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SECTION I S,t.1,1 (OCTOBER tC,14) PAGE 1 

AUTHORSI J, C, P. BUS ANO T, J, DEKKER. 

CONTRIBUTOR1 J, C1 P, BUS, 

INSTITUTEI MATHEMATICA~ CENTRE, 

BRIEF DESCRIPTION1 

THIS SECTION CONTAINS TWO PROCEDURES 
FUNCTION IN A GIVEN INTERVALI 
ZEROIN APPROXIMATES A ZERO MAINLY 

EXTRAPOLATIONt 
ZEROINRAT APPROXIMATES A ZERO BY 

FUNCTIONS. 

l<EYWORDS1 
• 

ZERO SEARCHING, 
ANA~VTJC EQUATIONS, 
SINGLE NON•LINEAR EQUATION, 

• 

,oR FINDING A ZERO OF A GIVEN 

BY LINEAR INTERPOLATION ANO 

I~TERPOLATION WITH RATIONAL 
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SUBSECTIONI ZEROIN. 

CALLING SEQUENCEt 
• 

THE HEADING OF THIS PROCEDURE READS I 
"800LEAN" "PROCEDURE" ZEROINCX, Y, ~X, TOLX)9 
"REAL" X, V, FX, TOLXJ 

ZEROIN 
• 

IS GIVEN THE V4LUE TAU! IF AN INTERVA~ IS FOUND WHICH 
SMA~LER THAN TWIC! THE VALUE OF TOLX AND IN WHICH 
,UNCTION CHANGES SIGN, OTHERWISE THE VALUE 0~ ZEROIN 
BE FALSEJ 

IS 
THE 

,JI LL. 

THE 
x, 

MEANING 0~ THf FORMAL PARAMETERS IS1 

YI 

F )( I 

TOL.XI 

cREAL VAAlABLE>J 
A JENSEN VAA!ABLEJ 
ARE DEPENDING ON X1 

TH! ACTUAL PARAMETERS FOR ,rx AND TOLX 

ENTRV1 ONE o, TH! ENDPOINTS o, T~E INTERVAL IN WHICH A 

EXIT1 

• 

ZERO IS S!ARCH!O FORJ 
ONE 0~ THE ENDPOINTS OF THE CALCULATED INTERVAL 
tXEND, VENDJ t THIS INTERVAL IS SUCH THAT1 

ABS(X£ND. VEND) ca z * TOLx, 
1, X AND Y ARE GIVEN SUCH THAT · F(X) * FCY) c ■ O, 
WHERE , DENOTES TH! GIVEN FUNCTION, THEN 
WE WILL BE SURE THAT THIS INTERVAL CONTAINS A ZERO 
OF F1 TH! YALU! OF X WILL BE EQUAL TO XENO IF 
ABS(,(XEND)) ca ABS(F(Y[ND)), ELSE X WILL BE EQUAL 

. TO VEND• 
cREAL VARIABLE2'tJ 
ENTRY1 THE OTH!A ENDPOINT a, TH! INTERVAL 

IS SEARCHED FORJ 
IN WHICH A ZERO 

ONLY l~ X AND V ARE CHOSEN SUCH THAT F(X)•F(Y) ~• 0 
THEN CONV!RGENC! TO A ZERO IS GUARANTEED AND THE 
VALUE OF Z!AOlN WILL BE TRU! ON EXITJ 

EXIT1 THE VALUE o, TH! OTHER ENDPOINT OF THE CALCULATED 
INTERVAL tXEND, YENDJ (IEE ,itARAMETER X) J 

cARITMMETIC EXPRESSION~, 
THE FUNCTION IS GIV!N BY 
DEPENDS ON Xs 
cARITMM!TIC !XPR!SSION~a 

FX, 

TM[ TOLERANCE IS GIVEN BY TH! ACTUAL PARAMETER TOLX, WHICH 
MAY DEPEND ON XJ A SUITABLE TOLERANCE FUNCTION ISi 
ABS(X) •RE ♦ AE, WHERE RE IS THE DESIRED RELATIVE 
PRECISION, WHICH _SHOULD BE CHOS[N GREATER THAN OR EQUAL TO 
THE MACHINE PRECISION AND AE IS AN ABSOLUTE TOLERANCE, 
WHICH MUST BE CH08!N UNEQUAL TO ZERO IF THE GIVEN INTERVAL 
CONTAINS THE ORIGIN, 
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EXECUTION FIELD LENGTHI NO AUXILIA~Y ARRAYS AR! DECLARED IN ZEROIN, 

LANGUAGEi ALGOL 60, 

METHOD ANO PER~ORMANCEI 
• 

FOR A DETAILED DESCRIPTION o, THIS PROCEDURE SEE Ell, 

' 

EXAMPLE OF USEI 

THE ZERO OF THE FUNCTION EXPC•X • J) * CX • 1) + X ** 3, IN THE 
INTERVAL to, 1], MAY B! CALCULATED BY THE ,oLLOWING PROGRAM a 

"BEGIN'' "REAL~ X, YJ 
"BOOLEAN" "PROCEDURE" ZEROIN(X, V, FX, TOLX)J "CODE'' 34150, 
"REAL" ~PROCEDURE" ,ex,, "VALUE" x, ''REAL" x, 
Fl• EXP(•X • 3) * C X • 1) ♦ X ** 31 
)(I ■ 01 YI• lt 
"1''' ZEROINCX, Y, F(X), ABS(X) • "•14 + "•14> "THEN'' 
OUTPUT(11, "("148,"("CALCULATED ZfR0a")"8+ 1 15D"+30")", Xl 

• 

"ELSE" 0UTPUT(71, "C"/48,"C"NO ZERO FOUND")"")") 
"END" 

RESULTI 

CALCULATED ZEROa +,489T02148548ZQ0"+000 
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S~BSECTIONI ZEROINRAT, 

CALLING SEQUENCE1 

THE HEA0ING 0~ THIS PROCEDUR! ISi 
"BOOLEAN" "PROC!OURE" ZEROINAAT(X, Y, ~X, TOLX)r 
"REAL" X, V, ~x, TOLXJ 

ZEROINAAT IS GIVEN THE VALUE TRUE IF AN INTtRVAL IS FOUND W~ICH IS 
SMALLER THAN TWIC! THE VALUE OF TOLX ANO IN WHICH THE 
,UNCTION CHANGES SIQN, OTHERWISE THE VALUE OF ZEROINRAT 
WIL~ B! FA~SEt 

THE 
x, 

MEANING 0~ THE FORMAL PARAMETERS IS1 

v, 

FXI 

TOLXt 

cREAL VARIABLE~, 
A JENSEN VARIABLEJ 
ARE DEPENDING ON x, 

THE ACTUAL PARAMETERS FOR FX AND TOLX 

ENTRV1 ON! o, TM! ENDPOINTS o, THE INTERVA~ IN WHICH A 

EXITS 

• 

ZERO IS SEARCHED FORs 
ONE OF THE ENDPOINTS OF THE CALCULATED INTERVAL 
tXEND, YENDl I THIS INTERVAL IS SUCH THATI 

ABS(XEND • VENDl c ■ 2 * TOLX, 
IF X AND Y ARE GIVEN SUCH THAT F(X) * F(V) c ■ O, 
WH!RE F DENOTES TH! GIVEN FUNCTION, THEN 
WE WILL BE SUR! THAT THIS INTERVAL CONTAINS A ZERO 
or ,, TH! VALUE o, X W?~L BE EQUAL TO XEND IF 
ABS(,(XEND)) C• ,asc~CYENO)), ELSE X WILL BE EQUAL 
TO YENDt 

cREAL VARIABLE>, 
!NTRY1 THE OTHER ENDPOINT OF TH! INTERVAL 

IS SEARCHED FORJ 
IN WHICH A ZERO 

ONLY IF X AND V ARE CHOSEN SUCH THAT FCX)•FCY) <• 0 
THEN CONVERGENCE TO A Z!RO IS GUARANTEED ANO THE 
VALUE 0~ ZEROIN WILL B! TRUE ON EXITJ 

EXITa TH! VALUE OF THE OTHER !NDPOINT OF THE CALCULATED 
INTERVAL t~ENO, VENDJ (SEE PARAMETER X)J 

cARlTHMETIC EXPRESSION-, 
THE ~UNCTION IS GIVEN BY 
DEPENDS ON Xt 
cARITHM!TIC !XPRESSIDN~, 

FX, WHICH 

THE TOLERANCE IS GIVEN BY THE ACTUA~ PARAM[TER TOLX, WHICH 
MAY DEPEND ON Xt A SUITABLE TOLERANCE FUNCTION ISi 
•BS(Xl *RE+ A!, WHERE RE IS THE DESIRED RELATIVE 
PRECISION, WHICH SHOULD SE CHOSEN GREATER THAN OR EQUAL TO 
TH! MACHINE PRECISION AND A! IS AN ABSOLUTE TOLERANCE, 
WHICH MUST 8! CHOSEN UNEQUAL TO ZERO IF THE GIVEN INTERVAL 
CONTAINS THE ORIGIN. 
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EXECUTION FIELD LENGTHI NO AUXILIARY ARRAYS ARE DECLARED IN ZEROINRAT, 

' 

LANGUAQE1 

METHOD AND PER,ORMANCEI 

FOR A DETAILED DESCRIPTION 0~ THIS PROCEOUR! SEE t1J, 

EXAMPLE OF USEI 

THE ZERO o, THE FUNCTION EXP(•X * ]) * ex• 1, + X ** l, IN THE 
INTERVAL EO, 1J, MAY BE CALCULATED BY THE ,oLLOWING PROGRAM1 

. 

"BEGIN" "REAL" X, YJ 
"BOOLEAN" "PROCEDURE" ZEROINRATCX, Y, FX, TOLX)J ''CODE" 344361 
"REAL" "PROCEDURE" ,ex,, "VALUE" x, "R!AL" x, 
Fl• EXP(•X * ll * ( X • 1) ♦ X ** ls 

• 

XI• OJ YI• 1, 
"lF" ZEROINRAT(X, Y, ,ex,, ABS(X] * "•14 + "•14) ''THEN" 
OUTPUT(71, "("/48,"("CALCULATED ZER0a"J"B+,15D"+JD")", X) 
"ELSE" OUT~UT(71, "C"/4B,"C"N0 ZERO FOUND")''")") 

''END" 
' 

R!SULTI 

CALCULAT!O ZER01 +,~8~702748948240"+000 

RErERENCESI 

[11 I eus, J.c.P, ANO DE~~!R, T.J. 
TWO EFFICIENT ALGORITHMS WITH GUARANTEED CONVERGENCE FOR 
FINDING~ ZERO OF A FUNCTION, . 
MATHEMATICAL CENTRE, AEPORT NW tl/14, •MSTEROAM (1974), 



MC 

(OCTOBER 1974) PAGE 

SOURCE TEXTS1 

''CODE" 34150, -
"BOOLEAN" "P~OC!DURE" Z!ROINCX, Y, FX, TOLX), 
"REAL" X, V, FX, TOLXJ 
"BEGIN" "INTEGER" EXTJ 

"REAL" C, FC, a, re, A,,., D, FD, FOB, FDA, W, MB, 
TOL, M, P, QJ 
Ba• x, ,a,. ~x, ••• X1• v, FAI• Fx, 

INTERPOLATE1 Cl• AJ FC1• ~•, EXT1• o, 
EXTAAPOLATfl "!~" ABsc,c, C ABac,el "TMEN" 

"BEGIN" "IF" C •• A "TH!N" "BEGIN" DI• A, ~DI• FA "END", 
Al• e, ~·-· FB, a,. x,. c, FB1• ,c, Ca•., FC1• ,A 

"END" lNT!RCHANGEJ 
TOLi• TOLXt M1• CC+ B) * Oe!f MB1• M • BJ 
"IF" ABS(M9) ~ TOL "THEN" 
"BEGIN~ "I'" !XT ~ Z "THEN" WI• MB "ELSE" 

"BEGIN" TOLi• TOL * IIGN(MB>t 
Pa• (B • Al * ,a, "l~" EXT c ■ 1 "THEN" 
Q1• ~• • ~s n!LIE" 
"B!;?N" FDB1• c,0 • FB> I (D • B)J 

,0A1• (FD• 'A> I (0 • A)J. 
P1• FDA* P, Q1• FOB• FA• FDA• FB 

"!ND"1 "IF", c O "THEN" . 
"BEQIN" Pl• •P1 Qae •Q "END"1 
W1• "IF" P * 1 • 0 "0A" Pc■ Q • TOL "THEN" TOL ''ELSE'' 
"I'" Pc MB* Q "THEN" P / Q "ELSE" MB 

• 

"END", DI•., FOi• FA, Al• a,,.,. ~a, 
XI• Ba• B ♦ w, ,a,. ,x, 
"1~" C"I~" ~C >• 0 "THEN" ,a>• 0 "ELSE'' FB c ■ 0) "THEN" 
"GOTO" INTERPOLATE "ELSE" 
"BEGIN" !XTI• "I'" W • MB "THEN" 0 "ELS!" EXT+ 1J 

"GOTO" EXTRAPOLATE 
"END" 

"END"J YI• CJ 
ZEROIN1• "IF" FC ~• 0 "THEN" FB c ■ O "ELSE" FB ~• O 

"END" ZEAOIN, 
"EOP" 



•• C 0 0 E " 3 4 4 l o J 
"BOOLEAN" "PROCEDURE" ZEROINRAT(X, Y, FX, TOLX)J 
'' R E A L " X , Y , P' )( , T O L )( J 
"BEGIN'' ~INTEGER" EXTJ ''BOOLEAN" FIRSTJ 

"REAL" B, FB, A, FA, 0, FD, C, FC, FOB, FDA, W, 
MB, TOL, M, P, QJ 

B1• x, FB1• FXt A1• x,. v, FAa• ,x, ,1RsT1• ••TRUE"r 
INTERPOLATE1 Cr• Al FC1 ■ FAJ EXT1• OJ 
E~TRAPOLATE1 "IF" ABS(FC) c ABSCFB) "THEN" 

"BEGIN" "IF" C •• A "THEN" "BEGIN" DI ■ At F01• FA "ENO''J 
Al• Bt FA1• FBJ Baa Xa• CJ FB1• FCr C1• AJ FC1• FA 

"END" INTERCHANGEJ 
TOLi• TOL~I Ma• CC+ B) * ,SJ MB1• M • BJ 
"lF" ABSCMB) ~ TOL "THEN" 
" 6 E G I N 91 

'' I F '' E X T > 3 '' T HE N " W I • M B '' E L S E '' 
"BEGIN" TOLi• TOL • SIGN(MB)J 

P1• CB• A) * ,e, "IF'' FIRST "THEN" 
'' B E G I N '' Q I • F A • F B J F I R S T I • '' F A L S E '' '' E N D '' '' E L S E '' 
"BEGIN" FDBa• (FD. FB) / (D. B)r 

FOA1• (FD• FA) I CD• A), 
Pa• FDA*,, Qaa FOB. FA. FDA. FB 

"ENO"J "IF" Pc O "THEN" 
"BtGIN'' P1• •PJ Q1a •Q "END", 
"IF" EXT a 3 "THEN" Pa• P * 2J 

MC 
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W I • '' I F " P • 1 • 0 " 0 R '' P c a Q • T O L '' T H E N '' T O L '' E L SE '' 
"IF" P <MB* Q "THEN" P / Q "ELSE" MB 

"ENO"p Ola Ar F01• FA1 At• e, FA1• re, 
X1• B1• B + WJ FBI• FX1 
" I F " ( " I F " F C > • 0 " T HE N " F B > • 0 '' E L S E •• F B < s O ) '' T H E N '' 
"GOTO" INTERPOLATE "ELSE" 
" B E G I N " E )( T I • " I F " W • M B '' T HE N '' O " E L S E '' E X T + 1 1 

"GOTO" EXTRAPOLATE 
"ENO'' 

''END"J YI• CJ 
ZEROINRAT1s "IF'' FC >a O "THEN" FB ca O "ELSE'' FB >• 0 

'' E N 0 " Z E R O I N R A T s 
"E0P" 



• 

1-st REVISION, 1975 MC 

(OCTOBER 19751 PAGE 1 

AUTHORSI J. C. P. BUS ANO T. J. DEKKER. 

CONTRIBUTO~a J. c. P. aus. 

INSTITUTEa MATHEMATICAL CENTRE. 

RECEIVEDI 750615. 

BRTEF OESCRIPTIONI 

THIS SECTION CONTAINS TWO PROCEDURES 
FUNCTION IN A GIVEN INTERVAL; 

FOR FINDING A ZERO OF A GIVEN 

ZEROIN APPROXIMATES A ZERO MAINLY BY LINEAR INTERPOLATION ANO 
EXTRAPOLATION; 

ZEROINRAT APPROXIMATES A ZEtO BY INTERPOLATION ..t ITH RATIONAL 
FUN CT IO NS• • 

ZEROIN IS PREFERABLE FOR SIMPLE CI.Ee CHEAPLY TO CALCULATE) 
FUNCTIONS ANO/OR WHEN NO HIGH PRECISION IS REQUIRED. ZEROINRAT IS 
PREF~RABLE FOR COMPLICATED CI.E. EXPENSIWE) FUNCTIONS WHEN A ZERO 
IS R~QUIREO IN RATHER HIGH PRECISION ANO ALSO FOR FUN~TIONS HAVING 
A POLE NEAR THE ZERO. WHEN THE ANALYTIC DERIVATIVE OF THE FUNCTION 
IS EASILY OBTAINED, THEN ZEROINOE~ (SECTION s.1.1.1.z, SHOULD BE 
TAKEN INTO CONSIDERATION. 

KE YWOROSI 

ZERO SEARCHING, 
ANALYTIC EQUATIONS, 
SINGLE NON-LINEAR EQUATION. 
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SECTION I 5.1.1.1.1 (OCTOBER 1975) PAGE 2 

SUBSECTION& ZEROIN. 

CALLING SEQJENCEI 

THE HEADING OF THIS PROCEDURE READS I 
··soOLEAN·· ••pRQCEOURE· ZEROIN(X, Y, FX, TOLX); 
1•REAL 1

• X, Y, FX-, TOLX; 

ZEROIN SEARCHES FOR A ZERO OF A ~EAL FUNCTION F DEFINED ON A 
CERTAIN INTERVAL J; 

THE 
Xt 

YI 

FXI 

ZE ROI N 1- ••TRUE .. WHEN A ( SUF FICIE NTL Y SMALL> S UBI NT ERV AL Of 
J CONTAINING A ZERO OF F HAS BEEN FOUND; OTHERWISE, 
ZEROIN I= "FALSE••; 
LET A REAL FUNCTION T DEFINED 0~ J, DENOTE A TOLERANCE 
FUNCTION DEFINING THE REQUIRED PRECISION OF T~E ZERO; 
CFOR INSTANCE 

T<X> - ABSIX) •RE+ AE, 
WHERE RE ANO AE ARE THE REQUIRED RELATI~~ ANO ABSOLUTE 
PRECISION RESPECTIVELY); 

HEANING OF THE FORHAL PARAMETERS ISi 
<REAL VARIABLE>; 
A JENSEN VARIABLE; THE ACTUAL PARAMETERS FOR FX ANO TOLX 
(HAY) DEPEND ON THE ACTUAL PARAMETER FOR x; 
ENTRY& ONE ENDPOINT OF INTERVAL J IN WHICH A ZERO IS 

EXITI 
SEARCHED FOR; 
A VALUE lPPROXIHATING THE ZERO WITHIN THE TOLERANCE 
2 • T(X) WHEN ZEROIN HAS THE VALUE "TRUE", ANO A 
PRESUMABLY WORTHLESS ARGUMENT VALUE OTHERWISE; 

<REAL VARIABLE>; 
ENTRY& THE OTHER ENDPOINT o~ INTERVAL JIN WHICH A ZERO IS 

EXIT I 

SEARCHED FOR; UPON ENTRY X < Y AS WELL AS Y <XIS 
ALLOWED; 
THE OTHER STRADOLI~G APPROXIHATION OF THE ZERO, 
I.E. UPON EXIT THE VALUES OF Y ANO X SATISFY 
1. F(X) • F(Y) <- O, z. ABS(X ~ Yl <= 2 • T(X) ANO 
3. ABSCF(X)) <= ABS(FIYI) WHEN ZEROIN HAS THE 
VALUE "TRUE'•, ANO A PRESUMABLY WORTHLESS ARGUHENT 
VALUE SATISFYING CJNOITIONS 2 AND 3 BUT NOT 1 
OTHERWISE; 

<ARITHMETIC EXPRESSION>; 
DEFINES FUNCTION FAS A FUNCTION DEPENDING ON THE ACTUAL 
PARAMETER FOR x; 

TOLXI <ARITHMETIC EXPRESSION>; 
DEFINES THE TOLERANCE FUNCTION T WHICH HAY 
ACTUAL PARAMETER FOR X; 

DEPEND ON THE 

ONE SHOULD CHOOSE TOLX POSITIVE ANO NEVER SMALLER THAN THE 
PRECISION OF THE MACHINE•S ARITHNETIC AT x, I.E. IN THIS 
ARITHMETIC X + TOLX ANO X - TOLX SHOULD ALWAYS YIELD 
VALUES DISTINCT F~OH x; OTHERWISE THE PRO~EOURE HAY GET 
INTO A LOOP. 
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SECTION I 5.1.1.1.1 (OCTOBER 1975) PAGE 3 

PROCEDURES USED& DWARF - CP30003; 

EXECUTION FIELD LENGTHI NO AUXILIARY lRRAYS ARE DECLARED IN ZEROIN. 

LANGUAGE I ALGOL 60. 

METHOD ANO PERFORMANCE& 

THE MET~OO USED IS DESCRIBED IN OETA[L IN C1J. 
THE NUMBER OF EVALUATIONS OF FX AND TOLX IS AT HOST 

4 • LOG ( A BS ( X - Y ) ) / T AU, 
WHERE X ANO Y ARE THE ARGUMENT VALUES GIVEN UPON ENTRY, LOG DENOTES 
THE BASE 2 LOGARITHM ANO TAU IS THE MINIMUM OF THE TOLERANCE 
FUNCTION TOLX ON THE INITIAL INTERVAL. IF UPON ENTRY X ANO Y 
SATISFY F(X) • F(YJ <= O, THEN COMVE~GEMCE IS GUARANTEED ANO THE 
ASYMPTOTIC ORDER OF CONVERjEN~E IS 1e618 FOR SIMPLE ZEROES. 

EXAMPLE OF USEI 

THE ZERO OF THE FUNCTION EXPC-X • 3) • (X - 1) + X •• 3, IN THE 
INTERVAL CO, 11, HAY BE CALCULATED BY THE FOLLOWING PROGRAM& 

•• BEG I N •• •• RE A L •• X , Y ; 
··aoOLEAN·· .. PROCEDURE·· ZEROIN<X, Y, FX, TOLX); "CO:lE'· 34150; 
··REAL·· 1 'PROCEOURE11 f(X); "VALUE'· x; ··REAL·· x; 
Fa- EXPC-X • 3) • ( X - 1) + X •• 3; 
XI= O; YI= 1; 
••1F .. ZEROINCX Y FCX) ABSCX) • ••-14 + .. _14t ••THEN•• . ' t , 
OUTPUT(71, ••c••14a,••c••CALCULATEO ZERoa•,••0+.150••+30 .. >•, X) 
··ELSE 10 OUTPUT(71, "("/ftB,·c··No ZE~O FOUNo··,··-, .. , 

••EN o•• 

RESULT& 

CALCULATED ZEROI +.48970271t85482i+O··+ooo 

• 

. .. · . . . 
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SECTION I s.1.1.1.1 (OCTOBER 1975) PAGE 4 

SUBSECTION! ZEROINRAT. 

CALLING SEQUENCE& 

THE HEADING OF THIS PROCEDURE READSI 
··aooL EAN'· ··PROCEDURE'· ZEROINRAT (X, v, FX, TOLX); 
••RE AL•• X, Y, F X , TO L X ; 

ZEROINkAT SEARCHES FOR A ZERO OF A REAL FUNCTION F DEFINED ON A 
CERTAIN INTERVAL J; 
ZEROINRAT I= ••TRUE'• HHEN A (SUFFICIENTLY SHALL) SUBINTER\IAL 
OF J CONTAINING A ZERO OF F HAS BEEN FOUND; OTHERWISE, 
ZEROINRAT •= ••FALSE••; 
LET A REAL FUNCTION T DEFINED ON J, DENOTE A TOLERANCE 
FUNCTION DEFINING THE REQUIRED PRECISION OF THE ZERO; 
<FOR INSTANCE 

T(X) = ABS(X) •RE• AE, 
WHERE RE ANO AE ARE THE REQUIRED RELATIVE ANO ABSOLUTE 
PRECISION RESPECTIVELY); 

THl MEANING OF THE FORMAL PARAMETERS ISi 
XI <REAL VARIABLE>; 

A JENSEN VARIABLE; THE ACTUAL PARAMETERS FOR FX ANO TOLX 
(MAY) DEPEND ON THE ACTUAL PARAMETER FOR x; 
ENTRY& ONE ENDPOINT OF INTE~VAL J IN WHICH A ZERJ IS 

SEARCHED FOR; 
EXIT& A V~LUE APPROXIMATING THE ZERO WITHIN THE TOLERANCE 

2 • T(XJ WHEN ZEROIN~AT HAS THE VALUE •TRUE", ANO A 
PRESUHABLY WORTHLESS ARGUMENT VALUE OTHERWISE; 

YI <REAL VARIABLE>; 
ENTRY& THE OTHER ENDPOINT o= INTERVAL JIN WHICH A ZERO IS 

SEARCHED FOR; UPON ENTRY X < Y AS WELL AS Y <XIS 
ALLOWED; 

EXITI THE OTHER STRAOOLI~G APPROXIMATION OF THE ZERO, 
I.E. UPON EXIT THE VALUES OF Y AND X SATISFY 
1. F(X) • F(Y) <= 0 9 2. ABS(X - Y) <= 2 • T(X) ANO 
3. ABS(F(X)) <= ABS(F(Y)) HHEN ZEROINRAT HAS THE 
VALUE uTRUE .. , ANO A PRESUMABLY WORTHLESS ARGUHENT 
VALUE SATISFYING CONDITIONS 2 ANO 3 BUT NOT 1 
OTHERWISE; 

FXS <ARITHMETIC EXPRESSION>; 
DEFINES FUNCTION FAS A FUNCTION DEPENDING ON THE ACTUAL 
PARAMETER FOR x; 

TOLXI <ARITHMETIC EXPRESSION>; 

; .. 

DEFINES THE TOLERANCE FUNCTION T WHICH MAY DEPEND ON THE 
ACTUAL PARAMETER FOR x; 
ONE SHOULD CHOOSE TOLX POSITIVE AND NEVER SMALLER THAN THE 

• 

PRECISION OF THE MACHINE'S ARITHMETIC AT X, I.E. IN THIS 
ARITHMETIC X + TOLX ANO X ~ TOLX SHOULD ALWAYS YIELD 
VALUES DISTINCT FROM x; OTHERWISE THE PRO;EOURE MAY GET 
INTO A LOOP. 

• 
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SECTION I 5.1.1.1.1 (OCTOBER 1975) PAGE 5 

PROCEDURES USEOI DWARF= CP30003; 

EXECUTION FIELD LENGTHI NO AUXILIARY ARRAYS ARE OECLAREJ IN ZEROINRAT. 

LANGUAGEJ ALGOL 60. 
• 

METHOD ANO PERFORHANCEI 

THE METHOD USED IS DESCRIBED IN DETAIL IN C1l. 
THE NUMBER OF EVALUATIONS OF FX ANO TOLX IS AT HOST 

5 • LOG(ABS<X Y)) / TAU, 
WHERE X ANDY ARE THE ARGUMENT VALUES GIVEN UPON ENTRY, LOG DENOTES 
THE BASE 2 LOGARITHM AND TAU IS TiE HINIMUH OF THE TOLERANCE 
FUNCTION TOLX ON THE INITIAL INTERVAL. IF UPON ENTRY X ANO Y 
SATISFY F<Xl • FCY) <- D, THEN CONVE~GENCE IS GUARANTEED AND THE 
ASYMPTOTIC ORDER OF CONVERGENCE IS 1.839 FOR SIMPLE ZEROES. 

EXAMPLE OF USEI 
• 

THE ZERO OF THE FUNCTION EXPC-X • 3) • ex - ~) + X •• 3, IN THE 
INTE~VAL CO, 11, MAY BE CALCULATED BY THE FOLLOWING P~OGRAMI 

··sEGIN 111 ··REAL·· x, v; 
··aoOLEAN 10 NPROCEDURE 1

• ZEROINRAT CX, Y, FX, TOLX); ··cooE·· 3443&; 
11 REAL·· ··PROCEDURE·· F(X); ··vALUE" x; "REAL·· x; 
Fl- EXP(-X • 3) • ( X - 1) + X •• J; 
X&= O; YI- 1; 
••1F 11 ZEROINRAT(X, Y4' FCX), ABSCX) • ••-14 + ••.-14) ••THEN'• 
ourPur,11, ··,·•14a,··c"CALCULATEO ZERoa••1··a+.1so·•+30•>··, x, 
.. ELSE·· outPur,11, ··,··11+0,··,··No ZERO FouNo··,····,··, 

"ENo•• 

RESULT I 

CALCULATED ZERO& +.489702748548240 111 +000 

REFERENCE SI 

C1J: BUS, J.C.P. ANO DEKKER. T.J., 
TWO EFFICIENT ALGORITHMS WITH GUARANTEED CON~ERGENCE FOR 
FINDING A ZERO OF A FUNCTION. 
MATHEMATICAL CENTRE, REPORT NW 13/74, AHSTERDAH (1974>, 
(ALSO TO APPEAR IN TOMS 1975). 
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SOURCE TEXT(S)J 
• 

··cooE·· 31+ 1so; 
"BOOLEAN" ••PROCEDURE•• ZEROINCX, Y, FX, TOLX); 
"REAL•• X, Y, FX, TOLX; 
••aEGIN•• "It~TEGER" EXT; 

••REAL•• C, FC, B, FB, A, FA, O, FD, FOB, FDA, W, H9, 
TOL, H, P, Q, ow; 
0 WI = 0 WARF ; 8 I = X ; F B a = F X ; A I = X I = Y ; FA : F X ; 

INTE~POLATEI CJ= A; FCI= FA; EXTI= o; 
EXTRAPOLATE• 11IF" ABSCFC> < ABSCFB) "THEN .. 

··aEGIN'· "IF·· c A= A NTHEN" ··aEGIN .. 01- A; FD&= FA "ENO .. ; 
Al= a; FA1- Fa; 81= XI c; FBI= FC; Cl A; FCI= FA 

••ENo•• INTERCHANGE; 
TOLJ- TOLX; HI- (C + 8) • o.s; MBI= H - e; 
••1f•• ABSIMB) > TOL ••THEN•• 
•• aEG IN·· "IF·· Ex T > 2 .. THEN" w 1 = MB ··EL sE· 

"BEGIN'• TOLi= TOL • SIGNCHB); 
Pl= CB - A)• FB; ••tf•• EXT<- 1 "THEN .. 
QI= FA - FB NELSE" 
"BEGIN" FOBI= (FD - FBI I CD - B>; 

FOAi- (FD - FA> / (0 ~ A); 
; 

Pl= FDA• P; QI= FOB• FA - FDA• FB 
••ENO .. ; ••tF•• P < D "THEN•• 
··aEGIN" Pl= -P; QI --Q ··ENo••; 
w •= ··1F" P < ow ·oR·· P <= Q • roL ··THEN· roL ··ELSE .. 
"IF•• P < HB • Q ... THEN" P / Q ••ELSE•• MB 

··ENo·•; oa- A; FOi- FA; Al= a; FAI- Fa; 
xa= Bl= 8 + w; FBI= FX; 
••IF•• ("IF•• FC >= 0 "THEN .. FB >= 0 ••ELSE'• FB <= 0) .. THEN .. 
··Goro·· INTERPOLATE "ELSE" 
11 BEGIN·· EXT•= ··rF·· W = HB ··rHEN·· 0 ··ELSE" EXT + 1; 

··Goro·· EXTRAPOLATE 
••ENo•• 

•• ENO •• ; Y I C ; 
ZEROIN&- "IF• FC >- 0 •THEN" FB <= 0 •ELSE• FB >= 0 

.. EN□•• ZEROIN; 
•• EOP 1

• 

• 
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··cooE·· 3'+43&; 
··sooLEAN·· ··PROCEDURE" ZEROINRAT ( x, y t FX' TOL X) ; 
••REAL•• X, Y, FX, TOLX; 
··sEGIN 84 ··1NTEGER 1

• EXT; ··aoOLEAN·· FIRST; 
••REAL•• a. FB, A., FA, D, FD, C, FC, FOB, FDA, W, 
MB, TOL, H, P, Q, ow; 
Ht ~AL" ··PROCEDURE·· OHARF; ··cooE·· 300 0 3; 
owa= DWARF; ea- x; FBI= Fx; A•= xa v; FA1 Fx; FIRST•- MTRUEN; 

.INTERPOLATEI Cl= A; FC1- FA; EXTI o; 
EXTRAPOLATEI ··rF·· ABS(FC) < ABS(FB) ·rHENM 

··sEGIN" ··rF·· CA= A .. THEN'· ··aEGIN" 01- A; FOi= FA ··ENO"'; 
Al= s; FAI= Fa; Bl= xa- c; FBa= Fe; c1- A; FCI= FA 

"£No•• INTERCHANGE; 
TOLi= TOLX; HI= (C + 8) • .s; HBI= M ~ a; 
"IF" ABS(HB) > TOL ••THEN" 
'

0 BEGIN•• ••1F•• EXT > 3 "THEN•• WI HB ••ELSE• 
NBEGIN" TOLi= TOL. SIGN(HB); 

Pl- (8 A) • FB; ··1FM FIRST "THEN" 
··eEGIN·· Q1= FA - Fa; FIRST•- MFALsE·· "ENON ··ELSE·· 
••BEGIN•• FOB&- CFO - FBJ I (0 - B>; 

FOAi= (FD~ FA) / CO• A); 
pa-_FDA • P; QI- FOB• FA - FDA• FB 

··EN o··; ··xF· P < 0 ··r HEN 1
• 

"BEGIN•• PI .. p; QI= .-Q_••ENo••; 
"IF•• EXT - 3 "THEN•• Pl- P • 2; 
HJ "IF" P < OW ••oR" P <= Q • TOL "THEN•• TOL "ELSE•• 
00 IF" P < HB • Q ••THEN" P / Q .. ELSE•• MB 

··ENO"; 01- A; Foa- FA; Al= a; FAI= FB; 
XI= 81= 8 + w; FBI= Fx; 
•• I F •• , •• I F •• F c > - o •• r HE N·· Fe > o •• E L s E.. F a < = o , •• r HE N" 
··Goro·· INTERPOLATE .. ELSE" 
••BEGIN• EXTI= ••IF" W = HB ••THEN'• 0 "ELSE" EXT + 1; 

··Goro·· EXTRAPOLATE 

••ENO'"; YI= c; 
ZEROINRATI- ··1F·· FC >- 0 "THEM· FB <= 0 ·ELSEN FB >= 0 

••ENO•• ZEROINRAT; 
.. EOP .. 
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AUTHORI T.J. DEKKER. 

CONTRIBUTORS I J.J. DEKKER AND T.H.P. ~EY~ER. 

INSTITUTEa UNIVERSITY OF AHSTERDAH. 

RECEIVEOI 750615. 

BRIEF OESCRIPTIONI 

THIS SECTION CONTAINS ONE PROCEDURE FOR FINDING A ZERO OF A GIVEN 
DIFFERENTIABLE FUNCTION IN A GIWEN I~TERVAL; 
ZE~OINOER APPROXIMATES A ZE~O HAINLY BY ~EANS OF CONFLUENT 3-POINT 

RATIONAL INTERPOLATION USING NOT ONLY VALUES OF THE 
GIVEN FUNCTION BUT ALSO OF ITS DERIVATIVE. 

ZEROINDER IS TO PREFER TO ZEROIN OR ZEROINRAT CSECTIO~ s.1.1.1.1), 
IF THE DERIVATIVE IS (HUCH) CHEAPER TO EVALUATE THAN THE FUNCTION. 

KE YWOROSI 

ZERO SElRCHING. 
ANALYTIC EQUATIONS, 
SINGLE NONLINEAR EQUATION, 
DERIVATIVE AVAILABLE. 

CALLING SEQUENCEI 

THE HEADING OF THIS PROCEDURE REAOSJ 
'

0 BOOLEAN·1 11 PROCEDURE 11 ZEROINOERCX, v. FX, OFX, T)L)(); 
••REAL•• X, Y, FX, OFX, TOLX; • 

I 

ZEROINDER SEARCHES FOR A ZERO OF A DIFFERENTIABLE REAL FUNCTION F 
DEFINED ON A CERTAIN INTE~VAL J; 
ZE ROI NOER I= ••r RUE'• WHEN A (SUFFICIENTLY SHA LL) SUB INTERVAL 
OF J CONTAINING A ZERO OF F HAS BEEN FOUNJ; OTHERWISE, 
ZEROINOER I ••FALSE••; 
LET OF ANO T DENOTE REAL FUNCTIO~S DEFINED ON J, 
IS THE DERIVATIVE OFF ANO TA TOLERANCE FUNCTION 
THE REQUIRED P~E~ISION a:- THE ZERJ; ( FOR 

T(X) = ABS(X) •RE+ AE, 

WHERE OF 
DEFINING 
INSTANCE 

WHERE RE ANO AE ARE THE REQUIRED RELATIV~ AND ABSOLUTE 
PRECISION RESPECTIVELY); 
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THE 
XI 

MEA~ING OF THE FORHAL PARAHETERS ISi 

YI 

FXI 

OFXI 

TOLXI 

<REAL VARIABLE>; 
A JENSEN VARIABLE; THE ACTUAL PARAMETERS 
TOLX (MAY> DEPEND ON THE ACTUAL PARAMETER 
ENTRYI ONE ENDPOINT OF INTE~~AL J IN 

FOR FX, OFX ANO 
FOR x; 
WHI;H A ZERl IS 

EXITI 
SEARCHED FOR; 
A VALUE APPROXIMATING THE ZERO WITHIN THE TOLERANCE 
2 • T(X) WHEN ZEROINJER HAS THE VALUE ··rRuE··, ANO A 
PRESUHABLY WORTHLESS ARGUHENT VALUE OTHERWISE; 

<REAL VARIABLE>; 
ENTRYI THE OTHER ENDPOINT 0~ INTERVAL JIN WiICH AZER) IS 

SEARCHED FOR; UPON ENTRY X < Y AS WELL AS Y <XIS 

EXIT& 
ALLOWED; 
THE OTHER STRADOLI~G APPROXIMATION OF THE ZERO, 

t 

I.E. UPON EXIT THE VALUES OF Y ANO X SATISFY 
1. F(X) • F(Y) < O, 2. ABSCX - Y) <= 2 • TCX) AND 
3. ABSCF(XIJ <- ABS(~IY)) WHEN ZEROINDER HAS THE 
VALUE "T~UE 1

•, AND A PRESUMABLY WORTHLESS A~GUHENT 
VALUE SATISFYING CONDITIONS 2 AND 3 BUT NOT 1 
OTHERWISE; 

<ARITHMETIC EXPRESSION>; 
DEFINES FUNCTION FAS A FUN=TION 
PARAMETER FOR X; 

DEPENDING ON THE ACTUAL 

<ARITHMETIC EXPRESSION>; 
DEFINES THE DERIVATIVE OF 0~ FAS A FUNCTION 
THE ACTUAL PARAHETER FOR x; 
<ARITHMETIC EXPRESSION>; 
DEFINES THE TOLERANCE FUNCTION T WHICH MAY 
ACTUAL PARAMETER FOR x; 

DEPENDING ON 

DEPEND ON THE 

ONE SHOULD CHOOSE TOLX POSITIVE ANO NEVER SH~LLER THAN THE 
PRECISION OF THE MACHINE'S ARITHMETIC AT X, I.E. IN THIS 
ARITHMETIC X + TOLX ANO X ~ TOLX SHOULD ALWAYS YIELD 
VALUES DISTINCT FROM X; OTHERWISE THE PROCEDURE HAY GET 
INTO A LOOP. 

PROCEDURES JSEDI DWARF - CP30003; 

REQUIRED CE~TRAL MEMORYI NO AUXILIARY AR~AYS ARE DECLARED IN ZEROINOER. 

RUNNING TIMEI SEE METHOD AND PERFORMANCE. 

LANGUAGES ALGOL 60. 
" 
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HETHOO AND PERFORMANCEJ 

THE METHOD USED IS CONFLUENT 3-POINT RATIONAL INTERPOLATION, I.E. 
THE INTERPOLATION FUNCTION OF THE FO~H ex - A> / (BX+ C) IS FITTED 
EXACTLY AT 3 POINTS 2 OF WHICH ARE COINCIDING; MOREOVER, IN ORDER 
TO IMPROVE THE GLOBAL BEHAVIOUR OF THE PRQ;Ess, LINEAR 
INT~RPOLATION ON THE FUNCTION F / OF OR BISECTION ARE INCLUDED IN 
SOH:. STEPS; 
THE PEkFORMANCE IS AS FOLLOWS! 
THE NUMBER OF EVALUATIONS OF FX, OFX ANO TOLX IS AT HOST 

~ LOG(ABS(X ~ Y)) I TAU, 
WHERE X ANDY ARE THE ARGU~ENT ~A~UES GIVEN UPON ENTRY, LOG DENOTES 
THE BASE 2 LOGARITHM, ANO TAU IS THE MINIMUH OF THE TOLERANCE 
FUNCTION ON J (I.E. ZEROINDER REQUI~ES AT MOST 4 TIMES TH~ NUHBER 
OF STEPS REQUIRED FOR BISECTION); IF UPON ENTRY X ANO Y SATISFY 
F(X) • F(Y) <- O, THEN CON~ERGENCE TO A ZERO IS GUARANTEED, SO THAT 
UPON EXIT X ANO Y SATISFY CONDITION 1 TO 3 MENTIONED ABJVE (SEE 
PARAMETER y) ANO ZEROINDER HAS THE VALUE •• rRuE··; 
FOR A SIMPLE ZERO OF F, THE ASYMPTOTIC ORDER OF CONVERGENCE 
APPROXIMATELY EQUALS 2.~14. 

EXAMPLE OF USEI 

THE ZERO OF THE FUNCTION EXP(-X • 3) • ex - 1) ♦ X •• 3, IN THE 
INTERVAL CO, 11, HAY BE CALCULATED BY THE FOLLOWING P~OGRAMa 

••sEGIN 111 "REAL•• X, v; 
··aooLEAN" "PROCEDURE· ZEROINOER(~,Y,FX,DFX,TOLX); ··cooEM 34453; 
··REAL·· ··PROCEOURE'· F(X); "VALUE'· x; "REAL'· x; 
F&= EXP(-X 4 3) • ( X ~ 1) + X •• 3; 
.. hE A L •• ••PRO C E OU RE•• 0 F ( X ) ; •• \/ A L. U E .. X ; .. RE A L •• X ; 
OFa= EXP(-X • 3) • (-3 • X + ~) + J • X •• 2; 
)(J= O; YI- 1; 
••rF•• ZEROINOER(X, Y, F(X), OF(X), ABS(X> • ••-14 + ••-14) .. THEN" 
OUTPUT(71, ··,·•14a,··,··cALCULATEO ZERO AND FUNCTION VALUE1 1

•)··, 

1Ba, 2ca+.1so·•+304a), /48, 
••("OTHER STRADDLING APPROXIMATION ANO FUNCTION VALUEa••)••, 
/88, 2(8+.1so·•+3o~B)") 1

·, x, F(X), Y, F(Y)) 
••ELSE•• OUTPUT (71, •• ("' /4B, •• ( .. NO ZERO FOUN □••, .... , ••) 

••ENO'• 

RESULT a 
• 

CALCULATED ZERO ANO FUNCTION VALUEI 
•• ~89702748548240"+000 -.444089209850060 1•-015 

OTHER STRADDLING APPROXIHATION ANO FUNCTION VALUEI 
+. ~ 89 70 2 74 85 4825 0 •• +O O O + .17 7 635&6394003o••-013 
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REFERENCES I 

[1]1 BUS, J.C.P. ANO DEKKER, T.J., 
TWO EFFICIENT ALGORITHMS WITH GUARANTEED CONVERGENCE FOR 
FINDING A ZERO OF A FUNCTION. 
MATHEMATICAL CENTRE, REPORT NW 13/7~, AMSTERDAM (1974>, 
(ALSO TO APPEAR IN TOMS 19751. 

(21& OST~OWSKI, A.H., 
SOLUTION OF EQUATIONS ANO SYSTEMS OF EQUATIONS. 
ACADEMIC PRESS 1966. CHAPTE~S 3 AND 11. 

SOURCE TEXT(S)I 

"CODE•• 34453; 

. . . . " ' . . ·- ' . 
. . . ·-' ,_ ' ' 

··aoOLE.AN·· ••pRQCEOUREM ZEROINDER(X, Y, FX, OF><, TOLX); 
"REAL•• ><, Y, FX, DFX, TOLX; 
•• B £ GI N •• •• l NT EGER•• E X T ; 

••REAL•• B , F 8, 0 F B , A" FA , 0 FA I C , F C, D F C , 0 , H, '1 B, 
TOL, M, P, Q, ow; 
•

0 REAL 1
• ··PROCEOURE 11

• DWARF; ··cooE·· 30003; 
owa = OH ARF; 
Bl= x; FBI- FX; DFBI- OFX; Al= XI= v; FAI= FX; OFA&= OFX; 

INTERPOLATE& Cl= A; FC1- FA; OFCI= OFA; EXTI= o; 
EXTRAPOLATEI ••1F•• ABS CFC> < ABS CFB) 1111 THEN 1

• 

.. BEG r N •• A 1 = a; FA s - Fa; oF A 1 - OF a; a 1 = x 1 = c; Fa a= F c ; 
DFBI= DFC; ca= A; FCI= FA; OFCI= OFA 

MEN □•• INTERCHANGE; 
T OL a = TO L X; M I= ( C + B) • 0 • 5 ; H BI= H - B ; 
··rF·· ABS(MB) > TOL ··rHEN" 
··at~IN 111 ··rF·· EXT> 2 ··THEN'· w1- MB ··ELSE .. 

••BEGIN•• TOLi= TOL • SIGN(MB); 
01= ••1F•• EXT = 2 ••THE~•• )FA "ELSE'' (FB - FA> / (8 - A»; 
Pl- FB • 0 • (8 A); 
Q:= FA• OFB - FB • o; 
•• IF •• P < o •• r HE N ... •• BE G I N .. P a - - P ; Q a = - Q "'EN o •• ; 
wa- ··IF 11 p < ow ··oR·· p <= Q. TOL "THEN'· TOL ''ELSE*' 

··rF·· p < HB • Q ··rHEN 18 p I Q ··ELSE·· MB; 
•• E N O •• ; A I - B ; F A I = F 8 ; 0 F l I = D F B ; 
XI= 81- B + w; FBI= Fx; OFB&= OFX; 
•• I F •• ( •• I F •• F C > = 0 •• THE N" F 8 > = 0 •• EL SE.. F 8 < = 0 > •• T HE N •• 
··Gora·· INTERPOLATE ··ELSE" 
•• a E G I N •·• E x r a = ··IF·· w - Ma •• r HEN •• o ··EL s E.. E x r + 1 ; 

MGOTO" EXTRAPOLATE 
••ENo•• 

•• EN o ••; Y I - C; 
Z ERO I N O E. R I : ... IF.. F C > = 0 •• T HE N •• ~ B < = 0 • E LS E •• F B > = 0 

· ••ENO~ ZEROINOER; 
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INSTITUTEI MATHEMATICAL CENTRE. 

RECEIVE01 740218, 

BRIEF DESCRIPTlON1 

THIS SECTION CONTAINS TWO PROCEDURES FOR SOLVING SYSTEMS OF 
NON•LINEAR EQU•TIONS, OF WHICH THE JACOBIAN IS KNOWN TO BE A BAND 
MATRIX, 
QUANEWBNO ASKS FOR AN APPROXIMATION 0~ THE JACOBIAN AT THE INITIAL 
GUESS, 
QUANEWBND1 CALCULATES AN APPROXIMArION OF THE JACOBIAN •r THE 
INITIAL GUESS, USING FORWARD DIFFERENCES. 

KEYWORDS a 

NON•LINE4R EQU•TIONS, 
SYSTEMS OF EQUATIONS, 
NO EXPLICIT JACOBIAN, 
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CALLING SEQUENCE1 

THE HEADING OF THIS PROCEOUR! READS I 

"PROCEDURE" QUANEWBND(N, LW, RW, X, F, JAC, FUNCT, IN, OUT)J 
"VALUE" N, LW, RWJ "INTEGER" N, LW, RWr 
"ARRAY" X, F, JAC, IN, OUT1 "BOOLEAN" "PROCEDURE'' FUNCTJ 

THE MEANING OF THE ~ORMAL PARAMETERS IS1 
N1 cARITMMETIC EXPRESSION~, 

MC 

PAGE 2 

THE NUMBER OF INDEPENDENT VARIABLES, THE NUMBER OF 
EQUATIONS SHOULD ALSO BE EQUA~ TO NJ 

LWI cARITHM!TIC EXPRESSION~, 
THE NUMBER 0~ COOlAGON•LS TO THE LEFT o, THE MAIN DIAGONAL 
a, THE JACOBIANs 

RWI cARITHMETIC EXPRESSION~, 
THE NUMBER OF COOIAGONALS TO THE RIGHT OF THE MAIN DIAGONAL 
o, THE JACOBIAN1 

XI cARRAV IDENTIFIER>, 
"ARR•Y" Xtl1NJ J 
ENTRV1. AN INITIAL ESTIMATE OF THE SOLUTION OF THE SYSTEM 

THAT H•s TO BE SOLVEOJ 
EXIT1 THE CALCULATED SOLUTIO~ OF THE SYSTEMJ 

F1 cARRAV IDENTIFIER>, 
"ARRAY" Ft11Nl J 
!NTRV1 THE VA~UES o, THE ~UNCTION COMPONENTS AT THE 

INITIAL GUESSJ 
EXIT1 THE VA~UES OF THE ~UNCTION COMPONENTS AT THE 

CALCULATED SOLUTION1 
JAC1 cARRAV IDENTIFIER>p 

"ARRAY" JACt11CL~ + RW) * CN • 1) + Nl I 
!NTRY1 AN APPROXIMATION OF THE JACOBIAN AT THE INITIAL 

ESTIMATE 0~ THE SOLUTIONJ 
EXIT1 AN APPROXIMATION 0, THE JACOBIAN AT THE CALCULATED 

SOLUTIONJ 
AN APPROXIMATION OF THE Cl, J)•TH ELEMENT OF THE JACOBIAN 
IS GIVEN IN JACt(LW + RW) • CI• 1) + JJ, FOR I• 1, •••' N 
AND J • MAX(l, I• LW), ,.,, MINCN, I ♦ RW)J 
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<PROCEDURE IDENTI,IER)t 
THE HEADING OF THIS PROCEDURE READS I 
"BOOLEAN" "PROCEDURE• ~UNCTCN, L, U, X, F)f 
" V A L U !·" N , L , U t " I N T E Q E A '' N , L. , U I I A RR A Y " X , F J 
THE MEANJNO o, THE FORMAL PA~AMET!RS 18 I 
NI (ARITHMETIC !XPAEIIION~J 

MC 
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TH! NUMBER o, %N0EP!ND!NT VARIA9LEI OF THE FUNCTION F, 
L, UI cARITHMETIC EXPRESSION~, 

LOW!R AND UPP!R BOUND OF TH! FUNCTION COMPONENT 
SU8SCRIPT1 

XI cARAAY ID!NTI,?!R•t 
THE INDEPENDENT VA~IABLES AR! GIVEN IN XtlaNJ I 

Fl cARRAY !DENTl,IER,1 
AFTER A CALL o, ,uNCT T~E FUNCTION COMPONENTS F[Il, 
I• L, •••• U, SHOULD BE GIVEN IN FtLsUJ, 

IF THE VALUE o, THE PROCEDURE IDENTIFIE~ EQUALS FALSE, 
TMEN THE EXECUTION a, QUANEWB~D WILL BE TERMINATED, ~HILE 
THE VALUE o, CUTtSJ IS SET EQUAL TO Zr 
cARRAY I0ENTI,IER~t 

• 

"ARRAV" IN I014J I 
ENTRY I 
IN THIS AUXILIARY ARRAY ON! SHOULD GIVE THE FOLLOWING 
VALUES FOR CONTROLLING THE PROCESSI 
IN tOJ I. TH! MACHINE PR!CISIONJ 
INtlJ1 THE RELATIVE PRECISION ASKED ,oR, 
INt2J1 TH! ABSOLUTE PRECISION ASKED FOAp IF THE VALUE, 

DELIVERED IN 0UTtSJ !QUALS Z!RO,. THEN THE LAST 
COAR!CTION VECTOR D, SAY, WHICH IS A MEASURE FOR 
THE ERROR IN THE SOLUTION, .SATIFIES THE INEQUALITY 
NORM(O) ca NORMCX) * INttJ ♦ IN[ZJ, 
WHEREBY~ DENOTES TH! CALCULATED SOLUTION, GIVEN IN 
ARRAY X AND NORMC,l DENOTES THE EUCLIOIAN NORM, 
MOWEVER,WE CAN NOT GUARANTEE THAT THE TRUE ERROR IN 
THE SOLUTION SATIIFI!S THIS INEQUALITY, ESPECIALLY 
1, THf JACOBIAN II (NEARLY> SINGULAR AT THE 
SOLUTION, 

INtlJ I THf MAXIMUM YALU! o, THE NORM OF THE RESIDUAL 
VECTOR ALLOWED, Ir OUTE!J a O, THEN THIS RESIDUAL 
VECTOR F, SAY, SATI,%ES1 NORM(F) ~• JNt3JJ 

INt4J1 TH! MAXIMUM NUMBER o, ,UNCTION COMPONENT 
[VALUATIONS ALLOWEDJ ~ • U + 1 FUNCTION COMPONENT 
EVALUATIONS ARE COUNTED. EACH CALL OF 
FUNCT(N, L, U, X, Flt Ir OUTC5J ■ t, THEN THE PROCESS 
IS TERMINATED, BECAUS! TH! NUMBER OF EVALUATIONS 
EXCEEDED THE VALUE GIV!N IN IN£4ll 

• 
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cARRAY IDENTIFI!R>t 
"ARRAY" OUTtl15lf 
EXIT 1 
OUTttll 

' 

OUT tZJ I 

OUT t3l I 

OUTt4l1 
OUT tSl I 

• 

THE !UC~IOlAN NOAM o, TH! LAST STEP ACCEPTED, 
THE !UCLIOIAN NOAM o, TH! RESIDUAL VECTOR AT THE 
CALCULATED 80LUTl0Nt 
THE NUMl!A 0~ ,uNCT!ON COMPCN!NT EVALUATIONS 
P!P!P'ORM!Dt 
TH! NUMS!R o, !T!RATIONS CARRI!D our, 
TH! INTtG!R VALUE D!LIVEAED IN OUTtSJ GIVES SOME 
INFORMATION ABOUT THE T!AMINATION o, THE PROCESSJ 
OUT[Sl a 01 TH! PROC!IS IS TERMINATED IN A NORMAL 

WAYJ TH! ~AST STEP AND TH! NORM OF THE 
AESIDUAL VECTOR SATISFY TME CONDITIONS 
Cl!E IN t2J, IN tJJ l 1 

IF 0UTC5J •• O, THEN TH£ PROCESS IS TERMINATED 
PREMATURAI.YI 
OUTtSJ • 11 TH! NUMBER 

!VALUATIONS 
1Nt4J J 

OUTt!l • 21 A CALL 0, 
'AL8!J 

OF ~UNCTION COMPONENT 
EXCEEDS THE VALUE GIVEN IN 

THE VALUE 

OUTCSl • JI TH[ APPROXIMATION OF THE JACOBIAN 
MATRIX TURNS OUT TO BE SINGULAR • 

PROCEDURES USEDI 

MULV!C 
DUPVEC 
V!CVEC 
ELMV!C 
O!CIOLBND 

• CPllOZO, 
• CP310lO, 
• CPJ4010, 
11 CPJ4020, 
• C'PJ432Z, 

' 

IX!CUTION 'l!LD L!NGTHI 
• 

THE MAXJMUM NUM8!R o, ~ORDS, N!C!SIARV FOA TH! •ARAYS DECLARED IN 
QUAN!WIND EQUALS MAX(N * J + (N • I) t (LW + RW), 4N), 

AUNNlNG TIME1 PROPORTIONAL, TO N * LW * ( LW + RW + 1), -

LANGUAQ!1 ALliOL •o, 
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METHOD ANO PERFORMANCEI 
' 

THE METHOD USED IN QUANEWBND IS THE SAME AS GIVEN IN [1l J THE SAME 
PROBLEMS HAVE BEEN T!STED AND TH! RESULTS ARE TME SAME 0~ BETTER 
THAN THOSE REPORTED IN Ell J CITING t1J, WE CAN SAY THAT "TMIS 
METHOD O~FfRS • USEFUL IF MODEST IMPROVEMENT UPON NEWTON'S METHOD, 
BUT THIS IMPROVEMENT TENDS TO VANISH AS THE NONLINEARITIES BECOME 
MORE PRONOUNCED"• 

EXAMPLE OF USES SEE QUANEWBN01 (THIS SECTION), 

REFERENCES I 

t1l BROVD!N C1 Q 1 

TH! CONVERGENCE 0~ AN ALGORITHM FOR SOLVING SPARSE NONLINEAR 
SYSTEMS, 
MATH. COMP., VOL.ZS (1971). 

SUBSECTION I QUANEWBND 1·1 
' 

' 

CALLING SEQUENCE1 

THE HE~DING OF THIS PROCEDURE READS I 

"PROCEDU~E" QUANEWBND1CN, LW, RW, X, F, FUNCT, IN, OUTls 
"VALUE" N, LW, RWJ "INT!GER" N, LW, RWJ 
"ARRAY" x, r, IN, our, "BOOLEAN" "PROC!DURE" FUNCTt 

THE MEANING OF THf FORMAL PARAMETERS IS1 
N1 cARITHM!TIC EXPRfSSION~J 

TH! NUMBER o, INDEPENDENT VARIABLES1 THE NUMBER OF 
EQUATIONS SHOULD ALSO BE EQUAL TON, 

LWI cARlTHMET?C EXPREISION~J 
THE NUMBER OF CODIAGONALS TO TH! LEFT OF THE MAIN DIAGONAL 
orr TME JACOBIAN, 

RW1 cARlTHMETtC EXPRESSION~, 
THE NUMBER OF C00%AQ0NALS TO THE RIGHT OF THE MAIN DIAGONAL 
o, TM! JACOBIAN1 

X1 cARAAY ID!NTIFI!R>J 
"ARRAY",,)( tl 1NJ J 
ENTRY1 AN INITIAL ESTIMAT! 0~ THE SOLUTION OF THE SYSTEM 

THAT HAS TO BE SOLV!Dp 
!XIT1 THE CALCULATED SOLUTION OF THE SYSTEMJ 

Fa cARRAV 1D!NTI,tEA•, 
"ARRAY" fl' t11Nl I 
!XIT1 THE VALUES OF TH! 'UNCTION COMPONENTS AT THE 

CALCULATED SOLUTIONr 



• 
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FUNCTI cPROCEDURE IDENTI~IER•1 
TME HEADING OF THIS PROCEDURE ~EADS 1 
"BOOLEAN" "PAOCEDUR!N ~UNCT(N, L, U, X, F)J 
"VALUE" N, L, Up "INTEQ!A" N, L, Ut "ARRAY'' X, F, 
THE MEANING o, TH[ ~OAMAL PARA~!T[RS II 1 
NI cARITHMETIC EXPRESSION>, 

TH! NUMBER 0~ !NO!PEND!NT VARIASLES OF THE FUNCTION F, 
L, UI ~ARITHMETIC !XPA!IStON~r 

LOWER AND UPPER BOUND o, THE ,uNcTION COMPONENT 
SUBSCRIPTJ 

XI cARRAY IDENT?,IER•s 
TH! INDEPENDENT VA~IABLES AR! GIVEN IN Xt11NJJ 

Fl cARRAY IDENTt~IER~t 
AFT!R A CALL a, ,uNCT TM[ FUNCTION COMPONENTS F[IJ, 
I• L, ,,,, U, SHOULD SE GIV!N IN 'tL1UJ t 

I~ THE VALUE o, THE PROCEDU~E ID!NTirIER EQUALS FALSE, 
THEN THE !XECUT?ON 0~ QUAN!W!ND WILL BE TERMINATED, WHILE 
THE VALUE OF OUTE5J IS SET EQUA~ TO z, 

INI cAARAY ID!NTI,tER~I 
"ARRAY" INtOl'lll 

' 

ENTRY I 
IN THIS AUXILIARY ARRAY ON! SHOULD GIVE THE FOLLOWING 
VALU[S ~OR CONTROLLING TH! PROCEISI · 
IN lOJ I . TH[ MACHINE flR!CtlION1 
INtlJ1 THE RELATIVE P-!CISlON ASKED ,oR, 
INtZJ I TH! ABIOLUT! PRECISION A8K[D FORJ IF THE VALUE, 

DELIVERED IN OUTESJ EQUALS ZERO, THEN TH! LAST 
COAR!CTION VECTOR D, a,v, WHICH IS A MEASURE FOR 
THE ERROR IN TME SOLUTION, 8ATI~I!S TME INEQUALITY 
NORM(D) c ■ NORMCX) • INttJ + INt2J, 
WHEREBY X D!NOT!S THE CALCULATED SOLUTION, GIVEN IN 
ARRAY X AND NORM(,) DENOTES THE !UC~IDIAN NORMJ 
HOWEVER,W! CAN NOT GUA~ANT!! THAT THE TRUE ERROR IN 
TH! SOLUTION &•TIS~l!S THIS INEQUALITY, ESPECIALLY 
I, THE JACOBIAN IS (NEA~LY) SINGULAR AT THE 
SOLUTIONt 

INt3J I TH! MAXIMUM VALUE o, TH! NORM OF THE RESIDUAL 
VECTOR ALLOWED, IF OUTC!J • O, THEN THIS RESIDUAL 
VECTOR r, SAY, SATIF!ESI NO~M(F> c ■ 1Nt3lJ 

IN[4l I TH! MAKlMUM NUM!EA 0~ FUNCTION COMPONENT 
EVALUATIONS ALLOWEDJ L • U + 1 FUNCTION COMPONENT 
EVALUATIONS ARE COUNT!D EACH CALL OF 
~UNCT(N, L, U, X, ,,, t, OUTE5J ■ 1, THEN TH£ PROCESS 
!S TERMINATED, BECAUS! THE NUMB!R OF EV•LUATIONS 
EXCE!DEO THE VALUE GIV!N IN INt4JJ 

tNt5J I THE JACOBIAN MATRIX AT THE INITIAL GUESS IS 
APPROXIMATED USING ,oRWARD oI,FERENCES, WITH AN 
FIXED INCREMENT TO EACH VARIABLE THAT EQUALS THE 
VALUE G?V!N IN INCSJ1 
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CUTI cARRAV IOENTI~IER>, 
"ARRAY" OUTtl1SJ, 
EXIT I 
OUTttJ I TH! !UCLIDIAN NOAM OF THE LAST ST!P ACCEPTED, 
OUT£2l I THE EUCLIDIAN NORM OF THE RESIDUAL VECTOR AT THE 

CALCULATED SOLUTIONt 
OUTtll I THE NUMBER. OF FUNCTION COMPONENT EVALUATIONS 

PERFORMEDJ 
OUT[4J I THE NUMBER o, ITERATIONS CARRI!D OUT, 
OUTt5l a THE INTEG!A VALUE DELIVERED IN OUTESJ GIVES SOME 

IN~ORMATION ABOUT THE T[RMINATION OF THE PROCESSJ 
OUTtSJ • 01 TH! PROCESS JS TERMINATED IN A NORMAL 

WAV, THE LAST STEP AND THE NORM OF THE 
RESIDUAL VECTOR SATISFY THE CONDITIONS 
(SEIE IN t2J, IN [3J) t 

IF OUTESJ •• o, THEN THE PR0C£SS IS TERMINATED 
PREMATURALYs 
OUTt5J • 11 THE NUMBER o, FUNCTION COMPONENT 

EVALUATIONS EXCEEDS THE VALUE GIVEN IN 
INt4l J 

OUTt5l • cl A CALL OF FUNCT DELIVERED THE VALUE 
'ALSEJ 

OUTtSJ • 31 THE APPROXIMATION OF THE JACOBIAN 
MATRIX TURNS OUT TO BE SINGULAR, 

PROCEDURES USE01 

JACOBNBNDF • CP3443~, 
QUANEWBNO • CP34430, 

EXECUTION FIELD LENGTHI 

QUANEWBND1 DECLARES AN AUXILIARY ARRAY OF OIMfNSION ONE AND ORDER 
N + (N • 1) * CLW ♦ ~W), 

RUNNING TIME1 PROPORTIONAL TO N • LW • C LW ♦ RW + 1), 

• 

LANGUAGE I ALGOL 60, 

METHOD AND PER,ORMANCEI 

QUANEWBND1 US!S JACOBNBNDF (SECTION 4.l.2 1 1) TO CALCULATE AN 
INITIAL APPROXIMATION OF THE JACOBIAN MATRIX AT THE INITIAL GUESS 
GIVEN IN Xtl~Nl AND SOLVES THE NONLINEAR SYSTEM BY CALLING 
QUANEWBNO (THIS SECTION), 



EXAMPLE OF USEI 

LET TH! FUNCTION F BE 
,-[1J • (3 • 2 • Xt1J) 
, tIJ • (3 • 2 • X tIJ) 
,.,, N • 1, 

(OCTOBER 1CJ14) 

DEFINED BY 
* X t 1 l + 1 
• X til ♦ l 

(S!! t1J)I 
• l * XtZJ, 
• XtI • 1J • 

X tNl ♦ 1 • X EN • lJ J 
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2 • XtI ♦ tl, I• 2, 

I' tNJ • Cl • 2 * X £NJ ) * 
LET AN INITI•L ESTIMATE 
GIVEN BV Xtll • •1, I • 
SOLVE THIS SYSTEM ~ORN 

OF TH! SOLUTION o, THE SYSTEM 
1, ,.,, NJ TH!N TH! ,oLLOWING 
• ,oo ANO PRINTS SOME RESULTS, 

F(X) • 0 
PROGRAM 

BE 
MAY 

"BEGIN'' 
"PROCEDURE" QUANEWSND1(N, L, R, X, ,, FU, I, 0)J "CODE" 34431J 
"BOOLEAN" "PROCEDURE" ,uNCN, L, U, X, F)J "VALUE" N, L, Ut 
"INT!GEA" N, L, UJ "ARRAY" X, ,, 
"BEGIN" "INTEGER" Is "REAL" Xl, X2, Xls 

X11• "IF" L • 1 "THEN" 0 "!:LIE" X tL • 11, ><21• X [Ll J 
X31 ■ "1~" L • N "TH!N• 0 "!LSE" XtL + 11, 
"~OR" Ia• L "STEP" l "UNTIL" U •00" 
"BEGIN" FtIJ1• (l • 2 • XZ) • XZ + 1 • Xl • X3 • 2J 

x11• x2, x21• x1, 
Xll• "I~" I ca N • 2 "THEN" Xtl + 2J "ELSE" 0 

"END"t ,uN1• "TRUE" 
91 END" fl'UN9 . 

• 

"INTEGER" !1 "ARRAY" X, Ft11,00J, lNCOaSJ, OUTt11SJ r 
ttf'OR" I •• 1 "STEP" 1 "UNTIL" •oo "DO" )( tIJ 1 • •1 J 
IN tOJ 1• "•14S IN tll 1• IN t211• IN [JJ 1• "•&• IN [4l 1• ZOOOOJ 
IN E5J 1• 0,001 s 
QUANEWBND1(600, 1, 1, X, P', f'UN, IN, OUT)J 
OUTPUTC71, "("II,"(" NORM R!SIDUALVECTORI ")"+,150"+3D,/, 
"(" LENGTH OF LAST STEP1 ")"+,15D"+JD,I, 
"C" NUMBER OF FUNCTION COMPONENT EVALUATIONS1 "l"SZD,/, 
"(" NUMBER o, ITERATIONSI ")"4ZDl,"(•RE~ORT1 ")"0/"l", 
OUT tZJ, OUT t 1 J, OUT CJJ , OUT t4J, OUT t5J) 

"END" 

RESULTSI 

NOAM RESIDUALV!CTORI +.z2101o•e4482••o"•006 
LENGTH OF LAST STEPI ♦ 3021124!7J32660"•006 
NUMBER o, FUNCTION COM ONENT £VALUATlONS1 ~5~8 
NUMBER o, lTERATION81 7 
REPORTI O 

RE'FERENCES I 

l1l BROYDEN C,G. 
THE CONVERG!NCE o, AN ALGORITHM ,0R SOLVING SPARSE NONLINEAR 
SYSTEMS, 
MATH, COMP., VOL,2! (1971) 8 



SOURCE T!XT(S)I 

'' C OD E " 3 4 4 3 0 t 

• 

COCT09ER 1'174) 

''PROCEDURE" QUANEWBNDCN, LW, RW, X, F, J4C, FUNCT, IN, OUT)s 
''YALU!" N, LW, AWJ "INTEGER" N, LW, R~J 
''ARRAY" x, F, JAC, IN, our, "BOOLEAN'' "PROCEDURE'' FUNCTJ 
"BEGIN" "INTEGER"~, IT, FCNT, ,MAX, ERA, BJ 

"REAL" MACH!PS, RELTOL, A8STOL, TO~RES, ND, ~Z, RESJ 
"ARRAY" DEL TA tl &NJ t 

MC 

PAGE 9 

"REAL" ''PROCEDURE" YECVECCL, U, SHIFT, A, B)J "COO!'' 340101 
"REAL" "PROCEDURE" ELMVECCL, U, SHIFT, A, B, X)s ''CODE" l4020J 
"PROCEDURE" MULV!CCL, U, SHI~T, A, B, X)J "CODE" 310201 
"PROCEDURE" DUPV!CCL, U, SHIFT, A, B)I "CODE'' 310301 
"REAL" "PROCEDURE" O!CSOLBNDCA, N, LW, RW, AUX, B)t 
"CODE" 3432Z, 

"REAL" "PROCEDURE" EV4LUATECN, X, '>• "VALUE'' NJ 
"INTEGER" Nt "ARRAY" X, FJ 
"BEGIN" ~CNTI• FCNT ♦ Ns "IF"• ,uNCT(N, 1, N, x, F) "THEN'' 

• 

"BEGIN" ERR1a lJ "GOTO" EXIT ''END"t 
"l~" FCNT ~ FMAX "THEN" ERR1• lt 
EVALUATEI• SQRTCVECVECCl, N, O, ~, ~)) 

"ENO" EVAL1 

"BOOLEAN" "PROCEDURE" DIRECTION, 
"BEGIN" "ARRAY" LU [1 ILJ, AUX tl ISJ r AU)( E2l 1• MACHEPSJ 

MULVECCl, N, O, DELTA, F, •l)J DUPV!CCl, L, o, LU, JAC)J 
OECSOLBND(LU, N, LW, RW, AUX, DELTA)J 

• 

OIRECTION1a AUXt3l • N 
''ENO" SOLLINSYSJ 

"BOOLEAN" "PROCEDURE" TEST(ND, TOLO, NAES, TOLRES, ERR)1 
"VALUE" NO, TOLD, "INTEQ!R" ERRJ "REAL" ND, TOLD, NRES, TOLRESJ 
TEST1• ERR•• 0 "OR'' (NAES c TOLR!S "AND" ND c TOLD)J 

"PROCEDURE" UPDATE JAC1 
"BEGIN'' "INTEGER" 1, J, K, R, MJ "REAL" MUL, CRIT, 

"ARRAY" PP, St11Nlt 
CRIT111 NO• MZI 
''FOR" I 1• 1 "STEP" 1 "UNTIL" N ''00" PP tIJ 1• DEL TA CIJ ** 2, 
RI• 1, ~I• 1t Ma• RW + lf 
"FOR" I1• 1 "STEP" 1 "UNTIL" N "00" 
" BE G I N " MU L I • 0 J " ,, 0 R " J i • R " S T E P '' 1 " UN T I L '' M " O O '' 

MULi• MUL + PPIJJJ JI• R • K, 
"l~" ABS(MU~) ~ CRIT "THEN" 
ELMVECCK, ~ • J, J, JAC, D!LTA, Ftll / MUL)1 K1• ~+Br 
"IF" I~ LW "THEN" Ra• R + 1 "ELSE" K1• K • 1J 
"I,'' M ~ N "THEN" Ml ■ M + 1 

• 

"END" 
"END" UPO•TEJACJ 



(OCTOBER 1'114) 

MACHEPS1• INCOJJ R!L10La• INtiJJ A8STOL1• INtZlJ 
TOLR!81• INt]lf ~MAXI• ?Nt4J f MZ1• MACH[PS •• 2, 
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ITI• ,cNT1• OJ 81 ■ LW + RWt LI ■ (N • 1) * B + N1 Bl• B + 11 
REIi• SQRT V!CV!C(t, N, O, ,, ~))J ERR1 ■ o, 

lTERAT!1 "l'" T!IT(SQRT(NDJ, IQRT(VECVECCl, N, O, X, X)) • RELTOL 
+ ASSTOL, R!S, TOLREI, !~R) "THEN" 
"BE;IN" ITi• IT+ 1, "I~· JT •• 1 "THEN" u,oATEJACs 

"l'fl • O?R!CTION "THEN" !RR1• l "ELSE" 
"BEGIN" ELMV!CCl, N, 0, X, DELTA, l)S 

ND1• VECVEC(l, N, o, DELTA, DELTA)t 
REl1• [YA~UATE(N, ~, ,,, "QOTO" IT!RATE 

"END" 
"END"I 

EXIT1 OUTtlJ i• SQRTCND)J 0UTC2J 1 ■ R!S, OUTtJJ 1• Jl'CNTJ 
OUTt4JI• IT1 OUTt5JI• !RR 

''END" QUAN!WBNOt 
"[OJI" 

••CODE" 34431, 
' ' 

"PROCEDURE" QUANEN8N01(N, LN, RW, x, ~, ,uNcT, IN, our,, 
"VALUE" N, LW, AWJ "INTEGER" N, LW, R~, ••RRAV" x, ,, IN, our, 
"BOOLEAN" "PROCEDURE" ~UNCTt 
"BEGIN•• •INTEGtR" I, Kl "R!AL" 81 

"PROCEDURE" QUAN!WSNDCN, L, R, X, ,, J, G, I, O), "CODE" 344301 
"ARRAY" JACtliCLW + RWl * (N • ll ♦ NJ I 
"PROC[DUR!" JACOBNBND,CN,L, R, X, ,, J, I, 0, F)J "CODf" 3441q, 
, UNC T ( N, 1, N, )(, ff) I I I• J N 15 J , 
Kl• CLW ♦ RW)•CN • ll ♦ N•2 • C(LW • ll•LW + (RW • 1)•RW) // 2J 
INE4J1• 1Nt4J • KJ 
JACOBNBND,(N, LW, RW, X, F, JAC, I, S, ~UNCTlr 
QUAN!WBND(N, LW, RW, X, ,, JAC, FUNCT, ?N, our,, 
INt4JI ■ INtGJ ♦ t<t OUT[JJI ■ OUTtJJ + K 

"END" QUANEWBN01t 
"EDP" 

' 
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INSTITUTES M4THEMATICAL CE~TRE. 

RECEIVED: 73•00•20. 

BRIEF DESCRIPTION1 

THIS SECTION CONTAINS TWO PROCEDURES, RNK1~IN ANO FLEMIN, FOR 
MINIMIZING A GIVEN DIFFERENTIABLE FUNCTION OF SEVE~AL VARIABLES, 
BOTH PROCEDURES USE A VARI•BLE METRIC ~ETMoo, THE USER HAS TO 
PROGRA~ THE EVALUATION OF THE FUNCTION AND ITS GRAOIENT1 
THE CHOICE 0~ ~NK1MIN AND FLEMIN IS OE?ENDENT ON THE PROBLEM 
l~VOLVEOJ IF THE NUHBE~ OF VARIABLES OF THE FUNCTION TO BE 
MINIMIZED IS VERY ~ARGE ANO THE CALCU~•TION OF THE FUNCTION ANO ITS 
GRADIENT IS RELATIVELY CHEAP (THE NUMBER OF ARITHMETICAL OPERATIONS 
IS OF ORDER AT MOST N ** 2),THEN THE USER IS ADVISED TO USE FLEMIN, 
IF THE ~ESSIAN OF THE FUNCTION IS EXPECTED TO BE c•LMOST) SINGULAR 
AT THE MINIMUM, T~EN RNK1~IN IS PREFERREOJ 
FOUR AUXILIARY PROCEDURES ARE ALSO DESCRIBEOI 
LI~E~IN, ~~K1UPO, OAVUPO AND FLEUPO. 

KEYWORDS I 

OPTIMIZATION, 
HIGH~R • DIMENSIONAL, 
UNCONSTR.4INEO, 
VARIABLE METRIC .METHOD, 

• 

• 

• 

• 

I 
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SUBSECTION: LINEMIN. 

CALLING SEQUENCE: 

THE HEA)ING OF THIS AUXILIARY PROCEDURE IS1 
'' P R O C E D. LJ R E '' L I ,.,, E M I N C N , X , 0 , tJ D , A L F A , G , F U NC T , F O , F 1 , D F O , D F 1 , 
EVL~AX, STRONGSEARCH, I~)J 
'' V A L. U E '' N , ND , F O , D F O , S T R O NG S E A R C H J 
'' I N T E G E R '' N , E V L.. M A X J '' B O O L E A N '' S T R O t~ G S E A RC H ; 
'
1 REAL'' NO, ALFA, FO, Ft, DFO, OF1J 
'' A R R A V '' X , D , G , I N , '' R E A L '' '' P R O C E D U R E '' F UN C T ; 

THE 
Ns 

D1 

G: 

MEA~ING OF THE FOR~AL P4~AMETERS ISi 
<ARITHMETICAL EXPRESSION>J 
T HE NUMB E R OF VA R I A B L. E S OF T HE G I VE N' r,;.· U NC ·r I ON F J 
<ARRAY IDENTIFIER>r 
'' A R R A V '' X [ 1 : N l J 
ENTRV1 A VECTOR XO, SUCH THAT F IS DECREASING IN XO, IN 

THE DIRECTION GIVEN BV OJ 
EXIT1 THE CALCULATED APPROXIMATION OF THE VECTOR FOR 

WHICH FIS MINIMAL ON THE LINE DEFINED BY: 
· XO + ALFA • D, (AL.FA > 0) J 

<ARRAY IDENTIFIER>J 
'' A ~ R A Y '' 0 [ 1 : N l J 
ENTRVz THE DIRECTION OF THE L.INE ON WHICH F riAS To BE 

MINIMIZEOJ 
cARITHMETICAL EXPRESSION>J 
ENTRY: THE EJCLIOIAN NORM OJ: THE VECTOR GIVEN IN DCl : NJ J 
<VARIABLE>: 
THE INDEPE~DENT VARIABLE, THAT DEFINES 
LINE oN WHICH F HAS TO BE MINIMIZED, 

THE POSITION ON THE 

THIS 1.I~E IS DEFINED BY XO+ A~FA • D, (ALFA> O)J 
ENTRV1 AN ESTIMATE ~~FAO OF T~E VA~UE FOR WHICH 

EXIT: 
H ( A L F A ) : F C X O ♦ A l.. F A * D ) , ( A L F A > 0 ) , I S t1 I N I M A. L J 
THE CALCULATED APPROXl~ATION ALFAM OF THE VALUE FOR 
WHICH H(ALFA) IS MINIMALS 

<ARRAY IDENTIFIER>J 
'' A R R A V '' G [ 1 : N l J 
EXIT: THE GRADIENT OF F 

OF THE MI~~IMU~1, 
' 

AT THE CALCULATED APPROXIMATION 

FlJNCT: <PROCEDURE IOENTIFIER>t 

• 

THE HEADING OF THIS PROCEDURE SHOULD BE: 
" RE ~ L '' '' P R O C E O U R E '' F UN C T C N , X , G ) J '' V A L U E '' N ; 
'' I ~ T E G E R '' N J '1 A " ~ A V '' X , G , 
A CAL~ OF FUNCT SHOU~D EFFECTU4TE IN1 
1: FUNCT1= F(X)f 
2: THE VALUE OF G[Il, CI= 1 1 .,,, N), BECOMES THE VALUE 

OF THE I• TH COMPONENT OF THE GRADIENT OFF AT~, 



• 

FO: 

DFO: 

DF1: 

(JULY 1974) 
• 

<ARITHMETICAL EXPRESSION>; 
ENTRV: THE VALUE OF H(O), (SEE ALFA), 
<VARIABLE>J 
ENTRV1 THE VALUE OF HCALFAO)J 
EXIT1 T~E VALUE OF HCALFAM1, (SEE ALFA)J 
<ARITH~ETICAL EXPRESSIQN>J 
ENTRY: THE VA~UE OF THE DERIVATIVE OF HAT A~FA = OJ 
<V4RIABLE>r 
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ENTRY: THE VA~UE OF THE DERIVATIVE OF HAT ALFA: ALFAOr 
EXIT: THE VALUE OF T~E DERIV•TIVE OF HAT ALFA: ALFAMr 

EVLMAX: <VARIABLE>J 
ENTRY: THE MAXIMUM ALLOWED NU~BER OF CALLS OF FUNCTJ 
EXIT: THE NUMBER OF TIMES FUNCT HAS BEEN CALLEDJ 

STRONGSEARCH1 

IN: 

• 

cBOOLEAN EiPRESSION>; 
IF THE VALUE OF STRONGSEARCH IS TRUE, TMEN THE PROCESS 
MAKES JSE OF T~O STOPPING CRITERIA: 
A: THE tJUMBER OF TIMES FUNCT HAS BEEN CALLEO EXCEEDS THE 

GIVEN VALUE OF EVLMAXJ 
B: AN INTERVAL IS FOUND WITH LENGTH LESS THAN TWO TIMES 

T~E PRESCRIBEO PRECISlON,ON WICH A ~INIMUM IS EXPECTEDJ 
IF THE v•LUE OF STRQNGSEARCH IS FA~SE, THE PROCESS MAKES 
A~SO ust OF A THIRD STOPPING CRITERION' 
Cl MU ca CHCALFAK) • H(A~FAO)) / (ALFAK • DFO) <= 1 • MU, 

WHEREBY ALF~ IS THE CURRENT ITERATE ANO MU A PRESCRIBED 
CONSTANTr 

<ARR.AV IDE~TIFIER>J 
ENT~Vz 
"ARR AV'' 
IN tll: 

• 

IN[113l r 
THE RE~ATIVE PRECISION, EPSR, NECESSARY FOR THE 
STOPPING CRITERION B, (SEE STRONGSEARCH)J 

IN [21: .THE ABSOLUTE PRECISION, EPSA, NECESSARY FOR THE 
STOPPING CRITERION B, (SEE STRONGSEARCH)r 

THE ?RESCRIAEO ?~ECISION, EPS, AT ALFA. ALFAK IS GIVEN ev: 
EPS = ~ORM (XO ♦ A~PHA • D ) * EPSR + EPSA, WHERE 
NORM C • ) DENOTES THE EUCLIDEAN NORM. · 
INt3l: THE PARAMETER MU NECESSARY FOR STOPPING CRITERION CJ 

THIS P~RAMETER MUST SATISFY: 0 <MU< O,S s IN 
PRACTICE,A CHOICE OF MU= 0,0001 IS ADVISED • 



' 
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\ 

DATA AND RESU~TS: 

LINEMIN CALCULATES AN APPROXIMATION OF A MINIMUM OF A 
HIGHER• DIMENSIONAL FUNCTION ON A GIVEN LINEJ 
THE ~UANTITV DFO MUST SATIFV: OFO < 01 
IF MOREOVER DF1 > 0 1 THEN THE PROCEDURE WILL YIELD A RESULT THAT 
SATISFIES ONE OF THE CHOSEN STOPPING C~ITERIA, (SEE STRONGSEARCH) 1 
UTHER~ISE ~E CAN NOT GUARANTEE SUCH A ~ESULT, 

PROCEDURES USED: 

VECVEC: CP34010, 
ELMVEC: CP3U020, 
DUPVEC; CP31030. 

REQuIRED CENTRAL MEMORY= 

EXECUTION FIELD LENGTH: N + 17 WORDS, 

LANGtJAGE: ALGOL &o. 

MET~OD AND PERFORMANCE: 

• 

AN APPROXIMATION TO THE MINlMUM ON THE GIVEN LINE IS CALClJLATEO 
WITH CUBIC INTERPOLATION Ct2l )JTHE STOPPING C~ITERIO~ USED WHEN THE 
VALUE OF STRONGsEARCH Is FALSE IS DESCRIBEO IN [3] AND (ij], A 
DETAILED OESC.RIPTIOt~ OF T~IS PROCEDURE IS GIVEN IN C1l • 

• 

• 

• 



SE.CTlON I 5.1,2 

SLIBSECTION: RNKlUPD_ 

C~LLJNG S€QUENCE: 

THE HE4DING OF THIS AUXILIARY PROCEDURE IS: 
11 P R O C E D U R E ,, R N K 1 UP D ( M , N , V , C ) J ,, V A L U E ,, N , C 1 
'' I N T E G E R '' N ; •• R E A L •• C J '' A R R A V '' H * V J 

THE 
t~ I 

MEANING OF THE FOR~AL PARA~ETERS IS: 
<ARITHMETICAL EXPRESSION>J 

MC 

PAGES 

• 

C: 

THE ORDER OF THE SYMMETRIC MATRIX, WHOSE WPPERTRIANGLE IS 
STORED COLUMNWISE IN THE ONE• DIMENSIONAL ARRAY HJ 
<ARITHMETICAL EXPRESSION>; 
SEE v, 

V: <•RRAY IDENTIFIE~>, 
'' A R R A Y '' V [ 1 : N l J 
THE GIVEN MATRIX IS UPDATED CA~OTHER MATRIX IS ADDED TO 
wlTH A sV~METRIC MATRIX, U, OF RANK ONE, DEFINED BY: 

H1 
IJ [ I , J J = C • V [ I l • V [ J l J 

<~RRAV IDENTIFIER>1 
'' A ~ R A Y '' H t 1 I N * ( N + 1 ) / / 2 l r 
E~~TRY: · THE UPPERTRIANGLE (STORED 

E~IT: 
SYMMETRIC MATRIX THAT ~AS TO 
THE UPPERTRIANGLE (STORED 
U?OATEO MATRIX • 

• 

PROCEDURES USED: 

• 

REQUIRED CENTRA~ MEMORY: 

EXECUTION FIELO LENGTH: 2 wORDS. 

LANGUAGE: ALGOL &O, 

• 

COLUMNWISE) 
BE UPDATEDr 

COLUt~NWISE) 

• 

OF 

OF 

IT) 

THE 

THE 



SUBSECTION: OAVUPD. 

CAL~lNG SEQUENCE: 

l ►iE HEADI~G OF THIS AUXILIARV PROCEDU~E tS1 
•• ? R O C E D U ~ E 11 D A V U PD C H , "' , V , W , C 1 , C 2 ) 1 '' V A L. U E '' N , C 1 , C 2 J 
,, I ~J l E G E R ,, ~~ : '' R E A L •' C 1 , C 2 J '' A R R A Y ,, H , V • W : 

MEANING OF THE fO~MAL PARAMETERS IS: 
<ARITHMETICAL EXPRESSION>J 

• 

MC 

PAGE b 

C 1: 

THE O~DER OF THE SYMMETRIC ~ATR!X ~HOSE UPPERTR!ANGLE IS 
S TO R E O C O L U ~1 NW I SE I N THE ONE • D I ME N 5 I O N A L A ~ R A V H 1 
<ARITHMETICAL EXPRESSION>; 

C2: 
SEE W: 
<ARITM~ETICAL EXPRESSIOt~>J 
SEE WJ 
<ARRAY IOENTIFIER>1 
'' A R R A V '' V [ 1 1 N J , S E E W J 
<A~RAV IDENTIFIER>J 
~• A R R A V '' W t 1 : N ] I 
THE GIVEf~ MATRIX IS UPDATED WITH 
RANK T~O, DEFINED BYI 

A SYMMETRIC MATRIX U OF 

u[I,JJ :: C1 • V[IJ * V[Jl • C2 * W[Il * WtJJ J 
<ARRAY IDENTIFIER>s 
'' A R R A V '' H t 1 : N * C N + 1 ) / / 2 ] r 
ENTRV1 THE UPPERTRIANGLE (STORED COLUMNWISE) OF THE MATRIX 

THAT HAS TO SE UPOATEOJ 
EXIT: THE U?PERTRIANGLE CSTOREO COLUMNWISE) OF T ►iE • 

UPOATEO M~TRIX • 

• 

PROCEDURES USED1 NONE. ♦ 

RE~UIRED CE~TRAL MEMORY: • 

EXECUTION FIELD LENGT~s 3 WORDS, 

LA"iGUAGE1 ALGOL &O, 

• 

• 

• 



MC 

SECTION : 5,.1,,2 (JULY 197'-') PA. GE 71 

SU8SECTION1 FLEUPD, 

CALLING SEQUENCE: 

THE HEADING OF THIS AUXILIARY PROCEDURE IS1 • 

'' ? R O C E O U R E '' F L E U ? D ( H , N , V , W , C 1 , C 2 ) J '' V A I. U E 11 N , C l , C 2 : 
'' I "4 T E G E R '' N : '' R E A L '' C 1 , C 2 J '' A R R A Y '' H , V , W r 

THE ~EANING OF THE FORMAL PARAMETERS ISi 
Nz <ARITHMETICAL EXPRESSION>J 

THE OROER OF THE SVMMET~IC MATRI~ WHOSE UP?ERTRIANGLE IS 
STORED COLUMNWISE IN THE ONE• OIMENSIO~AL ARRAY Hr 

Cl: <ARITHMETICAL EXPRESSION>; 
SEE w, 

C2: <A~ITHMETICAL EXPRESSION>J 
SEE w, 

i: <ARRAV IDENTIFIER>J 
"ARR•v•• V [1 : NJ, SEE WJ 

Wg <ARRAY IDENTIFIER>J 
'' A R R A Y '' w [ 1 : N l J 
THE GIVEN MATRIX IS UPD4TED WITH A SYMMETRIC MATRIX U OF 
RANK TWO, DEFINED BY: 
UtI,Jla C2 * V[Il • VCJl • Ct •CV[I] * W[JJ + W[Il * V[Jl)J 

HI ~ARRAY IDENTifIER>s 
'' A R R A V '' H t 1 I N * ( N + 1 ) / / 2 J J 
ENTRY: THE UP~ERTRIANGLE (STORED COLUMNWISE) OF THE MATRIX 

THAT HAS TO SE UPDATED, 
EXIT1 THE UPPERTRIANGLE (STOREO COLUMNWISE) OF THE 

UPDATED MATRIX • 

• 

PROCEDURE USED& NONE, 

REijUIREO CENTRAL MEMORY: • 

EXECUTION FIELD LENGTHI 3 WOROS. 

