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TeopeMa ,11.BOHCTBeHHOCTH ,11.JIR KOfOMOJIOfHH aJireop Jiu* 

MHXIHJI Xa3eBR·HKeJih (AMcTep,!LaM) 

TiycTb k- KOMMyTaTHBH0e K0J!bU0 c e,[\HI-!Hll.eii:. Mb! 6y.n;eM paccMaTpHBaTb 

TOJibK0 CBo6o,n:Hbie aJire6pb! J1H li C KOHelJHb!M 'IHCJI0M o6pa3y!OIIJ,HX Ha,I\ k. 
TiycrbM - MO,I\YJib Ha,n: li, M* = Hom (M, k)-k-mrneii:Ho ABOMCTBeHHhIHMO,I\YJib. 

JJ.eiiCTBHe li Ha M OITHCbIBaeTCH YCJIOBHeM (fu, m) + (f, mu) = 0, r.n;e u E li, 
m EM, fEM* ((f, m)-KaHOHHIIecKoe crrapHBamre M* xM-> k, T. e. (f, m) = f (m)). 

JJ.mr BC5!Koro u Eli ITOJIO)KHM Cu= Tr (ad u). TiycTb M - MO,I\YJib Ha,D; li C 

CO0TBeTCTBYIOlll,KM npe,n;cTaBJieHI-reM u ,-> p (u), TOr,n;a u 1-> p (u)- Cu • l M on:pe-

,n;emrer HOBOe rrpe,I\CTaBJiemre 3Jire6pbl li (IIOTOMY '!TO C[u,v3 = 0 )l;Jl5! BCex 

ll, VE li !{ . Cu . 1 M KOMMyTHpyeT C p ( v) ,I\Jl5! Bcex ll, VE li). O6o3Ha1!HM qepe3 

M1w M0AYJib 3Toro HOBoro rrpe;::i;cTaBJiemrn; KaK k-MO,I\YJib OH coarra,n;aeT c M. 
Mbr ,n;oKa,KeM cJie,n;y10lll,y10 TeopeMy ,D;BOHCTBeHHOCTH. 

TeopeMa. llycmb li-n-MepHaH. a;ize6pa Jlu Hao no.n.eM k. Tozoa cyll{e
cmey10m KXlHOHll"leCK/.J,e U30MOpqJU3Mbl 

( l) 

iae * o6osHa"laem /lUHeUHO aeoucmeeHHbte J,WOljJLU u M1w - M03y.n.b C!Cpljt,(,eHl-lOZO 
npeacmae/leHUR u I--"- p (u)- Tr (ad u) . IM (iae u I-+ p (u)- npeocmae/leHue, 
coomeemcmey10U{ee MOOljA/0 M). Ee.au !i-HU/1.bnomeHmfla u11,u ecAu [6, li] = li, 
mo Mw = M (Ho B o6tl{eM Cll!J"lae (M1w)* =I=- (M*/w). 

JI.mi: ,!l;0Ka3aTeJibCTBa TeopeMbl l Mb! II0CTp::rnM li30MOpq:>H3M Me:;.l{,n;y K0M

IIJieKC0M C (li; (Mtw)*) Koueneii co 3HaIIeHH5!MH B (M1w)* H mrneiiHo ,u;BoiicTBeH

HbIM K0MIIJieKCOM C (li; M)*; S-MepHa5! Kouerrb aJie6pbI li co 3HaIIeHH5!MH B 

(M1w)* - 3TO k-JIHHeHHaH q:>yHKUH5! /\ li-> (M1w)*. BbropaB 6a3HC Ui, ••• , Un B li, 

OT0M,ll;eCTBHM MO,[(y Jib 3THX KOUeIIeH C. .L.J . )i, ... i 5 - . .L.J . t 1 ... t 5 • "1 ((Mtw • . ),..._,, ( "'1 Mtw . )• 
t 1< ... <is i,< ... <•s 

