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I. Introduction 

This is the first of a series of papers in which we first give fairly explicit formulas 
for universal commutative formal groups and then proceed to give various 
applications of these constructions to e.g. complex cobordism and Brown-Peterson 
cohomology (part III), norm maps (part VII), classification theory via 
Cartier-Dieudonne modules (part VI) and formal moduli (part V). The following 
special case may serve to give the flavor of the constructions. If g (X) is a power 
series over Z[ V] = Z[ V1, ½, ... ] then g(">(X) denotes the power series obtained 
from g(X) by replacing each V, with V7, i = 1, 2, .... Choose a prime number p 
and let [v(X) be the power series defined by the functional equation 

(1. 1) 

and let Fv (X, Y) = r)(fv (X) + [v(Y)). Then Fv(X, Y) is a p-typically universal, 
one dimensional, commutative formal group over Z[ V]. It turns out that "satisfying 
a function equation like (1.1)" is the essential (and sufficient) condition for 
integrality of Fv (X, Y). Moreover two logarithms which satisfy functional equa
tions ( 1.1) "with the same V," yield isomorphic formal groups. For a more precise 

statement, cf. the functional equation Lemma 7. I below. 
Given such a fairly explicit candidate for a universal formal group it becomes 

possible to use a method of Buhstaber and Novikov [1] to give a direct proof of 
universality. They used this method for the formal group of complex cobordism. 

• Most of the research for this paper was done in I 969/1970 while the author stayed at the Steklov 
Inst. of Mathematics in Moscow and was supported by ZWO (The Netherlands Organization for the 

Advancement of Pure Research). 
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132 M. Hazewinkel I Constructing formal groups I 

Thus one obtains noticeably shorter proofs of the main theorems concerning 
universal formal groups and one avoids part of Lazard's difficult comparison 
lemma. Cf. also Section 5 below. 

Now let A be a Z<Pi-algebra. One dimensional formal groups over A are 
classified by left modules of the form M = EA /(f - ~~= 1 V' [ v,]) over EA, where EA is 
a certain ring which contains f ( = Frobenius), V ( = Verschiebung) and elements 
[a], a EA Cf. [2]. Let F.(X, Y) be the formal group over A obtained from 
Fv (X, Y) by substituting V; for V;, i = 1, 2, .... Then M is the module of p-typical 
curves of F.(X, Y). This is possibly the best way to look at these constructions. 

In this first part we construct a one dimensional formal group which is universal 
for one dimensional commutative formal groups over Zcp>-algebras, a p-typically 
universal one dimensional commutative formal group, and a universal strict 
isomorphism between p-typical formal groups. Most of the results in this paper 
have appeared in preprint form in [5]; some of these results have been announced 
in [6]. 

For the basic definitions concerning formal groups cf. e.g. [4]. We take the power 
series point of view. All formal groups in this paper will be commutative one 
dimensional. All rings will be commutative with unit element. If F(X, Y) is a formal 
group over a ring A and cp : A - B a homomorphism of rings then F"' (X, Y) 
denotes the formal group over B obtained from F(X, Y) by applying <f, to the 
coefficients of F(X, Y). Z stands for the integers, ZcpJ for the integers localized at p 
and Q for the rational numbers; N denotes the natural numbers; that is N = 
{l, 2, 3, ... }. 

2. Constructions, definitions and statement of main results 

2.1. Notation. Let A be a ring and let gu (X) be a power series over 
A [ Ui, U2, ... ], i.e. the coefficients of gu (X) are polynomials in 
Ui, U2, ... over A. Then g\'l(X) denotes the polynomial obtained by replacing each 
u; with Uj, j = 1, 2, ... ; i.e. gtJ(X) is obtained from gu (X) by applying the 
A-endomorphism U; 1--+ Uj of A [Ui, U 2, ••• ] to the coefficeints of gu (X). 

2.2. Constructions. Choose a prime number p. The three power series f v (X), 
{v. T (X), {s (X) over respectively Q[ Vi, V2, ... ], Q[ Vi, V2, ... ; Ti, T 2 , ••• ], 

Q(S2, S3, ... ] are defined by 

(2.2.1) /v (X) = X + i v, tt>(xP'), 
i=i p 

(2.2.2) /v. T (X) = X + }: J:XP' + }: V. ft+.(XP' ), 
i=i i=l P 

(2.2.3) Is (X) = i S.X' - i Sp•XP' + i ~ [<t'>(xP'), Si= l_ 
i=I i=l i=l p 
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These "functional equations" define the power series fv (X), f v. r (X) and fs (X) 
recursively. For explicit formulae cf. Section 4 below. Now define 

(2.2.4) 

(2.2.5) 

(2.2.6) 

Fv (X, Y) = f;)(fv (X) + f v ( Y)) 

Fv. T (X, Y) = f;/-r(fv. -r(X) + [v. -r( Y)) 

Fs (X, Y) = fs'(fs (X) + f, (Y)) 

in Q[ V] [[X, Y]] 

in Q[ V; T][[X, Y]] 

in Q[S]([X, Y]] 

where, if g(X)=a1X+a2X 2+ ... is a power series over A with zero constant 
term and a1 a unit, g- 1(X) denotes the inverse power series i.e. g- 1(g(X)) = 
g(g-·l(X)) = X. 