LANGUAGE: AL.GOL bO,. 

• 

I. 



MC 

SECTION I S,1.2 (JULY 1q71J) PAGE 8 

SUBSECTION: RNK1MIN, 

CALLI~G SEQUENCE: 

THE HEADING OF tMIS PROCEOURE ISi 
•• R E A L •• '' P R O C E O U RE '' R N K 1 M I N C N , X , G , H , F U N C T , I N , 0 U T ) J 
'' V A L U E '' N 1 '' I N T E G E R •• N S 
'' A R R A Y '' X , G , H , I N , 0 U T J 
'' R E A L '' '' ? R O C E D U RE " F U N C T I 

RNK1MIN1 DE~IVERS THE CALCULATED ~EAST VALUE OF THE GIVEN FUNcTIONJ 

T~E MEANING OF THE FORMAL PARAMETERS ISi 
N: <ARITMMETICAL EXPRESSION>, 

THE NUMBER OF VARIABLES OF THE FUNCTION TO aE MINIMIZED: 
X1 <ARRAY IDENTIFIER>r 

'' A R ~ A Y '' )( t 1 : N l J 
THE INDEPENDENT VARIABLESJ 
ENTRYz AN APPROXIMATION OF A ~INIMUM OF TME FUNCTIONJ 
EXIT: THE CALCULATED MINIMUM OF T~E FUNCTIONJ 

G1 <ARRAY IDENTIFIER>J 
'' A R R A V '' · G t 1 I N l J 
EXIT: THE GRADIENT OF THE FUNCTION AT THE C4LCULATEO 

MINIMUMJ 
Hs <ARRAY IDENTIFIER>J 

'' A R R A V " M [ 1 I N * ( N + 1 ) / / 2 J J 
THE UPPERTRIANGLE -OF AN APPROXI~ATION OF THE INVERSE 
HESSIAN IS STORED COLUMNWISE I~ HJ 
IF INC6l ~ 0 INITIALIZING OF H WILL BE OONE AUTOMATICALLY 
ANO THE INITI~L APPROXIMATION OF THE INVERSE HESSIAN WILL 
EQUAL THE UNITMATRIX MULTIPLIED WITH THE VALUE OF IN[bl: 
IF IN tbl. < 0 NO INITIALIZING OF=" H lffILL. SE OONE AND THE USER 
SHOULD GIVE IN H AN APPROXI~•TION OF THE INVERSE HESSIAN, 
AT THE STARTING P~INTJTHE UPPERT~llNGLE OF AN APPROXIMATION 
OF THE INVERSE HESSIAN AT THE CALCULATED MINIMUM IS 
DELIVERED IN HJ 

FlJNCT: <P~OCEOURE IOENTIFIER>r 
THE HEADING OF THIS PROCEDURE SHOUL~ BE1 
., R E A L ,,, It P R O C E D UR E ., F U NC T C N , X , G ) , ti V A L U E ,, N J 
•• I N T E G E R '' N r •1 A R q A Y '' X , G J 
A CALL OF FUNCT MUST EFFECTUATE IN2 
11 FUNCT BECOMES THE VALUE OF THE FUNCTION TO BE MINIMIZED 

AT THE POI~JT XJ 
. 21 THE VALUE OF G[Il, (I a:: 1, •••' N), BECOMES THE VALUE 

OF THE I• TH COMPONENT OF THE GRADIENT OF THE FUNCTION 
AT xr 

• 

• • 



MC 

s E c T I n r~ : s • 1 , 2 (JULV 1q74) 

IN: 

' 

CUTI 

<ARRAY IDENTIF!ER>J 
'' A R R A V '' I N [ 0 I 8 J 1 
ENTRY: 
IN [Ol: THE MACHINE PRECISION1 

FOR THE CYBER 73•26 A SUITABLE 
IN Cl}: THE REL.AT IVE TOLERANCE FOR THE 

V A L U E I S '' • 1 4 J 
SOLUTION; 
CHOSEN SMALLER THIS TOLERANCE SHOULD NOT BE THAN 

I l" C lt l J 
TH~ ASSOLUTE TOLERANCE FOR THE SOLUTION; IN[2l: 

IN t3J J A PARAMETER USED FOR CONTROLLING LINEMINIMIZATION, 
C [31, [/Jl) J USUALL.Y A SUITABLE VA\L.UE IS: 0,0001 J 

INt4l a THE ABSOLUTE TOLERANCE FOR THE EUCLIDIAN NORM OF 

IN [71: 
IN [BJ: 

THE GRADIENT AT THE SO~UTIONJ 
A LOWERBOUND FOR THE FUNCTIONVALUEJ 
THIS PARAMETER CO~TRO~S THE INITIALIZATION OF THE 
APP~OXIMATION OF TME INVERSE HESSIAN CMET~IC), 
SEE HJ USUALLY THE CHOICE INC6l • 1 WILL GIVE GOOD 
RESULTSJ 

• 

THE MAXIMUM ALLOWED NU~BER OF CAL~S OF rUNCT1 
~ PARA~ETER USED FOR CO~TRO~LING THE UPDATING 
THE METRICr IT IS USED TO AVOID UNBOUNDEDNESS 
T H E r~1 E T R I C C S E E I [ 6 l , F O R M lJ L. A ( 1 q ) ) J 

'THE VA~UE OF INC8l SHOULD SATISFY: 

OF 
QF 

SQRT Cl"' tOl / IN [1J) / ~ c I~ [8J < 1 J 
USUAL~V A SUITAB~E VA~UE WILL BE 0,011 

<ARRAY IDENTIFIER>J 
'' A R R A V '' 0 U T t O : .u l J 
EXIT: • 

OUT[O]: THE EUCLIDIAN NORM OF THE PRODUCT OF THE METRIC AND 
THE GRADIENT AT THE CA~CULATED MINIMUMr 

OUT t1l: THE EUCLID IAN NORM OF THE GRADIENT AT THE 
.C 6 LC UL A TED MIN IM U ~ J 

OUT [21 t THE NUMBER OF CALL.S OF FU~~CT, NECESSARY TO ATTAIN 
THIS RESU~TJ 

OUT[3J: THE NUMBER OF ITERATIO~S IN WHICH A Ll~ESEARCH WAS 
NECESSARY; · 

OUTC4l I THE NUMBER OF ITERATIO~S IN WHICH A DIRECTION HAD 
TO BE CALCULATED WITH THE METHOD GIVEN IN [SJ: 
IN SUCH AN ITERATION A CALCUL.ATION OF THE 
EIGENVALUES ANO EIGENVECTORS OF THE METRIC IS 
NECESSARY. 

DATA ANO RESULTS1 

USUALLY THE CALCULATED SOLUTION WI~L S4TISFV: 
NORM C XMIN • XCAL ) < NORM C XCAl. ) • IN [1] + IN t2l. 
WHERE XMIN IS A MINIMUM OF THE GIVEN FUNCTION, XCAL THE CALCULATED 
APPROXIMATION OF XMIN AND NORM( • ) OE~OTES THE EUCLIDIAN NORM 

' 

OF x, HOWEVER, WE CAt~NOT GlJARANTEE SUCH A RESULT, THE CALCULATED, 
SOLUTION POSSIBLY WILL NOT SATISFY TME ABOVE INEQUALITY IF T~E 
PROBLEM IS VERY ILL• CONDITIONEDJ THE USER CAN DISCOVER SUCH A 
SITUATION BV LOOKING AT THE EUCLIDIAN NORM OF THE METRIC, DELIVERED 
IN H J THE PRO 8 t. EM IS IL. L. • CONDITIONED IF TH IS NORM I 5 L.A R GE · .. · .. · 
REL.ATIVE TO 1, 



MC 

SECTION I 5,1.2 CJUL.Y 1q7Q) PAGE 10 

PROCEDURES USED; 

VECVEC: CP34010, 
MATVEC: CP3~011, 
TAMVEC: CP34012, 
SYMMATVEC: CP34018, 
INIVEC z CP31010,. 
INISYMD • CPlt013, 
MULVEC = CP31020, 
DUPVEC = CP3t030, 
EIGSVMl : CPJij15&, 
LINEMIN: CP34210, 
RNK1UPD • CP3U211, 
OAVUPO = CP34212, 
FLEUPO: CP34213. 

REQUIRED CE~TRA~ MEMORY: 

EXECUTION FIELD LENGTH: VARIES FROM 5 • N + 2& TO 
N ** 2 + N • (N + 1) // 2 + S • N + 35 WORDS, 

• 

RUNNING TIMEt 

DEPENDS STRONGLY ON THE PROBLEM TO BE SOLVEO, 

• 

LANGUAGE I 
• 

METHOD AND PER~ORMANCEI • 

• 

RNKlMIN CALCULATES AN APPROXIMATION OF A ~INIMUM OF A 
FUNCTIO~ BY MEANS OF A VARIAB~E METRIC METHOOt THE ~ANK 
UPOATI~G FORMULA, USED IN THIS ALGORITHM IS ~IVEN IN 
(FORMU~A (Q))J TO AVOID UNBOUNDEDNESS OF THE METRIC (SEE 
SOMETIMES A RANK• TWO UPDATING FOR~ULA IS USED Ct3l, 

GIVEN 
.. ONE 

[ bl , 
Cal ) , 

FORMULAS (1) ANO (S))J TO AVOID LINESEARCHES AS MUCH AS POSSIB~E A 
STRATEGY GIVEN IN [4] IS lJSEOJ IF IN .A\N ITERATION THE FUNCTION IS 
INCREASING IN T~E DIRECTION GIVEN BY T~E VARIAB~E METRIC ALGORIT~M, 
BECAl1SE THE MElRlC IS NOT POSITIVE DEFINITE, THEN A ~ETHOD GIVE~! IN 
lSl IS USED TO CALCULATE A NEW DIRECTIONJ THIS METHOD REQUIRES 
THE CALCUL•TION OF THE EIGENVECTORS A~D EIGENVALUES OF THE METRICJ 
USUALLV,THE NUMBER OF TIMES SUCH A CALCULATION IS NECESSARY IS VERY 
SMALL RELATIVE ro THE NUMBER OF ITERATIONS (ANO OFTEN EQUALS ZERO)J 
IF THE· NUMBER OF VA~IABLES OF THE FUNCTION IS VERY LARGE ANO THE 
CALCULATION OF THE FUNCTION AND ITS GRADIENT IS RELATIVELY CHEAP 
(THE NUMBER OF ARITHMETICAL OPERATIONS IS OF ORDER AT MOST N ** 2), 
THEN THE USER IS ADVISED TO USE FLEMIN (CP3210S)r ' 
A DETAILED DESCRIPTION OF THE ALGORITHM ANO SOME RESULTS ABOUT ITS 
CONVERGE~CE IS GIVEN IN [1], · ' 



MC 

SECTION : (JULY 1974) PAGE 11 • 

SUBSECTION& FLEMIN, 

CALLING SEQUENCE: 

THE HEADING OF THIS PROCEDURE ISi 
'' RE A L '' '' P RO C E D U R E '' F L E M I N C N , X , G , H , F U N C T , I N , 0 U T ) J 
'' V A L U E '' N ; '' I N T E G E R '' N J 
,, A R R A Y II X , G , H , I N , 0 U T 1 ,, R E A l. •• ,, 0 R O C E D U R E ., F U NC T J 

FLE~INa DELIVERS THE CA~CUL4TEO LEAST VALUE OF THE GIVEN FUNCTIONJ 

THE 
"J I 

XI 

MEA~ING OF THE FORMAL PARAMETERS IS: 
<ARITHMETICAL EXPRESSION>; 
THE NUMBER OF VARIABLES OF THE FUNCTION TO BE MINIMIZED: 
~ARRAY IDENTIFIER>t 
'' A R ~ A Y '' X t 1 a N l # 
THE !~DEPENDENT VARIABLES, 
ENTRY: AN APPROXIMATION OF A ~INIMUM OF THE FUNCTION, 
EXIT1 THE CALCULATED ~INIMUM OF THE FUNCTION1 
<ARRAY IDENTIFIER>J 
'' A R R A Y •• G [ 1 I N J J 
EXIT1 "THE GRADIENT OF THE FUNCTION AT THE CALCULATED 

MIN1t"1UMJ 
<ARRAY IDENTIFIER>s 
•• A R R A Y '' 1--i [ 1 : N * C N + 1 ) I I 2 l 1 
THE UPPERTRIANGLE OF AN APPROXIMATION OF THE INVERSE 
H E S S I A N I S S T O R E O C O·L. LJ M N W I S E I N H ; 
IF INt&J > 0 INITIALIZING OF H WILL BE DONE AUTOMATICALLY 
AND THE INITIA~ APPROXIMATION OF THE INVERSE HESSIAN WILL 
EQUAL THE UNITMATRIX MULTIPLIED WITH THE VALUE OF IN Col J IF 
I~~tbl < .0 NO INITIALIZING OF H WILL BE DONE AND THE USER 
SHOULD GIVE IN H AN APPROXIMATION OF THE INVERSE HESSIAN 
AT THE STARTING POINTJ 
THE U?PERTRIANGLE OF AN APPROXIMATION QF THE INVERSE 
HESSIAN AT THE CALCULATED MINI~UM IS DELI·VEREO IN H: 

FU~CT: <PROCEDURE IDENTIFIER>1 

• 

' 

THE ~F.ADING OF THIS PROCEDURE ~UST BE: 
'' R E A L '' '' P R O C E D U R E '' F U N C T C N , X , G ) J '' V A L U E '' N ; 
'' I 1\1 T E G E R '' N J '' A R R A V •• X , G J 
A CALL OF FUNCT MUST EFFECTUATE IN1 
11 FUNCT BECO~ES THE VALUE OF THE FUNCTION TO BE MINIMIZED 

AT THE POINT X; 
2: THE VALUE OF GCIJ, CI= 1, •••' N), BECOMES THE VALUE 

OF THE I• TH COMPONE~T OF THE GRADIENT OF THE FUNCTION 
AT X: 



MC 

SECTION : 5,1.2 PAGE 12 

OUT: 

<ARRAY IDENTIFIER ►, 
'' A R R A Y '' I N [ 1 I 7 l J 
ENTRY& 
IN [ 11 I 
IN [2] I 
IN C3l: 

THE REL•TIVE TOLERANCE FOR THE SOLUTION; 
THE ABSOLUTE TOLER~NCE FOR THE SOLUTlONr 
A PARAMETER USEO FOR CONTROLLI~G LINE~INIMIZATION 
Ctll, [4l)s USUALLY A SUITABL.E VALUE IS 0.00011 

INtq] 1 THE ABSOLUTE TOLER4NCE FOR THE EUCLIDIAN NORM OF 
THE GRADIENT AT THE SO~UTIONJ 

IN tSJ: 
IN tbl: 

A LOWERBOUND FOR THE FUNCTION V•LUEJ 
THIS ?ARAMETER CONTROLS T~E INITIALIZ•TION 0~ THE 

• 

APPROXIMATION OF THE I~VERSE HESSIAN CMET~IC) CSEE 
M)J USUALLY IN[&l • 1 ~ILL GIVE GOOD RESULTS, 

INt7l: fHE MA~IMUM ALLOWED NUMBEq OF C•LLS OF FUNCTr 
<ARRAY IDENTIFIER>, 
'' A R R A Y '' 0 U T [ 0 I Ll ] J 
EXITt 
OUT[OJ 1 THE EUC~IOIAN NORM OF THE PRODUCT OF T~E METRIC AND 

T~E GR•DIENT AT THE CA~CULATED MINIMUHJ 
OUT[1l: THE EUCLIDIAN NORM OF THE GRADIENT AT THE 

CALCU~ATEO MINIMUMJ 
OUTt2l: THE NUMBER OF CALLS OF FUNCT, NECESSARY TO ATTAIN 

·THESE RESUL.TSJ 
OUT[3]: THE NUMBER OF ITERATIO~S IN WHICH A L.INESEARCH WAS 

NECESSARYJ 
OUT C4l I IF OUT [4l • • 1, THEN THE PROCESS IS BROKEN OFF 

8ECAUSE NO DOWNHILL DIRECTION COULD BE CALCULATEDJ 
THE PRECISION ASKED FOR ~AV NOT BE ATTAINED ANO IS 
PQSSIB~Y C~OSEN TOO HIGH1 
?~ORMAI.L V OUT C4 l : 01 

• 

DATA AND RESULTS: 

• 

USUALLY THE CALCULATED SOLUTION WI~L SATISFVI 
N O R M ( X M I N • X C A l. ) c N O RM C X C A L. ) * I N [ 1 ] ♦ I N· [ 2 l 1 

WHERE XMIN IS A MINIMUM OF THE GIVEN FUNCTION, XCAL THE CALCULATED 
APPROXIMATION OF XMIN A~O NORM C • ) DENOTES T~E EUCLIOIAN NORM 
OF Xr HOWEVER, WE CAN NOT GUARANTEE SUCH A RESULT, THE CALCULATED 
SOLUTION POSSIBLY WILL NOT SATISFY THE ABOVE INEQUALITY IF THE 
PROBLEM IS VE~Y ILL• CONDITIONED, THE USER CAN DISCOVER SUCH~ 
SITUATION BY LOOKING AT THE EUCLIDIAN NORM OF THE METRIC, DELIVERED 
IN HJ T~E PROBLEM IS ILL• CONDITIO~ED IF THIS NORM IS LARGE 
RELATIVE TO 1 • 

• 

• 

' 



SECTION: 5.1.2 

PROCEDURES USED: 

VECVEC; C~3~010, 
ELMVEC = CP34020, 
SVMMATV~C = CP34018, 
INIVEC = CP31010, 
INISYMO a CP31013, 
MULVEC = CP31020, 
DUPVEC ~ CP31030, 
LINEMIN ~ CP3a210, 
OAVUPD: CP34212, 
FLEUPD = CP3~213, 

REQUIRED CENTRAL MEMORV1 

EXECLITlON FIELD LENGTHa 3 • N + 19 WORDS. 

RUNNING TIME: 

OE?ENDS STRONGLY ON THE PROBLEM TO BE SOLVEDJ 
• 

I. A N G iJ A G E I 

METHOD AND PERFORMANCE: • 

MC 

FLEM!N CALCULATES AN •P~ROXIMATION OF A MINIMlJM OF A GIVEN FUNCTION 
BY MEANS OF THE VARIAB~E METRIC ALGORITHM GIVEN IN C3l, EXCEPT FOR 
SOME DETAILS (SEE Cll). 

REFERENCES: 
c11 aus, J, c. P, 

HI~~IMIZATION OF FUNCTIONS OF SEVER•L VARIABLE·S COUTCH), 
MATHEMATICAL CENTRE, AMSTEROAM, NR 2q/72 (1q72), 

[21 OAVIOON, w. C,. 
VARlAB~E METRIC METHOD FOR MINIMIZATION, 
ARGONNE NAT. LAB. REPORT, ANL sqqo (19Sq). 

C3l FLETCHER, R. 
4 NE~ APPROACH TO VA~IABLE METRIC ALGORITHMS, 
COMP 1 J. b, (19&3), P.1&3 • 1b8 9 

[4J GOLDSTEIN, A. A, ANO PRICE, J. Fe 
AN EFFECTIVE ALGORITHM FOR MINIMIZATION. 
NUMER. MATH, 10, (1q&7), P.184 • 1eq. 

CS] GREENSTAOT, J 1 L. 
ON T~E RELATIVE EFFICIENCIES OF GRADIENT METHODS, 
t1 A T H I C O M P • 2 l , C 1 q b 1 J , P • 3 c O • 3 b 1 • 

[1,J POWEL.L, M,. J, D, 
RAN~ ONE METHODS FOR UNCONSTRAINED OPTIMIZATION, 
IN: ABADIE, J. CED.) 

INTEGER AND NON~INEAR PROGRAMMING. 
~ORTH .. HOL.LANO, (1q70),· 



MC 

SE.CTION: 5.1.2 (JULY 1q7lJ) 

EXAMPLE OF USE= 

THE MINI~UM OF THE FUNCTION: 
* 100 ♦ (1 • X[11) ** 2, F(X): (Xt2l • XC1l ** 2) ** 2 

CALCU~ATED WITH BOTH RNKlMIN 
FOLLOWING PROG~AM1 

ANO FLEMIN MAY BE OBTAINED BY THE 

'' 8 E GIN'' 
"~E4L~ ''PROCEDURE•• RNK1MINCN, X, G, H, FUNCT, IN, OUT)t 
'''CODE''' 3~211.11 
,,, R E A L ,, '' ? R O C E O LI R E ,, F L E M I N C N , X , G , H , F" U NC T , I ~ , OU T ) J 
'' C O D E '' 3 CJ 2 1 5 J 
'' R E A L '' '' P R O C E O U R E •• R O S E N B R O C K ( N , X • G ) J '' V A L U E '' N J 
t'INTEGER" N1 "ARRAY'' X, GJ 
'' B E G I N '1 ~ 0 S E ~ J:3 R O C K : = C X [ 2 l • X [ 1 l * • 2 ) • • 2 * 1 0 0 

+ Cl • X [11) •• 2J 
GC1J := (()([ll ** 2 • X[2l) * 400 + 2) * XCll • 2J 
G t211=cx t21 - x t11 •• 2) • 200 

t•ENO" ROSE~BROCKJ 
"lNTfGER" IJ "BOOLEAN'' AGAINJ "REAL" F, 
'''ARR~Y'' )(, G [1 :2l, H [113], IN to1el, OUT [0:4] J 

• 

I N t O J I • '1 - 1 q I I N t 1 ] I II ,, - 5 ' I N C ~ ] I : tt - 5 , I N [ 3 l I :: II - " , 

INCLIJI• •••SJ IN[S]1a: •10t INC6]1 ■ 1, I~[7J1: 100, IN[8l:• 0.011 
~Cl]:~ •1 1 2, X [2J 1• 1 J AGAIN 1: ''TRIJE'', 
Fs= RNK1~INC2, X, G, ~, ROSENBAOCK, IN, OUT)J 

• 

~GOTO'' pqINTr -
NE~TI Xt1l 1: •1,2J Xt2l 1: lJ AGAINa• ''FALSE''r 

F:= FLEMINC2, x, G, H, ROSENBROCK, IN, OUT)J 
PRINTr OUTPUT(&l, ''(""("LEAST VALUEl''l"B+,15D"+3D,//, ''("X:")", 

2 C B + • 1 5 D " + 3 D 8 l , / / , '' ( " G ·~ A O I E N T I '' ) '' , 2 C B + • 1 5 0 ,, + 3 0 8 ) , / / , '' C '' M E T R I C 1 '' ) '' 
,2CB+,150''+30B),l,328+.150''+3D,/l,~(''0UT:")'', S(B+,1SD"+lDB,/),/// 
'' ) ., , F , X [ 1 l , X C 2 1 , G t 1 l , G [ 2 l , H [ 1 l , H t 2 l , H [ 3 l , 0 U T C 0 l , 0 U T [ 1 l , 
OUT C2l, OUT t3l, OUT t'4l) I 
,, I F fl A G A I N '' T H E N If '' G :0 T O ,, N E X T • 

'''END'' 
'' E OP'' 

DELIVERS: 
I 

• 

• 



SECTION : 5,1,2 

LEAST VAL.UE: +.2oobqq79aso11eo•·-01a 

X : + • 9 9 9 9 q 9 q 9 q q a 4 8 4 0 '' + 0 0 0 ♦ • 9 q q q q q 9 9 9 8 4 S 2 2 0 '' + 0 0 0 

G R A O I E N T I + , l 7 & 7 3 1 3 0 5 1 " 5 9 5 0 '' • 0 0 7 11111 • 8 8 ~ 1 7 3 1 7 9 5 3 0 1 q O '' .. 0 0 8 

M E T R I c : + • " q q q a 2 4 1 " e & 3 2 s o '' + o o o + , q q q 9 s 7 3 s 3 e 1 o 2 3 o '' + o o o 
♦ • 2 0 0 " e q 1 s 7 t., 7 q 2 q O It ♦ 0 0 1 

OUT• 
• • ♦ 1 1&U15712377Ub&0'9 •009 

+,1q7a3aq33&oeij80"•007 
+,550000000000000''+002 
+,aoooooooooooooo"+oo1 
+wU00000000000000"+001 

LEAST VALUE& +.811973499921290''•016 

x, +.qq9q9qqqq1sa110••+000 +,.qqqqqqqqa&167Bo''+ooo 

Gq~DIENT1 +,35Q82b6S7359010''•00b •.1B01SLISS19382C10''•00o 
• 

METRIC: •• so108S356q75sso"+OOO +.100198139t9q&00''•001 
+ • 2 O O 8 & l e 5 5 5 4 3 5 1 O '' + 0 0 1 

OUT: +.13380228Q387830''•008 
+.ijo2~0&311e33310~-ooe · 
+.4Q0000000000000"+002 
+,700000000000000"+001 
+.000000000000000"+000 

• 

• 

• 

• 

MC 



MC 

SECTION I S.1.2 (JULY 1974) PA GE 1 b 

SOURCE TEXT(S): 

''CODE" 342101 
~PROCEDURE" LINEMJNCN, X, O, NO, ALFA, G, FUNCT, FO, Fl, OFO, OFl, 
E \I L M 4 X , S T R O N G S E A R C H , I N ) J 11 V A L U E '' N , ~ 0 , F O , D F O , S T R O N G S E A RC H J 
"INTEGER" N, EVLMAXJ "BOOLEAN" STRO~GSEARCHr 
"REAL'' NO, ALFA, FO, Fl, DFO, OF1J 
'' A R R A Y '' X , D , G , I N J 
"REAL" ~PROCEDURE" FUNCTJ 
"BEGIN" "INTEGER~ I, EVL1 

''800LE4N" NOTINJNT, 
"REAL" F,oLDF,OF,oLOOF,HU,ALFAO,Q,W,Y,Z,RELTOL,ABSTOL 
,E?S, AID, 
"ARRlY" XO [1 tNJ J 
''REAL" "PROCEDURE" VECVECCL, U, SHIFT, A, B)J ''CODE'' 340101 
PPROCEOURE" ELMVECCL, U, SHIFT, A, B, XJ, "CODE'' 340201 
~PROCEDURE" DUPVECCL, U, SHIFT, A, B>, ••CODE'' 31030; 

REL. TOI.I• IN c11, ABSTOL1• IN tel J MUt• IN [31 J EVL1• OJ 
ALFAOI• OJ OLOF1: FOs OLDDF1• DFOJ VI• ALFAJ NOTININTga ''TRUE''J 
OUPVEC(l, N, O, ~O, X)J · 
EPS1= (SQRTcVECVECC1, N, 0, X, X)) * RELTOL + ABSTOL) I N01 
Q:: (Fl • FO) / (ALFA• OFO)J 

lNT: "IF" NOTININT "THEN" NOTININTt: D'1 < 0 "AND" Q > MUJ 
AIOI• ALFAr "IF" DF1 ~• 0 8 THEN'' 
"BEGIN" Z1• 3 • COLDF • Fl) I ALFA+ OLOOF + OF11 

W1a SQRTCZ ** 2 • OLOOF • DF1)J 
ALFA: ■ ALFA• C1 • (DF1 + W • Z) / (DFl • OLOOF + w * 2))J 
"IF" ALFA c EPS "THEN" ALFA1• EPS "ELSE" 
"lf" AID• ALFA c EPS "THEN" ALFA1• AID• EPS 

"ENO" CUBIC INTERPOLATION 
"E~SE" "IF" NOTININT ''T~EN" 
"BEGIN" ALFA01• 4LFA1• VJ OLDOF1 ■ OF1f OLOF1• Fl "ENO'' 
"ELSE" ALFA1• o.s * ALF•, Y1a ALFA+ ALF•Os 
DUPVEC(l, N, O, X, XOlJ EL~VECC1, N, O, X, O, V)s 
EPS:a (SQRT(VECVECC1, N, o, X, X)) * RELTOL + ABSTOL) / NDJ 
Fae FUNCT(N, x, G)J EVL1• EVL +1 J OF1• VECVEC(t, N, o, D, G)J 
Qsz CF• FO) / (Y * OFo>, 
••IF" ("lFn NOTININT "0R" STRONGSE•RCH ''THEN•• ••TRUE" "ELSE" 
Q < MU "OR" Q > 1 • MU) "AND" EVL c EVLMAX ••THEN" 
"BEGIN" "lF" NOTININT "0R" OF~ 0 ''OR" Q < MU "THEN" 

P8EGINfl DF11• o,, F11• F ''END'' 
''ELSE'' 
"BEGIN" ALFAOla YJ ALFAI• 4ID • ALFAJ 0LDOF:s DFJ OLDFI: F 
t•ENO••r 
"IF" ALFA> EPS • 2 ~THEN" ''GOTO" INT 

''END": 
ALFA1: Yr EVLHAX1• EVLt OF11a OF, ,1,: ~ 



Sf.CTION : 5.1.2 

•• C O D E '' 3 4 2 1 1 J 
'' P R O C E D U R E '' R N ~ 1 U P D C H , N , \/ , C ) J '' V A L U E '' N , C J '' I N T E G E R '' N J 
'' R E A L '' C J '' A R R A. V '' H , V , 

'' B E G I N '' '' I N T E G E R '' J , K 1 
'' P R O C E D U R E '' E L M V E C C L, , U , S H I F T , A , B , X ) J '' C OD E '' 3 'l O 2 0 J 
K I z: 0 ; 
'' F O R '' J : : 1 , J + K '' W H I L E '' K < N '' ) 0 '' 
'' 8 E G I N '' K : : K + 1 ; 

EL.MVECCJ, J t K • 1, 1 • J, H, V, V[Kl * C) 
''END'' 

'' E N D '' R N K 1 U P D J 
'' E OP'' 

'' C O D E '' 3 4 2 1 2 1 
'' P R O C E D U R E '' 0 A V U F' D ( H , N , V , W , C 1 , C 2 ) r '' V A L,. U E '' N , C 1 , C 2 J 
'' I N T E G E R '' N J '' R E A L '' C 1 , C 2 J " A R R A Y '' H , V , W J 
'' B E G I N '' '' I N T E G E R '' I , J , K 1 

'' R E A L. '' V K , w K J 
K:: O: .. 
'' F O R •• J ; : 1 , J + K •• W H I l. E '' K < N '' , 0 '' 
'' 8 E G I N '' K : : J< + 1 J V ~ I • V C K l • C 1 1 W K I • W t K l * C 2 J 

'' F O R •• I 1 : 0 1' S T E P '' 1 '' U N T I L '' K • 1 •• D O '' 
H t l + J1 1 s H CI + J l + V CI + 1 l * V K .. w t I ♦ 1 l • WK 

''ENO'' 
'' E ~J O •• D A V U P O J 

'' E Op,, 

'' C O D E '1 3 Ll 2 1 3 , • 

'' P R O C E D URE '' Ft. E U PD C H , N , V , W , C 1 , C 2 ) 1 '1 V A l. U E '' N , C 1 , C 2 r 
'' I N T E G E R " N J '' R E A L '' C 1 , C 2 J , '' A. R R A Y '' H , V , W J 
'' B E G I N '' '' I ~ T E G E R '' I , J , K J 

II R E A L. '' V K , ~ K , 
K : : 0 r '' F O R •• J 1 : 1 , J + K '' W. H I L E '' ,< < N '' D O '' 

MC 

'' B E G I N '' K 1 • K + 1 : V K I = • W [ K l • C 1 + V t ~ l * C 2 J W K I • V [ K l * C 1 J 
'' F OR ,. I 1 = 0 ,. S T E P ., 1 ,, U N T I L '' K • 1 ,. D O 1' 
H CI + JJ := H CI + Jl + V Cl + 1l • VK -WCI·+ 1l * Wt< 

''END'' 
'' E N O '' F L. E U P D , 

'' E OP'' 



"CODE• 34Z1:&s 
"REAL" "PROCEDURE• RNMtHIN(N, X, G, H, FUNCT, IN, OUT)J 
"VALUE" Np 
•tNTEGE~• NJ •ARRAY" x, G, H, IN, our, 
•REAL" "PROCEDURE• fUNCT1 
MBEGIN- •INTEGER" I, IT, N2, CNTL, CNTE, fVL, EiLMAXJ 

•BOOLEAN• OK; 
"REAL• F. FO, FHIN, MU, OG, OGO, G~G, GS, NqMDfLTA, 'LFA, 
MAC~fPS, AELTOL, l8STOL, EPS, TOLG, ORTH, AIDJ 
•ARRAY• V, DELTA, GlMHA, S, P[taNJ J 
"REAL• •PROCEDURE• YECVEC(L, U, SHIFT, A, B)t •CODE• 340101 
"REAL• •PAOCEOUAE• MlTVEC(L, U, I, A, B)J "CODE• 34011J 
••~EAL• "P'lOCEOUREfil TA~VEC(L, U, I, A, 8), "COOE"' 340121 
"PAOCEOUAE" EL~YECCL, U, SHIFT, A, B, X)J "CODE~ 340201 
"REAL• •PROCEDURE" SYHHATVEC(L, u, I, ,, 8)1 •coOEM 1ao1a, 
•PROCEDURE• INIVECCL, U, A, X); •COO!" 310101 
•PROCEDUREP INISVMD(LR, UR, SHIFT, A, X)p "CODE• l1013J 
•PROCEDURE• HULVEC(L, u, SHIFT. ,, B, X)1 •cooE• 31020J 
~PAQCEOUAE• DUPVECCL, u, SHIFT, ,, B)J •caDE" 110301 
"PROCEOUAE• EIGSYHt(A, ~, NUMVAL, VAL, VEC, EH)J •CODE" 34156; 
•PROCEDURE• LINEMINCN, X, 0 1 ND, A, G, ,, FO, ,1, OFO, OFt, 
E, S, INJt •CODE• 342101 
•PROCEDUAE•·~NKtUPDCH, N• V, ClJ ":ODE• 342111 
"PROCEDURE~ DAVUPDCH, N, Y, w, Cl, C2)f "CODE~ 34Z12J 
•PROCEDURE• FLEUPD(H, N, V, w, Ct, C2)J "COOE" 312131 

MACHEPS1a IN[OJ1 RELTOL1• IN[1lt AaSTOL1• IN[2l1 
t1U: • IN l l l J TOLG t • l N t I.I J. s FM IN I• I \I t5 l J 
ALFA1: lN[&J I EVLMAX1• INt7lJ ORTH1• IN[8lJ 
N21: N • (N + l) // 2J CNTL1a CNTfc• OJ "IF" ALFA> 0 •THEN" 
~BEGIN• INIVEC(I, ~2, H, O)J lNISV~D(l, N, O, H, ALFA) MENO~, 
f:: FUNCT(N, X, G)J EYL1= 11 DG1• SQRT(VECV£C(1, N, O, G, G))J 
•FOR" I : • 1 , 'st STE .p" 1 •UNTIL" ~· "0 0" 
DELTA[IJ1• • SYMMATVECCt, N. I, H, G)J 
HRM~ELTA:a SQAT(VECYEC(l, N, O, DELTA, DELTA))J 
OGO:• VECV;ECCl, N, 0., DELTA, G)J 0~1• DGO <a OJ 
EPS1• SQATCVECVEC(l, N, O., X, ~)) * RELTOL ♦ ABSTOLJ 
•FOR" ITs= 1, IT +I MWHILE• 
(NRHOELTA > £PS •QR• OG > TOLG MQRP • OK) "AND" EVL < EVLMAX 
... 00" 
"BEGIN~ "IF" •oK •THEN• 

• 

MBEGIN• ~AARAYft VECEllN,t:NJ, TH(11N2l, EH(O:qJJ 
EH[Ol 1• HACHEPSJ EM[2J1a AID:• SQRT("ACHEPS • RELTOL)r 
EM[oJ:a ORTHs EH(&J1• AID* Np EMt8J1: SJ 
CNTE1s CNTf + lr DUPVEC(l, NZ, O, TH, H)J 
EIGSVM1(TH,N,N,V,VEC,E")r 
•FOR" I1• 1 •STEP• 1 •UNTIL• N 1 00" 
•BEGIN• AiD1• • TAMVECC1, ~, I, VEC, G)J 

SEIJ1• AID• AB8(VIIJ)1 VIJJ1• AID• S!GN(V[IJ) 
•ENO• 

,, ' " 
• > 



MC 

SECTION I 5,1,2 (JUL.Y 1974) PAGE 1 q, 

• 

,. F O R '' I : : 1 ., 5 T E P '' 1 11 U N T I L. ,, N ,, D O ,, 
'' r, E G I N '' D E L T A [ I ] I : M A T V E C ( 1 , N , I , V E C , S ) : 

Ptll :x MATVECC1, N, I, VEC, V) 

''ENO '' 1 
DGO:= VECVECC1, N, O, DELTA, G)J 
N~MOELTA:: SQRT(VECVEC(1, ~, O, DELTA, DELTA)) 

''END'' CALCULATING GREENSTADTS OIRECTIONJ 
DU?VECC1, N, 0, S, X)J OUPVEC(1, N, O, V, G); 
•t I F '' I T >- N tt T H E i ~ ,, A L F A : a 1 '' E J. S E II 

• , 

t, B E G I N '' •• I F '' I T • : 1 '' T H E N 1• A L. F A : :: A L F A / N R MD E L T A '' E L S E '' 
'' 8 E G I N '' A L. F A I • 2 * C F M I N • F ) / D G O J 
'' I F '' A L F A > 1 11 T HE N '' A L F A : • 1 
''END'' 

''END'' 1 . 

ELMVECC1, N, O, X, DELTA, ALFA)J 
FOz: FJ F:• FUNCTCN, X, G)t EV~:• EVL +1 J 
0 G : : V E C V E C C 1 , t~ , 0 , 0 E L T A , G ) I 
'
1 l F '' I T : 1 '' 0 R '' F O • F < • ~ U • D G O • A L F A '' T H E N '' 
'' B E G I N '' I : :: E V L M A X • E V L J C N T L I a C N T L + 1 J 

LINEMit~ (N, S, DEL TA, NRMDEL, TA, ALFA, G, FUr~CT, FO, F, 
D G O , 0 G , I , '' F 4 L. S E '' , I N ) J E V L : : E V l. + I J 
DUPVEC(l, N, O, x, S)J 

'' E N D '' L I NE M I N I M I Z A T I O N s 
0 U P V E C ( 1 , N , 0 , G A M M A , G ) J E L t1 V E C C 1 , ~~ , 0 , G A MM A , V , - 1 ) J 
•• I F '' • 0 K '' T H E N •• M U L V E C C 1 , N , 0 , V , P , • 1 ) J 
0 G : : 0 G • D G O J '' I F '' A L. F A • :a 1 '' T H E N '' . 
'' 8 E G I N •• M lJ L V E C C 1 , N , 0 , 0 E L T A , D E L T A , A L F A ) ; 

MU L VE C C 1 , N, 0 , ·v, V ,, ALF A. l J 
NR~DELTAs= NRMDELTA * 4LFAp DG1: DG • ALFA 

''END'' J 
OUPVECC1,· N, 0, P, GAMMA)J ELMVEC(l, N, O, P, V, 1)1 
'' F O ~ '' I : . : 1 '' S T E P '' 1 '' U N T I L '' ~ '' 0 0 '' 
V CIJ :: SYMMATVEC ( 1, N, I, H, G4MM4) J 
DUPVEC(t, N, O, S, DELTA)J ELMVECC1, N, 0 1 S, V, •1): 
GS1: VECVECC1, N, O, GAMMA, S)J 
GHG:: VECVECC1, N, O, V, GAMMA)J 
llDs: DG / GSJ 

• 

'' I F '' V E C V E C C 1 , N , 0 , D E L T A , P ) * * 2 )t V E C V E C ( 1 , N , 0 , P , P ) 
• C O R T H * N R MD EL. T A ) * * 2 '' T H E N '' R N K 1 U P D ( H , N , S , 1 / G S ) 
•• E t. S E •• '' I F '' A I D > a O '' T H E N '' 
F~EUPO(H, N, DELTA, V, 1 / OG, 
,AVWPD(~, N, DELTA, V, 1 / OG, 
'' F' 0 ~ '' I I :s 1 '' S T E P '' 1 '' U N T I L •• N 
OELTA[I]:: -SYMMATVECCt, N, I, 
A\L.FA::: NRMOELTAJ 

( 1 + GHG / 
1 / GHG)J 
''DO•• 
H, G), 

O G ) / D G ) '' E L S E '' 

NRMDE~TAJ: SQRT(VECVECC1, N, 0, DELTA, DELTA)), 
EPS:: SQRTCVECVECC1, N, 0, X, X)) * RELTOL • ABSTOL1 
OG:• SQRT(VECVECC1, N, 0, G, G))J 
OGOs= VECVEC(l, N, 0, DELTA, G)s Ok1= OGO <= 0 

,, E N D If I T E R A T I O N I 
OUT (OJ::,; NRMOEL. TAJ OUT [11 s• DG1 OUT [2J :: EVL.J 
OUT t3J 1:: CNTLJ OUT [qJ I• CNTEJ RNK1-..INI= F 

'' E N D '' R t◄ J< 1 ~ I N J 
''EOP'' 



MC 

PAGE 20 

1tCOO·E" 3il215J 
"RE4L" "PROCEDURE" FLEMIN(N, X, G, H, FUNCT, IN, OUT)J 
"VALUE"~; 
"INTEGER" NJ "ARRAY" X, G, H, IN, OUTJ 
•REAL" "PROCEDURE" FUNCTJ 
"SEGIN" "INTEGER" I, IT, CNTL, EVL, EVLHAXJ 

"REAL" F,FO,FMIN,MU,DG,DGO,NRMDELTA,ALFA,RELTOL,A8STOL, 
EPS, TOLG, AI01 
"ARR~Y" ~, DELTA, St11NJJ 
~REAL" "PROCEDURE" VECVEC(L, u. SHIFT, A, B)J •cooE• 3Q010J 
~PROCEDURE" ELMYECCL, U, SHIFT, A, B, X)J "CODE" 34020s 
qREAL" "PROCEDURE" SYMMATVECCL, U, I, A, BlJ "CODE" 340181 
"PROCEDURE" INIVECCL, U, A, X)J "C~OE" 310101 
"PROCEDURE" INISYMDCLR, UR, SHIFT, A, X)J "CODE" 31013r 
"PROCEDURE" MULYECCL, U, SHIFT, A, B, XB)J "CODE" 31020J 
~PROCEDURE" OUPVEC(L, U, SMIFT, A, B)J "CODE" 31030; 
19 PROC.EOURE" LINEMIN(N, X, D, ND, A, G, F, FO, Fl, DFO, OF1, 
E: , S , I 'I ) I •t C O OE '' 3 4 2 1 0 J 
"PROCE&>URE" DAVlJPD(,H, N, v, w, C1, C2)J '1 C00E'' 3~212, 
~PROCEDURE" ~LEUPOCH, N, V, W, Cl, C2)J "CODE" 34213, 

RELT01L1: INCll J •BSTOL1• INt2l J MUt• INt3l J 
TOl.G:: IN tut J FMIN:: IN [SJ J ALFA:: l~ [&J, 
EVL~AX I• IN [71 J OUT :[Ul sc OJ 
F:~ FUNCT(N, x, GJr EVL1• 1, CNTL:• Or"IF" ALFA> 0 "THEN" 
"SEGI~" INIVEC(l, N * C~ + 1) // 2, H, O): 

INISV~DC1, N. 0, H, ALFA) 
"ENO"J . 
"FOR~ Is= 1 "STEP" 1 "UNTIL" N "00" 
OELT4(Il :• • SVMM4TVECC1, N, I, H, GlJ 
OG:: SQRTCVECVECC1, N, 0, G, G))f 
NRMDELTA:: SQRTCVECVECC1, N, 0, DELTA, OELTA))J 
EPS:z SQRT(VECVEC(1, N, O, X, X)) • RELTOL ♦ ABSTOL; 
OGO:s ~ECVECCl, N, O, DELTA, Gl1"COMMENT" 

• 



SECTION I 5.1,2 

'' F O R '' l T 1 • 1 , I T + 1 '' W H I L E '' 
C N R M O E L T A > E P S '' 0 R '' D G >t T O L G ) '' A N O '' E V L < E V L MA X '' D O '' 
'' B E G I N '' D U P V EC C 1 , N , 0 , S , X ) J D UP V E C ( 1 , N , 0 , V , G l I 

" I F 1' I T > : N '' T H E N '' A L F A 1 : 1 '' E L S E '' 
' 

MC 

PAGE 21 
, 

'' B E G I N '' '' I F '' I T • s 1 '' TH E N '' A L F A I : A L F A / N R M D E L T A '' E L S E '' 
'' B E G I N '' A L F A : a: 2 * C F M I N • F ) / 0 G O J 

''IF'' ALFA> 1 ''THENt' AL.FA:= 1 
II END,, 

1
' END '' , 
ELMVECCl, N, O, x, DELTA, ALFA)J 
FOi~ FJ F1= FUNCTCN, X, G)p EV~:= EVL +1 J 
OG1: VECVECC1, N, o, DELTA, G), 
'' I F '' I T : l '' 0 R '' F O • F < 11111 M U * 0 G O * A L F A '' T HE N '' 
'' B E G I N '' I : : E \/ L. M A X • E V L J C N TL., I = C N T L + 1 : 

LINEMIN(N, S, DELTA, NRMDE~TA, ALFA, G, FUNCT, FO, F, 
OGO, OG, I, "FALSE", IN): EVL&= EVL + IJ 
DUPVECC1, N, O, X, S)J 

"END'' LINEMINIMIZATION, · 
" I F '' A L F A • r. 1 '' T HE N '' MU L VE C C 1 , N , O , D E L i 4 , D E L T A , A L F A ) J 
>i1 U L \/ E C C 1 , t~ , 0 , V , V , • 1 ) J E L M V E C C 1 , N , 0 , V , G , 1 ) J 
'' F O R '' I 1 • 1 '' S T E P '' 1 '' U N T I L '' N '' 0 0 '' 
S tll :: SVMMATVEC C 1, N, I, H, V) r 
AIOI: VECVECC1, N, 0, V, S)J DGss COG• DGO) * ALFAJ 
'' l F '' D G > 0 '' T H E N •• 
'' B E G I N '' '' I F '' D G > • A I D '1 T HE N ,~ 

FL.EUPO CH, N, DEL TA, 5, 1 / DG, C 1 + AID / DG) / DG) 
••ELSE'' OAVUPDCH, N, DELTA, S, 1 / OG, 1 / AID) 

'' E N D '' U P O A T I N G J · 
,. F O R ,, I s = 1 '' S T E P fl 1 '' U N T I L '' N ,, 0 0 II 
OELTA[IJ1: •SYMMATVECC1, N, I, H, G)s 
ALFAa= NRMOELTA * ALFAp 
N RM DELTA.: : SQRT CV EC VE C C 1 , N, 0, DELTA , DELTA ) ) J 
EPS:: SQRTCVECVECC1, N, 0, X, X)) * RELTOL + ABSTOL: 
OGs: SORT(VECVECC1, N, O, G, Gl)r 
D G O I : V E C V E C C 1 , N , 0 , D E L T A , G ) J '' I F '' 0 G O > 0 '' T HE N '' 
'' 8 E GI t~ '' 0 UT C ti l I • • 1 J ''GOTO'' EX I T ''ENO'' · 

'' E N D '' I T E R A T I O N J 
E.XIT: OUT tol a: NRMDELTAJ OUT [1] :s DG; OUT [2] := EVLJ 

OUT tll I:: CNl.L s FLEM IN I: F 
'' E N D '' F I. E M I N r 

'' E OP'' 

-

• 
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1-st REVISION, 1975 MC 

• 

SECTION a s.1.2.1.1 (OCTOBER 1975> PAGE 1 

AUTHOR& J. :. P. BUS. 

INSTITUTEa MATHEMATICAL CENTRE. 

RECEIVED• 741101. 

BRIEF OESCRIPTIONI 
' ' 

THlS SECTION CONTAINS T~E PROCEDJ~E MININ, FOR MINIMIZING A 
FUNCTION OF ONE VARIABLE IN A GIVEN INTERVAL; 

KEYWORDSI 

HINlHIZATION, 
FUNCTIONS OF ONE VARIABLE. 

CALLING SEQUENCE: 

TH£ HEADING OF THIS PROCEDURE ISi 
••REAL•• ••p~QCEOURE•• MININ(X, A, B, FX, TOLX); 
••REAL•• X, A, B, FX., TOLX; 

H!t-jlN DELIVERS THE CALCULATED HINIHUH VALUE OF THE FUNCTION, 
DEFINED BY FX, ON THE INTERVAL WITH ENO POINTS A AND 8. 

THE MEANING OF THE FORMAL PAR4HETERS IS& 
XI <REAL VARIABLE>; 

A JENSEN VARIABLE; THE ACTUAL PARAMETERS FOR FX AND TOLX 
DEPEND ON x; 
EXITI THE CALCULATED APPROXIHATION OF THE POSITION OF THE 

MINIMUM; 
A, Bl <REAL VARIABLE>; 

ENTRYI THE END POINTS OF THE INTERVAL ON WHICH A MINIMUM 
IS SEARCHED FOR; 

EXITI THE END POINTS OF AN INTE~VAL WITH LENGTH LESS THAN 
4 • TOL(X) SUCH THAT A< X < a; 

FXa <AkITHHETIC EXPRESSION>; 
THE FUNCTION IS GIVEN BY THE ACTUAL PARAMETER FX, WHICH 
DEPENDS ON Xj 

TOLXt <ARITHMETIC EXPRESSION>; 
THE TOLERANCE IS GIVEN BY THE ACTUAL PARAMETER TOLX 9 WHICH 
MAY DEPEND ON X; A SUITABLE TOLERANCE FUNCTION ISi 
ABS(X) •RE+ AE, WHERE RE IS THE RELATIVE PRECISION•· 
DESIRED ANO AE IS AN ABSOLUTE PRECISION WHICH SHOULD NOT 
BE CHOSEN EQUAL TO ZERO. 

. . "' -,. . . _,, ' 



1-st REVISION, 197 5 

(OCTOBER 1975) PAGE 2 

DATA ANO ~ESULTSI 
THE USER SHOULD BE AWARE OF T ➔ E ~ACT THAT THE C~OICE OF TOLX 
HAY HI;H~Y AFFECT THE BEHAVIlUR OF THE ALGORITHM, ALTHOUGH 
CONVERGENCE TO A POINT FO~ WHICH THE GIVEN FUNCTION IS 
MINlHAL ON THE GIVEN INTERVAL IS ASSURED; THE ASYMPTOTIC 
BEHAVIOUR HILL USUALLY BE FINE AS LONG AS THE NUMERICAL FUNCTION IS 
ST~ICTLY OELTA-UNIHOOAL ON THE GIVEN INTERVAL (SEE [11) ANO THE 
TOLiRAN~E FUNCTION SATISFIES TOL(X) >= DELTA, FOR ALLX IN THE 
GIVEN INTERVAL. 

PROCEDURES USEOI NONE. 

REQUIRED CENTRAL HEHORYI NO AUXILIARY AR~AYS ARE DECLARED IN HININ. 

LANGUAGE.I ALGOL 60. 

HE.THOO ANO PE~FO<MANCEI 
HININ IS A SLIGHTLY HOOIFIEO VERSION OF THE ALGORITHM GIVEN IN C1Je 

REFi:.RENCES 1 
( 1 J I BRE. NT , R • P • 

ALGORITHMS FOR MINIMIZATION WITHOUT DERI~ATIVES. CH.5. 
PR~NTICE HALL• 1973. 

EXAMPLE OF use: J 
THE FOLLOWING pqQGRAH HAY BE USED TO CALCULATE 
FUNCTION F(X) = SUH(C(I • 2 5)/(X ·I•- 2lt 
ON THE INTERVAL (1,41 (SEE (11). 

THE MINIHUH 
·- 2· r· - 1 ......... ·; . - .• 

OF THE 
(1) 20) 

••s E. GI N1
• 

"REALM ··PROCEDURE·· HININtx, A, a, Fx. TOLX>; ~cooEM 34433; 
MREALN H, x, A, a; ··INTEGER" :Nr; 

. . - . 

. . . . .. 

"REALN ··PROCEDURE" Fcx,; "VALLIEN x; "REAL" x; 
"BEGIN" "INTEGER• I; "REAL" s; 

s1- o; ··FoR·· I•= 1 ·sTEP· 1 ·uNTIL" 20 .. oo· 
s:- S + (II• 2 • 5) I (X ~I•• 21) •• z; 
C~1 r1- c~1 r + 1· f•- s i-,a .· . . . .,. • . . , .• • - . . 

••Et,o•• F; 
"REALY ··PROCEDURE" TOL<x,; MVALUE· x; 0 REAL· x; 
TOL«= ABS(X) • "-7 + "-1; 

' ·, . ''"· . ' . ·-, ' , . . . . ' 

' .. _· -, ., ·-.- _y:·.:·,;--- :_··:-- . . 
' - . . . . . ' . . ' . -, . ' ,_ .. 

. . . - . 

C 

' . -~ , ' 

, le : , . 
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SECTION I s.1.2.1.1 COCTOBER 1975) 

RE SUL TSI 

HINIHUH IS +3.6766990169020N+OOO 
FOR XIS +3.0229154240948 1•+000 
IN THE INTERWAL WITH ENDPOINTS 

+3.0229150218033M+OOO +3.02291582&3863"+000 
THE NUMBE~ OF FUNCTION EVALUATIONS NEEDED IS 11 

SOURCE TEXT(S) I 

··cooE·· 34433; 
"REAL•• "PROCEDURE•• HININ(X, A, B, FX, TOLX); 
.'•REAL•• X, A, B, FX, TOLX; 
··aEGIN·· ··coHHENT·· SEE BRENT, 1973, p79; 

•REAL'• Z, C, 0, E, H, P, Q, R, TOL, T2, U, ~, W, FU, FV, 
FW, FZ; 
ca= <3 - SQRT<S>) 1 z; "IFN A> a MTHEN·· 
''BEGIN" ZI= A; Al= a: Bl z ·ENo•; 
VI= WI= ZI= xa- A+ C • 18 - A); Ea- o; 
F\IJ= FWI= FZI= F>C; 

LOOPI HI= (A+ 8) • o.s; TOLi= TOLX; T21- TOL • 2; 
•1F•• ABS(Z - H) > T2 • 0.5 • (8 - A) "THEN" 
MBEGIN'· P1- Q1- R•= o; "IF·· ABSCEJ > roL NTHENN 

••BEGIN•• RI= <Z - W> • CFZ .. FV); 

PAGE 3 

QI= CZ - V) • CFZ - FWJ; Pl (Z • V) • Q - CZ .. W) • ~; 
Q. I ( Q - R ) • 2 ; " I F •• Q > 0 .. T HEN•• P I - - P •• E L SE •• Q I = - Q ; 
RI- E; El= o; 

••ENO"; 
••1F•• ABS(P) < ABS(0.5 • Q • R> "ANo•• P > Q • (A - Z> 
"AND'• P < Q • (8 - Z) ••THEN•• 
··sEGIN8° 01= P / Q; · UI Z + o; 

••IF'• U - A < T2 "OR" B - U < TZ "THEN•• 
01 •1F•• Z < H .. THEN .. TOL .. ELSE•• --TOL 

•• E NO•• " EL SE •• 
··BEGIN" E•= ,··1F· Z < H "THEN·· 8 ··ELSE·· A) - z; oa C • E 
••ENO'•; 
U a - X I = Z + ( "I F •• A 8 S C O > > IEE T 0 L .. T H EN .. D .. EL S E .. •• I F •• 0 > 0 
"THEN .. TOL ••ELSE• -TOLJ; FU&= FX; 
"IF'· FU<= FZ NJHEN 1

• 

··aEGIN .. ··1F" U < Z .. THEN" 81= Z .. ELSE·· Al= z; 
v1- w; FVI= Fw; WI z; FWa= FZ; ZI= u; FZI FU 

... END" NELSE·· 
··aEGIN·· "IF 0 u < z ··rHEN .. Al- u "ELSE·· Bl= u; 

··IF" Fu c- FW ··oRM w = z "THEN'· 
··aEGIN" VI= w; Fv1- Fw; wa- u; FWI FU 
"ELSE·· ··IF" FU < FV ·oR· V z ··oR·· \/ 
··eEGIN" v1= u; Fv1 Fu "ENON 

··ENO"; ··Garo·· LOOP 
"ENO"• XI= z; HININ&- FZ 

.. ' 
••ENO•• HININ; 

. ••fop•• 

.. ENO .. 
= W ••THEN'• 
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SECTION I s.1.2.1.2 <OCTOBER '1975) PAGE 1 

AUTHORI J.C. P. BUS. 

INSTITUTE: MATHEMATICAL CENTRE. 

RtCEIVEu: 7411010 

BRicF LJ~SCRIPTIONI 
THIS SE:TION CONTAINS THE PROCEDURE MININOER, FOR HINIHIZING A 
FUNCTION OF ONE VARIABLE IN A GIWEN I~TERVAL~ WHEN THE ANALYTICAL 
DERIVATIVE OF THE FUNCTION IS AVAILABLE. 

KEYWORDS I 
MINIM IZA TI ON. 
FUNCTIONS OF ONE VARIABLE. 

CALLING SEQUENCE& 

-

>, ' i 
,._ . ':-:,,, . ' 

THE HEADING OF THIS PROCEDURE ISi 
••REAL•• ••PROCEDURE'• HININOER< X, Y, FX, OFX, TOLX); 
••REAL•• X, Y, FX, OFX~ TOLX; 

MININOER DELIVERS THE CALCULATED MINIMUM VALUE OF THE FUNCTION, 
DEFINED BY FX, ON THE INTERVAL WITH ENO POINTS A ANO B. 

THE 
XI 

YI 

FXI 

DF XI 

MEANING OF THE FORMAL PARlMET~RS ISi 
<REAL VARIABLE>; 
A JENSEN VARIABLE; THE ACTUAL PARAMETERS FOR FX, OFX ANO 
TOLX DEPEND ON x; . 
ENTRY& ONE OF THE END POINTS OF THE INTERVAL ON WHICH THE 

EXITI 
FUNCTION HAS TO BE HINIHIZEO; 
THE CALCULATED APPRO~IHATION OF THE POSITION OF THE 
MINIMUM; 

<REAL VARIABLE>; 
ENTRYI THE OTHER ENO POINT OF THE INTERVAL ON WHICH THE 

FUNCTION HAS TO BE HINIHIZEO; 
EXITI A VALUE SUCH THAT ABS<X - Y) <- TOL(X) • 3; 
<ARITHMETIC EXPRESSION>; 
TH~ FUNCTION IS GIVEN BY THE ACTUAL PARAMETER FX WHICH 
OEPENOS ON X; 
<ARITHMETIC EXPRESSION>; 
TH[ DERIVATIVE OF THE FUNCTION IS GIVEN BY THE ACTUAL 
PARAMETER DFX WHICH DEPENDS ON x; FX ANO OFX ARE E~ALUATEO ·· 

TOLXI 
SUCCESSIVELY FOR A CERTAIN V~LUE OF x; 
<ARITHMETIC EXPRESSION>; 
THE TOLERANCE IS GI \IEN SY THE ACTUAL PARAMETER TOLX, .. WHICH . 
HAY · DEPEND ON X; A SUITABLE TOLERANCE FUNCJJ.Q,N .. ,.1 .. s.1 

. . . . : : . ' '. - . . - ·. . 

' 

ABS<X> • RE + AE, WHERE RE IS THE RELATIVE · PR..ECISJQij,, 
DESIRED ANO . AE IS AN AB SOL UTE PRECISIO,N .,WH.ICH: .· SHOtJLO;,,.,NnQifI\:;1. 
B·E .... ·c· H··•O· ·S·EN· EQ·· u·A···l .·r. -o·· ZERO· . · .. · .. ···· ... ·•.•········· .••. . ii, ..... ·./., .. ': ,., .. ,;t;,:::::\ 

,. ·. . ' . . . • ., . • ., .. '"· ' ._,_ :-.,.·,.-·-- :·---- -_ ·,•,,,•,,,·-·,_.-,_ ·-·-·.',;,,,c,:,-. .,-,· __ .,,,,, . .,,, 

,. -- - · - - - · - - ._ - - .,_-·': .::/::( .:- -: :-= . "-_ ·_ 'IJ:- _- _,_- __ ,:a:·::· .. :._:. ----~,:.:-:.··:r:'_-_-·-:<:-,--:::::,~i;:_-:;,;:':;:/~--,. __ \1-:/_--:<}:tJ1t:}-1->t1::::~; 
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DATA AND RESULTS: 

THE US~R SHOULD BE AWARE OF T~E F~CT THAT THE CHOICE OF TOLX 
HAY HIGHLY AFFECT THE BEHAVI)UR OF THE AL~ORITHH, ALTHOUGH 
COtJVERGENCE TO A POINT FOR WHICH THE GIVEN FUNCTION IS 
MINIMAL ON THE GIVEN INTERVAL [S ASSURED; THE ASYMPTOTIC 
BEHAVIOUR WILL USUALLY BE FINE AS LO~G AS THE NUMERICAL FUNCTION IS 
STRICTLY DELTA-UNIMODAL ON THE GIVEN INTERVAL (SEE Cil) ANO THE 
TOLERAN~E FUNCTION SATISFIES TOL(X) >- DELTA, FOR ALLX IN THE 
GIVEN INTERVAL; LET THE VALUE OF JFX AT THE BEGIN ANO ENO POINT OF 
THE INITIAL INTERVAL BE DENOTED BY DFA ANO OFB, RESPE~TIVELY, THEN, 
FINDING A GLOBAL HINIHUH IS ONLY ~UARANTEED IF THE FU~CTION IS 
CONVEX ANO OFA <= 0 ANO DFB >- o; IF THESE CONDITIONS ARE NOT 
SATISFIED, THEN A LOCAL HINIHUM 0~ A HINIMUH AT ONE OF THE ENO 
POINTS MIGHT BE FOUND. 

PROCEDURES JSEOJ NONE. 

REQUIREO CtNTRAL HEMORYI NO AUXILIA~Y AR~AYS ARE DECLARED IN HININDER. 

LANGUAGE I ALGOL 60. 

METHOD AND PERFORMANCE3 

HININDER HAS ALMOST THE SAHE STRU:TURE AS THE PROCEOU~E GI~EN IN 
[1]; HOWE~ER, CUBIC INTERPOLATION (SEE [2J) IS USED INSTEAD OF 
QUADRATIC INTERPOLATION TO APPROXIMATE THE HINIHIUH. 

REFERENCES I 

[111 BRENT, R.P. 
ALGORITHMS FOR MINIMIZATION WITHOUT DERIVATIVES. CH.S. 
PRENTICE HALL9 1973. 

[211 DAVIOON, M.C. 
VARIABLE HET~C METHODS FOR HINIHIZATION. 
REP. A.N.L. 5990, 1959. 
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EXAMPLE Of USE1 
' THE FOLLOWING PROGRAM ~,v BE USED TO CALCULATE THE MtNIMUH OF TH! 

FUNCTION F(Xl , SU~(CCI • Z • 5)/(X • 1 ** i)J ** 21 I• l (1) iO) 
0 f·◄ THE I ~4 TE RV A L t 1 • O t , 3 • 9 q J C SE E t 1 l ) , 

"Bf!GtN" 
·"Re:AL" 
''RE4L" 

' 

"PROCEDURE" ·'1 J ~ l I rJ OE R ( X, Y, . F X, 
'·1 , x , v , •• 1 ).,, r e: G E n " c 1, T , 

orx, TOLX)t "COOE" JQ4JSJ 

-REAL" ttPqOCEDURE" FCX)J "VALUE" Xt ~REAL" Xr 
"BEGIN" "INTEGER" I1 "~EAL" SJ 

s1 ■ o, "FOR" Ia• 1 "STEP" 1 ''U~TI~" 20 ''DO" • 

SI• S + C(I * 2 • 5) / ex• I·- Zll ** 2, • 
CNT1~ CNT + 1J Fta S 

etE:'10" FJ 

"REALn "PROCEDURE" OF(XJt "VA~UE" XJ ~REAL" XJ 
" 8 E G l N " " I N Te: GER fl t 1 ,. RE AL. " S J 

• 

S1• o, MFOR" 111 1 "STEP" 1 ''U~TIL" 20 "DO" 
S1• S ♦ CI* 2 • 5) ** 2 / (X •I** 2) •~ 3J 
OFa= •S • 2 

'' E 'IO" D f I 

"REAL" ttPRnCEOURE" TOLCX)J "VALUE~ Xr "REAL'' Xt 
TOL;a 485(~) • "•1 t "•7r 

' 

X l • 1 • 0 1 J V I • 3 • () 9 I C t· J T I • 0 J 
Mg• ~ININDERCX, Y, F(Xl, OF(Xl,TO~(Xl)t 
OUTPUTCbl ,"C"UB,"C"MI~IMUM IS "l",~ 1 /46, 
"(''FOR XIS "l",N,IUB, 
"CHA~D y IS -)'',N,IUB, 
"C"T~E -1UMBER OF F~1NCTION EVA~UATIONS NEEDED IS ")" 1 2ZD,I")", 
~, X, V, C'JT) 

"E.~D" 

RESULTS: 

Ml~IMJ~t IS +3.&76b~90t~q021"+00Q 
FOR XIS +J.02~91552SOJ02~+ooo 
ArlD V ts t3,0229151227386"+000 
THE ~LJ'➔ 6ER or FUNCTION EVAL.UATlONS :~EEDED IS 9 
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SOURCE TEXTCS)a 

''CO DE'' l Q GI 3 5 J 
"REAL" "PROCEDURE" MININOERCX, Y, FX, o,x, TO~X)J 
"REAL" X, Y, FX, DFX, TOLXt 
"BEGitJ" "CO~MENT" TriE FU"ICTIOf,J !S APPROXIMATED BY A CUBIC AS 

NIVEN av OAVIDOf,J, 1956, T~iE ST~UCTIJRE IS SIMILAR TO THE 
ST~UCTURE OF THE PROGRA~1 GIVEN sr BRENT, 1q73, THIS I$ 

·A REVISION or 7604071 

"li\JTEGER" SG~J; 
"REAL" A, B, C, 
z, Ft, Q, s, 

~IF" X c~ V "THEN" 
'' 6 E G I tl " A I st X I F A I I F X t OF A I • D F X I 

B1• X1• YJ FB1• FX1 ora,. DFX 
"E~O" "ELSE" 

' 

"8E~IN" a,. x, FBI• FX1 OfB1• orx, 
Aa• x,, Y; FA1, FX, OFAa• OFX 

•'E"D" J 
' 

Ca• (3 • SQRT(S)) I ZJ D1• 8 • AJ !1• 0 * 2, Za• E * z, 
LOOP.i BA1v B • At TOL1• TOLXJ "IF" 6A •• TOI,. • l t•Tr.fEN" 

"BEGIN" •IF" ABS(OFA) c3 ABS(DF8) •THEN" 
''BEGt~t" X1•As SGN1• 1 "E~D" ._ELS!" 
" 6 E G I t,J " X I , B J S G ~.J I ;; • 1 '' E N D " J 
"I~" DFA <• O "AND" DFB >a O "THEN" 
"BEGiri" Z11 (FA • FB) • 3 / BA + OFA + DFBJ 

Sa• SQRT(Z ** 2 • DFA * DFB)t 
Ps• "lF" s;N • 1 "T~iEN" DFA • S • Z ''ELSE" 

• 

OF8 ♦ S • z, Pt• P * 6A; 
Qaa OFB • DFA + S • 2; z,, Et E1• DJ 
D1• "IF" A8S(P) c1 A8SCQ) • TOL "THEN" TOL • SGN 
" EL SE •~ • P I Q 

' ' 

"END" ~E~SE" Da• BA; 

• 

"lF" A8$CD) >1 ABSCZ * o.Sl "0~" AB$(0) >BA* 0,5 "THEN" 
"BEGIN" Egw BAt D;• C •BA* SGN "ENDttt 
Xas X + OJ FUta FXr OFU:w OPXs 
'' I F '' C· F U ► at O " 0 R •• ( F U > • F A " A f\J f) " 0 F A c • 0 ) 1• T H E r i " 
" BE G r r· ~ " a 1 ~ x , F s 1 ~ F u I o Fa 1 • o F u '' EN o " •• e: L. s E '' 
~aEGI~~" A1• x, FA;• Fu, OFAa• OFLI "~ND", 
"GO TO'' l.OOP 

,, E ~ 0 " ; '' l f " F A < = F ~ '1 T I 1 f:. ~., h 
' " e E G I : J '' 'i< , = A I Y 1 • s , ~ 1 N I N o E R , 11 r A. ,, E ri.1 o •· " E L s E ,. 

'' 8 E G I r~ " X I • B I Y I :a A r 7·~ I N I N D E R t • F 8 '' E t~ D '' 
•'EF•iO" ~ll.JitJ?ERJ 

"EDF'" 
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AUTHOR: J.C.P.BUS. 

INSTITUTE& ~ATHEMATICAL CENTRE. 

RfCEIVEDI 730620. 

BkltF OESCRIPTIONI 
THIS SECTION CONTAINS FOUR PROCED~RES, LINEHIN, RNK1UPO, DAVUPO AND 
FLEUPO, THAT ARE AUXILIARY PROCEDURES FOR THE PROCEDURES RNK1HIN 
AND FLEMIN (SECTION 5.1.2.2.2). 

KE. YWOROS t 
AUXILIARY PROCEDURE. 

SUBSECTION& LINEHIN. 

CALLING SEQJENCEI 

TH£ HEADING OF THIS AUXILIARY PROCEDURE ISi 
••pRQCEDUR.E 11

• LINEHIN<N, Xs D, ND, lLFA, G, FU~CT, FO, Fi, DFO., OF1, 
EVLHAX, STRONGSEARCH, IN); 
••vALUE'• N, N09 FO, OFO, STRONGSEARCH; 
•• I N T ~ G E. ~ •• N , EV L M A X ; •• B O J L E A N •• ST ~ 0 N ~ S E AR C H ; 
••REAL•• ~D, ALFA, FO, Fi, OFO, OF1; 
••AKRAv•• X, D, G., IN; 00 REAL•• ••PROCEDU~E" FUNCT; 

THE 
NI 

x, 

oz 

MEANING OF THE FORMAL PARAMETERS ISi 
<ARITHMETIC ~XPRESSION>; 
THE NUMBER OF VARIABLES OF THE GIVEN FUNCTION F; 
<ARRAY IDENTIFIER>; 
•• A RR A Y •• X C 1 I N l ; 
ENTRYI A VECTOR XO, SUCH THAT F IS DECREASING IN XO, IN 

THE DIRECTION GIVEN BYD; 
EXITI THE CALCULATED ~PPROXIHATION 3F THE ~ECTOR FOR 

WHICH FIS MINIMAL ON THE LINE DEFINEJ BYI 
XO + ALFA • D, (AL.FA > 0); 

<ARRAY IDENTIFIER>; 
••AR.RAY" 0(1 I NJ; 
ENTRYI THE DIRECTION 

MINIMIZED; 

' 

OF TH:: LINE 

<ARITHMETIC EXPRESSION>; 

ON WHICH F HAS TO BE 

ENTRYI THE EUCLIDEAN NORH OF THE VECTOR GIVEN IN 0[1 1 NJ; 
ALFAJ <VARIABLE>; 

THE INDEPENDENT VARIABLE, THAT DEFINES 
LINE ON WHICH F HAS TO BE MINIMIZED; 

THE POSITION ON THE 

THIS LINE IS DEFINED BY XO+ ALFA• D, (ALFA> O>; 
ENT~YI AN ESTIMATE ALFAO OF THE VALUE FJR WHICH 

H(ALFA) = F(XD +ALFA• D>, (ALFA> 0), IS MINIMAL; ,, 

EXITI THE CALCULATED APPROXIMATION ALFAM OF THE VALUE FOR . 
WHICH H<ALFA) IS HINIHAL; 
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• 

Ga <ARRAY IDENTIFIER>; 
•• A RR A Y •• G ( 1 I N l ; 
EXIT1 THE GRADIENT OF F AT THE CALCULATED APPROXIMATION 

OF THE MINIMUM; 
FUNCTI <PROCEDURE IDENTIFIER>; 

THE HEADING OF THIS PROCEJUR~ SHOULD BEi 
••REAL•• ••PROCEDURE'• FUNCTIN, X, GJ; ••vALUE•• N; 
•• I NT EGE R •• N • ••ARO A Y •• X G • 

' I"\. . t t 
A CALL OF FUNCT SHOULD EFFECTUATE INI 
ii FUNCTI= F(X); 
21 THE VALUE OF GCIJ, (I 1, ••• , N), BECOMES THE VALUE 

OF THE I TH COMPONENT OF THE GRADIENT OFF AT x; 
FOi <ARITHMETIC EXPRESSION>; 

ENT~YI THE VALUE OF H(O)• (SEE ALFA); 
F11 <VARIABLE>; 

ENTRYI THE ~ALUE OF H(ALFAO); 
EXIT I THE VALUE OF H(ALFAM), (SEE ALFA); 

□ FOi <ARITHMETIC EXPRESSION>; 
ENTRYI THE VALUE OF THE DERIVATIVE OF HAT ALFA O; 

DF1: <VARIABLE>; 
ENTRY& THE VALUE OF THE DERIVATIVE OF HAT ALFA ALFAO; 
EXITI THE VALUE OF THE DERIVATIVE OF HAT ALFA= ALFAH; 

EVLMAXI <VARIABLE>; 
ENTRYI THE HAXIHUH ALLOWED NUMBER OF CALLS OF FUNCT; 
EXITI THE NUMBER OF TIMES FUNCT HAS BEEN CALLEO; 

STRONGSEARCHI 
<BOOLEAN EXPRESSION>; 
IF THE VALUE OF STRONGSEARCH IS TRUE, THEN THE PROCESS 
HAKES USE OF TWO STOPPING CRITERIAI 
Al THE NUMBER OF TINES FUNCT HAS BEEN CALLED EXCEEDS THE 

GIVEN VALUE OF EVLHAX; 
81 AN INTERVAL IS FOUND WITH LENGTH LESS THAN TWO TIMES 

THE PRESCRIBED· PRECISION,ON WICH A HINIHUH IS EXPECTED; 
IF THE VALUE OF STRONGSEA~CH IS FALSE, THE PROCESS MAKES 
ALSO USE OF A THIRD STOPPING CRITERION I 
Cl HU <= (H(ALFAK> .. H(ALFAO)) / CALFAK • DFD) <= 1 - HU, 

WHEREBY ALFAK IS THE CUR~ENT ITERATE ANO MU A 
PRESCRIBED CONSTANT; 

INI <AR~AY IOENTIFIE~>; 
ENTRY I 
••ARR.Av•• INC113]; 
IN[1ll THE RELATIVE PRECISION, EPSR, NECESSARY FOR THE 

STOPPING CRITERION B, (SEE STRONGSEARCH); 
INC2JI THE ABSOLUTE PRECISION~ E?SA, NECESSARY FOR THE 

STOPPING CRITERION B, (SEE STRONGSEAR:H>; 
THE PRESCRIBED PRECISION9 EPS, AT ALFA= ALFAK IS GI~EN BYI 
EPS - NORM C XO+ ALPHA• D) • EPSR + EPSA, WHERE 
NORM ( • ) OENOTES THE EUCLIDEAN NORM • 
IN(3ll THE PARAMETER MU NECESSARY FOR STOPPING CRITERION c; 

THIS PARAMETER HUST SATISFYI O <HU< O.S ; IN 
PRACTICE,A CHOICE OF HU= D.0001 IS ADVISED. 
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DATA ANO RESULTSI 

LINEHII~ CALCULATES AN APPRlXIHATION OF A MINIMUM OF A 
HIGHER - DIMENSIONAL FUNCTION ON~ GIVEN LINE; 
THE QUANTITY OFO MUST SATIFYI OFO < o; 
IF MOREOVER DF1 > 0, THEN THE P~OCEOURE WILL YIELD A RESULT THAT 
SATISFI~S ONE OF THE CHOSEN STOPPING CRITERIA, <SEE STRONGSEARCH>, 
OIHE~WISE Wt CAN NOT GUARANTEE su:H A RESULT. 

PROG:.DURES USEOI 

VECVEC = CP34010, 
ELMVEC - CP34020, 
OUPVEC = CP31030. 

REQUIRED CENTRAL MEMORYI 

EXECUTION FIELD LENGTHI N + 17 WORDS. 

LANGUAGE I ALGOL 60. 

HETHOO ANO PERFORMANCEI 

AN APPROXIMATION TO THE HINIHUH ON THE GIVEN LINE IS CALCULATED 
WITH CUBIC INTERPOLATION ((2JJ;THE STOPPING CRITERION USED WHEN THE 
VALUE OF STRONGSEARCH IS FALSE IS DESCRIBED IN C3l ANO [4J; A 
DETAILED DESCRIPTION OF THIS PROCEDURE IS GIVEN IN [11. 
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SUBSECTION: RNK1UPD. 

CALLING SEQJENCEI 

TH£ HEADING OF THIS AUXILIARY PROCEOJRE ISi 
••pk.o:c:oJR.~·· RNK1UPo <H, N, v, :>; ··vALuE·· N, c; 
• • I t-a T ~ G L R. •" N ; •• R E A L •• C ; •• A RR A Y •• H , V ; 

THE MEANING OF THE FORMAL PARAHET~RS ISi 
N: <ARITHMETIC EXPRESSION>; 

THE ORDER OF THE SYMMETRIC MATRIX, WHOSE UPPERTRIANGLE IS 
STORED COlUHNWISE IN THE ONE - DIMENSIONAL AR<AY H; 

CI <ARI T HM ET IC EXPRESS I ON>; 
SEC: v; 

VI <ARKAY IDENTIFIER>; 
••ARRA y•• \IC 1 I N l ; 
THE GIVEN MATRIX IS UPOATEO (ANOTHER MATRIX IS ADDED TO IT) 
WITH A SYMMETRIC MATRIX, U, OF RANK ONE, DEFINED BYI 

UCl,Jl = C • VCil • ~{JJ; 
HI <ARRAY IDENTIFIER>; 

••ARRAY•• H[1 I N • (N • 1) // 21; 
ENTRYI THE UPPERTRIANGLE (STORED COLUMNWISE, I.E. a 

A{I9JJ = H((J-1)•J//2+IJ, 1 <=I<= J <= N) 

OF THE SYHHETRIC MATRIX THAT HAS TO BE UPDATED; 
EXITI THE UPPERTRIANGL~ (STORED COLUMNWISE) OF THE 

UPDATED HATRIX. 

PROCEDURES JSED& 

ELMV~C = CP34020. 

REQUIRED CENTRAL MEMORY! 

EXECUTlJN FIELD LENGTHI 2 WORDS. 

ALGOL 60. 
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SUBSECTION: OAVUPO. 

CALLING SE~JENCEi 

THE HEA~ING OF THIS AUXILIARY PROCEDURE ISi 
••p~ .. OCEOURE 1

• OAVUPO(H, N, v, w, C1, C2); ··vALUE"· N, Ci, c2; 
··rtiTEGE~·· N; •1 REAL'1 c1,, c2; ··ARRAY·· H, V, w; 

THE M~ANING OF THE FORMAL PARAMETERS ISi 
NI <ARITHMETIC EXPRESSION>; 

THE ORDER OF THE SYMHETRlC MATRIX WHOSE UPPERTRIANGLE IS 
STORED COLUMNWISE IN THE ONE - DIMENSIONAL AR~AY H; 

C11 <ARITHMETIC EXPRESSION>; 
SEE w; 

C21 <AKITHMETIC EXPRESSION>; 
SEE w; 

VI <ARRAY IDENTIFIER>; 
••ARRA y•• V C 1 I N l ; 
SEE w; 

WI <ARRAY IDENTIFIER>; 
••ARR A y•• W C 1 a N 1 ; 
THE GIVEN MATRIX IS UPDATED WITH A SYMMETRIC HATRIX U OF 
RANK TWO, OEFINEJ BYI 
UCI,Jl - Ci• VCIJ ~ V[JJ - C2 • WCil • WCJJ; 

HJ <AR~AY IDENTIFIER>; 
••ARRAY" H C 1 a N • ( N ♦ 1) / / 2 l ; 
ENTRY& THE UPPERTRIANGLE (STORED COLUHNWISE, I.E. a 

AC I , J l = H ( ( J - 1) • J I I 2 • I J , 1 < = I < = J <= N > 
OF THE MATRIX TH~T HAS TO BE UPDATED; 

EXITI THE UPPERT~IANGLE (STORED COLUMNWISE> OF THE 
UPDATED MATRIX. 

PROCEDURES USEDI NONE. 

REQUIREu CENTRAL MEMORY: 

EXECUTION FIELD LENGTHI 3 MOROS. 

ALGOL 60. 
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SUBSECTION: FLEUPO. 

CALLING SEQUE~CEI 

THE HEAJING OF THIS AUXILIARY PROCEOU~E ISi 
••pf;~OCEuURE 1° FLEUPO(H, N, V, w, Ci, C2); ··vALUE·· N, Ci, c2; 
··rNTEGER'· N; ··REAL·· c1. c2; 11111 ARRAY .. H, v, w; 

THE MEANING OF THE FORMAL PARAMETERS ISi 
NI <ARITHMETIC EXPRESSION>; 

THE ORDER OF THE SYMMETRIC MATRIX WHOSE UPPERTRIANGLE IS 
STORED COLUMNWISE IN THE ONE·· DIMENSIONAL ARRAY H; 

C11 <ARITHMETIC EXPRESSION>; 
SEE w; 

C21 <ARITHMETIC EXPRESSION>; 
SEE w; 

VI <ARRAY IDENTIFIER>; 
••ARRA y•• V C 1 I N l; 
SEE w; 

WI <ARRAY IDENTIFIER>; 
••ARRA y•• WC 1 a NJ; 
THE GIVEN MATRIX IS UPDATED WITH A SYMMETRIC HATRIX U OF 
RANK TWO, DEFINED BYI 
UCI,Jl= C2 • V[Il • VCJJ - Ci •<VCIJ • WCJl + WCIJ • V(JJ); 

HI <ARRAY IDENTIFIER>; 
•• A RR A y•• H C 1 I N • ( N + 1) / / 2 l ; 
ENTRY! THE UPPERTRIANGLE (STORED COLUHNWISE, I.E. 1 

A(I9J] = HC(J - 1) • J // 2 + IJ, 1 <= I <- J <= N> 
OF THE MATRIX THAT HAS TO BE UPDATED; 

EXIT I THE UPPERT RIANGL E ( STORED CO LUHN WI SE> OF THE 
UPOATED MATRIX. 

PROCEDURE USEDI NONE. 

REQUIRED CENTRAL MEMORYI 

EXECUTION FIELD LENGTHI 3 WORDS. 

LANGUAGE I ALGOL 60. 
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SOURCE TEXT< S): 

••c ODE•• 34210; 
••PROCEDURE•• LINEMIN(N, X, 0, NO, ALFA, G, FUNCT, FO, Fi, OFO, DF1 9 

EVLMAX, STRONGSEARCH, IN>; NVALUEM N, NO, FD, OFO, STRONGSEARCH; 
··1t~TEGER 141 t~, EVLMAX; 11"BOOLEAN1

• STR.ONGSEARCH; 
••REAL•• NO, ALFA, FO, Fi, OFO, DF1; 
••ARRA ya• X, D, G1t IN; 
••REAL*" 1"PROCEOURE•• FUNCT; 
••aEGI N•• ••INTEGER'• I, EVL; 

··sooLEAN·· NOTININT; 
.. REAL•• F • OLOF ,OF, OLOOF, HU, ALFA O, Q, W, Y, Z ,RELTOL, ABSTOL 
,EPS, AID; 
••ARRAv•• XOC11Nl; 
'

4 REAL·· '*PROCEDURE·· VECVEC(L, u, SHIFT, A, 8); ··cooE·· 34010; 
··PROCEOURE·· ELHVEC(L, u, SHIFT, A, B, X); ··cooE·· 34020; 
··PRO CE DURE·· DUPVEC ( L, U t SHIFT, A, B) ; ··cooE·· 310 30; 

RELTOLI= INC1l; ABSTOLt- INC2J; MUI= IN£3l; EVLI= O; 
ALFAOl- o; OLOFI- FD; OLDDFI= OFO; va- ALFA; NOTININT3= "TRUE••; 
OUPVEC<1, N~ 07 XO, X); 
EPSI= (SQRT(VECVEC(1, N, O, X, X)) • RELTOL • ABSTOL) / NO; 
QI= (F1 - FO) /(ALFA• OFO); 

INTI ••rF•• NOTININT ••THEN•• NOTININTJ= DF1 < 0 ••ANO" Q > HU; 
AIOI- ALFA; ••IF•• OF1 >= 0 ••THEN°1 

••sEGIN 11
• ZI= 3 • (OLOF - Fil / ALFA + OLOOF + OFt; 

w1- SQRT<Z •• 2 - OLOOF • OFi); 
ALFAI= ALFA• (1 - (OF1 + W - 2) / (DF1 - OLOOF + W • 2)); 
••IF'• ALFA< EPS ••THEN•• ALFA!= EPS ••ELSE•• 
111 IF 11

• AID - ALFA< EPS ••THEN•• ALFAI= AIO - EPS 
•

0 EN0 111 CUB'IC INTERPOLATION 
... ELSE·· ··1F·· NOTININT ··rHEN·· 
··aEGIN·· ALFAOI= ALFA•- v; OLOOFa= DF1; OLOFI= Fi ··ENo·· 
•·•ELSE'• ALFAI= 0.5 • ALFA; YI= ALFA + ALFAO; 
DUPVEC(19 N, O, X, XO); ELHVEC(1, N, 0, X9 D, Y); 
EPSI= (SQRT(VECVEC<1• Nt O, X, XI) • RELTOL + ABSTOLJ / NO; 
Fl= FUNCT«N, X, G); EVLI= EVL +1; OF1- VECVEC(1, N, O, o~ GJ; 
QI= (F - FO> / (Y • OFO); 
•• IF•• I•• IF•• NOT IN I NT •• oR •• STRONGSE ARCH ••THEN•• ••TRUE•• ••e:L SE•• 
Q < MU ··oR·· Q > 1 - HU) ··ANo·· EVL < EVLHAX ··THEN·· 
•• BE G I N •• •• IF •• NOT I NI NT •• 0 R•• 0 F > 0 •• 0 R •• Q < M U •• T HE N •• 

•• B E G I N·· D F 1 : = 0 F ; F 1 I = F •• ENO " 
••ELSE•• 
••BEGIN•• ALFAOI= v; ALFAI= AID ... ALFA; OLOOFt= OF; OLOFI= F 
••EN o••; 
''IF·· ALFA > EPS • 2 ··JHEN'· ··Gora·· INT 

••ENO'•; 
ALFAI= v; EVLMAXI= EVL; OF11= OF; Fil= F 

•~ENO" LINEMIN; 
··£op•• 
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··cooE·· 34211; 
··PROCEOUREM RNK1UPO(H, N, \J, C) ;··vALUE 1

• N, c; ··INTEGER·· N; 
··REAL·· c;•·ARRAv·· H, v; 

••eEGI N11
• ••1 NTE GE R 0

• J, K; 
··PROCEOURF 11

• ELMVEC(L, u, SHIFT, A, B, X); ··co □ E·· 34020; 
K2= o; 
•• FOR.. J J - 1 , J + K •• w HI LE.. K < N •• 0 o •• 
••BEGIN•• K : = K + 1 ; 

ELHVEC(J, J + K it 1 J, H, V, V[Kl • C) 
'*ENo•• 

'
11 EN0•• RNK1UPD; 

•• Eop•• 

··coo E·· 34 212; 

' 

··PROCEOURE 1
• OAVUPO(H, N, v, w, C1, C2); ··vALUE 111

• N, C1, c2; 
111 I NT EGER•• N ; ••R EA L •• C 1, C 2 ; ••AR RA Y •• H , \J , W ; 
•• BEG I N •• •• I NT E GE R •• I , J, K ; 

••REA L •• V K , W K ; 
Kl= O; 
••FOR•• J I = 1 , J + K •• W HI LE•• K < N •• 0 0 •• 
··sEGIN·· KS- K +1; VKI= V(K] • c1; WKI= W(K] • c2; 

•• FOR.. I I = 0 ... ST E P •• 1 •• UN T I L •• K -1 •• 0 0 .. 
HCI + JJI- HCI + J] + VCI + 11 • VK - WCI+ 11 • WK 

•
1111 EN0•• 

••Et~o•• OAVUPO; 
••Eop•• 

··cooE·· 34213; 
··PROCEDURE·· FLEUPD(H, N, v, w, Ci, C2); ··vALUE·· N, Ci, c2; 
•• I NT E GER•• N ; ••R E A L •• C 1, C 2 ; ••AR RA Y •• H , \I , W ; 
••BEGIN•• ••INTEGER•• I, J, K; 

••REAL'• VK, WK; 
Kl= o; ··FoR·· JI- 1, J + K ··wHILE 1

• K < N ·oo·· 

MC 
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··aEGIN·· Kl- K +1; VKI= - W(KJ •Cl+ V[KJ • c2; WKI= V(Kl • c1; 
•• FOR.. I I - 0 •• S T E P .. 1 •• U NT I L •• K - 1 •• 0 0 .. 
HCI + Jll- H[I + JJ + VCI + 11 • VK -WCI+ 11 • WK 

•• Et·~O •• 
•• E ND •• FL E UP O ; 

··£op•• 

• 
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AUTHORI J.C.P. BUS. 

INSTITUTE! ~ATHEHATICAL CENTRE. 

Rt:. C EI V E O a 7 4 11. 0 1 • 

BRIEF OESCRIPTIONI 
• 

THIS SECTION CONTAINS THE PROCEDURE ?~AXIS; 
PRAXIS MINIMIZES A FUNCTION OF SEVERAL VARIABLES. 

KEYWORDS I 

MINIMIZATION, 
FUNCTION OF SEVERAL VARIABLES. 

CALLING SEQUENCEI 

THE HEADING OF THIS PROCEDURE ISi 
••PROCEDURE•• PRAXIS(N, X, FUNCT, IN, JUT>; ••VALUE .. N; 
··INTEGER.·· N; ··ARRAY'" x, IN, our; ··REAL 111 UPROCEDURE·· FJNCT; 

THE H~A~ING OF THE FORMAL PARAMETERS ISi 
Nt <A~ITHMETIC EXPRESSION>; 

THE NUMBER OF VARIABLES OF THE FUNCTION TO BE MINIMIZED; 
XI <ARRAY IDENTIFIER>; 

•• A RR A Y •• X C 1 a N 1 ; 
THE VARIABLES OF THE FUNCTION; 
ENTRYI AN APPROXIMATION o= THE POSITION OF THE MINIMJH; 
EXIT! THE CALCULATED POSITION OF THE MINIMUM; 

FUNCTa <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE SHOULD BEi 
··REAL 1

• •
11 PROCEOURE·· FUNCTCN' )(); ··vALuE·· N; 

•• I N T EGE R •• N ; •• A RR A Y •• X ; 

FUNCT SHOULD DELIVER THE VALUE OF THE FUNCTION TO 8£ 
MINIMIZED, AT THE POI~T GIVEN BY X[1JNJ; 

THE MEANING OF THE FORMAL PA~AHElERS ISi 
NI <ARITHMETIC EXPRESSION>; 

THE NUMBER OF VARIABLES; 
Xl <ARRAY IDENTIFIER>; "ARR.Av•• X(1SN]; 

THE VALUES OF THE VARIABLES FOR WHICH THE FUNCTION HAS 

INI 
TO .BE EVALUATED .. ;~ ... 

