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Numerical entropy generation is studied in the case of steady, subsonic Euler flow
along a kinked wall. For a standard upwind finite volume discretization, the numerical
entropy error appears to be zeroth-order in mesh size. Two possible causes of the
zeroth-order entropy error are studied. First an investigation is made of the local
discretization error on a kinked grid. In the neighbourhood of the kink, this error
appears to be zeroth-order as well. For supersonic flow it can be easily removed.
However, it seems that the zeroth-order entropy error is yet not caused by the
zeroth-order discretization error. Next a study is made of the existence of a singular-
ity in the exact solution. Probably, the Euler flow solution is singular at the kink in the
wall. The form of the likely singularity is unknown. Therefore, the construction of a
computational method which uses a priori knowledge of the singularity is not possible.
Finally it is shown by numerical experiment that the subsonic Euler flow along a
kinked wall still can be computed with vanishing entropy errors, by using a continu-
ously curved wall which converges to the kinked wall in the limit of zero mesh width.

Note: This work was supported by the European Space Agency (ESA), through
Avions Marcel Dassault - Bréguet Aviation (AMD-BA).

1. INTRODUCTION

1.1. Governing equations

The flow of an inviscid, non-heat conducting, perfect gas is described by the Euler
equations and the perfect gas law. The steady, two-dimensional Euler equations can
be written as

8 (q) . 32(q) _
e a0, (1.1)
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In (1.2) the usual notations have been used: u and v for the velocity components in
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x- and y-direction, and p and p for the density and pressure. E denotes the total
energy defined by E=e+ %(u’ +v?), with e the internal energy, which for a perfect
gas can be written as

e=—2 (1.3)

y=lp
y denoting the ratio of specific heats. The total enthalpy, denoted by H, is defined
by H=E +p/p. It can be shown now that for the entropy function s=p/p”, the
steady Euler equations imply

ds ds

— +v—=0 1.4
“ox ay 14
which means that - except for possible discontinuities - the entropy is constant along

a streamline.

1.2. Discretization

In this section we give a brief outline of the basic discretization method used in this
paper: the upwind finite volume method which was first presented in [2]. The
method has shown to yield good numerical solutions and in many respects it can be
considered as a good representative of a large class of upwind discretization
methods. (See [1] for a comparison between the present basic discretization method
and various other discretization methods.) Following Lax [4], the basic method
discretizes the Euler equations in the integral form

gmq)nx +g(g)n,)ds =0, (15)
be

where 99" is the boundary of ", Q" being an arbitrary subdomain of the computa-
tional domain {, and where n, and n, are the x- and y-component of the outward
unit normal at 3Q". The Euler equations are discretized by requiring (1.5) to hold
for each ; ;, ie. each i,j-th quadrilateral finite volume in a disjunct division of {,

= U%;;. Given a quadrilateral finite volume division, along 9{;; the contour
integYal in (1.5) consists of four cell face contributions, each with constant n, and ny.
Per cell face, the line integral is approximated by taking the flux functions f (g) and
g(q) constant and by computing them with Osher’s approximate Riemann solver [6].
Denoting the cell face between e.g. Q;; and &;4;; by 3%Q; ;4 ; and the Riemann
solver approximating (f(q))i+%,; and (g(@)i+x; by F((qi+y;.qi+s,;) and
G ((qf +,j.9i +1%,7), the integral along cell face 3; ;5 ; can be written as

[ (figine+g(gIny)ds =

9L 4y,
[F(q£+'/$,jaq€+%,j)("x)i+’/$,j+G(Q£+'é,j,qf+'/§,j)(”y)i+'A,j+0(hp)]li+'é,j: (1.6)

where /i1y ; denotes the length of 9Q; +4,; and p the order of accuracy of the
approximation. On smooth grids, first-order accuracy (u=1) is guaranteed by taking
qi +4,j and g; 45 ; equal to the states in the corresponding adjacent volumes.
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Boundary conditions are incorporated in a way which is consistent with the discreti-
zation in the interior of the domain. At subsonic inflow this requires the specification
of three boundary conditions. At subsonic outflow, one boundary condition is
required. (Just obeying these numbers still does not guarantee mathematical well-
posedness. For a study of the mathematical well-posedness of e.g. some typical sub-
sonic outlet boundary conditions, we refer to [3].) For supersonic flow the number
of boundary conditions to be imposed at in- and outflow is four and zero, respec-
tively.