2.3. Integrality theorem. The formal power series Fv (X, Y), Fv. r (X, Y) and 
Fs (X, Y) all have integral coefficients. 

I.e. their coefficients are respectively in Z[ V], Z[ V, T] and Z[ S]. This is the usual 
Witt-vector-type miracle. 

2.4. Definitions. Let A be a ring and F(X, Y) a (one dimensional commutative) 
formal group over a ring L. The formal group F(X, Y) will be said to be universal 
for formal groups over A-algebras if for every formal group G (X, Y) over an 
A-algebra B there exists a unique homomorphism <f:>: L-->-B such that F,i,(X, Y) = 
G(X, Y). Note that if F(X, Y) and F'(X, Y) are two formal groups defined over L 
and L' respectively which are both universal for formal groups over A-algebras 
then we need not have L = L '. Except when A = Z. But in the case that A is a 
localisation of Z, e.g. A = Zcpi we do have that L 0 ZcpJ and L' 0 ZcpJ are 
isomorphic. 

2.5. Theorem. Fs (X, Y) is universal for formal groups over Zcp>-algebras. 

2.6. Curves. Let F(X. Y) be a formal group over a ring A. A curve over A is a 
formal power series y(X) over A with constant term equal to zero. Two curves can 
be added by means of F(X, Y) as follows: 

(y1 + FY2)(X) := F(y1X, y2X) =: Y1(X) +Fyi(X). 

This turns the set of curves into an abelian group, which is denoted CF. For every 
n EN we define an operation fn on CF as follows. Choose variables Z1, ... , Z" and 
let y (X) be a curve. Write down 

(2.6.1) 

This is a power series in X 11" with coefficients in A [Z" ... , Zn] and because Fis 
commutative and associative the coefficient of xun in (2.6.1) is a homogeneous 
symmetric polynomial in the Z1, ... , Zn of degree i. So we can write 

(2.6.2) 
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where cr1, ••• , CT" are the elementary symmetric polynomials in the Z1, ... , Z". Now 
substitute O for CT1, ••. ' O"n-1 and ( - 1 )"-! for O"n in /3 1(0"1, ••• 'O"n; X). This results in a 
power series in X which is denoted fny(X). 

If the ring A is .such that it makes sense to talk about the n (different) roots of 
unity over A then one has 

fny(X) = y((nX 11") +F• •• +F'}'((~X 11") 

where (n is a primitive n-th root of unity. 

2.7. Definitions. Choose a prime number p. The formal ~roup F(X, Y) is called 
p-typical if fqyo(X) = 0 for all prime numbers q different from p, where 'Yo(X) is the 
curve '}'o(X) = X. 

A p-typical formal group F(X, Y) over a ring L is called universal for p-typical 
formal groups over Z<P·>-algebras or characteristic zero rings if for every p-typical 
formal group G(X, Y) over A, where A is a Z<pl·algebra or a characteristic zero 
ring, there is a unique homomorphism 'P : L - A such that F"' (X, Y) = G (X, Y). 
(A ring A is said to be of characteristic zero if A -A ®zQ is injective.) 

2.8. Theorem. The formal group Fv (X, Y) is p-typical and universal for p-typical 

formal groups over Z<Pi-algebras or characteristic zero rings. 

2.9. Definition. Two formal groups F(X, Y) and G (X, Y) over the same ring A are 
said to be strictly isomorphic if there is a power series a(X) of the form 

a; EA 

such that 

a(F(X, Y))= G(a(X),a(Y)). 

Let t : Z[ V]- Z[ V, T] be the canonical embedding, Jet K : Z[ V] - Z[ S] be the 
injection defined by v; f-+ SP, and let A denote any of the localization homomor
phisms Z[VJ-z(p)[V], Z[V, T]-z(pi[V, T], Z[SJ-z(pi[S]. 

2.10. Theorem. The formal groups F~(X, Y), Fs (X, Y) are strictly isomorphic and 

the formal groups F'v(X, Y) and Fv. r (X, Y) are strictly isomorphic. 

2.11. Corollary. Every formal group over a Z<P>-algebra A is strictly isomorphic to a 
p-typical formal group over A. 

2.12. Theorem. The triple (F;,(X, Y), av. r (X), Fv. r (X, Y)), where av. r (X) is the 

unique strict isomorphism from F;,(X, Y) to Fv. r (X, Y), is universal for triples 
(F(X, Y), a (X), G(X, Y)) consisting of two formal groups and a strict isomorphism 

between them over a ring A which is a Z<Pl-algebra or a ring of characteristic zero. 
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3. The integrality theorems 

In this section we prove Theorem 2.3. 

3.1. Let /(X) be a power series in one variable of the form /(X) = X + b2X 2 + ... 
with coefficients in Q[ V,, V2, ... ; Wi, W 2 , ••• ]. Suppose that f(X) satisfies a 
functional equation of the form 

(3.1.1) 

with g (X) E Z(p1[ V,, V2, . .. ; W,, W2, ... ], i.e. f (X) - ~~= 1 p- 1 Vi[<P' 1(XP') is integral 
with respect to p. 

3.2. Lemma. Let f(X) = X + b2X 2 + ... be as in 3.1. Then p "p'"'b" E Z<pi[ V, W], 
where v,,(n) is the highest integer r such that p' I n. 

Proof. Obvious from formula (3.1.1). 