• • 

<ARRAY IDENTIFIER>; 
• 

••ARRA y•• INC O 191; ' 

ENTRVI 
I NCO JI THE MACHINE P~ECISION; FOR 

SUITABLE VALUE IS "-14; 
THE CYBER 73 A 
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IN£1l• INC211 RELATIVE ANO ABSOLUTE TOLERANCE, 
RESPECTIVELY, FO< THE STEPVECTOR 
<RELATIVE TO THE CURRENT ESTIMATES OF 
THE VARIABLES>; THE PROCESS IS TERMINAT~O WHEN 
IN INC81 + 1 SUC~ESSIVE ITERATION STEPS THE 
EUCLIDEAN t~ORM OF THE STEP VECTOR IS LESS THAN 
(IN[1l • NORM(X) + IN(2)) 4 o.s; 
INC11 SHOULD BE ~HOSE~ IN AGREEMENT WITH THE 
PRECISION IN WHICH THE FUNCTION IS CALCULATED; 
USUALLY INt1J SHOULD BE CHOSEN SUCH THAT 
INC1l >= SQRT(IN(OJ); IN(Ol SHOUL) BE CHOSEN 
DIFFERENT FROM ZERO. 

INC3J, IN£4l ARE NEIT~ER USED NOR CHANGED; 
INC5Ja THE HAXIMUH NUMBER OF FUNCTION EVALUATIONS 

ALLOWED (I.E. CALLS OF FUNCT); 
INC6ll THE HAXIHUH STEP SIZE; I~C6J SHOULD BE EQUAL TO 

THE MAXIHUH EXPE~TED DISTANCE BETME~N THE GUESS 
ANO THE HINIHUH; IF INC61 IS TOO SHALL OR TOO 
LARGE, THEN THE INITIAL RATE OF CONVERGENCE 
WILL BE SLOW; 

INC7JZ THE HAXIHUM SCALING FACTOR; THE VALUE OF INC7J 
MAY BE USED TO OBTAIN AUTOMATIC SCALING OF THE 
VARIABLES; HOWEVER, THIS SCALING IS WORTHWHILE 
BUT HAY BE UNRELIABLE; THEREFORE, THE USER 
SHOULD TRY TO SCALE HIS PROBLEM HIMSELF AS WELL 
AS POSSIBLE AND SET INC7J1- 1; IN EITHER CASE, 

• 

INC7J SHOULD NOT BE CHOSEN GREATE~ THAN 10; 
INC8ll THE PROCESS TERMINATES IF NO SUBSTANTIAL 

IMPROVEMENT OF THE VALUES OF THE VARIABLES IS 
OBTAINED IN INC8J + 1 SUCCESSIVE ITERATION 
STEPS (SEE INC1J, INC2J); 1NC8l = 4 IS VERY 
CAUTIOUS; USUALLY, INC8l = 1 IS s,TISFACTORY; 

INC911 IF THE PROBLEM IS KNOWN TO BE ILL-CONDITIONED 
(SEE (11), THEN THE VALUE OF INC9J SHOULD BE 
NEGATIVE, OTHERWISE INC9J >= o; 

OUTI <ARRAY IDENTIFIER>; 
••ARR A y•• 0 UT ( 1 I 6 l; 
EXITI 

OUTC11a THIS VALUE GIVES INFORHATION ABOUT THE 
TERMINATION OF THE PROCESS; 
OUTC1J = 01 NORMAL TERMIMATION; 
OUTC1l = 11 TiE P~OCESS IS BROKEN OFF, BECAUSE, 

AT THE END OF AN ITERATION STEP, 
THE NUHBER OF CALLS OF FUNCT 
EXCEEDED THE ~ALUE GI~EN IN INCSJ; , 

OUTC1l = 2# THE PROCESS IS BROKEN OFF, BECAUSE 
THE CONDITION OF THE PROBLEM IS TOO 
BAO; 

OUTC2ll THE CALCULATED HINIMUH OF THE FUNCTION; 
OUTC3ll THE VALUE OF THE FUNCTION AT THE INITIAL GUESS; 

· OUT(4JI THE NUMBER OF FUNCTION EVALUATIONS NEEOEO TO 
OBTAIN THIS RESULT; 

OUTC511 THE NUHBE~ OF LiiE SEARCHES (SEE Ci]); 
OUTC611 THE STEP SIZE IN THE LAST ITE~ATION STEP. 
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PROCEDURES USED& 

INIVEC 
INIMAT 
DUPVEC 
DUPMAT 
DUPCOLV:.C 
MULROW 
HULCOL 
\IECVEC 
TA MHA T 
MATTAM 
ICHRO WG3L 
ELHVE CC:>L. 
QRISNGVALDEC 
SETRANOOM 
RANDOM 

= CP31010, 
= CP 31011, 
= CP31030, 
= CP 310 35, 
= CP31034, 
= CP 31021, 
- CP31022, 
= CP34010, 
= CP 34014, 
= CP34015, 
- CP34033, 
- GP 34021, 
= CP 3't273, 
- CP 11014, 

CP 11015. 

REQUIRED CENTRAL MEMORY& 

EXECUTION FIELD LENGTHI ONE ARRAY OF LENGTH N SQUARED ANO FI~E 
ARRAYS OF LENGTH N ARE DECLARED; 

RUNNING TIHEI 

THE NUMBER OF ITERATION STEPS DEPENDS STRONGLY ON THE PROBLEM TO BE 
SOLVED. 

LANGUAGE I ALGOL 60. 

HETHOO ANO PE~FORHANCEI 
' 

THIS PkOCEOURE IS ADOPTED FROH C1J. 

REFERENCES& 

C1l R.. P. BRENT, 
ALGORITHMS FOR MINIMIZATION WITHlUT DERIVATIVES, CH. 7. 
PRENTICE HALL, 1973. 
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• 

EXAMPLE OF USEI 

THE FOLLOWING PROGRAM MAY BE USED TO CALCULATE THE MINIMUM OF THE 
FU t.JC T I O t~ ;: < X ) = 1 0 0 • ( X [ 2 l r X [ 1 l • • . 2 ) • • 2 + ( 1 - X C 1 J > • "' 2, 
U S I t~ G ( - 1 • 2 , 1 > A S A N I N I T I A L E S T I MA T E • 

••aEGI N•• 
··PRO:EOURE·· PRAXIS(N, x, FUNCT, I'4, OUT); ··cooE·· 34432; 

•• A RR A Y •• X C 11 2 1 , I N C O a 3 J , 0 U T C 11 6 l ; 

••RE A L •• •• P R O C E OU RE •• F < N , X ) ; •• \I A LU E •• ~ ; •• I ~ T E ~ E r< •• N ; •• A RR A Y •• X ; 
Fl= (X{21 - X(1l •• 2) •• 2 • 100 ♦ (1 X[il) •• 2; 

IN[Ol&= ·•-14; IN[1]1= IN[2]1: --6; IN(5]1= 2so; 
INC6Ja- 1; INC711= 1; INC8JI- 1; INC9ll= 1; 

xr111= •1.2; xc211- 1; 
PRAXIS<2, X, F, IN, OUT>; 
• • I F • • 0 U T C 1 1 = 0 •• T HE N • • 0 U T P U T ( o 1 , •• ( •• •• ( •• 
,,, •• , •• ,; 
0 U T P U T ( 6 1 , •• ( •• 4 B ., •• ( •• HI NI HUM I S •• ) "' , N , / 4 B t 
•• < ••FOR X I S ••) ••, 2 ( N ) , / 4 B , 

N O R M A L T E RH I N A T I O N •• ) •• 

••t••rHE INITIAL FUNCTION \IALUE WAS .. , •• ,N,/4B, 
··<··THE NUMBER OF FUNCTION EVAL:JATIONS NEEDED WAS ··,·•,3zo11+8, 
••<••THE NUMBER OF LINE SEARCHES WAS .. )",320/48, 
••t••THE STEP SIZE IN THE LAST ITERATION STEP WAS ••)•, N,t••,••, 
OUTC2l, XC1l, XC2l, OUT[3l, OUTC4J, OUTCSJ, OUTC6l) 

••E No•• 

RESULTS I 

NO~MAL TERMINATION 

MINIMUM IS +1.5694986738789" 021 
FOR x rs +1.00000000003a9••+000 +1.00000000001ssM•ooo 
THE INITIAL FUNCTION VALUE WAS +2.420000D000001•+o01 
THE NUHBEk OF FUNCTION EVALUATIONS NEEDED WAS 18g 
THE NUMBER OF LINE SEARCHES WAS 72 
THE STEP SIZE IN THE LAST ITE~ATION STEP WAS +5.3830998~70105'•-009 
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SOURCE TEXTCS)i 

"CODE'' 3443Zt 
"PROCEDURE" ~RAXIS(N, X, FUNCT, I~, our,, 
"VALUE' NJ "INTEGER" N; 
"ARRAY" X, IN, our, 
''R~AL'' .•P~OCEDJRE" FUNCTJ 
·•eEGl N" 

• 

MC 

PAGE 5 

"COMMENT"THIS PROCEDURE MlNI~IZES FllNCT(N,X),~ITH T~tE 
PRINCIPAL AXIS METHOD (S!E 8RENT,R.P, 1913, ALGORITHMS 
FOR MINl~lZATION WITHOUT OERIVAT?VES,C~ 1 7)J 

"PROCEDURE" INIVECC~, u, A, Xlt 
"PROCEDURE" I1~t~ATCL, U, K, V, A, X)s 
''PROCEDU~E" OUPYECCL, U, K, A, X)J 
"PQOCEOUQE" DUPMATC~, J, K, v, A, B)J 
"PROCEDURE" DUPCOLVECCL, U, K, A, 8)1 
"PROCEOU~E" MULROWCL, u, I, J, A, B, X)J 
"PROCEOVRE" ~ULCOLCL, U, I, J, A, a, X)J 
"REAL• "PROCEOURE" VECVEC(L, LI, S, A, B)J 
"REAL" •PROCEDURE" TAM~ATCL, U, t, J, A, B)J 
"REALw ~PROCEDURE" MATTAM(L, U, I, J, A, 8)1 
"PROCEDU~E" IC~ROWCOL(L, U, I, J, A)I 
"PROCEDURE" ELMVECCOLCL, U, I, A, B, X)1 
"I~TEGER" "PROCtDURE" QR?SNGVALOECCA,rt,N,VAL,V,EM), 
"PROCEOJ~E'' SETRANOQM(X)s 
"REAL" "PROCEDURE" RANDO~; 

"P~OCEDURE" SORT1 
ff8EGIN" "l~4TEGER" !, J, KJ ~~E4L" SJ 

''FOR" 11= 1 "STEP" 1 "tJtJTIL'' 'J • 1 ••DO'' 
"BEGI~P K;• I; Sia Dtllt 

''C00E" 310101 
"C00E" 310111 
"CODE" 310301 
''CODE" 310351 
"CODE" l1034J 
"COD!" 310211 
"COO£" 3tozz, 
''CODE" 340101 
"CODE" 340141 
"CODE'' l4015s 
"CODE" l40l3t 
"CODE" 340211 
"CODE" 34213J 
''CODE" 11014J 
''CODE" 1101S1 

" F O R " J I c ! ♦ 1 " S TE P '' 1 ,. U N T I L " N " 0 Q " " I F '' 0 C J l > S " T ~f EN " 
"BEGIN" K:w Js S~a DCJJ "END"J 
" I F '' K > I " T t--t E N " 
" 8 E G I r..; " D t K l I • 0 [ I 1 J D l I J t a S J 

'' r O R " J I • 1 " S TEP '' 1 " tJ ~~ T I L '' ~J •• 0 0 " 
" B E G I ~-~ " S I • \I t J , I J I V [ J , I l I , V t J , K J J V [ J , K l : a S 
'' E ~ D •• 

"E ~-JD" 
"E\JD" 

''EN~" SO~T 
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' 

"PROCEDURE• MIN(J, NITS, DZ, Xl, Fl, F<Jt ''VALUE'' J, ~JITS, FK; 
"l~TEGER" J, NITSJ "REAL" 02, Xl, F1J "BOOLEAN" FKt 
"8!GIN" 

' 

"REAL" "PROCEDURE" FLI~C~)I "VALUE" Lr "REAL" L1 
MSEGIN" "INTEG!R" Ir ''ARRAY" TfltNJJ 

"IF" J ~ 0 "TH~N• 
"BEGIN" "FOR• ta ■ 1 "STEP" 1 "UNTIL" N "00" 

Ttlll• Xtil + L • Vtl,JJ 
· "END" "ELSE" 

"BEGit,J" "CO~,~~E~T" St:ARCH ALONG PARASOL.IC SPACE CURVEt 
QA1a L • CL• GDl) I (QOO * CQOQ t Q01))J 
QB11 (Lt QOO) * (Q01 • L) /CQDO * Q01)J 
QC1~ L * (~ + QOO) / (QDt • (QOO ♦ Q01))t 
"FOR" I~• l "STEP" 1 "UNTI~~ N "DO" 
T t I J I II QA • Q O t t J + 10 * X t I l ♦ QC • Q 1 t I J 

"END"; 
NF1= NF+ 1, FLINas FUNCT(N, T) 

" E \ID " FL I tf t 

"I~TEGER" Kr "BOOLEAN» DZJ 
"REAL" X2, XM, FO, F2, fM, 01, T2, S, SFt, sx1, 
sF11• ,1, sx11• x1, 
K11 OJ XM1 ■ OJ F01• FM1a rx; OZ1• Oa < ~t~TOL1 
S11 SQRTCVECVEC(1,~,o,X,Xl)J 
T21W ~4 * SQRT(ABS(FX) ·1 C"IF" DZ "THEN" OMIN "E~SEP 02) 
t S * ~OT) t M2 * ~OT; Sia S * ·M4 + A88TO~J 
'' I F •• 0 Z " A NO " T Z > 8 . " T ti E N " Tl i • S t 
"IF"Tacs~ALL"T~EN"T2i• 8~AL,L1 
"lF"TZ>o.ot•H ''THfN"TZl3 o.Ol•HJ 
"lFnFK"ANO''F1caFM "THEN" 
" B E G I N " X M I • X 1 J F ~1 I • F l 19 E t·l O tt J 
" l F " • F K " OR " A. B S C X t ) ◄ T 2 " T ti E N " 
" 6 E G I N " X 1 I a •• I F " X 1 > O " T HE N " T Z • EL SE '' • T 2 ; 

F11a. FLINC)(1) 
"ENOtt; 
" I F " F 1 4C Ii F ~ '' THE ~J " 
"6EGIN•9XHa• XlJ FMam Fl "END"; 

LOI "lF" DZ ''THEN" 
" t3 E G I \J '' " C OM ~;1 E ~J T " E V A L U A T E F L I "-I A T ~ t 4 0 TH ~ R P O t r·.J T 

A,~D ESTl~ATE TYE SECOtlD DERIVATIVEr 
X 2 I : " I F _, r O ◄ F 1 •• TH t N " • X 1 '' E L S E " X 1 * 2 J 
F a I =; f L. I N ( X i l J ,, I F ,, r 2 < = F '"'1 •• T ~ E N tt 
"BEGIN" X~I* X~s FM;s f2 "END''t 
02~c(X2•(rt•FCJ)•X1•(F2•rO)l/CX1•X2•(Xl•X2)) 

"E"D"• ' , 
"C0'4~ENT"ESTI~14TE FIRST DERIVATIVE AT OJ 
D l I = ( F 1 • F O ) / X 1 • X 1 * 0 2 t O Z I :. •• T R u E '' 1 
X 2 : a " I F -. D 2 < a S r ~ A l L '' T H E f': t •• 
C •• I r •• D 1 < o r, T f ·i E N •• r·i " E. L S t " • i I ) 
,. E l... SE " • 0 • S * D 1 / 0 2 I 
" I F' '' ~BS ( X 2 l > ~~ " T t·t EN " X 2 I • ,. I F' " X 2 > 0 '' T:; E ~ J '' ri '' EL SE " -, t~ I 

• 
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• 

• 

Lia F21=FLINIX2t; 
•• IF •• K <NIT s·· AN o·· F 2 > F O •• THEN°• 
•• BEGIN°•K1 -K+1; 

••If 111 F O < F 1 ••AND•• X 1 • X 2 > 0 •• T HEN ea III GOTO ••LO ; 
X 2 I - 0 • 5 • X 2 ; •• GOTO•• L 1 

••END••; 
NLJ= NL+1; 
•• I F • • F 2 > F ~ ··r HE N •• x 2 1 = x H N E L s E •• F H 1 = F 2 ; 
0 2 : = •• I F •• A BS ( X 2 • C X 2 X 1 ) ) > SH A LL " T H E N •• 
(X2•(F1-FO)-X1•(FH FO)J/(X1•X2•(X1-X2)) 
•• £ L S E •• •• I F •• K > 0 •• TH E N •• 0 •• E L SE•• 0 2 ; 
•• If •• 02 <=SMALL ··r HEN·· 02 a= SMALL; 
x11-x2; FXI FM; 
"IF •• SF 1 < F X" TH fN •• 
•• 8 E G I N •• F X I = S F 1 ; X 1 I = S X 1 •• E NO •• ; 
••IF•• J > 0 ••r HE N"•EL MV EC COL ( 1, N t J, X t V, X 1 > 

••E No•• HIN; 

••PROC EOJRE ••QUAD; 
•• BE GI N •• •• I NT E GE R •• I ; ••RE A L •• L , S ; 

S I = F X ; F X t = QF 1 ; Q.F 1 a - S; QO 11 = 0 ; 
.. FO ~ •• I I = 1 •• ST E P •• 1 •• U N TI L •• N •• DO •• 
•• BE :; I N •• S I = X C I J ; X C l l I = L I = Qi C I l ; Q 1 C I l a = S ; 

QD1&= Q01 + (S - L> •• 2 
•• END M; 
LI ~01S=SQRT(Q01);·s1- o; 
•• IF•• QO O > 0 ••ANO ••a O 1 > 0 ••ANO•• NL>= 3 • N • N ••THEN•• 
••BEG I N 111 MIN ( 0, 2, St Lt QF 1, ••TRUE••) ; 

QAI= L4 (L-Q01)/(QOO•(Q00+Q01)); 
QB&=(L+QDO>•(Q01•L)/(QDO•l01); 
QC•= L•<L+QDO)/(Q01•(QOO+Q01)1 

•• E ti D •• •• E L SE •• 
··EEGIN·· FX•= QF1; Q.AI= QB&- o; Q.Ca- 1 ··ENo•·; 
QOO a= Q01 ;•• FoR··11- 1 ··sr EP"1 10UNTIL ··N··oo·· 
•• B t G I N IAI S I = Q O ( I J ; Q O C I l I - X l I J ; 

X[lll- QA•S + QB•X[IJ+QC•Qi(IJ 
••ENo•• 

••EN □•• QUAD; 

•• BOOLEAN•• ILLC; 
••INTEGER•• I, J, K, K2, NL, MAXF, NF, KL, KT, KTH; 
••REAL•• S, SL, ON, DHIN, FX, F1, LOS, LOT, SF, OF, QF1, QOO, 
Q01, QA, QB• QC, M2, H4, SHALL, VSHALL, LARGE, VLARGE, SCBD, 
LOFAC,T2, MACHEPS, RELTOL, ABSTOL, H; 
••ARRAY•• V C 11 N , 1 a N l , D , Y , Z , Q O , ~ 1 C l I N J ; 

HACHEPS&= INCOJ; RELTOL&= IN[1J; ABSJOLI= INC2J; HAXFI= INCSJ; 
HI= IN[6]; scao1- IN(7J; KTHI= IN[8); ILLCI INC9J < o; 
SMALLS= MACHEPS •• 2; VSMALLI= SHALL•• 2; 
LAR~E•= 1/SMALL; VLARGEI= 1/VSHALL; 
M21= t£LTOL; M41- SQRTCH2); SETRAN00:'4(0.5); 
LOF AC I,,.,, ••1 F•• IL LC ••r HEN•• Oe 1 '11 ELSE 1

• 0•01; 
KTI-Nll=O; NFl-1; OUT(3JJ. QF11-FXl=FUNCT(N,X); 

• 
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ABSTOLl=T2!= SHALL+ABS(ABSTOL); OMlNI= SHALL; 
•• I F •• H < A BS T O L • 1 0 0 " T H E N ... H I - A BS T O L • 1 0 0 ; L D T : = H ; 
I NIM AT ( 1, N, 1, N, V, 0) ; 
••FOR•• I : = 1 ••STE p•• 1 ••UNTIL•• N ••DO•• V C I , I l I= 1 ; 
0(1]1: QOOI= o; OUPVECC1,N,O,Q1,X); 

•• C O t1 M EN T •• M A I N L O O P ; 
LOI SFl=0(1J; 0(1]1= s1- o; 

HI N ( 1 , 2 , D C 1 l , S , F X , •• F A L S E •• ) ; 
••1 F'0 S < = 0 ••THEN•• HUL COL ( 1, N, 1, 11t V, ~, -1) ; 
··rf·· SF<= 0.9 • 0(1) ··oR·· 0.9 •SF>= 0(1) .. THEN .. 
INIVECC2,N,0,0); 
··FoR·· Kt= 2··srEP··1··uNTIL··NNoo·· 
•• BEG I N •• 0 U P \I E C ( 1 , N , 0 , Y , X ) ; S F I = F X ; 

ILLCI= ILLC ••oR•• KT>O; 
L 1 I KL J = K ; 0 F I - 0 ; •• I F •• I LL C •• T H E N •• 

··at.GIN·· ··coHHENT'·RANDOH STOP TO GET OFF 
RESULTION VALLEY; 
••FOR .. I I = 1 ••STEP•• 1 ••UN TI L •• N •• o J •• 
•• B E G I N111 S I = Z C I l I = ( 0 • 1 •LO T + T 2 • 1 0 • • KT ) 

•(RANOOH-0.5); 
ELMVECCOL(1,N,I,X,V,S) 

•• E N D •• ; 
FXI= FUNCT(N,X); NFI= NF ♦ 1 

••END••; 
••FOR•• K 2 1 = K •• ST E P •• 1 •• U N TI L •• N •• l O •• 
··aEGIN 11 SLl=Fx; SI= o; 

HIN CK2, 2, DCK2l, S, FX, 11 FALSE .. ); 
SZ="IFN ILLC "THEN·· O(K2l • (S + Z(K2)) •• 2 
"ELSE••s L-FX; •• IF''OF< S"THEN '° 
··sEGIN··oFa-s;KLI= K2"ENo••; 

••END••; 
"IF•• "ILLC ••AND•• OF < ABS(100 • MACHEPS • FXI ••THEN•• 
•• aEGIN'11 I LLCI = ••TRUE"; ••GOTO .. Li ••ENO'•; 
··Fo~·· K21= 1··srfp•• 1··uNTIL··K-1·•0J·· 
··aEGIN'· s1= o; MINCK2, 2, ocK21, s, Fx, ·FALSE .. > .. ENo••; 
Fil= FX; FXI- SF; LDSa= o; 
•• F O R •• I I = 1 •• STEP.. 1 •• UN TI L.. N •• J O •• 
•• BE G I N •• S L I = X C I l ; X C I J a - Y C I J ; S L I = Y C I l I SL - Y [ I l ; 

LOSa- LOS+ SL• SL 
11 £No••; LOSI= SQRT(LOS); 
•• I F •• L O S > S M AL L •• T H EN •• 
••BEG IN•• ••FOR•• I a = KL - 1 ••STEP•• • 1 ••UNTIL•• K •• 0 ~ .. 

··aEGIN·· ··FoR·· Ji= 1 ··srEPM 1 ··uNTIL·· N ··oo·· 
VCJ• I+ 111- VCJ,Il; DCI + 111- OCil 

••ENO••; 
O[Kll= o; OUPCOLVEC(1, N, K, V, Y); 
HULCOL(19 N, K, Kt V, V, 1 / Los,; 
MIN<K, 4. O!KJ, LOS, F1, ·TRUE"); ··rFM LDS c- o "THEN" 
··aEGIN1

• LOSI- LOS; HULCOL(1, N, K, K, v, W, ~1, ··END'· 
••END'•; 
LDTI= LD>FAC • LDT; ••IF•• .LDT 
T21= M2 ¥ SQRT(VECVEC<1, N, 

• 

< LOS 
O, X, 

• • 



• 

1-st REVISION, 1975 

• 

SECTION I s.1.2.2.2 

• 

• -

(OCTOBER 1975) 

KTI= ··1F·· LDT> o.s • T2 10 THEN°• 0 °ELSE·· KT+ 1; 
.. I F •• Kr > K r M •• T HEN •• •• a E GI N " au T c 1 · J 1 = o ; "Go r o.. L 2 •• E No·· 

••Et~ D •• ; 
QUAD; 
0 N I - 0 ; •• F O R •• r a= 1 •• S TEP•• 1 ••UN T IL •• N •• 0 o •• 
··aEGIN··ocr] I- 1/SQRT(O(Il); 

··1F·· ON<D[ I 1··THEN°•0N 1-oc I l 
••ENo••; 
•• F O R •• J I - 1 •• S T E P 84 1 "• U NT I L •• NM O O •• 
··aEGIN 1111 SI= D[JJ/ON; HULCOL11,N,J,J,V,v,s,·ENO"; 
•• I F 1

• S CBO > 1 ••THEN 1111 

"BEGIN·· s, _ VLARGE; --FoR·x 1 =1 "ST EP .. 1 ··uN r IL .. N .. oo·· 
••aEGIN'• Sll= ZCIJ1·· SQRT(HATTAHC1, N, I, I, 

"IF .. SL<H4t••THEN"Z(IJ a= H4; 
NIF·· S>SL ··THEN 811 SI= SL 

·ENDM; 
MFoRMI1=1"STEP~1-uNTIL-N·oo" 
··aEGIN°·sL1=S/Z[IJ;zc11, 1/SL; 

••E No••; 

"IF··ztI]>SCBD··rHEN" 
•aEGIN"SLl-1/SCBO; Z[Il 1- SCBO"ENO'•; 
HULROW(19 N9 I, I, V, V, SL) 

··FoRHI 11 - 1 ··sTEP .. 1 .. UNTIL .. N ·oo·· 
ICHROWCOL(I + 1. N, I, I, V); 
··sEGIN·· "ARRAv·· A[11N,11NJ, EH[017]; 

EHCOJa EHC2ll= HACHEPS; 
EHC4JI= 10 • N; EHC&Ja= VSHALL; 
OUPHAT(1• N, 1, N, A, V); 
·1F·· QRISNGVALDEC(A, N, N, D, v, EH> A: 0 NJHEN· 
"BEGIN· OUT(i]I= 2; ··GOJOM L2 ··ENO"; 

'
11 E No••; 
··r F··s CBD> 1 ··THEN·· 
··eEGI N·· .. FOR .. 11 =1 "STEP .. 1 ·uN r IL" N"oo·· 

HULROWC~,N,I,I,V,V,ZllJ); 
··FoR"I•= 1·sTEP··1"UNTIL·N-oo" 
··sEGIN·•s1= SQRTCTAHHAT(1,N,I,I,V,\I)); 

oc111= s•oc11; s1 11s; 
MULCOLC1,N,I,I,V,V,S) 

MEND· 
1"ENOM; 
" FORM I I = 1 "STEP.. 1 •• U NT I l •• N Ill O O •• 
''BEGIN•• S&= ON• OCIJ; 

DCI J •= ••IF• S > LARGE ••THEN" VSHALL 111 ELSE•• 
' 

•1F•• S < SMALL ••THEN" VLARGE •ELSE" S •• (-2) 
••ENO••; 
SORT; 
DMINI= O[NJ; ••IF•• OMIN < SHALL ••THEN• OMINI SHALL; 
ILLCI (H2 • 0(11) > OHIN; 
••rF•• NF< HAXF .. THEN 10 "GOTO" LO "'ELSE'·• OUTC1JI 1; 

L21 OUTCZJI= FX; 
OUTC4ll= NF; OUT[5Ja- NL; OUTC6ll= LDT 

.. ENo··PRAX 1s; 
M£op•• 

• 

MC 

PAGE 9 
• 
' 

• 
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AUTHOR& J.C.P.BUS. 

INSTITUTE: MATHEMATICAL CENTRE. 

RECEIVED& 730620. 

BRIEF OESCRIPTIONI 

THIS SECTION CONTAINS TWO PROCEDURES, RNK1HIN ANO FLEHIN, FOR 
MINIMIZING A GIVEN DIFFERENTIABLE FUNCTION OF SEVERAL VARIABLES; 
BOTH PROCEDURES USE A VARIABLE HETRIC HETHOO; THE USER HAS TO 
PROGRAM THE EVALUATION OF THE FUNCTION AND ITS GRADIENT; 
THE CHOICE OF RNK1HIN ANO FLEHIN IS DEPENDENT ON THE PROBLEM 
INVOLVED; IF THE NUMBER OF VARIABLES Of.THE FUNCTION TO BE 
MINIMIZED IS VERY LARGE AND THE CALCULATION OF THE FUNCTION ANO ITS 
GRADIENT IS RELATIVELY CHEAP (THE NUMBER OF ARITHMETIC OPERATIONS 
IS OF ORDER AT HOST N •• 2>.THEN THE USER IS ADVISED TO USE FLEHIN; 
IF THE HESSIAN OF THE FUNCTION IS EXPECTED TO BE (ALMOST) SINGULAR 
AT THE MINIMUM, THEN RNK1HIN IS PREFERRED; 

KE YHOROSI 

OPTIHIZI\TION, 
HIGHER - DIMENSIONAL, 
UNCONSTRAINED, 
VARIABLE METRIC HETHOO. 
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' 

SUBSECTIONS RNK1HIN. 

CALLING SEQUENCE• 

THE HEADING OF THIS PROCEDURE ISi 
1•REAL 111 ••PROCEDURE•• RNK1HIN<N, x. G, H, FUNCT, IN, OUTJ; 
''VALU t•• N; ••1 NT EGER•• N; 
··ARRAv·· x, G, H, IN, our; 
••REAL•• "PROCEDURE•• FUNCT; 

RHK1HIN1 DELI\IERS THE CALCULATED LEAST VALUE OF THE GIVEN FUNCTION; 

THE MEANING OF THE FORMAL PARAHETERS ISi 
NI <ARI T HHETI·C EXPRESS I ON>; 

THE NUMBER OF VARIABLES OF THE FUNCTIJN TO BE HINIHIZEO; 
XI <ARRAY IDENTIFIER>; 

••ARRAY" X{1 I NJ; 
THE INDEPENDENT VARIABLES; 
ENTRYI AN APPROXIMATION OF A HlNIHUM OF THE FUNCTION; 
EXITI THE CALCULATED HINIHUH OF THE FUNCTION; 

Gt <ARRAY IDENTIFIER>; 
"ARRAY" G(1 I NJ; 
EXIT I THE GRADIENT OF THE FUNCTION AT THE CALCULATED 

HINIHUH; 
HI <ARRAY IDENTIFIER>; 

"ARRAY" Hf1 IN• (N ♦ 1) // 2]; 
THE UPPERTRIANGLE OF AN APPROXIMATION OF THE INVERSE 
HESSIAN IS STORED COLUHNWISE IN H (I.E. THE I,J-TH ELEHENT
H( (J - 1) • J // 2 ♦ Il, 1 <= I<= Jc- N ); 
IF IN[&J > D INITIALIZING OF H WILL BE DONE AUTOMATICALLY 
ANO THE INITIAL APPROXIMATION OF THE INVERSE HESSIAN WILL 
EQUAL THE UNITHATRIX MULTIPLIED WITH THE VALUE OF INt&J; 
IF INC&J < 0 NO INITIALIZING OF H WILL BE DONE ANO THE USER 
SHOULD GIVE IN H AN APP~OXIHATION Of THE INVERSE HESSIAN, 
AT THE STARTING POINT;THE UPPERTR.IANGLE OF AN APPROXIHATION 
OF THE INVERSE HESSIAN AT THE CALCULATED HINIHUM IS 
DELIVERED IN H; 

FUNCTI <PROCEDURE IDENTIFIER>; 
TH£ HEADING OF THIS PROCEDURE SHOULD 8£1 
"REALM ~PROCEDURE" FUNCT(N, x, G); MVALUE" N; 
••INTEGER" N; "ARRAY•• X, G; 
A CALL OF FUNCT HUST EFFECTUATE INI 
11 FUNCT BECOMES THE VALUE OF THE FUNCTION TO BE HINIH.IZE·D 

AT THE POINT x; 
21 THE VALUE OF G(Il, II - 1, ••• , N>, BECOMES THE VALUE 

OF THE I TH COMPONENT OF THE GRADIENT OF THE FUNCTION 
AT x; 
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<ARRAY IDENTIFIER>; 
••ARRAv•• INCO I 81; 
ENTRYI 
INCOJI 

IN ( 1 J I 

IN(2ll 
IN(JJ; 

IN(~Ja 

IN{SJI 
IN(&JI 

INC7JI 
INC8ll 

<ARRAY 
••ARRAY" 
EXITs 
OUT(Oll 

OUTC1ll 

OUTC2ll 

OUT[3ll 

·OUTC4JI 

THE MACHINE PRECISION; 
FOR THE CYBER 73-26 A SUITABLE 
THE RELATIVE TOLERANCE FOR THE 
THIS TOLERANCE SHOULD NOT BE 
I NCO l; 

VALUE I S .. 1 4 ; 
SOLUTION; 
CHOSEN SMALLER 

THE ABSOLUTE TOLERANCE FOR THE SOLUTION; 

THAN 

A PARAHETER USED FOR CONTROLLING LINEMINIHIZATION9 
((31, [4]); USUALLY A SUITABLE VALUE ISi 0.0001; 
THE ABSOLUTE TOLERANCE FOR THE EUCLIDEAN NORM OF 
THE GRADIENT AT THE SOLUTION; 
A LOWERBOUNO FOR THE FUNCTIONVALUE; 
THIS PARAMETER CONTROLS THE INITIALIZATION OF THE 
APPROXIMATION OF THE INVERSE HESSIAN (HETRIC>, 
SEE H; USUALLY THE CHOICE INC&l ,. 1 WILL GIVE GOOD 
RESULTS; 
THE HAXIHUH ALLOWED NUMBER OF CALLS OF FUNCT; 
A PARAMETER USED FOR CONTROLLING THE UPDATING 
THE METRIC; IT IS USED TO AVOID UNBOUNDEDNESS 
THE METRIC (SEEi (&,J, FORMULA (19)); 
THE VALUE OF IN[8l SHOULD SATISFYI 
SQRT(IN[OJ / INC1J) / N c INC8J < 1; 
USUALLY A SUITABLE VALUE WILL BE 0.01; 

IOENTIFIER>; 
OUT ( 01 l+ J; 

OF 
OF 

THE EUCLIDEAN NORH OF THE PRODUCT OF THE METRIC ANO 
THE GRADIENT AT THE CALCULATED HINIMUH; 
THE EUCLIDEAN NORM OF THE GRADIENT AT THE 
CALCULATED MINIHUH; 
THE NUMBER OF CALLS OF FUNCT, NECESSARY TO ATTAIN 
THIS RESULT; 
THE NUHBER OF ITE~ATIONS 
NECESSARY; 

IN WHICH A LINESEARCH WAS 

THE NUMBER OF ITE~ATIONS IN WHICH A DIRECTION HAO 
TO BE CALCULATED WITH THE HETHOD GIVEN IN CSJ; 
IN SUCH AN ITE<ATION A CALCULATION OF THE 
EIGENVALUES ANO EIGENVECTORS OF T~E HETRIC IS 
NECESSARY• 

DATA AND RESULTSI 

USUALLY THE CALCULATED SOLUTION WILL SATISFYI 
NORM ( XHIN - XCAL) < NORH ( XCAL) • INC11 + INC21. 
WHERE AT XHIN THE GIVEN FUNCTION IS HINIMAL, XCAL THE CALCULATED 
APPROXIMATION OF XHIN ANO NORH( • ) DENOTES THE EUCLIDEAN NOR.H 
OF x; HOWE\/ER, W£ CANNOT GUARANTEE SUCH A RESULT; THE CALCULATED 
SOLUTION POSSIBLY WILL NOT SATISFY THE ABOVE INEQUALITY IF THE 
PROBLEM IS VERY ILL~ CONDITIONED; THE USER CAN DISCOVER SUCH A 
SITUATION BY LOOKING AT THE EUCLIDEAN NORH OF THE METRIC, DELIVERED 
IN H; THE PROBLEM IS ILL CONDITIONED IF THIS NORH IS LARGE 
RELATIVE. TO 1. • . 
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PkOCEOURES USEOi 

VECVEC = CP34010, 
MATVEC = CP34011, 
TAHVEC = CP34012, 
SYHMATVEC = CP34018, 
INIVEC = CP31010, 
INI5YHO = CP31013, 
MULVEC = CP31020, 
OUPVEC = CP31030, 
EIGSYH1 = CP3415&, 
LINEHIN = CP34210, 
RNK1UPD - CP34211, 
OAVUPO = CP34212, 
FLEUPD = CP34213e 

REQUIRED CENTRAL MEMORYI 

EXECUTION FIELD LENGTHI VARIES FROH ~ • N + 26 TO 

• 

N •• 2 + N • (N + 1) // 2 + 5 • N + 35 WORDS. 

RUNNING TIMEI 

DEPENDS STRONGLY ON THE PROBLEM TO BE SOLVED; 

LANGUAGE I ALGOL 60. 

H~THOO ANO PERFORHANCEI 

RNKiHlN CALCULATES AN APPROXIMATION OF A HINIHUM OF A 
FUNCTION BY HEANS OF A VARIABLE METRIC METHOD; THE RANK 
UPDATING FORHULA9 USED IN THIS ALGORITHM IS GIVEN IN 
(FORMULA (4)); TO AVOID UNBOUNDEDNESS OF THE HETRIC (SEE 
SOMETIMES A RANK THO UPDATING FORMULA IS USED (C3l, 

GIVEN 
ONE 

[61, 
( 8 J) , 

FORMULAS (1) ANO 15)); TO AVOID LINESEARCHES AS HUCH AS POSSIBLE A 
STRATEGY GIVEN IN C4J IS USED; IF IN AN ITERATION THE FUNCTION IS 
INCREASING IN THE DIRECTION GIVEN BY THE ~ARIABLE METRIC ALGORITHM, 
BECAUSE THE METRIC IS NOT POSITIVE DEFINITE, THEN A HETHOO GIVEN IN 
C5J IS USED TO CALCULATE A NEW DIRECTION; THIS METHOD REQUIRES 
THE CALCULATION OF THE EIGENVECTO~S ANO EIGENVALUES OF THE METRIC; 
USUALLY,THE NUMBER OF TIHES SUCH A CALCULATION IS NECESSARY IS VERY 
SMALL RELATIVE TO THE NUMBER OF ITERATIONS (ANO OFTEN EQUALS ZERO); 
IF THE NUHBER OF VARIABLES OF THE FUNCTION IS VERY LARGE ANO THE 
CALCULATION OF THE FUNCTION ANO ITS GRADIENT IS RELATIVELY CHEAP 
(THE NUMBER OF ARITHMETICAL OPERATIONS IS OF ORDER AT HOST N •• 2>, 
THEN THE USER IS ADVISED TO USE FLEHIN (CP32105); 
A O~TAILEO DESCRIPTION OF THE ALGORITHM ANO SOME RESULTS ABOUT ITS 
CONVERGENCE IS GIVEN IN [1J. 
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SUBSECTIONl FLEMIN. 

CALLING SEQUENCEI 

• • 

THE HEADING OF THIS PROCEDURE ISi 
••REAL•• ••PROCEDURE•• FLEHIN (N, X, G, H, FUNCT, IN, OUT> ; 
••vALUE"• N; ••INTEGER•• N; 
··ARRAY·· X, G, H, IN, our; .. REAL·· "PROCEDURE- FUNCT; 

FLEHINI DELIVERS THE CALCULATED LEAST VALUE OF THE GIVEN FUNCTION; 

THE MEANING OF THE FORMAL PARAMETERS ISi 
NI <ARITHMETIC EXPRESSION>; 

THE NUHBER OF VARIABLES OF THE FUNCTION TO BE HINIHIZEO; 
XI <ARRAY.IDENTIFIER>; 

··ARRAYN• X{1 I NJ; 
THE INDEPENDENT VARIABLES; 
ENTRYI AN APPROXIMATION OF A HINIHUH OF THE FUNCTION; 
EXITI THE CALCULATED HINIHUH OF THE FUNCTION; 

GI . . <ARRAY IDENTIFIER>; 
••ARRAY•• G[1 I NJ; 
EXITI THE GRADIENT OF THE FUNCTION AT THE CALCULATED 

HINIHUH; 
HI <ARRAY IDENTIFIER>; 

••ARRAY•• H(1 IN• (N ♦ 1) // 21; 
THE UPPERTRIANGLE OF AN APPROXIMATION OF THE INVERSE 
HESSIA~ IS STORED COLUHNWISE IN H (I.Ee THE I,J-TH ELEM~NT
H( )J .. 1) • J // 2 + Il, 1 <· I <- J <= N); 
IF INC6l > 0 INITIALIZING OF H WILL BE DONE AUTOMATICALLY 
ANO THE INITIAL APPROXIMATION OF THE INVERSE HESSIAN WILL 
EQUAL THE UNITHATRIX HULTIPLIEO WITH THE VALUE OF INC6l; IF 
INC6l < 0 NO INITIALIZING OF H WILL BE DON~ AND THE USER 
SHOULO GIVE IN H AN APPROXIMATION OF THE INVERSE HESSIAN 
AT THE STARTING POINT; 
THE UPPERTRIANGLE OF AN APPROXIMATION OF THE INVERSE 
HESSIAN AT THE CALCULATED HINIHUH IS DELIVERED IN H;· 

.FUNCTI <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE SHOULD BE I 
"REAL" ••PROCEDURE" FUNCT<N, X, G); hVALUE•• N; 
••tNTEGER•• N; ••ARRAY"' X, G; 
A CALL OF FUNCT SHOULD EFFECTUATE INI 
11 FUNCT BECOHES THE VALUE OF THE FUNCTION TO BE HINIHIZEO 

AT THE POIN-T x; 
2J THE VALUE QF,., G[IJ,. Cl I@ 1, •• ;Jl,f · N) 9 BECOMES THE VALUE 

OF THE I .. TH COMPONENT OF THE GRADIENT OF THE FUNCTION 
AT x; 
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<ARRAY IDENTIFIER>; 
"ARRAYM IN(1 I 11; 
ENTRYI 
ItiC1J 1 
IN[2JI 
IN(3JI 

THE RELATIWE TOLE~ANCE FOR THE SOLUTION; 
THE ABSOLUTE TOLERANCE FOR THE SOLUTION; 
A PARAMETER USED FOR CONTROLLING LINEHINIHIZATION 
(C3J, C-J)I USUALLY A SUITABLE VALUE IS 0.0001; 

INl4ll THE ABSOLUTE TOLERANCE FOR THE EUCLIDEAN NORN OF 

lN(S]I 
IN(&JI 

THE GRADIENT AT THE SOLUTION# 
A LOWERBOUND FOR THE FUNCTION \IALUE; 
THIS PARAMETER CONT,OLS THE INITIALIZATION OF THE 
APPROXIHATION OF THE INVERSE HESSIAN CHETRIC) (SEE 
HI; USUALLY IN(6J: 1 WILL GIVE &DOD RESULTS; 

INC 7 JI THE MAXIMUM ALLOWED NUMBER OF CALLS OF FUHCT; 
<ARRAY IOENTIFIER>I 
"ARRAY" OUT(014+JI 
EXITI 
OUT[OJI 

OUJ[iJI 

OUT[2lt 

OUT(3JI . . 

OUT(t+ll 

THE EUCLIOEA N NORH OF THE PRODUCT OF fHE METRIC AND 
THE GRADIENT AT THE CALCULATED HINIHUMI 
THE EUCLIDEAN NORM OF THE GRADIENT AT 
CALCULATED MININUHI 
THE NUMBER OF CALLS OF ~UNCT• NECESSARY TO ATTAIN 
TH,ESE RE SUL TS; 
THE NUMBER OF ITE~ATlONS IN WHICH A LINESEARCH WAS 
NECESSARY; 
IF OUTll+l : -.. 1, THEN THE PROCESS IS BROKEN OFF 
BECAUSE NO DOWNHILL DIRECTION COULD BE CALCULATED; 
THE PRECISION ASKED FOR HAY NOT BE ATTAINED ANO IS 
POSSIBLY CHOSEN TOO HIGH; 
NORMALLY OUTC4J: o; 

DATA ANO RESULTSI 

USUALLY THE CALCULATED SOLUTION WILL SATISFYI 
NORN ( XHIN - XCAL I c kORH ( XCAL > • INC1J + IN[2J. 
WHERE AT XHIN THE GIVEN FUNCTION IS MINIHAL, XCAL THE CALCULATED 
APPkOXIHiATION OF XHIN AND NORM ( • ) DENOTES THE EUCLIDEAN NORH 
OF x; HOWEVER, WE CAN NOT GUARANTEE SUCH A RESULT; THE CALCULATED 
SOLUTION POSSIBLY WILL NOT SATISFY THE ABOVE INEQUALITY IF THE 
PROBLEM IS VERY ILL• CONOITIDNED; THE USER CAN DISCOVER SUCH A 
SITUATION BY LOOKING AT THE EUCLIDEAN NORH OF THE HET~IC, DELIVERED 
IN HI THE PROBLEM IS ILL 11

•• CONDITIONED IF THIS NORM IS LARGE 
RELATIVE. TO t. 



• • 

1-st REVISION, 1975 

• 

PROCEDURES USED& 

VECVEC = CP34010, 
ELHVEC = CP34020, 
SYMMATVEC = CP340189 
INIVEC = CP31010, 
INISYMD = CP31013, 
MULVEC = CP31020, 
OUPV~C = CP31030, 
LINEMIN - CP34210, 
OAVUPD = CP34212, 
FLEUPD = CP34213. 

REQUIRED CENTRAL HEHORYI 

• 

<DECEMBER. 1975) 

EXECUTION FIELD LENGTHl 3 • N + 19 WORDS. 

RUNNING TIME& 

OEPLNOS STRONGLY ON THE PROBLEH TO BE SOLVED; 

LANGUAGE.I ALGOL 60. 

MlTHOD AND PERFORHANCEa 

MC 
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FLEMIN CALCULATES AN APPROXIMATION OF A HINIHUH OF A GIVEN FUNCTION 
BY MEANS OF THE VARIABLE.METRIC ALGORITHM GIVEN IN [31, EXCEPT FOR 
SOH~ DETAILS (SEE C1J). 

Rt.Ft.R.ENCES& 

•• 

C1J BUS, J.C. P. 
MINIMIZATION OF FUNCTIONS OF SEVERAL ~ARIABLES COUTCH). 
MATHEMATICAL CENTRE, AHSTEROAH, NR 29/72 C1972). 

C2l DAVIOON, We C. 
VARIABLE HETRlC HETHOO FOR HINIHIZATION • 
ARGONNE NAT. LAB. REPORT, ANL 5990 (1959). 

C3J FLETCHER, R. 
A NEH APPROACH TO VARIABLE METRIC ALGORITHMS. 
COHP. Je 6, (1963), P.1&3 - 168. 

[41 GOLDSTEIN, A. A. AND PRICE, J. F. 
AN EFFECTIVE ALGORITHM FOR HINIHIZATION. 
NUHER. MATH. 10, (1967), Pe184 - 189. 

C5l GREENSTADT. J. L. 
ON THE RELATI,VE EFFICIENCIES OF GRADIENT METHODS. 
HATH. COMP. 21, (1967), P.3&0 - 3&7. 

C6l POWELL, Ho Je O. 
RANK ONE METHODS FOR UNCONSTRAINED OPTIHIZATION. 
INa ABADIE, J. CEO.> 

INTEGER AND NONLINEAR PROGRAHHING. 
NORTH - HOLLAND, (1970>. 
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EXAMPLE OF USE a 

TH£ HINIMUH OF THE FUNCTIONI 
F(X) - (X[2l - XC1l •• 2) •• 2 • 100 + (1 X(il) ..,._ 2 9 

CALCULATED WITH BOTH RNK1HIN ANO FLEHIN HAY BE OBTAINEu BY THE 
FOLLOWING PROGRAHI 

••BEGIN•• 

• • 

1•REAL•111 '"PROCEDURE•• RNK1HIN(N, X, G, H, FUNCT• IN, OUT); 
··cooE·· Ji.214; 

~••REAL•• ••PROCEDURE•• FLEHIN(N, X, G, H, FUNCT, IN, OUT); 
··cooE·· 3421s; 
••REAL•• ••PROCEDURE•• ROSENBROC-K(N, X, G); "\IAlUE•• N; 
••1NTEGER 1

• N; ••ARRAY 01 X, G; 
11 BEGIN°0 ROSENBROCKI= CXl2l - X[iJ •• 2) •• 2 • 100 

+ (1 - XCiJ) •• 2; 
GC1J1- ((XC1l •• 2 - XC2JJ • 400 + 21 • XC1J - 2; 
GC2Jl-(XC2J - XC1l •• 2> • 200 

••END'• R.OSENBROCK; 
··INTEGER·· 1; ··aooLEAN·· AGAIN; NREAL·· F; 
••ARRAY'• X, G(112J, HC1l3l, IN[018l, DUT(014l; 

I N ( u l I = .. - 1 ft ; I N [ 1 J I = 1111 
.. 5 ; I N ( 2 J I - •• .. S ; I N [ 3 J I = .. - At- ; 

IN14li= ••-5; INCSJI -10; INC&JI 1; INC7ll= 100; INC8ll= 0.01; 
XC1lt- -1.2; XC2JI= 1; AGAIN!= ••TRUE"; 

.. 

Fl= RNK1MIN(2, X, G9 H, ROSENBROCK, IN, OUT); 
··GoTo·· PRINT; 

.N£XTa x1111- 1.2; xc211- 1; AGAINa MFALsE•·; 
.Fl= FLt:MIN(2, x, G, H, ROSENBROCK, IN, our,; 

PRINTI OUTPUT(61, •• , ........ LEAST \IALUEl")··s+.150••+30,11, •• , .. x,··,··~ 
2(8+.150••+3os), //, .. , .. GRADIENT•··,··, 2(8+.150"+30B) ,11, ··c··HET~ICl 1

•)·•• 

,2 <B+.1so·•+3os> ,1',32B+.1so"+3D,/I," , .. oura••,··, s<e+.1soM+JDB,1> , ✓ 11 
••>••,F, XC1l, XC2J, GC1J, GC2l, HC1J, H[2J, HC3J, OUTCOJ, OUTC1J, 
OUTC2l, OUTC3l, OUTC4J); 
••1F•• AGAIN ••THEN•• .. GOTo•• NEXT 

••£op•• 

DELIVERS& 
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S£CTION a 5.~.2.2.3 (DECEMBER 1975) • 

LEAST VALUEt +.200699798801180•0 -018 

XI +e999999999944840'·+ooo +o999999999845220N+OOO 

GRAOIENTI +.1767313051-'t-5950 1·-001 -.889173179530190'·-ooe 

HE TR.IC a +. 49998 24148632 so··+ 0 00 + • 999957383810 230'" +O 00 
+. 2004a91s1019290•·+0 01 

OUT: +.164157123774660 111 -009 
+ .191838 933e,0&1+ao··-o 01 
+. ss o o o o oo o o o o o oo··+oo 2 
+.aoooooooooooooo··+oo1 
+.400000000000000··+001 

LEAST VALUE I +. 811973499921290••-010 
• 

xa +.999999999758770'1 +000 +.99999999861&780"+000 

GRADIENT• +.35982&657359010··-006 -.1ao15455793s29ow-oo& 

ME TRICI +. 5 0108 53569 75550•·+ 0 00 + • 10 019813919960 o··+o 01 
+.2ooe6165554JS10··+001 

OUTa +.133802289387830°• 008 
+. "+O 2 ~o o 371833370··-oo& 
+.44000000DOOOOOO··•ooz 
+.100000000000000··+001 
+.000000000000000··+000 

MC 
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SOURCE TEXT(S)a 

··cooE·· 3421'+; 
''REAL•• ••PROCEDURE•• RNK1MIN(N, X, G, H, FUNCT, IN, OUT); 
••v ALU E0

• N; 
.
1 '°INTEGER 1

• N; ··ARRAY 00 X, G, H, IN, our; 
'

11 REAL •• ••PROCEDURE•• FUNCT; 
••aEGIN 1

• ••INTEGER•• I, IT, NZ, CNTL, CNTE, EVL, E\ILMAX; 
··aooLEAN·· OK; 
1•REAL"11 F, FO,, FHIN, HU, OG, DGO, GHG, GS, NRHOELTA, ALFA, 
MACHEPS, RELTOL, ABSTOL, EPS, TOLG, ORTH, AID; 
••ARRAv•• V, DELTA, GAHHA, S, P(11\IJ; 
··REAL·· ··PROCEDURE .. \IECVECllt u, SHIFT, A, a,; ··cooE·· 34010; 

• • • a•REAL 1
• ••PROCEDURE'• HATVECCL, U, I, A, B>; ••coo£•• 34011; 

··REAL·· ··PROCEDURE'· TAM\/EC(L, u, I, A, B); ··cooE·· 34012; 
··PROCEDURE·· ELHVt.C(L, u, SHIFT, A, B, X); ··coOE'0 34020; 

• 

• 

• 

• 

··REAL·· ··PROCEDURE·· SYHHATVEC(L, u, 1, A, 8); ··coOE" 3£+018; 
••PROCEDURE•• INIVEC<L, u, A, X); .. CODE•• 31010; 
··PROCEDURE11

• .. INI SYHO ( L.R, UR, StiIFT, A, X >; ··cooE·· 31013; 
"PROCEDURE·· MULVEC«L, u, SHIFT, A, a, x>; .. cooE .. 31020; 
··PR.OCEOUR£0

• OUPVEC(L, u, SHIFT, A, 8); ··cooE·· 31030; 
··PROCEDURE·· EIGSYH1CA, N, NUMVAL, VAL, VEC, EM); ··cooE·· 34156; 
••PROCEDURE•• LINEMIN<Nt X, O, NO, A, G, F, FO, Fi, OFO, ilF1, 
E, S, IN) ; ··cooE·· 34210; 
··PROCEDURE·· RNK1UPO(H, N, v, C); ··cooE·· .34211; 
••PROCEDURE•• DAVUPO(H, N, V, W, Ci, C2); .. CODE•• 3'+212; 
··PROCEDURE·· FLEUPO(H, N, \I, w, Cit C2); ··cooE·· 3'+,213; 

MACHEPSI= IN(OJ; RELTOLI= INC1J; ABSTOLI- INC2J; 
Hua- INC3); TOLGJ- IN(4l; FHINI= IN[S]; IT I o; 
ALFAI= INC&J; EVLNAXI= INC7J; ORTHI- INC8J; 
N2a= N • <N + 1> // 2; CNTL•- CNTEa o; ··1FM ALFA> o ··rHEN·· 
··aEGIN·· INIVECC1, N2, H, 0); INISYH0(1, N, o, H, ALFA) ··ENo••; 
Ft= FUNCT(N, X, G); EVLI- 1; DGI- SQRTIVECVEC<1, N, O, G, G)); 
··FoR·· I 1= 1 ··sr£p•• 1 ··uNr11..-- N ··oo .. 
OELTA[Ill= - SYHHATVEC(1, N~ I, H, G); 
NRHOELTAI= SQRT(VECVEC(1, N, O, DELTA, DELTA)>; 
0 GO I = VE C VE C ( 1, N , 0 , 0 EL TA , G ) ; 0 KI = OG O < 0 ; 
EPSJ=.SQRT(VECVEC(1, N, O, X, X)) • RELTOL + ABSTOL; 
··FoR·· Ira- IT+ 1 ··wHILE1

• 

( NRMOEL TA > EPS ··oR·· OG > TOLG ··oR·· A OK) ··ANo·· EVL < EVLMAX 
•• oo·· 
••BEGIN•• •• IF•• "OK ••THEN'• 

10 BEGIN•• ••ARRAY*• \/ECC11N,11NJ, TH(11N2J, EMC0&9J; 
EMCOJ1- MACHEPS; EHC2l1 AIOI= SQRTCHACHEPS • RELTOL); 
EHt~JI- ORTH; EH(&Ja= AID• N; EHC8JI= 5; 
CNTEI= CNTE + 1; OUPVEC(i, NZ, 0, TH, H>; 
EIGSYH1(TH,N,N,V,VEC,EH>; 
•• FOR•• I a = 1 ••ST E P •• 1 •• UN TI L •• N •• o O •• 
••BEGIN•• AIOI- - TAHVEC(1, N, I, VEC, G); 

SCIJI= AID• ABS(V(IJ); VCIJI= AID• SIGN<VCIJJ 
••ENO••· 



' 

• • 

•• 

• • • 

' ' 

• • 

' ' 

• • 

1-st REVISION, 1975 MC 

• 

' 

' 

• • 

• 

' . 

(DECEMBER 1975) 

•• Fo R·· I 1 = 1 "s r E p•• 1 •• UN r 1 L 1· N ··oo·· 
••BEGIN• .. DELTACIJ a= HATVEC(1, N, I, \JEC, S); 

PCI1t= HATVEC(i, N, I, VEC, V) 
•• EN o••; 
OGQ1- VECVEC(i, N, 0, DELTA, -G); 
NRMOELTAI= ~QRT(VECVEC(1, N, O, DELTA, DELTA)) 

••ENO•• CALCULATING GREENSTAOTS DIRECTION; 
OUPVECC1, N• O, S, X); OUPVEC(1, N, 0, v, G); 
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••1F•• IT> N_ .. THEN 111 ALFAI 1 ' 11 ELSE'0 

••BEGIN•• ••rF•• IT A .. 1 ••THEN•• ALFAI= ALFA/ NRHOELTA ••ELSE•• 
••sEGIN°• ALFAI 2 • (FMIN - F) / DGO; 
••rF•• ALFA > 1 ••THEN•• ALFA1- 1 
••ENo•• 

••E No••; 
ELMVECC1, N, O, X, DELTA, ALFA); 
FOi= F; F&- FUNCT(N, X, G); EVLI- EVL +1; 
OGI= VECVEC(1, N, 0, DELTA, G); 
••1F•• IT 1 ••oR•• FO .. F < -HU • OGO • ALFA 10 THEN•• 
••aEGIN~ I&= EVLHAX - EVL; CNTLI·· CNTL +1; 

LINEHIN(N, S, DELTA, NRHDELTA, ALFA, G, FUNCT, FD, F, 
OGO, CG., I~ "FALSE••, IN); E\/LI= E\/L + I; 
0 UP VE C ( 1 , N , 0 , X, SJ ; 

••ENo•• LINEHINIMIZATION; 
OUPVEC(1~ N, O, GAHHA, G); ELMVEC<1, N, O, GAMMA, V, -1); 
··rF·· "'oK ··rHEN" HULVEcc1, N, o, ~, P, -1>; 
OG I= OG - OGO; ••1F•11 ALFA "= 1 "THEN•• 
••BEG I N•• HU L VE C ( 1, N , 0 , DE LT A , DEL TA , ALF A 1 ; 

MULVEC(1, N, O, V, V, ALFA); 
NRHOELTA1- NRMDELTA • ALFA; OGI= OG • ALFA 

••E No••; 
DUPVEC(19 N, O, P, GAHHA>; ELHVEC(i, N, O, P, V, 1); 
··FoR·· I I= 1 ··sTEP·· 1 ··uNTIL •• N ··oo·· 
VCIJ1- SYHHATVEC(1, N, I, H, GAHHA); 
DUPVEC(1, N, 0, S, DELTA); ELHVEC(i, N, .o, S, V, -1>; 
GSI= VECVECC1, N, 0, GAMHA, S); 
GHG1- VECVEC11, N, O, V, GAMMA); 
AIOI= OG / GS; 
'"IF•• VECVEC<1, N, O, DELTA, P) •• 2 > VEC\IEC(1, N, 0, P, PJ 
• (ORTH • NRHOELTA) •• 2 ' 41 THEN•• RNK1UPOCH~ N 9 S, 1 / GS) 
•• E LS E •• •• I F •• A I D > - 0 •• THEN•• 
FL EU P O ( H, N , DELTA , V, 1 / 0 G t < 1 + G HG / 0 G ) / D G > ••El S E •• 
OAVUPO<H, N, DELTA, V, 1 / OG, 1 / GHG>; 
"F OR•• I J 1 •~ST E P •• 1 ••UN T I L •• N •• 0 0 •• 
OELTACIJ1- SYHHATVEC(1, N, I, H, G); 
ALFA&= NRHOELTA; 
NRHOELTAI- SQRTCVECVEC<1, N, O, DELTA, DELTA)); 
EPSI= SQRT(VECVEC<1, N, O, X, X)) • RELTOL + ABSTOL; 
OGI= SQRT(VEC~EC(i, N, O, G, G)>; 

-DG01- VECVEC(i, N, O, DELTA, G); OKI= OGO <= 0 
••ENO•• I TERA TI ON; 
OUTCOJ&= NRHOELTA; OUT[1ll OG; OUTC2Jl= EVL; 
OUTC3ll= CNTL; OUT(4JI= CNTE; RNK1HIN1= F 

••ENo•• RNK1MIN; 
••Eop•• 
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··cooE·· 34215; 

• • 

' . 

' .. 

••REAL•• ••p~QCEOURE•• FLEHIN (N, X 9 G, H, FUNCT, IN, OUT); 
•• v A LU E •• N ; 
··INTEGER·· N; ··ARRAY·· X, G, H, IN, our; 
••REAL•• ••PROCEDURE•• FUNCT; 
••aEGIN•• ••INTEGER•• I, IT, CNTL, EVL, E\ILHAX; 

••REAL•• F • FO t F MIN, HU, OG, D GO, NRHOEL TA, ALFA, RELTOL ,ABSTOL, 
EPS, TOLG, AIO; 
••ARRAY•• V, DELTA, S[11Nl; 
··REAL'· ··PROCEOURE·· VECVEC(L, u, SHIFT~ A, 8); ··coJE*• 3£+010; 
··PROCEDURE·· ELHVEC(L, u, SHIFT, A, B, X); ··cooE·· 34020; 
••REAL•• ••PROCEDURE•• SYHHAT\IEC<L, U, I, A, B>; "'CODE" 3Lt018; 
··PROCEDURE·· INIVEC(L, u, A, X); ·cooE·· 31010; 
··PR.OCEOURE·· INI SYMO (LR, UR, SHIFT, A, X); ··cooE·· 31013; 
"PROCEDURE" HULVEC<L, U, SHIFT, A, B, XS); "CODE" 31020; 
••PROCEDURE•• OUPVEC(L, U, SHIFT, A, B); "COOE" 31030; 
'"PROCEDURE•• LINEHIN(N, X, O, NO, A, G, F, FO, Fi, OFO, OF1, 
E, S, IN) ; "COOE•• 3l+210; 
··PROCEDURE" OAVUPO(H, N, V, w, Ci, C2); -cooE·· 3tt212; 
··PROCEOURE·· FLEUPO<H, N, v,, w, c1, c2,; .. cooE·· 34z13; 

RELTOLI= IN(~]; ABSTOLI= IN[ZJ; Hua- IN(3); 
TOLGI= INC4l; FHINI= INCS]; ALFA1- IN-C6J; 
EVLHAXI= IN(7J; OUT(~)I= o; IT a= o; 
Fl= FUNCTCN, X, G); EVL&= 1; CNTLI 0;••1F•• ALFA> 0 •~THEN•• 
••BEGIN•• INI\/EC(i, N • (N + 1) // 2, H, O>; 

INISYH0(1, N, O, H, ALFA) 
••ENO••; 
··FoR·· I I= 1 ··sTEP·· 1 ··uNTIL •• N ··oo·· 
OELTACilt= SYHHATVEC(1, N, I, H, G); 
OGa= SQRT<VECVEC(~, N, O, G, G>>; 
NRHDELTAt= SQRT<VECVEC<1, N, O, DELTA, DELTA)); 
EPS&- SQRT(VECVEC<i, N, O, x~ X>> • RELTOL + ABSTOL; 
OGOI= VECVECC19 N, O, DELTA, G);"COHHENT" 
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•• F OR•• IT a - I T + 1 •• w HI L E •• 
(NRHOELTA > EPS ··oR·· OG > TOLG) ··AN-0 110 EVL < EVLHAX ··oo·· 
••aEGIN•• OUPVEC(1, N, O, S, X); OUPVECC1, N, O, V, G); 

··1F·· IT>- N ··THEN" ALFAI= 1 NELSE·· 
. ··sEGI N" ··xF·· IT A- 1 ··THEN·· ALFAI ALFA / NRHOEL TA ··ELSE .. 

••BEGIN" ALFA•= 2 • (FHIN - F) / OGO; 
••1F•• ALFA> 1 ••THEN•• ALFAI= 1 

••ENo•• 
••E No••; 
ELHVECC1, N, O, X, DELTA, ALFA); 
FOi- F; Fl= FUNCT(N, X, G); EVLI EVL +1; 
OGa- VECVECti, N, O, DELTA, G>; 
··IF·· IT - 1 "OR" FO ... F < - HU • OGO • ALFA ··rHEN 18 

••BEGIN" II= EVLHAX EVL; CNTLI= CNTL +1; 
LINEHIN(N, S, DELTA, NRHDELTA, ALFA, G, FUNCT, FD, F~ 
OGO, OG, I, ••FALSE'•, IN), EVL&- E\IL + I; 
OUPVEC(1, N, O, X, S); 

••END•• LINEHINIHIZATION; 
••1F•• ALFA "'= 1 110 THEN°• MUL\IECC1, N, O, DELTA, JELTA, ALFA); 
MULVEC(i9 N, O, V, V, -1); ELHVECC1, N, 09 V, G, 1>; 
••FOR•• I I = 1 ••STEP•• 1 ••UN T I L •• N •• 0 0 •• 
SCIJI SYHMATVEC(1, N, I, H, V); 
AIOI= VECVEC(1, N, o, v'f S); OGa- (OG - DGO) • ALFA; 
••rF•• OG > 0 1"THEN 111

• 

••aEGIN•• 0111 IF 0
• OG >= AID ••THEN" 

FLEUPO<H, N, DELTA, S, 1 / DG, (1 + AID I DG> / JG) 
••ELSE•• OAVUPO(H, N, DELTA, S, 1 ✓ OG, 1 / AID> 

10EN0•• UPDATING; 
•• FOR.. I I = 1 .. STEP.. 1 •• UN T I L •• N •• 0 0 •• 
OELTACIJ1- -SYHHATVECC1, N, I, H, G); 
ALFAI NRMOELTA • ALFA; 
NRHOELTAI= SQRTCVECVEC(1, N, O, DELTA, DELTA>); 
EPSI= SQRT(VECVEC(i, N, O, X, X)) • RELTOL ♦ ABSTOL; 
OGI= SQRTIVECVEC(1, N, O, G, GI); 
OGO•= VECVEC<1, N, o, DELTA, G>; "IFM OGO > o ··rHEN" 
··aEGIN·· OUT(4] a· -1 ; ··Goro·· EXIT ··ENo·· 

••E.ND •• I TERA TI ON; 
EXIT.I OUTlOll- NRMOELTA; OUTC1ll= OG; OUTC2JI= EVL; 

OUTC3-.JI- CNTL; FLEHINI- F 
01 EN0 1

• FLEMIN; 
••£op•• 

-
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BRIEF DESCkIPTIONI 

THIS SECTION CONTAINS TWO PROCEDURES; 
MARQUARDT CALCULATES THE LEAST SQUARES SOLUTION OF AN 
OVERDETERMINED SYSTEM OF NONLINEAR EQUATIONS WITH MARQUAROT'S 
METHOD; 
GSSt4EWTON CALCULATES THE LEAST SQUARES SOLUTION OF AN 
OVERDETERMINED SYSTEH OF NONLINEAR EQUATIONS WITH THE GAUSS-NEWTON 
METHOD; 
THE USER HAS TO PROGRAH THE EVALUATION OF THE RESIDUAL VECTO~ OF 
THE SYSTEM ANO THE JACOBIAN HATRIX OF ITS PARTIAL OERIVATI~ES. 

KEYWOROSI 

NONLINEAR EQUATIONS, 
LEAST SQUARES SOLUTION, 
OVERDETERMINED SYSTEM, 
MARQUARDT•S METHOD. 
GAUSS-NEWTON HETHOO, 
CURVE FITTING. 
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SUBSECTlONI MARQUARDT. 

CALLING SEQUENCE! 

THE HEALING OF THIS PROCEDURE Isa 
••PROCEOU~E•• MARQUAROT(M, N, PAR, ~V, JJINV, FUNCT, JACOBIAN, IN, 

0 U T > ; •• V A L U E •• M , N ; •• I NT E GER.•• M , N ; 
··ARRAY·· PAR, RV, JJINV, IN, our; ··aooLEAN 1

• ··PROCEDURE .. FUNCT; 
••PROCEDURE•• JACOBIAN; 
•• C O OE •• 3 !+ A+ Lt- 0 ; 

THE 
Ml 

MEANING OF TH£ FORMAL PARAMETERS ISi 
<ARITHMETIC EXPRESSION>; 

• 
NI 

PARI 

JJINVa 

FUN(., TI 

THE NUMBER OF EQUATIONS; 
<ARITHMETIC EXPRESSION>; 
THE NUMBER OF UNKNOWN V~RIABLES; N SHOULD SATISFY N<=M; 
<ARRAY IDENTIFIER>; 
••ARRAY•• PAR. l 1 I NJ ; 
THE UNKNOWN VARIABLES OF THE SYSTEM; 
ENTRYI AN APPROXIMATION TO A LEAST SQUARES SOLUTION 

OF THE SYSTEH; 
EXITI THE CALCULATED LEAST SQUARES SOLUTION; 
<ARRAY IDENTIFIER>; 
"ARRAY•• RV{1 a Ml; 
EXITI THE RESIDUAL VECTOR AT THE CALC~LATED SOLUTION; 
<ARRAY IDENTIFIER>; 
••ARRAY" JJINVCl I N, 1 I NJ; 
EXIT& THE INVERSE OF THE ~ATRIX J• • J WHERE J DENOTES 

THE MATRIX OF PARTIAL DERIVATIVES DRVCil / OPARCJl 
<I=1, ••• ,M; J 1, ••• ,N> ANO J• DENOTES THE 
TRANSPOSE OF J. 

<PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE SHOULD BEi 
··sooLEAN .. ··PRO~EOURE·· FUNCTCH, N, ?AR, RVJ; "VALUE·· M, N; 
··1NTEGER" M, N; NARRAY" PAR, Rv; 
ENTRYI M. N, PAR; 

M, N HAVE THE SAHE MEANING AS IN TH: PROCEDURE 
MARQUARDT; 
••ARRAY•• PAR[11Nl CO'ITAINS THE CURRENT VALUES OF 
THE UNKNOWNS ANO SHOULD ~OT BE ALTERED; 

EXIT& ••ARRAY•• RVC1 a Ml; 
UPON COMPLETION JF A CALL OF FUNCT, THIS ARRAY RV 
SHOULD CONTAIN THE RESIDUAL VECTOR, JBTAINED WITH 
THE CUR~E~T VALU~S OF THE UNKNOWNS; 
E.G. IN CURVE FITTI~G PROBLEMSa 
RVCil I= THEORETICAL VALUE F(XCil, PAR> -

JBSERVEO VALUE VCIJ; 
AFTER A SUCCESSFUL CALL OF FUNCT, THE BOOLEAN PROCEDURE 
SHOULD DELIVER THE VALUE TRUE; 
HOWEVER, IF FUNCT DELIVERS THE VALUE FALSE, THEN IT IS 
ASSUMED. THAT THE CURRENT ESTIMATES OF THE UNKNOWNS LIE 
OUTSIDE A FEASIBLE REGION ANO THE PROCESS IS TERMINATED 
<SEE OUTC1l); 
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HENCE, PROPER PROGRAMMING OF FUNCT MAKES IT POSSIBLE JO 
AVOID CALCULATION OF A ~ESIOUAL VECTOR WITH VALUES OF THE 
UNKNOWN VARIABLES WHICH HAKE NO SENSE OR WHICH EVEN MAY 
CAUSE OVERFLOW IN THE COMP~TATION; 
<PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE SHOULD BEi 
••PROCEDURE•• JACOBIAN(H, N, PA<, RV, JAC, LQCFUNCT); 
•• V A LU~ •• M -, N ; .. I N T EGE R •• H , N ; " A RR A Y •• ? A R , ~ V , J A C ; 
••PROCEDURE•• LOCFUNCT; 
ENTRVI M, N, PAR, RV, LOCFU~cr; 

FOR M,N,PAR SEEi FUNCT; 
RV CONTAINS THE ~ESIOUAL VECTOR OBTAINED WITH THE 
CURRENT VALUES OF THE UNKNOWNS ANO SHOULD NOT BE 
ALTERED; 
A CALL OF LOCFUNCTCM,N,PAR,RV) IS EQUIVALENT WITH 
A CALL OF THE USER DEFINED PROCEDURE 
FUNCT(M,N,PA~,RV), BUT, IN ADDITION, THIS CALL IS 
COUNTED TO THE TOTAL NUHBER OF CALLS OF FUNCT 
(SEE OUTC~l> AND, HO~E3V~R, IF FUNCT QELIVERS TH~ 

VALUE FALSE THEN THE PROCESS IS TERMINATED; 
E. XI T : ••AR t<. A Y •• J A C ( 1 I '1 , 1 l N l ; 

UPON COMPLETION OF A CALL OF JACOBIAN, JAC SHOULD 
CONTAIN THE PARTIAL DERIVATIVES DRV[Il / DPAR(J1, 
OBTAINED WITH TH~ CURRENT VALUES OF THE UNKNOWN 
JA~IABLES GIVEN IN PAR(11NJ; 

IT IS A PREREQUISITE FO~ THE PROPER OPERATION OF THE 
PROCEDURE MARQUARDT THAT T~E PRECISION OF T~E ELEMENTS OF 
THE MATRIX JAC IS AT LEAST THE PRECISION DEFINED BY 
: N [ 3 l A NO IN { 4 l ; 
<ARRAY IDENTIFIER>; 
••ARRAv•• IN(O I&]; 
ENTRY: IN THIS ARRAY THE USER SHOULD GIVE SOME DATA ro 
CONTROL THE PROCESS; 
It~CO]J THE MACHINE PRE:ISION; 

FOR THE CYBER 73 A SUITABLE VALUE IS ••-1tt; 
INC11, IN(21 ARE NOT USED BY THE PROCEDURE MARQUARDT; 
IN[3l, IN[L+]I 

THE RELATIVE ANO ABSOLUTE TOLERANCE FOR THE 
DIFFERENCE BETWEEN THE EUCLIDEAN NORM OF THi 
ULTIMATE ANO PENULTIMATE RESIDUAL VECTOR; 
THE PROCESS IS TER~INATED IF THE IMPROVEM~NT JF 
THE SUM OF SQUARES IS LESS THAN 
INC3l • (SUM OF SQUARES) + IN(4J • IN(4J; 
THESE TOLERANCES S~OULO BE CHOSEN GREATER THAN 
THE CORRESPONDING ERRORS OF THE CALCULATED 
RESIDUAL VECTOR; 
NOTE THAT THE EUCLIDEAN NORM OF THE RESIDUAL 
VECTOR IS DEFINED AS THE SQUARE ROOT OF THE SUM 
OF SQUARES; 

IN{5JI THE HAXIMUH NUMBER OF CALLS OF FUNCT ALLOWED; 



OUT& <ARRAY 
EXIT I 
OUT[1JI 

OUT[2JI 

OUTt3ll 

OUTC4JI 

OUT CS JI 

.OUT£6JI 

OUTC7Jt 
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A STARTING VALUE USED FOR THE RELATION BETWEEN 
THE GRADIENT AND THE GAUSS~NEWTON DIRECTION <SEE 
(2]); IF THE P~OBLEH IS WELL CONlifIONEO THEN A 
SUITABLE ~ALUE FOR INC6J WILL BE 0.011 IF THE 
PROBLEH IS ILL CONDITIONED THEN IN[&J SHOULD BE 
GREATER, BUT THE VALUE OF IN[6l SHOULD SATISFYI 
IN(OJ c IN(&J cs 1/INCOJ; 

IDENTIFIER>; "AR~AYN OUT[1 I 7JI 
IN ARRAY OUT SOHE BY~PRODUCTS ARE DELIVERED; 
THIS VALUE GI~ES i~FORHATION ABOUT THE 
TERMINATION OF THE PROCESS; 
OUT(1J=DI NORHlL TERHINATION; 
OUTC1l=11 THE PROCESS HAS BEEN BROKEN OFF, 

BECAUSE THE NUHBER OF CALLS OF FUNCT 
EXCEEDED THE NUHBER GIVEN IN INfSJ; 

OUT(1J=21 THE PROCESS HAS BEEN BROKEN OFF, 
BECAJSE A CALL OF FUNCT DELIWEREO THE 
VALUE FALSE; 

OUTC1l=31 FUNCT BECA~E FALSE WHEN CALLED WITH 
THE INITIAL ESTIMATES OF PARl11NJ; 
THE ITERATION PROCESS WAS NOT STARTED 
AND SO JJINV[11N,11NJ CAN NOT BE USED; 

OUTC11=~1 THE PROCESS HAS BEEN BROKEN OFF, 
BECAUSE THE PRECISION ASKED FOR CAN 
NOT BE ATTAINED; THIS PR~CISION IS 
POSSIBLY CHOSEN TOO HIGH, RELATIVE TO 
THE PRECISION IN WHICH THE RESIDUAL 
VECTOR IS CALCULATED (SEE INC3l); 

THE EUCLIDEAN NOR.HOF THE RESIDUAL VECTOR 
CALCULATED WITH VALUES OF THE UNKNOWNS DELIVERED; 
THE EUCLIDEAN NORH OF THE RESIDUAL VECTOR 
CALCULATED WITH THE INITIAL VALUES OF THE 
UNKNOWN VARIABLES; 
THE NUHBER OF CALLS OF FUHCT NECESSARY TO OBTAIN 
THE CALCULATED RESULT; 
THE TOTAL NUHBE~ o= ITERATIONS PERFORMED; NOTE 
THAT IN EACH ITERAfION ONE EVALUATION OF THE 
JACOBIAN NATRIX HAD TO BE HADE; 
THE IHPROVEHENT OF THE EUCLIDEAN NORM OF THE 
RESIDUAL VECTOR IN THE LAST ITERATION STEP; 
THE CONDITION NUHBE~ OF J• • J, I.E. THE RATIO 
OF ITS LARGEST TO SMALLEST EIGENVALUES; 
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PROCEDURES USEOI 

MULCOL = CP31022, 
DUPVEC = CP31030, 
VECVEC = CP340109 
MATVEC = CP3~011, 
TAHVEC = GP34012, 
MATlAM = CP34015, 
QRISNGVALDEC - CP34273. 

REQUIRED CENTRAL MEHORYJ 

EXEGUTION FIELD LENGTHI 
• 

RUNNING TIHEI 

(DECEHBE~ 1975) 

ONE ARRAY OF LENGTH 
ARRAYS OF LENGTH N 

M • ~ ANO FOUR 
ARE DECLARED; 

MC 

PAGE 5 

THE NUMBER OF ITERATION STEPS DEPENDS STRONGLY ON THE PROBLEM TO BE 
SOLVED; HOWEVER, THE WORK DONE EACH ITERATION STEP IS PROPORTIONAL 
TON CUBED; 

LAtlGUAGE.1 ALGOL 60. 

METHOD ANO PERFORMANCEI 

MARQUARDT USES MARQUARDT'S METHOD; FOR DETAILS SEE (2]; 

R.EFf:.R.ENCESI 
• 

[11 O. W. MARQUARDT, 
~N ALGORITHM FOR LEAST-SQUARES ESTIMATION OF NONLINEAR 
PARAMETE.RS, 
J. SIAM 11 (1963), PP.431-441. 

[21 J. Ga P. BUS, B. VAN OOHSELAAR, J. KOK, 
NONLINEAR LEAST SQUARES ESTIHATIO~, 
HATHEMATICAL CENTRE, AMSTERDAM. (TO APPEAR) 
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EXAMPLE OF USEi 

THE PARAMETERS PARC1 a 31 IN THE CURVE FITTING PROBLEM! 
RVCil = PARC1l + PAR(2l • EXP(PARC3l • X[Il) - YCil 
WITH (XCIJ, YCIJ), I=1, ••• ,6 AS THE EXPERIMENTAL DATA, HAY BE 
OBTAINED BY THE FOLLOWING PROGRAMI 

··aEGIN1
• ··PROCEOURE 1111 HARQUARDTCM,N,P,~\l,JJINV,F,J,,I,O); ··cooE-34440; 

11 INTEGER'1 I; 
•• A RRA Y •• I N ( 0 I 6 J , 0 UT C O I 7 l , X, V , RV ( 1 I 6 J , J JIN \IC 1 a 3 , 11 3 J , PARC 1 & 3 J ; 

··soOLEAt~·· ··PROCEOURE 11
• EXPFUNCT ( H, N ,PAR, RV); 

•• V A L U E •• M , N ; •• I N T EGE ~ " M , N ; •• A RRA Y •• PA R , R \I ; 
··aEGIN·· "INTEGER'1 r; 

··FoR·· I 1-1 ··sTEP 11
• 1 ··JNTIL'· M "oo·· 

•• BE G I N •• •• I F •• PA R C 3 J • X C I l > 6 8 0 .. THE N •• 
••aEG IN•• EXP FU NCT I =••FALSE••; 

··GoTo·· STOP 
... ENo••; 
RVCI11-PAR[1l+PARC2l•EXP(PARC3J•XCil>-YCil 

··E No··; EXP FU NCT I=·· r RUE•·; 
STOPI 

••E No•• EXP FUNC T; 

••PROCEDURE•• JACOBIAN ( H, N, PAR, RV ,JAC, LOCFUNCT); 
••vALUE•• H,N; ••INTEGER•• H,N; ••ARRAY .. PAR,R\l,JAC; 
••p ROGE DURE•• L OCF UNC T; 
••BEGIN•• ••INTEGER'• I; ' 0 REAL•• EX; 

•• FOR.. 11 1 •• S T E P •• 1 •• u N TI L •• H .. 0 o ·• 
••aEGIN•• JACCI,111=1; 

JACtI,ZJa=EXl=EXPIPARC3l•XCIJ); 
JACCI,3Jl=XCIJ•PARC2l•EX 

••EN □•• 

••EN □•• JACOBIAN; 

INCOJ1=••-14; INC3ll ••-4; INC4JJ-••-1; I~C51&=75; INC6l1=••-2; 
··F CR 11 I I =1 ··sTEP·· 1 ··uNTI L s

• 6 ··oo·· 
I N PUT ( & 0 , •• ( •• 2 ( N > , 1 •• J •• , X C I l , Y C I l > ; 
PARC111=580; PARC21,--1ao; PARCJ]l=-0.160; 
HARQUAROTC6,3~PAR,RV,JJINV,EXPFUNCT,JACOBIAN,IN,OUT); 
a u T p J T ( 01 , •• ( •• 3 / 9 •• ' ··x [ I ] y ( I ] •• ) •• , / , 6 ( B 9 ♦ D • 5 B t 3 D • 0 , /. ., 2 / ' 
•• ( ••pA RA HE T ERS •• > •• , /, 3 ( +o. 3 o·· + ZD, I) , 2/, •• ( •• OUT a •• ) ••• ,, 7 (5 a+o. 6 O .. + ZO, 
/ ) , 2 / , •• ( •• L AS T RE SI OU AL V E CT OR .. ) •• , / , 6 I 6 B + 3 Z • 0 , / > •• ) •• t )( C 11 , Y C 1 J , 
XC2l,YC2l,XI3J,YC3J,XC4l,YC4l,Xl5l,YC5l,X{ol,YC61,PARC1J,PARC2l, 
PARC3l.OUTC7l,OUTC21,0UTC6l,OUTC3l,OUTC4l,OUTC51,0JTC1l,RVC1l, 
RVC2l,RV(3l,RVC4l,RV(5J,RVC6l) 

••END'• 
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WITH THE DATA GIVEN IN THE X 

XCll Y{IJ 
-5 127.0 
-3 151.0 
-1 379.0 
+1 l+21.0 
+3 460.0 
+5 420.0 

PARAMETERS 
+s.232•· +2 
-1. s&a·· +2 
-1. 9913•• -1 

OUTS 
+7.220828°• +7 
+i.157150•· +2 
+1. 7260081

• -3 
+1. 65Lt-588 •• +2 
+ 2. 3 o o o o o·· + 1 
+ 2. 2 o o o o o·· + 1 
+ o • o o o o o o·· + o 

LAST RESIDUAL VECTOR 
-29.6 
+86.5 
-47.3 
-20.2 
-22.9 
+39.5 

MC 
, 

PAGE 7 

Y J TABLE THIS PROGR,AM DELIVERS& 
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SUBSECTION GSSNEWTON. 

CALLING SEQUENCE. 

THE HEADING OF THE PROCEDURE READS I 

••PR.OCEOURE.•• GSSNEWTON(H, N, PAR, RV, JJINV, FUNCT, JACOBIAN, IN, 
OUT) ; 

•• V A L U £ •• M , N ; •• I N TE GE R •• M , N ; •• A R ~ A Y •• P A R , RV , J J I NV , I N , 0 UT ; 
••a ODLEAN•••• PROCEDURE'• FU NC T; ••PROC EOU~E" JACOBI AN; 
•• C O OE •• 3 4 '+ 41 ; 

THE MEA~ING 
H I 

N I 

PAR I 

RV I 

JJI NV I 

FUNCT a 

OF THE FORHAL PARAMETERS IS a 
<ARITHMETIC EXPRESSION>; 
THE NUMBER OF EQUATIONS; 
<ARITHMETIC EXPRESSION>; 
THE NUMBER OF UNKNOWNS IN THE H EQUATIONS (N <= M); 
<ARRAY IDENTIFIER>; ••ARRAY" PAR(1 I NJ; 
THE UNKNOWNS OF THE EQUATIONS. 
ENTRY I AN APPROXIMATION TO A LEAST SQUARES SOLJTION 

OF THE SYSTEM. 
EXIT I THE CALULATEJ L~AST SQUARES SOLUTION; 
<ARRAY IDENTIFIER>; •ARRAY 1

• RVC1 1 Ml; 
EXIT : THE RESIDUAL VECTOR OF THE SYSTEM AT THE 

CALCULATED SOLUTION; 
<ARRAY IDENTIFIER>; ••ARRAr•• JJINVC1 I N,1 I NJ; 
EXIT a THE INVERSE OF THE MATRIX J• • J, WHERE J 

IS THE JACOBIAN H~TRIX AT THE SOLUTION AND J 4 IS 
J TRANSPOSED; 

<PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS P~OCEOUR£ SHOULD BE I 

... 8 0 0 L EA N ••••PRO C E O URE 1111 F UN C T ( H , N , PAR , R \I ) ; •• V A L U E •• M , 
N; ••INTEGER'• H., N; 111 ARRAv•• PAR, R\I; 

ENTRY& H, N, PAR; 
Ms N HAVE THE SAHE MEANING AS IN THE PROCEDURE 
GSSNEWTON; 
••ARRAY•• PA RC 11 NJ CON TAI NS THE CURRENT VALUES OF 
THE UNKNOWNS ANO SHOULD NOT BE ALTERED. 

EXIT& ••ARRAY" RV(1 I HJ; 
UPON COHPLETION OF A CALL OF FUNCT, THIS ARRAY RV 
SHOULD CONTAIN T~E ~ESIOUAL VECTOR, OBTAINED WITH 
THE CURRENT VALUES OF THE UNKNOWNS. 

THE PROGRAMMER OF FUNCT HAY DECIDE THAT S011E CURRENT 
ESTIMATES OF THE UNKNOWNS LIE OUTSIDE A FEASIBLE 
REGION; IN THIS CASE FUNCT SHOULD DELIVER THE VALUE 
FALSE ANO THE PROCESS IS TERMINATED (SEE OUT[1J). 
OTHERWISE FUNCT SHOJLO DELIVER THE VALUE TRUE; 



• 

1-st REVISION, 1975 MC 

• 

<OECEHBE~ 1975) PAGE 9 

JACOBIAN a <PROCEDURE IDENTIFIER>; 

IN 

THE HEADING OF THIS P~OCEOURE SHOULD BE I 

•• PR O C E O URE.•• J A C O BI A N ( M , N , P A ~ , R \I , J A C , L O C F U N C T ) ; 
• 

•• VAL U E •• M , N ; •• I NT E GE R •• M , N ; •• A RR A Y •• P A R , R \I , J A C ; 
•*PROCEDURE 111 LOCFUNCT; 

THE MEANING OF THE PARAHETE~S OF JAClBIAN IS I 

M, NI SEE GSSNEWTON. 
PAR I <ARRAY IDENTIFIER>; ••ARRAv•• PARC1 I NJ; 

ENTRY i CURRENT ESTIMATES OF THE UNKNOWNS. 
THESE VALUES SHOULO ~OT BE CHANGED. 

RV I <ARRAY IDENTIFIER>; ••ARRAY .. R\/[1 I Ml; 
ENTRY I THE RESI~UAL VECTOR OF THE SYSTEM OF 
EQUATIONS CORRESPJNOING TO THE VECTOR OF UNKNOWNS 
AS GI VEN IN PAR. 
E XI T a TH E EN TRY V Al U ES • 

JAC I <ARRAY IDENTIFIER>; '"ARRAYNI JACC1 I H, 1 a Nl; 
EXIT I THE JACOBIAN MATRIX AT THE CURRENT 
ESTIMATES GIVEN IN ?AR, I.E. THE MATRIX OF PARTIAL 
DERIVATIVES 
O(RV)Cll / OPAR{Jl, I= 1(1)M, J = 1(1)N. 

LOCFUNCT 1 <PROCEDURE IDENTIFIER>; THE HEADING OF T~IS 
PROCEDURE IS THE SAHE AS THE HEADING OF FUNCT. 