In this paper we focus on fully subsonic Euler flows with constant entropy
imposed at inflow, i.e. subsonic Euler flow problems of which the exact solutions are
known to be homentropic. We will make proper use of this knowledge to monitor
the quality of numerical solutions obtained for these flows.

1.3. The problem

First we study the error behaviour in the approximation of a homentropic, subsonic
Euler flow along a smoorh wall (Fig.1.1). The angle § over which the wall has been
bended (Fig.1.1) is 6=10°. For further details about this test case we refer to [5].
The type of grid used is given in Fig.1.2. It consists of 32X 32 finite volumes.
Coarser grids (16X16 and 8X8) are obtained from the finer by leaving out each
second mesh line. In Fig.1.3 we show the entropy error along the continuously
curved wall for the family of three grids mentioned. The behaviour of the entropy
error is clearly first-order accurate; it vanishes at an O (h)-rate.

Next, we study the error behaviour in the approximation of the similar subsonic
Euler flow along a kinked wall (Fig.1.4). (Except for the kink, all boundary condi-
tions are identical to those in the smooth test case.) For the type of grid shown in
Fig.1.5 we obtain the entropy error behaviour given in Fig.1.6. The entropy error is
zeroth-order accurate; it does not vanish for h—0 ! Causes of the zeroth-order
behaviour may be:

() non-smoothness of the grid (The grid in Fig.1.4 is non-smooth along the entire
grid line emerging from the kink in the wall.), or

(i) non-smoothness of the exact solution. (The incompressible potential flow along
a kinked wall is known to have a singularity in the velocity field of the form
r%, 0<a<1, where r denotes the radial distance from the kink and where « is a
constant depending on the kink angle. The subsonic, compressible Euler flow
may have a similar singularity.)

In the following we will investigate both possible causes.
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Fig.1.3. Entropy error along smooth wall, §=10°,

0:8X 8-grid, A:16 X 16-grid, +:32 X 32-grid.
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Fig.1.6. Entropy error along kinked wall, §=10°,
O:8X8-grid, A:16 X 16-grid, + :32X32-grid.



320

2. NON-SMOOTHNESS OF THE GRID

2.1. Local discretization error

Given the zeroth-order order error behaviour, it is natural first to investigate the
discretization error in the upwind finite volume discretization on a kinked grid. For
;. ;, a cell just behind the kink in the grid (Fig.2.1), the discretized equation reads

[F(qi.,j,qi~+1,j)—F(qi*—1,j’qi'»j)}
+2tandé [F(q,-.,j—l,qi-,j)‘F(‘Ii*,j’qi*J+1)]
+2 [G(q,'.,j,%",jﬂ)“G(‘Ii-,j-l’qi*»j)] =0. @

By performing Taylor series expansions around the centre of ;. ;, (2.1) can be
rewritten as
3F
0x

1 9F(9.9i~,)) 3q

and 3 3y

+3¢ =0 (h). 2.2)
inj O is ix,j
We see that the discretization has a zeroth-order error. For =0 or for fully one-
sided upwind discretization from the right, the zeroth-order error vanishes. (In the
latter case F(g,gi+,;)=f (gi»,;) and hence 3F(q,g;. ;)/09 =0.) For a cell Q;.—;; just
in front of the kink (Fig.2.1), we obtain the comparable result

aF ix—17>
B 3G 1| 21 Be —o®). @3
0x |jw—1j O |is—1; 9g | lin—1,

For ;. , the zeroth-order error vanishes for a fully lefi-sided upwind discretiza-
tion, or - again - for vanmishing 8. For further details and also a numerical
verification of the analysis we refer to [5], where we compute the residual of an exact
solution of the continuous Euler equations, by substituting this exact solution into the
discrete Euler equations on a kinked grid.
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Fig.2.1 Geometry at kink.
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2.2. New discretization