3.3. Lemma. Let f(X) be as in 3.1 and let F(X, Y) = r'(f(X) + f(Y)). Then 

F(X, Y) E Z<Pi[ V, Wl[[X, Yl]. 

Proof. We shall work in Q[V, W][[X, Y]]. The expression 

G = H mod(p', degree n) 

means that G - HE p' Z<Pl[ V, W] [[X, Yl] modulo terms of total degree ~ n (in 
X, Y). 

Let 

F(X, Y) = F, + F2 + ... 

where F1 is homogeneous of degree i (in X, Y). Then 

F, = X + YE Z(p 1[ V, W] [[X, Y]]. 

Suppose we have already proved that 

(3.3.1) 

It is clear that if s ;;,, 2 

(3.3.2) (F(X, Y))' = (F, + ... + Fn)' mod (degree n + 2). 

Now if H(X, Y) is in Z<pi[ V, Wl[[X, Yl] one has that 

(3.3.3) H(X, yy· = H<Pk 1(XP', YPk) mod(p) 

and hence 

(3.3.4) 
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Combining this with (3.3.1) and (3.3.2) we see that 

(3.3.5) 

Now by definition we have 

(3.3.6) f(F(X, Y)) = f (X) + f ( Y) 

and therefore according to (3.1.1) 

(3.3.7) 

By (3.3.5) and Lemma 3.2 we see that 

(3.3.8) r'>(F(X, Y)P') = t<p')(F(p')(XP', r' )) mod(p, degree n + 2). 

It follows from (3.3.6) that 

(3.3.9) r')(F(p')(X, Y))= r'>(X)+ r'>(Y). 

Using (3.3.8) and (3.3.9) in (3.3.7) we conclude that 

(3.3.10) g(F(X, Y)) = g(X) + g(Y) mod(l, degree n + 2). 

And it follows that F.+ 1 is also in Zcp>[V, W][[X, Y]] because g(X) is of the form 
g(X)=X+.... D 

3.4. Proof of the integrality Theorem 2.3. It is now easy to prove 2.3. Indeed, it is 

obvious from the defining equations (2.2.1), (2.2.2), (2.2.3) that the only de

nominators which occur in f v (X), /v. r (X) and fs (X) are powers of p. Hence the 
only denominators which occur in f,)(X), f~'.r(X), f51(X) and Fv (X, Y), 
Fv. r (X, Y), Fs (X, Y) are powers of p. It now suffices to apply Lemma 3.3. 

4. Some formulae 

For various reasons it is useful to have some explicit formulae and congruences 
available. 

4.1. Formulae for f v, [v. r and /s. The "functional equations" (2.2.1 ), (2.2.2) and 
{2.2.3) define the power series /v, /v. r and fs recursively. Writing 

" " 
fv (X) = L ai(V)XP', 

i=O 
f v. r (X) = L a; ( V, T)XP", 

i=U 

(4.1.1) 
" 

fs (X) = L b; (S)Xi 
i=I 
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it is not difficult to prove that the following formulae hold: 

(4.1.2) a,,(V) = L 
p 

ao(V) = 1 

where the sum is over all sequences (i 1, .•• , i, ). ii EN= {1, 2, 3, ... }, r ~ 1, such that 
i1 + ... + i, = n; 

a,,(V. T) = L 
p' 

(4.1.3) 
+ 

ao(V, T) = 1, 

(4.1.4) b,.(S) = L 
(41, ... ,q,,d) 

S S'/1 S"' 'I, I 
qi 4.:· .. "' S"i···q, 

p' d • 

where the sum is over all sequences (q1 .... , q,, d) such that q, is a power of p, 
q, = p\ r, EN; r 2: O; d EN and not a power of p and q 1 ••• q,d = n. Note that 
d = 1 is allowed and also r = 0. 

4.2. Examples. The first few a,, ( V), a,, ( V, T), b,, (S) look as follows: 

(4.2.1) ao( V) = 1, 

(4.2.2) 

+ V2 T( + V2 Vf + V2 Tf2 + VJ + T3• 

p p2 p p . 

1 aking p = 3, the first few b,.(S) are equal to 

b1(S) = 1, b2(S) = S2, b,(S) = ; 3 , b.(S) = S4, bs(S) = Ss, 

(4.2.3) 

4.3. Relations between the a,, ( V), a,, ( V. T) and b,, (S ). The following formulae 
between the a .. ( V), a,, ( V, T) and b,, (S) follow directly from the formulae in 4.1: 
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Vf"_, V~-1 Vn 
a" (V) = an-1(V) -- + ... + a1(V) -- + - , 

p p p 

an(V, T) = an(V) + an-1(V)Tf"-I + .. • + a1(V)T~-I + Tn. 

Let us write an (S) for the polynomial obtained from an ( V) by substituting S "' for 
V,, i = 1,2, .... Then if n = p'm, (m,p)= 1 we have 

bn (S) == a, (S)S!:: + a,-1(S)s~:-l + ... + a1S~•- 1m + s p'm if m > 1 

(4.3.3) 

4.4. Congruence formulae. For each n ;,,, 2 let En (X, Y) be the polynomial 

(4.4.1) Bn(X, Y) = (X + Y)" - X" - yn_ 

Let V(n ), n;,,, 0 be short for V(n) = (V1, V2, ... , Vn, 0, 0, 0, ... ) and S (n ), n ;,,, 1 for 
S (n) = (S2, ••• , Sn, 0, 0, ... ). Then one has directly from 4.1: 

Fs (X, Y) = Fscn-n(X, Y)- SnBn(X, Y) mod(degree n + 1) 

( 4.4.2) 
if n not a power of p, 

if n is a power of p; 

(4.4.3) Fv (X, Y) = F V(n-l)(X, Y)- Vn(p- 1B p"(X, Y)) mod(degree p" + 1). 