A CALL OF THE PROCEOU~E JACOBIAN SHOULD DELIVER THE 
JACOBIAN MATRIX EVALU~TEO HITH THE CURRENT ESTIMATES 
OF THE UNKNOWN VA~IABLES GIVE~ IN ?AR 
IN SUCH A WAY, THAT THE PARTIAL DERIVATIV~ 
DlRV>CIJ I DPARCJJ IS DELIVERED IN JACCI,Jl, I= 1(1)M, 
J = 1C1)N. 
FOR THE CALCULATION OF TiE DERIVATIVES ONE CAN USE THE 
VALUES OF THE CURRENT ESTIMATES OF THE 
UNKNOWNS AS GIVEN IN PAR ANO THE RESIDUAL VECTOR AS 
GIVEN IN RV. 
ONE CAN ALSO USE THE PROCEDURE FUNCT 
(PARAMETER OF GSSNEHTON) THROUGH CALLS OF THE PROCEDURE 
LOCFUNCT (PARAMETER OF JACOBIAN>. THIS PARAMETER OF 
JACOBIAN MAY BE USED WHEN THE JACOBIAN MATRIX IS 
APPROXIMATED USING (FORWARD) DIFFERENCES. 
AN APPROPRIATE PROCEDURE TO THIS PURPOSE IS JACOBNMF 
(SECTION 4.3.2.1). su;H A PROCEDURE HAY BE USED ONLY IF 
THE MATRIX ELEHENTS ARE COMPUTED SUFFICIENTLY ACCURATE; 

<ARRAY IDENTIFIER>; '"ARRAY•• INCO I 7J; 
IN THIS ARRAY TOLERANCES ANO CONTROL PARAMETERS SHOULD 
BE GIVEN. 
ENTRY I 
IN{Ol I THE MACHINE PRECISION. FOR CALCULATION ON THE 

CYBER 73 A SUITABLE VALUE IS ••-14. 
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I N( 1 l , INC 2 l & 

RELATIVE ANO ABSOLUTE TOLERANCE FOR THE STEP VECTOR 
(RELATIVE TO THE ~ECTOR OF CURRENT ESTIMATES IN 
PAR>. 
THE PROCESS IS TE~HINATEO IF IN SOME ITERATION (BUT 
NOT THE FIRST> THE EUCLIDEAN NORM OF THE CALCULATED 
NEWTON STEP IS LESS THAN INC1J • NORH(PAR) + INC2J. 
INC1l SHOULD NOT BE CHOSEN SMALLER THAN INCOJ. 

INC3l IS NOT USED BY THE PROCEDURE GSSNEWTON; 
INC4l z ABSOLUTE TOLERAN~E FOR THE EUCLIDEAN NORH OF 

THE RESIDUAL VECTOR. THE PROCESS IS TERMINATED WHEN 
THIS NOR~ IS LESS THAN IN(41. 

INC5l a THE HAXIHUH ALLOWED NUMBER OF FUNCTION 
EVALUATIONS (I.E. CALLS OF FUNCTJ. 

INC6l I THE MAXIHUH ALLO~EO NUMBER OF HALVINGS OF A 
CALCULATED NEWTON STEP VECTOR (SEE METHOD AND 
PERFORMANCE). A SUITlBLE VALUE IS 15. 

INC7J I THE HAXIHUH ALLOWED NUHBER OF SUCCESSIVE INC61 
TIMES HALVED STEP VECTORS. SUITABLE VALUES ARE 1 
ANO 2; 

<ARRAY IDENTIFIER>; "ARRAv·· OUT(l a 91; 
IN ARRAY OUT INFORMATION ABOUT THE TERMINATION OF THE 
PROCESS IS DELIVERED. 
EXIT I 
OUT C 1 J & 

THE PROCESS WAS TERMINATED BECAUSE (OUTliJ = » 
1.THE NORH OF THE RESIDUAL VECTOR IS SMlLL WITH 

RESPECT TO INC4l, 
2 •THE CALCULATED NEWTON STEP IS SUFFICIENTLY SHALL. 

(SEE INC1l, INl2l)., 
3.THE CALCULATED STEP WAS COHPLETELY DA~PEO (HALVED) 

IN INC7J · SUCCESSIVE ITE~ATIONS• 
~.OUTC41 EXCEEDS INCSJ, THE HAXIHUH ALLOWED NUHBER OF 

CALLS OF FUNCT, 
5.THE JACOBIAN WAS NOT FULL-RANK (SEE OUTt8l), 
6.FUNCT DELIVERED FALSE AT A NEW VECTOR OF 

ESTIMATES OF THE UNK~OWNS, 
7.FUNCT DELIVERED FALSE IN A CALL FROM JACOBIAN. 

OUTC2J a THE EUCLIDEAN NORH OF THE LAST R~SIOUAL 
VECTOR. 

OUT(3l I THE EUCLIDEAN N~RM OF THE INITIAL RESIDUAL 
VECTOR. 

OUTC41 1 THE TOTAL NU~BER OF CALLS OF FUNCT. 
OUTC4l HILL BE LESS THAN IN[Sl + INC&). 

OUTC5l I THE TOTAL NUMBER OF ITERATIONS. , 
OUTC6l I THE EUCLIDEAN NORM OF THE LAST STEP VECTOR. 
OUTC7l a ITERATION NUHBE~ OF THE LAST ITERATION IN 

WHICH THE NEWTON STEP HAS HALVED. 
OUT[8l• OUT[9J I 
. RANK ANO MAXIHUH COLUMN NORH OF THE 

IN THE LAST ITERATION9 AS DELIVERED 
(SECTION 3.1.1.2.1.1> IN AUXC3l AND 

JACOBIAN MATRIX 
8¥ LSQORTOEC 
AU,)(.[ 5 l • 

. . . ' ' . 
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DATA ANL R1:.SULTS 

THE PROCEDURE GSSNEWTON CAN BE USED FOR APPROXIMATING AN EXACT OR A 
LEAST SQUARES SOLUTION OF A SYSTE~ OF NONLINEAR EQUATIONS. WHEN AN 
EXACT SOLUTION IS REQUIRED, THE PROCEDURE HAY TERMINATE ONLY WITH 
OUT{1l = 1, AND VERY SMALL VALUES SHJULD BE ASSIGNED TO INC1l AND 
INC2l. ~HEN A LEAST SQUARES SOLUTION IS REQUIRED, POSITIVE RESULTS 
OF THE PROCEDURE ARE SIGNALED BY OUT[1l = 1 OR z. HHE~EVER THE 
PROCEDURE TERMINATES WITH OUT[1l < 5, THEN THE INVERS~ OF J• • J 
(S£E MEANING OF THE PARAMETER JJINVJ IS DELIVERED IN JJINV. IN 
THAT CASE THE COVARIANCE ~ATRIX ANO THE STANDARD QEVIATIONS OF TH~ 
SOLUTION CAN BE CALCULATED. 

FOR A CURVE FITTING PROBLEM, SAY I 
••ESTIHATE. PARAMETERS PAR[1l, •••, PA~CNl OF A FUNCTION 
••y = F(X; PARC1J, ••• , PARCNJ), WHEN A SET OF DATA (X(IJ,YCIJ), 
••1 = 1(1)H, HAS TO BE FITTEo,•• 

THE FOLLOWING SYSTEM OF H EQUATIONS IN THE N UNKNOWN PARAMETERS 
PARC1l, ••• , PARCNJ CAN BE DERIVED a 

F(XCil; PARC1l, ••• , PAR(Nl) ~ Y(Il = O, I= 1(11M. 

PROCEDURES USED: 

VECVEC 
OUPVEC 
ELHVEC 
LSQDRTOEC 
LSQSOL 
LSQINV 

= CP34010, 
= CP31030, 
= CP34020• 
= CP3'+134, 
= CP341319 
= CP3 4136. 

REQUIRED CENT~AL MEMORY I 
• 

EXE:UTI~N FIELD LENGTH I AN ARRAY OF (H + 1) • N ELEMENTS, FOUR 
ARkAYS OF N ELEMENTS ANO ONE ARRAY JF M ELEMENTS ARE DECLARED. 

RUNNING TIME I 
THE RUNNING TIME IS PROPORTIONAL TO THE TOTAL NUMBER OF CALLS OF 
FUNCT. BESIDES, IN EACH ITERATION A LINEA~ LEAST SQUA~ES SYSTEM 
IS SOLVED (NUMBER OF OPERATIONS PROPORTIONAL TO M • (N SQUARED)). 

LANGUAGE. I ALGOL &Oe 

METHOD ANO ?ERFORHANCE I 
THE PROCEDURE GSSNEHTON IS BASED UPON THE GAUSS-NEWTON METHOD FOR 
CALCULATING A LEAST SQUARES SOLUTION OF A SYSTEM OF NONLINEA~ 
EQUATIONS (SEE E.G. [11, [21). IN SEVERAL ITERATIONS A STEP VECTOR 
(FOR THE VECTOR OF UNKNOWNS) IS OBTAINED BY SOLVING A LINEARIZED 
SYSTEM OF EQUATIONS. THIS STEP IS PE~FORHEO ONLY IF T~E NORM OF THE 
RESIDUAL VECTOR DECREASES. OTHERWISE THE NEWTON STEP VECTOR IS 
HALVED A NUMBER OF TIMES UNTIL THE NORM OF THE RESIDUAL VECTOR IS . . 

SMALLER THAN THE NORHS OF THE LAST ANO SUBSEQUENT RESIDUAL VECTORS 
(THIS PROCESS IS CALLEO STEP SIZE CONTROL>. 
FOR FURTHER DETAILS SEE [31 (SEE ALSO 121) • 
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REFl:.RE NCE S I 

{11 H.O. HARTLEY 1 
THE HODIFIEO GAUSS-NEWTON METHOD. 
TECHNOHETRICS, V.3 (1961), PP. 2&9 - 280. 

£21 H. SPAETH I 
TH~ DAMPED TAYLOR'S SERIES HETHOO FOR HINIHIZING A SUM OF 
SQUARES AND FOR SOLVING SYSTEMS OF NONLINEAR EQUATIONS. 
ALGORITHM 315, COLLECTED ALGO~ITHMS FROM CAC~, 
COMMUNICATIONS OF THE ACH, VOL. 10 (NOV. 1967)9 PP. 726 - 728. 

(3) J.c.P. aus. a. VAN OJ~SEL~AR, J. KOK I 
~ONLINEAR LEAST SQUARES ESTIHATIO~. 
MATHEMATICAL CENTRE (TO APPEAR). 

EXAHPL E OF USE 

THE PARAMETERS PAR[1 I 31 IN THE CUR~E FITTING PROBLEMS 
GCil = PA~C1J + PARC2l • EXPCPARC3J • XCIJ) - YCIJ 
WITH (X[Il, Y{ll), 1-1, ••• ,6 AS THE EXPERIMENTAL DATA, HAY BE 
OBTAINE.O BY THE FOLLOWING PROGRAHI 

"BEGIN••••PROCEOURE•• GSSNEWTON(H, N, P, F, C, TF, JAG, I, Ol; 
··cooE·· 34441; 

•• I NT E GE R •• I ; 
••ARRAY 111 INC017J, OUT(119), X, Y, G(11&J, VC113, 1131, PAR.[113]; 

··sooL EA N 1
"" PROCEDURE·· EXP FUNC T ( '1 t ~ t p AR, G); 

··vALUE'· M, N; ··INTEGER .. H, N; .. ARR.Av·· PAR, G; 
•• B £ G l N •• •• I NT E GE R" I ; 

•• F J R •• I z = 1 •• s r E P.. 1 •• u NT I L •• M .. o o •• 
•• BE G I N ·••·• I F •• PA R C J l • )( ( I l > 6 8 0 •• T HEN N 

•• 8 E G I N •• EX PF UN C T I = •• FA 1.. S E " ; •• G O T O •• S TO P •• E ND •• ; 
G(l]I= PAR(il + PARC2J • EXP(PARC3J • XCil) - Y(Il 

••ENO••; E XPFUNCT 1-••TRUE1
•; 

STOPI 
•• E NO•• E X PF UN C T ; 

••PROCEDURE•• JACOBIAN CH, N, PAR, G, JAC, LOCFUNCT); 
••VALUE'• H, N; ••INTEGER .. Ht N; •ARRAY' .. PAR, G, JAC; 
••PRO~ ED URE•• LOCF UNCT; 
··sEGIN'· ··INTEGER·· r; -REAL" Ex; 

•• F O R • • I a - 1 •• S TE P •• 1 "UN TI L •• ~ •• 0 0 •• 
••eEGIN•• JACCI,11t=1; JACCI,2J&- EXI= EXP(PARC3J • XCIJ); 

JACCI,311= XCIJ • PARC2l • EX 
••ENO•• 

'"E No•• JACO BI AN; 

• 
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IN(Oll= ••-14; IN{1ll= IN[2]1= ••-6; IN(5ll= 75; INC!+J1=••-10; 
INC6ll= 14; INC7JI- 1; 
•• F OR•• I I - 1 •• S TEP•• 1 ••UN T I L •• 6 •• 0 :> •• 
I N PU T ( 1 , •• ( •• 2 ( N ) , 1 •• > 1111 

, X C I l , Y C I 1 J ; 
PARC1l:= 580; PAR{2JI= 180; PARC3la= ~ 0.160; 
GSSNEWTON(6, 3, PAR, G, V, EXPFUNCT, JACOBIAN, IN, OUT); 
0 U T P LJ T ( o 1 , •• ( •• 3 /4 B, •• ( •• X C I J Y C I l •• > •• , / , & ( 5 8 + il , 5 3 3 D • 0 , / ) , 2 / , 
'+ B •• ( •• PA RAM ET ER S •• ) •• , / ., 3 ( 4 B + D • 3 D .. + Z O , / > , 2 / , 4 8 •• I "' 0 UT I .. ) •• , / , 
3(9B♦ D.6 □··+zo,,,, 5(148320,/), 9B+0.60"+ZD,2/4B, 
•• ( •• L A ST RE SI OU AL V EC TO R" ) •• , / , 6 C 10 B + 3 Z • 0 ., /) •• > •• , X C 1 l , Y C 1 l , 
X(2l,YC2]9X[3l,YC3l,XC4l,YC41,X[5l,Y(5J,XC6l,YC6l,PARC11,PAR{21, 
PARC3l,OUT[6l,OUTC2l,OUTC3l,OUTC4l,OUTCSJ,OUTC1J,OUT(7l,OUTC81, 
OUTC91, GC11,GC2l,GC3l,GC4J,GC5l,GC6J) 

••E No•• 
•• E Op Ill 

WITH THE DATA GIVEN IN THE X - Y - TABLE THIS PROGRAH OELIVERSI 

X[ll Ytil 
5 127.0 
3 151.D 

-1 379.0 
+1 L+21.0 
+3 l+&O.O 
+5 42&.o 

PARAMETERS 
+5.233•• +2 
-1. 569 1

• + 2 
-1. 997•• -1 

OUTI 
+5.260478 •• -4 
+ 1 • 1 5 71 5 6 •• + 2 
+1. 6545 ga•· +2 

16 
16 

2 
0 
3 

+ 2 • 3 3 9 5 29 •• + 3 

LAST RESIDUAL VECTOR 
-29.& 
+86.6 
-ft.7.3 
-20.2 
-22.9 
+39.5 
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SuUKCE TEXTS I 

··cooE·· 34440; 
•• PR. 0 C EDU RE. • • M AR Q UA RO T ( M , N , PA R t G , V , F U N CT , J A C O B I AN • I N , 0 UT ) ; 
••vALUE•• M,N; ••INTEGER" M,N; ••ARRAY'" PAR,G,V,IN,OUT; 
··soOLEAN·· ' 11 PROCEOURE·· FUNCT; ··PROCEDURE- JACOBIAN; 
••BEGIN•• •• I NT E G l R •• HA XF E , FE , IT , I t J , ERR. ; 

••RE.AL'• VV9WH,W-,MU,RES,FPAR,FPARPRES,LAHB□A,LAMBOAHIN, 
P,PW,RELTOLRES,ABSTOL<ES; 

••ARRAY•• EM(OS7J,VAL,B,BB,PARPR£S(11Nl,JACC11M,11N1; 

··PRO~EOURE 11
• HULCOL(L,U,S,T,A,B,X); ··cooE·· 31022; 

••p RD::; EDU RE.. DU P V EC ( L , U , S, A., 8) ; •COO E •• 310 3 0 ; 
"REAL·· ··PROCEOUREU VECVEC(L,U,S,A,B); NCOOEN 34010; 
··REAL'0 ··PROCEOUREH) HATVEC(L,U,S,A,B); ··cooE· 34011; 
··REAL·· ··PROCEDURE·· TAHVEC(L,U,S,A,B); ··cooE" 3£+012; 
••REAL" ••PROCEDURE'• MATTAM(L,U,S,T,A,B); 14 COOE" 34015; 
••INTEGER• ••PROCEDURE" QRISNGVALOEC(A,H,N,VAL9V,E~); 
··coDE'· J4273; 

••PRO:EOURE"* LOCFUNCT tM.N,PAR,j); 
••INTEGER•• M,N; ••ARRAY" PAR,G; 
•• 8 E G I N 1141 F £ l - F E + 1 ; ta I F "' FE > = HA X F E " T HE N •• E RR I = 1 18 f L SE M 

··1F·· ··Nor·· FUNCT (H.,N,PAR,G) --rHEN·· ERRI= 2; 
••IF" ERR"-0 "THEN•·• "GOTO .. EXIT 

••EN□•• LOCFUNCT; 

vvi=10; wi=o.s; Hua- 0.01; 
H W 1 = ( •• IF •• I N [ 6 J < •• 7 •• TH E N ,. M- 8 ,. EL S E •• •• -1 • I N [ 6 l ) ; 
EMCO)l=EH(2ll=EH[6)1=IN[O]; E"(4Ja··1o•N; 
RELTOLRESt=INC3l; ABSTOLRES1-IN(4J••2; HAXFEl=INCSJ; 
ERkl- o; FEt= 111- 1; Pl=FPARI= RESS= o; 
PH:=-LN(WW•INCOl)/2.30; 

··1F·· ··Nor·· FUNCT (M N PAR G) ··rHEN 1
• 

. ' ' , 
••aEGIN•• ERRI= 3; "GOTO"' ESCAPE ••ENO"; 
FPARI= VECVECC1,H,O,G,G); OUT(Jll=SQRT(FPAR>; 

··FoR·· ITI= 1., IT+1 ··wHILE'" FPAR > ABSTOLRES NANo·· 
RES> RELTOLRES•FPAR+ABSTOLRES ·oo·• 

··sE:;rN·· JACOBIAN(M,N,PAR,G,JA~,LOCFUNCT); 
11-QRISNGVALDECtJAC,H,N,~AL.V,EH); 
•• I F •• I T = 1 •• T H EN •• 

LAHBOAI= INC6J • VECVECC1,N,O,VAL,VAL> ••ELSE" 
•·1F·· P -o ··rHEN 841 LAHBOAt= LAHBOA•w "ELSE .. P:= o; 

•• FO R .,. I a = i ... STE P •• 1 ... UN T I L •• N •• 0 :> • 
BtIJJ-VALlIJ•TAHVEC(1,H.I,JAC,G>; 
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EXIT& 

L a ... F O R.. I I = 1 • • S T E P •• 1 •• U NT I L •• N • • 0 :> ... 
BBCil&=BCIJ/(VAL(Il•VALCil+LAHBOA>; 
•• FO R •• I I = 1 •• S T E P •• 1 •• UN TI L •• N •• 0 0 •• 
PARPRESCIJi= PAR{IJ - HATVEC(1,N,I,V,B8); 
LOCFUNCT(M,N,PARPRES,G); 
FPARPRESS= VECVEC<1,M,O,;,G); 
RESl=FPAR-FPARPRES; 
··rF·· RES < MU• VECVE:<1,N,o,a.BB) ··rHEN'· 
••BEGIN•• Pt= P+1; LAM8DAI= VV • LAMBDA; 

••IF•• P = 1 •• T HEN•• 
••BEGIN•• LAHBOAHINI--- WW • WEC~EC(i,N,0,VAL,VAL>; 

••1F•• LAMBDA<LAMBDAHIN ••THEN•• LAMBOAI= LAHBOAHIN 
11111 ENDM; 
··1F·· P<PW •• THEN"· ·Garo·· L ··ELSE·· 
•

0 BEGIN°• ERR1- 4; 

••EN □••; 

••ENO"; 

•• GO T O •• EX I T 

OUP~EC(1,N,O,PAR,PARP~ES); 
F PARI =F PA RP RES 

••t.N □•• I TERA TI ON; 

•• F O R •• I I - 1 •• S TEP•• 1 •• U NT I L •• N •• D O " 
HULCOL<1,N,1,I,JAC,V,1/(VAL[l1+INCOlJ); 
•• F OR.. I I ::: 1 •• s T E p •• 1 N u NT I L 118 N •• D O •• 
··FOR'' Jl=1 ··srEp•• 1 .. UNTIL'· I ··oo·· 
VCI,JJs- VCJ,Ill= MATTAH(1,N,I,J,JAC,JAC); 

LAMBOA1- LAMBOAMINI= VAL[11; 
•• F OR•• I a = 2 •• STE P •• 1 •• UN T I L •• N •• D O •• 
•• I F •• V A L { I l > L A M 8 D A •• T HEN .. L AM BO A I = V A L C I l •• E L SE •• 
••rF•• VAL{IJ<LAMBDAMIN ••THEN• LAMBDAHINI= VALCIJ; 

OUT{7]1-(LAMBOA/(LAMBOAMIN+INCOJ))••2; 
OJTC211=SQRT<FPAR); 
OUTColl=SQRT(RES+FPAR) OUTC2l; 

ESCAPEI 
0 UT { 4 l I -FE; 
OUT£5ll=IT-1; 
OUTC1JI-ERR 

••END•• MA=tQUARDT; 
••£OP•• 
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•• C O D E •• 3 Lt 4 41 ; 
"PROCEDURE'• GSSNEWTON(H, N, PAR, RV, JJINV, FUNCT, JACOBIAN, 

IN, OUT); 
•• V A l U £ •• H , N ; •• I N TE GER•• M , N ; 
··AR~Av·· PAR, RV, JJINV, IN, OUT; 
··sooLEAN·· ··PROCEDURE·· FUNCT; 
••PRO~EDJi<.E'• JACOBIAN; 

··aEGIN·· ··rt~TEGER'· Iif J, INR, MIT, TEXT, 
IT, ITMAX, INRHAX, TIM, FEVAL, FEVALHAX; 
••REAL•• RHO, RES1, RES2, RN, RELTOLPAR, ABSTOLPAR, ABSTOLRES, 

STAP, NORMX; 
"BOOLEAN•• CONV, TESTTHF, DAMPING ON; 
"ARRAv•• JACC11M + 1-,11Nl, PR, AID, SOLC1 I NJ, FU2(1 I Ml, 

AUX[2 I SJ; 
"INTEGER llll •• A RR A Y •• CI { 11 N J ; 

··REAL··••pRQCEOURE" VECVEC(L, u, S1-fIFT, A, a,; ··cooE· 34010; 
··PROCEDURE·· ouPvEC<L, u, s, A, a,; ··cooE .. 31030; 
··PROCEDURE· ELMVEC(L, u, s, A, B, X); MCODEM 34020; 
.. PROCEDURE" LSQORTOEC(A, M, N, AUX, AID, Cl); ··cooE·· 34134; 
··PROCEDURE'· LSQSOL(A, M, N, AID, CI, 8); ··cooE·· 34131; 
••pRJCEOURE•• LSQINV(A, N, AID, CI); "COOEN 34136; 

··aooLEAN 1·••pRQCEOURE·· LOC FUNCT (H, N-, PAR, R\I); 
•• VA L u E •• H ' N ; MI NT E GERM H, N ; HA RR A y .. p A R. RV ; 
••BEGIN•• LOC FUNCTI= TEST THFI= F~NCT(H, N, PAR, RV) 

••ANo•• TEST THF; FEVAL1- FEVAL + 1 
•• EN D •• L O C F U N C T ; 

ITMAX&- FEVALMAXI- IN[SJ; AUXC2ll= N • IN(OJ; TIM&= INC7l; 
RELTOLPARI- INC1l •• 2; ABSTOLPARa INC2l •• 2; 
ABSTOLRES&= INC4J •• 2; INRHAXI= INC61; 
OUPVEC<1• N, O, PR, PAR); 
•• r F •• M < N ··r HE N •• ,. 

••FOR•• I I = 1 ••STEP•• 1 •• U NT IL•• N •• 0 0 •• J A CC M + 1 , I 1 a = 0 ; 
TEXTI= 4; MIT•= o; TEST THFI= ••y~uE•·; 
R£S21= STAPI- OUTCSJI= OUT[oll- JUTC7lJ= Di 
FUNCT(M, N, PAR, FU2); RNI= VECVECC1, H, O, FU2, FU2); 
:lUT[3lS= SQRT(RN); FEVALI 1; OA'1PING ONI= 1°FALSE 1

•; 

•• F O R •• I T I = 1 , I T + 1 •• W H I LE •• I T < = I T M A X •• A N O •• 
FEVAL < FEVALMAX "oo·· 

' 

••BEGIN" OUT CS JI= IT; JACOBIAN CM, N, PAR, FU2, JAC, LOCFUNCT); 
•• I F •• ••NO T •• T E ST T HF ••THEN•• 
•• BE G I N •• T E X T a = 7 ; •• G O TO •• FA I L •• E N O •• ; 
LSQORTOEC(JAC, H, N, AUX, AID, CIJ; 
••1F•• AUX[3l "- N 1111 THEN 1

• 

··aEGIN" TEXT&- s; ··Go ro·· FAIL "ENO"; 
LSQSOL(JAC-, M, N, AIO, CI, FU2); DUPVECC1, N, 0, SOL, FU2); 
STAP& VECVEC(1, N, O, SOL, SOL); 
RHOI- 2; NORMX& VEC\IEC(1, N, 0, PAR, PARJ; 

··coMHE NT·· 
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••IF•• STAP > RELTOLPAR • NORHX ♦ ABSTOLPAR 
•• 0 R •• I T - 1 •• A N O •• ST A P > 0 MT H E N •• 

•• BEG I N ••••FOR•• INRI = 0 , IN R + 1 
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··wHILE····rF 1111 INR = 1 ··tHEN·· DAMPING ON ··oR·· ~ES2 >= RN 
··ELSE····NoT·· CONV 1141 ANo·· (RN<= RES1 ··oR·· RES2 < RES1) ··oo·· 
··aEGI N····cot1HENT 1

• DAMPING ST OPS WHEN 
RO > R1 10 AN0 11

• R1 <- R.2 (BEST RESULT IS X1, R1) 
WITH Xi= XO+ I• OX, II= 1, .5, .25, .125, ETC. ; 
RHOI = RHO / 2; ••rF•• INR > 0 "THEN°• 
•

4 BEGIN 11
• RES11= RES2; OUPVEC(1, H, O, RV, FU2); 

DAMPING ONI- INR > 1 
••ENO••; 
··F OR Bill I 1 .::. 1 •• S T E P •• 1 •• U N T I L •• N •• D O •• 
PRCIJI= PARCIJ - SOL(Il • RHO; 
FEVALI= FEVAL + 1; 
··rF·· ··Nor·· FUNCT(M, N, PR, FU2) "THEN·· 
••0EGIN 10 TEXTI= 6; .. GO TO" FAIL "END"; 
RES21- VECVEC<1, H, O, FU2, FU2); CONV1= INR >= INRHAX 

••ENO•• DAMPING OF STEP VECTOR; 1 

•• I F •• C O NV " TH EN •• 
'

0 BEGIN····coHMENT 1
• RESIDUE CONSTANT; HITI= HIT+ 1; 

··r F·· MI r < r IM ··THEN" coN v 1 = "FALSE" 
••ENo•• .. ELSE 0

• HIT 1- 0; 
··rF·· INR > 1 ··rHEN·· 
••aEGIN•• RHOI-· RHO • 2; ELHVEC(1, N, 0, PAR, SOL, - RHO); 

RN I = RES 1 ; •• I F •• I N R > 2 ••TH EN •• 0 UT C 7 J a "'" I T 
··£No••NELSE·· 
••BEGIN•• OUPVEC(i, N, O, PAR, PR); RNI= RES2; 

DUPVEC(1, M, 0, RV, FU2) 
••EN o••; 

··1F·· RN<= AasroLRES ··riENM 
··sEGIN 1

• TEXTI= 1; ITHAxa- IT '11 ENo····ELSE 11
• 

••rF•• CONV ' 111 ANDM I NRHAX > 0 ••THEN•• 
•• BE GI N •• T E X T I = J ; I T H A X I - I T ea E N O •• 
••ELSE'• OUPVECC1, Ht 0, FU2, RV) 

••EN □•• ITERATION WITH DAMPING AND TESTS ••ELSE•• 
··ai:GIN·· TEXT1= 2; RHO•= 1; ITMAx1- IT ··END .. 

••E.No•• OF ITERATIONS; 

LSQINV(JAC, N, AIO, CI>; 
•• F O R •• I I = 1 ••ST E P •• 1 •• U N TI L •• N •• 0 D •• · 
"BEGIN'• JJINV!l,Ill= JACCI,Il; 

NFoR·· J1= I+ 1 "'STEP·· 1 11111 UNT1L·· N ··oo·· 
JJINVCI,JJ1- JJINVCJ,Ill JACCI,Jl 

"ENON CALCULATION OF IN~ERSE MATRIX OF NORHAL EQUATIONS; 
FAIL a 

' 

OUTC6J1- SQRTCSTAP) • RHO; OUT[2l1- SQRT(RN); OUTC4)1: FEVAL; 
OUTC111= TEXT; OUTC8ll- AUXC3J; JUTC9ll AUX(Sl 

••ENO'• GS SN EWTON; 
•• Eop•• 
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S~CTlON S,2,1,1,1.1 CONTAINS NINE ALTERNATIVE P~OCEDURES FOR SO~VING 
FIRST-ORDER INITIAL•VALUE PROBLEMS WITH NO DERIVATIVES OF THE 
RlGHT•HAND SIDE AVAILAB~E, 

A, Rkt so~vEs AN INITIAL-VALUE PROBLEM GIVEN As A SINGLE FIRST ORDER 
OIFFERENTIA~ EQUATION 

OV /DX= F(:X:,Y) 
BV MEANS OF A 5.T~ ORDER RUNGE•KUTTA METHOO. 

a. RKE so~vEs AN INITIAL-VALUE PROBLEM GIVEN As A SYSTEM OF FIRST 
ORDER DIFFERENTIAL EQUATIONS BY MEANS OF A S•TH ORDtR RUNGE•KUTTA 
METHOD, 

RKUA so~vEs THE INITIA~ VALUE PROBLEM 
DY/OX:F(X,V), X>=A, Y(A)=YA J 
IF ABS(FCX,Y))<=1 RK4A USES X AS INDEPENDENT INTEGRATION 
V~RIAB~E,OTHERWISE Y, 
THE INTEGRATIO~ IS TERMINATED AS SOON AS A CONDITION ON X 
WHICH IS SUPPLIED BY THE USER,IS FULFI~LED,E,G. X=Y. 

D, RK4NA SOLVES THE SYSTEM OF FIRST ORDER DIFFERENTIAL EQAUTIONS; 
DX tJJ /OX [OJ :iF CJ., X [OJ,,,,•, X [NJ) , X [Ol >aXA CO], 
X[J]aXACJl , X[Ol:XA[Ol, J•1, •• ,,N, 
WHERE XtOJ IS THE INDEPENDENT VARIABLE ANO XC1l, •• ,,XtNJ ARE 

• 

THE DEPENDENT VARIABLES1RK4NA CHOOSES FROM AMONGST XCOl, ••• ,xcNJ 
AS INTEGRATION VARIABLE ,A VARIABLE SUCH THAT THE ABSOLUTE VALUE 
OF THE DERIVATIVE OF THE OTHER VARIABLES WITH RESPECT TO THE ONE 
CHOSEN ARE <•tsTHE INTEGRATION IS STOP~EO,IF A CERTAIN CONDITION, 
SUPPLIED BY THE USER, ON X [Ol, •,,, X [NJ IS SATISFIED. 

E. RKSNA SOLVES THE SYSTEM OF FIRST ORDER DIFFERENTIAL EQAUTIONS; 
o x c J J I o x c o· l :a F c J , x c o J , • • • , x c N J ) 1 F c o , x c o l , , • .. , x c N l ) , 

J • 1, , • •, N, 
WHERE F(J, X [O], , •,, X [NJ) ANO F(O, X COJ, , , •, X [Nl) REMAIN Fl• 
NITEJ THE ARC LENGTHS IS INTRODUCED AS INTEGRATION VARIABLE: 
THE SYSTEM SOLVEO IS 

DX tJl / OS :: FCJ, X tOl, , ,.,, )( CNl) / SQ~T(A), J • O, •• ,, N, 
A: SUMCI, O, N, FCI, X[Ol, ,_.,, X[Nl) ** 2) J 

THE INTEG~ATION STOPS IF SOME CONDITION ON X[O], ••R' XCN] , 
TO BE SUPP~IED av THE USER, IS SATISFIED WITHIN CERTAIN TOLERANCES • 

• 

• 

• 
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F, MU~TISTEP SOLVES AN INITIAL VALUE PROBLEM, GIVEN AS A SYSTEM OF 
FIRST ORDER DIFFERENTI4L EQUATIONS, BY MEANS OF A MULTISTEP METHOD: 
GEARS ~ETHOO,ADAMS•MOULTON OR 4DAMS•B4SHFORTH•METHOO. 

G, DIFFSYS sO~VES INITIAL VALUE PROBLEMS ,GIVEN As A SYSTEM OF FIRST 
ORDER DIFFERENTIAL EQU~TIONS. EXTRAPOLATION, APPLIED TO LOWER ORDER 
RESULTS,OELIVERS A HIGH ORDER SOLUTIO~, AUTOMATIC STEP SIZE CONTROL 
IS PROVIDED, 

H, ARK so~vES AN INITIAL VALUE PROBLEM, GIVEN AS A SVSTEM OF FIRST . . 

ORDER (NON•LINEAR) DIFFERENTIAL EQUATIONS BY MEANS OF 4 ST~BILIZED 
RUNGE KUTTA ~ETHOD WITH LIMITED STORAGE REQUIREMENTS. 

I, EFRK SO~VES AN INITIAL VA~UE PROBLEM, GIVEN AS A SYSTEM OF FIRST 
ORDER DIFFERENTIAL EQUATIONS, av MEANS OF AN EXPONENTIALLY FITTED, 
EXPLICIT RUNGE•KUTTA METHOD OF FIRST, SECOND OR THIRD ORDER • 
•ur □ MATIC STEPSIZE CONTROL IS NOT PROVIDED: HOWEVER, FOR REASONS OF 
THE USER PRESCRISED STEPSIZE CAN BE ADJUSTED. 

RK1, RKE, RKQA, RK~NA, RK5NA AND DIFFSYS AQE WELL FITTED FOR NONSTIFF 
SYSTEMS OR EQUATIONS, 
OIFFSYS SHOULD BE USED WHE~ HIGH ACCURACY IS DESIRED, 
MULTISTEP MIGHT BE USED FOR BOTH STIFF AND NONSTIFF SYSTEMS, 
WHEN LARGE SYSTEMS CE,G. DERIVED FROM PARTIAL DIFFERENTIAL EQUATIONS) 
ARE TO BE SOLVED, THEN ARK ANO EFRK ARE 
RECOMMENDED, THE FORMER FOR NONSTIFF, THE ~ATTER FOR STIFF EQUATIONS • 

• 

• 

• 



CONTRIBUTORS: H.BAKKER ANO I.BRINK • 
• 

INSTITUTE: MATHEMATICAL CENTRE. 

RECEivEo: 730715, 

B~IEF DESCRIPTION: 

RKl tNTEGRATES A SINGLE FIRST ORDER OIFFERENTIAL EQUATION 

OY /OX: F(x,Y) 

BV ~EANS OF A S•TH ORDER RUNGE•KUTTA METHOD, 

KEV~ORDS: 
• 

RlJNGE•KUTTA METHODS, 
FIRST OROER DIFFcRENTIAL EQUATION, 
INITIAL VALUE PROBLEM, 

• 

• 

• 

• 
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CALLING SE~UENCE: 

THE HEADING OF THE PROCEDURE REAOSz 
'' P R O C E D U R E '' R K 1 ( X , A , B , V , Y A. , F X Y , E , D , F I ) J 
'' V A L U E '' 8 , F I J 
'' R E A L '' X , A , 8 , Y , Y A , F X Y ; 
'' B O O L E A N '' F I J 
'' A R R A V '' E , D : 

THE 
X: 

B: 

YA: 

FXY: 

MEANING OF THE FORMAL PARAMETERS 151 
<VAR I ABLE> r 
THE lNDePENOENT VARIABLE. 
UPON COMPLETION OF A CALL OF RKl, 
IT IS E~UAL TO B: 
<ARITHMETIC EXPRESSION>; 
ENTRY; THE STARTING VALUE OF XJ 
<ARITHMETIC EXPRESSION>; 
ENTRV: A VALlJE PARAMETER,GIVING THE ENO VALUE OF x, 
<VARI•BLE>s 
TrlE DEPENDENT VARIABLEJ 
<ARITHMETIC E~PRESSION>r 
THE VALUE OF Y AT X:A1 
<ARITHMETIC EXPRESSIQN>J 

MC 
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E; 
AN EXPRESSION,OEPENDING ON X ANO Y,GIVING THE VALUE OF DV/DX: 
<ARRAV IDENTIFIER>, 
'' A R R A Y '' E C 1 I 2 l t 
ENTRY& 
E t 1 J I S A R E L A T I V E T O L E R A ~J C E , 
E[2l IS AN ABSO~UTE TOLERANCE ASSOCIATED TO VJ 
<ARRAY IDENTIFIER>J 
'' A ~ R A V 1• D t 1 : 4 J J 
EXIT: . 
ENTIER(D[1l+.S) IS THE NUMBER OF STEPS SKIPPEOJ 
D t2l IS THE STE? L.ENGTHJ 

Fl I 

0 [:SJ IS EQUAL TO BJ 
Dt4J IS EQUAL TO YCB)J 
<BOOLEAN EXPRESSION>J 

• 

IF FI:••TRUE 0' THEN INTEGRATION STARTS AT XxA,WITH TRIAL STEP 
3 • A J I F F I s '' F 4 L S E '' T H E N I N T E G R A T I O N I S C O N T I N U E O W I T H 
INITI~L CONOITIONS:X=D[3],Y:0[4l ANO STEP LENGTH H:0[2J• 
SIGN(B•Otll)JA AND YA ARE IGNORED, 

DATA AND REStJLTS: 
RK1 INTEGRATES OYtDXsFXY TO X=B,WITH IF FI~~TRUE'' THEN ~=A,V(4)=A. 
I F F I = '' F A L. S E: '' T H E N X = D [ 3 l , V C O [ l l ) = 0 t U l , 
UPON COMPLETION OF A CALL OF RK1 WE HAVE X:0[3l=B,V=Dt4]:V(B) 1 

RKl USES AS ITS MINIMAL ABSOLUTE STEP ~ENGTM :HMIN=Et1l•INT+E[2J, 
W H E R E I N T 1: A B S ( B • C '1 I F '' J1' I '' T H E N '' A •• E L S E •• 0 [ l l ) ) • 
IF A STEP OF LENGTH ABS(H)<:HMIN IS REJECTED, 
A STEP SIGN(H)•HMIN Is sKI?PED. 
A STEP 15 REJECTED IF THE ABSOLUTE VALUE OF THE 
LAST TERM TAKEN INTO ACCOUNT IS GREATER THEN : 
(ABS(FXY)•E [1l +E [2J l•ABS(H)/INT. 
SEE REF Ctl-. 



MC 

(AUGUST 197Ll) PAGE 3 

PROCEDURES USEO: NONE. 
• 

~UNNING TIME;DEPENDS STRONG~Y ON THE DIFFERENTIAL EQUATION TO SOLVE, 

~ETHOD AND PERFORMANCE:SEE REF[ll 1 

REFERENCES: 
[llJ.A.ZONNEVELD, 

AUTOMATIC NLIMERICA~ INTEGRATION, 
MATHEMATICAL CENTRE TRACT 8(1970), 

EXAMPL.E OF USE: 

THE SO~UTIO~ OF THE DIFFERENTIAL EQUATION OV/D~=•V 
WITH INITIA~ CONDITION Y(0)•1 AT Xc1 IS COMPUTED 
BV MEANS OF THE· FO~LOWING PROGRAM: 

''BEGIN•• 
'' R E A L. '' X , Y ; 
'' B O O L E A N '' F I , F I R S T J 
'' R E A L '' '' A R ~ A Y '' E C 1 : 2 J , 0 t 1 a 4 l -J 

'' P R O C E O U R E '' R K 1 C X , A , B , Y , V A , F X Y , E , D , F I ) : '' C O D E '' 3 3 0 1 O 1 

E [ 1 l : : + '' • LI J E [ 2 l : :: + '' • 4 J F I R S T I • '' T R U E '' J 
RKt(X,0,1,v,1,-v·,E,D,FIRST)r 
0 u T ? u T ( b t , II ( '' / / 1 0 B ,. ( '' )( = '' ) ., • 1 2 D tt 2 D , / / 1 0 B ., ( ., y = '' ) ,, • 1 2 D ,. 2 D, 
1 0 B '' C •• V E X A C T • •• ) •• , 1 2 D '' 2 0 '' ) '' , X , Y , E X P ( • X ) ) J 
''END'' · 

'' E OP'' 

I T OE L I V E R S W I T rat E t 1 l II E t 2 l a '' • ij I 
i=.100000000000••01 

SOURCE TE~T(S)I 

'' C O D E '' '' 3 3 0 1 0 J 
'' P R O C E D U R E '' R K 1 C X , A , B , V , V A , F X Y , E , D , F I ) J 
'' V A L. U E '' B , F I 1 •• R E A L. '' X , • , B , Y , Y A , F X Y J '' B O O L E A N '' F I J 
•• A R R 4 V '' C: , 0 J 
•• B E G I N '' '' R E A L '' E 1 , E 2 , X L. , Y L , H , I N T , ~ M I N , A B S H , K O , K 1 , 

K2, K3, 1<4. KS, OISCR, TOL,, MU, MU1, FH, HLJ 
II B O O L. E A N ., L A S T , F I R S T , RE ,J E C T : ,, C O M ME N T ft 
• 



•• I F '' F I '' T H E N '' 
'' B E G I N '' 0 [ 3 1 : : A : D [ lJ l : a Y A '' E N O '' r 
D [1] :r: 0 J Xt..1: D [3l J Vl.:• 0 t4l J 
'' I F '' F I '' T H E N '' 0 t 2 l : a B • D t 3 J J A B S H I c H I : A B S C D [ 2 l ) J 
'' I F '' 8 • X L < 0 '' T HE N '' H I :: • H t I N T : : A B S ( B • X L ) J 
HMIN:: INT • Et1l + EC2l J El:• EC1l / INTJ 
E 2 : : E t 2 l / I N T J F I R S T I a '' T R U E 11 J •• I F •• F I '' T H E N '' 
'' B E G I N •1 L A S T : : · '' T ~ U E '' J '' G O T O '' S T E P '' E N D '' s 

T E S T : A B S H : : A B S ( H ) : '' I F '' A B S H < 1--t H I t-.j ' 1 T H E N '' 
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, 

'' 6 E G I N '' ~ : : '' I F •• H > 0 '' T H E N •• H M I N '' E L S E '' • H M I N J A B S H i : H M I N 
'' END '' J 
'' I F t• H > : 8 • X L '' E Q U I V '' H > : 0 '' T H E \I '' 
'' S E G I N '' 0 t 2 J : : H J L. A S T a = '' T R U E '' J H I • B • X L s 

ABSH:: ABS(H) 
''END '' 
•• E L S E '' L. A S T ; = '' F A L. S E '' f 

STEP: X:: XL; y:: YLJ KO:• FXY * HJ 
x,~ XL+ H / 4.SJ v:= YL + KO / ~.s, 
~1:= FXY * HJ X:: XL+ H / 3J 
YI= YL + (KO ♦ Kl * 3) I 121 K21• FXV * H1 
x:= x~ + H • .s, YI= YL + (KO+ Kc* 3) / 8J 
K3:= FXV • HJ ~1= XL+ H • .SJ 
v:= v~ t (KO• 53 • Kl • 135 + K2 * 12b + K3 * Sb) 
I 1 2 5 r K 4 : : F )( Y * H J X I = '' I F 1' L A S T '' T H E N '' B '' E L S E '' X L. + H J 
~:= Y~ + (KO• 133 •Kl* 378 + K2 * 27c + K3 * 112 
+ K~ • 25) / 1b8J KS:a FXY • Hs 
DI5CR:: ABS(KO • 21 • K2 * 1&2 • 
+ KS * IJ2) I llJ: TOL.:a ABS·(KO) * 
REJECT:: OISCR > TO~: MUia TO~/ 
1
' I F '' R E J E C T '' T H E N '' 

1' B E G I N '' '' I F '' A B 5 M c a H M l N '' T H E 1'J '' 

K3 * 
E 1 + 
(TO!. 

224 111 K4 * 
465H * E2s 
+ OISCR) + 

125 

·~ '' B E G I N '' D [ 1.l : = 0 t 1 l + 1 t Y : • V L J F I R S T : a '' T R U E '' : 
'' G O T O '' "' E X T 

'' E ~JD'' J 
H:: MU * HJ ••GOTO" TEST 

''END 1
' ; 

• 

11 I F '' F I R S T •• T t-; E "-J '' 
'' E E G I N •• F I R S T : : '' F A L. S E '' J H L, : = H J H I : M U * H F •• G O T O 11 A C C 
'' END '' J 
FNr: MU• H / HL ♦ MU• ~U1J HL1= HJ H1s FH * HJ 

ACC: MUl:= MUJ 
y·:: VL. t ( • 
+Kt.a• SO) / 
Y:c VL, t (KO 
I 33bJ 

•• 

KO • &3 + Kl • 1eq • 
28J K51• FXV * HLJ 
• 35 + K2 • l&Z + KQ 

N E X T : '' l F ., 8 • .& x '' T ~ E N " 

K2 • 3& • K3 * 112 

• 125 + KS * 14) 

•• e E G I N •• X L : : x J Y ~ 1 :s Y I '' G O T O '' T E S T '' E N D '' J 
'' I F '' '' N O T '' L A S T '' T H E N '' 0 [ 2 l I : H J D t 3 l : : X J D t tJ l I a V 

'' E N D '' R K 1 r 
'' E OP'' 

• 
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AUTHOR& P.A. BEENTJES. 

INSTITUTEI MATHEMATICAL CENTRE. 

RECEIVEOt 740520. 

BRIEF OESCRIPTIONI 

RKE INTEGRATES A SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS 
(INITIAL VALUES BEING GIVEN> BY MEANS OF A FIFTH ORDER EXPLICIT 
RUNGE KUTTA METHOD. 

KEYWO~OSI 

RUNGE KUTTA METHODS, 
DIFFERENTIAL EQUATIONS, 
INITIAL VALUE PROBLEMS • 

• 
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CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE REAOSI 

••PROCEDURE ... RKE CX, XE, N, Y, DER, DATA, FI, OUT); 
'

11 VALUE'11 N, FI; ··rNTEGER 0
• N; ··REAL" x, XE; ··aooLEAN·· FI; 

••ARRA y•• Y, DATA; 
•• PkOC EDU RE•• DER 9 OUT; 

RKE I INTEGRATES THE SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS 

THE 
Xt 

XE I 

YI 

OERI 

DY/ OX= F<X, YJ, FROH X XO TO X - XE WHERE Y(XO) = YO. 

MEANING OF THE FORMAL PARAMETERS ISi 
<VARIABLE>; 
THE INDEPENDENT VARIABLE; 
ENTRYI THE INITIAL VALUE xo; 
<ARIT t+1ETIC EXPRESSION>;_ 
THE FINAL VALUE OF x; 
<ARITHMETIC EXPRESSION>; 
THE NUMBER OF EQUATIONS OF THE SYSTEM; 
<ARRAY IDENTIFIER>; 
•• A RR A Y •• Y [ 1 I N l ; 
THE DEPENDENT VARIABLES; 
ENTRYI THE INITIAL VALUES OF y AT X = xo; 
EXIT I THE VALUES OF THE SOLUTION AT X = XE; 
<PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE REAOSI 
··PROCEDURE·· DER (T, V); "VALUE·· r; ··REAL·· r; ··ARRAY·· v; 
THIS PROCEDURE PERFORMS AN EVALUATION OF THE RIGHT HAND 
SIDE OF THE SYSTEM WITH DEPENDENT VARIABLES VC1 I NJ AND 
INDEPENDENT VARIABLE T; UPON COMPLETION OF DER, 

OATAI 
THE RIGHT HANO SIDE SHOULD BE OVERWRITTEN ON V(1 J NJ; 
<ARRAY IDENTIFIER>; 

FIi 

OUTI 

••ARR A y•• DAT A C 1 I 6 l ; 
IN ARRAY DATA ONE SHOULD GIVEI 

OATAC111 THE RELATIVE TOLERANCE; 
OATA[2ll THE ABSOLUTE TOLERANCE; 

AFTER EACH STEP THE FOLLOWING BY-PRODUCTS ARE DELIVEREOI 
OATAC3JI THE STEPLENGTH USED FOR THE LAST STEP; 
OATAC4Jt THE NUMBER OF INTEGRATION STEPS PERFORMED; 
OATACSJI THE NUMBER OF INTEGRATION STEPS REJECT~ □; 
OATAC61l THE NUMBER OF INTEGRATION STEPS SKIPPED; 

IF UPON COMPLETION OF RKE OATA(6l > 0 , 
RESULTS SHOULD BE CONSIDERED HOST CRITICALLY; 

<BOOLEAN EXPRESSION>; 
IF FI = ··rRuE·· THE INTEGRATION STARTS AT XO WITH A 
TRIAL STEP XE .. XO; IF FI = ''FALSE•• THE INTEGRATION IS 
CONTINUED HITH A STEPLENGTH OATAC3l • SIGN(XE • XO); 
<PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE REAOSI 
··PROCEDURE·· our; 
AFTER EACH INTEGRATION 
OBTAINED OR UPDATED BY 
X, YC1 I NJ ANO OATA[3 

STEP PERFORMED, 
THIS PROCEDURE, 
I 61. 

' 

INFORMATION CAN BE 
E.G. THE VALUES OF 
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DATA ANO RESULTSa 

SEE REFERENCES £11 ANO [31. 

PROCEDURES USEOI 

NONE 

REQUIRED CENTRAL MEMORYI 

EXECUTlON FIELD LENGTHI CIRCA 5 • N. 

RUNNING TIMEl 
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DEPENDS STRONGLY ON THE SYSTEM OF DIFFERENTIAL EQUATIONS TO BE 
SOLVED. 

LANGUAGEI ALGOL60. 

HETHOD ANO PERFORMANCES 

THE SCHEME UPON WHICH THE METHOD IS BASED, IS A MEMBER OF A CLASS 
OF FIFTH ORDER RUNGE KUTTA FORMULAS PRESENTED IN REFERENCE (11. 
AUTOMATIC STEPSIZE CONTROL IS IMPLEMENTED IN A WAY AS PROPOSED IN 
REFERENCE (21. 
FOR TESTRESULTS ANO FURTHER INFORMATION SEE REFERENCE C3l. 

REFERENCES I 

[11. R. ENGLAND. 
ERROR ESTIMATES FOR RUNGE KUTTA TYPE SOLUTIONS TO SYSTEHS 
OF ORDINARY DIFFERENTIAL EQUATIONS. 
THE COMPUTER JOURNAL, VOLUME 12, P 166 - 169, 1969. 

(2]. J.A. ZONNEVELO. 
AUTOMATIC NUMERICAL INTEGRATION. 
MATH. CENTRE TRACT 8(1970). 

{31. P.A. BEENTJES. 
SOME SPECIAL FORMULAS OF THE ENGLAND CLASS OF FIFTH ORDER 
RUNGE - KUTTA SCHEMES. 
MATH. CENTRE REPORT NW 24/74. 
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EXAMPLE OF USEI 

THE SOLUTION AT T = 1 ANO T -1 OF THE SYSTEM 

OX I OT= Y Z, 
DY I OT - X ¥ X + 2 • Y + 4 • T, 
DZ I OT= X 4 X + 5 • X + Z • Z + 4 • T, 

WITH X Y - 0 ANO Z = 2 AT T = O, 

CAN BE OBTAINED BY THE FOLLOWING PROGRAMS 

••PROCEDURE•• RKE<X, XE, N, Y, DER, DATA, FI, OUTJ; 
••c ODE•• 33 0 33; 

··PROCEOURE·· RHS(T, Y); ··vALUE·· T; .. REAL·· r; "ARRAY· y; 
•• 8 E G I N •• •• R EA L " X X , Y Y , Z Z ; 

XXI= Y(1]; yy1- YC2J; ZZI= Y(3J; 
Y(1]J- VY - zz; 
vc211- xx• xx+ 2 • YY + 4 • r; 
Y(3J&= XX• (XX+ 5) + 2 • ZZ • 4 • T 

••ENO•• RHS; 

••PROCEDURE•• INFO; 
••I p• T = TE ••THEN•• 
••BEGIN•• ••REAL'• ET, T2, AEX, AEY, AEZ, REX, REY, REZ; 

Era- EXPCT); T21= 2 • r; 
REXl= ET• SIN(T2); AEXI- REX - VC1J; REXI= ABS(AEX / REX); 
REYI ET• ET• (8 + 2 • T2 - SIN(2 • TZ)) I 8 - T2 - 1; 
REZl ET 4 (SIN(T2) + 2 • COS(T2)) • REY; 
AEYa= REY - Y(ZJ; REYI ABS(AEY / REY); AEZI REZ - YC3J; 
REZI= ABS(AEZ / REZ); 
0 UT PUT I 61 , •• I •••• C •• T = "> •• , + D , / / , 
••c" RELATIVE ANO ABSOLUTE ERRORS IN X, Y ANO Z 1"> 1

•, II, 
•• < •• RE ( X ) RE < Y) RE ( Z ) A E < X > A E ( Y ) A E ( Z ) •• ) •• , / / , 
E> , a ~ •11 

• z o·· + o , ., / / ., 
••,•• NUMBER OF INTEGRATION STEPS PERFORMED a•J .. ,420,/, 
••,•• NUMBER OF INTEGRATION STEPS SKIPPED 1••,••,4zo,1, 
•• , •• NUMBER OF INTEGRATION STEPS REJECTED 1•>-,c.zo,111··,··, 
T, REX, REY, REZ, ABSCAEX), ABS(AEY>, ABS<AEZ>, 
OATAC4l, OATAC6l, OATAC5l) 

••E No•• I NF O; 

TE I· 1 • , 
LEFTI 

Y ( 1 JI= Y C 2) I= 0; Y ( 3 JI= 2 ; TI =0 ; 
D A TA ( 1 l I = 0 A TA ( 2 l I = •• .. 5 ; 
RKECT, TE9 3, Y, RHS, DATA, ••TRUE", INFO); 
•• I F •• TE = 1 •• y HE N •• •• 8 E GI N •• T E I = --1 ; ••GOT O •• LEFT .. EN O •• 

•
0 EN0•• 
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THIS PROGRAM OELIVERSI 

T +1 

RELAT 1VE ANO ABSOLUTE ERRORS IN X, Y ANO Z J 

RE(X) RE(Yt RE(Z) AE(X) AE(Y) AE<Z> 

NUMBER OF INTEGRATION STEPS PERFORMED a 9 
NUMBER OF INTEGRATION STEPS SKIPPEO I 0 
NUMBER OF INTEGRATION STEPS REJECTED 1 5 

T CF -1 

RELATIVE ANO ABSOLUTE ERRORS IN X, Y ANO Z : 

RE(X) RECY) RE(Z) AE(X) AE(Y) AE(Z) 

NUHBER OF INTEGRATION STEPS PERFO~MEO 1 10 
NUMBER OF INTEGRATION STEPS SKIPPED 1 0 
NUMBER OF INTEGRATION STEPS REJECTED a 7 

SOURCE TEXT ( S) I 

··cooE·· 33 033; 
••PROCEDURE•• RKE (X, XE, N, Y, DER, OATA, FI, OUT); 
··vALuE·· FI t N; ··INTEGER'· N; '0 REAL'41 x, XE; 
··sooLEAN·· FI; •11 ARRAY 00 Y, DATA; 
••PROCEOURE 00 DER, OUT; 
••BE GI N •• •• I NT E G ER•• J ; 

••RE tt.•• XT, H, HHIN, INT, HL, HT, ABSH, FHH, OISCR, TOL, MU, 
HU1, FH, E1, E2; 
··aoOLEAN·· LAST, FIRST, REJECT; 
••ARRAY 1° KO, Ki, K2, K3, K4C11NJ; 
•• I F •• F I •• r H EN •• 
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•• BE GI N •• D A T A [ 3 J I .:: X E X ; 0 AT A C 4 J 1 = 0 A T A C 5 l I Ill" 0 A TA C 6 J 1 = 0 •• END" ; 
ABSHI= HI= ABS(OATACJJ); 
••1F•1 XE < X ••rHEN°• HI= - H; INTI= ABS(XE - X); 
HMINI= INT• DATAC1J + OATAC2J; 
E11= 12 • OATAC1J / INT; E21= 12 • OATAC2l / INT; 
FIRSTS= ··rRuE••; REJECTS- ··FALSE••; ··tF·· FI "THEN*• 
··BEGIN·· LASTI = ··r RUE··; ··Goro·· STEP ··EN0°11

; 

TESTI ABSHI= ABS(H); ••rF•• ABSH < HMIN ••THEN•• 
··aEGIN" Ha= SIGN <XE s, x> • HMIN; ABSH1- HMIN '"ENO"; 
•• I F •• H > = X E - X •• E QU I \/ 1111 H > = 0 ••r HEN•• 
··aEGIN'0 LASTI- "TRUE·•; HI- XE .. x; ABSHI ABS(H) ··EN □•• 
•• E L SE•• l A S T t = •• FA L SE•• ; 
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STEP i 110IF •• " REJECT ••THEN' .. 
11111 8EGIN·· ··FoR·· JI= 1 ··srEp•• 1 ··uNTIL 0

• N ··oo·· KOCJ]I= Y[J]; 
OER(X7 KO) 

••E ~, o••; 
HTt= .184262134833347 • H; XTI= X + HT; 
··FoR·· JI= 1 ··sr£p•• 1 111 UNTIL·· N --oo·· K1[J]a- KO(J] • HT ♦ YCJ]; 
OER<XT., Ki); 
HTI - • 690983005625053 1·-1 • H; xr •= 4 • HT + x; 
•• F o R4'' J a = 1 •• s T E P •• 1. •• u NT I L •• N • o o" K 2 c J J a = 
(3 • Ki[Jl + KOCJl) •HT+ YCJJ; 
OER(XT, K2); 
XTI e5 .._ H + X; HTI= .1875 • H; 
··FOR111 Ja- 1 ··sTEP·· 1 ··uNTIL·· N ··oo·· K3(J]1=((1.74535599249993 
• K2[Jl - K1CJJ) • 2.23606797749979 + KOCJJ) •HT+ YCJJ; 
OERCXT, K3); 
XTI= .723606797749979 • H ♦ X; HTI 
··FoR·· JI= 1 ··srEp•• 1 ··UNTIL·· N ··oo" 
• KO(Jl K1CJJ) • .92705098312~840 
+ K3 [ J l) • HT + Y CJ l; 
DER(XT, K4); 

•'+ • H; 
K4[J)I= (((.517595468166681 
+ K2CJJ) • 1.4&352549156242 

xra- ''IF·· LAST ··THEN·· XE .. ELSE·· X • H; HTI= 2 • H; 
··FoR·· J1- 1 ··sTEP·· 1 ··uNTIL·· N ··ooN K1CJla= ,,,,2 • K'+CJJ + 
K2CJl) • .412022659166595 + K1CJJt • 2.23606797749979 -
KO[Jl) • .375 - K3CJJ) •HT+ Y[Jl; 
OER(XT, K1); 
REJECTI= ••FALSE••; FHMI= o; 
··FoR·· Ja= 1 ··sTEP·· 1 ··uNTIL ... N ··oo·· 
••sEGIN•• DISCRI ABS((1.6 • K3CJl K2CJl K4CJl) • 5 + 

KO CJ l + K 1 ( J ·1 > ; 
TOLJ= ABSIKO[Jl) • E1 + EZ; 
REJECT& OISCR > TOL "OR" REJECT; 
FHa= OISCR / TOL; ••rF•• FH > FHM ••THEN'• FHHI- FH 

••EN o••; 
Mui- 1, (1 + FHM> + .45; NIF·· REJECT ··rHEN·· 
••sEGIN•• DATAC5ll= DATA[5J + 1; •1F• ABSH <= HMIN "THEN 1111 

••aEGIN•• OATAC611= OATAC6l + 1; HLI H; REJECTI= ••FALSE••; 
FIRST I= ··rRuE•·; --Goro·· NEXT 

••EN o••; 
HI= HU• H; "GOTO" TEST 

••E No••; 
··rF·· FIRST ··r HEN·· 
••sEGIN•• FIRSTS ••FALSE••; HLI= H; HI= HU• H; ••GOTO" ACC 
••EN o••; 
FHI= MU• HI HL +HU~ HU1; HLI= H; HI= FH • H; 

ACCI MU11= HU; HTI= HL / 12; 
··FoR·· JI= 1 ··sTEP·· 1 ··uNTIL·· N --oo·· V[JJl-
((K2[J) + K4CJJ> • 5 + KOCJJ + K1CJJ) •HT+ YCJJ; 

NEXTI OATA[3]1= HL; OATAC~J•= OATAC41 + 1; xa- xr; our; 
··rF·· X "= XE ··THEN·· ··Goro·· TEST 

••EN o•• R<E; 
··£op•• 
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INSTITUT~: MATHEMATICAL CENTRE, 

RECEIVED: 730715. 

BRIEF DESCRIPTION; 

RKUA IS USED TO INTEGRATE THE INITIAL VALUE PRObLEM 
DV/OX=FCX,Y), X>=A, Y(A):YA , 
IF ABS(F(X,Y))<zt RKaA USES X AS INOE?ENDENT I~TEGRAT?ON 
VARIAB~E,OTHERWISE VJ 
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THE INTEGR•TION IS TERMINATED AS SOON 4S A CONDITION ON X ANDY, 
~HICH IS SUPPLIED BY THE USER,IS FULFI~LED,E,G. X:V. 

KEYWORDS: • 

RUNGE•KUTTA METHODS, 
INITIAL VALUE PROBLEM, 
C ti AN r; E OF DE PENO ENT VAR I ABLE , 
DEPENDENT INTEGRATION INTERV.AL 
(USER SUPPLIED END CONDITION). 

CALLING SEQUENCE: 

THE HEADING OF T~E PROCEDURE READS: 
1
' PROCEDURE '' R K ~ A ( )( , X ~ , B , V , YA , F XV , E , D , F I , X DI R , PO S ) J 
'' VA 1_ l J E '' F I , X D I R , PO S J · 
'' R O O l, E A N '' F I , X D I R , P O S , 
•• R E A L ,. X , X A , B I y , V A , F X y J 

'' A R R A V '' E , D J 

• 
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• 

THE HEA~ING OF THE FORMAL PAR~METERS IS: 

XI 

XA: 

B: 

FXV: 

Dz 

XDIR, 

<VARIABLE>; 
THE INDEPENDENT VARIABLE J 
X CAN BE USEO AS A JENSEN PARAMETER DURING THE EVALUATION 
OF FXYt 
UPON COMPLETION OF A c•LL OF RK4A ,ITS VALUE IS THE LATEST 
VALUE OF X REACHED BV THE INTEGRATIONJ 
<ARITHMETIC EXPRESSION>J 
ENTRY: THE START VA~UE OF X; 
<ARITHMETIC EXPRESSION>J 
B DEPENDS ON X AND V, 
THE EQUATION e~o ,FU~FILLED WITHIN CERTAIN TOLERANCES, 
SPECIFIES THE ENO OF THE INTEGRATION. 
4T THE END OF EACH INTEGRATION STEP 8 IS EVALUATED AND IS 
TESTED FOR CHANGE OF SIGNJ 
<VARIABLE>; 
T~E DEPENDENT VARIABLEI 
V CAN BE USEO AS A JENSEN PARAMETER DURING THE 
EVALUATION OF FXYJ 
<ATITHMETIC EXPRESSION>s 
ENTRVg THE VALUE OF Y AT XsXAJ 
<ARITHMETIC EXPRESSION>, 
FXY,DEPENOING ON X ANO Y ,GIVES THE VALUE OF ov1ox, 
<ARRAV IDENTIFIER>, 
'' A R R • Y '' E C O : S l J 
ENTRY: 
E [OJ AND E [21 ARE RELAiIVE TOL.ERANCES , 
E tll AND E [3l ARE ABSOLUTE TOLAEANCES ASSOCIATED WITH 
~ •ND Y RESPECTIYE~YJ 
E t4J AND E CS] ARE TOLERANCES USEO IN THE OETERMINATIO~~ OF 
THE ZERO OF B; 
<ARRAY IDENTIFIER>, 
'' A R R A Y '' D [ 0 I 4 l : 
AFTER COMPLETION OF EACH STEP OF INTEGRATION WE HAVE: 
IF DCOl>O THEN XIS THE INTEGRATION VARIABLEJ 
IF DCOl<O THEN V !S THE INTEGRATION VARlABLEt 
0 t1l IS THE NUMBER OF STEPS SKIPPEDJ 
Ot2JIS THE STEPSIZEJ 
Dt3J 15 EQUAL TO THE LAST VALUE OF Xs 
OtUl IS EQUA~ TO THE ~AST VALUE OF Yt 
<BOOLEAN EXPRESSION>, 
IF FI•''TRUE'' THEN THE INTEGRATION IS STARTED WITH INITIAL 
CONDITIONS x=x•,v•VA, 

-IF FI:''FALSE'' THEN THE INTEGRATION IS STARTED ~ITH X=OC3l, 
V:mO tttJ t 
POS I <BOOLEAN E~PRESSION>t 
IF FI:t•TRUE'' THEN THE INTEGRATION STARTS IN SUCH A WAY THAT 
IF POS:,tTRUE'' ANO XOIR•••TRUE'' THEN X INCREASES, 
I F P O S s '' T R U E '' A N D X D I R a " F • L 5 E '' T ~ E N Y I N C R E A S E S , 
IF POS:•'FALSE'' ANO XOIR•••TRUE 9' THEN X DECREASES, 
I F P O S = '' F A L S E '' A N D X O I R :i: '' F A L. SE '' T H EN V O E C R E A S E S • 

• 
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RUNNING TIMEIDEPENOS STRONGLY ON THE DIFFERENTIAL EQUATION TO SOLVE. 

lANGUAGl!ALGOL 60. 

HETHOO ANO PERFORHANCEI A 5 TH ORDER RUNGE-KUTTA METHOD IS USED; SEE 
REF Cil <RK~A IS AN ADAPTED VERSION OF RK4). 

REFERENCE SI 
[1JJ.A.ZONNEVELO• 

AUTOMATIC NUMERICAL INTEGRATION. 
MATHEMATICAL CENTRE TRACT 8(1970). 

EXAHPLE OF USEI 

THE SOLUTION OF THE DIFFERENTIAL EQUATION 
DY/OX=1-2•(X• 4 2+Y)~ X>=O• 
Y=O 9 X =O, 
IS REPRESENTED BY THE PARABOLA Y-X 4 (1-X); 
WE WOULD LIKE TO FINO THE VALUE OF X FOR WHICH THE CURVE 
OF THE SOLUTION INTERSECTS THE LINE Y+X=O. 
THE SOLUTION CAN BE OBTAINED BY THE FOLLOWING PROGRAHI 

··sEGI N·· ··c OMMENr·· INTEGRATION OF DY /Ox-1-2• ( Y+x••2), X >= 0, 
Y(O)=O,UNTIL THE CONDITION Y+X=O IS SATISFIED; 
••PRO CEO UR e•• R K 4 A ( X , X A , B , Y , YA , ► X Y , E , 0 , FI t X D IR, P OS > ; 
••COO E •• 3 3 016 ; 
•• RE A L 11 

• X , Y ; •• A RR A Y •• 0 C O s 41 , E C O I 5 l ; 
ECOJl=EC1JI-EC2JI-E(3JS=E(4Jl=El5l1=•• 12 6; 
R K 4 A ( X, 0 , X • Y , Y ., 0 , 1 2 • ( X • X + Y ) , E , 0 , •• TRUE•• , •• TRUE•• t •• TRUE •• > ; 
o u T P u T < & 1 ., •• , •• 1 o s •• < •• x = •• , •• + o • 9 o , 1 o a •• , •• E x A c r L v 1 •• > •• 2 s + o • 9 o ✓ , 
1 o a·· , •• v - •• > •• + o • 9 o 1, 1 o s •• < •• v- x • , 1. - x > = •• > ... + • 1 o o •• > ... , x , 2 , 
v, v-x•, 1-- x, > 

••END" 
•• EOP' 111 

THE PROGRAM PRINTS THE FOLLOWING RESULTS1 

X=i.9999998554 EXACTLYI 2.0000000000 

y- i.9999995347427 

¥-X~(1 X)=0.0000000313 
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SOURCE TEXT(S)a 

··cooE···· 33016 ; 
••PROCEDURE•• RKl+A (X, XA, B, Y, YA, FXY, E, O, FI, XOIR, 
POS); ··vALuE·· FI, XOIR, POS; ··soOLEAN·· FI, XOIR, POS; 
··REAL·· x, xA, s, v, vA, Fxv; •11 ARRAY" E, o; 
•• 8 E GI N •• •• I N T E G ER •• I ; 

••gooLEAN·· IV, FIRST, FIR, REJ; 
•

1 REAL'11 KO, Ki, K2, K3, K~, KS, FHH, ABSH, OISCR, S, XL, 
CONDO, S1, CON01, YL, HHIN, H, ZL, TOL, HL~ HU, HU1; 

• 

••ARRAY "11 E1 C 1121 ; 

··sooLEAN 111
' ··PROCEDURE·· ZEROIN(X,Y,FX,EPS) ; •0 REAL" X,Y,FX,EPS ; 

··cooE·· 341so ; 

••PROCEDURE•• RKSTEP(X, XL, H, Y, YL, ZL, FXY, O); 
••vALUE•• XL, YL, ZL, H; ••REAL•• X, XL, H, Y, YL, ZL, FXY; 
••INTEGER•• 0; 
•

11 BEGIN 11
• ··rF·· 0 - 2 •0 THEN .. ··GoToM INTEGRATE; ··1F·· 0 = 3 ··rHEN 1

• 

··aEGIN'1 XI- XL; YI= YL; KOi- FXY • H ··ENo·· 
••ELSE•• ••rF•• 0:::: 1 ••THEN•• KOi= ZL • H ••ELSE'• KOi= KO• MU; 
XI= XL+ H / 4.5; YI- YL +KO/ 4.5; Kil- FXY • H; 
XI= XL+ H / 3; YI= YL ♦ (KO+ K1 • 3) / 12; 
K21- FXY • H; x1- XL+ H • .5; 
Y J = Y L + ( KO + K 2 • 3) / 8; K3 I - H • F XY; 
XI - XL + H • • 8; 
va- YL + (KO• 53 - Ki• 135 + K2 • 126 + K3 • 
56> / 12s; K4•- Fxv • H; ··rFN o <= 1 "THEN" 
••BEGIN•• XI- XL + H; 

YJ= YL + (KO• 133 - Ki• 378 + K2 • 276 + K3 
• 112 + K4 • 25) / 1&8; KSI= FXY • H; 
OISCRI= ABS(KO • 21 - K2 • 162 + K3 • 224 - K~ 
• 12s +Ks• 42> / 14; ··GoToM END 

•-ENO••; 
INTEGRATEI XI= XL+ H; 

ya- YL + ( KO• 63 +Ki• 189 - K2 • 36 K3 • 
112 + K4 • 50) / 28; K51= FXY • H; 
YS= YL + (KO• 35 + K2 • 162 + K4 • 125 +KS• 
14) / 336; 

ENOI 
••ENO•• RKSTEP; 
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'' RE A L, '' '' P R O C E O U RE '' F Z E R O J 
'' 8 E GI N '' '' IF •• I V '' THEN 1

' 

'' B E G I N ,. ,, I F ff S a X L. tt T H E N '' F Z E R O 1 : C O N D O ,, E L S E '' '' I F ,. S :z S 1 
tt T H E N •• F Z E R O I • C O N O 1 '' E L S E '' 
'' B E G I N '' R K S T E P C X , X L , S • X L , V , Y L , Z L , f X Y , .3 ) r 

FZEROI• B 
''ENO II 

••ENO'' 
''EL.SE'' 
'' S E G I N '' '' I F '' S • V L '' T H E N '' F Z E R O I ;; C O N D O '' E L S E '' '' I F •• S z S 1 

•• T HE N " F Z E R O I :a C O ND 1 '' E L. S E '' 
''BEGIN•• RKSTEP CV, YL., S • YL • X, XL, ZL, 1 / 

FXY, 3): FZER01• B 
''END'' 

''END'' 
'' E ND '' F Z E R O J 

'' I F '' F I '' T H E N •• 
'' B E G I N " 0 t 3 l I z X A I O [ 4 l I a Y A r D t O l I a 1 '' E N D '' r 
Dt1l :: OJ X1s XL1• 0[31 J YI• YLas 0[41, I\/11: O[Ol > OJ 
FIRST1: FIR1• "TRUE••, HMIN1: EtOl + EC1l J 
H : = E t 2 l t E [ 3 J J '' I F '' H c H M I N '' T H E N '' H M I N I :: H J 

C H A N GE I Z L I z F X V J '' I F " A. B S ( Z L ) < s 1 '' T H E N '' 
'' B E G I ~~ '' '' I F '' •• N O T '' I V '' T H E N '' 

'' S E G I N •• D [ 2 l I • H I • H / Z L I D t O l I z 1 , 
IV:: FIRST1: ''TRUE'' 

''ENO'' J 
'' I F '' F I R '' T H E N '' '' G O T O '' A J I I : 1 J •t G O T O '' A G A I N 

''END •• 
''ELSE'' 
'' 6 E G I N '' '' I F •• I V '' T H E N '' 

'' B E G I N '' '' I F '' '' N O T '' F I R '' T H E N '' 0 C 2 l : :s H : a H * Z L J D [ 0 J I : • 1 J 
I V I a '' F A L S E '' f F I R S T I = '' T R U E '' 

''END'' : 
'' I F '' F I R •• T H E N '1 

'' B E G I N '' H : : E C O l + E t 1 l J · 
A : •• I F '' C '' I F " F I '' T H E N '' ( '' I ~ '' I V '' E GI U I V '' X O I R '' T H E N '' H '' E L S E '' 

H • Z L ) < 0 •• E Q U I V '' P O S '' E L S E '' H * O [ 2 ] < 0 ) '' T HE N '' H : : • H 
'' ENO'' J 
I 1 = 1 

''END '' J 

• 

'' C OM ME N T '' 
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A G A I N : A d 5 H : : A 8 S ( H l J '' I F •• A B S H < H M I N '' T HE N '' 
' 1 B E G I N '' H : :;: S I G N ( H ) -t H H I N J A B S H 1 : H M I N •• E Nu •• : 
'' I F '' I V '' T H E N •• 
'' 8 E G I N '' R K S T E P ( X , X L. , H , V , V L , Z L , F X V , I ) J 

TOL,1: Et2l • ABS(KO) + EC3l * ABSH 
'' E ~~ D 1• 
''ELSE•• 
'' B E G I N '' R K 5 T E P ( Y , Y L , ~ , X , X L , 1 / Z L. , 1 / F X Y , I ) J 

TOJ.:: E[Ol * ABS(KO) + ECll • ABSH 
''END'' J 
REJ:= OISCR > TOLJ MU:~ TOL / CTOL+ DISCR) + ,ijs, 
1' I F '' R E J '' T H E N '' 
•• B E G I N '' '' I F '' A B S H < • H M I N '' T H E N '' 

'' 8 E G I N '' '' I F '' I V '' T H E N '' 
'' B E G t N '' X : s )( L ♦ ri s V : : V L, + K O '' E N D '' 
''ELSE'' 
11
' B E G I N '' X 1 : X L + I< 0 J Y : • V L + ri '' E N O '' s 

D t 1 l I : D t l l + 1 r F I R S T : • '' T R U E '' J •• G O T O •1 N E X T 
''END'' J 
H : : H • M U J I I : 0 J '' G O T O '' A G A I N 

•• E N D '' R E J J 
'' I F '' F 1 R S T '' T H E N '' 
'' B E G I N '' F I R S T : : F I R J H L : : H J H I • H U • H J "' GO T O '' A C C E P T 
''END'' J 
FHMa: MU• H / H~ + 

A C C E F' T I •• I F ,, I \/ ,. T H E N It 
2 ) ,, E l. S E '' R K S T E P ( V , 
MUt:: MUJ 

MU• MUlr H~1= Hr H1• FHM • HJ 
RKSTEPCX, XL., HL., V, YL, ZL, FXY, 
YL., Hl., X, XL, ZL., 1 / FXY, 2)J 

• 

N E X T ; •• I F '' F I R •• T H E N '' 
''BEGIN•• FIR:• ''F•LSE''J COND01• BJ 

'' I F '' '' t~ 0 T " C F I '' 0 R '' R E J l '' T H E N •• H : 11 0 t 2 l 
''Et~ D '1 

''ELSE'' 
• 

1
' B E G I N '' D [ 2 l : : H J C O N D 1 : :a B ; 

'' I F '' C ON D O * C O N D 1 < • 0 •• T H E N •• '' G O T O '' Z ER O r 
CONOO:: COND1 

••END'' J 
D [ 3 l I : X L. I = X J O C lJ l : • V L I • Y , 11 G O T O '' C M A N G E J 

ZERO: El [11 :: E [4J J El C2l 1: E [SJ J 
S 1 1 = '' ! F '' I V '' T H E t~ '' X '' E L S E '' V J 
S : : '' I F '' I V '' T H E N '' X L. '' E L S E '' Y L J 
Z E R O I t~ ( S , S 1 , F Z E R O , A B S C E 1 t 1 l * S ) + A B S C E 1 C 2 l ) ) J 
S 1 : :: 11 IF ,, I V ,. THEN '' X ,, ELSE,, Y , 

• 

''IF'' IV ''THEN'' RKSTEPC~, XL, S • XL, Y, V~, ZL, FXV, 3) 
'' E L S E '' R K S T E P C Y , Y L ,, S • Y L , X , x L. , Z L , 1 / F X Y , 
3)J ~[3J :: XJ O[LIJ :;. Y 

'' E f~ 0 '' R K 4 A ; 
'' E OP'' 

MC 

PAGE 
J 



RECEIVEOt 730715. 

BRIEF DESCRIPTION1 

RK4NA IS USED TO INTEGRATE THE VECTOR INITA~ VALUE PROBLEM1 
OX [Jl /OX [Ol :FcJ,X tOl,, •, ,X tNl) , X [OJ >=XA [OJ, 
X CJl ::XA tJl , X tol :XA tOl, J•1,.,, • ,N, 
Wt;ERE XtOJ IS THE INDEPENDENT VARIABLE AND X[1l,., •• ,xcN] ARE 

MC 
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THE DEPENDENT VARIABLES;RK4NA CMOOSES FROM AMONGST X[Ol ,,.,,XCNJ 
AS INTEGRATION VARIABLE ,~ VARIAB~E SUCH THAT THE ABSOLUTE VALUE 
OF THE DERIVATIVE OF TME OTHER VARIABLES WITH RESPECT TO THE ONE 
CHOSEN ARE <~1,rME INTEGRATION IS sroPPEO,IF A CERTAIN CONDITION, 
TO BE SU?PLIED ev THE USER, 
or~ x Col,, •• , x CNJ IS SATISFIED • 

• 

R LJ NG E • K U T T A ME THO D S , 
SYSTEM OF ~IRST ORDER DIFFERENTIAL EQU4TIONS, 
INITIAL VALUE PROB~EM, 
DYNAMIC INTEGRATION INTERVAL, 

• 

• 

• 



CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE READSI 
'' f' R O C E O UR E '' R K 4 N A ( X , X A , B , F X J , J , E , D , F I , N , L , P O S ) J 
'' V A L. LJ E '' F I , N , L , P O S I 
'' t N T E G E R •• J , N , L r 
•• li O O L E A N '' F I , P O S J 
'' ~ E A l '' B , F X J J 
•• A R ~ A V '' X , X A , E , D J 

THE MEANING OF THE FORMAL PARAMETERS 1S1 

B: 

FXJ: 

<ARRAY IOENTIFIER>J 
'' A R R • Y '' X [ 0 : N J J 
~[OJ IS THE INDEPENDENT V4RIABLE, 
)t t 1 l,, • •., x tNl ARE: THE DEPENDENT V•RI ABLES; 
X [OJ, 11 • •, X [Nl ARE USED AS . JENSEN PARAMETERS t 
EXITaTHE SOLUTION AT B=Or 
<ARRAY IDENTIFIER>, 
'' A R R A V '' X A [ 0 : N 1 J 
ENTRVI THE INITIAL VALUES OF X[Ol,,,.,,XtNlt 
<ARITHMETIC EXPRESSION>J 
B DEPENDS· ON x Col,.,., x tNl r 
IF TME EQUATION Bao IS SATISFIED WIT~IN A 
CERTAIN TOLERANCE,THE INTEGRATIO~ IS TERMINATEOJ 
BIS EVALUATED AND TESTED FOR CHANGE oF SIGN AT THE 
ENO OF EACH STEPs 
FOR THE TOLERANCE SEE ALSO THE EXPLICATION OF E, 
<ARITHMETIC EXPRESSION>J 

• 

FXJ DEPENDS ON XtOJ,.,,,XtNl AND J, DEFINING THE RIGHT 
HANO SIDE OF THE DIFFERENTIAL EQUATIONJ 
AT EACH CA~L IT DELIVERS 1DXtJl/DX[Ol J 

J; <VARIABLE>s 

MC 
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• 

J IS USED AS A JENSEN PARAMETER IN THE ACTUAL PARAMETER 
CORRESPONDING TO FXJ, TO DENOTE THE NUMBER OF THE EQUATION 

D: 

REQUIREOt • 

<ARRAY IOENTIFIER>J 
'' A R R A Y '' E [ 0 I 2 • N + 3 ] J 
ENTRV& Et2•JJ ANO Et2•J+1l , ocaJc•N, 
ARE THE RELATIVE ANO THE ABSOLUTE TOLERANCE, 
RESPECTlVE~Y, ASSOCIATED WITH XCJJ s 
E t 2 • t~ + 2 l A t~ D E t 2 * N + 3 l A R E T H E R E L. • T I V f A N D A B S O L U T E 
TOLERANCE USED IN THE DETERMINATION OF THE ZERO OF BJ 
<ARRAY IOENTIFIER>r 

· '' • R R A Y '' 0 [ 0 : N ♦ 3 l J 
AFTER COMPLETION OF EACH STEP WE HlVE : 
ENTIERCDtOJ+.5) IS THE NUMBER OF STEPS SKIPPEOJ 
D t2l I 5 THE STEP LENGTH J 
D[J+3J IS THE LAST VALUE OF X[Jl, JsO,,,.,J•NJ 
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Fii <BOOLEAN EXPRESSION>F 
IF FI=··rRuE·· THEN THE INTEGRATION IS STARTED WITH INITIAL 
C:lNDITIONS X[JJ-XACJJ;IF FI= 1•FALSE .. THEN THE INTEGRATION IS 
CONTINUED WITH X(JJ-O[J+3J; 

NI <ARITHMETIC EXPRESSION>; 
THE t~UMBER OF EQUATIONS; 

LI <ARITHMETIC EXPRESSION>; 
AN INTEGER TO BE SUPPLIED BY THE USER9 O<=L<-Ne 
SEE ALSO THE EXPLICATION OF POS; 

Posa <BOOLEAN EXPRESSION>F 
IF FI=·11 TRUE 111 THEN THE INTEGRATION STARTS IN SUCH A WAY 
THAT XCLl INCREASES IF POS=•TRUE 00 ANO XCLl DECREASES IF 
POS= 11•FALSE••; 
IF FI=••FALSE" THEN POSIS OF NO SIGNIFICANCE. 

DATA AND RESULTSI SEE REFC1l. 

PROCEDURES USEOI 

ZEROIN = CP34150. 

REQUIRED CENTRAL MEMORYI 

EXECUTION FIELD LENGTHI THREE ARRAYS OF ORDER NANO ONE OF ORDER 
6 • N ARE USED. 

RUNtJIN G TI ME: DEPENDS STRONGLY ON THE DIFFERENTIAL EQUATIONS TO SOL VE• 

LANGUAG~IALGOL 60. 

HETHOD ANO PE~FORMANCE I A 5-TH ORDER RUNGE-KUTTA METHOD IS USED; SEE 
REF C1l (RK4NA IS AN ADAPTED VERSION OF RK4N). 

REFERENCE Sa 

(11.J.A.ZONNEVELD. 
AUTOMATIC NUMERICAL INTEGRATION. 
MATHEMATICAL CENTRE TRACT 8 (1970). 
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EXAMPLE OF USEI 

THE PERIOD OF THE SOLUTION OF THE VAN DER POL EQUATION 
OXC1l/OT = XC2J 
oxc211or = ~0•«1-xc11••2)•xc21-xc11, T>=O, 
CAN BE OBTAINED BY THE FOLLOWING PROGRAHI 

••BEGIN•• ••c OMMENT•• VAN DER POL; 
••PROCEDURE'• RK4NA(X,XA,B,FXY,J,E,D,FI,N,L,POS); 
··cooE·· 33011; 
••REAL•• XO; 

••PROCEDURE'• PRINT(X);MARRAY 1
• K; 

ouTPUT<61,··,··/,41+Zo.1003s,",·,xco1,xc11,xc21,xo,; 

•• INT EGER'· J, K; •• aooL EA N" FIRST; 
HARRAv·· Eco111,xA,xco121,oco1s1; 
••FoR•• Kl=0,1,2,3,4,5 ••ooaa E[Kll=.1•-&; EC6ll=E[7JJ=•• 8 ; 
0 UT P U T ( 6 1 , .. ( •• " I •• VAN O ER POL •• J •• , / BB •• C •• E P S= •• ) •• D • 10 0 , / B 8 
•• C •• y H E V A LU ES O F X C O l , X C 1 l , X C 2 l , P t RE S P EC T I V E L Y .. ) .... ) •• , E C O l > ; 
XO•=XA(OJa-xAC2]1-0;XA(1l1=2;Ja=D;PRINT(XA); 
FIRST1-••rRUE .. ; 
••FOR•• J l = 1, 2 • 3 9 4 •• 0 0 •• 
••aEGIN•• RK4NA(X,XA,XC2J,"IF 1

• K=1 10 THEN•• XC2l .. ELSE•• 
10•,1-xc1i••2>•xc2i-xc11,K,E,D,FIRST,2.o,MTRUEM>; 
XOl=X{OJ-XO;PRINT(X);FIRST1=•FALSE"; XOl=XCOJ 

•• EtJO •• 
''£No•• 

THE PROGRAM PRINTS THE FOLLOWING ~ESULTSI 

VAN DER POL 

EPS=O .0000001000 

THE VALUES OF XCOJ,X[1J,XC2l,P,RESPECTIVELYI 

+0.00000000 +2.00000000 ♦ 0.00000000 +0.00000000 

+9.32366570 2.01~28560 +0.00000000 +9.32386570 

+18.86305411 +2.01428557 +0.00000000 +9.53918840 

+28.40224194 2.01428858 -0.00000000 +9.539~8783 

+37.94143003 +2.01428558 +0.00000000 +9.53918809 
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SOURCE TEXT(S)s 

'' C O O E '' '' 3 3 0 1 7 r 
'' P RO C E O U R E '' R ~ (J N A C X , X A , B , F X J , J I E , '.) , F I , N , L , P O S ) J 
,, V A L, u E '' F I , N , L ' p a s ' " I N T E c; E R ,, J , N , l. , ,, a O O L E A r~ '1 F I , p O s : 
'' R E A L '' B , F X J , '' A R R A Y •• )( , X A , E , D J 
"BEGIN'' "INTEGER'' I, IV, Ivo, 

'' B O O L E A N '' F I R , F I R S T , RE J , 
'' RE A L. '' H , C Q N O O , C O N D l , F I ➔ M , A B S H , T O L. , F M , M '4 A , X O , 
X1, S, HMIN, HL, MU, MU1J 
'
1 A R R A V t1 X L. , D I S C R , V [ 0 I N l , K t O I 5 , 0 I N l , E 1 [ 1 : 2 J J 

'' B O O L. E A N '' '' p R O C E O U R E '' Z E R O I N C X , Y , F X , E f.' S ) ; '' R E A L '' X , Y , F X , E P S J 
,, C Cl D E '' 3 Q 1 5 0 J 

'' P R O C E D U R E '' R t< S T E P ( H , D ) I '' V A L. U E '' H , D J '' I N T E G E R '' 0 J '' R E A. L '' t-t J 
'' 8 E G I N '' '' I N T E G E R '' I J 

'' F' R O C E D U R E '' F C T ) J '' V A, L U E 11 T s '' I N T E G E R •• T J 
•• B E G I N •• '' I N T E G E R '' I I 

"REAL'' P, 
'' F O R '' J. I : 1 '' S T E P '-' 1 '' U N T I L '' "I '' 0 0 '' V t J l I a F X J J 
?1a H / YCIV] 1 
'' F O R '' I 1 : 0 '' S T E P '' 1 '' U N T I L '' N '' 0 0 •• 
'' B E G I N '' '' l F '' I • • I V '' T H E N '' t< C T , I l : := Y t I l • P '' E ~ D '' 

''ENO'' F J 
• 

'' I F II D : 2 ,, T HE N ,, '' G O T O '' I N T E G R A T E J •• I F ,, 0 s 3 •• T H E N It 

'' B E G I N '' '' F O R •• I : = 0 '' S T E P '' 1 '' U N T I L '' N '' D O •• X [ I l : a X L. C I l J 
F(O) 

''ENO'' 
'' E L. S E II •• I F ,, D = 1 '' T H E N ,. 
'' B E G I N '' '1 R E A l. '' P J 

P; = H I Y t I VJ ; 
'' F O R '' I 1 = 0 '' S T E P '' 1 '' U N T I L '' N '' 0 0 '' • 

11 B E G I N '' tt I F '' . I • a I V '4 T H E N '' K t O , I l I • P • Y C I l '' E N D 1' 
''END'' 
''EL.SE'' 
'' F O R '' I I 3 0 •• S T E P '' 1 '' U N T I I. '' N '' 0 0 '' 

• 

'' B E G I N '' '' I F •• I • a I V '' T H E N '' K t O , I J I • I-< t O , I J * M U •• E ND '' r 
'' F O R '' I 1 • o •• S T E P '' t '' U N T I L '' N '' D O '' X C I l 1 = X L C I l + C '' I f '' I 
:: I V '' T t-1 E N ,. H ,, E L S E '' t< [ 0 , I l ) I '-' 1 S J F C 1 ) , 
'' F O R '' I : : O '' S T E P •• 1 '' U N T I L " N '' 0 0 '' X t I l : ;c X L. C I l + ( '' I F •• I 
a I y '' T H E N '' H * 4 '' E L S E '' C K t O , I l + K t 1 , I l • 3 ) ) / 1 2 1 
• 

FC2)J 
'' F O R '' I : = o •• S T E P '' 1 '' U N T I L '' N '' 0 O '' X [ I l & • 
: I \/ '' T H E N •• H * , 5 •• E L S E '' C K t O , I l + ~ C 2 , I J 
F(3); 

X L C I l + C '' I F '' I 
* 3) / B)J 

'' C OM ME N T '' 
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'' F O R '' I : = O '' S T E P '' 1 '' U N T I L. '' N '' 0 0 •• X [ I l : = )( L. [ I l + C '' I F '' I 
; I V ,, T t◄ E ~ ,, H * , 8 ., E L S E ., C K t O , I l • 5 3 • I< t 1 , I J * 1 3 S 
+ K[2,Il ~ 12b + K[3,Il * 5b) I 125)J F(LI); 
•• I F '' D < = 1 '' T H E N '' 
,, B E G I ~ ., 11 F O R ,, I I ;; 0 '' S T E P '' 1 ,, U N T I L '' N ,, D O '' X C I l I : X L. [ I J + 

( '' I F '' I z I V '' T H E N e, H '' E L 5 E •• C '< E O , I l * 1 3 3 • 
Kt1,Il • 378 ♦ KC2,Il * 27b + KC3,Il * 1\2 + 
K [", IJ • 25) / 1&8) J F(S) J 
'' f O R '' I : = 0 " S T E ? '' 1 '' U N T I L '' N 1

' 0 0 '' 
'' B E G I N '' '' I F '' I • =: I V " T H E r~ •• D l S C R [ I l : = A B S C K t O , I l * 2 1 

• K[2,ll • 1b2 ♦ Kt3,IJ * 224 • K[4,Il • 
12S + K[S,Ij * L12) I 1~ 

''END'' J 
'' G O T O '' E N D 

''ENO'' 1 
I N T E G R A T E : '' F O R '' I I • 0 '' S T E P '' 1 '' U N T I L '' N '' D O '' X [ I l : : ')( L C I J 

+ ( '' I F •• I : I V '' T H E N '' H '' E L S E '' C • K [ 0 , I J * c 3 + K t 1 , l l 
* 18fi • K[2,Il • 3b • KC3,Il • 112 + K[Q 1 Il * 50) 
/ 28)J F(S)s 
'' F O R '' I : : O '' S T E P •• 1 '' U N T I L '' N '' D O •• 
'' B E G I N '' '' I F '' I • • I V '' T H E N '' X [ I 1 I :a X L C I l + C K C O , I l * 3 S 

+ K[2,Il • 162 + Kt4,Il • 125 + t<[S,Il • 14) / 330 
''END'' J . 
END•• 
'' E NO '' R K S T E P J 

'' RE A L '' •• P R O C E D UR E '' F Z E R O J · 
!I B E G l N '' ., l F ,, S :r. X O ., T H E N ,, F Z E R O I • C O ND o '' E L. S E ,, '' I F ,, 5 = X 1 

"THEN'' FZERO;: CONOl ''ELSE" 
'' BE G I N '' R K S T E P ( S • )( L C I V l , 3 ) J F Z E RO I a B '' E NO '' 

,, E N D It F Z E R O J . 