3JieMeHT :.noro MO,II.YJI5l- q:>YHKUH5! t C KOMIT0HeHTaMH f;, ... is• i1 < ... < is. 
Ecmr m = (m;, ... ;5 ) E ~ Mf~ .. ;5 , TO f (m) = ] (f;, ... ;5 , m;, ... ;J HaM 6yJI,eT 

i1< .... <i 5 i1<•·· <i 5 

y,n;o6Ho ,rr.oorrpe,[(eJIHTb f i , ... is = sign ( a) f; , ... ;5 ,I\JIH acex rrepecTaHoBoK a, er (j t) = it, 

t = 1, 2, ... 's, H Il0JiaraTb /i,..,is = 0 KaM,I\blll pas, Kor,n;a ,ll;Ba H3 HH,n;eKC0B 

n 

1. . K . t "1 t t 
1, .•. , Js paBHbl. poMe Toro, II0JI0)KHM i 1 ..• i5_ 1[i5i5+1l = .L.J 1i5 i + ;, ... is-i• 

l=I s 1 

* lfocJie)l:<YBaH11e BbIIT0JIHe110 n,pn cj111Ha11coso» no1>1our11 Z. W. 0. (O.pram13au1rn H11.a:eo
JiaH•,a:os )I_JIH II0.!U1,ep)KK11 HaytJHb!X H-CCJie;:i:oBaHHH.) 
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ri 

r.n.e Iuis• Ut8+1I = ] 'Cfsis+1Ut (T. e. 'C~i - crpyKTYPHhie KOHCTaHTbI aJire6pbI ~). 

t=l 

AHaJioru1mo onpe)leJI5UOTCTI mi,--.is K 'I'. )l. B 3THX o6o3HatieHHHX KOMnJieKe: 

Kou.eneH co 3HaqeHHHMH B (Mtw)* HMeeT BH)l: 

(2) 

r,a;e 
s+t 

(f~!) ((m,, ... t8+1)) = _] ] (- 1 )5+i+q (f;, ... Tq•··is+/uiq - Ciq), mi, ... i5+1 ) + 
i 1< ... <ls+t q=l 

+ (3) 

r.n;e c;q = Tr ( ad Utq) H MbI orrycrmrn tw B o6o3HaqeHHH Mtw, noToMy qTO aTo 

CKpyqHBaHHe BJIH.HeT TOJlbKO Ha cpopMy JIY ,!l,JI.H f6!. AHaJiorHqHo Mbl OTO}K)leCTB-

n-s 
m1eM Homk (/\ ~. M) H 

~). Tiepeii:,a;H K JIHHeHHO )lBOHCTBeHHOMY KOMilJieKcy' noJiytrHM 

.. • - ( ] M11 ••• in-s)• 6:-s_. ( ] M;, ... in-s-i)•--+ • • •, (4) 
i,<: ... <in-s i,< ... <in-s-i 

n-s 

(fi, ... in-s• ] (- 1 r-s+qmi, ... f'q ... irz_suiq) + 

+ 

(5) 

(6) 

(7) 

IV= (8) 
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TiycTb ( .. ~- M; 1 ••• in-s)* 2> (. ~ . Mj, ... j s)'"-u30:vropcpll3M, 
l1<, ... <Ln-s .J1<---<Js 

r.n;e f = (f;, ... in_5 ) H (ji, ... is)- AOITOJIHeHHe K (ii, ... , in-s) B (1, 2, ... , n). 

TioJIO}!{HM o; = ,:o:_s,:-l. TToJiyqJ-IM HOBbIH KO!Vil1JieKc 

(9) 

(3aMeTUM, qTo MO)].YJUI B KOMITJieKcax (2) H (9) Te )Ke caMbie.) fpymibI KO

roMOJIOrHH KOMITJieKca (9)' KOHeqHo, ll30MOpq:>Hbl C rpyrrnaMll KOroMo.rrornfl 

KOMITJieKCa ( 4) npll 3aMeHe irn,n:eKCOB: s \-> n-s. 
I1MeeT MeCTO 

TT p e)]. JI O iK e H !I e 1. o! = (- 1 )5+10!. 
J1. 0 Ka 3 a Te JI b CT B 0. Bblq!ICJIUM (o;f) (m), r,n:e f = (fi,. .. j 5), m = (tni, ... i5+1 ), 

TiepBblH qJieH I ,n:aeT (CM. ( 5)) 

~ ~ (fj, ... j 5, fnj, ... j5tUt) (- it-s+q(-1)5-1sign(i1 •.• in-sj1 ... js) X 

~ 
i ,<.•-<is ,t*j,,.,.,is 

jj1, , js - ,n:orroJIHeHHe K i1, ... , in-s, t = iq H l - TaKoe qncJio, qTo 

(z< t< iz+1); BTOpoil: tJJieH II (Ct\!. (6)) ,n:aeT 

~ (t . · m· · t) "'iq (- 1 )s-i - II' f1 ... /s• J, ... Js r; t ~-q 
(11) 

i,< ... <is iq<t 
t*j,, ... ,js iq*i1,···•js 

(ii, ... , j 5 - )].OITOJIHemre K i1 , ... , in-s, f = ir ll / -TaKoe qnCJIO, tJTO 

ii< t< i1+1). 
AHaJiornqHo Haxo.n.uM, qTo TpeTHH qJieH III (cM. (7)) .naeT 

2J 2J (fi,. .. j 5 , mj, .. -isf) 1:;; (- 1 )5 = III'. ( 12) 
i,< .. ,<:.j5 ir>t 
t*j,, ... ,is ir,t-j,. ... .js 