Writing Fs(X, Y)=Fs(l)+F5 (2)+ ... , Fv(X, Y)=Fv(l)+Fv(2)+ ... where 
E (i) and Fv (i) are homogeneous of degree i (in X, Y) we have in particular for 
n ;,,,2: 

if n is not a power of p, 
( 4.4.4) 

and if r is the smallest integer such that p' ;,,, n 

if n is not a power ot p, 

( 4.4.5) 

5. A bit of binomial coefficient arithmetic 

To prove the universality of various formal groups we shall have occasion to use 
the following bit of binomial coefficient arithmetic several times in this series of 
papers. There is nothing new about it. It is simply a restatement of Lazard's 
fundamental lemma for R == Z. Cf. Frohlich [4] p. 60. The proof is practically 
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identical with the proof given by Frohlich Joe. cit. on pages 64, 65 for the cases 
R = Q, R a field of characteristic p > 0. 

Let n EN, n ~ 2. We define v(n) = p if n = p', r EN, p a prime number and 
i 1 (n) = 1 if n is not a prime power. Consider the binomial coefficients (7), ... ,V.,). 
Their greatest common divisor is v(n ). Hence there exist A, E Z such that 
A1G) +. -, + An ,(,." 1) = 11(n). 

5.1. Lemma. Let X1, ... , X,._, be indeterminates, X, = Xn-,, i = 1, ... , n - 1. Let 

,.\ 1,, •• , An-I be integers such that A,G) +,,,+An 1(n"-1) = v(n ). Then every X, can be 

written as an integral linear combination of the expressions 

(5.1.1) 

(5.1.2) ( i + j) (k + j) i x, ej - j xk ,j, i, j, k ~ 1, i + j + k = n. 

Proof. To prove this it suffices· to show: (i) every X, can be written as a rational 
linear combination of the expressions (5.1.1) and (5.1.2) and (ii) for every prime 
number p, X, can be written modulo p as a linear combination of the expressions 
(5.1.1) and (5.1.2). 

5.2. The rational case. Take i = 1; j = I, ... , n - 2; k = n - 2, ... , 2, 1 in (5.1.2) to 
obtain the following matrix of coefficients (using X, = X,. _, ): 

A, .A.2 Ao A,.-· I 

-(n~l) (~) 0 0 

A -(n~l) 0 (D 
- 0 

I _ (n - 1) 0 0 (n ~ 1) I n-2 

One finds 

det(A) = ~ 1 (n - l)! (~) A, = (n - l)! v(n), 
,~, n z n 

which takes care of the rational case. 

5.3. The mod p case with n = p or (n, p) = 1. If n = p or (n, p) = 1, then for every 
i=l, ... ,n-1 we have (i,p)=l or (n-i,p)=l. For each i=l, ... ,n-1 let 
a(i)E{i,n-i} be such that (a(i),p)= l. Using X, =X,._, we can assume that 
A, = 0 if i / a ( i ). We take a (1) = 1. Now consider the matrix of coefficients 
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I 
A, A" 1"> Aam Aa(m) 

( n - 1 ) (a?)) 0 0 
a (2)- 1 

A'= ( n - 1 ) 
a (3) - 1 

0 (a?)) 
0 

( n - 1 ) 
a(m)-1 

0 0 ( a(~)) 

where m =½n if (n,2)=2 and m =Hn-1) if (n,2)= I. We have 

d A ,=-e,a(l) ... a(m)( n ),\. 
et L., ( ") a(,} ,-, n a 1 

l(m ·)m(fl) (m ·)~ =;; D a(1) ~ a(i) Aac,> = D a(1) n 

because A, =0 if i~{a(l), ... ,a(m)}. 
We see that det(A'),;,;Omodp because (a(i),p)= 1 and either v(n)=n or 

(n, p) = l. This takes care of this case. 

Note that for this proof to work we only need to know that LA,(?)== 1 mod p in 

case (n,p)= 1 and LA,(7)=p modp 2 if n = p. 

5.4. The mod p case with n = pm and m > 1. Let n = pm and m > l. 
Taking j = I in (5. 1.2) and using Xk +i = X, we find the expressions 

(5.4.1) - (pm - i)X, + (i + l)X+,. 

Taking i = pl and i + 1 = pl we see that mod p we can write the XP, _, and X pi+, as 

integral linear combinations of the expressions (5.1.2). And then taking i = 
pi+ 1, ... , pi+ p - 2 and i = pi - 1, ... , pi - p + 2 in (5.4.1) we see that modulo p 

all)(; with (i, p) = I can be written as linear combinations of the expressions (5.1.2). 