'' I F '' f I '' T H E N '' 
'' B E G I N '' '' F O R '' I I : 0 '' S T E P •• 1 •• UN T I L •• N '' D O '' D [ I + 3 J : = X A C I l J 

OtOJ:: 0[2]::: 0 • 

''END'' J 
Dtll 1= o, 
'' F O R '' I I • 0 •• S T E P " 1 '' U N T I I. •• N •• 0 0 9' X [ I J I • X L. t I J I : D [ I + 3 l J 
I V a = D [ O l , H 1 :c O t 2 l J F I R S T I a F I R I s '' T RUE •• J Y [ O l : = 1 J 
'' GO T O '' C H 4 N GE 1 

A G A I N : A 6 S H I • A 8 S ( H ) J '' I F '' A 8 SH < H M I N '' THE N '' 
'' 8 E G I N '' H : • '' I F •• H > 0 11 T H E N '' 11 M I N '' E L. S E '1 

• H M I N , 
ABSHz: ABS(H) 

''EN~•• J 
• 

RKSTEPCH, I)s REJa= ''FALSE'', FHM1• o, 
,. F O R fl I I • 0 ,, S T E P ,. 1 '' UN T I L. tt N '' 0 0 ft 
•• B E G I N '' '' I F '' I • • I V '' T H E N '' 

'' 6 E G l N •• T O L. 1 = E t 2 • I l * A B S C K [ 0 , I l ) + E [ 2 • I + 1 l 
• A B S H J R E J a :a T O L < 0 I S C R t I l '' 0 R '' R E J ; 
FH:s OISCR [Il / TOLJ ''IF" FH > FHM ''THE~~•• FHM:: FH 

''END" 
'' E N D '' J '' C O M M E N T '' 
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M U t = 1 / C 1 + F H M ) ♦ 1 4 5 J ,, I F ,. R E J ,, T H E N ,, 
•• 6 E G I r" •• '' I F '' A B S H < = HM I N 1

' T H E N '' 
•• B E G I N '' '' F O R '' I 1 : 0 '' S T E P '' 1 '' U N T I L '' ~~ •• D O '' 

'' 8 E G I N '' 1
• I F '' I • = I V '' T H E N '' X [ I J I ; X L [ I l + K t O , I l 

'~ E l 5 E '' X C I l I : X L [ I l + H 
'' Et~ D •• J 
D [ 1 l : : 0 [ 1 l ♦ 1 J F I R S T J : '1 T R U E '' J '1 G O T O '' N E X T 

'' E ~JD '' ; 
H : = H * M U J I : : 0 r '' GO T O ,, A GA I ~J 

''ENO•• r 
'' I F t• F I R S T '' T H E N '' 
., B E G I N 11 F I R S T t : F I R J H L. I : H J H 1 • ~ U • H J " G O T O '' A C C E P T 
••END'' 1 
F H 1 :: M U * H / H L. + M U • M lJ 1 I H L : s: H J H : z F H • H J 

ACCEPT: RKSTEP(HL, 2)J MU1:a HU, 
N E X T : '' I F •• F I R '' T H E N '' 

'' B E G l N '' F I ~ 1 • '' F A L S E '' J C O N D O I • B J 
ti I F ,, ,, N O T '' C F I II O R ,, R E J ) ,. T H E N •• H : : D C 2 ] 

''END'' 
''ELSE'' 
'' B E G I N '' D C 2 J : • H r C O N D 1 I :s B J 

• 

'' I F' " C O ND O * C ON D 1 c a O 11 T HE N '' '' G O T O '' Z E R O 1 
CONDO.:: CO~D1 

''END'' J 

MC 
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'' F O R •• I a : 0 '' S T E P '' 1 '' U N T I l. '' N '' l1 0 '' 0 t I + 3 ] : = X L C I l : : X C I l J 
CHANGE: IVOI: IVs 

,, F O R ,, J I = 1 '' S T E P ,, 1 It U N T I L ,. N '' 0 0 ,, V [ J l I = F X J J 

MAXI= ABS(Y CI\ll) J . 
'' F O R '' I I : 0 '' S T E P '' 1 '' U N T I l. '' N '' D O '' 
'' B E G I N '' '' I F '' A B S C Y [ I l ) > M A X '' T H E N '' 

'' B E G I N •• M A. x I : A B S C V [ I l ) J I V I = I '' E N D '' 
''END •1 

; 

'' IF '' IV O •: I v· '' THEN'' 
'' B E G I N '' F I R S T : : '' T R U E '' s D [ 0 l 1 • I V J 

D t2l 111 H1• Y [IV] / Y tIVOJ * H 
'' END '' ; · 
)( O 1 : X L C I V l J It I F ., F I R •• T H E N ,, 
•• B E G I N '' H M I N 1 :: E C O l + E [ 1 l J 

'' F O R '' I I s 1 t• S T E P '' 1 '' U N T I L. '' N '' D O '' 
'' 8 E G I N •• H : = E t 2 * I l + E t 2 • I + 1 J t 

•1 I F '' H < H H I N '' T H. EN " HM I N I a H 
''ENO'' s 
H::: Et2 * IVJ + Et2 *IV+ 1lJ 

It I F ,, C F I ,, A N D ,, C V C L l / Y C I V l * H c O ,, E Q U I V ,. P O S ) ) ,, 0 R ,, 
• ( •• t~ 0 T 1' F I '' A N D '' 0 t 2 ] * H c O ) '' T H E ~ •• H I :1 • H 

''END '' ; 
I:• 11 ''GOTO'• AGAINJ 

ZERO: El ttl 1: EC2 t t-J + 2l J Et t2l az EC2 • N + 31; 
X11•X CIV] r s:=xo J 
ZEROINCS,X1,FZERO,ABS(E1 tll *S) + ABSCE1 [2] )) : X01=S , Xl;:X[IVl J 
RKSTEP(XO • XLCIVJ, 3J: 
'' F O R •• I : : o '' S T E P '' 1 '' U N T I L •• N '' 0 0 •• D t I + 3 l 1 = X C I l 

'' E N D '' R i< 4 N A J 
'' E OP'' 
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AUTHORI J.A.ZONNEVELO. 
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INSTITUT£1 MATHEMATICAL CENTRE. 

RECEIVEOa 730715. 

BRIEF DESCRIPTIONI 

RK5NA CAN BE USED TO INTEGRATE THE SYSTEH OF 
FIRST ORDER DIFFERENTIAL EQUATIONS 

OX[Jl I OXCOJ = F<J, XCOJ, ••• ,XCNl) / F(O, XCOJ, ••• ,~CNl), 
J :: 1, • • •, N, 

WHERE F(J, XCOJ, •••t X[Nl) AND F<O, X(Ol, ••• , XCNJ) REMAIN FI
NITE; THE ARC LENGTHS IS INTRODUCED AS INTEGRATION VARIABLE; 
THE SYSTEM SOLVED IS 

DXCJJ /OS= F(J, XCOJ, •••t XCNJ) / SQ.RT<A>, J = 0, •••t N, 
A= SUHCI, O, N, F<I, XCOJ, •••• XCNJ) •• 2) ; 

THE INTEG~ATION STOPS IF SOME CONDITION ON XCOl, •••t XCNl , 
TO BE SUPPLIED BY THE USER, IS SATISFIED WITHIN CERTAIN TOLERANCES. 

KEYWORDS I 

RUNGE-KUTTA METHODS, 
DIFFERENTIAL EQUATIONS, 
INITIAL VALUE PROBLEMS. 
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CALLING SEQUENCEI 

THE HEADING OF THE PROCEDURE REAOSI 
••PRO C ED U RE •• R K 5 NA (X , X A , B , F X J , J , E , D , FI , N , L , PO S ) ; 
··vALUE·· FI, N, L, POS; ··INTEGER·· J, N, L; ··aooLEAN·· FI, Pas; 
IJI RE A L •• 8 , F X J ; •• A RR A Y •• X , X A , E , 0 ; 

THE MEANING OF THE FO~HAL PARAHETERS rsa 

XI <ARRAY IDENTIFIER>, 
'"AR<AY•• XCO I NJ; 
THE DEPENDENT VARIABLES; 
XCOl, •••• XCNJ CAN BE USED AS JENSEN PARAMETERS; 

XAI <ARRAY IDENTIFIER>; 
•• AR.~ A Y •• X A { 0 t N J ; 
ENT~YI THE INITIAL VALUES OF XCJJ, J O, •••t N; 

Bl <ARITHMETIC EXPRESSION>; 
B DEPENDS ON XCOJ, •••t XCNJ; 

MC 

PAGE 2 

IF,WITHIN SOME TOLERANCE,B = 0 THEN THE INTEGRATION IS TER 
MINATEO; SEE ALSO THE EXPLANATION OF THE PARAMETE< E; 

FXJI <ARITHMETIC EXPRESSION>; 
THE RIGHT HANO SIDE OF THE DIFFERENTIAL EQUATION; 
FXJ OEPENOS ON X[OJ, •••• XCNJ, J, GIVING THE VALJE OF 
OXCJl / OXCOJ; 

JI <VARIABLE>; 
J IS USED AS A JENSEN PARAMETER TO DENOTE,IN THE ACTUAL 
PAR~METER CORRESPONOIN~ TO FXJ,THE NUMBER OF THE FUNCTION 
RC:.QUIREO; 

El <ARRAY IDENTIFIER>; 
•• AR.R. A Y •• E ( 0 I 2 • N • 3 J ; 
ENTRYI 
EC2 • JJ AND EC2 • J + 11 ARE THE RELATIVE ANO THE ABSOLUTE 
TOLERANCE,RESPECTIVELY,ASSOCIATED WITH XCJJ,J O, ••• , N, WHILE 
EC2 • N + 21 ANO EC2 • N + 3J ARE THE ONES ASSOCIATED WITH a; 

01 <ARRAY IDENTIFIER>; 
10 AR~Av•• 0(1 IN+ 3]; 
~FTER COMPLETION OF EACH STEP WE HAVEi . 

ABS(OC1J) 
D (2 J 
0 II + 3 J 

FIi <BOOLEAN EXPRESSION>; 

THE ARC LENGTH, 
THE STEP LENGTH, 
THE LATEST VALUE lF X[Il, 
I = O, •••• N; 

IF FI= ••TRUE•• THEN THE INTEG~ATION IS STARTED WITH INITIAL 
CONJITIONS XCI] = XA{Il, I - D, •••t N; 
IF FI= ••FALSE•• THEN THE INTEGRATION IS CONTINUED WITH 
XCIJ = DCI + 3J; 

NI <ARITHMETIC EXPRESSION>; 
THE NUMBER OF EQUATIONS; 
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LI <ARITHMETIC EXPRESSION>; 
1 <= L <- N; SEE THE EXPLANATION OF Pas; 

POSJ <BOOLEAN EXPRESSION>; 
IF FI = ••TRUE•• THEN THE INTEGRATION STARTS IN SUCH A WAY THAT 

< INCREASES,IF POS -· ••TRUE••, 
[ 

XCLl < 
{ 

( OECREASES,IF POS = MFALSE·; 

IF FI = ••FALSE'• THEN POS IS IGNORED. 

DATA At~O RESULTSI SEE REFC1J. 

PROCEDURES USED I 

ZEROIN = CP34150. 

REQUIRED CENTRAL MEMORY l . 

EXECUTIJN FIELD LENGTHI THREE ARRAYS OF ORDER NANO ONE OF O~DER 
6 • N ARE USED. 

RU~iNING TIMES DEPENDS ON THE SYSTEM TJ S~LVE. 

LANGUAGEI ALGOL 60. 

H~THOO AND PERFORMANCE! A 5 TH ORDER ~UNGE-KUTTA METHOD IS USED; SEE 
REF C1l (RK5NA IS AN ADAPTED VERSION OF RKSN). 

REFERENCE SJ 

{1]. J.A.ZONNE~ELD, 
AUTOMATIC NUMERICAL INTEGRATION, 
MATH.CENTRE TRACT 8 (1970) • 
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EXAMPLE OF USEI 

THE VAf~ DER POL EQUATION IN THE PHASE PLANE 

CAt~ BE lNTEGRATED BY THE PROCEDURE ~KSNA; THE STARTIN$ VALUES ARE 
XCOJ = 2, Xt1J = O. THE INTEGRATION PROCEEDS UNTIL THE NEXT ZERO OF 
X£1l,TH£N IT CONTINUES UNTIL THE NEXT ZERO ANO SO ON UNTIL THE 
FOURTH ZE~O IS ENCOUNTERED.IN THE EXAMPLE THE OUTPUT IS GIVEN FOR 
THE TOLERANCES ECO)-E(1J=E[2l=E[3] "69 E(4J=EC5J= N-10. 
THE PROGRAM READS AS FOLLOWSI 

··aEGIN·· ··coHMENT·· VAN DER POL IN THE PHASE PLANE; 
··PROCEOURE·· RKSNA(X,XA,B,FXJ,J,E,O,FI,N,L,POS); ··cooE·· 33018; 
•• INT EGER.. J , K ; •• BOOLEAN Ill FIRST ; 
••ARRAY•• E[015J,XA,X(011l,OC114l; 
··PROCEDURE·· PRINT(X); ··ARR.Av·· x; 
•• 8 £ G I N •• 0 UT PU T ( 61 , •• ( •• / B •• C "X C O l = •• ) •• + 0 • 1 0 D , 

1 o a·· c ··x c 1 1 - •• > •• + o. 1 o o , 1 o a·· ( ··s = .. > .. Jo. 1 o o ··, ··, x c o 1 , 
XC1l,ABS(0(1l)) 

•• E. NO•• ; 
--Fo~·· Kl=0,1,293 ··oo·· ECK]1-·•-6; EC4]1-E[5)1=··-10; 0(1]1=0; 
XACOJ:=2; XAC1Jl=O; Ja;Q; PRINT(XA); AAI 
FIR.STa=J=O~ 
RK5NA < X, XA, XC 11 ,••1F•• K=O ••THEN 11

• X Ci l ••ELSE•• 
10•,1-xco1••2>•xc11-xco1,K,E,D,FI~ST,1,1,··FALSEMJ;;J1=J+1; 
P Rl N T ( X ) ; •• I F •• J < tt- •• T HE N •~ ••GO TO •• A A 

••E No•• 
••Eop•• 

RESULTS& 

xco1=+2.oooooooooa 

XCOJ- 2.01~2853657 

XCOJ-+2.01~2853659 

X(Ol=-2.0142853659 

X[OJ-+2.0142853659 

XC1l=+O.OOOOOOOOOO 

XC1l=-0.0000000012 

XC1l=+O.OOOOOOOOD1 

X(1l= OeOOOOOOOOOO 

X[il=+0.0000000000 

S=000.0000000000 

5=029.3873834087 

S=OSS.7884331939 

S=088.1894829781 

S=117.5905327623 
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INSTITUTE: MATHEMATICAL CENTRE, 

RECEIVED: 730515, 

BRIEF DESCRIPTIONa 

MULTISlEP SOLVES AN INITI~L VALUE ?ROBLEM, GIVEN AS A SYSTEM OF 
FIRST ORDER DIFFERENTIAL EQUATIONS, av MEANS OF A MULTISTEP METHOD: 
GEARS METHOD,ADAMS•MOU~TON OR ADAMS•BASHFORTH•METHOD, 
IN PARTICULAR THIS METHOD IS SUITAB~E FOR THE INTEGRATION OF STIFF 
DIFFERENTIA~ EQU~TIONS 1 

KEYWORDS I 

DIFFERENTI•L EQUATIONS, 
INITI•~ VALUE PROBLEM, 
STIFF EQUATIONS; 
MU~TISTEP METHOD, 

• 

• 

• 
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CAL~ING SEQUENCE: 

THE HEADING OF THE PROCEDURE READS1 
'' B O O L E A N '' '' P R O C E D U R E '' M U L, T I S T E P C X , X E N D , Y , H M I N , H M A X , V M A X , E P S , 

FIRST,SAVE,DERIV,AVAILABLE,JACOBIAN,STIFF,N,OUT)J 
'' V A L. U E '' HM I N , H M A X , E P S , X E N D , N , S T I F F J 
''BOOLEAN'' FlRST,AVAlLABLE,STIFFJ 
'' l N T E G E R '' N J 
''RE•L'' X,XEND,HMIN,H~AX,EPSJ 
'' • R R • Y '' Y , V MA )( , S A V E , J A C O B I • N J 
'' P R O C E D U R E '' 0 E R l V , 0 U T J 

MULTISTEP1 DELIVERS THE FOLLOWING BOO~EAN VALUE1 
IF DIFFICULTIES ARE ENCOUNTERED DURING THE INTEGRATION 
CI,E. SAVEt•ll •• 0 "OR'' SAVEt•2l •a O ) MULTISTEP IS SET 
TO tt F A L SE '' , 0 T HE R W I S E MU L T I S T E Ft I S SE T '' TRUE '' 1 

THE ~EANING OF THE FORMAL PARAMETERS IS: 
Xa <VARIABLE>, 

THE INDEPENDENT VARIABLE X. 
CAN BE USED IN OERIV, AVAI~ABLE ETC,, 
ENTRY1 THE INITIAL VALUE XOr 
EXIT I .TME FINAL VALUE 1 XENOtp 

XEND: <ARITHMETIC EXP~ESSION>J 
THE FINAL VALUE OF X ( XENO >• X )s 

Y: <ARRAY IDENTIFIER>t 
,t A R R A V '' Y C 1 I b * N J J 
THE DEPENDENT VARIABLEr 
ENTRY1 TME INITIAL VALUES OF THE SOLUTION OF THE SYSTEM OF 

DIFFERENTIAL EQUATIONS1 Ytll AT X m XOJ 
EXIT I THE FINAL VALUES OF THE SOLUTION1 YCIJ AT X = XENDJ 

HMIN,HM~XI <ARITHMETIC EXPRESSION>J 
MINIMAL' RESP, MAXIMAL STEPLENGTH ev WHICH THE INTEGRATION 
IS ~ERFORMEOJ 

YMAXa <ARRAY IDENTIFIER>J 
" A R R A V '' Y M A X [ 1 I N J J . 
ENTRY1 THE ABSOLUTE LOCAL ERROR BOUND DIVIDED BY EPS 
EXIT 3 VMAX[1l GlVES THE M•XIMA~ VALUE OF THE ENTRY VALUE 

OF YMAX tll AND THE \/ALUES OF ABS(V CI]) DURING 
INTEGRATIONJ 

EPS1 <ARITHMETIC EXPRESSION>J 
TME REL•TIVE LOCAL ERROR BOUNDS 

Fl~ST: <IDENTIFIER>, 
I F F I R S T : '' T RUE '' THE N THE P RO C E O URE S TA R TS I T S S T R A TE G V 
~ITH A FIRST ORDER ADAMS METHOD AND A STEPLENGTH EQUAL 
TO HMIN 11 UPON COMPLETION OF A CAI.L FIRST1• ''FALSE''J 
I F F I R S T = '' F A L SE •• THEN THE PRO C E DURE C ON T I NU E S 
INTEG~ATIONJ 
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<ARRAY lDENTIFIER>J 
'' A R R A y '' S A V E C • 3 8 c b • N J J 
IN THIS ARRAY THE PROCEDURE STORES INFORMATION WHICH CAN BE 
U S E O I N T HE N E X T C A L L W I T r-t F I R S T • '' F l L S E '' , 
SESIOES THE FOL~OWING MESSAGES ARE DELIVERED: 
SAVE[ OJ=O : AN ADAMS METHOD HAS BEEN USEOJ 

1 : THE PROCEDURE SWITCHED TO ~EARS METHODJ 
SAVEC•ll:O : NO ERROR MESSAGE; 

1 I WITH THE HMIN SPECIFIED THE PROCEDURE CANNOT 
HANDLE THE NON~INEARITY (DECREASE HMIN! )J 

SAVEt•2l NUMBER OF TIMES TMAT THE REQUESTED LOCAL ERROR 
BOUND WAS EXCEEDEDJ 

SAVEC•3l IF SAVEC•2J IS NONZERO THEN SAVEC•3l GIVES AN 
• ESTIMATE OF THE MAXIMAL LOCAL ERROR BOUND, 

OTHERWISE SAVE[•3Jaos 
DERIV: <PROCEDURE IDENTIFIER>, 

THE HEADING OF THIS PROCEDURE ~EADS1 
'' P R O C E D U R E '' D E R I V ( 0 F ) J '' A RR A Y •• D F , 
THIS PROCEDURE SHOULD DELIVER DY[Il/DX IN DF[Il J 

AVAILAB~EI <BOOLEAN EXPRESSION>J 
IF AN ANA~YTICA~ EXPRESSION OF THE JACOBIAN MATRIX IS NOT 
A V A I L • B L E T H I S E X P R E S S I O N I S S E T T O •• F A L.. S E '' r 
OTHERWISE THIS EXPRESSION IS SET TO ''TRUE'' AND THE 
EVALUATION OF THIS BOOLEAN EXPRESSION MUST E~FECT THE 
FOL~O~ING SIDE•EFFECT1 
THE ENTRIES OF THE JACOBIAN MAfRIX D(DYtil/OX)/OV[J] ARE 
DE~IVERED IN T~E ARRAY ELEMENTS J4COBIANtI,JJ I 

J '1 COB I AN I < ~ R ~AV IO ENT IFIE R :.·1 
'1 ARRAY'' JACOBIANt1tN,1:Nl 1 
•TEACH EVA~UATION OF THE BOOLEAN EXPRESSION AVAILABLE WITH 
THE RE:SULT AVAIL.4BL.E1•''TRUE'', THE JACOBIAN MATRIX HAS TO BE 
ASSIGr~EO TO THIS ARRAYt 

STIFF: <BOOLEAN EXPRESSION>, 
IF STIFF= "TRUE'' THE PROCEDURE SKIPS AN ATTEMPT TO SOLVE 
THE PROBLEM WITH ADAMS•8ASHFORTH• OR AOAMS•MOULTON 
~ETHODS, DIRECT~V USING GEARS ~ETHoo, . 
<ARITHMETIC EXPRESSION>J 
THE NUMBER OF EQUATIONSJ 
cPROCEOURE IDENTIFIER>, 
THE HElOING OF THIS PROCEDURE ~E•OS: 
'' P R O C E O U R E '' 0 U T ( H , K ) J •• V A L U E '' H , K J •• R E A L '' H s '' I N T E G E R t• K r 
AT THE ENO OF EACH ACCEPTED STEP OF THE INTEGRATION PROCESS 
THIS PROCEDURE IS CALLED. THE ~AST STEPLENGTH USED (H) AND 
THE ORDER OF THE METHOD CK) ARE DELIVERED. 
AT EACH CA~~ OF THE PROCEDURE OUT, THE CURRENT VALUES OF 
THE INDEPENDENT VARIABLE: CX) A~D OF THE SOLUTION (V [Il (X) ) 
ARE AVAILABLE FOR USE. MOREOVER, IN THE NEIGHBOURHOOD OF 
THE CURRENT VALUE OF X, ANY VAL.LIE OF V[Il (X SPECIFIED) CAN 
BE COMPUTED av MEANS OF THE FO~LOWING INTERPOLATION FORMULA 
VtlJ CX SPECIFIED) • 

SUM(J,0,K, YCI+J•Nl • CCX SPECIFIED• X)/H) ** J ). 



DArA AND RESUL.TS: SEE REFt1l 1 

PROCEDURES USEO: 

MATVEC 
DET 
SOL 

= CP34011 , 
: CP34050, 
= C?34051 • 

REQUIRED CENTRA~ ~EMORY; 

EXECUTIO~ FIELD LENGTH: CIRCA 60 + N•CU+N), 
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RUNNING TIME: DEPENDS STRONGLY ON THE DIFFERENTIAL EQUATION TO SOLVE. 

LANGUAGE: ALGOL bO. 
• 

METHOD AND PERFORMANCE: SEE REF[ll • 
• 

REFERENCF.S: 

[tl ,P 0 W,HEMKER. 
AN ALGO~ bO PROCEDURE FOR THE SOLUTION OF STIFF DIFFERENTIAL 
J::QUATIONS. 
MATH, CENTRE, AMSTEROAM. REPORT MR 128/71J 

EXAMPLE OF USE: 

THE SOLUTION AT X:1 AND 4T x~10 OF THE DIFFERENTIAL EQUATIONS: 
D ¥ t 1 l / D X : 0 ._ O ~ * C 1 • Y C 1 l .. Y C 2 l l • V C 1 l • ( fl ~ • V t 2 l + 3 •• 7 • Y t 2 l ) 
D Y [ 2 l / 0 X : l '' 7 Y t 1 l * • 2 
WITH THE INITIAL CONDITIONS AT X a O : 
Ytll = 0 AND Yt2l:: 0 
MAY BE 08TAINED BY THE FO~LOWING PROGR•M1 

• 
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'' 3 E GIN•• 
'' B O O L E A N '' '' P RO C E D U R E '' M UL T I S T E P C X , )( E N D , Y , H ~ I N , H M A X , Y M A X , E P S , 

FIRST,SAVE,DERIV,AVAILABLE,JACOBIAN,STIFF,N,OlJT)s 
'' C O D E ,, 3 3 O 8 o r 

'' B O O L E A N '' F I R S T ; 
''INTEGER•• I,J,CF,CJ,CA, 
'' R E A L. '' X , X E N D , H M I N , E P S , R J 
'' A R R A Y '' Y t 1 : 1 2 l , Y M A X [ 1 I 2 l , 0 t • " 0 I 1 2 ] , J A C [ 1 I 2 , 1 I 2 l J 

'' P R O C E D UR E •• D E R C F ) J '' A R R A V '' F J 
'' B E G I N '' '' R E A L '' R J C F I a C F + 1 t 

f C 2 l I a R : • 3 '' 1 * V t 1 l • Y [ 1 l J 
F [ 1 J 1 • 0 • 0 a • C 1 • Y C 1 l • V [ Z l J • '' 4 • Y C 1 l • Y t 2 l • R J 

''END'' F s 

1• B O O L E A. N '' '' P RO C ED UR E '' A V A I L J 
'' B E G I N '' '' R E A L '' R J C J I : C J + 1 r 

A, V A I L I • '' T R U E '' p 
.J A C [ 2 , 1 l I : R I a o '' 7 * Y t 1 l I 
J A C [ 1 , 1 J I : • 0 , 0 Q • '' 4 * V t 2 l • R J 
JAC l1,2l :: •0,04 • ''4•Y tll J 
JAC t2,2l := 0 

'' E N D 1' J A C A V A I L I 

,, P R O C E O U RE ,. OU T C H , K ) I Bl R E A L •• H J ,, I N T E G E R ., K J C A 1 = C A + 1 J 

~ABELi . 
0 U T ? U T ( b 1 , '' C •- / , '' C '' H M I N , E P S ? '' ) '' , / '' ) '' ) t 
INREAL.(bO,HMIN)J INREAL(60,EPSJJ 
'' I F '' H M I N < O t• T H E N '' '' G O T O •• E S C A P E s 

FIRST:• ''TRUE••, CAs:CFs=CJa•O: 
Xa=o, Ytll == Y[2] z= o, 
YMAX t1l 1= 0,0001 J VMAX [2l I• 1 J 

'' F O R 11 X E N D : • 1 , 1 0 '' D O 19 

• 

''BEGIN'' 
MULTISTEP(X,XEND,V,HMIN,S,YMAX,EPS,FIRST,D,DER,AVAlL, 

J A C , 11 T R U E '' , 2 , 0 U T ) , 
O U T P U T C & 1 , '' ( '' 3 C 5 Z O , 2 B l , 2 C ♦ , 1 3 0 '' + 2 0 , 2 B ' , / •• ) '' , 

''END'' J 

'' G O T O " L. A B E L s 
ESCAPE& 

••ENO'' 

CA,CF,CJ,V ttl ,V [2l) r 

I T O E L I V E R S W I T H H M I N a '' • 1 O A N D E P S a •1 • q I 
2 4 o & " a 2 + • 3 o 1 4 & a b t 6 o a o o o 1 , •• o a + • 3 3 s o c, s 1 c " q 3 1 11 l ,, .. o 1 
::S 1 5 q O 2 3 + • 1 b 2 3 3 9 O q t o 2 0 q 1 l '' 1111 O 4 + , 1 5 8 b 1 3 8 3 t q 2 0 1 S l '' + 0 0 
(NON•SlGNIFlCANT DIGITS ARE PLACED BET~EEN C l ) , 



SOURCE TEXT(S): 
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'' BOOLE AN '' ''PROCEDURE •• MULTI STEP ( X , XE NO , Y , ~MI N, HM AX , V MA X , E PS , 
FIRST,SAVE,DERIV,AVAILABLE,JACOBIAN,STIFF,N,OUT)r 

''VALUE•• HMIN,HMAX,EPS,XENO,N,STIFFJ 
•
1 BOOL.EAN 1• FIRST,AVAILABLE,STIFFs 
''INTEGER'' Nr 
11 R E A L ,, X , X E ND , HM I N , HM A )( , E p s ' 
'' A R R A Y '' Y , V M A X , S A V E , J A C O B I A N J 
"PROCEDURE'' DERIV,OUTJ 
,, B E G I N ,, ,. 0 W N " 11 B O O L E A N It A O A M S , W I T H J A C O B I A N , 

'' 0 W N '' '' I N T E GE R '' M , S A M E , K O LO J 
'' 0 W N " '' R E A L '' X O L D , H O L O , A O , T O L U P , T O I. , T O L O W N , T O L. C O N V J 
''BOOLEAN•• EVALUATE,EVALUATEO,OECOMPOSE,OECOMPOSED,CONV1 
'' I N T E G E R '' I , J , L , K , K N E W , F A I L S , 
••REAL'' H, CH, CHNEW,ERROR,OFI,Cr 
'' A R R A Y '' A C O 1 5 l , D E L T A , L, • S T O EL T A , 0 F [ 1 I N l , J A C [ 1 I N , 1 I N l J 
'' I N T E G E R '' '' A R R A V '' P [ 1 I N l J 

'' R E A L •• '' P R O C E O U R E '' M A T V E C ( L , U , I , A , a ) f '' C O D E '' 3 4' 0 1 1 J 
'' R E A L " '' P f.l O C E DURE " DE T C A , N , P ) J '' C O O E '' 3 " 0 5 0 r 
'' P R O C E D URE ,, . S O L C A , N , P , B ) J ,, C ODE '' 3 U O 5 1 , 

'' R E A L •• '' P RO C E DU RE " NOR M 2 C • I ) r '' R E A L '' A I J 
'' 8 E G I N '' •• R E A L " S , A J S I • 0 J 

'' F 0 R '' I I • 1 '' S T E P '' 1 '' U N T I L, '' N '' 0 0 '' 
''BEGIN'' Aa: •IIYMAXCIJ J S:• S +A• A ''END"J 
NORM21• S 

'' E N O '' N O R M 2 J 

''PROCEDURE'' RESETJ 
'' B E G I N '' '' I F •• C H -c i-i M I N I H O L O '' T H E N •• C H 1 a M M I ~ / H O L D '' E L 5 E '' 

'' I F •• C H > H MA X / H O L O '' T HE N '' C H I • H M A )( / H O L O ; 
Xa• XO~OJ HI• ~OLD* CHJ C1a 1t 
'' F O R '' J I • 0 '' S T E P '' M '' U N T I l. '' K * M '' 0 0 '' 
'' B E G I N '' " F O R '' I I • 1 '' S T E P •• 1 '' U N T I L '' N '' D O '' 

Y CJ+IJ 1a SAVE tJ+Il * C, 
Ca• C • CH 

''ENO'' J 
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DECOMPOSED1• ''FALSE'' 
'' E ND '' R E S E T , '' C O MM E N T '' 

• 
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'' P R O C E D U RE '' M E T ~-i O D J 
'' B E G I N '' I : = • 3 q ; 

'' I F 1' A D A M S '' T H E N '' 
'' 8 E G ! N '1 ., F O R ,, C I :g 1 , 1 , 1 4 4 ' 4 , 0 , 119 s , 1 , I 5 , 5 7 b , 1 " 4 , 1 , 5 / 1 2 , 1 , 

,7S,1/b,1~3b,57b,4,,375,1,11/12,1/3,1/24, 
2844,1436,1,251/720,1,25/24,3S/72, 
S/48,1/120,0,2844,0,1 

'' D O '' '' B E G I N •• I : : I + 1 1 S A V E [ I l I : C •• E ~~ D •• 
,, E N D ,, 11 E L s E '' 

'' B E G I N ,, ,, F O R fl C : = 1 , 1 , q , 4 , 0 , 2 / 3 , 1 , 1 / 3 , 3 b , 2 O ., 2 S , 1 , b I 1 1 , 

''END '' 
'' E N D '' M E T H O D J 

l,b/11,1/11,84,02A,53,778,0~2s,.~e,1,.1,.2,.02, 
1Sc,25, 108,51. ,027778, 1201274, 1, 225/274, 
85/27~, 15/274, 1/274, O, 187,bq, 1 00Q73bl 
•• o o " '' s E G I N •• I 1 = I + 1 , s A v E c I l a = c '' E N o '' 

''PROCEDURE'' OROER1 
•• li E G I N '' C ; : E P S * E P S 1 J I = C K • 1 ) • C K + 8 ) / 2 • 3 8 r 

., F O R If I ; = O '' S T E P '' 1 ., U N T I L fl K •• D O ,, A [ I l I a S A V E t l + J l J 
TOLUP := C * SAVE[J + K + 111 
TOL' : • C * SAVE CJ + K + 2l I 
TOLDWN a: C * SA VE tJ + K + Jl , 
TOLCONV:• EPS/(2 • N * (Kt 2))J 
A O : • A C O l J D E C O MP O S E : :: '' T R U E '' , 

'' E N D •• 0 RD E R J 

'' P R O C E D U R E '' E V A L. U A T E J A C O 8 I A N J 
'' B E G I N •• E V A L U A T E : : •• F A L S E '' J 

DECOMPOSEI: EVALUATED:a ''TRUE''J 
'' 1 F '' A \I A I L A B L E '' T H E N '' '' E L S E '' 
''BEGIN•1 "REAL'' DJ ••ARRAY'' FIXY,FIXOY,DYC1tNJ s 

••END'' 

'' F O R '' I I : 1 '' S T E P '' 1 '' U N T I L '' N 19 D O '' 
FIXV tIJ &• Y [Il r 
DERIV(FIXDY)J · 
'' F O R '' J I • 1 '' S T E P '' 1 '' U N T I L '' N '' D O '' 
9' B E G I N '' D I :1 " I F •• E P S > A B S C F I X Y C J J ) 

'' T HE N '' E P S * E P S 
'' E L. S E '' E P S * A B S ( F I X V t J l ) J 
V [Jl := Y [Jl + OJ OERIV(DY) J 
'' F O R '' I : s 1 '' S T E P '' 1 '' UN T I L '' N '' D O '' 
JACOBIAN CI,Jl :11 COY [Il •FIXOY Cil )/Os 
V CJJ := FIXY CJJ 

'' E N D '' E V A L U A T E J .A C O B I 4 N t '' C O M ~ E N T '' , 

" 

" 



''PROCEDURE'' DECOMPOSE JACOBIANJ 
'' B E G I N '' D E C O M P O S E : a '' F A L S E •• J 

DECOMPOSEDI• ''TRUE••, Cl= •40 • HJ 

• 

'' F O R '' J : • 1 '' S T E P '' 1 '' U N T I 1. '' N '' D O '' 
'' 8 E G I N '' '' F O R '' I I • 1 '' S T E P '' 1 '' U N T I L '' N '' D O '' 

JAC CI,Jl 1s J•COBIA~[I,Jl • CJ 
J~C CJ,JJ 111 JAC [J,Jl + 1 

''ENO'' J 
OET(JAC,N,P) 

''END'' DECOMPOSE JACOBIANJ 

''PROCEDURE'' CALCULATE STEP AND ORDERt 
'' B E G I N '' •• R E A L '' A 1 , A 2 , A 3 I 

A 1 1 • ti I F '' I< < • 1 '' T H E N '' O ., E L S E II 
0,75 * CTOLOWN/NORM2(YtK•M+tl)) ** (0,5/K)J 

A2:= o,eo * (TOL/ERROR) •• (0.5/(K + 1))J 
A 3 : • '' I F '' K > a S " O R '' F A I L S • r.: O 

" T H E N '' 0 '' E L S E '' 

MC 
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0,70 • (TOLUP/NORM2(0!LTA[Il • LAST DELTA[Il)) ** 

''END'' 

(O.S/Ct<+c)l, 

• •• t F '' A 1 
''BE.GIN'' 
''IF'' A 2 
tt BEGIN II 
''BEGIN'' 

CALCU~ATE 

> A 2 '' A N O '' A 1 > A 3 '' T H E N •• 
K N E W I • K • 1 J C H N E W I • A 1 '' E N O •• '' E L S E '' 
> Al "THEN•• 
K N E W I • K t C H N E W I • A 2 '' E N D •• '' E L S E '' 
K N E W I s K + 1 J C H N E W I a A 3 '' E N O '' 
STEP ANO ORDERJ 

• 

'' I F '' F I R S T '' T HE N '1 

'' B E G I N '' F I R S T I • " F A L. S E •• J M I • N , 
11 F O R '' I t • • 1 , • 2 , • 3 " 0 0 •• S A V E [ I l I :a O J 
OUT(O,O)J 
A D A M S 1 • '' N O T '' S T I F F J W I T H J A C O 8 I A N I : '' N OT '' A O A M S J 
•• I F '' W I T H J A C: 0 B I A N '' T HE N '' E V A L U A T E J A C O B I A N r 
METHOOJ 

NEW STARTt K:• 1J SAME1• 21 OROERJ DERIVCOFJt 
H 1 • '• I F '' '1 N O T '' W I T H J AC O B I ~ N '' T H E ft..J '' H M I N '' E L S E '' 
SQRT(2 * EPS/SQRT(NORM2 (M4TVEC(1 1 N,I,JACOBIAN,OF))))J 
'' I F '' H > H M A X '' T HE N '' H I • H M • )( '' E L S E '' 
'' I F '' H < H ,.-, I N '' T HE N '' H I • H M I N 1 
,, F O R '' I I • 1 '' S T E P '' 1 ,. U N T I L. '' N ,, D O ,, 
'' 8 E G I N '' X O LO I • )( t H O L O I = H r K O L O I a t< , C H I : 1 J 

SAVE CIJ 1• Y tll r SAVE [M+IJ 1= Y CM+IJ 1= OF [Il • H 
''ENO'' J 
OUTCO,O) 

'' E N O •• '' E L S E '' 
'' B E G I N '' ,I I T H J A C O 8 I A N I • '' NO T '' A D A M S J C H I : 1 s 

KsaKOLOJ RESET, OROERJ 
DECOMPOSEa• WITH JACOBIAN 

''END''J 
FAIL.Saa Or 

.. 

'' C OM ME N T '1 
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'' F O R '' l. : = 0 '' W H I L E '' X < X E N D '' D O '' 
,, B E G I N ,. '' I F ., X ♦ rl C = X E N D It T H E N ,, X I = X + H ., E L s E ,, 

'' 8 E G I N •• H s : X E ND • X J X : :c X E N O J C H I : H / HO L, D J C I : 1 , 
•• F O R ''. J I • M '' S T E P '' M '' U N T I L '' K • M •• D O '' 
'' B E G I N '' C I a C * C H r 

' 1 F O R •• I : : J + 1 '' S T E P '' 1 '' U N T I L '' J + N •• 0 0 '' 
YtIJ 1:1 Y[Il • C 

''END'' J 
S A ME I a 11 I F '' S A twt E < 3 '' TH E N '' 3 '' E L SE '' S A ME ♦ 1 : 

''ENO fl ; 

'' C O M M E N T '' P R E D 1 C T I O N s 
II F O R ·- L. : : 1 ,, S T E P '' 1 ., U N T I L. '' N ,. D O ,, 
'' B F. G I N '' '' F O R '' I : m L '' S T E P '' M " U N T I L 1' C K • 1 ) * M + L '' D O '' 

" F O R '' J I :; ( K • 1 ) • M + L. '' S T E P •• • M '' U N T l L. '' I '' D O '' 
V tJl I• Y [Jl + V [J+M] J 
DEL TA tLl 13= 0 

'' E N D '' J E V A l. U A T E D I = '' F A L S E '' I 

'' C OM~ E N T '' C ORR E C T I ON A NO EST I M A T I O ~ L O C A L E RR OR J 
'' F O R '' L : = 1 , 2 , 3 '' 0 0 •• 
''BEGIN'' DERtV(OFJJ 

'' F O R '' I I • 1 '' S T E P '' 1 '' U N T I L. '' N '' D O '' 
DFtil:• DFCil * H • YCM+IlJ 
'' I F '' W I T H J A C O B I A N '' T rl E N '' 
'' B E G l N '' •• I F '' E V A I. U /,; T E '' T H E N '' E V A L tJ A T E J A C O B I A N 1 

''IF'' DECOMPOSE ''THEN'' DECO~POSE JACOBIANJ 
SOL. CJAC,·N,P, OF) 

CONv:= ''TRUE'' r 
,, F o R •· I : i: 1 '' s r E P '' 1 '' u N T I t. ,, ~ ,, o a '' 
'' B E G I N 1' D F I : a O F [ I l J 

V t I l I z Y [ I l + l O • OF I J 
Y [M+Il aa Y [M+Il + OFI J 
OEL TA tIJ 111 DEL. TA [Il + OFI J 
C O N V I • C O N V 1' A N D '' A 8 5 ( 0 F I ) 

''ENO''J 
'' I F 1• C O N V tt T H E N •• 
''BEGIN•~ ERROR&• NORH2(0ELTAtlllJ 

''GOTO'' CONVERGENCE 
''END'' 

• 

< TO~CONV • VMAX[IJ 

'' C O MME N T '' 
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''COMMENT'' ACCEPTANCE OR REJECTIONJ 
'' I F '' '' N O T '' C O N V '' T H E N '' 
'' a E c; I N '' '' I F '' '' N O T '' W I T H J A C O B I A N '' T H E N ., 

''BEGIN'' EVALUATE1• WITH JACOBIAN1: SAME~=~ 
''OR'' Hct,1 • HMIN9 
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' 

'' I F '9 •• N O T " W I T ti◄ J • C O B I A N " T H E N '' C H I ~ C H / 4 J 
'' E N D '' '' E L S E '' 
'' I F '' " NO T '' 0 EC O MP O S E D 
'' I F '' '' N O T '" E V A L U A T E 0 
'' I F 1' H > l • 1 • H M I N 
'' I F •t A O A M S 
'' B E G I N '' S A \/ E t • 1 l I :a 1 J 

RESET 
'' E N D '' •• E L S E '' C ON V E R GE NC E I 

'' I F '' E R RO ~ > T O L 1• T H E N t, 
'' B E G I N '' F A I l. S I :: F A I L, S ♦ 1 1 

''THEN'' 
'' THEN'' 
'' THEN'' 
••THE~'' 
''GOTO'' 

'' I F '' H > 1 , 1 • H M I N ,, T H E N '' 
'' B E G I N '' '' I , '' F A\ I L S > 2 '' T H E N '' 

D E C O MP O S E I • '' T R U E '1 

E V A L U A T E I • '' T Q U E '' 
CH1• CH/4 ''El.SE'' 
'' G O T O '' T R Y C U R T I S S 
R E T U R N '' E N O 1• I 

'' B E G I N '' " I F '' ~ D A M S '' T H E N '' 

''ELSE'' 
''ELSE'' 

II EL s E ,. 

'' B E G I N '' A O 4 M S I • '' F • L S E '' J M E T H O O '' E N D '' J 
• t< 0 L D I : 0 J ~ E S E T 1 '' G O T O '' NE ~ S T A R T 

'' E N O '' '' E L S E '' 
''BEGIN'' CALCULATE STEP ANO OROERJ 

" l F '' K N E w • : K " T rt E N '' 

''ENO'' 
'' E N D '' '' E L S E '' 

'' B E G I N '' K I • K N E W t O R OE R '' E N D '' s 
.CH1• CH * CH~EwJ RESET 

'' B E G I N '' '' I F '' AD A MS '1 T HE N '' T R V C UR T I S S I 
II B E G I N ,, 4 D A H S I • ,, F A L S E ,, J M E T HO 0 
'' E N D '' '' E L. S E '' 
'' I F '' I< s: 1 '' T H E N '' 
,. B E G I N ,, ,. C O M M E ~ T '' V I O L A T E E P S C R I TE R I O N J 

C:a EPS • SQqT(ERROR/TOL)J 
'' I F '' C > S A V E C • 3 l '' T H E N '' S A V E [ • 3 l t = C J 
SAVE C•2l 1:11 SAVE C•2l + 1; 
S A M E I = 'I J II G O T O ,, E R ~ 0 R T E S T O K 

''ENO'' J 
KO~Oa: 1, ~ESETJ ORDER, SAME1s 2 

''END'' 
'' E N D '' '' E L S E '' E R R O R TE S T OK 1 
''BEG I ~J '' '' C OM M E N T '' 
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FAILS:a o,. 
•• F O R '' I t : 1 '' S T E P '' 1 '' U N T I L. '' N '' D O '' 
'' B E G I N '' C : : 0 E L. T A C I l s 

••END,, 1 

•• F O R ., L I • 2 '' S T E P '' 1 " U ~ T I L '' K '' D O '' 
Y tL•M+Il I• Y tL•M+Il + A [L.l • CJ 
'' I F '' A B S C Y [ I l ) > V M • X t I l '' T ~ E N '' 

YMAX til I= ASS (V tI]) 

SA~1E I: SAME• 1 J 
'' I F ,, S A M E a 1 '' T H E N '' 
'' B E G I N '' ,, P O R ,, I 1 • 1 ,, S T E P ,, 1 ., U N T I L. 11 N ,, D O '' 

LAST DELTACil1• DEL.TAtIJ 
'' E f ~ () '' '' E L S E '' 
'' I F •• S A M E • 0 '' T H E N '' 
'' 8 E G I N '' C A I. C U L A T E S T E P A N D O R D E R 1 

'' I F '' C H N E W > 1 , 1 '' T HE N '' 
''BEGIN'' DECOMPOSED1• "FALSE 1'1 

'' I F '' K • • I< N E W " T 11 E N '' 
'' B E G I N '' '' I F '' t< N E w > K '' T H E N '' 
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'' 8 E G I N '' '' F O R '' I : • 1 '' S T E P '' 1 

• 

''END'' J 

''ENO'' 

''END'' J 

" U N T I L. '' N '' D O '' V [ K N E W • M + I J 
I• DEL. TA til * A [Kl /KNE~ 

'' E ~ 0 '' , 
K1• KNE~, ORDER 

SAME111 K+1J 
·•• IF•• CHNEW * H > HMAX 

''THEN'' CritNE~I• HMAX/HJ 
Hs• H * CHNE~, cz= 1, 
" F O R '' J I a r'1 '' S T E P '' M '' U N T I L. '' K • M '' D O •• 
''BEGIN'' C:• C • CHNEW1 

''ENO'' 

•• F O R '' I I • J + 1 '' S T E P '' 1 '' U N T I L '' 
J + N '' D O •• V [ I l : :a V t t J * C 

• 

fl E L S E ,. S A M E I • 1 0 

'' I F 11 X 11111 
• X E N D '' T H E N '' 

'' B E G I N '' X O L O t • X r HOLD I = H f K O L O I : K r C H : : 1 J 

''END'' 

'' F O R '' I I • I< • M + N '1 S T E P '' • 1 '' UN T I L '' 1 '' D O '' 
SA\IE tll 1• Y tll: 
OUTCH,K) 

'' E N D '' C O R R E C T I O t~ A N D E S T I M A T I O N L O C A L. E ~ R O R J 
'' E N 0 '' S T E P J 

R E T U R N : S A V E t O J I • '' I F '' A O A M S '' T H E N '' O '' E L S E '' 1 J 
MULTISTEP:: SAVEC•1l• 0 ''ANO'' SAVEt•2l•O 

•• E ND '' MU L T I S T E P J 
•• E OP'' 
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INSTITUTEI ~ATHEMATICAL CENTRE. ' 
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BRIEF OESCRIPTIONI 

DIFFSYS SOLVES INITIAL VALUE PROBLEMS, GIVEN AS A SYSTEM OF FIRST 
ORDER DIFFERENTIAL EQUATIONS. EXTRAPJLATION, APPLIED TO LOWER ORDER 
RESULTS,DELIVERS A HIGH ORDER SOLUTION. AUTOMATIC STE? SIZE CONTROL 
IS PROVIDED. 
IN PARTICULAR THIS METHOD IS SUITABLE FOR HIGH ACCURACY PROBLEMS. 

KEYWOROSI 

DIFFERENTIAL EQUATIONS, 
INITIAL VALUE PROBLEMS, 
EXTRAPOLATION HETHOOS, 
MODIFIED MIDPOINT RULE • 

• 
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CALLING SEQUENC~I 

THE HEADING OF THE PROCEDURE DIFFSYS REAOSI 
••PR .. OC EDU RE•• D IF F SYS ( X, XE IN, Y, DE RIV AT I\/ E, A ET A, RETA, S, HO , 0 U TP UT> ; 
••VAL U £•• N; 
•• I NT E GE R •• N ; 
'

11 REAL·· x,xE,AETA,RETA,HO; 
•• A. RRA ye• Y, S; 
10 PROC EDU RE'• OERIVAT I VE, OUTPUT; 

THE MEANING OF THE FORMAL PARAMETERS ISi 
XI <VARIABLE>; 

THE INDEPENDENT VARIABLE~; 
ENTRYI THE INITIAL VALUE xo; 
EXIT I THE FINAL VALUE XE; 

XEJ <ARITHMETIC EXPRESSION>; 
THE FINAL VALUE OF X (XE>=X); 

NI <ARITHMETIC EXPRESSION>; 
THE NUMBER OF EQUATIONS; 

Yt <ARRAY IDENTIFIER>; 
•·•RE AL•• ••ARRAY•• Y { 11 N J ; 
THE DEPENDENT VARIABLE; 
ENTRYI THE INITIAL VALUES JF THE SYSTEM OF DIFFERENTIAL 

EQUATIONSI YCIJ AT X=XO; 
EXIT I THE FINAL VALUES o~ THE SOLUTIONI Y(Il AT x-xE; 

DERIVATIVEJ <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE REAOSI 
•• P ~ o c E o u RE·· o ER I v A r I v E , x , r , o r , ; •• R. E AL •• x ; " A R ~ Av •• v , o Y ; 
THIS PROCEDURE SHOULD DELIVER THE RIGHT HANO SIDE OF 
THE I-TH DIFFERENTIAL EQUATION AT THE POINT (X1Y>· AS OYCI]9 
I=1, ••• ,N; 

AE TA t <ARITHMETIC EXP RESS I ON>; 
REQUIRED ABSOLUTE PRECISION IN THE INTEGRATION PROCESS; 
AETA HAS TO BE POSITIVE; 

RE TAI <ARITHMETIC EXPRESS I ON>; 
REQUIRED RELATIVE PRECISION IN THE INTEGRATION PROCESS; 
RETA HAS TO BE POSITIVE; 

SI <ARRAY IDENTIFIER>; 
••REAL•• ••ARRAY•• SL 11 N l; 
THE ARRAYS IS USED TO CONTROL THE ACCURACY OF THE COHPUTEO 
VALUES OF V; 
ENTRYI IT IS ADVISABLE TO SET SCIJ=O~ I-1, ••• ,N; 
EXIT a THE MAXIMUM VALUE OF ABSCYCIJl, ENCOUNTERED DURING 

INTEGRATION, IF THIS VALUE EXCEEDS THE VALUE OF SCIJ 
ON ENTRY; 

HOI <VARIABLE>; 
THE INITIAL STEP TO BE TAKEN; 

OUTPUTI <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READS~ 
••PROCEDURE•• OUTPJ T; 
THIS PROCEDURE IS CALLEO AT THE END OF EACH INTEGRATION 
STEP ; THE USER CAN ASK FOR OUTPUT OF SOHE PARAHETERS, FOR 
EXAMPLE X, Y, S. 



MC 

PAGE 3 

DATA AND RESULTS I SEE EXAM?l.E OF USE, AND ~EF [1], C2l ANO t3l, 

PROCEDURES USED: NONE, 

R~QUIRED CENTRA~ MEMORY; 
EXECUTION FIF.LD LENGTH: CIRCA 10 + 28 * M. 

RUNNING TIMEt DEPENOS STRONGLY ON THE OI~FERE~TIA~ EQUATION TO SOLVE. 

LANGUAGE: A~GOL bO, 

METHOD AND PERFORMANCE: 

THE PROCEDURE OIFFSVS IS A SLIGHT ~ODIFICATION OF THE ALGORITHM 
PUB~ISHED BY BULIRSCH ANO STOER (SEE REFt1l) • BV THIS MODIFICATION 
lNT~GRATION FROM XO UNTIL XE CAN BE PERFORMED BY ONE CALL OF· 
DIFFSYS. A NUMBER OF INTEG~ATION STEPS ARE TAKEN, STA~TING WITH THE 
INITIA~ STEP HO, IN EACH INTEGRATION STEP A NUMBER oF so~UTIONS ARE 
COMPUTED BV MEANS OF THE MODIFIED MIDPOINT RULE, EXTRAPOLATION IS 
USED TO IMPROVE THESE SOLUTIONS,UNTIL THE REQUIRED ACCURACY IS MET, 
AN INTEGRATION STEP IS REJECTED, Ir T~E ACCUR•cv REQUIREMENTS ARE 
NOT FULFIL~ED AFTER NINE EXTRAPO~ATION STE~S, IN THESE CASES THE 
INTEGRATION STEP IS ~EJECTED, •ND INTEGRATION lS TRIED AGAIN WITH 
THE INTEGRATION STEP HALVED, 
THE ALGORITHM IS fOR EACH STEP• V•RIABLE ORDER METHOD (THE HIGHEST 
ORDER IS lij ), AND USES A VARIABLE NUMBER OF FUNCTION EVALUATIONS, 
DEPENDING ON THE ORDER (MINIMUM IS 3, ~4XIMUM IS 217), 
THE ALGORITHM IS LESS SENSITIVE TO TOO SMA~L VALUES OF THE INITIAL 
STEPSIZE THAN THE ORIGINAL ALGORITHM C SEE REF [2J ) J HOWEVER BAO 
GUESSES REQUIRE STILL SO~E ~ORE COMPUTATIONS• 

REFERENCES I 

[11,. R .. BULIRSCH AND J,STOER. 
NUMERICAL TREATMENT OF O~OINARY 
EXTRAPOLATION METHODS, 

• 

NUMERISCHE MATHE~ATIK, VOLUME 8, ~AGE 1•13, 1qbS, 

EQUATIONS BY 

[2l • PHYL.LIS FOX, 
A COMPARATIVE STUDY OF COMPUTER PROGRAMS FOR INTEGRATING 
DIFFERENTIAL EQUATIONS, 
COMMUNICATIONS OF THE •.C,M,, VOLUME 15, PAGE q41•9Q8, 1972. 

t3l. T.E.HU~L, w~H,ENRIGHT, B.M.FELLEN AND A,E,SEDGWICK. 
COMPARING NUMERICAL METMOOS ~OR ORDINARY DIFFERENTIAL, 

• 

EQUATIONS. • 
SIAM JOUR~AL ON NUMERICAL ANA~YSIS,VOLUME 9,PAGE &03•635,1q7z. 
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EXAMPLE OF USE: 

THE FOLLOWING PROGRAM IL~USTRATES T~E COSTS AND THE ACCURACIES 
WHICH ARE OBTAINED WHEN SOLVING A SYSTEM OF DIFFERENTIA~ EQUATIONS 
ARISING FRO~ THE RESTRICTED ~ROBLEM OF THREE BODIES C SEE qEFC1J l. 
THE SOLUTION IS A CLOSED ORBIT WITH ?ERIOD T=o,1921b933139b. 

'' A E GIN'' 
''PROCEDURE'' DIFFSYS(X,XE,N,Y,DERIVlTIVE,AETA,RETA,S,HO,OUTPUT)J 
•• C O D E '' 3 3 1 8 0 , 
''INTEGER 11 PASSES,KJ 
1
' R E A L, '' X , }( E , T I M E , T O L , H O J 
'' R E A I. '' '' A R R 4 V '' V , S [ 1 I '+ l J 

'' P R O C E O U R E ,, 0 E R ( X , Y , 0 Y l J ., R E A L. ,, X J II A R R A Y ,, V , 0 Y J 
''BEGIN'' ·•~EAL•• MU,MU1,v1,Y2,YJ,Yq,s1,s2, 

MU;•11s2.qs, MU11=1-Mu, 
PA.SSES::PASSES+lJ 
Y 1 : :: Y [ 1 J J Y 2 I: 0 Y [ 1 l I• Y [ 21 1 Y 3 I: Y [ 3 l J Y IJ : :DY [ 3 l I: Y [ LI l J 
511•(Yt+MU)••2+Y3••2s s2:=cvt-MU1l••2+Y3•*2r 
s11•S1•SQRT(Sl)J s21•S2•SQRT(S2), 
DY[21 :•Y1+2•Y4•MU1•(Yl+MU)/S1•~U•CY1•MU1)/S2J 
DYC4l :sv·3•2•Y2•MU1•Y3/Sl•MU•Y3/S2 

''E.NO•• J 

1
' P R O C E O U RE '' 0 U T 1 
'' B E G I N '' K I : K + 1 1 

If I F ., X > • )( E ,. T H E N If ' 

OUTPUTC&1,''(''2(•5Z0),2(4B+Z.30830BlOB3D),•5Z0,3D,/'')'1 ,K, 
PASSES,V[1l,Yt3J,CLOCK•TIME) 

''END'' 1 

0 U T P U T C b 1 , •• C '' '' ( '' T H I 5 L I N E A N D T HE F O l. L O W I N G T E X T l S '' ) '' 
'' C '' P R I N T E D B V T H I S P R O GR A M '' ) •• , / / , 
•• C '' T HE R E S U L T S W I T H D I F F S Y S • rt O :a • 2 1111 A R E : '' l '' , / , 
'' C '' K D E R • E V , V C 1 l . Y C 3 l '' ) 11 

, 

,, C ,, T I M E ,, ) '' , / llf ) It ) J 

•• F O R '' T O L 1 : '' • " , '' • b , '' • 8 , •• • 1 0 , '' • 1 2 '' 0 0 '' 
•• B E G I N '' P A S S E S I : K I • 0 J X I = 0 J X E I : & ,. 1 9 2 1 6 C> 3 3 1 3 Q o J 

Y [1] :st .2, Y [2] a=Y [3l :=o, Y t4] IC•1 ,0'4~357Soqa3, 
5[111a5[2l 1:;Stll a•St4l l•OJ H01• 11 2J TIME:•CLOCKJ 
DIFFSYS(X,XE,q,Y,DER,TOL,TO~,S,HO,OUT)J 

"END•• 
,. END'' 

THIS LINE AND THE FOLLOWING TEXT IS PRINTED BY THIS PROGRAMS 

THE RESU~TS WITH OIFFSYS • H0=,2 
K DER.EV, Y[ll 
30 2591 +t,320 357 347 741 
33 3q1ij +1,200 078 037 878 
37 4213 +1.200 003 282 801 
44 4b18 +1.19q q9q q9q 711 
Sb b299 +1.200 000 000 003 

Y t 3] 
•.012 b4S 454 83& 
•.000 oSl 90& 0&7 
••000 002 3b3 741 
•,000 ooo 000 095 
•,000 000 000 090 

TI~E 
S,08& 

' 

7,LlSS 
q,2&7 

10,242 
13,827 
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PAGES 

SOURCE TEXT1 

'' C O D E '' '' 5 3 1 8 O ; 
'' P R O C f~ D U R E '' D I F F S Y S C X , )( E , N , Y , D E R I V A T I \I E , A E T A , R E T A , S , H O , 0 U T P U T ) J 
'' V A L U E '' N J 
'' l N T E G E R '' N J 
'' R E A L •• X , X E , A. E T "1 , R E T A , t"i O J 
'' A R 11 A V '' V , S J 
'' P R O C E D U R E '' D E R I V A T I V E , 0 U T P U T I 
'' 8 E G I N '' '' R E A L •• A , B , 8 1 , C , G , H , U , V , T A , F C J '' I N T E GE R •• I , J , K , K K , J J , L , M , R , S R J 

'' A R R A V '' V A , Y L , V M , D V " D Z [ 1 I N l , D T [ 1 I N , 0 I b l , D [ 0 I b l , 'V G , V H [ 0 : 7 , 1 I N J J 
,, B O O L E A N II K O N V , 8 0 , B ~1 , L A S T J 
L A S T : : '' F A L S E '' r H I :: H O r 

N E. X T : '' I F 1' H * 1 • 1 > :: X E • X '' T H E N '' 
,, BEGIN'' LAST 1 •''TRUE '' J HO : =HJ H: •XE• X +If• 1 3 ., END,, 1 
D E R 1 V A T I V E ( X , Y , D Z ) J B H : : '1 F A L S E '' 1 
'' F O R '' I : :: 1 '' S T E P '' 1 '' U N T I L. '' N '' 0 0 '' Y A [ I l I = Y C I J J 

A N F ; A : :; r◄ + X J F C : = 1 111 S J 8 O I • '' F A L S E '' J M I a 1 f R I = 2 , S R I = 3 J J J : : • 1 J 
'' F O R ., J i • 0 ,, S T E P ., 1 ,, U N T I L '' q •• 0 0 '' 
'' B E G I N '' •• I F '' . B O '' T H E N '' 

'' B E G t N '' D [ 1 l I : 1 b I q J D [ 3 J S =i 6 ~ / 9 J O t 5 J I = 2 5 b I q '' E N D '' 
'' E L S E '' '' 8 E G I N '' D [ 1 l : = q I '-' 1 D t 3 J I a 9 J D [ S l : :: 3 b '' E N O '' , 
K O N v· : : '' T R U E. '' J 
,, I F II J > b ,. T H E N ,, ,, B E G I N ,. L I g b ' D [ b l I = & " ' F C : I: • b • F C ,, E N D It 
'' E L. S E •• '' B E G I N '' L I a J ; D [ L J s • M * H '' E N D '' J 
M:zM•2J G::H/Mr B1sG•2r 
,, I F It B H ,, A N O '' J c 8 ,, T H E N ,, 
,, B E G I N ,, ,, F a R ,, I t = 1 ,, s T E P '' 1 '' u N T I L ,, N '' o o ,, 

" B E G I N '' Y M [ I J I : Y H [ J , I J , Y L. [ I J 3 : Y G t J , I J '' E N D '' 
~,END'' 
''ELSE'' 
'' B E G I N '1 '' C O ~ M E N T '' 

• 
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' 

KKsmCM•2)/2J ~1:M•t; 
'' F O R '' I 1 = 1 '1 S T E P '' 1 '' U N T I L '' N '' D O " 
'' B E G I N '' Y L t I l I • Y ~ t I l , Y M [ I l a : Y A [ I l + G * D Z C I J '' E N O •• , 
" F O R '' K : :: 1 '' S T E P '' 1 '' U N T I L, '' M '' D O '' 
''BEGIN" DERIVATIVE(X+K•G,YM,OY)J 

'' F O R '' I I • 1 '' S T E P '' 1 '' U N T I L. '' N '' 0 0 '' 
'' B E G I N '' U I • V L C I l + B * 0 Y t I l , Y l. t I l 1 • Y ~ [ I J , Y M t I l J = U J 

U : : 4 B S C U ) J '' I F '' U > S [ I l •• T H E N '' S t I J : : U 
''END'' J 
'' I F •• K a K t< 1' A, ND '' K • • 2 '' T H E N '' 
'' B E G I N '' J J I ;: J J ♦ 1 J '' F O R '' I : :z 1 '' S T E P '' 1 '' U N T I L '' N '' D O 1• 

" B E G I N '' Y H C J J , I l : : v' M C I J I Y G t J J , I l a :: V L t I l '' E N O '' 
''ENO'' 

••ENO'' 
~•END'' J 
OERIVATIVECA,VM,OV)J 
'' F O R '' I I • 1 •• S T E P '' 1 '' U N T I L '' N '' D O '' 
'' 8 E G I N '' V I = D T C I , 0 J J T A I z C I :: D T [ I , 0 l I • ( Y M [ I l + Y L [ I J + G * D V t I l ) / 2 J 

'' F O R '' K 1 :: 1 •• S T E P •• 1 '' U N T I L '' L '1 0 0 '' 
'' B E G I N '' B 1 I : D C K l • V J B I : B 1 • C J U I = V J 

'' I F '' B • : 0 '' l HE N '' 
1'8EGIN'' B:s(C•V)/BJ Ul•C•Br Ca•Bl•B ''END"J 
V::DTtI,Kl J OTtI,t<l 1•UJ TAl•U+TA 

''ENO'' J 
'' l F '' A B S ( Y t I l • T A ) > RE TA • S [ I J + A E T A '' T HE N '' K O N V I • '' F AL S E •1 s 
V [IJ l•TA 

''END t, J 
'
1 I F '' K O N V '' T H E N '" '' G O T O '' E N 0 J 
0[2] aa:4, Ot'4l :-=lbJ ao,-·so, M:•R, Ra•SRJ SR1•~•2 

''ENO'' 1 
B H I = • B H J L, A S T 1 • '' F A L S E '' J H I • H / 2 J '' GO T O '' A NF J 

E ND I H : : F C * H J X : 11 A J O U T P U T , '' l F •t '' N O T '' L A S T '' T HE N •• '' GO T O '' N E X T 1 
'' E ND '1 0 I F F S Y S J 

'' E OP" . 

• 
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AUTHORI P.A. BEENTJES. 

INSTITUTE& MATHEMATICAL CENTRE. 

RECEIVEOI 740510. 

• 

BRIEF OESCRIPTIONI 

ARK SOLVES AN INITIAL VALUE PROBLEM, GIVEN AS A SYSTEM OF FIRST 
ORDER (NON-LINEAR> DIFFERENTIAL EQUATIONS BY MEANS OF A STABILIZED 
RUNGE KUTTA METHOD WITH LIMITED STORAGE REQUIREMENTS. 

KEYWOROSI 
DIFFERENTIAL EQUATIONS, 
INITIAL VALUE PROBLEM, 
EXPLICIT ONE-STEP METHOD, 
STABILIZED RUNGE KUTTA HETHOO. 

CALLING SEQUENCES 

THE HEADING OF THE PROCEDURE REAOSI 
111 PROCEO.JRE 1

• ARK IT, TE, HO, H, U, DE~IVATIVE, DATA, OJT); 
··rNTEGE~·· MO, M; "REAL 0

• r, TE; ··A~RAv·· u,. OATA; 
NPROCEDURE·· DERIVATIVE, our; 

ARK I INTEGRATES THE SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS 
OU/ OT - H(U, T), U = UO AT T = TO. 

THE MEANING OF THE FORMAL PARAMETERS ISi 
Tl <VARIABLE>; 

THE INDEPENDENT VARIABLE T; CAN BE USED IN DERIVATIVE; 
ENTRYI THE INITI~L VALUE ro; 
EXIT I THE FINAL VALUE TE; 

TEI <ARITHMETIC EXPRESSION>; 
THE FINAL VALUE OFT (TE>- T); 

MO,MI <ARITHMETIC EXPRESSION>; 
INDICES OF THE FIRST AND LAST EQUATION OF THE SYSTEM; 

UI <ARRAY IDENTIFIER>; 
••ARRAY'• UCHO I HJ; 
ENTRY& THE INITIAL ~ALUES OF THE SOLUTION OF THE SYSTEM OF 

DIFFERENTIAL EQUATIONS AT T = TO; 
EXIT I THE VALUES OF THE SOLUTION AT T - TE; 

DERIVATI~EI <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE REAOSI 
MPROCEDURE" OERIUATIVE(T, V); ··REAL" r; "ARRAY" v; 
THIS PROCEDURE PERFORMS AN EVALUATION OF THE RIGHT~ 
SIDE OF THf SYSTEM WITH DEPENDENT VARIABLES VCHO I MJ 
INDEPENDENT VARIABLE T; UPON COMPLETION OF OERIVATT\I ►. 
RIGHT HANO SIDE SHOULD BE OVERWRITTEN ON \Jr 
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<ARRAY IDENTIFIER>; 
•• A RR. A Y •• 0 AT A [ 1 I 1 0 + 0 AT A t 1 l l ; 
IN ARRAY DATA ONE SHOULD GIVEI 

PAGE 2 

DATAC1JI THE NUMBER OF EVALUATilNS OF H(U, T) PER 
INTEGRATION STEP(OATAC1l >= OATAC21); 

OATAC211 THE ORDER OF ACCURACY OF THE METHOD <DATA(2J<-3); 
DATAC3]1 STABILITY BOUNO(SEE REFE~ENCE [31); 
DATAC4JI THE SPECTRAL RADIUS OF THE JACOBIAN MATRIX WITH 

RESPECT TO THOSE EIGENVALUES, WHICH ARE LOCATED 
IN THE NON 1•POSIT I VE HALF PLANE; 

DATACSJI THE MINIMAL STEPSIZE; 
DATAC6ll THE ABSOLUTE TOLERA~CE; 
DATAC7JI THE RELATIVE TOLERANCE; 

IF BOTH OATAC6l AND OATAC7J ARE ~EGATIVE, THE 
INTEGRATION IS PERFORMED WITH A CONSTANT STEP 
OATACSJ; 

OATAC8JI OATAC8l SHOULD BE O IF ARK IS CALLED FOR 
A FIRST TIME; FOR CONTINUED INTEGRATION <E.G. 
FROH TE TO TE-NEW) OATAC8l SHOULD NOT BE CHANGED; 

OATAC11l, ••• , OATAC10 + OATAC1ll1 POLYNOMIAL COEFFICIENTS 
(SEE REFERENCE C3JJ; 

AFTER EACH STEP THE FOLLOWING BY PRODUCTS A~E OELIVEREOa 
OATAC811 THE NUMBER OF INTEGRATION STEPi PERFORH~O; 
OATAC9JI AN ESTIMATION JF THE LOCAL ERROR LAST MADE; 
OATAC1011 INFORMATIVE HESSAGESt 

OATAC10l = 01 NO DIFFICULTIES; 
DATA(10l = 11 MINIMAL STEPLENGTH ~XCEEOS THE 

STEPLENGTH PRESCRIBED BY STA3ILITY 
THEORY, I.E. OATACSJ > OATAC3l / DATAC~J; 
(TERMINATION OF ARK); 
DECREASE MINIMAL STE~LENGTH; 

IF NECESSARY, DATACIJ,I = ~<1J7, CAN BE UPDAT~O(AFTER EACH 
STEP> BY MEANS OF PROCEDURE OUT; 
<PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE REAOSI 
••PROCEDURE'• OUT; 
AFTER EACH INTEGRATION STEP PERFORMED INFORHATION CAN BE 
OBTAINED OR UPDATED BY THIS PROCEDURE, E.G. THE VALUES OF 
T, UCHO I MJ ANO OATACil, I - 4(1)10. 

DATA AND RESULTS: 

FOR THE INDICES HO ANO M THE FOLLOWING REMARKS CAN B~ HADEi 
WHEN THE METHOD OF LINES IS APPLIED TO HYPERBOLIC DIFFE~ENTIAL 
EQUATIONS THE NUHdER OF RELEVANT ORDINARY DIFFERENTIAL EQUATIONS 
DECREASES DURING THE INTEGRATION PROCESS; IN PROCEDURE ARK 
THIS MAY BE REALIZED BY INTEGERS HO AND H• WHICH ARE 
DEFINEO AS FUNCTIONS OF THE NUHBE~ OF RIGHT HANO SIDE EVALUATIONS. 
A SELECTION OF POSSIBLE ENTRIES FOR ARRAY DATA (DEPENDENT ON THE 
KIND OF INITIAL VALUE PROBLEM) IS GIVEN IN REFERENCE £41,SECTION 8. 
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PROCEDURES USEDI 

I~JI VE C - CP31010, -
MULVEC - CP31020, -
OIJPVEC - 8P31030, -
\IECVEC - CP34010, -
ELMVEC - CP3~020, -
DECSOL - CP34301. -

REQUIRED CENTRAL MEMORYI 

EXECUTION FIELD LENGTHI CIRCA 75 + 2 • CH 

RUNNING TIHEI DEPENDS STRONGLY ON THE PROBLEM TO BE SOLVED. 

LANGUAGE! ALGOL60. 

HETHOD ANO PERFORHANCEI 

ARK IS AN IMPLEMENTATION OF LJW ORDER STABILIZED RUNGE KUTTA 
METHODS (SEE REFERENCE (11); 
AUTOMATIC STEPSIZE CONTROL IS PROVIDED BUT STEP-REJECTION HAS BEEN 
EXCLUDED IN ORDER TO SAVE STORAGE; 
BECAUSE OF ITS LIMITED STORAGE REQUI~EHENTS ANO ADAPTIVE STABILITY 
FACILITIES THE METHOD IS WELL SUITED FOR THE SOLUTION OF INITIAL 
BOUNDARY VALUE PROBLEMS FOR PARTIAL DIFFERENTIAL EQUATIONS; 
NUHE~ICAL RESULTS9 OBTAINED HITH A SLIGHTLY DIFFER~NT 
IMPLEMENTATION CAN BE FOUND IN REFERENCE (21. 

REF[ RE NCE SI 

Cil. P.J. VAN DER HOUWEN. 
STABILIZED RUNGE KUTTA HETHOD WITH LIMITED 
STORAGE REQUIREMENTS. 
MATH. CENTR. REPORT TW 124/71; 

[21. P.A. BEENTJES. 
AN ALGOL 60 VERSION OF STABILIZED RUNGE KUTTA 
METHODS (OUTCH> • 
MATH. C·ENTR. REPORT NR 23172; 

[31. P.J. VAN DER HOUWEN, J. KOK. 
NUMERICAL SOLUTION Of A HINIHAX PROBLEM. 
HATH. CENTR. REPORT TW 123/71; 

(41. P.J. VAN DER HOUWEN ET AL. 
ONE STEP METHODS FOR LINEAR INITIAL VALUE PROBLEHS, I.I.I. 
NUHERICAL EXAMPLES, 
MATH. CENTR. REPORT TW 130/71. 
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EXAMPLE Of USE: 

THE VALUES OF 

1. Y(l) AND_Y(2) OF THE INITIAL VALUE PROBLEH 
OV / OX - Y 2 • X / Y, Y(O) = 1 

A.ND 

2. U(.6, 0) OF THE CAUCHV PROBLEM (SEE REFERENCE C2l)I 
DU/ OT= .5 •OU/ DX, U(O, X) = EXP(-X • X) 

MAY BE OBTAINED BY THE FOLLOWING PROGRAHI 

··aEGIN·· "I~~TEGER·· MO, H, r; ... REAL·· T, TE, oAr; 
'

0 ARRAY"" YC1 I 11, UC-150 I 1501, DATA[1 a 14J; 

'
0 PROCEOURE'• ARK 
(T, TE, MO, H, u, DERIVATIVE, DATA, OUT); ··cooE· 33061; 

••PROCEDURE'• DER1(T, V); .. REAL•• T; ••ARRAY'• v; 
V[1]1- V(1] - 2 • T / vc11; 

··PROCEOURE. 1
• OER2(T, \J); "REAL·· r; MA~~Ay•• v; 

"BEGIN•• ••INTEGER" J; "REAL•• V1, V2, V3; 
V21= VCHOJ; MDI- HO+ 1; HI= M - 1; ~3t= VCHOl; 
•• F OR.. J 1 = HO ... ST E P •• 1 " U N TI L •• H •• 0 0 " 
••BEGIN•• V 1 I= V 2; V 21 - V 3; V 3 a= V ( J + 1 l ; 

V(J]I= 250 •(VJ~ Vi)/ J 
••ENo•• 

••ENO'• OER2; 

MC 
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··PROC£DURE 00 our1; 
ea If.. T = TE •• THEN •• 
··sEGIN·· ··rF·· T = 1 ··rHEN 11* OUTPUT(61., •• , •• ,, •• , .. PROBLEP1 1-,--. /./, 

••<•• X NUMBER OF INTEGRATION STEPS Y(COHPUTED) Y(EXACT> .. >••, 
I 1••) ••) ; 
OUTPUT(o1, ••<"ZO, 13Z0,12B,21-3Z0.70) ,••,••••••>••, , .. 1••, 
T, DATAC81, Y[tl, SQRT(2 • T + 1)»; 
TEI= 2 

•• E t~ u •• 0 U T 1 ; 

•• I F •• T :: .. 6 •• THEN•• 
OUTPUT ( 6 1 , •• ( •• 11 , •• , •• PRO BL EH 2.,.) •• , / / , 

••,•• NUMBER OF DERIVATIVE CALLS .. >••, 
•• ( •• U ( • o -, 0 ) C OH PUT E O U ( • 6 , 0 ) E X A CT •• > u , I/ , 13 Z O , 

' 

2(-102.70), ••,•••••••>••••>"', OATACil • DATAC6J, U[Ol, EXP(-.09)); 

II= 1; 
••FOR•• 0 AT : = 3 , 3 , 1 , 1, •• -3 , •• .. o , ••- & , 0 , 0 t O , 1 t • 5, 1 / & •• 0 0 •• 
··aEGIN·· DATAc111= □ Ar; 11= I + 1 .. ENo··; 
Tl- O; Y[1ll= 1; TE&- 1; 
ARK(T, TE, 1, 1, Y, OER1, DATA, OUT1); 
II= 1; 
••FOR•• D A T 1 - 4 , 3 , S QR T ( 8 ) , 5 0 0 / 3 , 0 A T A C 3 J / D A T A C 4 l , --1 , - 1 , 

o, o, o, 1, .s., 1 / 6, 1 / 24 18 00 1111 

•• B E G I N •• D A T A C I l I = 0 A T ; I I = I + 1 " EN J •• ; 
Hoa- 1so; Ml- 1so; Tl= o; UCO]& 1; 
••FOR•• I & = 1 ••STEP•• 1 ••UNTIL•• M ••Do•• 
UCIJI= UC-Ill= EXP(-C.003 • I) •• 2); 
ARK<T, .6, MO, M9 U9 DER2, DATA, OUT2> 

••ENO'• 

THIS PRO~~AH DELIVERSI 

PROBLEM 1 

X NUMBER JF INTEGRATION STEPS Y(COHPUTED) Y(EXACT) 

1 
2 

PP .. OBLEM 2 

38 
56 

1.7320535 
2.2360928 

NUMBER OF DERIVATIVE CALLS U(.6, O)COH~UTED 

1~4 .9139326 

1.7320508 ••• 
2.2360680 ••• 

U(.6, O)EXACT 

• 9j_39 312 • • • 
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••PROCEDUR.t•• ARK (T, TE, 110, Ht U, DERIVATIVE, DATA, OUT); 
•• I NT E G ER•• M O M • . , , 
•~REAL•• T, TE; 
••ARRAY•• U, DATA; 
••pRQCEOU~E·· DERIVATIVE, our; 

••aEGIN°• ••INfEjER•• P, N, Q; 
111 0WN'0 

•
11 Q.EAL 111 EC09 EC1, EC2, TAUO, TAU1. TAU2, TAUS, r2; 

••REAL•• THETANM1, TAU, BETAN, QINV, ETA; 

MC 
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••ARRAY•• MU, LAMBOA[110ATA(1Jl, THETHA[OIOATA[ilJ, RO, RCHOIMJ; 
··sooLEAN'· START, STEP1, LAST; 

MPROCEDURE 0
• INIVEC(L, u, A, X); 

••PROCEDURE•• HULVEC<L, U, SHIFT, A, B, X); 
0 "PROCEDURE 111 OUPVEC(L, U, SHIFT-, A, 8); 
··REAL •• ••p~oc EDU RE·· VECVEC ( L' u, S!"II FT t A' 
••PROCEDURE•• ELM\IEC<L, U, SHIFT, A, B, X); 
••PROCEDURE•• DEC SOL CA• N, AUX, 8); 

•• C O D E •• 31 0 1 0 ; 
•• C O D E •• 3 10 2 0 ; 
··cooE·· 310 3 a; 

8 ) ; •• C O D E •• 3 4 0 1 0 ; 
··cooE·· 34020; 
••CJD E •• 3 4.3 0 1 ; 

••PROCEOURE'11 INITIALIZE; 
••BEGIN•• "INTEGER'• I, J, K, L, Ni; ••REAL" S, THETAO; 

"ARRAY'• ALFAC118, 1&0ATAC1l+1J, TH[118l, AUX[113J; 

••REAL•• ••PROCEDURE•• LABDA <I, J); ••vALUE•• Itt J; ••INTEGER .. I, J; 
L A 8 D A a •• I F •• P < 3 •• T HE N •• ( •• I F •• J I -1 •• r HEN.. HU I ( I > •• E L S E •• 0 ) 

··ELSE .. ··tF·· P =3 .. THEN" c··1F·· I =N ··THEN" c··1FN J=o 
··rHEN·· .zs ··ELSE .. ··IF .. J =N - 1 .. THEN'· .• 1s 
••ELSE•• 0) ••ELSE" ••1F•• J =O ••THEN .. , .. IF" I =1 
•• TH EN •• MU I C 1 ) •• ELSE •• • 2 5 ) •• EL S E •• •• I F " J - I - 1 
••THEN" LAHBOACIJ ••ELSE•• OJ "ELSE .. o; 

•REAL'• ••PROCEDURE•• MUI(I); ••vALUE'• I; ••INTEGER•• I; 
M U l i - •• I F •• I = N MT H EN •• 1 •• E L S E .. 

•• I F •• I < 1 ! I > N ••THE N •• 0 •• EL SE•• 
••IF•• P < 3 ••THEN 10 LAHBOACI J 10 ELSE•• 
••1F•• P -3 '"THEN•• LAHBOACIJ + .25 ••ELSE 10 o; 

••REAL•• 10 PROCEOURE•• SUH(I, A, B, X); 
.. VAL U E •• B ; •• I NT E G ER•• I , A , B ; •• R E AL •• X ; 
··sEGIN 1

• ··REAL'· s; sa= o; 
•• F O R •• I I = A ••ST E P •• 1 ••UN T I L •• B •• 0 o •• S J S + X ; 
SUMI= S 

•• EN o •• SUM ; 
··coHHE Nr·· 
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NI= DATAC1J; Pl= DATAC2J; 
BETANI= OATAC3l; 
T HE T A N M 11 = •• I F •• P = 3 •• T H EN•• • 7 5 •• ELS E •• 1 ; 
THETAOI= 1 THETANM1; Ss- 1; 
•• F O R •• J I = N 1 •• ST E P •• 1 •• U NT I L •• 1 " D O •• 

••sEGIN 1111 SI= - S • THETAO + DATA(N + 10 - JJ; 
MU(JJI= OATA(N + 11 - Jl Is; 
LAMBOACJJa= MUCJl THETAO 

••END••; 
•• F O R •• I 1 - 1 ••ST E P •• 1 ••UN TI L •• 8 ••:, 0 •• 
111 FOR·~ JI- 0 -srEp•• 1 ··UNTIL·· N ··oo·· 
ALFA[I, J + 111- ··IF'· I= 1 841 THEN·· 1 ··ELSE 0

" 

• 
' 

··rf·· J - 0 ··THEN·· D "ELSE·· ··1F·· I - 2 ! I = ~ ! I = 8 ··rHEN'11 

HUI(J) •• ENTIER((I + 2J / 3) •ELSE•• 
··rF·· (I - 3 ! I= 6) l J > 1 ·rHEN· SUH(L, 1, J•1, 
LABDACJe LJ • HUI(LJ •• ENTIER(I / 3)) ••ELSE" 
••1F•• I = 5 L J > 2 ••THEN 11111 SUH(L, 2, J .. 1, LAB04(J, L> • 
SUH<K, 1, L - 1, LABOA(L, K> • HUI(K))) ••ELSE" 
••1F•• I = 7 &. J > 1 ••THEN•• SUH(L, 1, J - 1, LABOACJ, L> • 
HUI(l)) • MUI(J) •0 ELSE" o; 

N 1 I = •• I F •• N < 4 •• T HE N" N + 1 •• E L S E •• •• I F " N < 7 .. T HE N •• 4 
••ELSE•• 8; 

II= 1; 
•• FOR.. SI - 1 9 • 5, 1 / 6, 1 / 3, 1 / 2 4, 1 / 12, • 12 5, • 2 5 "00 •• 
•• BEG I N •• TH [ I l I = S ; I J - I ♦ 1 ••EN O •• ; 
.. IF·· P = 3 & N < 1 "THEN'" THc11a= THc211- o; 
AUX[2]1= N - 14; OECSOL(ALFA, Ni, AUX9 TH); 
INIVEC<O, N, THETHA, 0); 
DUPVEC<O, Ni ·,11 1, 1, THET~A, TH); 
··rF·· A <P = 3 & N c 1, ·rHEN·· 
"BE~IN'• THETHACOJI= THETHA(Ol .. TtiETAO; 

THETHACN - 111- THETHA[N ~ 11 - THETANH1; Qa- P + 1 
••ENO .. ••ELSE•• QI= 3; 
QINVI= 1 / Q; 
STARTI= OATAC8l = o; DATAC10JI= O; LAST&- ••FALSEu; 

• 

OUPVEC(MO, M9 O, R, U); OERIVATIVE(T, R) 
••EN D •• I N I T I A L I Z E 
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wPkOCEOURE•• LOCAL ERROR CONSTRUCTION(I); "VALUE" I; MINTEGER*• II 
"a E GI N •• •• 1 F •• r HE r HA c I 1 "= o •• r HEN • 

ELHVEC(MO• M, 0, RO, R, THETHACil); 
"IfM I= N "THEN" 
••aEGIN 11

• OATAC9JI= SQRTCVECVEC(HO, H, O, RO, RO)>• TAU; 
ECOi= EC1; EC11= ECZI EC2&= OATAC9J /TAU•• Q 

••ENO•• 
••Et,o•• LEC; 

•• PROCEDURE•• STE PS I ZE; 
••eEGIN 111

• ••REAL" TAUACC, TAUSTAB, AA, BB, CC, EC; 
ETAS= SQRTIVECVECCHO, H, O, U, U)) • OATAC7J • OATAC6J; 
"IF 1

• ETA_> 0 ••THEN•• 
•• BE GI N •• 1111 IF M s TART •• THE N N 

••aEGIN" "IF•• OATA(8l = 0 •THEN" 
MBEGIN" TAUACCI= DATA(S]; 

STEP11= "TRUE" 
"ENO· "ELSE" NIFN STEP1 •tHENN 
"BEGIN" TAUACCI= (ETA / EC2) •• QIN\I; 

"IF" TAUACC > 10 • TAU2 •THEN" 
TAUACCI= 10 • TAU2 "ELSE" STEP11= •FALSE" 

"ENo•• •ELSE•• 
"BEGIN" 881= CEC2 - EC1) / TAU1; CCI= - BB• T2 + EC2; 

ECI= BB. T ♦ cc; 
TAUACCI= NIF" EC c O "THEN" TAU2 ·ELSEN 
(ETA I EC) •• QINV; 
START I= "FALSEN 

111111 ENO" 
••END•• 11•ELSE •• 
"BEGIN~ AAI= ((ECO - EC1» / TAUO + (EC2 • EC1) / TAU1) 

I ITAU1 + TAUO>; 
881- <EC2 - EC1> / TAU1 - (2 • T2 TAU1) • AA; 
CCI- CAA• T2 +BB>• T2 + EC2; 
Ec1- <AA• r •ea>• r + cc; 
TAUACCI "IF" EC< 0 "THEN" 

TAUS "ELSEN (ETA/ EC) •• QINV; 
"IF- TAUACC > 2 • TAUS "THEN" TAUACCI= 2 • TAUS; 
"IF•• TAUACC < TAUS / 2 •THEN" TAUACCI= TAUS / 2 

••ENo•• 
"END" ••ELSE•• TAUACCI= OATAt 51; 

••IF•• TAUACC < OATACSJ ••THEN" TAUACCI= OATAC5J; 
TAUSTABI= BETAN / OATAl4l; "IF• TAUSTAB < OATA(Sl "THENM 
uBEGIN•• OATA(10J&- 1; •GOTO" ENOARK "ENO~; 
TAUi= "IF" TAUACC > TAUSTAB -THEN" TAUSTA8 "ELSE" TAUACC; 
TAUSI= TAU; "IF" TAU>= TE~ T NTHEN· 
.. BEGIN'" TAUi= TE - T; LASTI= "TRUE" "ENO•; 
TAUOI= TAUt; TAU1&- TAU2; TAU2a= TAU 

••ENO•• STEP SIZE 
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••PkOCEOURE 1
• DIFFERENCE SCHEME; 

··at GIN·· ··r NTEGER10 I., J; 
••REAL•• MT , LT ; 
MULVEC(MO, M, 0, RO, R, THETHACOJ); 
••IF'0 P = 3 ••THEN•• ELHVEC(HO, H, O, U, R, .25 • TAU); 
•• F o R •• I 1 - 1 •• s r E p•• 1 •• u NT IL.. N - 1 •• o o •• 
•• BE G I N •• M T a ·• MU { I l • T A U ; L T I = L A M B O A C I l • T AU ; 

1111 FOR'0 JI- HO ··srEP'· 1 ··uNTIL .. H "oo·· 
RCJJI= LT• RCJJ + UCJJ; 
OERIVATIVE(T + HT, R); LOCAL ERROR CONSTRUCTION(!) 

