'t(s>+ 1 
s/s-1 s s s s-1 s s-1 

where r, = p- 1 [(m, + 1) (p - 1) + 1]. It therefore only remains to show that 

v,-1(z,) + 2r, + r 1t(s) + 1 > d,,.1,-1(t). 

Now v,(z,) + t(s) = •njs(t), so that v,_1(z,) + r 1t(s) = Tn1,-1(t)- p•-IeK which means 
that we must show 

2r, + 1-p•-leK >-p°'nf,-1(t\e1 - mo)-

Because cxn1,_1 (t) = s -1 - b we have 

2r, + 1 - p•- 1eK > 2p'- 1ex - 2(p; 1) (e1 -m0) + ! + 1-p'- 1 eK 

~ p•-lex-2(e1 -mo)> p°'nfs-1(t)(l-2(e1 -mo)) 

> PCXnfs-1<t) (e - m ) = 1 0 

because pb > 3 (e1 - m0) according to condition (8. 1. 3). 

8. 12. Proof of (8. 1. 14) for s = kn(t) = b in case Br Because (8. 1. 16) holds in 

case B1 we have (8. 1. 18) 

•ni,(t) > c0i(s) + (ph + 1) (e1 - m0). 

Further because we are in case B, an1,(t} = Tn1,(t) for alls. As in 8. 6 we now see that 

a~Js-1 ( 0-n/s (t) )- O'n/s-1 (t) > (i - P-1) ( O'n/s (t) - Coi(s) )- 1 
1 

> (1- p-1) (ph + 1) (e1 - m0) -1 > 2 · (2 + 1) · 2 -1 > 1, 

which proves (8. 1. 14) in this case because dnfs-I (t) = •nfs-1 (t) + 1 = a,,.,,-1 (t) + 1 (the 
h h · h-1) case i > p - 1 follows from t e case i = p • 

31* 
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9. Calculation of an10 (t), 't'n/o(t) and ln(t) 

In this section we shall assume that K 00 / K is an extension such that 

9. 1. Lemma. If tn/8(t) < h -1, then tn/s-c-i (t) = -1, where c is the smallest 
integer such that pc > e K. 

Proof. If tn1,(t) = -1 then tn/u(t) = -1 for all u < s. (Cf. Lemma 6. 1.) Now 
suppose -1 < tn1,(t) < h-1 and let j = p'nJs<t). Then 

'l'n/s-l(t) = C1n/s-1(t) = ~/s-1(0-n/s(t)) > p•-l 

because d1 > 0 as 1 < j < ph- 1• Let u be the largest integer such that tn/u(t) = -1. 
Suppose that u < s - c - 1, then 

However (cf. (7. 1. 3)), for i = 1, 2, ... , ph- 1 

(e d) u+1 
P s-1 > C _ ( U + 1) = K ---: i p 

o, pi-1 
ex - (p -1) (m0 + 1) 

pi-1 
pe 

pi-1' 

because s -1 > u + c. This shows that iu+i/u+i (t') = tnJu+i (t) = - 1 contradicting 
our assumption that u < s - c - 1. Therefore u > s - c - 1. q. e. d. 

Let in(t) be the number of indices< n such that tn1,(t) = h-1 (cf. (5.1. 13)). 

9. 2. Lemma. For efJery integer b > 0 there is a constant t0(b) independent of n such 
that t > t0 ➔ in(t) < h- 1 (n - b). 

Proof. jn(t) > S # ln/n(t) = h-1 = · · · = ln/n-,(t) = h-1 # ln/n-s(t) = h-1. 
Hence if in(t) >s then an/n-,(t) =ps<h-llt, and tn/n--8(t) = h-1 then means 

i = 0, 1, 2, ... 1 ph-l - 1, 

and this implies in particular 

Ps(h-1) t < C (n S) - egpn-s 
Oph-1 - - ph _ 1 

9. 3. Corollary. 

ex - (p -1) (m0 + 1) 
ph-1 

where the constants an,t are bounded independently of t and n. 

pe < e p»-s 
ph- 1 = K 

9. 4. Corollary. For efJery b > 0 there is a constant t0 E 1N independent of n such that 
ln(t) > b for all t > t0 • 

Proof. This follows from 9. 2 and 9. 3. 