To obtain the Xp,, i = I, ... , m we use induction. The induction hypothesis is: if 

A,, ... ,,\,._, are such that IA,G) = v(n) mod p if v(n) i p and LA, G) = p mod p 2 if 

ii(n) = p then each X, can be written modulo p as a linear combination of the 

expressions (5.1.1) and (5.1.2). The induction starts because of 5.3. 

Let Y, Z be indeterminates. We have 

(Y" + ZP)"' '= (Y + zr mod p, (YP + ZPY' ="= (Y + zy"' mod p 2 • 

It follows that 

( n) = (pm)= (m) d (p'+') = (p') 2 . . . mo p, \ . - . mod p 
0 0 l 0 I 

ifr>-c], 

(n) (pm) . . ( •+ 1
) 0 i = i == 0 mod p 1f (1, p) = 1, Pi = () mod p- if r >-c 1 and (p, i) = 1. 
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Hence 

v(n) =%A; (7) = ~1 
A;p (7) modp if n is not a power of p, 

_ n = m 2 • _ r+2 >-n-1 ( ) m-1 ( ) 
p - ~ A; i - ~ A;p i mod p 1f n - p , r - I. 

By induction it follows that we can write the Xp; modulo p as linear combina
tions of the expressions (5.1.2) with p I i, p I j, p I k and the expression 
v(m )11(nr 1(A.pXp + ... + An-pXn-p) (resp. (A.pXp + ... + An-pXn-p)) if v(n) ;i p (resp. 
v(n) = p ). This concludes the proof because v(n) ¢ 0 mod p if v(n) ;i p and 
because we have already shown that the X; with (i, p) = 1 can modulo p be written 
as linear combinations of the (5.1.2). 

6. The universality theorems 

We are now in a position to prove some universality theorems. The proof of 
Theorem 2.5 follows the proof given in (I] by Buhstaber and Novikov slightly 
adapted from the topological case to our algebraic setting. In both cases one has a 
good candidate for being a universal formal group and in both cases one knows 
enough about this formal group to be able to dispense with practially all of Lazard's 
difficult comparison lemma (wich now appears as a corollary) except for the bit of 
binomial coefficient arithmetic which was discussed in Section 5. We first need a 
lemma. 

6.1. For each n EN choose A;,n E Z, i = 1, ... , n - 1 such that 

(6.1.1) 

Now let 

(6.1.2) 

and let 

(6.1.3) 

A1,n (~) + ... + An-1.n (n ~ 1) = v(n). 

Fs(X, Y)= X+ Y+ L e;iX;Yi, 

n-1 
Yn = L A;, nei. n-i, 

i=l 

i,j;;..J 

n = 2,3, .... 

e•EZ(S) I,} 

Lemma. The Yn are a set of polynomial generators for ZcP>(S2, SJ, ... ). 

I.e. every element of Zcp)(S2 , S3, ••• ) can be written uniquely as a polynomial in 

the Yn, n ;;;,, 2 with coefficients in Z<p)· 

Proof. Immediate from (4.4.4). 
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6.2. Proof of Theorem 2.5. (Universality of Fs (X, Y) for formal groups over 

Z<P>-algebras.) Let A be a Z<P>-algebra and let 

(6.2.1) G(X, Y) = X + Y + ~ a;iX;Yi 
i,jo:ll1 

be a formal group over A. Let A,,n and y,. be as in 6.1. Now define 

(6.2.2) 

This is a well defined homomorphism because of Lemma 6.1. It is also certainly the 
only possible homomorphism such that F.,,(X, Y) = G(X, Y), because such a 
homomorphism must take e;,i into ai,i• This takes care of uniqueness. So it remains 
to prove that <f>(e;,i) = a,,i for all i, j ~ 1. We have</> (e1.1) = a1. 1 because Yi= e1. 1. So 
with induction we can assume that <f>(e;,i) = a;,i for i + j < n. 

Commutativity and associativity of G and Fs mean that certain universal 
relations must hold between the coefficients a,,i, ei,i• These are of the form 

ai,n-i = an-i,i, ei,n-i = en-i,i, i = 1, ... , n -1 

(6.2.3) ( i + J} (j + k) i a i+i,k - j a ;+k,i = P ;;k( a,,,, 1 ), i, j, k ~ 1, i + j + k = n 

i,j, k ~ 1, i + j + k = n 

where P;;k is a polynomial in the am, 1 (resp. e,,,, 1 ) with m + l < n. Now apply Lemma 
5.1 to conclude that <t,(ei+j,k)=ai+j,k for all i,j,k ~1, i+j+k = n. 

We have now proved that F;(X, Y) over Z<P>[S] is universal for formal groups 
over Z<P>-algebra. It follows that Fs (X, Y) over Z[S] is also universal because there 
is a one-one correspondence between homomorphisms Z(p>[SJ .- A and 
homomorphisms Z[ SJ.- A if A is a Z<P>-algebra. □ 

6.3. Corollary. Let F(X, Y) and G(X, Y) be two formal groups over a Z<P>-algebra 
A such that F(X, Y) = G (X, Y) mod(degree n ). Then there is an a E A such that 

F(X, Y)= G(X, Y)+ a(v(nt 1Bn(X, Y))mod(degree n + 1). 

This is Lazard's comparison lemma. (Cf. [10].) Of course it holds for all rings A, not 
just for Z(P>-algebras. To prove it for all rings A in the way we have done it for 
Z(p>-algebras requires first the construction of a (globally) universal formal group. 
This will be done in part II of this series of papers [8]. 