N END •• ; 
ELMVEC(HO, M, O, U, R, THETANM1 ~ TAU); 
OUP~EC(H09 M, D, R, U); OERIVATI~ECT + TAU, R); 
LOCAL ERROR CONSTRUCTION(N); TZI= T; 
•• IF•• LAST ••THEN•• 
··eEGIN·· LASTt- 1111 FALSE 00

; r1- TE ··EN □•• ··ELSE·· TJ T + TAU; 
DATAC8]1- DATAC8l+1 

••EN □•• OIFSCH; 

INITIALIZE; 

NEXT STEP& 
STEPSIZE; DIFFERENCE SCHEME; our; 
••1F•• T "= TE ••THEN .... GOTO• NEXT STEP; 

ENOARKI 
•• E t·I O •• A R K ; 

•• £op•• 

MC 
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AUTHOR: K.OEKKER. 

INSTITUTES MATHEMATICAL CENTRE, 

RECEIVED: 740710. 

BRIEF DESCRIPTIONg 

EFRK SOLVES AN INITIA~ VALUE PROBLEM, GIVEN AS A SySTEM OF FIRST 
ORDER DIFFERENTIAL EQUATIONS, BY MEANS OF AN EXPONENTI•LLY FITTED, 
EXP~ICIT RUNGE•KUTTA METHOD OF FIRST, SECOND OR THIRD ORDER, 
AUTOMATIC STEPSIZE CONTRO~ IS NOT PROVIOEDJ HOWEVER, FOR REASONS OF 
THE USER PRESCRISEO STEPSIZE CAN BE ADJUSTED, 
IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF STIFF 
OIFFERENTIA~ EQUATIONS, 

KEYWORDS I 

OIFFERENTIA~ EQUATIONS, 
INITIA~ VALUE PROBLEMS, 
STIFF EQUATIONS, 
EXPONENTIAL FITTING, 
TWO ANO THREE CLUSTER METHODS, 
EXP~lCIT RUNGE•KUTTA METHODS, 

CAL~ING SEQUENCE: 

THE HEADING OF THE PROCEDURE EFRK READS: 

' 

•• P R O C E D U ~ E •• E F R ;.c: C T , T E , M O , M , U , S I G M A. , P 1-4 I , 0 I A ~ E T E R , 0 E R I V A T I VE , 
K, STEP, R, ~, BETA, THIROOROER, TOL, OUTPUT )J 

'' V A L.. U E '' R , L. : 
'' I N T E G E R '' M O , M , K , R , L J 
'' RE A L '' T , T E , S I G M A , P H I , D I A M E T E R , S T E P , T O 1. 1 
'' A R R A V '' U , B E T A J 
''BOOLEAN•• THIRDOROERJ 
'' P R O C E D U R E '' O E R l V A T I V E , 0 U T P U T s 

THE MEA~ING OF THE roRMAL PARAMETERS IS1 
T1 <VARIAB~E>J 

THE INDEPENDENT VARI~BLE Tr 
MAY BE USED IN DERIVATIVE, SIGMA, OUTPUT, ETC., 
ENTRY! THE INITIAL VALUE ro, 
EXIT ; THE FINAL VALUE TEJ 

TE: <ARITHMETIC ETPRESSION>J 
THE FINAL VALUE OFT (TE>•T)t 

MO: <ARITHMETIC EXPRESSION>J 
THE INDEX OF THE FIRST EQUATIONJ 

M: <ARITHMETIC EXPRESSION>t 
THE INOEX OF THE ~AST EQUATIONr 



u: 

(AUGlJST 1q71J) 

<ARRAY IDENTIFIER>: 
'' R E A L '' 1' A R R A Y '' U C ~~ 0 : M l J 
THE DEPE~JDENT VARIABLE, 
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ENTRY: THE INITIAL VALUES OF T~E SO~UTION OF THE SySTEM OF 
DIFFERENTIAL EQUATIONS AT T z TOi 

EXIT : THE VALUES OF THE SOLUTION AT T = TEJ 
SIGMA: <ARITHMETIC EXPRESSION>J 

PHIJ 

THE MODULUS OF THE POI~T AT WHICH EXPONENTIAL FITTING IS 
DESIRED, FOR EXAMPLE AN APPROXIMATION OF THE CENTRE OF THE 
LEFT HAND CLUSTERJ 
<ARITHMETIC EXPRESSION>J 
THE 4~GU~ENT OF THE CENT~E QF THE LEFT HAND CLUSTERJ IN THE 
CASE OF TWO COMPLEX CONJUGATE) C~USTERS, THE •RGUMENT OF 
THE CENTRE I~ THE SECOND QUAORANT SHOULD BE TAKEN; 

DIAMETER1 <ARITHMETIC EXPRESSION>J 
THE DIAMETER OF THE LEFT H•ND CLUSTER OF EIGENVALUES OF THE 
JACOBIAN MATRIX OF THE SYSTEM OF DIFFERENTIAL EQUATlONSJ 
IN CASE OF NON•LINEAR EQUATIONS DIAMETER SHOULD HAVE SUCH A 
VALUE THAT THE VARIATION OF THE EIGENVA~UES IN THIS CLUSTER 
IN THE PERICO CT ,T+STEP) IS LESS THAN HALF THE DIAMETER: 

DERIVATIVE: <PROCEDURE IDENTlFIER>s 

STEP1 

BETA1 

THE HEADING OF THIS PROCEDURE ~EADS: 
'' P R O C E D U RE •• 0 E R I V A T I V E ( T , U l r '' ~ E A L '' T J '' A R R A Y '' U J 
THIS PROCEDURE SHOULD DELIVER THE VALUE(S) OF H(T,U) IN THE 
POINT CT,U) IN THE ARRAY Ur 
<VARIABLE>J 
COUNTS THE NUMBER OF INTEGRATION STEPS TAKENJ 
FO~ E~AMPLE, K MAY BE USED IN THE EXPRESSION FOR TE; 
ENTRY1 AN (ARBIRARV) CHOSEN VA~UE KO, E1 G1 KOsO; 
EXIT : KO+ THE NUMBER OF INTEGRATION STEPS PERFORMEOJ 
<ARITHMETIC EXPRESSION>J 
THE STEPSIZE CHOSEN WILL 6E AT 
THIS STEPSIZE MAY BE REDUCED BY 
IMPOSED BY A POSITIVE DIAMETER, OR 
INTERNA~ STABILITY (SEE REFC1l, PAGE 
<ARITHMETIC EX~RESSION>r 

MOST EQUAL TO STEP 1 
STABILITY CONSTRAINTS, 

av CONSIDERATIONS OF 
1 1 ) I 

• 

Rt La THE NUMBER OF EVALUATIONS OF H(T, U) 
~UNGE•KUTT• SCHEME IS BASEDJ 

ON WHICH THE 

FOR R ■ 1,2,>a3 FIRST, SECOND AND THIRD ORDER ACCURACY MAY BE 
OBTAINED BY AN •PPROPRIATE CHOICE QF THE ARRAY BETA, 
<ARITHMETIC EXPRESSION•, 
ENTRV1 

• 

IF PHI• U•ARCTAN(l)1 THE ORDER OF THE EXPONENTIAL FITTING, 
ELSE TWICE THE ORDER OF THE EXPONENTIAL FlTTINGJ 
NOTE THAT L SHOULD BE EVEN IN THE LATTER CASEr 
<ARRAY IDENTIFIER>J 
'' R E A L '' •• A R R A Y '' B E T A t O & R + L l J 
ENTRY: THE ELEMENTS BETA[Il , I•O, 111 , .. ,R SHOULD HAVE THE 

VALUE OF THE R+1 FIRST COEFFICIENTS OF THE STABILITY 
POL.YNOMIAL.J 
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THIRDORDER: <BOOLEAN EX?R~SSION>, 
IF THIRD ORDER ACCURACY IS DESIRED, THIRDOROER SHOULD HAVE 
T H E V A L U E 19 T R U E '' , I N C O M B I N A T I O N W I T H A P P R O P R I A T E C H O I C E S 
OF R (R>=3) ANO THE ARRAY BETA C BETA[IJ•1/I1, I:0,1,2,3 )r 
I N A L L O T H E R C • S E 5 T H I R D O R D E R \1 U S T H A V E T H E V A L U E '' F A L S E '' J 

TO~; <ARITHMETIC EXPRESSION>J 
AN UPPERBOUND FOR THE ROUNDING ERRORS IN THE COMPUTATIONS 
IN ONE RUNGE•KUTTA STEP J IN SOME CASES ( E,G 1 ~ARGE VALUES 
OF SIGMA ANO R ) TOL WILL CAUSE A DECREASE OF THE STEPSIZEs 

OUTPUT: <PROCEDURE IDENTIFIER>, 
THE HEADING OF THIS PROCEDURE ~EAOSJ 
'' P R O C E O UR E '' 0 u T F' U T J 
THIS PROCEDURE IS CA~LEO AT THE END OF EACH INTEGRATION 
STEP J THE USER CAN ASK FOR OUTPUT OF SOME PARAMETERS, FOR 
EXAMPLE T, K, U, AND COMPUTE NEW VA~UES FOR SIGM4, PHI, ANO 
DIAMETER, 

DATA. ANO RESULTS I SEE EXAMPLE OF USE , ANO THE REFERENCES t1l ANO [/Jl 11 

PROCEDURES USE01 
• 

ELMVEC= CP3Q020, 
DEC : CP34300, 
SOL. : CP3'-'0S1 11 

• 

REQUIRED CENTRA~ MEMDRV1 

EXECUTION FIELD LENGTH1 CIRCA 30 + (M•~O) + L * CS+~), 

RUNNING TIMEs DEPENDS STRONG~V ON THE DIFFERENTIAL EQUATION TO SOLVE. 

' 

METHOD ANO ?ERFORMANCE: 

A OETAI~ED DESCRIPTION OF THE METHOD ANO SOME NUMERICAL EXAMPLES 
ARE GIVEN IN REFCll, REF tJ], P~GE 170 REPRESENTS A BRIEF SURVEY, A 
COM?ARATIVE TEST OVER A LARGE CLASS OF DIFFERENTIAL EQUATIONS IS 
Glv~N IN REF t4l, 
F R O M T rt E S E R E S U L T S I T A P P E A R S T H • T C A L.. L S W I T H T H I R D O R D E R • '' T R U E '' 
ARE LESS ADVISABLE. 
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RE.FtRENCESI 

t1l. K, OEW:KER. 
AN ALGOL bO VERSION OF EXPONE~TIAL~Y FITTED 
METHODS COUTCH). 
NR 25 (1q72), MATHEMATICAL CENTRE, 
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RUNGE•KUTTA 

[2], T. J. DEKKER, P. w. HEMKER AND P. J, VAN OER HOUWEN. 
COLLOQUIUM STIFF DIFFERENTI•L EQUATIONS 1 COUTCH), 
MC SY~LABUS 15.1, C1q72) MATHEMATICAL CENTRE, 

t3] • Pa A, BEENTJES, K, DEKKER, H, C, ~EMKER, S.P,N, VAN KAMPEN AND 
G. ""• WILLEMS. 
COLLOQUIUM STIFF DIFFERENTIAL EQUATIONS 2 COUTCH), 
MC SYLLABUS 15,2, (1q73) MATHEMATICAL CENTRE. 

[qJ • ( TO APPEA~) • 
CO~LOQUIUM STIFF DIFFERENTlA~ EQUATIONS 3 COUTCH), 
MC SYLLABUS 15.3, (1974) MATHEMATICAL CENTRE, 

EXAMPLE OF USEI 
• 

CONSIDER THE SYSTEM OF DIFFERENTIAL EQUATIONSs 
DY[1l/OX: •Yt1l + V[ll * YC2l + ,c;q • V[Zl 
OV[2l/OX: •1000 • C •YC1l + Y[ll * V[2l + Yt2l l 
~ITH THE ItJITIAL CONOITIONS AT X = 01 
V [ 1 l a 1 AND Y [ 2 l a O • (SEE .REF C 2 l , ~AGE 11 ) • 
THE SOLUTION AT X • SO IS APPROXIMATELYI 
Y[ll: ,7t,5 878 320 U87 At\lD Yt2l a .433 710 353 
THE ~OLLOWING PROGRAM SHOWS SOME DIFFERENT CALLS 
EFRK, ANO I~LUSTRATES THE ACCURACIES ~HICH M4V BE 

• 

S7b8. 
OF THE PROCEDURE 

OBTAINED BV THEM: 
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'' 8 E GIN II 
'' ? R O C E O UR E '' E F. R K C X , X E , M O , M , Y , S I G M A , P H I , O I A M E T E ~ , 0 E R I V A T I V E , K , 

STEP,R,L,BETA,THIRDOROER,TOL,OUTPUT)J 
'' C O D E '' .3 3 O 7 o t 

'' I N T E G E R '' K , R , L. , ? A S S E S r 
'' R E A L " X ,, S I G M A , P H I , T I ME , S T E P , D I A M E T E R J 
'' R E A L '' '' A R R A V '' Y [ 1 z 2 l , 8 E T A [ 0 I 6 ] J 

'' P R O C E D U R E •• D E R C X , Y ) J '' R E A L '' X J '' A R R A Y '' Y J 
•• 6 E G I N 1' '' R E A L •• Y 1 , Y 2 J Y 1 I • Y t 1 l J Y 2 : : V t 2 l J 

Y tll 1s(Vt+,qq)*(Y2•1l+aQqJ 
v t2J 1=1ooo•cc1+Y1l•c1-v2>-1), 
PASSEs::f'ASSES+l 

'' E I\J D '' ; 

'' P R D C E O U R E '' 0 U T : 
,. a E G I r-J '1 '' R E A L If S J 

S;:;(•1000•V [1l •1001+Y [2] )/2J 
SIGMA::ABSCS•SQ~TCS•S+10•(Y[2l•ll))J 
DIAMETER::2•STEP•ABS(1000•C1.qq*y[2l•2•Y[ll•Cl•Y[2l )))J 
'' I F '' X : S O '' T H E N '' 
0 U T P U T ( c 1 , II C ,, 4 B D , 2 B D , 2 C • S Z O ) , 2 ( 4 B + • 3 0 8 3 DB 3 D ) , • 5 Z D • 3 0 , / '' ) ,, , 
R,L.,K,?ASSES,V [tl ,v t2l ,CLOCK•Tift.'IE) 

''END'' ; 

0 U T P U T C o l " '' C '' '' C •• T H I 5 L I NE A ND T HE F O L L O W I N G T E X T I S '' ) '' 
'' C t' ? ~ I N T E D 8 Y T H I S P R O G R A M '' ) •• , / I , 
'' C '' T HE R E S U L T S W I T H E F R K A R E a '' ) '' , / , 
'' C '' R L K D E R • E V • Y [ 1 l 
'' C '' T I M E '' ) '' , / •• l '' l J 
PHI:=4•ARCTANC1): BETA[Ol :zBETA[ll 1 ■ 1J 
'' F O R •• R : : 1 , 2 , 3 '' D O '' '' F O R '' L I a 1 , 2 , 3 '' D O '' 
'' 8 E G I t~ •• '' F O R '' K i a 2 '' S T E P '' 1 '' U N T I L '' R '' 0 0 '' 

BETA [Kl 1=BETA tK•tl /Kr 
,, F OR '' S T E P : = 1 , , 1 ,, DO ,, 

V [ 2] •• ) '' 

• 

''BEGIN·• PASSESa=K::ao, x::v [2l :•OJ Y [1] :=1 J TIME:=CLOCKJ 
OtJ T; 
EFRK(X,so,1,2,Y,SIGMA,PHI,OIAMETER,DER,K,STEP,R,L,BETA, 
R > ::: 3 , '' • 4 , rJ U T ) J 

'' E N D '' , 0 U T F' U T C b 1 , '' C '' / '' ) '' ) J 
''EN v '' J • 

,. END'' J 
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THIS ~INE ANO THE FO~LOWING TEXT IS PRINTED BV THIS PROGRAM& 

THE RESULTS WITH EFRK 
DER.EV, 

474 
R L. K 
1 1 23 7 
l 1 501 1002 

1 2 
1 2 

1 3 
l 3 

2 1 
2 1 

2 2 
2 2 

2 3 
2 3 

3 1 
3 1 

3 2 
3 2 

.3 3 
3 3 

52 156 
501 1503 

52 208 
500 2000 

3317 qgs1 
1050 3150 

1 7"' bqb 
501 200£.J 

57 285 
501 2S05 

7 0 1 0 28~0 4 0 
3255 13020 

quq 4745 
138" 6920 

917 
11bb 

SOURCE TEXT(S)I 

,, C O O E 1• ,. 3 3 O 7 o J 

ARE& 
y [ 1 J 

+.765 812 555 
+.765 847 870 

+.7b5 570 874 
+.7b5 8tJ8 220 

♦ ,7&5 571 278 
+,7&5 848 512 

+.765 878 320 
+.7&5 878 321 

+,765 878 335 
+,765 878 323 

t,7b5 88.1 339 
+,7&5 818 323 

-♦ I 765 876 320 
+,765 878 320 

+,7bS 878 31q 
+,165 8t,.? 498 

• 

+,765 878 018 
+,7c5 Set b96 

V C2l 
+,'133 &Sq 30b 
+,433 700 blq 

+.433 btS 119 
+,433 700 709 

+.433 btS 202 
+.433 700 827 

+.433 710 353 
+.433 710 330 

+.433 710 335 
+,Ll::S3 '7Qq 211 

+,433 817 185 
+,433 1oq 12s 

··"33 110 354 
+,ij:JJ 710 374 

+.IJ:Sl 711 5q3 
+,t.J4Q 724 830 

+,q34 105 184 
+,4'33105 b41 

21.eoe 
1.1s3 

1,385 
u-.915 

o.a'-'2 
s.1sc 

55,298 
25,772 

'' P R O C E D U R E '' E F R K C T , T E , M O , M , U , S I G M A , P H I , D I A '41 E T E R , D E R I V A T I V E , K , S T E P , R , L , 
BETA,THIROORDER,TOL,OUTPUT)J . 

'' V A L U E '' R , I. , 
'' I N T E G E R '' M O , M , t< , ~ , L J 
'' ~ E A L '' T , T E , S I G M A , P t-1 I , D I A M E T E R , S T E P , T 0 L J 
'' A R R A V •• U 1 8 E T A J 
''BOOLEAN'' THIRDOROERr 
••PROCEDURE'' OERIVATIVE,OUTPUTJ 
••~EGIN•• "INTEGER'' NJ 

''REAL" THETAO,THETANM1,H,B,B0,PHl0,PHIL,PI,COSPHI,SINPHI,EPS,BETAR, 
'' BOOLE 4 N" FI RS T, LAST, COMPLEX, Ct-lANGE J 
'' I N T E G E R '' '' A\ R R A Y '' ~ t 1 I L J , 
'' R E A L '' '' A R R ~ V '' M U , L. A BO A C O I R + L • 1 l , P T t O I R l , F A C , B E T A C C O : L • 1 l , R L t M O I M l , 

A [1 IL, 1 ILJ ,AUX t013l J 
'' P R O C E D U RE '' E L M V E C C L , u , SH I F T , A , B , X ) J '' C O O E '' l 4 0 2 O 1 
'' P R O C E O U R E '' S O L C Ai , N ., P , B ) s '' C O D E •• 3 4 0 5 1 J 
•• P R O C E O U RE '' 0 E C ( A , N , • U X , P ) , '' C O OE '' 3 4 l 0 0 , " C OM MEN T '' 



• 

'' P R O C E D U R E '' F O R M C O N S T A N T S s 
'' B E G I N '' '' I :~ T E G E ~ '' I J 

F I R S T I s '' F A L S E '' J 
FAC tOl :=t, 
'' F O R '' I : • 1 '' S T E P ,. 1 '' U N T I L '' L .., 1 '' D O '' F A C [ I l 1 • I • F A C [ I • 1 l J 
PT (RJ: =L•FAC [L.•1 l J 
'' F O R '' I : • 1 '' S T E P '' 1 '' U N T I L '' R '' 0 0 '' 
PT tR•ll 1:PT [R•Itll • (L+I )/I 

''END'' FORM CONSTANTS, 

'' P R O C E D U R E '' F O R M B E T A J 
•• B E G I N '' '' I N T E G E ~ '' I , J J '' R E A L " B B , C , 0 r 

'' I F 99 F I R s T '' T HE N " F a R M C a N s T A N T 5 ' 
'' I F '' L. :a 1 '' T H E N '' 
"BEGIN st C1•1•EXPC•B)1 

'' F O R '' J 1 = 1 '' S T E P '' 1 '' U N T l L '' R '' D O '' C I : B E T A C J ] ~ C / B : 
BETA[R+1l :aC/B 

'' E N D '' '' E L S E •• 
'' l F '' B > 4 0 '' T H E N '' 
'' B E G I N '' '' F O R 1' I : =a: R + 1 '' S T E P '' 1 '' U N T I L. '' R + L 1

' D O '' 
'' B E G I N '' C I • 0 p 

'' F O R '' J : =s t) '' S T E P '' 1 '' U N T I L. '' R '' 0 0 '' 
C1xSETAtJJ•PTtJl/CI•J)•C/BJ 
BE:TA [Il ::C/B/F•c CL.+R•Il /FAC CI•R•1l 

''END'' J 
'' E N O '' '' E L S E '' 
'' 6 E G I N •• D : = C : a E X P ( • B l J 8 E T A C [ I. • 1 l I = 0 I F A C t L • 1 l J 

'' F O R '' I 1 = 1 '' S T E P '' 1 '' U N T I L. '' L • 1 '' 0 0 '' 
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'' B E G I N '' C 1 • B * C / I 9 0 I • D + C J 8 E T A C C L • 1 • I l I • 0 / F A C [ L • 1 • I l '' END '' J 
BB:•1, 
'' F O R '' I 1 :: R ♦ 1 '' S T E P '' 1 '' U N T I L '' R + L '' 0 0 '' 
''BEGIN'' C:•Os 

'' F O R '' J ; a O '' S T E P " 1 '' U N T I L. '' R '' 0 0 '' 
C 1 • C B E T A. [ J l • ( '' I F '' J < L. '' T H E N '' B E T A C C J J '' E L S E '' 0 ) ) * 

PT[Jl/(I•J)•C/Bt 
BETA [Il 1•C/B/FAC tL.+R.•Il /FAC tI•R•1l + . 

( II I F ,, I < L ,, T H E N ,. 8 B * B E T A C t I l ,, E L S E ., 0 ) J 
B81:BB•B 

''END'' 
''END•• 

'' E N O '' F O R M B E T A , 

''PROCEDURE'' SOLUTION OF COMPLEX EQUATIONS, 
'' B E G I N '' " I N T E G E R '' I , J , C 1 , C 3 J .. 

'' R E A L ,. C 2 , E , S 1 , Z I , C O S I P H I , S I N I P H I , C O S P H I L J 
19 RE AL. '' ''ARR AV " 0 t 1 I L. l J '' C O M M E N T '' 

• 



••PROCEDURC:'' ELEMENTS OF M•TRlXJ 
'' 8 E G I N '' P ~ I L : : P H I O J 

COSPHI::COS(PHIL)1 SINPrlI:cSIN(PHI~)J 
COSIPHI:=1; SI~IPHt:ao, 
If F O R ,, I a : O ,, S T E P ,, 1 '' U N T I L. ., L • 1 ,, D O ,, 
'' B E G I N •• C 1 I ;: R + 1 + I : C 2 : s 1 s 

'' F O R '' J : = I. • 1 '' S T E P 1' • 2 '' lJ N T I L '' 1 '' D O '' 
'' B E G I N •• A t J , L • I l I = C 2 • C O S I P H I f 

. .\ tJ+l, L.•Il 111C2•SINIPHI r 
C2::C1•C2J C1;:Ct•1 

1
' END'' J 
COSPHIL::COSIPHI•COSPHI•SINIPHI•SI~PHIJ 

• 

SINIPHiz:COSIPHI•SINPHI+SINIPHI•COSP~IJ 
COSIPHii=COSPHIL 

tt END'' I 

AUX C2l ::OJ DECCA,L,AUX,P) 
'' E ~~ D '' E L. 0 F M A T J 

••PROCEDURE'' RIGHTHANDSIDEr 
'' 6 E G t N '' E : :s E X P ( B • C O S P H I ) J 

Bt:=B•SINPHI•(~+l)•PHILJ 
COSIPMI:-E•COS(Bt)J SINIPHI:=E•SINCB1)1 
a1:=11B1 ZI:•B1••R; 
'1 F O R '' J : : L '' S T E P '' • 2 '' U N T I L '1 2 '' D O '' 
'' B E G I N '' r> [ J l t : Z I • S I N I P H I , 

DCJ•ll ;:ZI•COSIPHIJ 
COSPHI~ 1:COSIPHl•COS?HI•SINIPHI•SINPHI1 
SIN IP HI : =COS IP HI-• SIN PH I +SI ~IP HI •COS PH I J 
COSIPHI::COSPHILJ 
ZI::ZI•B 

''END'' J 
COSIPHI:=ZI:•1J SINIPHI:=Or 
'' F O R •• I 1 : R '' S T E P ~, • 1 '' U N T I L '' 0 '' D O '1 

'' B E G I N •• C 1 t = t J C 2 : = B E T A t I l , 
C 3 s : '' I , '' 2 * I > L • 2 '' T H E N '' 2 '' E L S E '' L. • 2 • I J 
COSPHIL 1:COSIPHI•COSPHI•SINIPHI•SINPHIJ 
SINIPHI;•COSIPHI•SINPHI+SI~IPHI•COSPMIJ 
COSIPHiisCOSPHlLJ 
'' F O ~ '' J I : L. '' S T E P '' • 2 " U N T I I. '' C 3 '' D O •• 
'' 8 E G I N 1' 0 t J J : = 0 [ J l + Z I • C 2 • S I N I P H I J 

D tJ•tl 1:0 [J•1J ... ZI•C2•COSIPMI J 
C2:=C2•C1p Cl:•C1•1 

''END'' J 
ZI::ZI•Bt 

''END'' 
•• E ~ 0 '' R I G H T ~ A ND S I D E J 

'' I F '' P H I O • : pH I l. •• T H E N '' E L E M E N T S OF M A T R I X F 
RIGHTH~NOSIOEJ 
SOI. (A,L.,?,O) J 
'' F O ~ '' I 1 : 1 '' S T E P '' 1 •• U N T I L '' L '' D O '' B E T A C R ♦ I l : z O [ L + 1 • I l * B 1 

MC 
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'' E t\J O '' S O L OF C O M E f~ , '' C O M M E N T t• 



'' P R O C E D lJ R E '' C O E F F I C I E N T : 
'' 8 E G I N '' '' l NT EGE ~ 1

' J , K J '' RE AL '' C ; 
B0:=8; PHIQ::PHI: 
., l F '' B > = t s' T H E: N '' 

'' B E G I t\f '' '' I F •• C O k-1 P L E X •• T HE N '' S U L U T I O N O F C O M P L E X E Q U A T I O N S 
'
1 ELSE•• FORM BETA 

''END '' ; 
LABO~ (OJ: ::MU tn l: :::Q: 
'' l F '' T H I ~ 0 ;) R i.) E R '' T H E N '' 
,. B E G r N tt T H E T A O : = • 2 5 s T HE T A r~ ~ 1 : ::: • 7 S : 

'
1 I F •• B < 1 '' T H E :-.J '' 

,, A E G I N II C = = i'-1 1,1 t N - 1 l : = 2 / 3 J L j 8 D A [ N - 1 J : = s / 1 2 : 
•• F O R '' J : : f\a • 2 ,. S T E: P '' • 1 ,. U N T I L '' 1 11 D O ff 
•• 8 E G I N '' C ; : M U t J l : : C / C C • • 2 5 ) / C N • J + 1 ) J 

LABOA [Jl :=C•,.25 
' 

'' Er~ D '' 
'' E N D '' '' E L S E '' 
'
1 B E G I i~ '1 C : : ~ U [ N • 1 l : : 8 E T A [ 2 l * tJ / 3 J L A B D A [ N • 1 l : : C • ., 2 5 J 

,. F OR ,, J : = N • 2 ,. S TEP fl • 1 '' UN T I L tt 1 ti D O •• 
'' 8 E G I N '' C : : MU [ J l : : C I C C • 11 2 S ) * 9 E T A [ N • J + 1 l / 8 E T A C N • J l / 

C '' I F '' J c: L '' T H E f..J '' 8 '' E L S E '' 1 ) ; 
LAaDA [Jl :;:C-,25 

'' E ~JO '' 
'' END '' 

•• E "J D '' '' E L 5 E '' 
•• 8 E G I N '' T H E T A O : : 0 ; T H E T A. N M 1 I = 1 J 

'' I F '' 8 < 1 '' T H E N 1• 
'' 6 E G I N '' '' F O R '' J : = N • t · •• S T E P '' • 1 '' U N T I L ,t 1 1

' D O '' 
MU [Jl ::L,ABOA [Jl ::1/(N•J+1) 

'' E N D •• '' E L S E '' 
'' 8 E G I N '' L A B D A t N • 1 l : : M U C N • 1 l : : B E T A C 2 l J 

'' F O R '' J : : N • 2 '' S T E P '' • 1 '' U N T I L '' 1 '' 0 0 '' 
Mu tJl ::LABDA [Jl :=BETA [N•J+1l /BETA [N.JJ / 

c ,, IF •• J < L •• r HE~,, a '' EL s E ,, 1 ) 
'' Et~ D '' 

'' E ND '' 
,, E N c, It C O E F F I C 1 E N T : 

MC 
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'' P Q O C E D U R E '' S T E ? S ! Z E I 
'' B E G I i\j '' '' R E A L '' D , ~➔ S T A 6 , }➔ S T A B I N T J 

H:=STEf'J 
D::ABSCSIGMA•SIN(PHI))J 
C O M P L E X : : L / / 2 tr 2 : L •• A. N D '' 2 * 0 > D I A M E T E R J 
'' I F •• 0 I A M E T E R > 0 '' T H E N '' 
HSTAB:=cSIGMA••2/(0lAMETER•(DIAMETER•,25+D))l••cL•,S/R)/ 

BETAR/S!GMA 
'' E I. S E " H S T A 8 : : H J 
D : ; 1' I F •• T H I R D O R O E R '' T HE N •• ( 2 • T O L / E P S / 9 E T A [ R 1 ) • * C 1 / ( N .,. 1 ) ) * 

~ * • C C L • 1 ) / C t~ • 1 ) ) '' E L SE '' C T O L / E ? S ) • • C 1 / R ) / 8 E T A R J 
~STA8lNT:3 A8S(D/SIGMA)J 
'' I F '' H > H S T A 8 •• T H E N '' H : : H S T A 6 J 
,. I F fl H > H S T A. 8 I N T ., T HEN t• H i = H S T A B I N T J 
'' I F '' T + H > T E * C 1 • K • E P S ) '' T H E 1'i 11 

'' 6 E G I N '' L A S T : ; '' T R U E '' J H : z T E • T '' E N D '' J 
B::H•SIGM~J D:•DIAMETER•.l•HJ D:•O*Di 
'' I F ~• H < T * E P S '' T H E N •• •• G O T O '' E :~ 0 0 F E F R K J 
CHANGE::BO••l ''OR" ((S•BO)•CB•BO)+B•BO•(PHI-PHIO)•CPHI•PHIO)>O) 

'' E N O '' S T E P S I Z E , 

'' P R O C E D U R E '' D I P F E R E f'4 C E 5 C HE ME J 
'' B E G I N '' '' I N T E G E R '' I , J J '' R E A L •• M T , L T , T H T J 

I:=•1J 
NEXTTERM: 
I:~I+l, MT;:MU[Il•H; ~T1=LABDA[IJ•Hp 
'' F O R " J I = M O '' S T E P 1' 1 '' UN T I L '' M '' 0 0 '' R L [ J ] I = U [ J l + L T * R L [ J l J 
DERIVATIVECT+MT,RL)J -
'' I F '' I = 0 '' 0 R '' I : N • 1 '' T H E N '' 
'' B E G I N '' T H T 1 : '' I F '' I :: 0 '' THE N '' T HE T A O * H '' E L S E '' T HE T A N M 1 * H J 

ELMVEC(MO,M,O,U,R~,THT) 
''ENO" ; 
•• I F '' I c N • 1 •• T H E N '' '' G O T O '' N E X T T E R M 1 
T;:T+H 

''END'' DIFFERENCE SCHEMEJ 
• 

N ; = R + l. J F I R S T 1 : '' T R U E '' J B O : = • 1 J B E T A R s = B E T A. t R l * * C l / R ) J 
L A S T I : '' F ~ L S E '' J E P S c r: 2 • * C •" 8 ) , P I 1 :s P H I O : = P H I L, : z 4 • A R C T A N C 1 ) ; 

NE.XTL.EVEL1 
STEPSilEJ 
'' I F •• C H A N G E '' T H E N '' C O E F F I C I E N T , 
K:aK+lJ 
DIFFERENCE SCHEMEJ 
OUT P lJ T J 
'' I F •• '' N O T •• L. A S T •• T H E N '' •• G O T O '' N E X T l. E V E l. J 

ENOOFEFR1<1 
•• E N O •• E X P O N E N T I A L L Y F I T T E D R U N G E K U T T A s 

'' E OP'' 
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SfCTION 5.z.1.1.1.2 CONTAt~S SIX ALTERNATIVE PROCEDURES FOR SOLVING 
~IRST•OROER INITIAL VALUE PR06LEMS WITH TH£ JACOBIAN MATRlX AVA%LABL! 1 

A, EFSlRK SOLVES 4N INITIAL VALUE PROBLEM, GIVEN AS AN AUTONOMOUS 
SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS DY/DX. F(Y), av 
MEANS OF AN EXPONENTIALLY FITTED, SEMI•IMPLICIT RUNGE•KUTTA 
METHODS IN PARTICULAR THIS P~OCEDURE .IS SUlTAB~E roR THE 
INT!GRATlON OF STlFf EQUATIONS. 

8 1 ErERK SOLVES lNITlAL VALUE PROSLEf1S, GIVEN AS AN AUTONOMOUS SYSTEM 
OF FIRST ORDER oirFtRENTIAL EQUATIONS, BV MEANS OF AN !XPONENTIALLV 
FITTED, EXPLICIT RUNGE KUTTA METHOD OF THIRD ORDER, WHICH INVOLVES 
THE USE OF THE JACOBIAN MATRIX. AUTO~ATIC STEP CONTRO~ tS PROVIDED, 
!~ PARTICULA~ TMlS MfTHOD 18 SUITABLE FOR THE INTEGRATION o, srz,, 
OlFFERE~TlAL EQUATIONS. 

c. L1NlGER1VS SOLVES INITIAL VALUE PROBLEMS, GtVEN AS AN AUTONOMOUS 
SYSTEM OF FI~ST ORDER 01rrER!NTIA~ EQUATIONS, BY MEANS OF AN 
lMP~ICIT, FIRST ORDER ACCURATE, tXPONE~TIALLV FlTTED ONESTEP 
METHOOa 
AUTOMATlC STEPSIZE CONTROL 18 PROVIDED. 

O, LINIGERl SO~YES INITIAL VALUE PROBLEMS, GIVEN AS AN AUTONOMOUS 
SYSTEM OF FIRST ORDER DlFFERENTIA~ EQUATIONS, BY MEANS OF AN 
EXPONENTIALLY 'ITTEO ONESTEP METHOD, 
NO AUTO~ATIC STEPSIZE CONTROL IS PROVIOEO• 

' 

GMS SOLVES AN INITIAL VALUE PROBLEM, GIVEN AS AN AUTONOMOUS SYSTEM 
OF FIRST ORDER OIFrERENTIAL EQUATIONS DY/ OX I F(Y), BY MEANS OF A 
THIRD O~OER GENERALIZEO LINEAR HULTISTEP METHOD, 

IHPEX SOLVES AN INITIAL VALUE PR06LEM 1 GIVEN AS AN AUTONO~OUS SYSTEM 
OF fIRST ORDER OIFrERENTIAL EQUATIONS, BV ~EANS OF THE IMPLlCIT 
~ID•POIMT RULE WITH SMOOTHING ANO EXTRAPOLATION, 
AUTOMATIC STEPSIZE CO~TROL IS PROVICEO. 

IN PARTICULAR ALL T~ESE METHODS ARE SUITABLE FOR THE INTEGRATIOr•J OF 
STIFF OirFERENTIAL EQUATIONS~ 
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A u T H Cl R : s , ? ._ ~ • ·v A N K A M P E N , 

I ~JS T ! T u T E : M A T HE MA T I C A L C E N TR E • 

EFSIRK SOLVES AN INITIAL VA~UE PROBLEM, GIVEN AS AN AUTONOMOUS 
SYSTEM QF FIRST ORDER DIFfERENiIA~ EQUATI0~5 DY/OX: F(V), BY 
MEA~~s OF AN ExPONENTIALLY FITTED, SEMI-IMPLICIT RUNGE•KUTTA 
METHOD; IN PARTICULA~ ·rHIS PROCEDURE IS SUITABLE FOR THE 
INTEGRATION OF STIFF EQUATIONS. 

l<E.Y.-,OROS: 

OIFFERE~TIAL EQUATIONS, 
INITIA~ v~~u~ PROBLEM, 
A lJ T O N O t.1 0 l.J S S Y S T. E M , 
STIFF E~tJATIONS, 
SEMI•IMPLICIT RUNGE•KUTTA METrlOD, 
EXPONENTIAL FITTING, 

CA~LlNG SEQuENCE: 

HEADING; 
•• P R O C E O U R E '' E F S I R K C X , X E , M , Y , D E L T A , D E R I V A T 1 V E , J A C O B I A N , J , 

N, AETA, RETA, HMIN, ~MAX, LINEAR, OUTPUT): 
,, V A L tJ E '' M : ,, I N T E G E R fl M , N J 

'' R E A L '' X I X. E , D E L T 4 1 A E T A , R E T A , H M I N , rl M A X : 
11 P R O C E D U t-< E •• D E R I V A T I V E , J A C O B I A "1 , 0 U T P U T J 
'' A R R A Y '' Y , J J 
'' B O O L E A N '' L. I N E A R J 

THE ~EANING OF THE FORMAL PARAMETERS IS: 
X: <VARIABLE>: 

THE INDEPENDENT VARIABLE x, 
ENTRY1 THE I~lTIAL VALUE X01 
EXIT : THE E~D VA~UE XE: 

XE: <ARITHMETIC ~XPRESSION>J 
THE END VALUE OF XJ 

H: <A~lTHMETlC EXPRESSION>J 
THE NUMBER OF OIFFERErJTIAL EQUATIONS; 

Y: <ARRAY IDENfIFIER>J 
'' A ~ R A V •• Y [ 1 : M l J 
THE DEPENDENT VARIABLE: 
DURING THE INTEGRATION PROCESS THE COMPUTED SOLUTION 
AT THE POINT XIS ASSIGNED TO THE ARRAY YJ 
E N T R Y a T HE I N I T I A L VA LUE S OF T HE S O L U T I o.N OF THE S Y S T E M 7 
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DELTAS <ARITHMETIC EXPRESSION>; 
DELTA DENOTES THE REAL PART OF THE POINT AT ~HICH 
EXPONENTIAL FITTING 15 DESIRED: 
AL.TERNATI\/ESi 
DELTA a CAN ESTIMATE OF) THE REAL PART OF THE, IN ABSOLUTE 
VALUE, L•RGEST EIGENVALUE OF T~E JACOBIAN MATRIX OF THE 
SYSTEHr 
DELTA c -10••1G, IN ORDER TO OBTAIN ASYMPTOTIC 
STI\BILITYJ 
DELTA: O, IN ORDER TO 08TAIN A HIGHER ORDER OF ACCURACY IN 
CASE OF LINEAR OR ALMOST ~INEAR EQUATIONS, 

OERIV•TIVE: <PROCEDURE IOENTIFIER>J 
'' P R O C E O U R E '' 0 E R I V ;\ T I \J E ( A ) f '' A R R A Y '' A J 
WHEN IN EFSIRK DERIVATIVE IS CALLED, A[I] CONTAINS THE 
VALUES OF Y [Il, 
UPON COMPLETION OF A CALL OF DERIVATIVE, THE A~RAY A 
SHOULD CONTAIN THE VALUES OF F(Yl; 
~OTE THAT THE VARIABL.E X SHOLJLO NOT BE USED IN DEHiv'ATIVE, 
BECAUSE THE DIFFERENTIAL EQUATION IS SUPPOSED TO BE 
AUTONQMQUSr 

JACOBIAN1 <PROCEDURE IDENTIFIER>: 

J: 

N: 

" P RO C E O u RE '' J A C OB I A N ( J , V ) , '' A R R A V •• J , Y J 
w HE N I N· E F S I R K J AC OB I A N I S C A L L ED T HE A RR A V V C ONT A I NS 
THE VALUES OF THE DEPENDENT VARIABLEt 
UPON CO~PLETION OF A CALL OF JACOBIAN THE ARRAY J StiOULD 
CO~T4IN THE VALUES OF THE JAcogJAN MATRit OF F(Y)J 
<ARRAY IDENTIFIER>J 
J [ 1 I ~1 , 1 I M l J · 
J IS AN AUXIL~IARY •RRAV WHICH IS USED IN THE PROCEDURE 
J•COBIANr 
<VAR!ABLE>J 
AN INTEGER ~HICH COUNTS THE INTEGRATION STEPSJ 

AETA, RETA: 
<ARITHMETIC EXPRESSION>; 
REQUIRED ABSOLUTE ANO RELATIVE LOCAL ACCURAcv, 

HMIN, !-IM4X: 
<ARITH~ETIC EXPRESSION>1 
MINI~1AL AND MA~IMAL STEPSIZE BY WHICH 
PERFOR~1EO; 

LINEAR: <BOOLEAN EXPRESSION>J 

THE INTEGRATION IS 

IF LINEAR• nTRUE" THE PROCEDURE J~COBIAN ~ILL ONLY BE 
CA~~ED IF N ~ 1; T~E INTEGRATION WILL THEN BE PERFORMED 
WITH A STEPSIZE HMAXJ THE CORRESPONDING REDUCTION 
OF COMPUTING TIME CAN BE EXPLOITED IN CASE OF LINEAR OR 
A L. MO 5 T l.. I NE AR E G1 lJ A T I ON S 1 

OlJ T PUT I cP,R OC ED URE IO ENT! FIE R> J 
~PROCEDURE~ OUTPUT, 
IN OUTPUT ONE MAY PRINT THE VALUES OF E,G, X, 
Vtil, JCK, L.l ANON. 



D A T A A N D R E S U L T S : S E E R E F t 2 J A r-~ r, [ 3 1 ,. 

PROCEDURF.:S uSED: 
• 

VECVEC - CP34010, -
~1 ATV EC - CP34011, -
MATMAT - CP3LI013, -
GSSELM - CP3tJ231, .. 
SOL.ELM - CP340bl, -

REQUIRED CENTRAL MEMORY: 

EXECUTIJN FIELD LENGTrlg CIRCA M • M + S • M. 

RUNNING TIME: 

DEPENDS STRO~GLV ON THE DIFFERENTIAL EQUATION TO BE 

LANGUAGE: Ai.GOL. 60 •. 

METHOD AND PERFORMANCE: 

THE ~ROCED~RE EFSIRK IS AN EXPONE~JTIA~LV FITTED, A•STABLE, 
SEMl•IMPL.ICIT RUNGE•KUTTA ~1ET!-i0D OF l'HIRO ORDER (SEE REF[1l 
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SOLVED 

AND c21) 1 Tr➔ E ALGORITHM USES FOR C:ACH STEP T~O FUNCTION EVALUATIONS 
A N O I F L. I N E A R : •• F A L S E '' 0 N E E V A L. U ~ T I O N O F T H E J A C O 8 I A N M A T R I X • 
THE STEPSIZE IS NOT DETERMINED av THE 4CCUR4CY OF THE NUMERICAL 
SOLUTION, 8UT BY THE AMOUNT ~y WHICr1 T~E GIVEN OIFFERENTIA~ 
EQuATIO~ DIFFERS FROM A LINEAR EQUATION (SEE REF[2l). 
THE PROCEDURE DOES NOT ~EJECT INTEGRATION STEPS. 

• 

RE.FERE~CES: 

[ 1 1 • P a J , V A N D E R H O tJ W E N • 
ONE•STEP ~ETHODS wITH ADAPTIVE STABILITY FUCNTIONS 
FQ~ THE INTEGRATION OF OIFFERENTIA~ EQUATIONS. 
LECTURE NOTES OF THE CONFERENCE ON 
~J l.t M E ~ I S C H E , I N 5 a E S O i\J D E R E A P P R O X I M A T I O N S T H E O R E T I S C H E 
SEHA~O~UNG VON FUNKTIO~ALGLEICHUNGEN. 
OBERWOLFAC~i, DECE~BER, 3., 12, 1q12. 

[2] .SYl.i..A8US COLLOQtJIUM STIFF DIFFERENTIAi. EQUATIONS 2 (DUTCH) 1 

MATHfCENTR. SYLLABJS 15~2/73. 

[3] .sv~LABUS COLLOQUIUM STIFF DIFFERENTIAL EQUATIONS 3 (DUTCH), 
MATrl.CENTR, SYLLABUS 15.3/73. 
TU APPEAR IN 1973. 
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EXAMPLE OF USE: 

~E CONSIDER THE OIFFE~ENTIAL EQUATION 
DV /DX; •EXP(X) * CY• LN(X)) + 1 / X, 
ON THE INTERVAL co.01, 81, WITH INITIAL VALUE Y(0.01) = LN(0,01) 
AND ANALYTICAL SOLUTION Y(X): L~(X)J 
FO~ TrlE FIT POINT WE USE THE EIGENVALJE OF THE JACOBIAN MlTRIX, 
I.E. DE~TA: •EXP(X)r 

"BEGIN'' 
"PROCEDURE'' EFSIRK(X, XE, M, Y~ DELTA, DERIVATIVE, JACOBIAN, J, 

N, AETA, RETA, ~MIN, HMAX, LI~EAR, OUTPUT)J 
''CODE" 331b0J 
"PROCEDURE" DERCV)r "AR~AY" VJ 
"BEGIN'' ''REAL" V2; V2:a Y[2l J 

OELTA13 •EXPCY2), LNX:: LNCV2), 
V t 1 J : :1 CV C 1 l .- L. N X) * DELTA + 1 / V 2, 
Y[2l :: 1 

'' E N D 91 0 E R J 
"PROCEDURE" JACCJ, Y)J "ARRAY'' J, v, 
"BEGIN" "REAL" Y2J YZ&a Y t2l, 

JC1, ll 1a OELTA1 
JC1, 21·1~ CV[ll • LNX • 1 / Y2) •DELTA• 1 / CV2 * Y2)r 
Jt2, ll 1• JC2, 211:z O 

"END" J4Cs 
"PROCEOJRE" OUTPr 
"IF" X z XE "THEN" 
" 8 E G I N '' '' R E A L •• Y 1 J V t I :: · Y t 1 l J L N X ; ~ L N ( X ) I 

OUTPUTC&t, "C~"(''N = ")", 2ZD, 
"C" X = '9 )", +D,D, 
"C~ vex,= "l", +o.so, 
"('' DELTA: "lt', t3Z0,20, I, 
'' C " A B S , E R R • s '' ) '' , • 2 0 '' + 2 D , 
"C" REL. ERR.= P)", .20~+20, //")", 
N, X, Vt, DELTA, 
ABS(V1 • LNX), ABS( (Y1 • LNX) · I LNX)) J 

"IFt' X ~ 014 "THEN" XE1: 8 
''END'' OUTPJ 
•~ I "J T E G E R '' N , 
"REAL" X, XE, DELTA, LNX, 
"ARt-1AY'' Y [1 : 2], J[1 I 2, 1 ; 21 J 

xE:= o.t.i: x::1 0,01, vc111= LNCO.,Ol)J V[2l:= x, 
EFS!~K(X, XE, 2, V# DELTA, DER, JAC, J, 

N, "•2, "•2, 0 9 005, 1,5, ''FALSE'', OUTP) 
''END•• 

THIS PR0GR6~ DELIVERS: 

N: 10 X = +0,ij 
ABS. ERR,: .53"•02 

N = 98 X: •8.0 
~es, ERR~• .33"-03 

V(X): •0.91099 DELTA= 
REL. ERR.: .58"•02 

Y(X) = +2.07q11 DELTA 
REL. ERR.= .1&"•03 
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5 0 tJ R C E T E X ·r ( S ) : 

9l C O L) E •t •• 3 3 1 b O I 
'' P R O C E D U R E •1 E F S I R t< C X , )( F.: , M , Y , D E L T A , D E R I V A T l V E , J A C O B I A N , J , 

N, AETA, RETA, HMIN, HMAX, LINEAR, OUTPUT)J 
'' V A L U E '' M 1 '• I N T E G E ~ '' M " N ; 
'' R t A L '' X , X E , D E L T A , A E T A , R E" T A , rl M l N , H M A X , 
'
1 P R O C E D U R E '' () E R I V A : I V E , J A C O 6 I A N , 0 lJ T P U T : 
'' B O O L E A N •• L I r~ E A R : 
'' A R R A. Y '1 Y , J J 

1
' s E G I N ·• ,, I "' r E G E R '' K , L. , 

'' R E A L '' S T E ? , H , i-4 U O , ~1 U 1 , M U 2 , T H E T A O , T H E T A 1 , N U 1 ,, N U 2 , 
NU3, YK, FK, Cl. C2, D, 
'' A R R A Y '' F , K O , L A f:3 D A [ 1 z M J , J 1 [ 1 : M • l I M ] , A U X [ 1 : 7 ] 1 
'' l N T E G E R •• '' A R K A Y '' R 1 , C I t 1 1 :~ 1 J 
•• B O O L. E 4 ;\J '' :_ I N 1 
•• R E A ._ •• •• P R O C E D U R E '' V E C V E C C I.. , U , S H I F T , A , B ) r '' C C) D E '' 3 iJ O 1 0 J 
'! RE AL. '' ,, PRO CED U i-< E ., MA i MAT CL , U, I , J, A, al ; ,, CODE tt 3 4 0 l 3 s 
'' R E A L 11 

'' P R O C E O l J R E 11 ~ A T V E C C L , U , I , A , B ) J '' C OD E '' 3 4 0 1 1 J 
•• ? K O C E D UR E 1• G S S E L M C A , N , A U X , R l , C I ) J '' C O D E •• 3 4 2 3 1 J 

'' P ~ 0 C E D U R E '' S O L E L r~1 C A , f\J , R I , C I , B ) J '' C O D E '' 3 " 0 b 1 1 
• 

'' R E A L. '' 1
' P R O C E D U R E '1 S T E P S I Z E 1 

'' 8 E G I N '' '' R E A L •• D I S C R , E T A , S J 
'' I F '' L I N E A R '' T H E N '' S : : ►➔ : :; i, M A X 11

• E L S E '' 
'' IF'' r..J : 1 '' r) R '' HM IN : H ~AX '' T r1 EN'' S I :; H t = HM IN '' E. LS E '' 
•• B E G I ~ '' E T A : : A E T A + R E T A * S Q R T C V E C: V E C C 1 , M , 0 , Y , Y ) ) J 

c 1 1 : N u 3 * s T E P , '' F a ~ '' K 1 = 1 '' s T E P '' 1 ,, u N T I L.. ,, M , • o o ,, 
LABDA [Kl:: LABDA [Kl + Cl • F [Kl • Y (Kl J 
DISCR:: SQRTCVECVECC1, M, O, LARDA, LA8DA))J 
S:s H:: (ETA I (0~75 * (ETA+ DISCR)) + 0,33) * H; 
'' I F '' H < r1 M l N '' T H E N '' S : ; H s : H M I N '' E L S E '' 
'' I F '' H > H M A X '' T ~ E N '' S : = H s : HM A X 

''ENO'' J 
'' I F '' l( + S > X E '' T H E N '' S I a X E • X J • 

L, I t~ I : S T E P : S '' A ~ ~ 0 •• L I t~ E A R ; S T E P S I Z E I : S 
'' E N D '1 S T E. P S I Z E f 

•· P R o c E D u R E " c a E F F I c I E ~~ T , 
'' 8 E G I N '' '' R E A L '' Z 1 , E , A L P H A. 1 , A , B ; 

11 0 ~ N '' '' 1-( EAL '' Z 2 J 
Z 1 I : S T E P • D E L. T A : •• I F '' N :; 1 t, T H E N tt Z 2 : :: Z 1 + Z 1 1 
99 1 F '' A 8 S ( Z 2 .,. Z 1 ) > " " b * A B S ( Z 1 ) '' 0 R '' Z 2 > • 1 '' T H E N '' 
'' E3 E G I N '' A : : Z 1 * Z 1 + 1 2 J B : : b * Z 1 J 

'' I F '' A B S ( Z 1 ) < 0 • 1 '' T HE N '' 
A L P ~ A 1 : : ( Z 1 * Z 1 / 1 ~ 0 • 1 ) • Z 1 / 3 0 '' E L S E '' 
'' I F '' Z 1 < • 91 1 4 " T H E ~ '' A L P H A 1 : : 1 / 3 '' E L. S E '' 
'' I F '' Z 1 < • 3 3 '' T H E N '' 
A L ? H A 1 l = ( A + B ) / ( 3 * Z 1 • C 2 + Z 1 ) ) '' E L 5 E ., 
''BEG It~'' E : = '1 IF'' Z 1 < 2 3 0 ''THE~'' EXP CZ 1 ) ''ELSE'' '' 1 0 0 7 

ALPHAlt= CCA • 8) * E •A• B) / 
(((2 • Zl) • E • 2 • Zl) * 3 * Zl) 

'' E N O '' : '' C O M M E N T '' 



MU2:= Cl/ 3 + A~PHA1) * 0,25J 
HU1:: • (1 + ALPHA1) * O.SJ 
t·1 U O I : C o * M U 1 + 2 ) / 9 J T HE T A O I = 0 , 2 5 , 
THETA!:= 0 1 757 Al- 3 * ALP~A1J 
~U3:= Cl + A) / (5 • A) * 0 9 5J A:: NU3 + NU3: 
N~1:= O,S • .lJ NU2:: (1 + A) * 0,7SJ 
Z2a: 21 

"E ~D 1
' 

'' E N D " C O E F F I C I E t~ T J 

'' F' R O C E O U R E '' 0 I F F E R E N C E S C H E M E s 
'' 8 E G I N '' D E R I \/ A T I \/ E C F ) J 5 T E ? : • S T E P S I Z E J 

'' I F '' '' N O T '' L I N E A R '' 0 ~ •• N a 1 '' T H E N '1 J A C O 8 I A N C J , V ) J 
'' I F '' '' N O T •• l. I N '' T H E N '' 
''BEGIN'' COEFFICIENTJ 

Cle• STEP* MU11 O:: STEP* STEP* MU2J 
'' F J R '' K : ~ 1 11 S T E P '' 1 '' U N T I L. •• M '' D O '' 
'' 8 E G I N •• ,, F O R If L : a 1 !t S T E P ,, 1 '' U ~ T I L ., M '' D O ,, 

Jl [K,l.l 1: 0 • MATMAT(1, M, K, L, J, J) + 
Cl * JtK,Ll s 

J1 tK,Kl :• Jl [K,Kl + 1 
''END'' J 
GSSELMCJ1, M, AUX, RI, CI) 

'' E ~ D '' J 
Cl:= STEP* STEP* MUOJ Daa STEP* 2 / 3t 
'' F O R '' K I a 1 '' S T E P '' 1 11 U N T I L '' M '' D O '' 
ttBEGIN'' KO [Kl I• FK 1s F [Kl J 

LA BO A t Kl : a O * Fi< + C 1 * M • TV EC ( 1 , M , K , J , F ) 
''ENO'' t 
SOLELM(Jl, M, RI, CI, LABOA)J 

MC 

PAGE 
J 

., F O R ,, K 1 : 1 tt S T E P ,. 1 II U N T I L. '' M ,, O O ., F C K l I : Y t K l + L A 8 D A C K l J 
OERIVATIVECF)J 
Cl:= THETAO • STEPJ C2:= THETA1 • STEP, O:= NU1 • STEPJ 
'' F O R '' K : : 1 1

• S T E P '' 1 '' U N T I L '' t~ '' D O '' 
., B E G I N '' Y K 1 : Y [ K l ; F K I a F [ I< l , 

L 4 B D • [ Kl : • YI< • D * F K + NJ 2 * L, AB DA [·K l ; 
V [Kl I :a F [Kl; s YK + C 1 * KO tKl ♦ C2 * Fl< 

'' E ~ 0 '' 
'' E N D " D I F F ERE NC E SC HEME J 

A U )( [ 2 l I : '' • t 4 J A U X t 4 l I a 8 J 
'' F :J R '' K 1 : 1 '' S T E P '' 1 ., U N T I L. '' lli1 '' D fJ '' F C K l : : Y [ K ] J 
N:: OJ OUTPUTJ STEP1: OJ 

NEXT STEP: N:: ~ + lJ 
DIFFERENCE SCHEMEJ XI• X + STEPJ OUTPUT: 
'1 I F •• X < X E '' T H E N •• '' G O T O '' N E X T S T E F' 

'' E N D '' E F S I R K t 
'' E OP'' 
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INSTITUTE: MATHEMATICAL CENTRE. 

RECEIVED: 1973/07/31, 

BRIEF DESCRIPTION: • 

EFERK SOLVES INITIAL V•LUE PROB~EMS, GIVEN AS AN AUTONOMOUS SYSTEM 
OF FIRST ORDER DIFF~RENTIAL EQUATIONS, BY MEANS OF AN EXPONENTIALLY 
FITTED, EXPbICIT RUNGE KUTTA METHOD OF THIRD ORDER, WHICH INVOLVES 
THE USE OF THE JACOBIAN MATRIX, AUTOMATIC STE? CONTROL IS PROVIDED, 
IN PARTICULAR THIS METHOD IS SUITASLE FOR TME INTEGRATION OF STIFF 
DIFFERENTlA~ EQUATIONS, 

KEYWORDSt 

DIFFERENTIAL EQUATIONS, 
INITIA~ VALUE PROBLEMS, 
STIFF EQUATIONS, 
EXPONENTIAL FITTING, 
EXP~ICIT RUNGE KUTTA METHODS, 

• 

• 

I 



• 

CA~~ING S~QUENCE: 

THE HEADING OF THE PROCEDURE EFERK READS1 
•• P R O C E D u ~ E '' E F E R K C X , X E , r~ , V , S I G M A , P H I , D E R I V A T I V E , J , J A C O B I A t~ , 

K,L,AUT,AETA,RET.,HMIN,H~AX,LINEAR,OUTPUT)s 
'' V A L. U E '' L J 
'' I N T E G E R '' M , K , L 1 
'' R E A L '' X , X E , S I G M A , ? H I , A E T A , R E T A , H H I N , H -_, A X J 
'' A R R 4 Y '' Y , J J 
'' B O O L. E A ~ '' A U T , i. I "I E A R J 
'' P R O C E D U ~ E '' 0 E R I V A T I V E , J A C O 8 I A N , 0 U T P U T J 

THE MEANING OF THE FORMA~ PARAMETERS IS: 
X1 <VARIABLE>J 

XE: 

M: 

y: 

THE INDEPENDENT VARIABLE X: 
CAN SE USED IN DERIVATIVE, JACOBIAN, OUTPUT, ETC.J 
ENTRV1 TH~ INITIA~ VALUE XO; 
EXIT : THE FINAL VALUE ~EJ 
<ARITHMETIC EXPRF.SSION>J 
THE FINAL V~LUE Of X (XE>=X)J 
<A~ITHMETIC ExPRESSION>J 
THE NU~BER OF EQUATIONS1 
<A~RAV IDENTIFIER>J 
t9 R E A L '' '' A R R A Y '' V [ 1 I M l J 
THE DE~ENOENT VARIABLEJ 

MC 
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E~TRv: THE INITIA~ VAL.LIES OF 
EQUATIONS: V[Il 4T x~xo, 

THE SYSTEM OF DIFFERENTIAL 

E X I T : T H E F I N A L. ·;1 A L ·U E S O F THE S O L. U T I ON I V [ I l A T X s XE J 
SIGMA; <ARITHMETIC EXPRESSION>; 

PHI: 

THE MODULUS OF THE POINT AT WHICH EXPONENTIA~ FITTING IS 
DESIREO, FOR EXAMPLE THE ~ARGEST NEGATIVE EIGENVALUE OF THE 
JACOBIAN MATRIX OF THE SYSTEM OF DIFFERENTI~L EQUATIONS, 
<ARITHMETIC EX?RESSION>J 
THE ARGU~1ENT OF THE CO~PLEX POINT AT WHICH EXPONENTI•L 
FITTING IS DESIREOJ 

DERIVATIVE: <PROCEDURE IDENTIFIER>J • 

T~E HEAOING OF THIS PROCEDURE REAOS1 
'' P R O C E: D U Q E '' D E R I V A T I V E C V l J '' A R R A V '' V J 
THIS ?ROCEDURE SHOULD DELIVER THE RIGHT HANO SIDE OF THE 
I•TH DIFFERENTIAL EQUATION AT THE POINT CY) AS Vt!] J 

J: cARRAV IDENTIFIER>, 
• 

'' t< E A L '' 1
' A R R A Y '' J [ 1 I M , 1 I M l J 

THE JACOBIAN MATRIX OF THE SYSTEMS 
THE ARRAY J SHOULD BE UPDATED IN THE PROCEDURE JACOBIAN; 

• 
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JACUBIAN: <PROCEDURE IDENTIFIER>; 
THE HE•DING OF THIS ~ROCEDURE RE40S: 
'' P R O C E D U R E '' J A C O B I A N C J , Y ) p tt A. R R A V '' J , Y J 
IN THIS PROCEDURE T~E JACOBIA~ ~T THE POINT (V) HAS TO 
ASSIGNED TO THE ARRAY JJ 
<V.\RIABLE>J 
COJNTS THE NUMBER 0~ INTEGRATI~N STEPS TAKENJ 

' 

FOR EXAM?LE, MAY BE USED IN THE EXPRESSION FOR XE; 
l.: <ARITHMETIC F.XPRESSION~J 

I ENT~Va 

I 

I 

I 

I 

t 

BE I 

I 

I 

I 

I 

I 

I 

IF PHI: U•ARCTANC1)1 THE ORDER OF THE EXPONENTIAL FITTING, 1 

E~SE TWICE THE ORDER OF TH~ EX?ONENTIAL FITTINGJ 
AUT: 

AETAI 

RETAI 

HMAXs 

<BOOLEAN EXPRESSION>J 
IF THE SVSTEM HAS BEEN WRITTEN I~ AUTONOMOUS FORM BY ADDING 
T H E E Q U A T l O i•~ D Y t M J / 0 X : 1 T O T ~ E S V S T E M , T H E N &\ U T M A V H A V E 
T H E \I A L tJ E '' F A L. S E '' , E L S E A U T S H O tJ L O H A V E T H E V A L U E '' T R U E '' : 
<ARITHMETIC EXPRESSION>J 
RE~UIRED ABSOLUTE PRECISION IN THE 
~ETA HAS TO BE POSITIVEJ 
<ARITHMETIC EXPRESSION>7 
~EQUIRED RELtTIVE PRECISION IN THE 
RETA HAS TO SE POSITIVEJ 
<ARITHMETIC EXPRESSION>J 

INTEGRATION PROCESSJ 

INTEGRATION PROCESS: 

THE STE?LENGTH CMOSEN WI~~ BE AT LEAST EQUAL TO ~MINJ 
cARIT~METIC EXPRESSION>J 
THE S T E P L E i~ G T H C H O SE N W I L. L B E A T MO S T E Q U A L T O HM A X J 

LINEAR: <ARlTH~ETIC EXPRESSION>J 
T H E P R O C E D U R E J A C O 8 I. 4 N I S C A L L E O O N L Y I F L. I N E A R : ,, F A L S E ,. 0 R 
K=OJ SO IF THE SYSTEM IS LINEA~ , LINEAR MAV HAVE THE VALUE 

' 

''TRUE'' J 
OUTPUT: <PROCEOURE IDENTIFIER~, 

THE HEADING OF THIS PROCEDURE READSJ 
'' P R O C E D tJ R E '' 0 U T P U T r 
THIS 0 ROCEDURE IS CALLED AT THE END OF EACH INTEGRATION 
STEP J THE USER CAN ASK FOR OUTPUT OF SOME PARAMETERS, FOR 
EXAMPLE X, K, Y, 

OATA ANO RESULTS: SEE EXAMP~E OF USE, AND ~EF[4J, 

PROCEDURES USED: 

VECVEC= CP34010, 
MATVEC= C?34011, 
DEC = CP34300, 
SOL : CP34051 11 

• 
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REQUI~ED CE~TR~L ~EMORVt 
EXECUTIO~ FIELD LENGTH: CIRCA 10 tu• M + L - (5+L)e 

RUNNING TIMEz OEPE~OS STRONG~Y ON THE DI'FERE~TIAL EQUATION TO SOLVE 1 
' 

LANGUAGE1 ALGOL bO. 

METHOD AND PERFORMANCE: 

T~E PROCEDURE EFERK IS 4N EXPO~ENTIALLY FITTED, SEMI-EXPLICIT RUNGE 
KUTTA MET;.tOO OF THI~D O~OER ( SEE REF [11 ANO t3J ) , THE ALGORITHM 
USES FOR EACH STEP T~O FUNCTION EVALUATIO~S AND IF LINEAR= •FALSE" 
ONE EV4LUATION OF THE JACOSIAN MATRIX,T~E STEPSIZE IS OETEHMINEO BY 
AN ESTIMATION OF THE LOCAL TRUNCATION ERROR BASED ON THE RESIDUAL 
FUNCTION (SEE REF[3ll. I~TEGRATIO~ STEPS IRE NOT REJECTED. 

REFERENCES: 

[1J, P,J,\/AN DE~·HOUWEN 11 

ONE•STEP MET~ODS ~IT~ 40APTIVE ST4BILtTY FUNCTIONS FOR THE 
INTEGRATION OF DIFFERENTIAL EQUATIJNS. 
LECTURES NOTES OF THE CONFERENCE 0~ NUMEAISC~E, INSBESONOERE 
APPROXIMATIONSTHEORETISCHE BEHANOLJNG VON FUNKTIONAL• 
GLEICH~NGEN. · 
OBER~OLFACH, DECEMBER, 3 •12, 1972, 

t2l, T,J 0 0EKKER, P.w.HEMKER ANO P,J,VAN DER HOUWEN, 
COLLOQUIUM STIFF DI'FERENTIAL EQUATIONS 1 COUTCH), 
MC SYLLABJS 15~1, c1q7z) MATHEMATICAL CENTRE, 

t3l • P.•.BEEN1JES, K.DEKKER, H.C.HEMKER, S 1 P,N,yAN KAMPEN 
A~D G.t-1.WILLEMS. 
CO~LOQUIUM STIFF DIFFERENTIAL EQUATIONS 2 (DUTCH), 
MC SY~LABUS 1s.2, tlq73) MATHEMATICAL CE~TRE, 

ta J , (TO 4 PPE AR) • 
COLLOQ~IUM STIFF DIFFERENTIAL EQWATIONS 3 (DUTCH), 
MC SYLLA8uS 15.3, c1q13) MATHEMATICAL CENTRE, 

EXAMPLE OF IJSEI 

CONSIDER THE SYSTEM OF DIFFERENTIAL EQJATIONS; 
DY [11 /~X • •Y ttl + V t1l * V t2l + .qq * Y [21 
0Yt2l/0X c •1000 • ( •Y[1l + Y[1l * Y[2l + V(2l) 
~ITH THE INITIAL CONDITIONS AT X • 01 
Yt11 = 1 ANO Yt2l • O, (SEE REFt2l, PAGE 11). 
THE SOLUTION AT X = SO IS APPROXIMATELVI 

57&8, 

' 

v t 1 1 = • 1 o s a 1 s 3 2 o '-4 a 1 A~: o v c 2 J = , " 3 3 1 1 o :s s :s 
THE FOLLOWING PROGRAM SHOWS SOME DIFFERENT CALLS 
EFERK,ANO ILLUSTRlTES THE ACCURACIES ~~ICH MAY BE 

OF THE PROCEDURE 
OBTAINEO dY THEMt 
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IJ BEGIN,, 
0

' P R O C E D U R E ~• E F E R I< ( X , X E , M , Y , S I G M A , P H I , 0 E R I V A T I v E , J , J A C O B I A N , 
K,L,AUT,AETA,RETA,HMIN,HMAX,LINEAR,OUTPUT)J 

'' C O D E '' 3 3 1 2 o ; 

'' I N T E G E R '' K , P A S S E S , P A S J A C I 
''REAL'' X,SIGMA,PHI,TIME,TOLJ 
'' R E A L '' '' A R R A Y '' Y [ 1 I 2 l , J [ 1 I 2 , 1 : 2 J J 

'' P R O C E D U R E •• ') E R ( Y l s '' A R R A Y •• Y J 
'' 8 E G I r" '' '' ~ E A L '' V 1 , Y 2 J V 1 g : V t 1 l s Y 2 I ::.: Y t 2 l J 

V ttl ::cv1+,qq)•(Y2•1l+,,9qJ 
Y t2l ::1ooo•CC1+Y1)*(1•Y2)•1)1 
PASSES:=PASSES+l 

''END'' J 

'' P R O C E D U R E '' J A C O B I A t~ ( J , V ) I '' A R R A V '' J , y J 
'' 8 E G I N 11 J t 1 , 1 J : = V t 2 l • 1 J J [ 1 , 2 l I = ,. q q + V t 1 l r 

J [2, 111:1000•( 1•Y [2)), J C2,2l :••1000•Ct+V [1]) J 
SIGMA: :ABS CJ t2, 21 +J t1, 1 l •SQRT ( CJ [2, 21-J [1, 1J) ••2+ 

4•JC2,1l •Jt1,2l ))/2J 
PASJAC::PASJAC+1 

'' E \J D •• J A C O B I A N f 

'' P R O C E O U R E '' 0 U T J 
'' I F '' X : 5 0 ~ T H E N '' 

OUTPUT(b1,''(''3(•5Z0),2(4B+ 0 3DB3DB3D),-5Z0.3D,l••)'',K,PASSES, 
P A S J A C , Y [ 1 l , Y t 2 l , C L. 0 C K • T .I ME ) r 

0 U T P U T C o 1 , '' C '' '' C '' T H I S L I NE A N D T H E F O L L O W I NG T E X T I S '' ) '' 
'' C '' P R l N T E D 8 V T H I S P R O G R A M '' ) '' , / / , 
'' ( '' T H E R E S ll L T S W I T H E F E R K • F I R S T O R !) E ~ F I T • A R E : '' ) •• , / , 
•• ( '' K D E R • E V • J A C , E V • V C 1 l Y C 2 l '' ) '' 
'' C '' T I M E '' ) '1 , / '' ) ,, ) ; 

PHI::4tARCTAN(1)J 
'' F O R •1 T O L : : 1 , '' • 1 , '' • 2 , '' • 3 '' D O '' 
!I B E G I N II P A S S E S 1 = P A S J A C 1 : 0 J X a : V [ 2 l 1 = 0 J Y [ 1 l : : 1 , T I M E : : C L O C K , 

E F E R K C X , S O , 2 , Y , S I G M A , ? H I , D E R , J , J A C O 8 I A N , K , 1 , ,, T R U E 11 , T O L , 
T O L. , '' • 6 , 5 0 , '' F A L S E '' , 0 U T ) J 

''END '' ; 
''Er~ D '' J 

THIS LINE ANO THE FOLLOWING TEXT IS PRINTED BY THIS PROGRAM: 

THE 
I( 

93 
105 
147 
2cb 

RESULTS ~ITH EFERK •FIRST ORDER 
DE~,EV, JAC.EV. V Cl] 

186 q3 +.7bS 883 211 
210 105 +.7bS 878 445 
294 147 +.7&5 878 317 
532 2&0 +,7o~ s1e 320 

FIT- ARE: 
y [2] 

+.428 752 781 
+.IJ33 Sc9 Sol 
+,433 708 48q 
+.-4'33 710 229 

TIME 
1.110 
1 1 29b 
1 - 8 3 4 
3,297 

( 

1 

I 

l 

t 

I 

I 

• 

I 
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SOURCE TEXTCS): 

11 C O D E •• ,, 3 3 1 2 0 J 
II P R O C E D U R E ,, E F E R K C X , X E , M , Y , S t G M A , P H I , D E R I V • T I V E , J , J A C O B I A N , 

K,L,AUT,AETA,RETA,H,~IN,HMAX,~INEAR,OUTPUT)J 
'' V A I. U E '' L J ., I f~ T E G E R •• M , K , L J 
'' R E A L •9 X , X E , S I G M A , ? H I , A E T A , R E T A , HM I N , H M A X J '' A ~ R A V '' V , J J 
,, B O O L E A N ,. .A ~ T , L I N E A ~ J 1' P R O C E D U R E ,, D E R I V A T I V E , J A C O B I A N , 0 U T P U T r 
'' B E G I N '' '' I N T E G E R '' ~ 1 , I J 

''REAL'' H,B,BO,PrlIO,COSPHI,SINPHI,ETA,OISCR,FAC,Pis 
'
1 B O O L E A N '' C H A N G E , L A S T J 
'' Ir~ TE GER'' '' ARR AV '' P t 1 ; L. l S 
'' R E A L. '' '' A R ~ A V '' B E T A , B E T H A C O : L l , B E T A C [ 0 I L. + 3 l , K O , O , D 1 , D 2 t 1 1 M l , 

A [l :L,, 1 :Ll, AUX [1 :3J J 
'' ~ E A L '' '' P R O C E D U R E •• V E C \I E C C L , U , S H I F T , A , a ) J '' C OD E •• 3 4 O 1 O J 
'' ~ E A L '' '' ? R O C E O U R E ,, M A T V E C ( L , U , I , A , B ) J •t C O D E '' 3 4 O 11 J 
'' P R O C E D U ~ E " 0 E C C A , N , A U X , P ) J ,., C OD E '' 3 4 3 0 0 J 
,. P R O C E D U ~ E 11 S O L C A , N , ? , B ) r '' C OD E •• 3 lJ O 5 1 J 
'' R E A L '' •• P R O C E D U R E '' 5 U M C I , I. , U , T ) # '' V A L U E '' L , U J '' I N T E G E R '' I , L , U J 
''RE AL•• T J 
'' B E G I t'-~ '' 19 R E A L t• S : S I s O J 

'' F O R '' I I = L •• S T E P " 1 '' U N T I L. •• U 1
' D O '' S I = S + T J 

SUM:aS . 
,, END tt J 
"PROCEDURE'' FORMBETAs 
'' I F '' L : 1 '' T H E N '' 
'' B E G I N '' BE T H A C 1 l : : C • 5 • C 1 • C 1 • E X P C • B ) ) / B ) / B ) / B J 

BETA [1] 1•(1/b•BETHA tll )/5 
'' E N D •• '' E L S E '' 
'' I F '' L = 2 '' T H E N '' 
'' B E G I N '' " R E A L '' E , t:: M I N 1 : E ; a: E X P C • B ) J E M I N 1 : : E • 1 J 

BETH4[1J ::(1•(3+E+4•EMIN1/B)/B)/8J 
BETH•t2J :=c.s-c2+E+3•EMIN1/B)/B)/B/BJ 
BETA C2l :•( 1/b•BETHA C1l )/8/BJ 

. BETA[ll 1=(1/3•(1,S•(~+Et5•EMIN1/B)/B)/B)/B 
'
1 E "' O '' '' E L S E '' 
'' A E G I N '' '' RE A L •• B O , 3 l , B 2 , A O , A 1 , A 2 , A 3 , C , 0 ; 

6ETAC CL•1l :::C::D1=EXP(-B)/FACJ 
t4 F O R ,, I I : L. - l '' s T E p •• - 1 ,, u N T I L It 1 ,, 0 0 ,. 

• 

" B E G I N '' C : : I * B * C I ( L • I ) : B E T AC t I • 1 l I = D : = 0 * I + C '' E ND '' J 
B 2 : : , 5 '11 B E T A C t 2 l ; 
a1:=c1•BETAC Cll )•CL.+1)/BJ 
Bo:=c1-BETAC [Q] )Jt(l.+2l•(L+l )•.5/8/Bt 
A31:1/0•BETAC t3l t 
A2ta:B2•CL+1)/BJ 
At:=e1-cL+2)•.S/R; 
AO:=BO•CL+3)/3/BJ 
D:=L.IBJ 
''FOR '' I : = 1 •• STEP tt 1 ''UN T I l. '' L ''DO'' 

• 

'' B E G I N '' 8 E T A C I l : =i C A 3 / I • 4 2 / ( I t 1 ) + A 1 / C I ♦ 2 ) • A O I C I + 3 ) ) * 0 + B E T A C [ I + 3 l J 
BETHA [IJ =~ca21I-B1/(I+1)+BO/(I+2))•0+BETAC t1+21, 
D:=D•(L•l)/I/BJ 

''END '' 
'' E N D '' F O R M B E T A , '' C O M ME N T '' 

( 

( 

( 

( 

I 

I 

I 

I 

I 

I 

I 

I 
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e! PR O C E. 0 URE '' SOL U T I ON OF C O M PL E X E Q U A T I ON S J 
'' I F '' L.: 2 '' T HEN '' 
,, R E G- I i~ SI ,, R E A L •• C O S 2 P H I , C O 5 A , S I N A , E , Z I 1 

PHIO::PHI: COSPHI::COS(PHIO)r SINP~I:=SINCPHIO)J 
E:;EXP(B•COSPHI)J ZI:•B*SINPHI•3•P~IO; 
S I N A. : : ( '' I F 0

' A B S ( S I N P H l ) < '' .. c '' T H E N '' • E * C B + 3 ) 
'' E L S E •• E • 5 I N C Z I ) / S I N ,::, H I ) J 

C052PHI: =2•COSP~iI •COSPH!• 1, 
BETrlAt2J ::c.s+C2•COSPrlI+C1+2•COS2P~I+SINA)/8)/8)/8/8J 
S I N A : :: ( •• I F '' A B 5 ( S I N P H I ) < e, • e '' T H E N '' E • ( 8 + 4 ) 

'' E L S E '' S I N .A * C O S P H I .- E • C O S ( Z I ) ) ; 
BETHA[ll z=-cCOSPHI ♦ (lt2•COS2PHit{4•COSPHI•COS2PHI+SINA) 

/8)/B)/BJ 
BETA [ll ;:BETHA [21 +2•COSPHI•CBETHA [ll •1/b)/BJ 
BETA C2l ; • ( 1 /o•BETHA t 1 l ) /8/8 

'' F. N O '' '' E L S E '' 

'' a E G I t.J '' ,. I N TE GER ,_ J , c 1 , 
'' R E A L '' C 2 , E ,, Z I , C O S I P H I , S I N I P H I , C O S ~ H I L J 
'' R E A L ,, Ii A ~ R A Y •• ft C 1 : L, l ; 
''PROCEDURE*' ELEMENTS OF MATRIX, 
'' 8 E G I N '' P H I O : : ? r 1 I 1 

COSPHI:-COS(PHIO)J SINPHI1=SINCPHIO)J 
COSI?HI1=1: S!NIPHI:=Or 
'' F O R '' I : = 0 '' S T E P '' 1 '' U N T I L. '' L • 1 '' D O '' · 
''BEGit~•· c1:=LitIJ c2:=1, 

'' F O R '' J ; :: L. • 1 •• S T E P '' • 2 '' U N T I L '' 1 '' D O '' 
'' B E G I N '' A t J , L • I l 1 : C 2 * C OS I ? H ! ; 

A tJ+1,L•Il ::C2~5INIPHIJ 
c2:=C2•C1; C1a=C1•1 

''END '1 J 
COSPHIL::COSIPHI•COSPHI•SINIPHI•SINPHIJ 
SJNIPH!:•COSIP~I•SINPHI+SI~IP~I•COS?HIJ 
COSIPHI:•COSPHIL 

''EN u '' s 
AUX (2] :=01· DEC CA,L,AUX,P) 

'' E t~ D '' E L. 0 F M A T J 
'' P R O C E D U R E '' R I G H T H A N D S I D E 1 
1
' 6 E G I N '' E : : E X P ( B • C O S P H I ) J 

ZI:=B•SINPHI•~•PHIOf 
COSIPHI:•E•COSCZI)J SINIPHizzE•SINCZI): 
ZI:=t/8/B/B; 
II F O R ,, J : = L tt s T E p ,. • 2 ,, u N T I L 11 2 '' D O ,, 
'' B E G I N '' D C J J : : Z I • S I N I P H I J 

' 

DCJ-1l 1:z1.-cDSIPHI, 
CUSPHIL1:COSIPHI*COSPHI•SINIPHI•SINPHI: 
SINIPHis:COSIPHI•SINPHI+SINIPHI•COSPHIJ 
COS I PHI: :COSPHil.: Zl 1,.ZI•B 

MC 

P.4GE 7l 

I 

I 

' 

''CO MME NT'' 
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( 

t 
SINlPHI1:2•SINPHI•COSPHit t 

COSIPHI1=Z•COSPHI•COSPHl•lJ , 
COS?HIL:•COSPHI•C2•COSIPHI•l)J t 

OtLl :•DCLJ+SINPHI•C1/&+(COSPHI+(1+2•COSIPHI•C1+2•COSPHI/B))i 
/B)/B)r , 

OtL•tl ::D[L•1l•COSPHI/~•C,S•COSIPHI+CC05PHIL+C2•COSIPHI* 1 

COSIPHI•1)/B)/B)/8J 1 

DtL•2l :•DtL•2J+SINPHI•C.S+C2tCOSPHI+C2•COSIPHI+1)/B)l8)J 
D[L•3l 1:DCL•3l•.S•COSPHI•CCOSI?HI+COSPHIL/8)/BJ 
"IF" L<S ••T:iENt• "GOTO" ENDJ 
D tL--4J ::O [L•4l +SINPHI+SINIPHI/BJ 
D CL•Sl 1:0 tL•Sl •COSPHI•COSIPHI/B: 
" I P- 'i L < 7 " T HE N '' '' GO T O " END J 
D [L•bl: :0 [L•6l +SINPHI J 
0 CL•7l s aO tL•7J •COSPHI J 

END: 
'9 E~~D" RHS J 
"IF" PHio•zPHI "THEN" ELEMENTS OF ~ATRIXJ 

' 

RIGHT HAND SIOEJ 
SOL.(A,L,P,O)J 
Zl:=1/BJ 
"FOR" I1:1 ••STEP'' 1 "UNTIL" L "00" 
"BEGIN'' BETA til ::v CL+1•Il •ZI J 

BETHA tll :;;(I+3l•BETA til J 
ZI: •ZIIB 

'' E l\j O " 
"Et•o~ SOLOFEQCOMJ 

"PROCEDURE" COEFFICIENT: 
HijEGIN" so:=8:=ABS(H•SIGMA)r 

"IF"-B>~.1 "THEN" 

• 

'1 6 E G I N '' n I F '' P H I • = P I " A ND •• L. • 2 '' 0 R " A B S ( P H I • P I l > , 0 1 '' T H E N '' 
SOLUTION OF COMPLEX EQUATIONS ''ELSE" FORMSETA 

''END" '11 ELSEt' 
• "BEGIN" "FOR" I:•1 ''STEP" 1 "UNTIL'' L "DO" 

" BE G I N " B E T H 4, t I l : a 9 E TA t I • 1 l J 
ijETA [IJ :a.BETA CI•1l /(I+3) J 

''END'' 
''END'' 

''ENO'' COEFFICIENTJ 

"PROCEDURE•• LOCAL ERROR BOUND: 
ETA:=AETA+RETA•SQRT(VECVECc1,H1,o,v,v,,, 

HPRQCED~RE" STEPSIZE, 
"eEGIN" LOCAL ER~OR BOUNOJ 

,,, I F •• K = 0 11 T H E N '' 

• 

"BEGIN'' DISCR1=SQRT(VECVECCt,M1,0,0,0)lJ H::ETA/OISCR 
., E N D " '' E L S E 1' 
"BEGIN" DISCR:=H•SQRT(SUMCI,1,H1,(Dtil•D2till••2)l/ETAJ 

Ht=H•C"IF" LINEAR "THEN• Q/(4+DISCR)+.5 
fffLSE" Q/(3+DISCR)+1/3) 

" C O MME N T '' 



MC 

SECTION ! 5 
Q ~ 2 a 1 ~ 1 I 1 ~ 2 o 8 PA GE 9t 

'' I F '' H < H H I :~ '' T H E N •• H : = H M I ri : 
'' I F '' H > H M A X '' T r1 E N '' H : : H M A X , 
B;=ABS(rf•SIGHA)J 
C H A N G E I : A 8 S C 1 • B I B O ) > , 0 S '' 0 R ,. P H I ., : F' H I O : 
'' I F '' 1 11 1 • H > = X E • X '' T H E N '' 
11 8 E G I N '' C r-t A N G E : :: L A S T : = '' T R U E '' , H : : X E • X '' E N D 11 : 

'' I F '' '' N O T •1 C H A N G E '' T H E N •• H I : t➔ • B O / B 
'• E N D '' S T E P S I Z E : 

'' P R O C E D u "l E '' D I F F E R E NC E S C H E M E 1 
'' 8 E G I N '' " I N T E G E R •• K J 

''REAL'' BETAI,BETHAI; 
'
1 I F '' M 1 < M '' T H E N •• 
'' B E G I N '' D 2 [ ~1 J : • 1 : K O C M J : : Y [ M ) + 2 * H / 3 ; Y [ M l I = Y C M l + , 2 5 * H '' E N D '' : 
rt F OR •• K : = 1 '' 5 T E P ., 1 ,, U ~J T l L II M l ,, DO ,, 
'' B E G I N '' K O [ K J : = V C K l + 2 * H / 3 * D t K J J 

V (Kl I :V (Kl+ 1 2S•H•D tKJ, 
Dl tK] :=H*MA\TVEC(l,M,K,J,O), 
02 tKJ : ::, 1 [!<) +D CK] 

''ENO •~ J 
It F O R ,, I I : O ,, S T E P ., 1 ,, U N T I L ,, L ,, D O '' 
•~ 8 E G I N '' B E T A I : := L4 * B E T A t I l / 3 r B E T H A I I • B E T ~ A [ I J : 

'' F O R '' K : : 1 '' S T E ? '' 1 '' U N T I L. '' M 1 '' D O '' D t K J : : H • D 1 C K l J 
'' F O R '' K : :: 1 '' S T E P '' 1 '' U N T I L. '' M 1 '' 0 0 '' 
'' B E G I N '' K O C K l : : K O t K l + B E T A I * D [ K l , 

D1 [Kl :i=MATVECC1,M1,K,J,D)J 
02 tKJ: •D2 [Kl +BETHAI•D1 [Kl 

I? END '' . 
''END'' I 
DERI\/Af!VE(KO)r 
,, F O R '' K I = 1 ., S T E P ft 1 fl U ~J T I L '' M '' D O ,, V C K l 1 • Y [ K l + 1 7 5 * H • K O C K J 

'' E N D '' D I F F S C H E M E : 

Bo:=PHio:=•1: PI::4•ARCTAN(l)J 
BElAC tLJ ::xBETAC CL+1l :=BE TAC tL+2l ::BETAC CL+3J 1=0, 
BETA lOl ::1/b; BETHA tOl ::.SJ • 

F A C : :; 1 ; '' F O R •• I : ::: 2 •• S T E P '' 1 '' lJ t~ T I L. •• L • 1 '' D O '' F A C : :: ! * F A C J 
M 1 : = •• I F '' A U T ,, r .-, E r~ '' M '' E L. S E '' ~ - 1 J 
K I = 0 , L. A S T : =: '' F A L S E '' : 

NEXT LEVEL.; 
''FOR'' I ; : 1 '' 5 TEP'' 1 •• UN TI L. '' M ''DO•• D t I l I : Y [ I l J 
DERIV4TIVE(D)J 
'' I F' •• '' N O T 11 L I t~ E A R 1' 0 R '' K : 0 '' T H E N •• J A C O B I A N C J , Y ) 7 
STEPSIZE: 
'' I F '' C H A N G E 11 T H E N '' C O E F F I C t E N T , 
OUTPLJT 1 
DIFFERENCE SCHEMEJ 
K;:K+1: 
X:: X + ri; 
'' I F '' •• N O T '' L A S T '' T H E N '' •• G O T O '' N E X T L. E V E L , 

E N D O F E F E R K : 0 U T P IJ T 7 
•~ E N D '' E F E R K ; 

•• E OP•• 

I 

I 

I 

I 

I 

! 

I 



MC 

(OCTOBER 1q74) PAGE 1 

INSTITUTE& MATHEMATICAL CENTRE, 

RECEIVED: 1973/09/01, 

BRIEF OESCRIPTION1 

LINIGER1VS SOLVES INITIAL VALUE PROB~EMS , GIVEN AS AN AUTONOMOUS 
SVSTEM or FIRST ORDER OIFFERENTIA~ EQUATIONS, BY MEANS OF AN 
IMP~ICIT,FIRST ORDER ACCURATE, EXPONENTIALLY FITTED ONESTEP METHOD, 
AUTOMATIC STEPSIZE CONTROL IS PROVIDED, 
IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF STIFF 
DIFFERENTIAL EQUATIONS. 