The zeroth-order discretization errors found in (2.2) and (2.3), only involve a deriva-
tive in y-direction, i.e. the direction in which the cells behind the kink have been
shifted. We will now try to remove these errors by enlarging the discretization sten-
cil. Because we only need to introduce extra derivatives in y-direction, we expand the
stencil by using additional information from y-direction. We introduce a new flux
across 9Q;.4+y ;, by taking a weighted mean of the basic numerical fluxes across
0. 45, and 9Qi. 4 4 +1, i.e. We approximate fi.+y; by

Jirt 1) T U F (Gin o Gin 41, )) T A= Gin k15 JF (Ginj+1:Gin+1,j+1) (2.4)
The same is done for the approximation of the flux across 3%Q;, - ;:
Jiom18 T G JF(Gin—1,j5Gin )T (A= G JF(Gin—1,j+1,Ginj+1)- (2.5)

Substitution of (2.4) and (2.5) into the discrete version of (1.5), then yields after Tay-
lor series expansion around the centre of {;, ;:

oF 3G
[y +...-.__
ax i, j ay ix,j
1 oF 1 aF( i*,j> ) d
5 @pem )~ Gie s~ taDO) | tans | I 8|~ o) (26)
W |inj dg W | |ixy

The third term in (2.6) equals zero by choosing the weights such that they satisfy
Qju—1j—Gir+y,;—tand=0. Given our upwind discretization, the fourth term
automatically drops for a supersonic flow from the left.

As a numerical experiment we consider now, on a kinked grid without wall: a
supersonic parallel flow with: u =ug+uy, up and u; being positive constants, and
with: v =0, p is constant and p is constant. Using the old discretization, for this
exact solution of the continuous Euler equations there is no zeroth-order error in
Qi.—1,; [5] This already fixes a@;.—y,; at .y ;=1. Next substituting the exact
solution into the new discrete equations, we can make the zeroth-order error in £, ;
equal to zero by taking a;.4y;=1—tand. (Notice that application of the new
discretization in ;. ; introduces zeroth-order errors in the cells downstream of ;. ;.
In order to remove these errors, we apply the new discretization in all cells down-
stream of the kink.) In Fig.2.2 local discretization errors are given, as found with the
new discretization and this exact solution of the comtinuous Euler equations. We
observe that the error behaviour is first-order indeed.

In subsonic flow the Riemann solver is not fully one-sided and as a consequence,
in subsonic flow the zeroth-order discretization error in (2.6) can be removed only by
making the sum of the third and fourth term equal to zero. In that case the weights
@js—y,; and @j.+y; become dependent of the solution. So, in subsonic flow the
zeroth-order local discretization error cannot be removed without introducing a
significantly more complicated discretization. Before possibly making any attempt to
construct a discretization of this kind, in the next section we will first investigate, to
what extent the zeroth-order discretization error actually causes the zeroth-order
entropy error.
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Fig.2.2. Discretization errors in energy equation, §=10°,
supersonic, non-uniform parallel flow from the left, new discretization.
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2.3. Entropy error on a kinked grid not involving a wall

In this section we study the entropy error on a kinked grid withour wall, using again
the old discretization and imposing via the boundary conditions: a subsonic version
of the exact parallel flow considered in the previous section. If for the flow without
wall, on the kinked grid shown in Fig.1.5, zeroth-order errors in the solution field are
found, then they may be caused by the zeroth-order local discretization error. If we
do not find zeroth-order errors in the solution, assuming that the parallel flow
imposed (via the boundary conditions) is not too trivial, the kinked grid and the
resulting zeroth-order discretization errors do not cause zeroth-order errors in the
solution field.