6.4. p-typical formal groups. Let A be a characteristic zero ring. We define this as 
a ring A such that n E Z, a E A and na = 0 implies n = 0 or a = 0. The natural 
homomorphism A .- A ©z Q is then injective. Let F(X, Y) be a formal group over 
A and let f(X) = X + b2X2 + ... be a power series with coefficients in A ®z Q such 
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that F(X, Y) = r'(f(X) + f( Y)). Then F(X, Y) is p-typical iff f(X) is of the form 
f(X) = X + bpXP + bp,xP' + .... Indeed we have 

f(fq'yo(X)) = f(Z1X 11q) + f(Z2X"") + ... + f(ZqX 11") 

from which the result readily follows. 

6.5. To prove Theorem 2.8 (p-typical universality of Fv (X, Y)) we need a lemma. 

Lemma. Let F(X, Y) be two p-typical formal groups over a ring A which is of 
characteristic zero or a Z 1p 1-algebra. Suppose that 

(6.5.1) 

then 

(6.5.2) 

F(X, Y) = G(X, Y) mod(degree p' + 1), 

F(X, Y) = G(X, Y) mod(degree p'+ 1). 

To prove this lemma for all rings A we need the comparison lemma for all rings A, 
which we have not yet proved. So the proof of this lemma and also of Theorem 2.8 
which depends on this lemma still has a gap. This gap will be filled in [8]. 

Proof of the lemma. We use induction. Suppose we have already proved that 
F(X, Y) = G(X, Y) mod(degree m ), p'+ 1 > m;;,, p' + 1. Then by the comparison 
lemma we have 

(6.5.3) F(X, Y)= G(X, Y)+ a(v(mt 1Bm(X, Y))mod(degree m + 1) 

for a certain a EA. Let q be a prime number different from p which divides m. It 

follows directly from (6.5.3) that 

,'o(Z1X 11q) +F ... +F')'o(ZqX 11q) 

(6.5.4) = ')'o(Z1X 11q) +a ... +o ')'o(ZqX 11q) 

+ Q (v(m r1[(Z1X 11q + ... + zqx 11qr - Z';' xm/q - ... - z:;xm/q]) 

where the congruence is mod(degree m + 1). Now if T., = Z~ + ... + Z~ and er, is 
the i-th elementary symmetric function in the Z, we have 

(6.5.5) 

It follows from (6.5.4) and (6.5.5) that 

(6.5.6) 

On the other hand because F(X, Y) and G(X, Y) are p-typical we know that 

f;')'o(X) = f~')'o(X) = 0. Therefore 

(6.5.7) 
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for all prime numbers q different from p dividing m. If m is a power of q then 
(6.5.7) says that a = 0 and if m is not a power of a prime different from p then 
v(m) = 1 and there is a prime number q1 f p such that q1a = 0. It follows that a = 0 
because A is a Z<pralgebra or of characteristic zero. D 

6.6. Proof of Theorem 2.8 (p-typical universality of Fv(X, Y)). First of all 
Fv (X, Y) is a p-typical formal group, because of 6.4. Now let G(X, Y) be a 
p-typical formal group over a ring A Suppose we have already constructed 
<p,: Z[V]-A, r;;;,, 0 such that 

(6.6.1) F~(X, Y) = G(X, Y) mod(degree p' + 1) 

(the case r = 0 is trivial, take c,1>0(V;) = 0, i = l, 2, ... ) and suppose we have proved 
that such a c,I>, is uniquely determined on the sub ring Z[ V1, ... , V,] of Z[ V] by 
(6.6.1). Because F't;(X, Y) and G(X, Y) are both p-typical formal groups it follows 
from (6.6.1) and the comparison Lemma 6.3 that 

(6.6.2) 

for a certain a EA Now define c,l>,+1 as follows, c,l>,+1(V;) = <p,(V;) for i ~ r, 
c,b,+1(V,+ 1) = - a, 4>,+ 1(V;) = 0 if i > r + I. Then because of (4.4.3) we have 

(6.6.3) F~+•(X, Y) = G (X, Y) mod(degree p ,+i + 1) 

and it is also clear that 4>,+ 1 is uniquely determined on Z[V1, ... , V,+i] by (6.6.3). D 

7. Isomorphisms 

In this section we first want to prove Theorem 2.10. Now to prove that the formal 
groups F>;;'(X, Y) and F~(X, Y) and that the formal groups Ft(X, Y) and Ft.rare 
strictly isomorphic can be done in the standard way by constructing the isomor
phism step by step using the comparison lemma to calculate the next coefficient at 
each stage. Here A is the appropriate localization map A - A @z Z<p>• 

It then follows that Ft(X, Y) and Fs (X, Y), and F\,(X, Y) and Fv, r (X, Y), are 
also isomorphic. 

Another proof uses what I like to call the functional equation lemma (cf. 7.1 
below). This proof gives directly that the pairs of formal groups Ft(X, Y) and 
Fs (X, Y), and F\,(X, Y) and Fv, r (X, Y) are isomorphic. Later we shall also find 
this lemma useful or at least suggestive in the construction of a global universal 
formal group (cf. [8]). 