KEVWOROS1 

DIFFERENTIAL EQUATIONS, 
INITIA~ VALUE PROBLEMS, 
STIFF EQUATIONS, 
EXPONENTIAL FITTING, 
IMP~ICIT ONESTEP METHODS, 

CALLING SEQUENCES 

THE HEADING OF THE PROCEDURE LINIGER1VS REAOSI 
''PROCEDURE" LINIGERlVS CX,XE,M,Y,SIGMA,DERIVATIVE,J,JACOBIAN, 

ITMAX,HMIN,HMAX,AETA,RETA,INFO,OUTPUT)J 
'' V A L. U E '' M J 
'' I N T E G E R '' M , I T M A X 1 
''REAL" X,XE,SIGMA,HMIN,HMAX,AETA,RETAJ 
''ARRAY'' Y,J,INFOJ 
''PROCEDURE •• 0 ER I VA T I VE , JACOB I AN, 0 UT PUT t 

THE MEANING OF THE FORMAL PARAMETERS IS: 
X1 <V4RI4B~E>t 

THE INDEPENDENT VARIABLE XJ 
ENTRVs THE INITIAL VALUE XOs 
EXIT I THE FINA~ VALUE XEJ 

XEI <ARITHMETIC EXPRESSION>J 
THE FINAL VALUE OF X (XE>aX)J 

M: <ARITHMETIC EXPRESSION>J 
THE NUMBER OF EQUATIONSJ 

V1 cARRAV IDENTIFIER>, · 
"ARRAY" V (1 gMJ J 
THE DEPENDENT VARIABLE, 
ENTRY1 THE INITIAL VALUES OF THE SYSTEM OF DIFFERENTIAL 

EQUATIONS I Y [Il AT X•XOr 
EXIT I THE FINAL VALUES OF THE SO~UTION: Ytil AT X:XEJ 



• 
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SIGMA& <ARITHMETIC EXPRESSION>s 
THE MODULUS OF THE POINT AT WHICH EXPONENTI•L FITTING IS 
DESIRED, rOR- EXAMPLE THE LARGEST NEGATIVE EIGENVALUE OF THE 
JACOBIAN OF THE SYSTEM OF DIFFERENTIAL EQUATlONSJ 

DERIVATIVE& <PROCEDURE IOENTIFIER>t 
THE HEADING OF THIS PROCEDURE ~EAOSg 
"PROCEDURE" DERIVATIVECV)J "ARRAV" v, 
THIS PROCEDURE SHOULD DELIVER THE RIGHT HANO SIDE OF THE 
I•TH O!FFERENTIAL EQUATION AT THE POINT CY) AS Y[IJ 1 

JI cARRAV IOENTIFIER>p 
"ARRAV" J[l1M,11MJJ 
THE JACOBIAN MATRIX OF THE SYSTEMJ 
THE ARRAY J SHOU~D BE UPO~TEO IN TME PROCEDURE JACOBIANs 

JACOBIAN1 CPROCEDU~E IDENTIFIER>J 
THE HEADING OF THIS PROCEDURE ~EADS: 
"PROCEDURE" JACOBIAN(J,V)J "ARRAY" J,YJ 
IN THIS PROCEDURE CAN APPROXIMATION OF) THE JACOBIAN HAS TO 
BE ASSIGNED TO THE ARRAY J1 

ITMAXI cARITHMETIC EXPRESSION>J 
AN UPPERBOUNO FOR THE NUMBER OF ITERATIONS IN NEWTON 1 S 
PROCESS, USED TO SOLVE THE IMPLICIT EQUATIONSJ 

HMIN1 <ARITHMETIC EXPRESSION>s 
MlNIMAL STEPSIZE BY WHICH TME INTEGRATION IS PERFORMEOJ 

HMAX: cARITHMETIC EXPRESSION>s 
MAXIMAL STEPSIZE BY WHICH THE INTEGR~TION IS PERFORMEDr 

AETA1 <ARITHMETIC EXPRESSION>J 
REQUIRED ABSOLUTE PRECISION IN TME INTEGRATION PROCESSJ 

RETA1 cARITHMETIC EXPRESSION>J 
REQUIRED RELATIVE PRECISION IN THE INTEGRATION PROCESSJ 
IF BOTH AETA ANO RETA HAVE ~EGATIVE VALUES, INTEGRATION 
~ILL BE PERFORMED WITH A STEPSIZE EQUAL TO HMAX, WHICH ~AV 
BE VARIATED BV USER J IN THIS CASE THE ABSOLUTE VALUES OF 
AETA ANO RETA WILL CONTROL THE NEWTON ITERATIONJ 

INFOt <A~RAY IOENTIFIER>t 
•ARRAY" INFOtl19l J 
DURING INTEGRATION ANO UPON EXIT THIS ARRAY CONTAINS THE 
FOLLOWING INFORMATION1 
INFOtll I NUMBER OF INTEGRATIO~ STEPS TAKENJ 
INF0[2J I NUMBER OF DERIVATIVE EVALU•TIONS USEDJ 
INFOtJl I NUMBER OF JACOBIAN EVALUATIONS USEOJ 
INFOt4l 8 NUMBER OF INTEGRATION STEPS EQUAL TO HMIN TAKEN J 
lNFO[SJ1 NUMBER OF INTEGRATION STEPS EQUAL TO HMAX TAKEN J 
INF0t6lt MAXIMAL NUMBER OF ITERATIONS TAKEN IN THE NEWTON 

PROCESSr 
tNF0[7Js LOCAL ERROR TOLERANCE, 
INFO[BJ I ESTI~ATEO LOCAL ERRORr 
INFQ[q]I MAXIMUM VALUE OF THE ESTIMATED LOCAL ERRORJ 

OUTPUT1 <PROCEDURE IDENTIFIER>, 
THE HEADING OF THIS PROCEDURE READSr 
"P~OCEOURE" OUTPUTJ 
THIS PROCEDURE IS CALLED AT THE END OF EACH INTEGRATION 
STEP, THE USER CAN ASK FOR OUTPUT OF THE PARAMETERS, FOR 
EXAMPLE X, Y, INFO, 
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DATA ANO RESULTSs SEE EXAM?LE OF USE, AND REF[2J. 

PROCEDURES USED; 

INIVEC: CP31010, 
MULVEC• CP31020, 
MUI.ROWa CP31021, 
DUPVEC• CP310l0, 
MATVEC• CP34011, 
ELMVEC• CP34020, 
\IECVEC• CP3'1010, 
DEC s CP3"300, 
SOL. • CP340S1, 

REQUIRED CENTRA~ MEMORYI 
• 

EXECUTION FIELD LENGTH I CIRCA 20 + M * (5 + M), 

RUNNING TIME1 DEPENDS STRONGLY ON THE DIFFERENTIAL EQUATION TO SOLVE • • 

METHOD ANO PERFORMANCEI 

LINIGER1vs: INTEGRATES THE SYSTEM OF DIFFERENTIAL EQUATIONS FROM XO 
UNTIL XE, BY MEANS OF A FIRST ORDER FORMULA. 

THE INTEGRATION METHOD IS BASED ON THE F(1) FORMULA DESCRIBED BY 
LINIGER AND WI~LOUGHBY (SEE REF[1l ), E~ROR ESTIMATES ANO A STEPSIZE 
STRATEGY FOR THIS METHOD ARE DESCRIBED IN tel , ANO A VARIABLE STEP 
METHOD IS CONSTRUCTED FOR THE CONVENIENCE OF THE USER. HOWEVER, THE 
STEPSIZE STRATEGY REQUIRES MANY EXTRA ARRAY OPERATIONS, THE USER 
MAY AVOID THIS EXTRA WORK BY GIVING AETA AND RETA A NEGATIVE VALUE 
ANO PRESCRIBING A STEPSIZE (MMAX) HIMSELF, 

REFERENCES I 

t1J, W,~INIGER AND R.A.WI~LOUGHBY, 
EFFICIENT INTEGRATION METHODS FO~ STIFF SYSTEMS Of ORDINARY 
DIFFERENTIAL EQUATIONS, 
SIAM J, NUM, ANAL, 7 (1970) PAGE U7 1 

t2J, K,OEKKER, 
ERROR ESTIMATES AND STEPSIZE STRATEGIES FOR THE LINIGER• 
WILLOUGHBY FORMULAE. 
(TO APPEAR IN 197ij), 
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EXAMPLE OF USEI 

CONSIDER THE SYSTEM OF DIFFERENTIAL EQJATIONS1 
0 Y t 1 J / 0 X • • Y [ 1 l + V t 1 l • Y [ 2 J + , qq * Y C 2 l 
0Yt2J/DX • •1000 • C •Yt1J ♦ Y[tl * YtZl + Yt2l ) 
WITH THE INITI4L CONDITIONS AT X • 01 
Yt1l s 1 AND VC2l: O, 
THE so~uTION AT X • 50 IS APPROXIMATELY! 
Yt1) s 1 7bS 878 320 2487 ANO YC2l • ,a33 710 353 57b8 1 

THE FOLLOWING PROGRAM SHOWS INTEGRATION OF THIS PROBLEM WITH 
VARIAB~E ANO CONSTANT STEPSIZES; 

''BEGIN'' "COMMENT'' TEST LINIGER1 VSJ 
"PROCEDURE" LINIGER1VSCX,XE,M,V,SIGMA,F,J,JACOBIAN, 

ITMAX,HMIN,HMAX,AETA,RETA,INFO,OUT?UT)J 
''CODE" l3132, 
'' I N T E G E R " I T M 4 X J 
"REAL" X,SIGMA,RETA,TIMEf 
''REAL" "•RRAY" Vt112l,J[112,112l,lNFOt11C)J J 
''PROCEDURE" F(A)J ••ARRAY'' AJ 
'' B E G I N " " R E A L. " A 1 , A 2 t A 1 I z A C l l f A Z I a A C 2 l I 

A tll 1•CA1+.'i'9)•CA2•1)•,qc;J 
A C2J 1•1000•(C1+A1)•(1•A2)•1) J 

''ENO'' J 
''PROCEDURE" JACOBIANCJ,Y)J "ARRAY'' J,Vr 
'' B E G I N " J t 1 , 1 l 1 • Y t 2 J • 1 J J C 1 , 2 J I • a C) q + Y t 1 J J 

J t2, 111:11000• (l•Y t2l l J J [2,Zl 1••1000•( 1+V [11) J 
SlGMA1~ABS(J[2,Zl+Jt1,tJ•SQRT((JC2,2l•J[1,1l l••2+ 

4•J C2, ll •J C1,2J l )/2J 
''END" JACOBIAN1 
''P~OCEOURE'' OUT I 
''I'" X:50 ''THEN'' 
OUTPUT(61,"('1 6(3ZDB),2B0 19 •Z0,2C2B ♦ 1 3DBlD),•3ZD,lO,I••)'', 
INFO ( ll, INFO t2J, INFO [31, INFO ['IJ, INFO [SJ, INFO tel, INFO (q], V [1J, 
Y t2l ,CLOCK•T!ME) r 
'' F OR 9t R E T A I • '' • 2 , " • 4 , " • & '' 0 0 " 
''BEGIN•• X1;;Y t2J 1•01 Y t1l 1•1 J TIMEl•CLOCKJ 

LINIGEH1vscx,so,z,v,s1GMA,F,J,JACOBIAN,10,,1,so,RETA, 
f:tETA,1NF0 1 0UT)J 

"END 19 J OUTPUT(bt,•'('9 /l'')''Js 
"FOR" RETAl••"•2,•''•Q 1 •"•6 "00 9' 

'' B E G I N •1 X I a Y [ 2 J I • O r V t 1 l I a 1 , T I ME I • C L O C K J 
LINIGER1vscx,so,2,Y,SIGMA,F,J,JACOBIAN,10,.1,1,RETA, 

''ENO'' J 
''END'' 

17 21 
13 25 

105 210 

so 
so 
50 

52 
104 
152 

RETA,INFO,OUT)J 
• 

8 
23 

105 

1 
3 

12 

0 
0 
0 

0 
0 
0 

so 
50 
50 

2 
2 
2 

2 
l 

" 

0 
0 
0 

+,772 017 
+.7&7 414 
+,1&& 027 

+ 1 7&b &70 
+.7&6 183 
+,7&e 1ss 

+.435 672 
+.431.J 202 
+.433 758 

+.433 081 
+.433 811 
+,,u33 eoq 

Ott52S 
0.111 
4,741 

0, 54q 
1.1sa 
1,bS3 



SOURCE TEXT(S)I 

'' C OD E '' l 3 1 3 2 , 
"PROCEDURE'' LINIGER1VSCX,XE,M,V,SIGMA,DERIVATIVE,J, 

JACOBIAN,ITMAX,HMIN,HMAX,AETA,RETA,INFO,OUTPUT)J 
''VALUE" MJ 
'' I N T E G E R '' M , I T M A X r 
"REAL" X,XE,SIGMA,AETA,RETA,HMIN,HMAXJ 
'' A R ~ A Y " V , J , I NF O J 
''~RO CEO URE '' DER I VA T I VE , J AC OB I AN , 0 UT PUT J 

''BEGIN" ''INTEGER" I,ST,LASTJACJ 
''RE•L" H,HNEW, MU,MU1 ,BETA,P,E,E:1,ETA,ETA1 ,DISCRJ 
''BOOLEAN~ LAST,FIRST,EVALJAC,EVALCOEFJ 
'' I N T E G E R " " A R R A V " P I [ 1 I M l J 
'' R E A L '1 

'' A R R A V '' 0 Y , V L , V R , F [ 1 I M ] , A [ 1 I M , 1 I M J , A U X t 1 : 3 ] J 

'' P R O C E D U R E '' I N I V E C C L , U , A , X ) J 
''PROCEDURE" MULVECCAL,U,SHIFT,A,B,X)J 
''PROCEDURE" MUL~OWCL,U,I,J,A,B,X)J 
''PROCEDURE'' DUP~ECCL,U,SHIFT,A,B)1 
'' RE A L " '' P R O C E D U RE " \IE C \/ EC C L , U , S H I F T , A , B ) , 
''REAL" ''PROCEDURE" MATVEC(A,B,c,o,E)J 
''PROCEDURE'' ELMVECCL,U,SHIFT,A,B,X)J 
''PROCEDURE" OEC(A,N,AUX,P)J 
''PROCEDURE'' SOLCA,N,P,B)J 

'' RE A L '' '' P R O C ED U R E " N O R M ( A ) J " A R R A V '' A I 
NORM1aSQRT(VECVEC(1,M,o,A,A))J 

''PROCEDURE" COEFFICIENTJ 
'' B E G I N '' " R E A L '' B , E J B I • A B S C H • S I G M A ) J 

" I F '' B > 4 0 '' T M. E N '' 
••BEGIN'' MU1»1/BJ BETAl•lJ P1•2+2/CB•2) 
t•ENO'' ''ELSE" 
"IF'' B<,04 ''THEN" 
'' B E G I N '' E I • B • 8 / 3 0 J P I • 3 • E J 

~U1=,S•B/12•Cl•E/2)J 
BETA1a 1 5+B/o•Cl•El 

'' E N D " '' E L S e: '' 
''BEGIN'' E:sEXPCB)•lJ 

MU1•11B•1/E, 
BETAl•C1•B/E)•C1+1/E)J 
P1•(BETA•MU)/( 1 S•MU) 

"ENO'' 1 
MU1;:i:H•C1•MU)J 
LUOECOMP 

''END'' COEFFICIENTJ 

'' C O O E '' 3 1 O 1 O J 
'' C O O E '' 3 1 0 2 0 J 
" C O D E '' 3 1 0 2 1 J 
Wt C O O E ,, 3 1 0 3 0 J 
'' C O O E '' 3 '-' 0 1 0 J 
'' C O D E '' 3 LA O 1 1 J 
" C OD E '' 3 4 0 2 O , 
"CODE'' 34300, 
'' C O O e: '' 3 " 0 S 1 J 
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"PROCEDU~E" LUOECOMP1 
"BEGIN" "INTEGER" lJ 

"FOR" 11:1 "STEP" 1 "UNTIL" M "DO" 
"BEGIN" MULROW(1,M,I,I,A,J,•MU1)t 

A tI, Il 1:aA tI,Il +1 
"END"J 
AUXt2J 1•0, OEC(A,M,AUX,PI) 

"ENO" LUOECOMPJ 

"PROCEDURE" STEPSIZE, 
"IF" ETAcO "THEN" 
"BEGIN" "REAL" HLJ HL1•H1 

Hl•HNE~a•HMAXJ INFO t5l 1aINFO [5] +11 
"IF" 1,1•HNEW>~E•X "THEN" 
,BEGIN" LAST1•"TRUE"J H1•HNEW1•XE•X 
"END"J 
EVALCOEFsaH••HLJ 

''ENO" ''ELSEtt 
"IF" FIRST "T~EN" 
''BEGIN" H;•HNE""1•HMlNJ FIRSTl•"FALSE"J INFO[Q] 1:1INF0[4l +1 
"ENO" "ELSE" 
"BEGIN" "REAL" B,HLJ 

Bl•OISCR/ETAJ HL1•HJ "IF" 8<,01 "T~EN" e:a,ot·J 
HNE~1• "IF" B>O "THEN" H•B••C•1/P) "ELSE" HM,XJ 
"IF" HNEW<MMIN "THEN" 
"BEGIN" HNEW1:t-tMtN1 INF0[4J 1•INFOtUJ +1 
"ENO" "ELSE" 
"l'~ HNEW>HMAX "THEN" 
"BEGIN'• HNE~saHMAXs INFO tSJ 1•INFOCSl +1 "f:NO"J 
"IF" 1,l•MNEW ► •XE•X "THEN" 
"BEGIN" LAST1•"TRUE"J H1•HNEW1•XE•i 
"END" '1 EI.SE" 
"IF" ABS(H/HNEW•1l~,1 "THEN" H1•HNEW9 
EVAL.COE,1at-t•aHL 

"ENO" STEPSIZE1 

"PROCEDURE" LINEARITV(ERROR), "REAL~ E~RORJ 
"BEGIN" "INTEGER" KJ 

"FOR" K1•1 qSTEP" 1 "UNTIL" M "DO" 
0 Y t Kl I• Y [ K J •MU 1 * F t K] I 
SOL.CA,M,PI,DY)J 
ELMVEC(l,M,O,DV,Y,•l)f 
ERROR&•NORM(OY) 

t•ENO" L.INEARITYt 

MC 
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. 

'' P R O C E O U R E '' I T E R A T I ON C I ) J '' I N T E GE R '' I J 
'' I F '' R E T 4 < 0 '' T H E N " 
''BEGIN'' "INTEGER" KJ 

" l F '' I • 1 " T H E N '' 
'' B E G I N " MU L V E C C 1 , M , 0 , D V , F , H ) J 

MC 
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' • 

" F O R ,, K 1 • 1 It S T E P ,, 1 " U N T I L ,. M '' 0 0 " V L t t< l I z V C K l + M U * D V C K l J 
SOL(A,M,PI,DY)J Et•1P 

'' E N D •• •• E L S E '' 
"BEGIN" ''FOR" K1s1 ''STEP" 1 "UNTIL" M "00" 

DY [Kl I aYL [Kl •V [Kl +MU1 •F tKl J 
•~IF'' E•NORM(Y)~E1•E1 "THEN'' 
"BEGIN" EV4LJAC1•I>•l, 

'' I F '' I > 3 " T H E N '' · 
" e E G I N '' ! N F O [ 3 l I a l N F O [ 3 l + 1 J J A C O 8 I A N C J , V ) J 

LUOECOMP 
"ENO'' J 

"END'' J 
SOL(A,M,PI,OY) 

''END" J 
E11CEJ E1sNORM(DY)J 
ELMVECC1,M,O,Y,OV,1)p 
ETA1~NORM(Y)*RETA+AETAJ 
OlSCRs•o, 
OUPVECC1,M,O,F,Y)J 
OERIVATI\IE(f)J 
INFO [2l :;:INFO [2l +1 J 

'' E N O " '' E L S E " 
''BEGIN'' "INTEGER" KJ 

'' I F '' I & 1 " T H E N '' 
"BEGIN'' LINEARITV(ElJ 

"IF'' E•CST•LASTJACl>ETA "THEN'' 
"BEGIN" JACOBIAN(J,Y)J LASTJAC1:ST1 

INFO [311:sINFO [3] +1 r 
H1•HNEW1 COEFFICIENT, 
LINEARITY CE) 

"END'', 
EVALJACs• E•CST ♦ l•LASTJAC)~ETAt 
MULVEC(i,M,O,OY,F,H)J 
"f0R 11 K121 "STEP" 1 "UNTIL" M "DO" YL [Kl: :Y [Kl +MU•DY [Kl; 

• SOL(A,M,Pl,DY)J I 

"FOR'' Kaal "STEP" 1 "UNTIL'' M ''DO" 
VRtKl 13H•BETA•MATVEC(1,M,K,J,DY)p 
SOL(A,M,PI,YR)J 
ELMVECC1,M,O,YR,OV,1)J '' C O M M E N T ~, 
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••ENO" "ELSE'' 
"BEGIN" "FOR" KJ•l "STEP" 1 "UNTIL" M "00" 

DY t Kl I• V L CK J • Y [Kl + MU 1 * F t K J r 
"IF" E•ETAI "ANO'' OISCR>ETA1 "THEN" 
"BEGIN" INF0[3l 1•INF0[3l+1r JACOBIANCJ,Y)J 

LUOECOMP 
"END"r 
SOL.CA,M,PI,DY)f 
E:•NORMCDV) 

••END"J 
ELMVECC1,M,O,Y,DY,t)r 
ETA;zNORM(V)•RETA+AETAs 
ETAl1•ETA/SQRT(RETA)J 
OUPVECC1,M,O,F,Y)J 
OERIVATIVECF)J 
INF"Ot2l 1•INF0t2l+1J 
"FOR" K;a1 "STEP" 1 "UNTIL" M "00" OY[KJ1sVRCKl•H•FCKl J 
DISCRl•NORM(OV)/2 

"END" lTERATIONJ 

FIRST1•EVALJAC1•"TRUE", LAST1:EVALCOEF1a"FALSE"J 
lNIVECCl,9,INFO,O)I 
ETAaaRETA•NORM(V) ♦ AETAJ 
ETA11•ET•/SQRTCA8S(RETA))J 
DUPYEC(l,M,O,F,V)J 
DERIVATIVE(F)t 
INFO [2l; •l J 
"FOR" ST1=1,ST+1 "WHILE" •LAST "00" 
"BEGIN" STEPSIZEJ tNFOt1Jl•INFOt1l+1r 

"lF" EVALJAC "THEN" 
"BEGIN" JACOBIAN(J,Y)J 

INFO Ell s•INFO [3l +1 J 
H1•HNEW, 
COEFFICIENTJ 
EVALJAC1•"FALSE"J LASTJACl•ST 

'' E NO " " E L S E " 
"IF" EVALCOEF "THEN" COEFFICIENT, 
"FOR" I1a1,I•1 "WHILE" E>.BSCETA) "AND" DISCR>1.3•ETA 
"ANOff I<•ITMAX "DO" 
"BEGIN" lTERATION(I)r "IF" I>INFOt6J "THEN" INFO(bla=I, 
"END"; INFO [7l :aETAJ lNFO C8l 1aDISCR1 
x;ax+HJ 
"ll"" OISCR>INFO tqJ "THEN" INFO [911•0ISCR, 
OUTPUTJ 

"ENO"I 
'' f N D " L I N I G E R 1 V S r 

''EOP'' 

MC 
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AUTHOR: K.DEKKER • 
• 

INSTiru,·E: ~ATHEMAT!CAL CENTRE. 

RECEIVED: 1973/07/lb. 
• 

BRIEF DESCRIPTION: 

LINIGER2 SOLVES INITIAL VALUE PROBLEMS , GIVEN AS AN AUTONOMOUS 
SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS, av MEANS OF AN 
EXPONENTIALLY FITTED QNESTEP METHOD, 
NO AUTOMATIC STEPSIZE CONTROL IS PROVIDED, 
IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF STIFF 
DIFFERENTIA~ EQUATIONS 9 

KEYWORDS: 

OIFFERENTlA~ EQUATIONS, 
INITIA~ VA~UE ?ROBLEMS, 
STIFF EQUATIONS, 
EX?ONENTI4~ FITTING, 
IMPLICIT ONESTEP METHODS • 

• 

• 
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CAL~lNG sEQuENCEs: 

THE HEADING OF THE PROCEDURE LINIGER2 READS& 
''PROCEDURE'' LINIGER2(X,XE,M,V,SIGMA1,SIGMA2,F,EVALUATE,J, 

JACOBIAN,K,ITMAX,STEP,AETA,RETA,OUTPUTJ, 
It I N T E G E R ff M , K ' I T M A )( ' 
'' R E A L '' X , X E , S I G M A 1 , S I G M A 2 , S T E P , A E T A , R E T A , 
,. A R R A y It V , J J 
'' B O O L E A N " '' P R O C E D U RE '' E V A L. U 4 T E 1 
•• R E A L '' •• P R O C E D U R E '' F s 
., PRO CEO tJ RE,, JACOB I AN. 0 UT PUT J 

THE MEANING OF THE rORMAL PAR4METERS IS1 
x1 <VARIABLE>J 

XE: 

THE INDEPENDENT VARIABLE XJ 
CAN BE USED INF, JACOBIAN, OUTPUT. ETC.: 
ENTRV: THE INlTI4~ VALUE XOJ 
EXIT s THE FINAL VALUE XEr 
<A~lTHMETIC EXPRESSION>J 
THE FINAL VALUE OF X (XE>=X)J 
<ARITH~ETIC EX~RESSION>J 
THE NUMBER OF EQUATIONS; 
<ARRAY IOENTIFIER>r 
'' A R R A V •• V [ 1 : M l J 
THE DEPENDENT VARIABLEJ 
ENTRYc THE INITIAL VALUES OF 

EGJU~TIONS1 V Cll AT Xax:o, 
EXIT a THE FINAL VA~UES OF THE SOLUTION: Y[Il AT X=XEJ 

SIG~All <ARITHMETIC EXPRESSION>J 
THE MOOU~US OF THE POINT AT W~ICH tXPONENTIAL FITTING rs 
OESIREDr THIS POINT MAY BE COMPLEX OR REAL AND NEGATIVEJ 

5IGMA2: <ARITHMETIC EXPRESSION>J 

• 

F: 

S1GMA2 MAY DEFINE THREE DIFFERE~T TYPES OF EXPONENTIAL 
FITT!NG1 FITTING IN TWO COMPLEX CONJUGATED POINTS, FITTING 
IN TWO REAL NEGATIVE POINTS, OR FITTING IN ONE POINT 
COMBINED wITH THI~D ORDER ACCURACYJ · 
IF THIRD ORDER ACCURACY IS DESIRED, SIGMA2 SHOULD HAVE THE 
VALUE OJ 
IF FITTING IN A SECOND NEGATIVE POINT IS DESIRED, SIGMA2 
SHOULD HAVE THE VALUE oF THE MODULUS OF THIS POINTr 
IF FITTING IN TWU COMPLEX CONJUGATED POINTS IS DESIRED, 
THEN SIGMA2 SMOULD BE MINUS THE VALUE OF THE ARGUMENT OF 
THE POINT IN THE SECOND QUAORA~T (THUS A VA~UE BETWEEN• PI 
AND w Pl/2)J · 
<PROCEDURE lOENTIFIER>t 
THE HEADING OF THIS PROCEDURE READS: 
'' R E .\ L •• •• P R O C E D U R E '' F ( I ) I '' I N T E G E R '' I J 
TrlIS PROCEDURE SHOULD DELIVER THE RIGHT HAND SIOE OF THE 
I•TH DIFFE~ENTIAL EQUATION AS Fs 
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EVALUATE: <PROCEDURE IOENTIFIER>r 
T~E HEADING OF THIS PROCEDURE READS: 

J: 

"BOOLEAN" "PROCEDUREN EVALUATE(ITNUM)J "INTEGER" ITNUMr 
EVALUATE SHOULD HAYE THE VALUE "TRUE", IF IT IS DESIRED 
THAT THE JACOBIAN OF THE SYST!M IS UPDATED IN THE ITNUM•T~ 
ITERATION STEP OF THE NEWTON PROCESSJ 
cAAR&y IDENTIFIEA>p 
"ARRAV" J[l:M,11MJ J 
?ME JACOBIAN ~ATRIX OF T~E SYSTEMJ 
THE A~R&V J SHOULD BE UPDATED IN THE PROCEDURE JACOBIANJ 

JACOBIAN: c?ROCEOJRE IDENTIFIER>J 
THE HEA~I~G OF THIS PROCEDURE READS: 
"P~OCEOURE" JACOBIAN(J,Y)I "AR~AY" J,YJ 
IN TMIS PROCEDURE THE JACOBIA~ HAS TO BE ASSIGNED TO THE 
THE A~RAY J, OR AN APPROXIMATIO~ OF THE JACOBIAN, IF ONLY 
SECOND OROEQ ACCURACY IS REQUIREOJ 
<VARIA~LE>J 
COUNTS T~E NUMBER OF INTEGRATION STEPS TAKENJ 
FOR EXAMPLE, CAN BE USED IN EVALUATE, 

ITMAX1 <ARITHMETIC EXPRESSION>, 

STEP: 

AN UPPERBOUNO FOR THE NUMBER OF ITERATIONS IN NEWTO~•S 
PROCESS, USED TO SOLVE THE IMPLICIT EQ~ATIONSJ 
<ARITH~ETIC EXPRESSION>r 
THE LENGTH oF THE INTEGRATION STEP, To BE PRESCRIBED BY THE 
THE USERS 
cARITH~ETIC EXPRESSION>s 
REQUIRED ABSOLUTE PRECISION IN THE NE~TON PROCESS, USED TO 
SOLVE THE IMPLICIT EQUATIONSJ 
cARITH~ETIC EXPRESSION>J 
REQUIRED RELATIVE PRECISION I~ THE NEWTON PROCESS, USED TO 
SOL~E THE IMPLICIT EQUATIONSr 

OUTPUT: <PROCEDURE IOEijTJFIER>r 
THE HEADING 0~ THIS PROCEDU~E READSr 
"PROCEDURE" OUTPUT, 
THIS PROCEDURE IS CALLEO AT THE END OF EACH INTEGRATION 
STEP J THE USER CAN ASK FOR OUTPUT OF T~E PARAMETERS, FOR 
EXA~PLE X, K, V. 

DATA AND RESULTS1 SEE EXA~PLE OF USE, ANO REF[JJ, 

PROCEDUPES JSED: 

VECvECc CP34010, 
MATVECc CP34011, 
MATMAT: CP3Q013, 
DEC = CP34300, 
SOL a CPl4051, 

REQUIRED CENTRAL MEH0RV1 

EiEcuTION FIELD LENGTH1 CIRCA 20 + M * (4+M), 
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RUNNING TIME: DEPENDS STRONGLY ON THE DIFFERENTIAL EQUATION TO SOLVE, 

LANGUAGE1 A~GOL 60, 

METHOD ANO PERFORMANCE: 

L I N I GE R 2 I I N T E G R A TE S T ti E S Y S TE M OF D I FF E REN T I A L E QUA T I ON S F R OM X 0 
UNTIL XE, SY MEANS OF A SECO~O ORDER FORMULA (IF 5IGMA2:0 
A N D E V A i. U A T E : •• T R U E '' E V E N T H I R D O R O e: R ) • 

SEE AL.SO REF Cl l ANO REF t2l, 

REFERENCES: 

l1l • w.~INIGE~ AND R.A,WILLOUGHBY. 
EFFICIENT INTEGRATION ~IETHOOS FOR STIFF SYSTEMS OF ORDINARY 
DIFFERENTIAL EQUATIONS. 
SIAM J. NUM, ANAL, 7 (1970) PAGE 47. 

t2l • T,J.DE~KER, P.w.HEMKER AND P,W.VA~ DER HOUWEN, 
COL~OQUIUM STIFF DIFFERENTIAL EQUATIONS 1 (DUTCH), 
MC SYLLABUS 15,1, (1912) MATHEMATICAL CENTRE. 

t3l • P,A.BEENrJES, K,DEKKER, H.C,HEMKER, s.P.N.vAN KAMPEN AND 
G,M,WILLEMS, . 
CO~LOQUlUM STIFF OIFFERENTIA~ EQUATIONS 2 (DUTCH), 
H C SY LL, ABU S 1 5 , 2 , C 1 q 7 3 ·) MA THEM A T I CAL CENTRE • 

EXAMPLE OF USE& 

• 

CONSIDER THE SYSTEM OF DIFFERENTIAL EQUATIONS& 
OY[ll/OX = •Yt1l + Yt1J * Y[2l + ,qq * Y[2] 
DYt2l/0X: •1000 • C •·f[1J + Y[1l * Yt2l + Y[2l ) 
WITH THE lNITIAL CONDITIONS AT X a O: 
Y [ 1 l = 1 AND y C 2 l • 0, CS EE REF [ l J , PA GE 11) , 
THE SOLUTION AT X • SO IS APPROXIMATELY; 

• 

Y t1l a 9 7b5 878 320 2L&87 AND V [2l c 1 433 710 353 5708. 
THE FOL~OWING PROGRAM SHOWS SOME OIFFER!NT CALLS OF THE PROCEDURE 
LINIGER2, ANO ILLUSTRATES THE ACCURACY WHICH MAY BE OBTAINED BY IT: 

''BEGIN'' 
''PROCEDURE'' LINIGER2CX,XE,M,V,SIGM•1,5IGHA2,F,EVALUATE,J, 

JACOBIAN,K,ITMAX,STEP,AETA,RETA,OUTPUT)J 
'' C O D E '' 3 3 1 3 1 J 

'' I N T E G E R •• I< , I T M A X , P A S S E S , P A S J ~ C J 
'' R E A L '' )( , S I G M A , S T E P , T I M E J 
'' R E A l. '' '' A R R A V " V [ 1 I 2 ] , J C 1 I 2 , 1 I 2 l J 

'' R E A L '' '' P R O C E D U R E '' F C I ) , '' I N T E G E R '' I J 
'' I F '' I : 1 '' T H E N '' F l a C Y t 1 l + , 9 9 l * C Y C 2 l • 1 ) + , q q '' E l. S E '' 
'' B E G I N '' P A S S E S 1 • P A S S E S + 1 J F I : 1 0 0 0 • ( C 1 + V t 1 J ) * C 1 • Y C 2 l ) • 1 ) '' E N D '' J 

• 
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"PROCEDURE'' JACOBIANCJ,Y)J "ARRAY'' J,Ys 
"BEGIN'' J[t,1l IZY[2l•1J Jt1,2l 1•,.9~+Yt1J J 

J [2, ll 1•1000•( l•Y [2J) J J [2,2) 1•-1ooo•(l+Y t1l) J 
SIGMAsaABSCJ [2,,2l +J t1, 11 •SQRT( CJ [2,21 •J [1, 1]) ••2+ 

u•J[2,1l •J[1,2l ))/cl 
PASJAC:a:PASJAC+1 

"ENDn JACOBIANJ 
"BOOLEAN" "~ROCEOUAE" EVALUATElCI)J "INTEGER" I1 
EVAL.uATEt::a Ia1; 
'' B O O l. E A N '' " PR O C E O U R E '' E V A L U A T E 2 ( I ) , " I N T E G E R '' I J 
EVALUATE2:• "TRUE"r 
"PROCEDURE" OUTJ 
'' I F '' X = 5 0 " T H E N '' 
OUTPUT(bla"("3C•4ZDB),2(4B+.lDB3DB3D),•5ZD.3D,/")",K,pA55Es, 
PASJAC,Y [tJ ,Y t2l ,CLOCK•TlME)t 
0 U T PU T C b 1 , " ( '' •• C 11 T H I S L I NE A ND T HE F O L L O W I NG T E X T I S '' ) '' 
"(''PRINTED BY THIS PROGRAM")",//, 
"C'' THE RESULTS WITH LINIGER2 •SECOND ORDER• ARE:")'',/, 
" C ,, t< D E R , E V • J A C , E V , V C 1 J V C 2 l ,, ) ltt 

"C'' TIME")",l''l~)J 
"FOR" STEPs:10,1 "00" 
"FOR" ITMAX1•1,3 "00" 
''BEGIN'' PASSES:• PAS J AC I: 0 J XI a Y [ 2 J I a O J V t 1 l 1 • 1 J TIME I: CL OC t< ; 

LINIGER2CX,S0,2,Y,SIGMA,O,F,EVALUATE1,J,JACQBIAN,K,ITMAX, 
S T E P , '' ,... 4 , '' • a , 0 U T ) J 

''ENO" J 
OUTPUT(&1," C ''II, 
'' C " T HE R E S UL T S W I T H L I N I GE R 2 • T H I RD OR D E R • A R E I '' ) '1 

, / , 

" C '' K D E R , E V • J A C , E V , Y [ 1 J Y C 2 J '' ) •• 
"(" TIME")",l'')")I 
"FOR" STEP1a10,1 "00'' 
''FOR" ITMAX:=1,3 "DO'' 
"BEGIN'' PASSEs:::PASJACtaOJ XacY [21 aaos y [1l t•1 J TIMEt::CLOCKJ 

LINIGER2cx,so,2,V,SIGMA,O,F,EVALUATE2,J,JACOBIA~,K,IT~AX, 
S T E P , '' • a , '' • Q , 0 U T ) J 

''END" 1 
''END'' J 

THIS LINE ANO THE FOLLOWING TEXT IS PRINTED BY THIS PROGRAM1 

THE RESULTS WITH LINIGER2 •SECOND ORDER• A~EI 
K DER.EV., JAC.EV. Y[1l Yt2J 
s s s +,766 3qz 210 +,ijl4 21a 8c3 
5 15 5 +,765 755 853 +,433 b71 223 

so so so +.765 884 310 +,433 715 687 
so 101 so +,765 877 388 +,433 110 osq 

THE RESUL.TS WITH Lir~IGER2 •THIRD ORDER• ARE: 
K DER.EV. JAC.EV. Y t 1 J Y t2 l 
s 5 s +.766 3q2 210 ♦ 1 ',34 21a 863 
s 15 15 +,.7&5 882 250 +,433 711 614 

so so so +,765 884 310 +,433 715 687 
so 101 101 +.765 878 873 +,'433 710 531 

TIME 
0,092 
0.11s 
o,q4q 
1.4q!J 

TIME 
o.,oq2 
0,300 
o,9aq 
2.oso 
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SOURCE TEXTCS)I 

•• C O D E '' '' 3 3 1 3 1 J 
'' P R O C E. 0 U R E '' L I N I G E R 2 C X , X E , ~ , Y , S I G M A 1 , S I G M A 2 , F , E V A L U A T E , J , 

JACOBIAN,K,ITM•~,STEP,AETA,RETA,OUTPUT)J 
'' 1 N T E G E R '' M , K , I T M A X J 
' 1 R E A L " X , X E , S l G M A 1 , S I G M A 2 , S T E P , A E T A , R E T A J 

¥ 

'' A R H A Y 91 V , J J .. 
'' B O O l. E A N '' '' PR O C E D U R E '' E V A L U A T E J 
It RE A L ti It P R O C E D U R E ., F J 
''PROCEDURE'' JAC08IAN,OUTPUTJ 

•• B E G I N '' '' I N T E G E R 1' I : 
11 REAL'' H,HL,B1,a2,P,Q,CO,C1,c2,c3,c4, 
'' B O O L E A N '1 L A S T r 
'' 1 N T E G E R '' '' A R R A V '' P I C 1 I M ] I 
'' R E A. L '' '' _. R R A V '' 0 Y , V L , F L C 1 I M l , A [ 1 I M , 1 I M l , A U )( t 1 I 3 J J 
11 R E A L ,, II P R O C E D U R E '' V E C \/ E C C L , U , S H I F T , A , B l , '' C O O E ,, 3 4 0 1 0 J 
1' R E A L '' •• P R O C E D U R E •• M A T \/ E C ( L , U , I , A , B ) J '' C O OE " 3 4 0 1 1 J 
,, R E A L ,, •• P R a c E o u R E ,, M A r M A T c L , u , I , J , , , s > , 11 c a o E ,, 3 "' o 1 :s , 
'' P R O C E O U ~ E '' 0 E C ( A , N , A U X , P ) J '' C O O E '' 3 Li 3 0 0 t 
'' P q O C E D U R E 11 S O L C .A. , N , P , B ) J It C O O E ., 3 4 0 S 1 r 

''PROCEDURE'' 5 TEP SIZE t 
It B E G I N '' H : : s T E p ' 

'' I F ,. 1 , 1 • H > s X E • X ,, T H e: N ., 
'' B E G I N '' L A S T : = ~, T R U E '' , H I ~ X E • X J X I • X E 
'' E "10 '' '' E I. S E '' X I • X + H 

'' E N D '' S T E P S I Z E J 

''PROCEDURE'' COEFFICIENTS 
•• BE G I N '' n ~ E A L. ,, R 1 , R 2 , E X , Z E T A , E T 4 , S I N L , C O SL , S I N H , C O S H , D J 

'' R E A L r •• P R O C E D U R E tt R C X ) s '' V A L U E '' X J '' R E 1,,. L '' X: J 
• '' l F •• X > 4 0 '' T H E N '' R I • X / ( x • 2 ) '' E L S E '' 

'' B E G I N '' E I.. 1 : E X P ( • X ) J R I s X • C 1 • E X ) / ( X • 2 + C X + 2 ) * E X ) '' E NO '' J 
• 

MC 
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B11:H•SIGMA11 
82 a ::M• S lGMA2 J 
'' I F '' B l < 1 '' T H E N '' '' B E G I N '' P I • 0 s Q : • 1 / 3 r '' G O T O •• 0 U T '' E N O '' I ' , 

•• I F ,, B 2 < O ,, T HE N ,, ,, GO T O '' C O MP L E X J 
'' I F '' 8 1 < 1 ,, O R •• B 2 c • 1 '' T H E N '' '' G O T O •• T H I R D O ~ 0 E R : 
,, I F ,, A s s c a 1 • e 2 , c e 1 • a 1 * •• • & •• T H E N ,, •• G o T o 11 o o u s 1. E F I T , 

R11sR(B1)•81J R21aR(B2)•B2r 
01se2,R1•B1•R2J . 
Pa=2•CR2•R1)/01 
Qzs2.-(B2•B1)/D, 
'•GOTOt' OUTt ''COMMENT' 



THIRDOROER; Q:=1/3t 
P::~(Bl)/3•2/B!, 
"GOTO'' our·, 

DOUBLEFITi S1;=,S~(81+B2)J 
Rll=~(Bl)J 

(AUGUST 1974) 

'' I F '' H 1 > ij O '' T H E N '' E X I : 0 1 
R21=81/(1•EX)J R2:=l•EX*R2•R2J 
0::1/(R1*R1•R2)7 
P1::R1•Q•2/B11 
''GOTO" OUT• . , 

COMPLEt: ETA::ABS(Bt•SINCSIGMA2)); 
ZETA::ABS(B1•C0SCSIGMA2))J 
,. l F •• E T .A < B 1 • B 1 • t• • e, '' T H E N '' 
'' 6 E G I N '' B 1 z : B 2 1 = Z E T A J '' G O T O '' D OU B L E F I T '' E N D '' , 
'' I F '' Z E T A > 4 O ., T ~ E i" '' 

MC 
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• '' a E G I t~ •• P 1 = 1 - Lt • z E T A I a 11 a 1 r Q 1 = LJ * c 1 - z E T , l I a 11 s 1 + 1 •1 E No •• ,, E L. s E ,, 

OUT: 

· '' a E G I N '' E X : : E X P ( Z E T A ) J 
SI~~a=SIN(ETA)J COSL1~cos(ETA)J 
SINH1=.S•CEX•l/EX)s COsHs=,S•(EX+1/EX)J 
O:=ETA•(COSH•COSL)•,S•B1•B1•SI~L, 
~:a(ZETt•S!NL+ETA•SINH•4•ZET4•ETA/B1/B1•CC0SH•COS~))/DJ 
1:•ETA•CCCOSH•COS~•ZETA•SINH•ETA•SINL)*4/61/B1+COSH+COSL)/D 

''END '' J . 
co:=,2S•H•~•C?+Q); 
c11=.s•H•Ct+P)J 
c21=t-t•C1t 
C3:=.2S•H•H•CQ•P)J 
CLJ1=.S•H~PJ 
ELEMENTS OF ~14TRIX 

'' E r--J D '' C O E F F I C I E N T s 

,, P R O C E O u ~ E II E L, E M E N T S O F M A T R I X s 
'' B E G I N '' '' I N T E G E R •t K s 

'' F O R •~ I I : 1 ,, S T E P '' 1 '' U N T I L '' M '' D O '' 
• " 8 E G I N '' '' F O R '' K : z 1 '' S T E P '' 1 '' U N T I L '' M •• 0 0 '' 

~ tI,Kl 11:CO•MATMATC1,M,l,K,J,Jl•C:t•J[I,Kl J 
A CI, Il ::A tl, Il +1 

''END 19 J 
AUX C2) :=Ot OECCA,M,AUX,PI) 

'' E N D •• E L. 0 F M A T s 

.. 

'' C O M M E N T '' 

• 



• 

• 

,~ P R O C E O U R E '' N E W T O N I T E R A T ! 0 N , 
'' 8 E G I N '' '' I N T E G E ~ •• I T N U ~ J '' R E A L. '' J F L. , E T A , D I S C R J 

IT~UM;:01 
NEXT a ITNU~1=ITNUM+1r 

'' I F '' E V A L U A T E C I T N U M l '' T ►i E N '' 
'' 8 E G I N '' J A C O B I A N C J , Y ) J C O E F F I C I E N T '' E N D '' 
'' E L. S E '' '' I F '' I T N U M : 1 '' A t~ D '' H • :: H L '' T H E N '1 C O E F F I C I E N T s 
,, F O R ti I : : 1 ,, S T E P ,, 1 '' U N T I l. fl M It D O ,, F L [ I l : : F C I l , 
'' I F '' I T N U M • 1 '' T H E N '' 
,, a E G I N •• '' f o ~ '' I 1 = 1 ,. s T e: f' '' 1 '' u N r I ~ '' M '' o o '' 

"BEGIN'' JFLl=MATVECC1,M,I,J,F~)r 
0 V [ I J I • H * (Fl. [ I l •C 4 * JF I.) 1 
YL [Il 1 :y CIJ +C2•FL [Il +Cl•JFL. 

'' E ~ 0 '' 
'' E N D 1' '' E L S E '' 
'' F O R If l i a 1 '' S T E P '' 1 '' U N T I L ., M ,, D O ,, 
Dy [11 i:yL [IJ •Y [Il +C1•FL [ll •CO•M•TvECCl,M, I,J,FL) J 
S01_(4,M,PI,OY): 
'' F O R '' I I : 1 •• S T E P '' 1 '' U N T I I. '' M '' D O '' Y [ I l I = V [ I l + 0 Y [ I l , 
'' I F '' I T N U M < I T M A X '' T H E N •• 
"BEGIN•• ETA1cSQRT(VECVEC(l,~,O,Y,Y))•RETA+AETAJ 

OISCR1•SQ~T(VECYECC1,M,O,DY,OV))t 
'' I F '' E T • < 0 I S C R •• T H E N '' '' G O T O •• N E )( T 

''ENO'' 
'' F. N O '' N E ~ T O N J 

L A S T ; :: '' f A L S E '' J t< : = 0 J H L. I :a O J 
t~EXT LEVEL: 

K;:K+lJ 
STEPSIZEs 
NEwTON ITERATION, 
Hl.:•HJ 
OUTPUTJ 

• 

'' I F •• '' N O T •• L A S T '' T H E N '' '' G O T O '' N E X T L E V E L 
'' t.. N D '' • L l N I G E R 2 1 

•• E O? '' • 

• 

MC 
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(OCTOBE~ 1C174) 

INSTITUTE& MATHEMATICAL CENTRE• 

• 

BRIEF DESC~lPTION1 

GMS SO~VES AN INITIAL VALUE PROBLEM, GIVEN AS AN AUTONO~OUS 
SYSTEM OF F 1 RS T ORDER D IF FER! t4 T l AL. E QUA T I 0 NS O V /DX ■ F ( Y ) , 6 Y 
MEANS OF A THIRD ORDER GENERALIZED LINEAR MULT?STEP METHOD1 
IN PARTICULAR THIS PROC!DUPE lS SU?TAB~~ FOR TME INTEGRATIOtJ 
OF sr1rF ~QUATIONS • 

• 

KfYwORDSI 

DlFFERENTIA~ EQUATIONS, 
INITIA~ VALUE PR08L£M, 
AlJTONOMOUS SYSTE~, 
$TIFF EQUATIONS, 
GENERAL.I ZED LINEAR MUL, Tl STEP ~ET~➔ oo. 

CALLING SEQUENCEI 
' OF THE PROCEDURE REAOS1 

PAGE 1 

TtiE HE•OING 
•1 PROCEDJRE" G M S C X , XE , R , Y , ti , H M I r~ , 

JACOBIAN, AETA, RETA, 
LINE.AR, OUT)J 

~MAX, DELTA, DERIVATIVE, 
>r.l, JEV, LU, N$JEV, 

tt\/Al-UE'' RJ 
"-REAl" X, XE, H, ri~IN, HMAX, DEL.TA, AETA, RETAs 
•• I N T t! G E R '' R , t .J , J E V , N S J f V , L U t 
"BOOLEAN" LINEARJ 
"ARRAY'' VJ 
"P~OCEOWRE" DERIVATIVE, JACOBI&~, our, 

G M S ! N T E G R A TE S T f 1 E S Y S T E ~ 0 F O l F F E R E f\l T I A L. E Q U A T I n t I S D V I D X • F C Y ) 
FROM X # XO TO X ~ XEJ 

Tt➔ t Hf.:4.\JI~4G or Tt1f:. F'ORM&\L PARAMETERS 1s, 
x: <VAR.lABLE>t 

THE lNDEPENDE~T VA~lAB~E Xr 
ENTRY: T•➔ E INITIAL VALUE OF Xt 

. EXIT I T t·4 E t t,J D v A. L tJ E OF X ; 
~ E I .. < A R I Tr➔ !1 E T I C f X P RE S S l O t'"! > J 

E~JTRV1 THE ENO VALlJf OF XJ 
R; <AQITH~ETIC EXPRESSION>; 

E. ~•.J T R Y S T i J E · J U ~, B E R O F D l F F" E R E !\} T I A L E Q U A T I n ~ I S J 
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• 
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• 

SECTION I 5 1 2.1.1.t.2,E 
• P4GE 2 

VI cA~RAY IDENTtFlER>J 
"ARRAY" YtlaRlt 
THE OEPEND!NT VARlA8LE1 
ENT~Yi THE INITtA~ VALUE OF Y1 
EXIT I THE SOLUTION Y AT THE POINT X AFTER EACH 

INTEGRATtON STEPJ 
cARlT~i~ETtC EXPRESSION»1 
E NT RY & THE STE F' LENGTH W f·t E N T ~ E I N TE GR A T I O ~-J HA S TO B ! 

• 

PERFORM!O WITMOUT THE STEPSIZE MECHANISM, OTHER• 
WISE THE INITIAL STEPLE~GTH (SEE TH£ PARAMETERS 
HMIN ANO ~~M4Xl J 

HMIN, ~MAX~ <ARITHMETIC EXPRESSION>J 
ENTRY1 MlNtMAL ANO f1AXl~A~ STEP~ENGTH BY WHlCH THE INT!• 

GRATlON IS ALLOWED TO BE PERFORMEDJ 
IS 
HMIN AND 
PERFORMED 

av PUTTING HMI~. HHAX THE STE~SIZE ~ECHANISM 
E~IMINATE01 IN THIS CASE THE GIVEN VA~UES FOR 
~MAX 4RE IRRELEVANT, WHILE THE INTEGRATION IS 
~ITi·t TrtE STE.PLENGTH GIVEN BY t-is 

DELTA; cARITH~tTlC E~PRESSION~J 
ENT RY I THE REAJ. PART o,r T Hf PO I NT AT W HI C l··i E XPON!NTI AL 

rITTING lS OES%RE01 
' 

(SEE METHOD AND PERFORMANCE); 
41.TERNATIVESI 
DE~TA • CAN ESTIMATE o,l THE REAL P4RT a, TH! ~ARGEST 
EIGENVA~UE IN MODULUS OF THE JACOBIAN MATRIX OF TH! 
SYSTEM, · . 

' 

DELT4 ~- •10••15, tN ORDER TO OBTAIN ASYMPTOTIC STABtL?TVJ 
DELTA• O, lfJ ORDER TO .OBTAIN 4 HIGHER ORDEA OF ACCURACY 
IN CAOE Or ~INEAR EQUATIO~SJ 

DERIVATIV£1 cPROCEDURE lDENT!FIER>J 
"PROCEDURE" oeRIVATlVECY)1 "ARRAY" v, 
cREPLACEM~NT OF THE l•Tti COM~ONENT OF THE SOLUTION Y BY 
THE t•TH COM~O~ENT OF THE OERIVATlVt F(YJ, 1 • 1,,,,, R>t 

JAC0Bl4~1 cPROCEDURt IOENTIFIER~t 
"PROCEDURE" JAC08IANCJ, Ylr "A~RAY" J, YJ 
WHEN IN GMS JACOBIAN 18 CALLED THE ARRAY Y CONTAINS 
THE VALUES OF THE DEPENDENT VARlABLEJ 
l. t P O \J C O ~1 P L E T I O \J OF A C A. LL. 0 F J • C O S I 4 N T H E A RR 4 V J S H O UL D 
C ON TA I ,., THE V A l. U ES OF TH! J AC O 9 % A N MA T R I X OF F C V ) J 

AETA, RETA1 <ARITHMETIC EXPR!SSlON>; 
ENTRY& MEASURE OF THE ABSOLUTE ANO RELATIVE LOCAL 

l,. 'J• '' .. 

ACCURACY REQUIREOJ 
THESE VAL LJES A ~E l RRELE: V 4N T ~! t'1 EN THE INTEGRATION l S PER• 
FOR~ED ~ITHOUT TME STEPSIZE MECHANISM, 
<VARIAE'""E>J 
EXIT' THE t,UMBER or lNTEG~ATION STEPS, 
<VA.RlABL.E>J 
e: X I T I T rl E r.J t .. J t ~ 8 E R O F J A C OB I A i .J E V A L U ~ T I O ~J S J 
<VA.~lABLE>J 
E X I r l T rl E ).J tJ ~1 8 E R O F '- t.. ,J • D E ' 0 ~' p a s I T I a ,., s J 

• 
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~SJ~VI <VARlAB~E>J 
ENTRY& NUMBER OF INTEGRATION STEPS PER 

JACOBIA~ !VA~UATlON1 
THE VALUE OF NSJEV IS ~ELEVANT ON~Y WHEN THE INTEGRATION 
1S PERFORMED ~ITHOUT THE STEPSIZE MECHANISM AND TtiE 
SYSTEM TO BE SOLVED IS NON•~IN!ARJ 

LINEARI cBOOLEAN EXPRESSION>t 
ENTRY& T~UE WHEN THE SYSTEM TO BE INTEGRATED IS LINEAR, 

OTHERWISE PAL,SEs 
IF LINEAR IS rquE THE STEPSIZE ~ECHANISM IS AUTOMATICALLY 
ELIMlNATEOJ 

OUT& ~PROCEDURE lDENTifIER>J 
"PRQCEOUR£ 8 our, 
cBV MEANS OF OUT ONt MAY PRINT THE VALUES OF THE RELEVANT 
PARAMETERS OCCU~RtN; I~ THE PARAMETERLISTJ OUT ?S CALLEO 
4rT£R EACH lNT[GRATION STEP>1 

• 

' 

DATA ANO RESULTSI SEE REF[Zl. 

' 

PROCEDURES USEDI 

VECVEC • CPl4010, 
MATV!C I CPJ40t1, 
MATMAT I CP34013, 
El.,MROW I CP34024, 
!L.MVEC I C.P34020, 
OUF'.,EC • CP310JO, -~ 
GSS,LM • CP34Z31, 
SOL.ELM I CP3.40E>1, 
COL.CST I CP31131, 
MUL.VEC I CP31020, 

RfQUIREO CENTRA~ ~EMORY; 

EXECLJTIO~ FIELD LENGTMI 8 * R + 3 • R * RJ 

• 

~UNNING Tl~◄ E1 

DEPENDS STPQ~1GLY O'J TM! DIFFERENTIAL EQUATION TO BE SOLVED, 

• 

LANGUAGEt 4~GOL 60 • 

• 
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TrlE PROCEDURE GHI DEICAJBEI AN IMPLEME~TATIDN OF A THIRD ORDER 
THREE•8TEP GENERALIZED LINEAR MULTIIT!P MfT~OD MITH QUAll•ZfRO 
PARASITIC ROOTS A~O OUASI•ADAPTIVE STABILITY FUNCTION, IN PART!• 
CULAR THE ALGOAITrlM IS DEVELOP!D FOR TWE JNT!GAATION OF STIFF 
IYST!~S OF ORDINARY n1,F!RENTIA~ EQUATIONS, THE PROCEDURE 8UPPLI!S 
THE AD01TlO~AL STAATINQ VALUEI ANO PER,DRHI A IT!PIJZE CONTROL 
WH?C~ IS SA8EO 0~ Tiff ~ON•LINEARITV Of' THE OIP'f'ERENT?AL !QUAT!ON. 
BY TM18 CO~T~OL THE JACOBIAN MATRIX IS INCIDENTALLY EVALUATED, lT 
IS POSSIBLE TO ELIMINATE THE STEPSIZE CONTROL, THE~, ONE HAS 
TO GIV! T~E ~,u~a!R o, t~TEGRATION STEPS'£~ JACOBIAN EVALUATION, 
,oR LI~EAR EQUATIONS THE STEP8IZ! CONT~OL IS AUTOMATICALLY ELIMlN• 
ATl:0, WrlILE THE PROCEDURE PERFORMS O~JE EVALUATION OF THE JAC08!AN 8 

MOREOVER, I~ THIS CASE THE THREE•STEP SCHEME 11 REDUCED TD A ONE• 
ST!P SCti!M£, THE P~OCEOURE USES Ot4E FU'!CTIO~~ EVALUATION PtR INTE• 
;RATIO~ ST!P ANO lT oots NOT REJECT INTEGRATION IT[PI. EACH CHANGE 
lN THE STEP~ENGTH OR !lCij REEVALUATION OF T~E JACOBIAN COSTS ONE 
LU•OECOMPOSITION. IT IS POSSIBLE TO FIT EXPONENTIALLY, TMlS 'IT• 
TING JS EQUIVALENT TO ,1TTING IN THE SENSE o, LJNlGER AND 
WILLOUGrl~Y, ONLY WMEN TM! JACOBIAN MATRIX IS EVALUATED AT EACH IN• 
TEGRATIO~ STEP. WHEr~ THE SYSTEM TC BE INTEGRAT!D IS NON•LlNEAR 
AND THE JACOBIAN MATRii IS NOT EVALUATED AT EACH I~TEG~ATION STEP, 
IT IS REC0"1~1E~IOED TO FIT AT INFitJlTY (DELTA Cl •10••151, 
DETAILS ARE GlYfN IN REFERENCE 2. 

Ill MQUWEN, P 0 J. VAN DER ANO V!RWER, J 9 i,, 
GE~ERALIZED Ll~EAR MULTISTEr ~ETHOOS 1, D!Y!LO~M!NT or ALGD• 
RIT~~S ~ITH ZtRO•PAR4SITIC ROOTS, 
REPORT NW 10/14, M4TMEHATISCH CENT~UM, AMSTERDAM 1914. 

[2l VERWER, J. G., 
GE~ERALIZED LI~EAR MIJLTIST!P ~ETHODS Z, NUMERICAL 
APPLtCATIO~S, REPOQT NW 12/14, ~AT~EMATISCH CENTRUM, 
AMSTERDAM, 1Q74. 

EXAMPLE OF USE1 

WE CONSIDER THE DIFFERENTIAL EQUATION 

DY1/0X • •1000 * Yl • CV1 + V2 •1,9qQ987>, 
OY2/0X ~ •2500 • Y2 • (Yt + va • Z), 

O'l TME 'l~TERVAL C0,501, WlT>i I',J!TIAL VALUt! Vl (0) : V2(0) a 1 • 
T t·i E REF ERE: "JC E SOL U T I O rJ A T ~ = r; o I S G I VE t\i 8 Y I 
Y1(50) • .s97oS469S8, 
V~(SO) I 1 no~~n3,•,)7·5 ·'- .· ..... s"'f· c;,.:.,liif -.·~ I 
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"8!GIN" 

• 

•PROCEOJRE" DER(Y)I •ARRAY• YJ 
~aE~I~• ~~EAL" Yt, YZJ 

VI 1 • Y [ 1 J I Y 2 I• Y C2 J r 
YtlJI• •1000 • Vt • CYl ♦ Y2 • 1a9t9•87)f 
YCZJI• •2500 * Y2 t (YI t V2 • il 

"£:'40" OfRt 

MPROCEOJAE" JAC(J, v,, MAARAY• J, v, 
•sEGIN• •REAL• Yl, v2, YII• VlllJ VZI ■ vtzJ, 

Jtl,lll• 1'99,987 • 1000 * (2 • ¥1 t VZ)I 
J tl,2l I• •1000 • Vl J 
JEl,IJ1• •Z500 * YZ1 
JtZ,ZJ11 Z!OO * (l •Vt• 2 * Vil 

"Et\10" JAC1 

•PROCEDURE" ourr, 
•1,• X • 50 "TM£NM 
•e!Gt~• "REAL' V!l, VEZJ 

vE11• .s,1,sa,,ee, vEa1• 1.4021aJ401s, 
OuTPUT(61, •c• 
•c•x • ~)", 2DZB, 
"(•~ • •)•, JZOa~, 
"("JfV • •J•, JZOiB, 
"("~U • "l", 3ZD, 2/, 
•(•Yt • •J•, +,130"+lDZ8, 
"(~REL. ERR.••>•, e2D"+2D, /, 
•c•v2 • •>•, +.11o~+a02s, 
•(•REL. ERR.• "l", .l0•+2D•)•, 
X, \J, JE V ., L l.J, Y t 1 J , ASS ( CY t l l • V! 1) / YE 1), 
V[ll, ABS((Vt2J • VEZ) / YE2l) 

"E"O.e OuTPJ 

•I~TEGER• ~, JEV, L~, •R!AL" XJ 
"ARRAY" Y tt 121 I 

MC 

•P~OCEOJRE" GHS(X, XE, ~, v, H, M~IN, H~AX, DELTA, 
DERIVATIVE, JACOSil~, AETA, RETA, N, 
JEV, LU, ~JIJEV, LI~EAR, OUT)r "CODE" 33111J 

G ~, S ( X , 5 0 , 2 , Y, , 0 l , • lJ O 1 , • S , • •• 1 5, 
OER, JAC, .,•S, "•S, N1 JEV, 
LJ, O, "'ALSE•, OUTP) 

12 

Yl • +.SQ7~5;7qseoo4" ♦ 00 REL. EQ~. • .l&"•Ob 
Y2 c t 4 14023GJ31n8t3"+01 ~ELe £A~• s •bq"•J1 
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SOURCE TEXTI 

"CODE" 331911 
"P~OCEDURE" GMS(X, XE, R, Y, M, ~iMlN, H~AX, DELTA, DERIVATIVE, 

JACOBIAN, AETA, RETA, ~, JEV, LU, NSJEV, 
LINEAR, OUTla 

"VALUE" Rt 
"RE AL " X , XE, H, HM I tJ, H-M AX , 0 EL TA , A ET A , RETA J 
"INTEGE~" R, N, JEV, NSJEV, LUI 
"800~EAN" LI~EA~J 
"ARRAY" Yt 
"PROCEDURE" DERIVATIVE, JACOBIAN, our, 
"BEGlN" 

"INTEGER" I, J, K, L, ~~SJEV1, COUNT, COU~Tl, KCHANGEJ 
"REAL," A, Al, ALF"A, E, s1, 82, Z1, io, xi.o, XL1, 
XLZ, ETA, tiO, Ii!, Q, Q1, Q2, 012, Q2Z, Q1'12, DISCRJ 
"800~EAN'' UPDATE, CHANGE, REEVAL, STRATEGYJ 
"INTEGER" "ARRAY'• RI, CI t11RJ 1 · 
~ARqAY• ~uxt1111, a01, aozt111,113l, v1, 
YOtl1RJ, HJAC, HiJACZ, RQZt11R,1i~J, YL, FLt11J * RJJ 

"REA~" "~ROCEDURE" V!CVECCL, U, SHI,T, A, Bl1 
•REA~" "PROCEDURE" MATV!C(~, U, 1, A, S)J 
"REA~" "~ROCEOURE" MATMATCL, u, I, J, A, 8)1 
"~ROCEOURE~ ELMROW(L, U, I, J, A, B, X)t 
"PROCEDURE" ELMVECCL, U, SHIFT,· A, 8, X)J 
''~ROCEDURE" OUPVECC~, U, SHIFT, A, B)1 
"PROCEDURE" GSSELMC4, N, AUX, RI, CI)s 
"PR0CE0U~E" SO~ELM(A, N, RI, Cl, B)J 
"PROC!OURE" COLCST(L, U, J, A, Xl1 
"PROCEOiJRE" MULVECCL, u, 8ti!rT, A, a, X)s 

"CODE" 340101 
"CODf" 340111 
"CODE" l4013J 
''CODE" 34024 J 
''CODE" 340201 
''CODE" l1030J 
••coot" 34z31, 
''CODE" 34061 I 
'' C 00 e:" l 1131 1 
"CODE" 31020; 

' 

"PROCEDURE" INlT1ALIZATI0~1 
"8EG1N" LUa, JEV11 ~ •• N5JEV1i• KCHANGEJ• o, Xo1= x, DlSCR~• o, 

K l 11 J H t ; • H O t • tci I C OU f~ T I , • 2 J 4 U X t 2 J I • 91 • 1 4 I A U X t 4 l I 21 8 J 
OUPVEC(t, R, O, YL, Y)J REEVAL a CHA~GE1• ~TRUE"1 
S T R A TE G V 1 • H ~·1 I ~J • • H ~,·1 A X ,, A NO ft ~ I N E A R J Q 1 I • • 1 J Q 2 I • • 2 1 
COUNT11a O; XL01a XL11~ XLZc= 0 

"!ND" INITIALIZATIO~,, "COHMtNT" 



"PROCEDURE" COEFFICIENT, 
"BEGIN" XL21: XLlJ X~ll• XLOJ XLOI• XOJ 

'' I F '' C M A N G E '' T H E N '' 
" B E G I N " 1' I F '' N > 2 '' T H E N '' 

'' B E G I t~ " Q 1 I s C X L 1 • X L O ) / "'4 1 t 
Q21a CXLZ • XLO) / H1 

''END'' f 
Q121= Qt • QlJ Q221• Q2 • Q2J Q1Q2a• Q1 • Q2J 
A1: •Cl* ALFA+ 1) / 12J 
e01 tt,3J 1= 1 + c1 1 3 • CQ1 + Q2) * .s> 1 Qta2, 
801 C2,3J 1• C1 / 3 • Q2 • ,5) I CQ12 • Q1Q2), 
801 t:S,ll 1• (1 / 3 • Qt • ,5) I (Q22 • Q1Q2) J 
B02tl,lll• •ALFA* ,5 +A• (1 1111 Ql • Q2) / Q1Q2J 
B02[2,lll• A* (1 • Q2) I (Q12 • Q1Q2)J 
802 [l,3] Ill A * C 1 • Q1) / (Q22 • Q1Q2) J 
"IF'' STRATEGY "OR" N ca 2 ''THEN'' 
"BEGIN" B01 C2,2J 1• 1 / (2 • Qt) I 

801[1,211a 1 • 801 t2,2], 
BD2t2,Zl1• •(3 •ALFA+ 1) / (12 * Q1)1 
802 t1 ,2l 1• •802 t2,2J • AL.FA • ,5 

''ENO" 
''END'' 

"ENO" COEFFICIENTs 
• 

"PROCEDURE'' OPERATOR CONSTRUCTIONr 
PBEGIN'' ''IF" REEVAL ''THEN" 

"BEGIN" JACOBIAN(HJAC, V), 
JEV1s JEV + 1J NSJEV11• OJ 
''IF" DELTA<• •''15 "THEN'' ALFAI• 1 / 3 "ELSE'' 
''BEGIN" Z11• H1 * DELTAJ 

Al: Zl * Z1 + 121 A11• & • z1, 
" I F" '' A B S C Z l ) c , 1 '' T H E N " 
A L F A I • ( Z 1 * Z 1 / 1 iJ O • 1 ) • Z 1 / l O '' E L S E '' 
"IF'' Zl < •l3 ''THEN'' 
ALFAI• (-+Al) / (3 • Zl • (2 + Zll) ''ELSE'' 
••BEGIN" Ea• EXP(Zl)J ALFA1• (CA• Al) * 

E •A• Al) / CCC2 • Zl) • E • 2 • Z1) * 
Z 1 • 3) 

"END" 
''ENO" s 
Slaa •(1 ♦ ALFA) * .Sr S21:1 (AL.F• • 3 + ll / 12 
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~== H1 / Ho, A11= A* Ar 
'' l F '' R E E V A L '' T H E N '' A I a H 1 J 
"IF" A•: 1 "THEN'' 
" F O R " J I z 1 '' S T E P '' 1 " U N T I L '' R '' D O " 
COLCSTC1, R, J, HJAC, A)r 
'' F O R '' I I a 1 •• S T E P '' 1 " U N T I L '' R '' 0 0 " 
" B E G I N " '' F O R " J I c 1 " S T E P " 1 '' U N T I L '' R " 0 0 '' 

'' 8 E G I N " Q I a H 2 J A C 2 t I , J J I • '' I F '' R E E V A L '' T HE N '' 
MATMATC1, R, t, J, HJAC, HJAC) 
''ELSE'' HZJAC2[I,JJ * Alt 
RQZtI,J]ga S2 * Q 

''ENO'' J 
RQZCI,Il 1• RQZCI,Il t 1J 
ELMROW(1, R, I, I, RQZ, HJlC, 51) 

t, END'' J 

GSSELM(RQZ, R, AUX, RI, CI)s I.UI• L.U + ts 
REEVAL1• UPOATE1• ''FALSE" 

''ENO'' OPERATOR CONSTRUCTION, 
• 

''PROCEDURE•• DIFFERENCE SCHEMEt 
"BEGIN" "IF" COUNT ~a 1 "THEN" 

"BEGIN" DUPVECC1, R, O, FL, YL), 
OERIVATIVE(FL)J NI• N + 1J NSJEV11: NSJEV1 + 1 

••ENO" s . 
MULVECC1, R, O, VO, VL, (1 • ALFA) / 2 • B01 [1,K]); 
'' F O R ., L z • 2 fl S T E P '' 1 '' U N T I L, '' J< ,, D O " 
ELMVECC1, R, R * CL • 1), YO, YL, •B01 [L,Kl )J 
"FOR" Lia 1 "STEP'' l "UNTIL'' K ''00" 
ELMVECCt, R, R *CL• 1), YO, FL, H1 • B02tL,Kllr 
''FOR" Ila 1 "STEP'' 1 "UNTIL'' R "DO" 
VtIJ I• MATVEC(1, R, I, t-tJAC, YO), 
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MUL,VECC1, R, 0 1 YO, YL, (1 • 3 * A\L,,FA) I 12 • 8D2[1,Kl)J 
'' F O R '' L. I • 2 '' S T E P '' 1 " U N T I L '' K " D O " 
ELMVEC(1 1 R, R * (L • 1), VO, YL, •B02tL,t<J) s 
'' F O R •• I I a 1 " S T E P '' 1 " U N T I L '' R " D O " 
Y [ll 11: V [IJ ♦ MATVEC ( 1, R, I, H2JAC2, YO) J 
OUPVEC(1, R, 0 1 YO, VL)t 
''FOR" LI• 1 "STEP" 1 "UNTIL'' K ••oo~ 
ELMVEC(t, R, R * CL • 1), YO, Fl., Hl • 801 CL,Kl) r 
ELMVECCl, R, 0 1 Y, YO, t)J SOLELM(RQZ, R, RI, CI, Y) 

"END" DIFFERENCE SCHEMEJ 

"PROCEDURE" NEXT INTEGRATION STEP, 
"BEGlN" ''FOR 9• LI• 2, t "00" 

"BEGIN" OUPVECCL * R + 1, CL+ 1) • R, •R, YL, YL)J 
OUPVEC(L • R ♦ 1, CL+ 1) • R, •R, FL, FL) 

''ENO'' J 
DUPVEC(l, R, o, YL, Y) 

''END•• NEXT INTEGRATION STEPr "COMMENT'' 



''PROCEDURE•• TEST ACCURACY, 
'' B E G I N " K I = 2 I 

DUPVEC(l, R, O, Vt, Y)J DIFFERENCE SCHEMEJ t<zx 3; 
ETA1: AETA + RET~ * SQRT(VECVECC1, R, 0, V1, Yl))J 
ELMVEC(1, R, O, V, Y1, •l)J 
DISCR1z SQRTCVECVECC1, R, O, Y, V))I 
0 UP VE C C 1 , R, 0, V, V 1) 

'' E N O '' T E S T A C C U R A C Y s 

"PROCEDURE" STEPSIZEJ 
"BEGIN" X01: Xr ►i01: Hlr 

'' I F '' N c : 2 '' A N O '' • L I N E A R '' T H E N '' K : • K + 1 I 
"IF'' COUNT: 1 ''THEN'' 
''BEGIN'' A:s ETA/ C.75 • (ETA+ OISCR)) ♦ .33J 

H 1 I • '' l F " A < I: I 9 ti O R ,, A > X 1 • l '1 T HE N ,, A * H 0 
''ELSE" Ho, COUNTa: o, 
REEVAL;c A<= ,9 ''AND'' NSJEVl •• lJ 
C O U N T 1 : • '' I F '' A > = 1 '' 0 R •• R E E V A L " T H E N '' O '' E L S E " 
C O U N T 1 + 1 J '' I F '' C O U N T 1 • 1 0 '' T H E N •t 
" B E G I N " C OU N T 1 I • 0 J RE E V A L a s '' T R U E '' J 

Mt1: A* HO 
''END•• 

'' E N D '' '' E L S E '' 
'' B E G I N " H 1 : : H J R E E V A L I s N S J E V :; N S J E V 1 '' A N D '' 

·srRATEGY "ANO" ~LINEAR 
"ENO'' J 
'' I F '' S T R A T E G V '' T H E N '' H 1 I • '' I F '' 1-f 1 > H M A X 
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'' T H E N '' H M A X '' E L S E •• '' I F '' H 1 c t-1 M I N " T H E N '' H M I N '' E L S E '' H 1 J 
X I • X + ~ 1 J " I F '' X > a X E " T H E N '' 
'' B E G I N '' H 1 I • )( E • X O J X I a X E '1 E N O '' J 
" I F '' N c s 2 '' A N D '' • t. I N E A R '' T H E N '' ~ E E V A L I : •• T R U E •• r 
'~ I F '' H 1 • a H O " T H E N '' 
'
1 B E G I N " UP D A T E I a •• T R U E " t K C H A N G E 1 • 3 '' E "4 0 '' J 

1•IF'1 REEVAL "THEN" UPOATE1: "TRUE"r 
CHANGE1a KCHANGE ~ 0 "ANO" •LINEARJ 
KCHANGE1s KCH•NGE • 1 

"EN0•1 STEPSIZEJ 

INITIALIZATIONJ our, XI• X + H1s 
OPERATOR CONSTRUCTIONJ 
8D 1 [ l , 1 J Cc 1 J BO 2 t 1 , 1 l I• •ALF A • , 5 r 
" I F '' .,. L I NE A R •• T H E N " C O E F F I C I E N T , 

NEXT STEP1 DIFFERENCE SCHEMEJ 
''IF'' STRATEGV "THEN'' COUNTS• COUNT+ 11 
" I F '' C O U NT : 1 '' T H E N '' T E S T A C C UR A C Y J 
0 U T J " I F •• X > :: X E " T HE N '' '' GO TO •• E N O J 
STEPSIZE; ''IF'' UPDATE ••THEN'' OPERATOR CONSTRUCTIONJ 
'' I F '' • L I N E A R " T H E N " C O E F F I C I E N T , 
NEXT INTEGRATION STEPt ''GOTO'' NEXT STEPs 

ENOI 
''ENO" GMSs 

"EOP'' 
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CONTRIBUTOR: K.OEKKER. 

INSTITUTE: MATHEMATICAL :iNTRE. 

BRIEF DESCRIPTIONS 

IMPEX SOLV~S AN INITIAL VALUE PROBLEM,GIVEN AS AN AUTONOMOUS SYSTEH 
OF FIRST ORDER DIFFERENTIAL EQUATIO~S, BY MEANS OF THE IMPLICIT 
MIDPOINT RULE WITH SMOOTHING ANO EXTRAPOLATION. 
AUTOMATIC STEPSIZE CONTROL IS PROVIDED. 
IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF STIFF 
DIFF~RLNTIAL EQUATIONS. 

KEYWORDS I 

DIFFERENTIAL EQUATIONS, 
INITIAL VALUE PROBLEMS, 
STIFF EQ.UATIONS, 
IMPLICIT MIDPOINT RULE, 
SMOOTHING, 
EXTRAPOLATION. 

CALLING SEQUENCEI 

THE HEADING OF THE PROCEDURE IHPEX READS& 
••PROC£:.DURE•• IMPEX (N, TO, TEND, YO, OERIV, AVAILABLE, HO, HMAX, 

PRESCH, EPS, WEIGHTS, UPDATE, FAIL, CONTROL); 
••vALJE•• N; 
... INTEGER'• N; 
••REAL•• TO,TENQ9HO,HMAX.EPS; 
··soOLE.AN 1

• PRESCH,FAIL; 
••ARRAY'' YO, WEIGHTS; 
··sooL EAN •• ••p ROC ED URE'· AVAILABLE; 
'*PROC EDURE 0

• OERI V "U POAT E, CONTROL; 

• 

IMPEXI INTEGRATES THE SYSTEH OF DIFFERENTIAL EQUATIONS , GIVEN AS 
OY/OT=F<T,Y>, FROM TO UNTIL TENO. 

THE MEANING OF THE FORMAL PARAMETERS ISi 
.NI <ARITHMETIC EXPRESSION>; 

THE NUHBER OF EQUATIONS; 
TOI <ARITHMETIC EXPRESSION>; 

THE INITIAL VALUE OF THE INDEPENDENT VARIABLE; 
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<ARITHMETIC EXPRESSION>; 
THE FINAL VALUE OF THE INDEP~NOENT VARIABLE; 
<AR~AY IDENTIFIER>; 
•~ R EA L •• •• A RR A Y •• Y D C 1 I N l ; 
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ENTRYI THE INITIAL VALUES JF 
FQUATIONS& YO[Il AT T=TO; 

THE SYSTEM OF DIFFERENTIAL 

DERIVI <PROCEDURE•• IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READS& 
111 PR.DCEOURE•• DERIV(T ,Y,F,N); 
··INTEGER·· N; ··REAL·· r; ··A~RAv·· Y,F; 
THIS PROCEOURt SHOULD DELIVER THE VALUE OF FIT,Y) IN THE 
ARRAY F(11NJ; 

AVAILABLE: <PROCEDURE IDENTIFIER>; 

HO I 

HMAXI 

THE HE~OING OF THIS PROCEDURE REAOSI 
'"BOOLEAN•• ••PROCEDURE'• A\IAILABLE(J9Y,A,N>; 
··rNTEGER·· N; ··REAL" r; ··A~RAY .. Y,A; 
IF AN ANALYTIC EXPRESSION ~F THE JACOBIAN HATRIX AT THE 
POINT (T,Y> IS NOT AVAILABLE, THIS PROCEDURE SHOULD DELIVER 
THE VALUE "FALSE••; 
OTHERWISE THE PRJCEOJRE 
ANO THE JACOBIA~ MATRIX 

SHOULD DELIV::R THE VALUE ••TRUE'•, 

A[ilN1t1SN]; 
<ARITHMETIC EXPRESSION>; 
THE INITIAL STEPSIZE; 
<ARITHMETIC EXPRESSION>; 
HAXIHAL STEPSIZE BY WHI~H 

S~OULO BE ASSIGNED TO THE ARRAY 

THE INTEGRATION IS PERFORMED; 
PRESCHI <BOOLEAN EXPRESSION>; 

EPS& 

INDICATOR FOR CHOICE OF STEPSIZE; 
THE STEPSIZE IS AUTOMATICALLY CONTROLLED IF P~ESCH="FALSE•; 
OTHERWISE THE STEPSIZE HAS TO BE PRESCRIBED, EITHER ONLY 
INITIALLY OR ALSO BY THE PROCEDURE CONTROL; 
<ARITHMETIC EXPRESSION>; 
BOUND FOR THE ESTIMATE OF THE LOCAL ERROR; 

WEIG~TS& <ARRAY IDENTIFIER>; 
••~EAL•• ••ARRAY'• WEIGHTS(11~J; 
HEIGHTS FOR THE C~MPUTATION 
OF THE ERRORS; 
ENTRY! INITIAL HEIGHTS; 

JF THE WEIGHTED ~UCLIOEAN NORM 

NOTE THAT THE CHJICE WEIGHTSCIJ = 1 IMPLIES AN ESTIMATION 
OF THE ABSOLUTE ERROR, WHEREAS WEIGTHS[IJ = Y[Il DEFINES A 
RELATIVE ERROR; 

UPOATEI <PROCEDURE IDENTIFIER>; 
T~E HEADING OF THIS PROCEDURE REAOSI 
••p~oCEDURE•• UPOATE<WEIGHTS,Y2,N); 
··1NTEGER1

• N; ··ARRAY"' HEI~~Ts,v2; 
THIS PROCEDURE MAY CHANGE THE ARRAY WEIGHTS, ACCORDING TO 
THE VALUE OF AN APPROXIMATION FOR Y(T) , GIVEN IN THE ARRAY 
Y2(11Nl; 
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FAILa <BOOLEAN EXPRESSION>; 
EXIT I 
IF THE PROCEDURE FAILS TO SOLVE THE SYSTEM OF EQUATIONS, 
FAIL WILL HAVE THE VALUE ··rRuE·· UPON EXIT; 
THIS MAY OCCUR UPON DIVERGENCE OF THE ITERATION P~OCESS, 
USED IN THE MIDPOINT ~ULE, WHILE INTEG~ATION IS PE~FORHED 
WITH A USER DEFINED PRESC~IBEO STEPSIZE; 

GONT~OLa <PROCEDURE IDENTIFIE<>; 
THE HEADING OF THIS P~OCEDURE REAOSI 
'

0 PROCEDURE 0
• CONTROL(TPRINT,T,H,ri~EW,Y,ERRJR,N>; 

••INTEGER•• N; ••REAL'• TPRINT,T,H,HNEW; 111 ARRAY 1
• Y,ERROR; 

CONTROL IS CALLEO ON ENTRY OF IMPEX, ANO FURTHER AS SOON AS 
THE INEQUALITY TPRINT <= T HOLDS; 
DURING A CALL OF CONTROL PRINTING OF RESULTS ANO 
CHANGE OF STEPSIZE CIF PRESCH = ••TRUE'•) IS THEN POSSIBLE; 
THE MEANING OF THE FORMAL PA<AHETERS ISi 
TPRINTI <VARIABLE>; 

ENTRYI THE VALUE OF THE INDEPENDENT ~ARIABLE AT 
WHICH A CALL JF CONTROL WAS DESIRED; 

EXITI A NE'4 \/ALU:: (TPRI~T>T) AT WHICH A CALL OF 
CONTROL IS DESIRED; 

Ti <VARIABLE>; 
THE ACTUAL VALUE OF THE INDEPENDENT VARIABLE, UP TO 
WHICH INTEGRATION HAS BEEN PERFORHEO; 

HI <VARIABLE>; 
HALVE THE ACTUAL STEPSIZE; 

HNEWI <~ARIABLE>; 
THE NEW STEPSIZE; 
IF PRESCH= 10 TRUE 1111

, THEN THE USER HAY PRESCRIBE A NEW 
STEPSIZE BY CHANGING HNEW; 

Y& <ARRAY IDENTIFIE~>; 
••REAL•• ••ARRA y•• Y C 1 I 5, 11 N l ; 
THE VALUE OF THE OEPENDE~T VARIABLE ANO ITS FIRST 
FOUR DIVIDED DIFFERENCES AT THE POINT T ARE GIVEN 
IN THIS ARRAY; 

ERRORI <ARRAY IDENTIFIER>; 
11•REAL 11

• ••ARRAY•• ERRORC183J; 
THE ELEMENTS OF THIS ARRAY CONTAIN THE FOLLOWING 
ERRORS I 
ERROR{1ll THE LOCAL E<ROR; 
ERROR(2ll THE GLOBAL ERROR OF SECOND ORDER IN H; 
ERROR(3JI THE GLOBAL ERROR OF FOURTH ORDER IN H; 

~' <~ARIABLE>; 
THE NUMBER OF EQUATIONS; 

EXAMPLE OF USES SEE EX~HPLE o= USE OF THE PROCEDURE IHPEK; 

DATA ANO RESULTSI 
FOR DATA, SEE REFC1J. 
THE RESULTS OF THE INTEGRATION ARE ATTAINABLE THROUGH THE PROCEDURE 
CONTROL, WHICH IS CALLED AT SPECIFIED, USER DEFINED, VALUES OF THE 
INDEPENDENT VARIABLE• IN PARTICULAR, THE VALUES OF THE DEPENDENT 
VARIABLE AT THE ENDPOINT OF INTEGRATION ARE OBTAINEl BY A CALL OF 
CONTROL WITH TPRINT TEND. 
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PROCEDURES USE.Qt 

INIVEC - CP31010, -
INIHAT - CP 31011, -
HULVEC - C P 310 2 0, -
MLJ LRO W - CP 31021, -
D 1JPVEC - CP 3103 0, -
OUPR3WVE.C= CP31032, 
OUPHAT - CP31035, -
VECVEC - CP 3l+ 010, -
MATVEC - CP34011" -
M~TMt\T - CP 34013, -
ELHVEG - CP 34020, -
::LMROW - CP 31+024, -
DEC - CP3Lt300, -
SOL - CP34051. -

REQUlREC CE~TRAL MEMORYI 

EXECUTION FIELD LENGTH& CIRCA N " ( 23 + 2 • N > <DECIMAL>• 

RUNNING TIMEI OEPENOS STRON~LY ON TiE DIFFE~ENTIAL EQUATION TO SOLVE. 

LANGUAGEI ALGOL 60. 

HETHOO AND PE~FJRHANCE& 

THE INTEGRATION METHOD (REFC1l) IS BASED ON THE COMPJTATION OF TWO 
INDEPENDENT SOLUTIONS Y(T,H) ANO Y(T,H/2) BY THE IMPLICIT HIOP~INT 
RUL~. PASSIVE SMOOTHING AND PASSIVE EXTRAPOLATION IS PERFO~MEO TO 
OBTAIN STABILITY AND HIGH ACCURACY• THE ALGORITHM USES FOR EACH 
STEP AT LEAST THREE FUNCTION EVALUATIONS, AND ON CHANGE OF STEPSIZE 
OR AT SLOW CONVERGENCE IN THE ITE~ATION PROCESS AN APPROXIMATION OF 
THE JACOBIAN MATRIX (COHPUTEO BY DIVIDED DIFFERENCES OR EXPLICITLY 
SPECIFIED BY THE USER> • IF THE COMPUTED LOCAL ERROR EXCEEDS THE 
TOLERANCE, THE LAST STEP IS REJECTED. HOREOWER, TWO GLOBAL ERRORS 
ARE :oHPUTEO. 

REFERENCES: 

Cil. B.LINOBERG. 

• 

INPEX 2 y A PROCEDURE FOR THE SOLUTION OF SYSTEHS OF STIFF 
DIFFERENTIAL EQUATIONS. 
ROYAL INSTITUTE OF TECHNOLOGY.STOCKHOLM. TRITA-NA-7303 (1973) • 

C2l. <TO APPEAR) 
.. CO:LLOQU.IVH STIFF DIFFERENTIAL ElUATIONS 3 COUTCH)• 

M.C. SYLLABUS 15~3 (1974), HATHEKATICAL CENTRE. 
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EXAMPLE OF JSEI 
CON5IDE~ TH~ AUTONOHlUS SYSTEH OF OIFFERNETIAL EQUATIONS& 
DY[1l/OX = .2 • C V(ZJ - Y[1J ), 
DY[2J/DX = 10 • Y(1] - I &O d~ Y(lJ/8 I • Y[2] + Y[3l/8, 
O't(3l/OX = 1, 
WITH INITIAL CONDITIONS AT X•O I Y(1l=Yt2JzYt3l=D (SEE REFC2ll. 
THE SOLUTIOtJ AT SEVERAL POINTS IN THE INTER\IAL ( 0, r+OO J HAY BE 
OBTAINE~ av THE FOLLOWING P~OGRAHI 
CTH~ SOLUTION AT X=~OO ISi Y(1l=22e24222011, Y[2l=27.11071335) 

"BEGIN•• "IhTEGEk" N,NFE,NJE,POINT; 
··REAL•' r ri"""'No EPS HHAV L HZ TlHE~ ,·~ ,. t..· , ... , .. ····"'' t· , .··' 

••ARRAv•• Y,SH(1t3l,PRINT(115]; 
$ll800L EAN'~ FAl L; 
"PROCEDURE•• I HPEX (N, TO, TENO, YO, DE RIV t AVAIL, HO, HH-A X, PRE SCH, E PS, 
HElGHTS,UPDATE,FAIL,CONTROLll ~·coOE" 33135; 

••PROCfOURE•• LIPESTCL,Y,EPS,T,F,N); 
uREAL. •• T, LI t.PS; "ARRAY•• V; •INTEGER"~ N; •rt PROCEDURE•• F; 
••eE.GINa-• •·•REAL'11 N1,N2; "i!INTEGE~•• I,IT; "AR.flAY .. F1,F2,Z,X(11NJ; 

"PROCEDURE" OUPVEC(L,U,SHIFT,A,B)I NCOOEM 31030; 
I$ k.lA L •• ··PROCEDURE~· VECV EC (L, U, SHIFT, A, B); ·cooE·· 3 40 10; 
"PROCEDURE• ELNVEC«L,U,SHIFT,A,B,X); "CODE" 34020; 
··RE.AL •• 11 PROCEOURE 11

• NOR.H ( Y); ·ARRAYN y; 
NO~H&=SQRT(VEC~ECll,N,O,Y,Y>)I 
DUPVECC1,N,O.Z,YJI 
"FOR" 11=1 ··STEP" 1 "UNTILM N "OJ" 
XCIJ1=~'IF" YCIJ=D "THEN" EPS "ELSE" (1+EPS)•Ytlll 
N1:=NORHCXl•EPS; FCT,X,F1,NJI 
"FOR.. I T I = 1 [t,8 ST E p •• 1 "UN TI L" 5 •• tl O -· 
"BEGIN" FCT,Z,F2,N); 

ELHVECC1,N.D,F2,F1,~1J; 
NZ I =N1/NORH (F2); 
DUPVECl1,N901Z,X>; ELHVECC1,N,07Z,F2,N2i 

··t.~o··; 
F(T,Z,F2.N); 
ELMVECC1,N,09F2,F1,-1); 
Ll=NO~H(F2)/N1 

•• £ ti o •• L I P E S T ; 
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11 PR.OCEOURE 1
• UPOATE(SH,R1,Mt; "INTEGEt" N; ··ARRAY" sw,~1; 

••sEGI t◄•• ,Di~~EAL •• S.1, S2; ••INTEGE~" I; 
••FOR"'1 11=1 '"STEP" 1 '"'UNTIL•• N "D~•• 
wetGIN" 511=1/SWCIJ; S21=ABSll1(IJ); 

•• I F 11 
• S 1 < S 2 •• THEN M S W [ I l I : 1 / S Z 

eat:. "10 N 

••c: N' D· •·• • '- t 

"PROG f.uU R.E 1
' CONTROL ( TP, T, H, HNEW I Y t ER~, NJ ; 

'"RE.AL·· lP,T,H,HNEw; NARRAv· Y,ERR; "INTEGER-- N; 
••a lGI N11

• •$I NTE GER• I; 
"ARRAY" CC315J.XC11NJ; 
"REALM s.s29s3,s4,c1; 
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NEXTI Sl=(T~TP)/H; 
S2J=S•s; S31=S2*SI S~l=S3•SI 
CCJJl=(S2-S)/2; 
C[4ll=•S3/6+S2/2-S/3; 
ccs11=s~,2~-s314+11•s212,~s14; 
·Fa~" Ia=1 "STEPM 1 •uNTIL" N "DJM 
X(Ilt=Yl1,IJ-S•YC2,Il+C[3J•Yt3,IJ+CC4J•Yt~,Il+CC5J•YC5,IJ; 
OUTPUTC61,"("3ZD.202B,D.O• 02B.21+0.80" 0 •028),2(4ZDl,3Z0.20, 

/M)",TP,ERR(3J,X[iJ,X(2l,NFE,NJE,CLOCK-TIHE); 
"IF" TP<TENO MTHEN·· 
MBEGIN" POINT&=POINT+1; TPC=PRINT(POINTJ; 

·1F·· TP<=T NTHEN· ·,oro" NEXT 
"END"• 

''Ettu" CONTROL; 

N1-3; NJE1=NF£1-o; 11=0; TEN01-400; EPsa=" 1
•

1>5; HMAx1=400; 
Yl1Jl:Y[2ll=Y(3Jt:Q; SW[1Jl=SWC2Jl=SWC3l1=1; 
PRINT.(ila=.1; PRINTCZJl::1; PRINTC3Jl=10; PRINT(t+Jt-100; 
PR I ~ir c·· s 1 • - ,,, ·o o • • ..... , . ., ·. . . ·.·· J ........... ·.·. t 

LIP~STlL,Y,"•5,T,F,Nt; 
H21=CEPS•320t••t1/5t/(~•L>; 
OUTPUT(&1,"l""l"EPS=">",0.2D•-o,/,"(MINTERVAL OF INTEGRATION=(")", 
3ZD,"(",•>",3ZO,"C•>">",/,•("HAXIHALLY ALLOWED STEPSIZE="J•, 
0.20•-0,/l")",EPS,T,TENO,HHAX); 
OUTPUTC61."(""t•LIPSCHCONSTz"J•,eo.3D"+O•l,"C•srARTING STEPSIZE•)• 

.•t"="l",B0.20•+o,/,"("FUNCTIONAL EVAL=•>",4ZO,//")",L,H2,NFE); 
JIHc.t=CLOCK; 
OUTPUT(61,"(Mff(M X ERROR Y[1l Y(2J")" 
H(M NFE NJE JIHE•)M,/M)")J 
IMPEXCN,T,TEND,Y1F•AVAILABLE.H2,HMAX,•FALSE",EPS.SM.UPDATE,FAIL, 
COHlR'OLt; · 
OUTPUTC6t,•c•1•1•NO DF FUNCTIONAL EVALUATIONS= M)",3Zl,/, 
.- f "'NO OF JACO SEAN EVALU.AT IONS= •J; ",3ZO, ,,. I ",NFE, NJ·E) 

.:-e,·. ,- .,I,, . 0 .... ,., -· -, -,- J 't :,P''l!lt . . . ' . 
' • ' ._ . ! ' . 