In Fig.2.3 we present numerical results which show the entropy error in the bottom
row of cells, for a family of three grids. The results clearly show that the entropy
error becomes approximately twice as small when the mesh width is made twice as
small. Therefore, we postulate that the zeroth-order entropy error found in the
numerical approximation of subsonic Euler flow along a kinked wall is not caused by
the zeroth-order discretization error in the neighbourhood of the kink in the grid.
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Fig.2.3. Entropy error in bottom row of cells, §=10°,
subsonic, non-uniform parallel flow from the left, old discretization,
O:8X8-grid, A:16 X 16-grid, +:32X32-grid.
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3. SINGULARITY IN THE SOLUTION
In this section we will consider another possible (and now most likely) cause of the
error: a singularity in the solution at the kink.

3.1. Irrotational, incompressible flow

For the incompressible potential flow along a kinked wall the exact solution of the
continuous potential flow equation is known. In the polar r, #-coordinates (Fig.3.1),
for §=<<f=<, the velocity field is described by

u=Ur"? cos(0-£-_—877),
T—36

v="Ur "% sin(d— 6=3 ),
a—38

(3.1)

where U is a constant. For 0<<d<<w/2, the velocity field has a singularity at r =0.
(There, it is not differentiable.) In [5] we also compute this incompressible potential
flow, using the compressible Euler equations extended with proper source term. The
numerical solution obtained clearly shows a zeroth-order accuracy at the kink in the
wall, a zeroth-order accuracy just as that found for the compressible Euler flow along
a kinked wall. Since the incompressible potential flow is singular at the kink, from
this we conclude that the subsonic, compressible Euler flow may be singular at the
kink as well.

Fig.3.1. Polar coordinates at kink.
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3.2. Transformation of variables and equations

In this section we investigate whether we can transform the dependent variables in
such a way that only smooth (i.e. non-singular) functions remain to be approxi-
mated. Herewith, we strive for a minor modification of the existing numerical
method. We assume that the velocity field of the subsonic compressible Euler flow
along a kinked wall has a singularity similar to that of the incompressible potential
flow. In the previous section it was suggested that if this is the proper form of the
singularity, the approximate solution, obtained by solving the discretized Euler equa-
tions, should have a zeroth-order error behaviour. By extracting now such a singu-
larity, we hope to remove this behaviour. Assume that 4 and v can be written as

u=Ur",
v="Vre,
where U and V are smooth functions of x and y and where a=46/(7—3§), 0<é<w/2.

Further, assume that the exact Euler flow is homentropic and isenthalpic. Then,
along the wall we have for the speed of sound

(32)

e =ch —-———Y? (U*+VHr¥*=Ch —Cir2e, (3.3)

with Cg a constant and C; a smooth function. If we assume that the enthalpy
changes smoothly from one streamline to another, then (3.3) is valid everywhere in
the flow field, with Cy and C; smooth functions of x and y. Furthermore, C, is a
known function of U and V. With s =p/p” constant, we find for the density

1 1

—1

p=(r5) 7" (= Chr2) T =(Ro—R )77, (34
and for the pressure
it I . X
P=@T)TTH(CE—Ciri )T =(Py— Py (.5)

In this, Rg, Ry, Py and P, are smooth functions of x and y, and R| and P, are
known functions of U and V. Next we can transform the Euler equations (1.1)-(1.2)
into equations to be satisfied by our new, smooth variables U, V, Ry, Py. The
transformed fluxes are complicated, nonlinear functions [5]. The corresponding sys-
tem of discretized equations cannot be solved by the existing method nor by a
slightly modified version of it. Apart from the fact that the transformed equations
require an ambitious modification of the existing numerical method, it is not yet cer-
tain whether or not the assumptions made on the singularity are correct. Therefore,
we refrain from a further investigation of these equations.
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4. GETTING ROUND THE ENTROPY ERROR BY PROPERLY ROUNDING THE KINK
In section 1.3 we computed the Euler flow along a continuously curved wall. There,
the length / of the curved wall segment (Fig.1.1) is the same for all three grids con-
sidered. In this section we compute the flow along a continuously curved wall for
which / =0 (h*), A>0. For finite A, it is clear that for A—0 the wall becomes kinked.
The results presented in Fig.1.3 and Fig.1.6 can be considered as those for the limit
cases A=0 and A=co, respectively. (For A=oco, for all A, the continuously curved
part of the wall is reduced to a single point and the entropy error is zeroth-order.)
The number of cells N lying along the curved part of the wall is N=//h. Hence,
with l=0(h)\) we have N=0(h*~!). So, for A<1, N increases with decreasing h
and for A>1, N decreases. In the latter case, for h~—0 we find that at the kink
(which is in fact the curved part of the wall), there is only one mesh line. In that case
we would have the same situation as for A=o0, the situation with zeroth-order
entropy error. So, in order to have decreasing entropy errors for decreasing mesh
size, we must take A<<1.