7.1. Functional equation lemma. (i) Let f.(X), i = 1, 2 be a power series over 
Q[ V; W] of the form /, (X) = X + ... such that 

(7.1.1) f.(X) = g,(X) + i v. f\P")(XP"), 
n=I P 

i = 1,2 
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with g1(X) E Z[ V; W]([X]] and glX) E Z(pi[ V; W][(X]]. Let h 1(X) and h 2(X) be 
power series of the form h;(X) = X + ... over Z[V; W], respectively Z<Pl[V; W], 
and let f, (X) = !, (h, (X)). Then one has 

(7.1.2) f,(X)=g;(X)+i: v"f\P"\XP"), i=l,2 
n~I P 

with g1(X)EZ[V; W][(Xl] and g2(X)EZ(pi[V; W][(X]]. 
(ii) Inversely, suppose we have power series f,(X), f,(X), i = 1,2 of the form 

f, (X) = X + ... , f, (X) = X + ... such that (7.1.2) and (7.1.1) hold with g 1(X), 
g1(X)E Z[V; Wl[[Xl] and g2(X), gi(X)E Z<p 1[V; Wl[[X]] then there exist power 
series h 1(X) (resp. h2(X)) of the form h; (X) = X + ... with coefficients in Z[ V; W] 
(resp. Z(ri[V; W]) such that f,(X) = f,(h;(X)). 

In other words, if a power series f(X) satisfies a functional equation of type 
(7.1. l) then all power series obtained by a strict substitution satisfy the same kind of 
functional equation, and inversely if two power series both satisfy a functional 
equation of type (7.1.1) then they are strict substitutes of one another. 

N.B. It is not true in general that g;(X)= g;(h,(X)). 

7.2. Proof of part (i) of the functional equation lemma. It is obvious that the only 
denominators occurring in f1(X) and f1(X) are powers of p. Therefore the only 
denominators occurring in 

are powers of p. It suffices therefore to prove (7.1.2) for the case i = 2. 
Precisely as in the proof of Lemma 3.3 we have that 

and 

It follows that we have mod I that 

7.3. Proof of part (ii) of the functional equation lemma. If there exits a h1(X) such 
that f1(X) = f1(h 1(X)) then it is equal to f~1(J1(X)). So because the only de
nominators occurring in J1(X) and Ji(X) are powers of p, it suffices to prove the 
case i = 2. Let hz(X) = J;·1(f2(X)). Write h2(X) = X + b2X2 + ... and suppose we 
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have already proved that b; E Z(d V, W] for i ,;;; n. Exactly as in Lemma 3.3 one 

now shows that 

f!l"\hz(XY") = tf "\h 1"1(X P" )) mod(p, degree n + 2). 

It follows that we have mod (1, degree n + 2) 

gz(hz(X)) = /z(hz(X)) - L :n /f"l(hz(X)P") 

= /z(h2(X)) - L Vn [Y'")(h Y'")(XP" )) 
p 

= fz(X) - L v,. [Y'">(xp•) = gz(X) = o 
p 

which shows that bn+, is integral because g2(X) is of the form gz(X) = X + . . . . □ 

7.4. Proof of Theorem 2.10. Apply part (ii) of the functional equation lemma to 

/s (X) and /~(X), and fv. r (X) and f'v(X). 

7.5. Corollary. Every formal group over Z<P>-algebra A is strictly isomorphic to a 
p-typical formal group over A. 

This follows directly from the isomorphism between Fs (X, Y) and F~(X, Y) and 
the universality of Fs (X, Y) for formal groups over Z(P>-algebras. This is a universal 

way of making formal groups p-typical and it agrees with Cartier's formula for 

making formal groups p-typical (cf. [2]). This last fact is easily checked by 

calculating what Cartier's formula does to (the logarithm fs (X) of) Fs (X, Y). 

7.6. To prove Theorem 2.12 we first need a lemma similar to Lemma 6.5. 

Lemma. Let F(X, Y) be a formal group over A, where A is a Z<P>-algebra or a 
charcteristic zero ring and let y (X), 8 (X) be two p-typical curves for F over A. 
Suppose that 

(7.6.1) 

then 

(7.6.2) 

y(X)= 8(X)mod(degree p" + 1) 

y(X) = 8(X) mod(degree p"+'). 

Remark. This lemma is not true for arbitrary rings A 

Proof of the lemma. We use induction. Suppose we have shown that y (X) = 
8 (X) mod(degree m) where p n+i > m ;;;.,:, p" + l. Let q be a prime number dividing 

m different from p. We have y(X) = 8(X) + aXm mod(degree m + 1) for a certain 
a EA. It follows that (fqy)(X)=(fq8)(X)+qaXm 1q mod(degree (m/q)+l). But 
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y(X) and 8(X) are both p-typical, therefore qa = O from which it follows that 
a = 0 because A is a Zcpi-algebra or a characteristic zero ring. 

7.7. Proof of Theorem 2.12. (Universality of the triple (F\ (X, Y). a,. r (X), 
Fv. T(X, Y)) for triples over Zcpi-algebras or characteristic zero rings.) 