)lJUr Bb[qHcJieHH5! BKJia.n;a tJJieI-Ia IV (cM. (8)) pa306beM 3TOT qJieH Ha TpH 

qacrn:: iq<ir<t, iq<t<ir, t<iq<ir, Jl.mi: rrepBOH HaxO.l(HM, no 
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2J 
i, <---<is-l a,b,xs>6j,, ... ,j5_ 1 

a<b<x 

M- Xa3eB!lHKeJlb 

X (-1 t-s-wx,ib sign U1 .. ' in-sh ... jixj1+1 ' .. h-1)X 

X sign U1 ... iq ... ir ... iwtiw+1. •. i11-sii • • • j,aiz+t • • • iubiu+1 • • • js-1)] = 

2J 2J 
j,< ... <is-1 a,b,xs>6j, ..... is-1 

a,bs>6x,a<b 

rJJ,e ii, , is-1 - )l.0IT0JIHemie I{ i1, ... , i11-s, t, X = t, a= iq, b = ir H 

w, z, y, l - TaKrr.e qrr.cJia, qro iw < t < iw+1, iz< a< iz+1, iu < b < iu+1t 
it< t < h+1• (B rrepaoH qacrH q < r-< w.) 

TTpeo6pa3yH ,npyrne ,II.Be qacnr TaKHM )Ke crroco6oM, noJiyqHM cJie,n:y10-
my10 cpopMyJiy ,II.JIH (IV): 

~ 
j,< ... <is-1 a,b,x,=j,, ... ,h-1 

a,b,=-x, a<b 

(f . · -m· · b)'"'xb(-1)5 =IV' l1••·ls-1X' lt-·•ls-la 1a · 

C ,11,pyrou CTOpOHbI, B c1rny (3) (6!f) (m) HMeer BH)l. 
s+1 

°"'' °"" (- 1 )'+1+q (f,. i" ,· ' ' - mi, ,, .. is+1uiq) + .LJ LJ , ... q··· STl 

i1 <. ..• <is+t q=l 

+ 

(13) 



r}l.e 

II"=-

III"= 

TeapeMa )Xl!OHCt<lleHHOCTH 

i1<---<is 
t,1:j,, ... ,j s 

"'1 (f· · m· · t) ,.,Jz L.J. fi••·ls• f, ... fs I tjz , 

h<---<js jz>t 
t,1:j,, ... ,is 

IV"= - ~ .2j (fi, ... j 5_ 1x, mj, .. .j8_ 1ab) 'Y~b, 

i, < ... <is-1 a,b,1:j1>,·,h-1 
xc;6j,,,.,h-1 f a,b,t=x, a<b 

i, <---<is 
t,1:j,,, ... is 
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CpasmrnaH 3TO c cpop:vryJiaMH AJIH (o!f)(m) BHJJ;I1M, tITO IV"= (- 1)5+1 IV' H 

I" = (- 1 >5+11'. II.aJiee, K03:p:paurreHT rrpII (fj, ... i5, mi,---ist) ,[J;JI5I mo6oro. Bhr6opa 

ii<---<is,i=/==-i1, ... ,js B II"+III" i-V"+(-1)5Il'-\-(-1)81II' paBeH 

n 

= c1-~ ,~1 =C1-Tr(adu1) = 0. 
x=I 

Dpe,DJIOMeHHe 1 ,11,oKasaHo. 