In Fig.4.1 now, we show the behaviour of the entropy error, when / is decreased as
a function of h. Herewith, for / we take / =c k™ with ¢, constant, and for the max-
imum norm of the entropy error we assume the form |ls/spgow — llle =c2h*, ¢, con-
stant. Based on numerical experiments with ¢; =1, p has been determined for
different values of A, using a 16X 16-, a 32X32- and a 64X 64-grid. As expected, for
A=0 we find that p—1 for ~—0. The main message of Fig.4.1 is that the flow along
a continuously curved wall can be used indeed, to approximate the flow along a
kinked wall. For any Ae(0,1), in the limit #—0, the curved wall becomes kinked
and the error vanishes, because for any A in that range it appears that
s /Sinfiow — o = O (A*), p>0. (If we want to let the entropy error disappear at the
same rate as /, then from Fig.4.1 we find that we should take A~0.4.)

0.8

Fig.4.1. Order behaviour maximal
entropy error, §=10°,
properly rounded kink, 3
O:16X16-grid/32 X 32-grid,
A:32X32-grid/64 X 64-grid.
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5. CONCLUSIONS

In this paper we studied two possible causes of zeroth-order entropy errors, as
encountered in the numerical approximation of the subsonic Euler flow along a
kinked wall: (i) non-smoothness of the grid and (ii) non-smoothness of the exact
solution of the continuous Euler equations. (The computation of the flow along a
smooth wall shows, as expected, that the entropy error is not caused by the discreti-
zation of the solid wall boundary condition.)

Concerning the non-smoothness of the grid, it appears that the upwind finite
volume discretization of the equations has a zeroth-order local discretization error at
the kink in the grid. For supersonic flow this discretization error can be removed by
simply extending the stencil of the discretization in the direction in which the grid
has been shifted. For subsonic flow a zeroth-order discretization error remains.
However, the numerical approximation of a subsonic, non-uniform, parallel flow on
a kinked grid without wall, suggests that the zeroth-order behaviour of the local
discretization error does not cause the zeroth-order entropy error.

Concerning the non-smoothness (i.e. the being singular) of the exact solution, it is
well-known that the incompressible potential flow along a kinked wall has a singular-
ity at the kink. It is most likely that a similar singularity is adopted by the Euler
flow. The numerical approximation of the incompressible potential flow, by means of
the Euler equations with proper source term, shows that zeroth-order errors in the
solution arise at the same places as in the approximation of the compressible Euler
flow. Extraction of a singularity from the dependent variables of the Euler equations,
a singularity which is similar to that of the incompressible potential flow solution,
does not lead to a set of equations which can be solved with the existing method.

Removing the zeroth-order error behaviour is not impossible. We find the para-
doxical result that by making a less accurate (but specific) discretization of the
geometry, a numerical solution with better error behaviour can be obtained. The less
accurate discretization of the geometry employs smooth discrete versions of the exact
kinked geometry. The flow along a smooth wall is used to approximate the flow
along a kinked wall. By making the length of the curved part of the smooth wall
dependent of the mesh size 4, an O (h*)-entropy error, p>0, still can be obtained.
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