Let A be a Zcpi-algebra or a characteristic zero ring and let F(X, };:) and G (X, Y) 

be two p-typical groups over A and a (X) a strict isomorphism from F(X, Y) to 
G(X, Y). Because Fv (X, Y) is universal for p-typical formal groups there is a 
unique homomorphism ijJ : Z[ VJ- A such that Ft-(X, Y) = F(X, Y). Suppose we 
have already found a homomorphism <f>n : Z[ V; T] - A such that 

(7.7.1) Ft•'(X, Y)=F(X, Y), i.e. <f>n extends i/J, 

(7.7.2) at.:/X) = {3(X) mod degree (p" + 1) 

and suppose we have proved that <f>n is unique on Z[V;T,, ... ,Tn]CZ[V;T]. 
Write a" (X) for at: r(X). Now quite generally if (3 (X) is a strict isomorphism from 
a formal group H,(X, Y) to a formal group HiX, Y), i.e. if {3(Hi(X, Y)) = 
H2({3(X), {3(Y)) and if H,(X, Y) is a p-typical formal group, then /3"'(X) is a 
p-typical curve for H1(X, Y). (Very easy to check.) 

Now {3(X) is a strict isomorphism from F(X, Y) to G(X, Y) and a"(X) is a strict 
isomorphism from F(X, Y) to Ft::1 (X), because of (7.7.1). Both G(X, Y) and 
Ft:-/X, Y) are p-typical formal groups. Therefore we have that 

(7.7.3) 13-'(X) and a~'(X) are p-typical for F(X Y). 

Using (7.7.2), (7.7.3) and Lemma 7.6 we see that 

(7.7.4) 

for a certain unique a E A 
Now from (4.3.2) e.g. we see that 

(7.7.5) /v.dX)=/v(X)+ Tn+lxp••'mod(Ti, .. ,, Tn, degree p"·'+ 1). 

It follows that we have for av. r (X) = f~\(fv (X)) that 

- xp••• d(T T d "''+l) (7.7.6) av,1 (X) = x- Tn+I mo " ... , n, egree p . 

Now define<f>,,":Z[V;T]-A by <f>,,.,=<f>,,onZ[V;T, .... ,T,,], <fi,.,,(T,,,,)= -a, 
<f>,,+ 1(T;) = O, i > n + 1. Then <f>,,., satisfies (7.7.1) and (7.7.2) with 11 replaced by 
n + 1 and <f>,,+ 1 is unique on Z[V; T" ... , T,,+i]. Both, because of (7.7.6) and (7.7.4). 

□ 

7.8. Remark. The triple (F'v(X, Y). av. r (X), Fv. 1 (X, Y)) is not universal for tri
ples over arbitrary rings. The easiest counter example is probably the following. 
Take A = Z/(q) (q a prime number). Choose a prime number p > q. Let F(X, Y) = 

X + Y, a(X) = X + Xq, G(X, Y) = X + Y. Both F(X, Y) and G(X, Y) are p

typical and a(X) is a strict isomorphism (over Z/(q)!). 
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7.9. Let v = (v 1, v2, ••• ) be a sequence of elements of a ring A We write Fv (X, Y) 

for the formal group Ft.(X, Y) where <f> : Z [ V] - A is the homomorphism which 
takes V; into v;, i = 1, 2, .... Every p-typical formal group over A is equal to an 

Fv (X, Y) according to Theorem 2.8. 

Corollary I. Let A be a Z<P 1-algebra or a characteristic zero ring. The formal groups 
Fo(X, Y), F, . .(X, Y) are strictly isomorphic iff there exist ti, ti, ... EA such that 

Fv·(X, Y) = F, .. ,(X, Y). 

Corollary 2. Let A be a characteristic zero ring. The formal groups Fv (X, Y) and 
F,,.(X, Y) are strictly isomorphic iff there exist ti, t2, ... EA such that 

a1(v')-a1(v)= t1EA CA®zQ, 

az(v')-a1(v)tf-az(v)= t2EA 

a/v')- a1(v)t~- az(v)tf'- aJ(v) = (3 EA, 

where a; ( v) (resp. a; ( v ')) is the element of A ®z Q obtained by substituting Vi, V2, •.• 

( resp. v;, v f .... ) for V1, V2, ... in the polynomials a; ( V). The t 1, t2, ... are unique if 

they exist. 

This follows from (4.3.2) and Theorem 2.12. The ti, t2, ... in Corollary 1 above 

need not be unique. 

8. Concluding remarks 

In Honda [9] the reader will find a construction for formal groups very similar to 
the constructions carried out here. The integrality proof is also similar. (They were 
found indepently however.) In Ditters [3] still other constructions can be found of 
simil;u flavour. Both Honda and Ditters work with power series f(X) = L a;X; for 
which the a; satisfy relations like (4.3.1) rather than with power series which satisfy 
a functional equation like (3.1.1). It may be of interest to remark that fv (X) seems 
to be the only power series which satisfies a relation like (4.3.1) and a functional 
equation like (3.1.1). 

The p-typical formal groups Fv (X, Y) for various p can be fitted together to 
yield a (global) universal (one dimensional commutative) formal group Fu (X, Y). 
There are also more dimensional versions of Fv (X, Y) and Fu (X, Y). Cf. [5] 
and [8]. 

The explicit formulae (4.3.1) relating the coefficients of fv (X) and a similar 
formula concerning fu (X), the logarithm of the global universal formal group, can 
be used to find generators for the coefficient ring BP *(pt) of Brown-Peterson 
cohomology and the coefficient ring MU *(pt) of complex cobordism cohomology. 
Cf. [5] and [6]. 
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