9. 5. Lemma. Lett be a fixed integer > 0. Then as n fJaries we hafJe j n (t) = h- 1 n + c,. 
where the en are a bounded sequence. 
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Proof. Note that 

i = 0, 1, 2, ... , ph-l _ 1; U = 0, 1, ... , S 

u = 0, 1, ... , s 

u = o, 1, ... , s. 

The lemma follows because the di are constants >- 1 for i = 1, 2, ... , ph-i - 1. 

9. 6. Corollary. Let t be a constant integer > 0. Then as n raries we hare 

where the bn,i are bounded independent of n. 

Proof. It follows from 9. 5 and 9. 3 that ln(t) = dn where the dn are a bounded 
sequence. Let k(n) = knCt) be the largest integer k such that tn/k(i) = - 1. Then 
k(n) = n - j.,(t) - d~ where the d~ are bounded by c + 1 according to Lemma 9. 1. 

Applying 9. 1 again we obtain from the definition of -rn/s 

-r (t) = tp<h-l)jn(t)+c~ + c" 
njk(n) n 

where (c~) and (c~') are bounded sequences. Therefore if ln(i) > 0 

•nfln(t/i) = t + ((h-1)Jn(t) + c~)eK · p1n<t) + p-(h-l)in(t)-c;,,. c~', 

•nJO (t) = Aln(t)/0 ( •nfln(t) (t)) = ( (h - 1) j n (t) + c~)e K + b',; = (h--;, i) · · n · e K + bn,i 

where the b;: and bn,i are bounded sequences (use the fact that lJi) is bounded and 9. 5)' 
If ln (t) = 0 then 

where (bn) is a bounded sequence because k(n) = n - Jn(t) - d~ where (d~) is bounded, 
and j n (t) = h- 1 n + dn where ( dn) is bounded. 

9. 7. Corollary ( = easy half of Theorem 3. 1). Let K 00 / K be any I'-extension; F 
a one parameter formal group O()er AK· Then there exists a constant c1 such that 

F-Normn/o(F(Kn)) c F"n(K) 

where °'n = h- 1 (h-1)exn-c1 • 

Proof. Take b > 0 large enough so that mn = (1 + p + · · · + pn- 1)eK + m0 
for n > b. The I'-extension K 00 / Kb satisfies the condition stated in the beginning of 
this section so that we can apply 9. 6 to find a constant c~ such that 

O'n/b(1) 2 •nfb(1)- (e1 - m0 ) 2 h- 1(h-1)expbn - c~. 

It follows from this that, for large enough n, O'n/o(1) = Ab1o(ab/o(1)). The corollary 
follows from this because, for fixed b, Abfo (t) = p-bt + ct where (ci) is a bounded 
sequence. 
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10. Proof of the theorem in the nice case 

In this section (F, K 00/K) is a nice pair such that e1 - m0 > p and ex > e1 - m0 • 

To prove Theorem 3. 1 by means of proposition 8. 1 we must show that there are enough 
integers t to which 8. 1 applies. 

10. 1. Lemma. Let n E lN be fixed and let ta EN be such that ln (t0) > 0; let Sa = -,;n/o (t0). 

Then for every s > s0 there exists an integer t > t0 such that 

(i) t is of the form Xtn(t)Ja(t'), t' EN, (ii) -,;n/o(t) = s. 