KoroMoJiornH KOMrrJieKca ( 4) C = C ( 9; M) • CB.HSaHbI c KoroMoJionu1MH 
C (9; M) IJ:epes TeopeMy ymrnepcaJibHblX K03qlq:lHUHeHTOB. B CHJIY np_e,11,JIO· 
)KeHH5I 1, HMeeT MeCTO 

Te Ope Ma 2. llycrb k - HQCJleacrseHHOe KO.llblfO (T. e. Km1cablU uaeaA 
8 k npoeKTUBl-lblU). n YCTb ~ - n-Mepl-lafl a11,ze6pa JI u 1-laa k ( cso6001-taJi KaK 
k-.MOOY.llb) H M - KOHet./,HOMepHblU MOOyAb 1-taa 6, npoeKTUBHblU /(QK MOOY.llb 
Hao k. Tozoa u.Meer Mecro KaHoHut.tecK.afl pacU{en.lLRJOU,fiG.RCfl ro 1mafl nocAe
doeare.llbHOCTb 

TeopeMa 1 Henocpe,11,cTBeHHo cJie,11,yeT H3 reopeMbI 2. 
C JI e ,11, c TB He 1. Cyt4ecreyer TaTWR cTpyKrypa 9-.M.ooyAR 1-w k, t,f,TO ,. 

Hn(9, k)"FO; ecJIH k-noAe, crpy1uypa c raKuM ceoiicreo.M eou1-tcrseH1-ta. 

Dycrb u 1-> (V!VfHO)KeHHe Ha Tr (ad u)) E Hom (k, k); TOrAa H" (9, k) ~ k. 
:HccJie,n:yH HierrocpeACTBeHHiO KOMrIJieKC KOQerreil:, MO)KHQ IIOJIYIJ:H1'b 6oJiee TOIJ:-

Hy!O 1-rncj:JopMau:mo 06 Hn (Ij, k) )J;JUI pasJIHIJ:HhIX CTPYKTYP Ij-Mo,ri:yJIH Ha k. 
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Harrpm,rep, eCJrn k - JIOKaJibHOe KOJibUO C MaKCHMaJihHbIM H,n;eaJIOM m H 

u \-'>' Cu -TaKaH CTpyKTypa lj-Mo,n;yJIH Ha k, 1'.!TO Cu - Tr (ad u) Em ,z:r;JIH Bcex 

u f, lj, TO Hn (!j, k) -=I= o. TaKHM o6pa30M M02Kfl0 y6e,n;HTbCH, 1'.!TO npe,n;nOJI02Ke

mre o HaCJie,n;cTBeHHOCTH k B CJie,n;cTBHH I H3JIHUIHe; ,n;JI.s:r CTPYKTYpbI 

ul->Tr(adu) Bcer,n;a Hn(f),k)-::::::::.k. 
C .1 e ,n: c TB He 2. llycrb k-no.lle H fJ -n-.M.epHaR a.llze6pa Jlu HaiJ k; 

Clia6iJu.it k TpUBUa.llbliOll crpyKrypou lj-.M.oiJy.llfl. ToziJa 

Hn (!j, k) -=f= 0 ~ Tr (ad u) = 0 AJIH BCex u E f). 

(I1oc,1e,n;11ee ycJJOBJie, KOHel'.!HO, BblTIOJIHHeTc.s:r, eCJJH [lj, fy] = f) HJ!If eCJlH lj 

HiHJibITOTeHTHa.) 

C ,'I e ,n; c TB He 3. Ec.1u k- no.Ile KO!ieif,HOU xapaKmepucmum u f)- n-.M.ep-
flafl aAze6pa Jiu HaiJ k, mo cyll{ecmeyem maKOu (KoHeif,H0..11UpHbtr1) 

f)-Mooy,1b M, itmo Hn-l (f), M) -=I= 0. 

(TTOTOMy 1'.!TO cyrn;ecTByeT T3KOH KOHel!HOMepHblH lj-MO,D;YJib, l!TO H1 ((), N)-=f=0, 
T. e. cyrn;ecTByeT KOHel'.!HO'.\fepHoe npe,n;CT3BJieHHe, KOTOpoe He BITOJIHe [rrpHBO

,LJ:HMO.) TTocJie,IJ,HHH pesyJJbTaT IT0,1J;CKa3bIBaeT CJie,n;yIOm;He rrpe,n;rroJIO)KeHJrn 

(CM. [2], rJI. V, § 3, CTp. 102). ECAU f)-n-MepHa.Fl aMe6pa .flu Ha8 nOAe.M, 
KOHe1uwu xapa,crnepucmuKu, mo OAfl ecex i = 0, I, . . . , n cyll{ecmeyern mwcou 

KO!iet.{,HOMepHblU l)-M.o3yAb M, t.{,mO Hi (!j, M)-=f= 0. OHO Terrepb ,D;OKasaHo ,Il;JlH 

i = 0, I,n--1,n. 

(I1oCTyrnrna B pe.n:aKu:iuo 28/V 1970 r.) 
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