Proof. Let l0 = ln(ta) > 0. Then Ji.1,10 (rn/z,(t0)) = s0 and hence Xz,10 (s0) > 1:n/1,(t0 ). Let 

(10. 1. 1) 

If ln(t1) = ln(t0) = l0 , then t 1 satisfies (i), (ii) above for s = s0 • If ln(t1) =I= l0 , then 
ln(t 1) > l0 • We want to show that 

(10. 1. 2) 

This can be done as follows. Let t0 < t(1) < t(2) · · · < t(r) be the integers between 
t0 and t1 (t1 included) where ln(t) changes value. I.e. t(1) is the smallest real number larger 
than t0 such that ln(t(1)) > ln(t0), etc .... One has t0 < t(1) < · · · < t(r) ~ t1 • Let 
l(i) = ln(t(i)), l1 = ln(t1), then l0 < l(1) < · · · < l(r) < l1 • 

One has ( cf. the definition of e and (6. 3. 3), (6. 3. 6)) 

(10. 1. 3) 

entz,(t(1))- e .. 11,(to) = t(1) - ta, 

en1z,(t(2))-en1z,(t(1)) = (t(2) -t(1))p1•-Z(l>, 

(}nJl0 (t(3))- (}nJl,(t(2)) = (t(3) - t(2))p1o-l(2), 

(}nJl, (t(r))- (}n/lo(t(r -1)) = (t(r) - t(r - 1))i•-l(r-l), 

(}nJl, (t1) - (}nJl, ( t(r)) = ( tl - t(r))i•-l(r) 

(note that ln(t(1) - e) = l,.(t0), thus eniz,(t(1) -e) - e,.11,(t0) = t(1) -e - t0 , taking 
the limit as e ➔ 0 gives the first of the formulas above because enn(t) is a continuous func
tion of t; the other formulas of (10. 1. 3) are proved similarly). Adding the formulas 
(10. 1. 3) and using l(i) ?:: l 0 , i = 0, 1, ... , r gives 

en/l, U1) - e .. ,z, (to) < t1 - ta 

and hence (cf. (6. 3. 6), (6. 2. 5)) 

7:n/l, (t1) < f!n/l, (t1) < (}nJ/0 (to) + tl - ta = 7:n/l, (to) + tl - ta 

which proves (10. 1. 2). Using (10. 1. 1) we see 

Tn/1,(t1) < 1:,,,,,,(to) +(to+ X1,1o(so) -T,,,/z,(to))- ta= X1,1a(sa). 

Now 

Az,11, (-cn/Z, (t1)) = 7:n/Z, (t1) < Xz,Jo (so) 

which implies •niz, (t1) ~ Xz,Jo (s0). Now let 

(10. 1. 4) 
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If ln(t 2) = ln(t1 ) = l1 then t2 satisfies (i) and (ii) of the lemma for s = s0 ; if not then 
ln ( t2 ) = l 2 > l1 and we construct a t3 from t2 as we constructed t2 from t1 . This process 
must terminate because l0 < l1 < l2 < · · · < n. This proves the lemma for s = s0 • 

One proceeds by induction. Let ts satisfy (i) and (ii) for s > s0 • Let l = ln (t,), then 
Xzio (s + 1) is larger than •niz(t8 ) = Xzio (s). Let 

t1 =ts+ X11o(S + 1) - •n1z(t,). 

If ln (t1) = l, then t1 satisfies (i) and (ii) for s + 1. If not then ln (t1) > ln (t) = l .... (same 
argument as above) . . . . q. e. d. 

10. 2. Proof of theorem 3. 1 in the nice case. We have that (F, K 00 / K) is nice, 
e1 -m0 > p, eK > e1 - m0 • Now choose b EN such that pb ~ p(e1 - m 0) (ph + 3) and 
pb > 2pr'(e1 - m 0 + 1) where r0 is the smallest natural number such that pr,>- (e1 -m0). 

According to 9. 4 there is a constant t1 such that ln(t1) > b for all n. Let 

t0 = max{ti, ph+ 1(e1 - m0) + pr,+I (e1 - m0 + 2)}, S0 = •n/o (t0). 

According to Lemma 10. 1 above there exists for every s > s0 a ts > t0 such that 
•n/0 (t.) = s, Tn/ln(ts) (ts) is of the form Xtn(t,)/0 (t') for some t' E N; further ln (ts) > b for all 
s > s0 because ts > t0 • We can therefore apply proposition 8. 1 with t = ts for alls ?.:: s0 • 

This proves ( cf. [3], Lemma (3. 2)) 

Normn10 (Ft0 (Kn)) = F'•(K). 

According to 9. 6 there exists a constant c2 such that •nio (t0) ~ h h 1 ne K - c2 for all n. 

This proves the righthand inclusion of 3. 1. The lefthand inclusion was proved in Corol
lary 9. 7. 

11. Proof of Theorem 3. 1 

In view of 10. 2, 9. 7 and 3. 5 it suffices to show that given a I'-extension K 00 / K 
and a formal group F over AK there exists a finite extension L/K such that 

( i) L · K 00 / L is a I'-extension, 

(iii) eL > e1(L) - m0(L), 

(ii) e1 (L)-m0 (L) > p, 

(iv) (L · K cof L, F) is a nice pair 

(where Fis considered as a formal group over AL and e1 (L), m0 (L) are the numbers of 
the I'-extension L · K00 /L corresponding to e1 and m 0 for K00 /K). 

11. 1. Lemma. Let K'/K and L/K be two totally ramified galois extensions of prime 
degree p and p' respecti()ely such that m(K'/K) > m(L/K). Let L' = L · K', then L'/L and 
L' / K' are both totally ramified (galois) of degree p and p' respecti()ely and 

m(L'/L) = m(L/K) + p(m(K'JK) - m(LJK)), m(L'/K') = m(LJK). 

Proof. Let M be the maximal unrami
fied extension of K contained in L · K'. 
If M =l= K, then L · M = L · K' = K' M, 
which because M/K is unramified implies 
m(L/K) =m(LM/M)=m(K MJM)=m(K' /K), 

LYLK'-K'M-LM 

K---M 
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a contradiction. Hence M =Kand L'/K' and L'/L are totally ramified of degree p', P 
respectively. 

The statement on m(L'/L) and m(L'/K') now follows from the 
K'----L' 

fact that we must have I 
K----L 

where the 1:PPJQ are the Herbrand 1:P-functions. Cf. [9]; if P/Q is totally ramified, galois 
of degree p then 1:PP/Q(t) = t if t < m(P/Q) and 1:PPJQ(t) = m(P/Q) + p(t- m(PJQ)) 
if t ~ m(P/Q). q. e. d. 

Let K 00 /K be a I'-extension; L/K a finite extension. We write L 00 for L · Koo. If 
L 00 /L is again a totally ramified I'-extension let m0 (L) denote the natural number such 
that m(Ln/Ln_ 1) = (1 + p + · · · + pn- 1)eL + m0 (L) for n large; we write e1 (L) for 
(p-1)-IeL. 

11. 2. Lemma. Let K 00 / K be a I'-extension; fo ... , q, a finite s_et of integers. Then 
there exists a finite extension L/ K such that 

(i) L 00/L is a totally ramified I'-extension such that 

m(Ln/Ln_ 1) = (1 + p + · · · + pn-l) eL + m0 (L) for all n. 

(ii) qi diiJides eL/K = vL(nx), i = 1, ... , r. 

(iii) e1 (L) - m0 (L)?:. p. 

(iv) eL > e1 (L) - m0 (L). 

Proof. Let q' be the smallest common multiple of the qi and let q' = p 8 q where 
(p, q) = 1. Let b E lN be such that 

m(Kn/Kn_ 1) = (1 + p + · · · + pn- 1)ex + m0 for n 2 b. 

Take £< 1l = Kc where c = max(b, s). Then L~/L<1l satisfies (i) and p 8 leL<llJK· Let 
D 2lj/)1) be the extension of D 1J obtained by adjoining a root of Xq - :n:L<t)· The 

extension LC;),/ L<2l then satisfies (i) and (ii). This follows from Lemma 11. 1 above. Re
placing L<2) with L~2) if necessary we can also assume that 

Let r = 3 if p = 2 and r = 2 if p > 2. There exists a totally ramified (galois) extension 
£(3);V2l of degree p such that m(£<3);£<2l) = r. (E.g. a socalled Artin-Schreier extension 
( cf. [2] (6. 5.)) for example.) It follows from Lemma 11. 1 that L<;,l /£<3> still satisfies (i) 
and (ii). Further also according to Lemma 11. 1 

m( Lis) /£(3)) = mo ( £(3)) + e J,(3) = r + p ( m (Li2) /£<2)) - r) 

= pm0(V2l) + peL<2> + (1 - p)r 

which gives us m0 (£<3l) = pmo(£<2l) + (1 - p)r and hence 

e1(£<3l)-mo(L(3l) = pe1(£<2l)- pmo(£<2l) + (p-1)r > p 

1. e. L~/L<3) also satisfies (iii). Finally we get ei(L\3l)- mo(L\3l) = e1(D3l)- mo(D3l) 
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as is ea.sily checked. To get an extension I' such that (i)-(iv) hold we can therefore tah 
L = L;3) for i E lN sufficiently large. . q. e. d. 

11. 3. Proof of '11heorem 3. 1. Apply Lemma 11. 2 with 

{j - i I 1 < i, j :s ph- l} V {p i - 1 I i = 1, 2, ... ' ph- l} V {p -- i} 

as the set of the qi. Now apply 10. 2, 9. 7 and 3. 5. 

12. Concludm.g remarks 

12. 1. The Proof of Theorem 3. 1 is except for some technical complications the 
same as the proof of the main theorem of [3] as given in [3]. This is a main reason why 
we proved the main theorem of [3] as we did. There does exist in fact an easier proof of 
[3], Theorem 6. 1. Let F be a formal group over Ax· The formal group F is isomorphic 
over Ax to a formal group F' with a logarithm of type fi(X); t1 , t2 , ••• E Ax, where 

f7,(X) = X + ..E :i f~)(XPi) E (Q[T1, T2 , ••• ] [[X]J where f~) is obtained from fr by 

raising all the parameters T11 T2, •.. to the pi-th power and fi(X) is obtained from fr(X) 
by substituting t1 for Ti; cf. [4]; h(F') = h iff Vx(tJ >- 1, i = 1, ... , h -1, Vx(th) = 0. 
If K is an unramified local field (i.e. Vx(P) = 1), then one shows relatively easily that 
if h ( F') = h, F' ( X, Y) = fi-1 (fi ( X) + fi ( Y)) where fi is as above, and 

fi(X) = .I aiXP', a0 = 1, a; EK 
i=O 

then 

i = 0, 1, ... , h-1, 

(12. 1. 1) 

nh ~ i < (n + 1)h. 

Now let K 00 / K be the cyclotomic I'-extension and consider the commutative diagram 

F' (Kn) __ f_i_--;,- Kt 

F-No,m l , Tr.1, 

F' ( K) __ f_i--,. K+ 

(K~ is the additive group of Kn). 

Using ( 12. 1. 1) and the trace lemma of [3] it is not_ difficult to calculate the i1!1age ~f 
Tr of Finally f is an isomorphism of F'(K) with the subgroup pAx c::: K • Th1s 

n/0 t • t 

provides another proof of [3], Theorem 6. 1. 

12 2 Th method as sketched above in 12. 1 gives the same result as in 
. . e same 'd f' ld 

Th 3 1 · K /K i's any r extension K a local field with perfect res1 ue ie . eorem , . m case oo - , _ •• 

· d A h W(K) is the maximal unramified sub-and F a formal group defme over Tr(K) w ere 
field of K. 

12. 3. It should be possible to use the method of 12._ 1 to obtain ~nother ~and 
· ) f f Th m 3 1 The problem is that (12. 1. 1) 1s not necessarily true if K easier proo o eore . . 

is not unramified. 
32 
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