. ·_" '\ .. - .. 
C • ' • • ' '• • 



• 

1-st REVISION, 1975 

• 

<OCTOBER 1975) 

THIS PROGRAM OELIVERSI 

EPS=1. oo··-s 
INT~RVAL OF INTEGRATION=( 0, 400) 
MA XIHA LL Y AL LO WE □ STEPS I ZE = 4. 0 o •• 2 

LIPSCHCONST= 6.003••+1 
STAR.Tit~G STEPSIZE= 1.32••-3 
FUNCTIONAL EVAL= 7 

X 
o.oo 
0.10 
1.00 

10.00 
100.00 
400.00 

E~R)R 
0 • 0 •• 0 
6.3••-7 
1.s··-0 
B.1••-7 
1. 3 ··- 5 
1.t+"-5 

YC1l 
+ 0 • 0 0 0 0 0 0 0 0 •• 0 
+1. 49&1Lt151 '·-& 
+1.910418871•-4 
+1. 301476&3'0 -2 
+3.06302487---1 
+2.2240654611 1 

Y[2l 
+0.00000000 .. 0 
+1. 7 4013792 1•-4 
♦ 2 • 08 361269°•-3 
+2.34487800'0 -2 
+3.27552180 1·-1 
+2.71090507 .. 1 

NO OF FUNCTIONAL EVALUATIONS= 556 
NO JF JACOBEAN EVALUATIONS= 30 

• 

NFE NJE 
7 0 

46 4 
85 8 

119 9 
225 13 
556 30 

MC 
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TIME 
0.01 
D.72 
1.48 
1.99 
3.Lt7 
7.51 



• 

1-st REVISION, 1975 

• 

• 

<OCTOBER 1975) 

SOURCE TEXT<S>: 

•• C O D E •• 3 3 13 5 ; 
••PROCEOURt.:•• IMPEX (N, TO, TEND, YO, OE:RI\I, A\IAILABLE, HO, HHAX, 

PRESCH, EPS, WEIGHTS, UPDATE, FAIL, CONTROL); 
··vALuE·· N· 

' •• r ti T E G E R •• N ; 
••REAL•• TO,TEND,HO,HMAX,EPS; 
··sooLEAN 111 PRESCH,FAIL; 
.. ARRAv·· vo,wEIGHTS; 
111 BOOLEAN 1

• ··PROGEOURE·· AVAILABLE; 
••PROCEDURE•• OE RIV, UP OAT E, CONTROL; 
••BE G I N •• •• I N T £ G E R •• I , K , E CI ; 

••REAL•• T , T 1, T 2, T 3, T P, H, H2, H NEW, ALF t L Q; 
1"ARRAY 11 Y,Z,S1,S2,S3,U1,U3,W1,W2,W3,EHRC11Nl,R,RFC1&5,11NJ, 

ERRC113l,A1,A2l11N,11Nl; 
•• I tJ TE GER•• ••AR RAY•• PS 1 , PS 2 C 11 NJ ; 
··aooLEAN'· START ,TWO,HALV; 
··PROCEDJRE·· INIVEC<L,u,A,x>; .. cooE·· 31010; 
••pkQCEOURE'· INIMAT(LR,UR,LC,UC,A,X); ··cooE·· 31011; 
··PROCEOURE 11 MULVECCL,U,SHIFT,A,B,X); ··cooE·· 31020; 
••PROCEOURE. 111 HULROW(L,U,1,J,A,B,X); .. CODE•• 31021; 
... PRoc EDU RE·· □ uP VEC, L, u, SHI FT, A, B) ; ··cooE·· 31030; 
··PROCEDURE·· DUPROWVEC(L,U,ItA,B); -cooE·· 31032; 
••PROCEDURE•• OUPHAT(L,U,I,J,A,B); "CODE•• 31035; 
··REAL'· .. PROCEDURE·· VECVECCL,U,SHIFT,A,B) ;·•cooE·· 34010; 
'

0 RlAL 0
• '

0 PROCEOURE·· MATVEC(L,U,I,A,B); ··cooE·· 34011; 
··RE.AL·· 11 PROC£OURE 1

• HATMAT(L,U,I,J,A,B); ··cooE·· 34013; 
··PROCE.OURE 1

• ELHVEC(L,U,SHIFT,A,B.x); ·cooE·· 34020; 
111 PROCEOURE 1

• ELMROW(L,U,I,J,A,B,X); ··cooE·· 3t+-024; 
··PROCEDURE'· DEC(A,N,AUX,P); ··cooE·· 34300; 
··PROCEDURE 0

• SOL(A,N,P,B); ··cooE·· 34051; 

•• PRO: EC U RE 11
" 0 FD Y ( T, Y , A ) ; ••RE AL•• T ; ••ARR A Y •• Y , A ; 

•• 8 E GI N •• •• I NT E GE R •• I 1 J ; ••RE A L •• S L ; •• A RRA Y .. F 1 , F 2 C 11 N l ; 
OERI V ( T, Y, F 1., N) ; 
•• FOR.. I 1 = 1 •• s TE P •• 1 •• UN T IL •• N •• o O •• 
••BL:; IN•• 

SLi-••-&•YCIJ; ••1F•• ABS(Sl)<'1 -6 "THEN• SL&="-&; 
Y[Ill=Y{IJ+SL; DERIV(T,Y,F2,NJ; 
•• FOR" J I = 1 •• S TE P •• 1 •• u N TI L •• N •• D O •• 
A£J,IJl-(F2CJl~F1CJll/SL; 
Y(IJI-YCIJ-SL; 

'
0 ENO •• 

••ENO•• OFDV; 

''PROCEDJR:.·· STARTVCY,T); ··vALUE·· r; .. ~EAL 1
• T; ··ARRAY·· v; 

•• B E GI NI. •• RE A L •• A ' B' C ; 
Al=(T-T1)/(T1-T2); Bl=(T~T2)/(T1•T3); 
Cl (T-T1)/(T2~T3)•a; B1-A•a; 
At=1+A+B; Bl=A+C-1; 
MULVEC(1,N,0,Y9S1,Al; ELH~ECC1,N,D,Y,S2,•B>; 
ELNVEC(1,N,0,Y,S3,C) 

••E NG 11 ST ART \I 

MC 
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1-st R'E!VISION, 197 5 

(OCTOBER 1975) 

•• P kG CED J RE•• ITERATE < Z, Y, A, H, T 9 WE I G HTS, FAIL, PS) ; 
••ARR.AY•• Z,Y,A9WEIGHTS; ••REAL" H,T; ••LABEL•• FAIL; 
•a I NT EGE~•• ••AR RAY•• PS ; 

MC 

PAGE 9 

••BEG I N •• ••INTEGER•• IT, LIT ; ••REAL•• HA X, HA X 1 ., CON \I ; ••ARRAY.. 0 Z, F 1 C 11 N l ; 
··For<.·· 11=1 ··srEP'· 1 ··uNTIL 11

• N ··oJ·· Z(I)l=(Z[I]+Y[Il)/2; 
ITl=LIT&:1; CONVl=l; 

ATER. I OE RI V ( T , Z, F 1, N) ; 
•• F O ~ •• I i = 1 ••STE P •• 1 •• UN T IL•• N •• D O " 
F1[Ila=OZ[ll&=ZCIJ-H•F1(Il/2 Y(IJ; 
SOL<A,N,PS,OZ>; 
ELHVEC(1,N,o,z,oz, 1); 
MAxa-o; 
•• F O R •• I I = 1 •• S TEP • 1 .. UN T I L •• N •• D O •• 
MAXl=MAX+(WEIGHTSCIJ•OZCIJ>••2; 
MAX&=SQRT(HAX); 
··rF·· MAx•coNV<EPs110 ··THEN·· --sotoN our; 
IT:=IT+1; MIF·· IT-2 ~THEN·· "GOTO" ASS; 
CON\/ l=HAX/HAX1; 
•• I F •• C ON V > • 2 •• T HEN•• 
•• BE ~ I N •• •• IF•• LI T = 0 •• T H E N.. •• G O T O •• F A I L ; 

LITJ=O; CONV1=1; IT1=1, 
RECOMP(A,H,T,Z,FAIL,PS); 

••END••; 
~ss: MAX11=MAX; 

•• GO T O •• A T ER ; 
0 U T l • 'F :J R •• I I = 1 •• ST E P •• 1 •• U NT I L •• N •• 0 0 •• Z C I J I = 2,,. Z C I l - Y C I l ; 
•• E t~ u •• I T ER A T E ; 

••PR:>CEOURE 11
• RECOHPCA,H,T,Y,FAIL,PS); 

••RE A L •• l'i , T ; •• ARR A Y •• A , Y ; •• L A BEL •• FA I L ; •• I NT E G E R •• •• AR R4 Y •• PS ; 
•• 8 E G I N •• _. R E A L •• S L ; •• A RR A Y •• A U X C 11 3 1 ; 

SLl=H/2; 
••IF... ••NOT•• AV A I LA BL E ( T , Y , A , N ) ••r HEN•• 0 FOY ( T , Y t A ) ; 
··FOR'' 11=1 '*STEP·· 1 10 UNTIL'0 N ··oo·· 
•• BE G I N •• M UL RO W ( 1, N " I , I , A , A , - S L ) ; A C I , I l I = 1 + A C I , I 1 
••ENO''; 

• 

AUX[ 2 l J =••-1 Lt; 
D EC ( A , N., AUX , PS) ; 
•• I F 1 • A U X C 3 J < N •• TH E. N •• "G O TO•• Fl I L 

••ENo•• RECOMP; 

••PROCEDURE•• INITIALIZATION; 
10 BE(.;IN•• H2J=HNEW; Hl=H2/2; 

OUPVEG(1,N.O,S1,YO); OUPWEC(1,N,O,S2,YO); OUPVECC1,N,O,S3,YO); 
OUPVEC(1 9 N90,W1,YO); DUPROWVE~(1,N,1,R,VO>; 
INIVEC(1,N,U1,0>; INIVEC(1,N,W2,0); 
INIMAT(2,5,1,N,R,O); INIMAT(i,5,1,N,RF,O); 
Tl=T11=TO; r21-ro-2•H-"6; T31-2•r2+1; 
~ECOMP(A1,H,T,S1,HISS,PS1>;RE~OHP(A2,H2,T,W1,HISS,PS2); 

••Et~ D •• 
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• 
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••pr_oc EDU RE •• ONE LARGE s TEP; 
... B E GI N •• S T AR. T V ( Z , T + H ) ; 

ITE~ATE(Z,S1,A1,H,T+H/2,WEIGHTS,HISS,PS1); 
OUPVEC(1,N,O,Y,Z); 
STA~TV(Z,T+H2); 
IT(RATE(Z,Y,A1,H,T+3•H/2,WEIGHTS,HISS,PS1); 
OUPVEC(1,N,O,U3,U1); DUPVEC<1,N,O,U1,Y); 
OUPvlC(1,N,O,S3,S2); DUPVEC(1,N,D,S2,S1); 
DUPVECC1,N,O,S1,Z); 
ELHVEC(1,N,o.z,w1,1,; ELMVEC(1,N,o~z,s2,-1>; 
ITE~ATE<Z,W1,A2,H2,T+H,WEIGHT5,MISS,PS2); 
T3:=r2; r2:-r1; T11=T+H2; 
OUP\IECC1,N,O,W3,W2); DUPVEC(1,N,O,W2,W1); OUPVEC(1,N,O,W1,Z); 

11 '£ No••; 

''PROCEDURE•• CHANGE OF I NFORHATI ON; 
•• a EGI N'· ' 0 REAL •• ALF 1, c 1, c2, c 3; •• ARRA v • Ko F c 2 14" 21 41 , E, e> c 1 a 4 l ; 

c11=HNEW/H2; c21=c1•c1; C3a=c2•c1; 
KOFC2,2Jl=C1; KOFC2,3Jl=(C1-C2)/2; KOFC2,4ll=C3l&-C2/2+C1/3; 
KOFC3,3J1-c2; KOFC3,4Jl=C2-C3; KOFC4,4Jl=C3; 
•• FOR.. I i - 1 •• S TE P •• 1 •• UN T IL •• N •• 0 0" 
U1CIJ:=R£2,Il+RC3,IJ/2•RC4,IJ/J; 
ALF11=HATVEC(l,N,1,RF,U1)/VEC~ECC1.N,O,U1,U1); 
ALFJ=(ALF+ALF1) 4 C1; 
··FoR·· I 1-1 ··sTEP·· 1 "UNTIL·· N ··oo" 
••BEGIN•• 

E(1lt=RF(1,Il-ALF1•U1CIJ; 
E£2ll=RFC2,IJ·ALF1•2•~[3,IJ; 
EL3ll=RFC3,Il-ALF1•4•RC4,Il; 
ECL+ll=RFCJ+.,IJ; 
0Cil1-RC1,Il; RFC1,Ill=EC1ll=EC1l•C2; 
··FOR" K1=2 "0 STEP 1

" 1 ··uNTIL 11
• it "oo·· 

•• 8 E GI N•• RC Kt I l a = 0 C K l I =MATH AT ( K, 4 , K , I, KO F , R) ; 
RFCK,IJ&-E{KJ&=C2•HATVEC<K,4,K,KOF,E) 

••EN o•• K; 
S1Cil1=0[1J+E(1l;w1c111-oc11+4•EC1J; 
S2Cill=S1[IJ-(0(2l+EC2l/2); 
S3Cill=S2Cil-(OC2l+EC2l)+C0(3l+E(3J/2); 

••ENO•• I; 
T3J=T-HNEW; T21=T-HNEW/2; T1&:T; 
H24=HNEW; HI-H2/2; £RRC1Jl=O; 
•• I F •• H A L V •• T HEN •• 
··eE~!N 10 OUPVEC(1,N,O,PS2,PS1J; DUPHAT(1,N,1,N,A2,A1) ··ENo··; 
••rF•• TWO ••THEN•• 
••stGIN 1

• OUPVEC(1,N,O,PS1,PS2); OUPHAT(1,N,1,N,A1,A2> 
•• END •• •• E L SE•• REC OM P ( A 1, H NEW / 2 , T, S 1, M I S S , PS 1 ) ; 
••IF'" "HALV ••THEN•• RECOHP (A2,HNEW,T,W1,HISS,PS2); 

··ENo·· HN E wA=H 2 

. . ' 

... ,. .. '_ . . . .. -- . ' . 
. ·; ' . . . ,, . . 

. "',. . ' . . . ,: ,, .. 
j ' .. ' 

.. ' . ' . . ·, . . . . ,,, . . 
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... PROC£OURE 10 BACKWARD DIFFERENCES; 
• • F Ok.•• I : = 1 • • S T E P •• 1 •• U N T I L •• N •• o o •• 
'*BEGIN•• ••Rt:AL •• 80 ,81, 82, B3; 

B1&=(U1[Il+2•S2Cil+U3CIJl/4; 
B21=(W1[I1+2~W2[Il+W3[IJ)/4; 
B3:=(S3Cil+2•U3Cil+S2Cil)/~; 
B2:=(B2-B1)/3; BOl=B1 B2; 
82!=B2-(S1CIJ-2•S2Cil+S3CIJ)/1&; 
B1:=2~83-CB2+RFC1,Il)-(BO+RC1,Il)/2; 
831=0; 
··F0:( 111 K1=1 ··srEp•• 1 ··uNTIL·· 4 ··o:>" 
•• 8 £ G I N •• B 1 I - 8 1 - B 3 ; 8 3 I = R. C K , I l ; R [ K , I l I = 8 0 ; B O & = B O - B 1 
•• Et~ u •• ; R ( 5 , I l I = B O ; 
'

4 F O ~ •• K l = 1 •• S TE P •• 1 ••UN T IL •• It- •• D O •• 
··aEGIN 1111 831=RF[K,I]; RF[K,Il1=82; 821=82-83 ··ENo••; 
RF{S,Il&=B2; 

••Et~ tJ •• ; 

••PROCELJJRE 1111 ERROR ESTIHATES; 
•• B E G I N •• •• R E A L •• C O , C 1 , C 2 , C 3 , B O , 81 , B 2 , B 3 , W , S L 1 , S N , L R ; 

co:=c1:=c2a C3&=o; 
••FOR•• 1 s - 1 •• s TEP•• 1 ••UNTIL•• N ••DO•• 
••aEGI N'• W l=WEIGHTS[ I J ••2; 

801=RFC4,Il/36; COl=CO+ao•ao•w; LRl=ABS(BO>; 
81%=RFC1,Il+ALF•RC2,IJ; C11=C1•B1•a1•w; 
B21-RF(3,I]; C21=C2+B2•s2~w; 
SL11=ABS(RFC1,IJ•RFC2,IJ); 
sNa=··1F ... sL1< 0•-10 ··rHEN'·1··ELSE··Aas,RFc 1,r1-Rc£e.,IJl&>1sL1; 
•• I F •• SN> 1 ••TH£ N •• SN I - 1 ; 
··rF·· START ··rHEN'· ··aEGIN .. SN1=SN••4; LR•=LR•tt- ··ENo··; 
EHR(Ill=B3&=SN•EHRCIJ+LR; C3&=G3+B3 4 B3•w; 

••END'' I; 
BO:=E.RR{1J; 
ERRC1l1=811=SQRT(CO>; ERRC2ll=SQ~T(C1); 
ERRC31J=SQ~T(C3)+SQRT<C2)/2; 
L Q a = E P SI ( •• I F •• B O < 8 1 •• TH E N •• B 1 .. EL S E •• B O ) ; 
,. I F •• B O < B 1 •• A N D •• L Q > = 8 0 "T H E N .. L :t I = 1 0 ; 

•• E No••; 

••PROC£DUR.E'' REJECT; 
•• I FI. s TA RT •• T HE N •• 
Ill B E G I N •• H N E W t = L Q • 4 < 1 / 5 ) • H / 2 ; •• G OT O •• I N I T 
••£No•• ••c.LSE•• 
··aEGIN·· ··FoR·· Kl=i,2,3,4,1,2,3 ··oo·· ELHROW(1,N,K,K+1,R,R.,-1); 

••FOR•• KI = 1, 2, 3, 4 ••DO•• EL HR OW ( 1 , N , K, K + 1 , RF, RF, -1) ; 
Tl. T-H2; HAL\ll=··rRuE••; HNEWJ=H; ··GOTO" HSTP 

••E No•• 



1-st REVISION, 1975 

10 PROCEOURE•• STEPSIZE; 
•• r r ·· L Q < 2 •• THEN •• 

• 

(OCTOBER 1975) 

IU B E GI N •• HA L V I = •• TR u E •• ; H NE w I = H •• END.. HIE Ls E •• 
··sE..GI N 11111 ··r F·· LQ>8 0 ··rHEN 1

• 

H NE W : = ( •• I F.. L Q > 5 12 0 •• T H E N •• ( L Q / 5 ) • • ( 1 / 5 ) •• EL S E •• 2 ) • H 2 ; 
··1F·· HNEW>HMAx ··rHEN .. HNEwi=HHAx; 
•• IF•• T E N O > T •• AN D •• T E ND - T < H N E. H •• T H EN•• H NE W a = T EN D - T ; 
TWOl=HNEW=2•H2; 

••£ND•• ; 

•• 1 F •• FR t:. S C H •• TH E N •• H I = H O •• E L SE•• 
··sEGIN'· ··1F 1

• HO>HMAX 0"THEN .. HI-HHAX ·ELSE·· Ha-Ho; 
•• I F •• H > ( T EN D - TO ) / 4 " T H E N .. H I - ( T E N D - T O ) / 4 ; 

•• E t4 0 •• ; 
HNEWl=H; 
ALFl=O; Ta=TPl:To; 
INIVEC(1,3,ERR,O); INIVEC(1,N,EHR,O>; 
DUPROWVEC(1,N,1~R,YO>; 
CONT~OL(TP,T,H,HNEW,R,ERR,N); 

INITI INITIALIZATION; STARTa=••JRUE"~ 
•• F O ~ •• E. C I I - £i , 1, 2 , 3 • • 0 o •• 
'*BEGIN•• ONE. LA~GE STEP; Tl=T+H2, 

•• I F '" E C I > 0 •• T H E N •• 

··aE~IN 1
• BACKWARD DIFFERENCES; UPDATE (WEIGHTS,S2,N) ··ENo·· 

•• e. ND•• ; 
EC I I= 4; 

H s T F • •• r F •• r1 N E w A = H2 •• r HE N •• 
''BEGIN•• ECI 1=1; CHANGE OF INFORMATION; 

ONE LARGE STEP; Tl=T+H2; ECI1=2; 
••ENo••; 
ONE LARGE STEP; 
BACKH,RO DIFFERENCES; 
UPOATE(WEIGHTS,S2,N>; 
ER~OR ESTIMATES; 
•• I F • • E. C l < 4 •• A ND •• L Q > 8 0 •• T HE N •• L QI 2 0 ; 
H A L \/ I - T W O I = •• F AL S E •• ; 
··1f·· PRESCH ··THEN·· ··Goro· TRYCK; 
1 'IF 11

• LQ<1 ' 1 THEN•• REJECT .. ELSE•• STEPSIZE; 
TRYCKI ••rf•• TP<=T ••THEN•• CONTROL (TP,T,H,HNEW.,R,ERR,N); 

•• I F •• S T A RT •• T HE N •• S TA RT I •• F A LS E n ; 

''IF·· HNEW-H2 ··rHEN 1
• r1-r+H2; ECil=ECI+1; 

··1F·· T<TENO+H2 ··THEN·· ··GoTo·· HSTP ··ELSE'* ··Garo·· ENO; 
MISSI FAILl=PRESCH; 

ENO& 

··1 F'· " FAIL ··THEN·· 
'"BEGIN'• 11IF 1

• ECI>1 ••THEN•• T l=T HZ; 
HALV I-TWO 1=••F AL SE••; HNE W l=H2/2; 
··:rF·· START ··THEN·· ··Gora·· INIT ··ELSE·· .. Gora·· TRYCK 

•• E t~D ••; 

••E No•• I MP EX; 
••Eop•• 

MC 
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S~CTlON S,2.1.1,1.3 CONTAINS TWO ALTER~ATIVE PROCEDURES FOR SOLVING 
Fl~Sl•OR[,ER INITIA~ VALUE PROBLEMS WITH SEVERAL DERIVATIVES AVAILABLE~ 

A, ~ODIFlED TAYLOR SOLVES AN INITIAL C BOUNDARY) VALUE PROB~EM, GIVEN 
AS A SVSTEt1 OF FIRST ORDER DIFFERENTIAL EQUATIONS, ev MEANS OF A 
ONE•STEP T4YLOR•METHOD, 
IN PARTICU~AR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF LARGE 
svs,EMS ARISING FROM PARTIAL DIFFERE~TIAL EQUATIONS, PROVIDED THAT 
HIGHE~ ORDER OERIV4TIVES CAN BE EASILY OBTAI~EO, 

B. EXPONENTIAL~Y FITTED TlYLOR SOLVES AN I~ITIAL VALUE PROB~EM, GIVEN 
AS A SVSTEM OF FIRST ORDER DIFFE~ENTIAL EQUATIONS , BY MEANS OF A 
ONE•STE? TAVLOR•METHOO. AUTOMATIC STEPSIZE CONTROL IS ?ROVIOED, 
IN PARTICULAR T~IS MET~OD 1S SUITABLE FOR THE INTEGRATION OF STIFF 
DIFFERENTI4~ EQUATIONS, PROVIDED THAT HIGHER ORDER DERIVATIVES CAN 
BE EASI~Y OBTAINED, 

• 

• 
• 

• 

• • 
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RECEIVEDI 730616. 

BRIEF OfSCRIPTIONI 

HOOIFIED TAYLOR SOLVES AN INITIAL C BOUNDARY> ~ALUE PROBLEM, GIVEN 
AS A SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS, BY MEANS OF A 
ONE-STEP TAYLOR METHOD. 
IN PARTICULAR THIS METHOD IS SUITABLE FOR THE INTEGRATION OF LARGE 
SYSTEMS ARISING FRON PARTIAL DIFFERENTIAL EQUATIONS, PROVIDED THAT 
HIGHER ORDER DERIVATIVES CAN BE EASILY OBTAINED. 

KEYWOROSI 

DIFFERENTIAL EQUATIONS, 
INITIAL <BOUNDARY> VALUE PROBLEMS, 
ONE-STEP TAYLOR METHOD. 
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CALLING SEQUENCE& 

THE HEADING OF THE PROCEDURE REAOSI 
''PROCEDURE•• M OOIFIEO TAYLOR (T, TE, HO., Mt U, SIGMA, TAUMIN, It O ERI VA TI VE, 

K,OATA,ALFA,NORH,AETA,RETA,ETA,RHO,OUT>; 
••INTEGER'• HO,M,I,K,NORH; 
00 F:EAL 11

• T,TE,SIGt-tA,TAUMIN,ALFA,AETA,RETA,RHO; 
111 ARRAY•• U,DATA; 
11 'PROCEOURE 11

• OERIVATIVE9QUT; 

THE MEANING OF THE FORHAL PARAHETERS ISi 
r: <VAkIABLE>; 

THE INDEPENDENT VARIABLE r; 
MAY BE USED IN DERIVATIVE, SIGHA ETC.; 
ENTRYI THE INITIAL VALUE ro; 
EXIT I THE FINAL VALUE TE; 

TEI <ARITHMETIC EXPRESSION>; 
THE FINAL VALUE OFT (TE>= TJ; 

HO, MJ <ARITHMETIC EXPRESS I ON>; 
INDICES OF THE FIRST ANO LAST EQUATION OF THE SYSTEM TO BE 
SOLVED; 

UI <ARRAY IDENTIFIER>; 
'

0 ARRAv•• U[HO&HJ; 
THE DEPENDENT VARIABLE; 
ENTRYI THE INITIAL ~ALUES OF THE SOLUTIJN OF THE SYSTEM OF 

DIFFERENTIAL EQUATIONS AT T = ro; 
EXIT I THE VALUES OF THE SOL~TION AT T - TE; 

SIGHAI <ARITHMETIC EXPRESSION>; 
THE SPECTRAL RADIUS OF THE JACOBIAN MATRIX WITH RESPECT 
TO THOSE EIGENVALUES WHIC~ ARE LOCATED IN THE LEFT 
HALFPLANE; 
IF SIGMA TENDS TO INFINITY, PROCEDURE MODIFIED TAYLOR 
TERMINATES; 

TAUMINI <ARITH1ETIC EXPRESSION>; 
MINIMAL STEP LENGTH BY WHICH THE INTEGRATION IS PERFORMED; 
HOWEVER9ACTUAL STEPSIZES WILL ALWAYS BE WITHIN THE I~TERVAL 
[HlN(HMIN,HSTAB),HSTABl,WHERE HSTAB(= OATA[Ol/SIGHA> IS THE 
STEPLENGTH PRESCRIBED BY STABILITY CONSIDERATIONS; 

II <VARIABLE>; 
A JENSEN PARAMETER FOR P~OCEDURE DERIVATIVE; 
MAY BE USED IN HO ANO H; 

DERIVATIVE3 <PROCEDURE IDENTIFIE~>; 
THE HEADING OF THIS PROCEDURE REAOSI 
••PROCEDURE'• OERIVATIVE(I,A>; "INTEGER•• I; uARRAv•• A; 
WHEN THIS PROCEDURE IS CALLED, ARRAY ACMO I HJ CONTAINS THE 
COMPONENTS OF THE (I 1,~sr D~RIVATIVE OF U AT THE POINT r; 
UPON COMPLETION OF DERIVATIVE, ARRAY A SHOULD CONTAIN THE 
COMPONENTS OF THE I TH DERIVATIVE OF U AT THE POINT T; 

Kl <VARIABLE>; 
INDICATES THE NUMBER OF INTEGRATION STEPS PERFORMED; 
ENTRYI K o• ' 
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<ARRAy IOENTIFIER>s 
'' A R R A Y '' D A T A [ • 2 I O A T A [ • 2 J l , 
ENT RV I · 
DATA C•2J I Ti-1E ORDER OF THE HIGHEST DERIVATIVE UPON WHICH 

THE TAY~OR METHOD IS e•sEo, 
OATA l•tJ: ORDER OF ACCURACY OF THE METHODJ 
OATA[Ol I STABI~ITV PAR~METERJ 
OATA[1l , ••• , OATA[DATA[•2l] : POLYNOMIAL COEFFICIENTS; 
FOR FURTHER EXPLANATION ANO POSSIBLE VALUES O·F T~E ELEMENTS 
JF ARRAY DA TA SEE REFERENCES [2] ANO [3J , 

' 

<ARITHMETIC EXPRESSION>J 
GROWTH FACTOR FOR THE INTEGRATION STEP LENGTH; 
<ARITHMETIC EXPRESSION>J 
IF NORM= 1 OISCREPANCV ANO TO~ERANCE ARE ESTIMATED IN THE 
MAXIMUM NORM, OTHERWISE IN THE EUCLIDIAN NORMJ 

AETA,RETA1 <ARITHMETIC EXPRESSION>, 
DESIRED ~BSOLUTE 4NO RE~ATIVE ACCURACY, 
IF BOTH AET4 •ND ~ETA ARE NE~~TIVE, ACCURACY CONDITIONS 
:i4lLL, BE IGNOREDJ 

ETA,RH01 <VARIABLE>J 

0 iJ T; 
COMPUTED TOLERANCE ANO OISC~EPANCYp 
<PROCEDURE IDENTIFIER>, 
THE HEADING OF THIS PROCEDURE READS: 
THROUGH THIS PROCEDURE THE VALUES AFTER 
STEP OF FOR INSTANCE l, U, ETA ANO RHO 

• 

DATA ~NO RESJLTSI • 

'' P R O C E D U R E '' O U T J 
EACH INTEGRATIO~ 
ARE ACCESSIBLE • 

FOR FU~T~ER E~P~ANATION OF THE PARAMETERS 4ETA, RETA, ETA, RHO, MO, 
"1 AND fHE ARRAV DATA SEE REFERENCES til AND [3], 
As FOR THE INDICES MO 4ND M THE FO~LOWING MAY BE REMARKED: WHE~ 
THE METHOD OF LINES IS APPLIED TO HYPERBOLIC DIFFERENTIAL EQUATIONS 
THE NUMBER OF RELEVANT ORDINARY DIFFERENTIAL EQUATIONS OECREASES 
OlJ~ING T~E INTEG~ATION PROCESS. 
I N PRO Ce: DURE MOO IFIE D TAYLOR , TH I S MA V BE RE •·L. I ZED BY I N TE GER 
?ROCEDU~€S Mo ANO M ~HICH ARE DEFINED AS FUNCTIONS OF I, K ANC 
DATA C•2l • 

PROCEDURES ~SEO: VECVEC • CP34010a 

REQUIRED CENTRA~ ~EMORY: 

EXECUTION FIELD LENGTH: CIRCA 75 + M • MO. 

RUNNING TIME1 

DE?ENDS STRONG~¥ 0~ THE Ol~FERENTIA~ EQUATIO~J TO BE SOLVED. 

LANGUAGE: A~GOL bO~ 
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METHOD AND PERFOR~ANCEi· SEE REFERENCES. 

REFERENCES: 

[ 1 l 19 P • ,J ., VAN OE R HOU WE 1\1 11 

ONE"STEP METHODS FOR ~INEAR INITIA~ VALUE PROBLEMS I, 
POL. Vr~OMIAL. METHODS, TW REPORT 11 q, 
~AT~EM~TICAL CENTRE, AMSTERD4M (1970), 

C2l ,P,J. VAN DER HOUWEN, P,8EENTJES, K,DEKKER AND E,S~AGT 
ONE.-.$TEP METHODS FOR l.I~EAR INITIAL. VALUE PROBLEMS III, 
NUMERICAL E~AM?LES, T~ REPORT 130/71, 
M A T t~ EH A T I C A L C E N T RE , A M S T E RD A ~1 ( 1 q 11 ) • 

t3J .P.,J. VAN DER HOIJWEN, J,KOK._ 
Nltt➔ ERICAL SOL.UTION OF A MINIMAX PROBLE~, T~ REPORT 123171, 
MATHEMATICAL CENTRE, AMSTERDAM (1971), 

E X A M P L. E O F' -J !> E : 

THE SOL. IJ T I ON A T T =EXP C 1 ) AND T =EX? C 2 ) OF THE D I FF ERE NT l AL E QUA T I a N 
D LJ / D T =•EXP CT) • C.U • L. N CT ) ) ♦ 1 / T W 1 T ~ INITIAL CONDI TIO N U C e O 1 ) = L N C 11 0 1 ) 
At~ D AN ALY TIC AL $ 0 L tJ TIO N tJ C T) • L. ~ ( T) , MAY BE OBTAINED AS FOLL O ~ S : 

'' R E G I N '' '' I N T E G E ~ '' I , K : •• R E A L '' T , T E , E T A , R H O , E X P T , L. N T , C O , C 1 , C 2 , C 3 J 
'' A R R A .V •• U C O J O l , D ~ T A [ • 2 I 4 l J 

• 

•• F' R O C E O U R E '' 1) P J '' I F '' T : T ~ '' T H E N '' 
0 U T P lJ T ( & 1 , •• ( •• '' ( '' N U M B E R O F S T E P S : '' ) '' , 3 Z D , I , 

,, C '' S O L. U T I O N I T :c If ) ,, , + D • 5 D , 
'' C '' U C T ) • '' ) '' , + 0 .,. 7 0 , / / '' ) '' , K , T , U C O l ) J 

1
' P R O C E D U R E '' D E R C I , A ) , 1

' I N T E G E R '' I J •• A R R A Y '' A J 
'
1 B E G I N '' '' I F •• I z 1 '' T H E r ~ '' 

'' 8 E G I '" '' E X P T I : E X P C T ) ; L ~ T : = L N C T ) J C O s : A t O l 1 
Cl :::A tOl s=•EXPTtCO+t/TtEXPT•LNT 

''END'' ; . 
'' I F '' I : 2 '' T H E N '' C 2 I = A t O J I =: E X P T • C L N T + 1 / T • C O • C 1 ) • 1 / T / T J 
•• I F '' I : 3 '' T H E N '' C 3 I z A t O l I :: 
EXPT•CLNT+2/T•C0•2•C1•C2•1/T/T)+2/T/T/T7 
t•IF•• l=Q ''THEN" ACOJaaC3•2•(1+3/T)/T/T/T+ 
EXPT•(C1•(2•2/T)/T)/T•C1•C2•~•C3) 

'' E. ND'' J 
•1PR □ CEOURE•• ~OOIFIED TAYLOR(T,TE,MO,M,U,SIGMA,TAUMIN,I, 

DERIVATIVE,K,DATA,~LFA,NORM,AETA,RETA,ETA,RHO,OUT), 
'
1 C O OE '' 3 3 O " 0 J . 
t J = 11111 2 J 11 F OR " T I : Q , l , t, • 0 2 5 , 1 , , 5 , l / o , , 0 1 8 q 5 5 7 0 2 '' D O '' 
'' B E G I r~ 11 0 A T A [ I l i a T f I I a I + 1 '' E N D '' , 
T : = lJ [ 0 l I m '' • 2 , K J = 0 1 " F' 0 R '' T E I a E X P ( 1 ) , T E • T E " 0 0 '' 
MODIFIED TAVLORCT,TE,0,0,U,EXP(Tl,'1•4,I,DER,K,DATA,1.5,1,''•5, 

'' • 4 , E T A , RHO , 0 P ) 



SECTION : 

THIS PROGRAM DE~IVERS: 

NUMBER OF STE?Si 4b 
SO~UTION: T= +2.71828 

OF STEPS1 ~2i.l 
SO~UTiuN: T= +1,3aqo6 

SOURCE TEXT(Sl: 

'' C O D E " '' 3 3 O 4 0 ; 
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ucr, = +1.00002as 

051510 

••PROCEDURE'' MODIFIED T~YLOR(T,TE,MO,M,U,SlGMA,TAUMIN,I,OERIVATIVE,K, 
OATA,ALFA,NORM,AETA,RETA,ETA,RHO,OUT)J 

'' l ~ ~ T E G E R '' ~ 0 , M , I , K , N O R M J 
''REAL'' T,TE,SIGMA,TAUMIN,ALFA,AETA,RETA,ET•,RHOJ 
'' A R R A V '' U , D " T A J 
''PROCEDURE '' DERIVATIVE, 0 UT 1 

'' B E G I N '' I i = 0 1 
'' B E G I t~ '' '1 I ~ T E G E R '' N , P , Q J 

'' Q w ~ '' '' RE A L '' E C O , E C 1 , EC 2 , T A U O , T A U 1 , T A U 2 , T A U S , T 2 J 
'' R E ~ L '' T O , T A l J , T A U I , T l lJ E C , E C L , 8 E T A N , G • t-1 "1 A I 
'' R E ~ L. " '' A R R A Y •• C C M O : M l , BE T A , BE T H ft,. t 1 I D A. T A C • 2 l l J 
•• B O a L. E ~ N '' S T A R T , S T E P 1 , L A S T t 
,, R E A L ,, •• P R o c E o u R E •• v E c v E c c L , u , s H I F r , A , a ) , ,, c o o E ,, 3 4 o 1 o , 

• 

'' P R v C E D UR E '' C OE F F I C I E N T I -
'' B E G I N '' '' l N T E G E R '' J J '' R E A I. 11 I F A C t 

IFAC:=1, GAMMA1c,s, N:aOATAC•2l J P1:0ATAt•1l J 
B E T A. N t a D A T • t O l J Q I • ., I F '' P c N ,, T H E N '' P + 1 Pl E L S E ,, N J 
" F a R ,, J 1 = 1 ,. s T E P •• 1 ,, u N T I L. ,, N '' o o ,, 
''BEGIN•• BETA [Jl :=-=DATA [Jl I IFAC1c11IF•c1J1 

BETH~ [JJ 1:.IF~C•BETA CJJ 
''END'' t 
'' I F '' p :s N '' T H E N '' B E T H A t r" ] : a I F A C • 

'' E. ND !t J 

, 

''COMMENT•• 
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''RE AL•• ''PRO CED tJ RE'' NORM FUNCTION C ~ 0 RM, W) J 
., I N T E G E R •1 N O R M ; •• A R R A V '' ~ J 
'' B E G I N '' '' I N T E G E R 11 J J '' R E A L '' S , X , 

sa=o, 
'' I F 1' N O R M : 1 '1 T H E N '' 
'' 8 E G I N '' ~, F OR '' J : a M O •• S T E P '' 1 '' u ~ T I L '' M '' D O '' 

•• 8 E G I N '' X I a A B S ( W t J l ) J •• I F '' X ► S 91 T 1-f E N •• S : :: X '' E N D '' 
'' E N D " " E L S E '' 
S1=SQRT(VECVECCMO,M,o,w,W)); 
NORMFUNCTION1:S 

''END '' s 

'' PRO C EDU Re: '' LOCAL ERROR BOUND J 
ETA:=AETA+RETA • NORMFUNCTIONCNORM,UJJ 

'' P R O C E D U R E •1 L O C ~ L E R R O R C O N S T R U C T I O N ( I ) J '' I N T E G E R '' I J 
'' B E c; I N '' '' I F •t I :a P '' T HE N '' '' B E G I N 11 E C L. I • 0 1 T A U E C : = t '' E N D '' : 

'' I F '' I > P + 1 '' T HE N '' TA U EC I • T A U e: C * T A U r 
ECL:aECL+ABS(BETHA[Il)•TAUEC•NORMFUNCTIONCNORM,C)J 
'' I F '' I 21 N •• T H E N '' 
''BEGIN" EC01:EC11EC11sEC2JEC2:=ECLr 

R M O .: :, E C L • T A lJ * * Q 

'' END '' · 
''END'' J 

'' P R JC E O UR E '' S T E P S I Z E 1 
'' B E G I N '' •• R E A L '' T A U ~ C C , T A. U S T A B , A A , B B , C C , E C s 

LOCA~ E~ROR BOUND; 
'' I F '' E T A > 0 •• T H E t~ •• 
'' B E G I N " 11 I F '' S T A R T '' T H E N '' 

'' 8 E G I N '' ,. I F '' K • 0 II T H E N '' 
''BEGIN" "INTEGER•• JJ 

MC 
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'' F O R '' J : :: M O '' S T E P '' 1 '' U N T I L •• M '' D O '' C C J l I = U t J l , 
I1•1, DERIVATIVECI,C)J 
TAUACC::ET4/NORMFUNCTIO~CN0~M,C)s 
S T E P 1 I • " T RUE fl 

'' E N D '' •• E L S E '' 
''tF•• STE?l ••THEN'' 
''8EGIN'' TAUACC1~(ETA/RHOl••C1/Q)•TAU2J 

'' I F '' T A U A C C > 1 0 • T A U ~ '' TH E N '' 
T A U A. C C t • l O • T A U 2 '' E J,., S E '' S T E P 1 1 s '' F A L S E '1 

'' E N D '' '' E L S E '' 
••BEGIN" B61:(EC2•EC1)/TAU11 CC::EC2 1111 BB•T2J 

EC:•BB•T+cc, 
T A U A C C : • " I F " E C < 0 '' T H E N '' T A U 2 •• E L. S E '' 
CETA/EC)**(1/Q); 
S T A R T I : '' F AL. SE '' 

''ENO'' 



''END'' ••ELSE'' 
11 B E G I N '' A A 1 : C C E C O • E C 1 ) / T A U O + C E C 2 • E C 1 ) / T A tJ 1 ) / 

C ·r A U 1 + T A U O l J 
B~a=CEC2•EC1)/TAU1•AA•C2•T2•TAUt)J 
cci=EC2•T2•CBB+AA•T2)J ECa•CC+T•CBB+T•AAl; 
T A U A C C : ::: '' I F '' EC < 0 '' T HE N '' T 4 U S 

"ELSE" (ETA/ECl••(l/Q): 
,, I F ,, T A IJ A C C > A L F A * T A u s II T 1-1 E N 11 T A u A C C : = A L F A Ir T A u s J 

MC 

•• I F '' T -4 U A C C c G A M H A * T A. US '' T HE N '' T A U A C C I s GA. M M A * T A U S 1 
''END'' 

It E N D ,, '' E L s E ,. T A u A C C I = T E - T J 
'' I F '' T A. U A C C < T A UM I r~ •• T HE N '' T A U A C C : : T A UM I N : 
TAUSTAB:=BETAN/SIGM•J 
'' I F '' T A U S T A 8 < '' • 1 2 * ( T • T O ) '' T H E ~ '' 
'' 6 E G I N '' 0 U T t '' G O T O ., E ND OF MOO I F I E 0 T A Y L OR '' E N D '' J 
T A U : : '' I F '' T A LI A C C > T Ai US T A B '' T HE N '' T A U 3 T A 8 '' E L S E '' T A U A C C J 
T A tJ S I : T A U , '' I F '1 T A U > a T E • T '' THE N •• 
'' B E G I N '' T A U ; = T E ., T J L A ~ T I • '' T R U E '' '' E N D '' ; 
TAU01sTAU1JTAU1:=TAU2JTALJ2a•TAU 

''ENO•• J 

••PROCEDURE'' DIFFERENCE SCHEMEJ 
'' 8 E G I N '' tt I N ·T f: G e: R •• J J •• R E A L. '' B 1 

'' F O R '' J ; = M O " S T E P •• 1 '' U N T I L '' M '' D O '' C t J l : :: U t ,J l : T A U I : :: 1 J 
NEXT l'ERM: 

I::1+1, DERIVATIVECI,C)J TAUis:TAUI*TAUr 
B1:BETA CIJ •TAUIJ 
•• I F •• E T A > O '' A ND '' I > • P '' T HE N '' L. 0 C ~ L E R RO R C O N S T R UC T I O ~ C I ) J 
'' F' O R '' J 1 :ic M O ti S T E P II 1 ,, U N T I L ,. M ,, D O '' U [ J l 1 = U [ J l + B * C C J l J 
'' I F '' I < N ~• T H E N '' '' G O T O '' N E X T T E R M s 
T 2 : x T J '' I F '9 L A S T '' T HE N '' 
'' 8 E G I tJ '' L A S T : : '' F A L S E '' I T I = T E '' E N O '' 
'' EL S E '' T : : T + T A U 

,1 E ~~ D ,, ; 

START:: K:01 TO:=T: 
C O E F F I C I E N T , L A S T : a '' F A L SE '' J 

NEXT LEVEl.1 
STEPSlZEJ K:=K+lJ Ia•o, DIFFERENCE SCHEME, 
'' I F •• T • : T E 1

' T H E N '' '' G O T O '' N E X T L E V E L 
''END'' 1 
ENO OF ~ODIFIED TAVLOR1 

'' E ND '' M O O I F I E D T A Y L O R J 
'' E OP'' 

• 

our, 
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AUTHORS: ?.J, VAN DER HOUWEN ANO K,OEKKER, 

INSTITUTE: MATHEMATICAL CENTRE, 

RECtIVED1 740410_ 

BRIEF DESCRIPTION: 

EXPONENTIALLY FITTED TAYLOR SOLVES AN INITIAL VALUE PROBLEM, GIVE~ 
AS A SYSTEM OF FIRST O~OER DIFFERENTIAL EQUATIONS, BY MEANS OF A 
ONE-STEP TAYLOR•METHOO • AUTOMATIC STEPSIZE CONTROL IS PROVIDED. 
IN PARTICU~~R THIS METHOD IS SUITABLE FOR THE INTEGRATION OF STIFF 
OIFFEREi~TIAL EQUATIONS, PROVIDED THAT HIGHER ORDER DERIVATIVES CA~ 
BE EASILY OOTAINEO. 

KEYWORDS: 
-

DIFFERENTIA~ EQUATIONS, 
INITIAL VALUE PROBLEMS, 
EXPONENTI~L FITTING, 
STIFP EQUATIONS, 
THREE•C~USTER METHOD, 
ONE•STEP TAYLOR-METHOD, 

• 

• 

• 

. 

' 
r 

. 

' 

' • 
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CALLING SEQUENCE: 

THE HE~DING OF THE PROCEDURE READSs 
'' P R O C E D U R E ,, E X P O N E N T I A L L V F I T T E O T A Y L O R ( T , T E , M O , M , U , S I G M A , 

PHI, DIAMETER, DERIVATIVE, I, K, ALFA, NOR~, 
AETA, RETA, ETA, RHO, HMIN, HSTART, OUTPUT); 

'' I N TE G E R '' M O , f\1 , I , Ii< , N O R ~ J 
'' RE A L '' T , T E , S I G M A , P H I , D I A ME T E R , A L. F A , A E T A , R E T A , E T A , R H O , H M I N , H S T A. R T J 
'' A R R A Y '' U , 
'' P R O C E D U R E '' D E R I V A T I V E , O U T P U T r 

THE MEANING OF THE FORMAL PARAMETERS Isa 
T: <VARIABLE>J 

TE1 

UJ 

THE INDEPENDENT VARIABLE T: 
MAY BE USED IN DERIVATIVE, SIGMA ETC,J 
ENTRV1 THE INITIAL VALUE TOJ 
EXIT I THE FINAL VALUE TEJ 
<ARITH~ETIC EXPRESSION>: 
THE FINAL VALUE OFT (TE>= Tls 
<ARITHMETIC EXPRESSION>, 
INDEX OF THE FIRST EQUATION OF THE SYSTEM TO BE SOLVEDJ 
<ARITHMETIC EXPRESSION~, . 
INDEX OF THE LAST EQUATION OF THE SYSTEM TO BE SOLVED; 
<ARRAY IOENTIFIE~>J 
'' A R R A V '' U [ M O I M l J 
THE DEPENDENT VARIABLE, 
ENTRY1 THE INITIA~ VALUES OF T~E SO~UTION OF THE SYSTEM OF 

DIFFEREI\JTIAL ·EQUATIONS AT T z TOJ 
EXIT I THE VALUES OF THE SOLUTION AT T • TEJ 

siGM•: <ARITHMETIC EXPRESSION>J 

PHI: 

THE MODULUS OF THE (COMPLEX) POINT AT WHICH EXPONENTIAL 
FITTING IS DESIRED, FOR EXA~~LE AN APPROXIMATION OF THE 
MODULUS OF THE CENTRE OF THE ~EFT HANO CLUSTER, 
<ARIT~METIC EX?RESSION>; 
THE ARGUMENT OF fHE (COMPLEX) POINT AT WHICH EXPONENTIAL 
FITTING IS DESIREDJ • 

PHI S~OULO HAVE A VALUE FROM THE RANGE [PI/2,Pil, 
DIAMETER; <ARITHMETIC EXPRESSIQ~l>J 

THE DIAMETER OF THE LEFT HANO CLUSTERJ 
D~RIVATivE: <PROCEDURE IDENTIFIER>J 

THE HEAOING OF THIS PROCEDURE REAOSa 
'' P R O C ED U RE '' D E R I V A T I V E C I , A ) : '' I N T E G E R '' I , 1' A RR A Y •• A , 
I ASSUMES THE VALUES 1,2,3 AND A IS A ONE-DIMENSIONAL ARRA~ 
A (MO:Ml, 
~HEN THIS PROCEDURE IS CA~~EO, ARRAY A CONTAINS THE 
COMPONENTS OF THE (I•1)•ST DERIVATIVE OF U AT THE POINT TJ 
UPON COMPLETION OF DERIVATIVE, ARRAY A SHOULD CONTAIN THE 
COMPONENTS OF THE !•TH DERIVATIVE qF U AT THE POINT Ts 
<VARIABLE~, . 
A JENSF.N PAR.METER FOR PROCEDURE DERIVATIVE1 
~AV BE USED IN MO ANO Ms 



AETA: 

Rf.TA: 

ETA• • 

RHO: 

HSTARTJ 

OUTPUT: 

• 
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<VARIABLE>: 
INDICATES THE NUMBER OF INTEGR•TION STEPS PERFORMED; 
ENTRVa K: OJ 
EXIT c THE NUMBER OF INTEGRATION STEPS PERfORMEDJ 
<ARITHMETIC EXPRESSION>J 
MAXIMAL GROWTH FACTOR FOR THE INTEGRATION STEP LENGTH; 
cARITHMETIC EXPRESSION>J 
IF NORM= 1 DlSCRE?ANCY AND iO~ERANCE ARE ESTIMATED IN THE 
~AXIMUM NOHM, OTHERWISE IN THE EUCLIOIAN NORMJ 
<ARITH~ETIC EXPRESSION>; 
OESIREO ABSOLUTE LOCAL ACCURACY J AETA SHOULD BE POSITIVEJ 
<ARITHMETIC EXPRESSION>, 
DESIRED RELATIVE LOCAL ACCURACY J RETA SHOULD BE POSITIVE, 
<VARIA2LE>J 
COMPUTED TO~ERANCE1 
<VARIABL.E>J 
COMPUTED OISCREPANCYJ 
<ARITHMETIC EX?RESSION>J 
~INIMAL STEPSIZE BV WHICH THE 
HOWEVER, A SMALLER STEP WI~L 
STEPSIZE HSTAB, PRESCRIBED 
(SEE REF t2l, FORMULA b 1 12) J 

INTEGRATION IS PERFORMEDJ 
BE TAKEN IF HMIN EXCEEDS THE 
BY THE STABILITY CONDITIONS 

IF HSTAS TENDS TO ZERO, THE PROCEDURE TERMINATES, 
<VARIABLE>J 
Et~TRY1 THE INTITIAL STEPSIZE 7 HOWEVER, IF K; 0 ON ENTRY, 

THE VALUE OF HSTA~T IS NOT TAKEN INTO CONSIDERATION: 
EXIT: A SUGGESTION FOR THE STEPSIZE, IF THE INTEGRATION 

SHOU~D BE CONTINUED FOR T>TEJ 
HSTART MAY BE USED IN SUCCESSIVE CALLS OF THE PROCEDURE, IN 
ORDER TO OBT4IN THE SOLUTION IN SEVERAL POINTS TE1,TE2,ETCJ 
<PROCEDuRE IDENTIFIER>, 
THE HEADING OF THIS PROCEDURE READS: 
'' P R O C E O U R E '' 0 U T P U T s 
THROUGH THIS PROCEDURE THE VA~UES AFTER EACH INTEGRATION 
STEP OF FOR INSTANCE T, lJ, ETA AND RHO ARE ACCESSIBLE: 

• 

OATA AND RESULTS: 

FOR FURTHER EXP~AN4TION OF THE PARAMETERS 5IGMA,PHI,OIAMETER,AETA, 
RETA,ETA,RHO,MO,M SEE ~EF[2J, 
FOR RESULTSI SEE E~AMPLE OF USE A~D REF[2] J 

PFtOCEDURES USED: 

INIVEC ... CP 31010: -
OUPVEC - CP 31030; " 
VECVEC ... CP 34010J -
ELMVEC CP ll.l020J -... 
ZEROIN = CP 34150, 

' 
' 

' 
' 

' ' ' 
' 

' 
' 
\ 
i, 

' ' 
' ' 
\' 
' 

' ; 
I 
l 
' ' 
i 
i 
' I 
' 
' 
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REQUIRED CENTRA~ MEMORVI 

EXECUTION FIELD LENGTH: CIRCA 40 + 2 * (M • MO), 

R U ~J N I N G i I "1 E : 

OEPEt~DS STROtJGLY ON THE DIFFERENTIAL EQUATIOt" TO BE SOLVED,. 

METHOD ANO PERFORMANCE: SEE REFERENCES. 

REFERENCES: 

C 1 J • P , J ,. V A N D E R H OU w E ~~ , 
ONE-STEP METHODS FOR LINEAR INITIAL VA~UE PROBLEMS II, 
PO~VNOMIAL METMOOS, 
TW REPORT 122, (1970) MATHEMATICA~ CENTRE, 

• 

[2], P,J, VAN DER HOLJWEN, P.BEENTJES, K.DEK~ER AND E,SLAGT, 
ONE•STEP METHODS FOR LINEAR INITIAL VALUE PROBLEMS III, 
NUMERICAL EXAMPLES, 
TW REPORT 130, (1971) MATHEMATICA~ CENTRE, 

• 

EXAMPLE OF USE1 

THE SO~UTION AT T:EXP(l) ANO T:EXP(2) OF THE DIFFERENTIAL EQUATIO~ 
DU/OT=•EXP(T)•CU•LN(T)) ♦ 1/T WITH INITIAL CONDITION U(.01):LN(,01) 
ANO ANALYTICAL SOLUTION U(T) a LN(T), MAY BE OBTAINED AS FOLLOWS: 

• 

'' 8 E G I N '' '' I N T E G E R '' I , K J · 
,, R E A. L II T , T E , T E 1 , T E 2 , R E T A , E T A , R HO , P I , H S , E X P T , L N T , T I M E , U O , U 1 , U 2 J 
'' R E A L '' '' A R R A V " U t O I O l J 

•• P RO C E D URE '' E F T ( T , TE , M O , M , U , S I GM~ , PH I , D I A ME TE R , DE R I VA T I VE , I , K , 
ALFA,NORM,AETA,RETA,ETA,~HO,HMIN,HSTART,OUTPUT) J ''CODE•• 330501 

'' P R O C E D URE '' O E R I V A T I V E C I , U ) J •• I N T E G ER '' I , '' A R R A V '' U p 
., I F It I ;s 1 '' T H E f ~ ,, '' 8 E G I i~ '' E X P T I a: E X P C T ) J L N T s = L N ( T ) 1 U O : • U t O l J 

U1:•U[OJ t=EXPT•CLNT•UO)+t/T 
'' E N D '' •• EL SE '' 

'' l F '' l = 2 '' T HE N '' U 2 I : U t O l l •EX PT * ( L NT • lJ O • U 1 + 1 / T ) • 1 / T / T 
'' E L. S E '' U C O l I • E X P T * ( L N T • U O • 2 • U 1 • U 2 + 2 / T • 1 / T / T ) + 2 / T / T / T J 

'' P R O C E D U R E '1 0 U T J 
'' I F '' T • T E !' T H E N •• 0 U T P U T C 6 1 , '' ( '' 6 Z D , + 3 Z O • 3 D B 3 DB 3 0 '' ) '' , K , U t O l ) J 
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11 P R a c E o u R E ,. o u T 1 1 
0 U T P U T C & 1 , '' C '' 4 B D •• • D , 3 Z , 3 D , / '' ) '' , RE T A , C L O C K • T I ME ) J 

0 LI T P U T ( b 1 , '' ( •• '' C '' T H I S L I NE A ND T HE F O L L O W I N G T E X T I S '' ) '' 
'' ( '' ? R I N T E O B Y T H I S PR O GR A M " ) '' , / / , 
'' ( '' T H E RE S UL. T S W I T H E F T A RE • C O ~JFE R REF t 2 l • : '' ) •• , / ,, 
11 C •• I< U ( T E 1 ) ~ U ( T E 2 ) '' ) '' 
,, ( It R E T A T I M E '' ) '' , / ,, ) ,. ) ' 
Pl:="•ARCTANCl)J TE11aEXP(t)1 TE21gEXP(2)J 
'' F O ~ '' R E T A : : •• • 1 , '' • 2 , '' • 3 , '' • Q '' D O '' 
•• B E G 1 N '' T I = ., 0 1 J U [ 0 l I • L N C T l J K : s O J H S : = 0 1 T I M E 1 = C L O C K J 

'' F O R '' T E : :: T E 1 , T E 2 •• 0 O '' 
EFT(T,TE,O,O,U,EXP(T),Pl,2•EX?C2•T/3),DERIVATIVE,I,K,1,5,2, 
RETA/ 1 O , RETA , ET A , RHO, ,, • 4 , HS , OUT ) r OUT 1 

''END'' r 

0 U T P U T ( e 1 , '' C '' / / , '' C '' W I T H. R EL A X E O A. C C U RAC V C O N D I T I O N S F O R '' ) '' 
'' C '' T > 3 : " ) '' , / , '' ( '' K U ( T E 1 ) K U ( T E 2 ) '' ) '' 
'' ( '' R E T A T I M E '' ) '' , / " ) '' ) J 
'' F O R ,, R E T A 1 • '' • 1 , ,, • 2 , '' • 3 , ,, • " '' 0 0 It 
'' B E G I N '' T I = • 0 1 J U [ 0 J I • L N C T ) J I< I :: 0 t HS I • O J T I ME I a C L O C K J 

''FOR 11 TEanTEt,TE2 "00'' 
EFT(T,T£,O,O,U,EXP(T),PI,2•EXP(2~T/3),DERIVATIVE,I,K,1,S,2, 

R E T A / 1 0 * C '' I F '' T < 3 '' THE N '' 1 '' E L S E " E )( P C 2 * ( T • 3 , ) ) , 
R E T A • ( '' I F '' T < 3 '' T H E N 19 1 '' E L. S E '' E X P ( 2 • ( T • 3 l l ) , 
ETA,RH0,"•4,HS,OUT)J OUTl 

'' E ~~ D '' 
''END'' 

THIS LINE ANO THE FOLLO~ING TEXT IS PRINTED BY THIS PROGRAM 

THE RESULTS WITH EFT ARE •CONFER REFCZJ• I 
i 

K UCTEt) K UCTE2) RETA TtME 
15 +1,003 at.is 001 42 +2,000 07b 417 1 '' • 1 ,q3a 
2.2 +1,001 211 28b 52 +l,000 O&b 0&7 1 ., •2 1 .. 121 
3& +l,000 108 738 q 2 +2,000 020 495 1 '' •3 1.-872 
S& +1,000 0~5 271 171 +2.000 000 q25 1 ,, ·" 3 1 aq3 

W1.TH REL.~XED ACCURACY CONDITIONS FOR T>31 
" UCTE1l K U(TE2) RETA TIME 
15 +1.003 8Lt5 001 42 +z.ooo 01b '-'17 1 ''"" l 1.0.37 
22 + 1 , 001 211 2ac so +2,000 OIJQ 978 1 '' •2 1,. 1 SLI 
3b +1.000 108 738 68 +2,000 023 330 1 ,, • 3 1 • 4 1 q 
5& '18 ' +1.000 ous 271 +2,000 0&5 OS& 1 '' •4 2,008 
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•~PROCEDURE'' EXPONENTIALLY FITTED TAVLORCT,TE,MO,M,U,SIGMA,PHI,OIAMETER, 
DERlVATIVE,I,K,ALFA,NORM,AETA,RETA,ETA,RHO,HMIN,HSTART,OUTPUT)J 

., I ~~ T E G E R ,, M O , M , I , K II i~ O R M J 
'' R E A L. '' T , T E r S I G M A , P H I , D I A M E T E R , A. L F A , A E T A , R E T A , E T A. , R H O , t-rf M I N , H S T A R T J 
'' A R R A V •• U f 
''PROCEDURE'' DERIVATIVE,OUTPUT; 
'' 8 f. G I ~J t• •• I N T E G E R '' K L : 

'' RE A L '1 Q , E C O , E C 1 , E C 2 , H , H I , H O , H 1 , H 2 , BE T A t~ , T 2 , S I G M A L , P H I L J 
'' ~ E A L •• 1

' A RR A V '' C , R O t M O I M l , B E T A , B E T H A t 1 2 3 l J 
,, 8 0 0 L E A N '' L A S T , S T A R T , 
'' ? R O C E O U ~ E ,, I f\f I v E C C L , U , A , X ) J ,. C OD E It 3 1 0 1 0 J 
•• ? R O C E D LJ R E '' D UP V EC C L. , U , S H I F T , A , B ) J '' C O D E '' l 1 0 3 0 J 
'' RE A L '' '' P R O C E O U R ~ '' VE C V E C C L , U , S H I F T , A , B ) J '' C O O E •• 3 '-' 0 1 O 1 
'' ? R O C E O URE '' E L M V EC C L , U , S H I F T , A , B , X ) r •• C O D E '1 3 4 O 2 O I 

• 

'
1 BO OLE A N '' •• P R O C E D U R E '' Z E R O I ~ C X , Y , F X , E P S ) J " C OD E '' 3 4 1 5 0 r 

••PROCEDURE'' COEFFICIENTJ 
'' 8 E G I N '' '' RE A L '' B , B 1 , B 2 , B B , E , 8 E T A 2 , B E T A l J 

B1=H•SIGMAL, Bl1=B•COS(PHIL)s BB::B•BJ 
• '' 1 F '' A s s c a l < ,, - 1 ,, T ~ E N ,, 

'' B E G I N '' BE T A 2 : : , 5 • B B I 2 Li J 
8ETA31•1/&+B1/121 
BETHA t3J ::.S+B1/3 

'' E N D '' '' E L S E •• 
'' I ~ '' B 1 < • 4' 0 '' T t-1 E N '' · 
•• B E G I N '' BE T A 2 g a ( • 2 * B 1 ,. " * B 1 * B 1 / B B + 1 l / B 8 , 

BETA31=C1+2•B1/9B)IBBJ 
BETr➔ A [311:1/88 

'' E N D '' '' E L S E •• 
''BEGIN'' E1•EXP(Bl)/BBJ B2s•B•SIN(P~IL)J 

BETA21=(•2•B1•ij•81•B1/BB+1l/BBJ 
BETA31•C1+2•B1/BB)/8BJ 
'' l F t• A B S ( B 2 / B ) < '' • 5 '' T H E N '' 
''BEGIN" BETA2t•BETA2•EtCB1•3)J 

BETA31•8ET•3+E•CB1•2)/B1J 
BETHA t3l 1•1/BB+E•.(81•1) 

" E N D •• •• E L S E '' 

• 

-

"BEGIN'' SETA21•BETA2•E•SIN(B2•3•PHIL)/B2•8J 
BETA31•BETA3+E•SIN(B2•2•PHIL)/B2, 
BETHA Cll a•1/8B+E•SIN(B2•PHIL)/B2*BJ 

''END'' 
''END'' I 
BETAtll 1•BETHA[1l 1:11 
BETAt2J 1•8ETA2J BET4[3l a:aBETA3J 
BETHA t2l 1•1-BB•BETA3J B1•ABS(B), 
Q : = ,, I P •• B c 1 111 5 '' T H E N ,, I.I • 2 * B / 3 ,, E L S E ., '' I F " B < o '' T H E N ,, C 3 O • 2 * B ) / q 
''ELSE'' 2 J 

''END'' J '' C O M M E N T '' 



'' R E A L '' '' ? R O C E D U R E " N O R M F U N C T I O N C N O R t~ , W ) J 
'' 1. N T E G E R '' N OR M J '' A R RA V " W : 
'' El E G I N '' '' I '" T E G E R '' J J '' R E 4 L •• S , X: J 

s:=o, 
'' I F '' N O R M ;s 1 '' T H E N '1 

•• B E G I N '' •• F O R '' J I = M O ~• S T E P '' 1 '' U N T I 1. '' M '' 0 0 '' 
•• B E G I N '' X : • AB S C w [ J J ) J '' I F '' X > S •• T HE ~ '' S ; : X 1

• E ND '' 
'' E N D '' '' E L S E '' 
S1sSQRT(VECVEC(MO,M,O,~,W)), 
t~OR~FUNC TI ON: :;S, 

''ENO'' J 

'' PROCEDURE•• LOCAL ERROR BOUND J 
ETA;aAETA+RETA * NORMFUNCTION(NORM,U)s 

''PROCEDURE'' LOCAL ERROR CONSTRUCTION(I)J ''INTEGER'' I; 
'' B E G I N '' •• I F '' I • 1 •• T H E N '' I N I V E C ( f-1 0 , M , R O , 0 ) ; 

'' I F '' I c 4 " T H E N '' E L M \/ EC C MO , M , 0 , RO , C , BE T H A t I l * H I l : 
,. I F II I • " '' T H E N ,, 
11 BEGIN'' ELMVECCMO,M,O,RO,C,•H)J 

RH01•NORMFUNCTION(NORM,RO)J 
EC01sEC11EC11aEC2pECl1aRHOIH••Q1 

It END,, . 
''ENO'' 1 

'' P R O C E D U R E '' S T E P S I Z E I 
•• B E G I N ,. '' R E A L '' HA C C , t-1 S T A B , H C R , HM A X , A , B , C r 

'' I F '' " NO T '' S T A R T " T HE N '' . L. 0 C A L ERR O R B O UN D J 
'' I F '' S T A R T •• T H E N '' 
''BEGIN'' H1::H21:HACC1•HSTARTs 

EC 2 : • E C 1 : • 1 J K L I 11 1 , S T A R T I :a ., F ~ L. S E ,, 
'' E N O '' '' E L S E '' 
'' I F '' K L < 3 •• T H E N '' 
'' B E G I N '' H A C C I : ( E T A / R HO ) * * C 1 / Q ) * H 2 J 

'' I F '' H A C C ► 1 0 • ii 2 '' T HE N •• H A C C ; 11 1 0 • H 2 •• E L. S E '' K L I = K L ♦ 1 
'' E N O '' '' E L S E '' . 
'' B E G I N •• A 1 = ( H O * C EC 2 •EC 1 ) • H 1 * ( EC 1 • E C O ) ) / ( H 2 * H O • H 1 * H 1 ) J 

H : = H 2 * C '' I F '' E T A < R HO " T HE N '' C E T ~ / RH O ) * * C 1 / Q ) 1' E L S E '' 
'' I F '' A ,. o •• T H E N " 
PBEGIN 1• B::cEC2•EC1•A•(H2•Ml))/H1J 

C1•EC2•A•H2•B•T2J HACCt=Or HMAX1•HJ 
'' I F '' • Z E R O I N C H A C C , H , H A C C * * Q • C A * M • C C ♦ B * T t C ) • E T A , 
'' • 3 • H 2 l '' T H E N '' H A C C I s H t.1 A X 

'' E N O '' •• E L S E '' H 4 C C ; = H J 
•• I F •• H A C C < , 5 * H 2 •• T HE N '' H A C C 1 s , 5 * M 2 J 

t9 ENO II , 

'' I F '' H A C C < H M I N '1 T H E N '' H A C C I • HM I N J H 1 • H A C C J 
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'' I F '' H * S I G M A L > 1 '' T H E N '' 
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'' B E G I N •• A I z A B S C D I A M E T E R / S I G M A L + '' • 1 'l ) / 2 s B I = 2 • A B S C S I N C PH I L.. ) ) J 
B E T A N I c ( '' I F r• A > B '' T HE N '' 1 / A '' E I. S E •9 1 / B ) / A I 
HSTAB1:ABSCBETAN/SIGMAL), 
'' I F '' H S T A B < '' • 1 la& * T '' T H E N '' '' G O T O '' E N D O F E F T r 
'' I F '' H > H S T A B '' T H E N '' H 1 :z H S T A B 

''END'' J 
HCM;:H2•H2/~1; 
fl I F ,, K t. :, 2 ,, A N D ., A B S C H • H C R ) < " • o * H C R ,, T H E N '' 
H : = '' I f '' H c H C R '' T H E N '' H C R * C 1 • •• • 7 J '' E L, S E '' H C R * C 1 + '' • 7 ) I 
'' l F •• T + H > T E '' T H E N " 
•• B E G I N '' L A S T 1 = '' T R U E •• s H S T A R T I : H J H I : T E • T '' E NO '' , 
H01=~1JH11=H2,H21•HJ 

''END•• J 

'' P R O C E O U R E '' D I F F E R E N C E S C HE M E J 
''BEGIN'' HI1=11 SIGMAL:•SIGM~t PHIL:~PH!J 

STEPSIZE, 
COEFFICIENT, 
'' F O R •• I : : 1 , 2 , 3 •• 0 0 '' 
'' 6 E G I N '' H I : : H I * H s 

'' I F '' 1 > 1 '' T HE N " 0 E R I V A T I V E C I , C ) J 
LOC•LERRORCONSTRUCTION(I)J 
E~MVEC(MO,M,o,u,c,BETA[I]•Hl) 

''END'' J 
T2:=T1 K:aK+1J 
'' l F '' L A S T '' T H E N '' 
'' B E G I N '' L A S T : = '' F A L S E '' J T I = TE J S T A R T I :r '' T R U E '' 
'' E N D '' '' E L S E '' T I • T + H , 
OUPVEC(MO,M,o,c,u,, 
DERIVATIVEC1,Cl, 
LOCALERRORCONSTRUCTION(~)J 
OUTPuT, 

''END '' J 
,. 

START1:••TRUE 1'J LASTa•"FALSE"J 
OUPVEC(MO,M,o,c,u,, 
DERIVATIVEC1,C)J 
., I F '' K = O t• T H E N '' 

• 

'' B E G I ~~ '' L O C A L. E R R O R B O U NO J H S T A R T I a E T A / N O R ~ F U N C T I O N C ,~ 0 R M , C ) 
,, ENO 19 J 

NEXT LEVEL: • 

DIFFERENCE SCHEME; 
'' I F '' T • = T E '' T H E N '' '' G O T O '' N E X T I. E V E L J 

ENDOFEFT: 
''END'' EXPONENTIAL FITTED TAYL.ORs 

1, E OP'' 

• 
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SECTION s.2.1.1.2.1 CONTAINS FOUR PROCEDURES FOR SOLVING SECOND ORDER 
DIFFERENTIAL EQUATIONS. 

A. RK2 INTE$RATES THE INITIAL ~ALLIE PROBLEM 
(0/0X) (0/0X) Y = FCX, Y, (0/0XJY), A<= X <=B OR 8 <- X <= A, 
Y <A> = YA., (0/0X) Y CA> = ZA • 

• 

B. RK2N INTEGRATES THE VECTOR INITIAL P~OBLEM 
(0/DX) (0/0X) V = F<X, Y, (0/0X) Y), A<= X <= B ORB<= X <= A~ 
¥CJ] <A> = VA(Jl, J = 1, •• , N, 
(0/DX) YCJ1 CA) - ZA[Jl, J = 1, •• Ne 

c. RK3 INTEGRATES THE INITIAL VALUE PROBLEH ID/OX) (0/DX) Y = FCX,Y) 
(WITHOUT THE DERIVATIVE (0/0X) YIN F>, Ac- X <= 8 0~ B c- X <=A, 
Y (A) = YA9 (0/0X) Y (A) = ZA. 

O. RK3N INTEGRATES THE VECTOR INITIAL P~OBLEM 
CD/OX) (0/DX> Y = FCX,Y>, A <= X <- B ORB<= X <= A, 
Y(Jl <A> = YACJJ, J = 1, •• ,N, 
(0/0X) Y{Jl (A) = ZACJJ, J = 1, •• ,N. 
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CONTRIBUTORS: H.BAKKER ANO I.BRINK. 

INSTITUTEI ~ATHEMATICAL CENTRE. 

RECEIVED& 730715. 

BRIEF DESCRIPTION& 

RK2 INTEGRATES THE INITIAL VALUE PROBLEM 
(0/DXJ (0/DX) Y - F(X, Y, (0/0X)Y), A<- X <=B ORB<- X <= A, 

Y(A) - YA, (0/0X) Y (A) = ZA. 
A 5-TH ORDER RUNGE-KUTTA METHOD IS USED. 

KEYWOR.0S1 

RUNGE-KUTTA METHODS, 
SECOND ORDER DIFFERENTIAL EQUlTION, 
INITIAL VALUE PROBLEM. 

l 



1-st REVISION, 1975 MC 

<OECEHBER 1975) PAGE 2 

CALLING SEQUENCE! 

THE HEADING OF THE PROCEDURE REAOSI 
•• P Fi,. 0 CED U ~ E •• R. K2 ( X ~ A, B , Y , YA , Z , Z A , F X Y Z , E , 0 t FI) ; 
•• V A L U E •• B , F I ; ••RE A L •• X , A , Y " YA , Z , Z A , F X Y Z ; 
•• 8 0 0 L EA N •• FI ; •• A R RA Y •• E , 0 ; 

THE MEANING OF THE FORMAL PARAMETERS ISi 
XI <VARIABLE>; 

THE INDEPENDENT VARIABLE; 
X CAN BE USED AS A JENSEN PARAMETER; 

A: <ARITHMETIC EXPRESSION>; 
THE INITIAL VALUE OF x; 

81 < ARITHMETIC EXPRESSION>; 
THE E~O VALUE OF X, (B < 

va <VARIABLE>; 
THE DEPENDENT VARIABLE; 

A IS ALLOWED>; 

Y CAN BE USED AS A JENSEN PARAMETER; 
EXIT I THE VALUE OF Y(X) AT X - a;. 

YAI <ARITHMETIC EXPRESSION>; 
ENTRY t THE INITIAL VALUE OF Y AT X = A, 

21 <VARIABLE>; 
THE DERIVATIVE DY/ ox; 
Z CAN BE USEO AS A JENSEN PARAMETER; 
EXIT: THE.VALUE OF Z(Xi lT X ,, .. B; 

ZAJ <ARITHMETIC EXPRESSION>; 
ENT~Y i THE INITIAL VALUE OF (0/DXI Y AT X = A; 

FXYZI <ARITHMETIC EXPRESSION>; 
THE RIGHT HAND SIDE OF THE DIFFERENTIAL EQUATION; 
FXYZ OE:PENOS ON X, Y, z~ GIVING THE VALUE OF (0/0X) (0/0X) v; 

Et <ARRAY IDENTIFIER>; 
•• A RR A Y •• E { 1 I 4 l ; 
EC1l ANO EC3l ARE USED AS RELATIVE, EC2l ANO EC4J ARE USED 
AS ABSOLUTE TOLERANCES FOR Y ANO DY/ OX9 RESPECTIVELY; 

01 <AKRAY IDENTIFIER>; 
Ill A RR A Y •• D C 1 I 5 1 ; 
EXl TI 

ENTIER(OC1J + .5) 
0( 21 

-
-

THE NUMBER OF 
THE LAST STEP 

STEPS SKIPPED, 
LENGTH USED, 

0(3) --
0{~] 
0(5] • 

B, 
Y(B>, 
(0/0X) Yt FOR X = B; 

FIi <BOOLEAN EXPRESSION>; 
IF FI - ••TRUE•• THEN THE INTEGRATION STARTS AT X=A 
STE? 8 - A ; IF Fl = ••FALSE•• THfN THE INTEGRATION 
WITH,AS INITIAL CONDITIONS, X - OC3l, Y = OC4l, Z 
A, YA ANO ZA ARE IGNORED. 

DATA ANO RESULTSI SEE REFC1l. 

PROCEDURES USEOI NONE. 

WITH A TRIAL 
IS CONTINUED 
= DCSJ; 
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RUNNING TIMEI DEPENDS STRONGLY ON THE DIFFERENTIAL EQUATION TO BE 
SOLVED. 

LANGUAGEJ ALGOL 60. 

METHOD ANO ?ERFORMANCE: AS-TH ORDER ~UNGE-KUTTA METHOD IS USED, SEE 
REFC1l. 

REFE.RENCE SI 

(11. J.A.ZONNEVELO. 
AUTOMATIC t~UHERICAL INTEGRATION. 
HATH. CENTRE TRACT 8 (1970). 

EXAMPLE OF USEI 

THE VAN DER POL EQUATION 

(0/DX) (0/0X) Y = i0•(1-v••2)•(0Y/OX) - Y, X >= O, 
Y = 29 DY/OX= 0 t x-o 

CAN BE INTEGRATED BY THE PROCEDURE RK2; AT THE POINTS 
X = 9.32386578, 18.86305405, 28.4022~1&2, 37.94142918 
TH£ DERIVATIVE DY/ OX VANISHES; THE PROGRAM WHICH SOLVES THE VAN 
DER POL EQUATION READS AS FOLLOWS (WITH ECil = ••-s, I 1, ••• ,4)1 

'
11 BEGIN·· ··coHHENT"· VAN DER POL; 

UPROCEDURE·· RKZCX,A,B,Y,YA,Z,ZA,FXYZ,E,D,FI); ··cooE·· 33012; 
•• RE A L •• x , v , z , a ; .. a o o L E A N •• FI ; •• A RR Av •• E c 11 41 , o c 1 1 s 1 ; 
EC1Jl=EC2l1-EC311=EC4l1-"-8; 
··FOR.. B 1 = 9. 32 38 6578, 18. 8 63 05't-O 5, 28 • itO 224162, 37 • 94142918 MOO" 
•• BEG I N •• F I I = a< 10 ; 

RK2(X~O,B,Y,2,Z,0,10•(1-Y••2>•Z-Y,E,O,FI); 
OUTPUT(6t,•• «••11100•• <••x-••>••20.100,108 1•<••y-••>••+20.10D , 
1 0 8 •• I •• 0 Y / 0 X = ••) .. + • 5 D •• 2 0 •• ) •• , X , Y , Z ) 

••END'• 
••EN0 1

• 

• 

RESULTS& 

X=09.3238657800 

X=18.8630540500 

X=28e4022416200 

X=37.9lt14291800 

Y=-02.0142853&09 

Y=+02a0142853&09 

Y--02.0142853&09 

Y=+02.01it2853608 

OY/DX=+.OOOOQ••oo 

DY/DX=-• 00001"00 

OY/Ox--.00002"00 
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SOURCE TEXT(S)a 

••CODE •• •• 3 3 0 1 2 ; 
... PROCEDURE•• RK2(X, A, B, Y, YA, Z, ZA, FXYZ, E, O, FI>; 
•• VA LUE.. B , FI ; •• RE AL.. X I A , B , Y , Y A, Z , Z A ,, F X Y Z ; "B O O LE A N" FI ; 
•• AR RA Y •• E , D ; 
... BEGIN•• ••REAL•• E1., E2, E3, E4t XL, YL, ZL, H, INT, HHIN, HL, 

ABSH, KO, Ki, K2, K3, K4, KS, OISCRY, OISCRZ, TOLY, 
TOLZ, MU, MU1, FHY, FHZ; 
··so OLE AN •• LAST, FIRST, REJECT; 
•• I F •• FI ••TH EN •• 
•• BE GI N ... D [ 3 J I = A ; 0 ( 4 l I = Y A ; D C 5 J I = Z A •• ENO .. ; 
0(111= o; XLJ= OC3J; YLI= 0(4); ZLI= DCSJ; 
•• I F •• F I •• T HEN •• 0 C 2 l I = B - 0 ( 3 l ; AB SH a = H I - A 8 S ( D [ 2 l ) ; 

' 

••rF•• B .. XL < 0 ••THEN•• Ha= - H; INTI- ABS(B - XL>; 
HMINI= INT• EC1l + EC2J; HLI= INT• EC3l ♦ EC4J; 
••rF•• HL < HHIN ••THEN'• HHINI= HL; Ell= EC1l / INT; 
£21 = EC2l / INT; E31- EC3l / INT; E&+I= EC4l / INT; 
FIRST: - ··rRuE··; ··rF·· FI .. THEN·· 
••BE G IN •• L AS T I - •• T RU E •• ; •• G OT o•• STEP ••END•• ; 

TESTI ASSHJ- ABS(Hl; ••1F•• ABSH < HHIN ••THEN•• 
··sEGIN'· HI- "IF·· H > 0 MITHEN 111 HHIN ··ELSE·· - HHIN; AaSHS= HHIN 
••..-No••• t.. , 

··rF·· H >- 8 - XL ··EQUiv·· H >= 0 ··THEN'· 
··sEGIN·· 0[211= H; LASTI: ··rRUE'·; Ha- 8 - XL; 

ABSHa- ABS(H) 
••ENo•• 
••EL SE ... LAST:- •FALSE••; 

STEP& XI= XL; YI= YL; ZI= ZL; K01- FXVZ • H; 
XS= XL + H I 4.5; 
YI- YL + <ZL 4 18 + KO • 2) I 81 • H; 
ZI= ZL + KO I 4.5 • Kll- FXYZ .. H; xa- XL + ' Y:= YL + (ZL .. 6 + KO) I 18 • H; 
21= ZL + (KO + Ki .. 3) I 12; K21- FXYZ • H; 
XI= XL + H • .s; 
YI= y._ + <ZL .. 8 + KO + KZ) I 1& • H; 
ZI= ZL + (KO + K2 .. 3) I s; K31- FXYZ • H; 
XI= XL + H • .e; 
YI- YL + <ZL • 10 0 + KO • 12 + K3 • 28) I 125 

H I 3; 

.. H; ··coHME NT·· 
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z:: ZL + (KO• 53 •Kl* 135 ♦ K2 * 
/ 125; KQ:~ FXVZ * HJ X1= ''IF'' ~AST 
Y:= V~ + (ZL * 336 +KO* 21 + K2 • 
33b • Hr 

12& ♦ K3 * Sb) 
'' T H E N •• B •• E L. S E '' 
q2 + !<4 * S5) / 

Z:z Z~ + (KO• 133 • ~1 * 378 + K2 * 27& + K3 * 112 
t K~ * 25) / 168J KS:• FXVZ • ~, 
DISCRY1: ABS((• KO• 21 + K2 • 108 • ~3 * 112 + Kij 
* 25) / Sb • H) J 
DISCRz:= ABS(KO * 21 • K2 * 1&2 +Kl* 22a • K4 * 
125 +KS* q2) / l~J 
TOLY1: ABSH * (A8S(ZL) • E1 + E2)J 
TOLZ:: ABS(KO) * E3 ♦ ABSH • E4J 
REJECT:: DISCRV > TOLV ••OR'' OISCRZ > TOLZs 
F~Va= OISC~V / TO~v, FHZ1• DISCRZ / TOLZ, 
''IF'' FHZ > FHY ••THEN'' FHY1c FHZJ 
MU1: 1 / t1 + FHY) + a45s ''IF" REJECT ''THEN'' 
'' B E G I N •• '' I F '' A B S M c a HM l N '' T H E N '' 

., B E G I N ID D [ 1 J : • D t 1 l + 1 J Y 1 = Y l. : Z 1 • Z L s 
F I R S T 1 • '' T R U E '' t '' G O T O '' N E X T 

'' E ~~ 0 ,. J 
H i : M U • H J '1 GO T O '' T E S T 

''ENO'' J 
'' I F '' F I R S T '' T H E N '' 
'' B E G I N '' F I R S T : : '' F A L S E '' J H L. : : H J H : • M U * H J •• G O T O ., A C C 
''EN L> '' J 
FHVa= MU* H / HL +MU• MU11 HL:= HJ Ha= FHV * HJ 

A C C a M LJ 1 : :: M U s 
Ys= YL t CZL • S& + KO • 7. + K2 • 36 • KtJ * 15) / So 
* HL,; 
Z;: 21.. + C • 
♦ KI.J * 50) / 
Ya: YL. + CZL 
I 33b * HLJ 

KO• 63; Kl • 1aq • 
28J KS1= FXVZ * HL; 

K2 • 36 • K3 • 112 

* 33~ ♦ KO* 35 + K2 • 108 ♦ KQ * 25) 

Z:= z~ + CKo * 35 + K2 • 1~2 + K4 • 125 +KS• 14) 
I 33b, 

N E X T : '' I F '' B • • )( '' T H E N •• 
' " • 

MC 

PAGES 
J 
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AUTHOR1J.A.ZONNEVELO. 

CONTRIBUTORS: H.BAKKER ANO I.BRINK. 

INSTITUTE : MATHEMATICAL CENTRE. 

RtC~IV[OI 730715. 

BRIEF DESCRIPTIONI 

RK2N INTEGRATES THE VECTOR INITIAL P~OBLEH 
(0/0X) (0/0X) Y = F<X, Y, (0/0X) Y), A<= X <= B JR B <- X <= A, 
Y(Jl (A) = YA(JJ, J = 1, •• , N, 
(O✓ OX) YCJJ (A) - ZACJJ, J = 1, •• N; 
A 5-TH ORDER RUNGE KUTTA METHOD IS USED. 

KEYWORDS I 

RUNGE-KUTTA METHODS. 
SECOND ORDER DIFFERENTIAL EQUATION, 
INITIAL VALUE PROBLEM. 
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CALLING S~QUENCEI 

• 

THE HEADING OF THE PROCEDURE READSI 
••PRO CEO URE•• R K2 N ( X, A, B, Y, YA , Z, Z A, F X Y Z J , J , E , D, F I, N ) ; 
•• v AL U E •• B , FI , N ; 
••r NTEGER'1 J, N; 
••REAL•• /X,A,B,FXYZJ; 
'

0 BOOL EAN 1
• FI; 

••ARRAY•• Y,YA,Z,ZA,E,O; 

THE HEANING OF THE FORHAL PARAHETERS ISi 
XI <VARIABLE>; 

THE INDEPENDENT VARIABLE. 
UPON COMPLETION OF A CALL OF RK2N, 
IT IS EQUAL TO a; 

Al <ARITHMETIC EXPRESSION>; 
THE STARTING VALUE OF x; 

Bl <ARITHMETIC EXPRESSION>; 
A VALUE PARAMETER,GI~ING THE E~D VALUE OF x; 

YI <ARRAY IDENTIFIER>; 
•• A RR A Y •• Y C 1 I N 1 ; 
THE VECTOR OF DEPENDENT VARIABLES; 
EXIT: THE VALUE OF YCJJ (81, (J = 1, •• ,N); 

VAi <ARRAY IDENTIFIER>; 
•• A RR A Y •• Y A C 11 N l ; 
ENTRY I THE STARTING VALUES OF Y(JJ,I.E. THE VALUES AT X=A; 

21 <ARRAY IDENTIFIER>; 
•• A RR A Y •• Z C 11 N J ; 
T~E FIRST DERIVATIVES OF THE DEPENDENT VARIABLES; 
EXIT t THE VALUE OF (0/0X)YCJJ(B) (J - 19 •• ,N>; 

ZAI <ARRAY IDENTIFIER>; 
•• A RR A Y •• Z A C 1 s N l ; 
ENTRY I THE STARTIMG VALUES OF ZCJl,I.E. THE VALUES AT X=A; 

FXYZJl<ARITHHETIC EXPRESSION>; 
AN EXPRESSION DEPENDING ON X,J,Y[IJ,ZCIJ (I=1, ••• ,N) 9 

GIVING THE VALUE OF (0/0X)CO/OX)Y[Jl; 
JS <VARIABLE>; 

A VARIABLE OF TYPE INTEGER,USED IN THE ACTUAL PARAMETE~ 
CJRRESPONOING TO FXYZJ,TO DENOTE THE NUMBER OF THE 
EQUATION REQUIRED IJENSEN•S DEVICE>; 

Er <ARRAY IDENTIFIER>; 
••ARRAY .. EC114•NJ; 
THE ELEHENT EC2•J-11 IS A ~ELATIVE ANO EC2•JJ IS AN ABSOLUTE -
TOLERANCE ASSOCIATED WITH Y·C J J; 
EC2•(N+J}-1l IS A RELATIVE AND EC2•(N+J)l IS AN ABSOLUTE 
TOLERANCE ASSOCIATED WITH ZCJJ; 
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OJ <ARRAY IDENTIFIER>; 
•• A RR A Y •• D [ 1 I 2 • N + 3 l ; 
EXITI 
ENTIER(OC1l+.5) IS THE NUMBER OF STEPS SKIPPED; 
0(21 IS THE LAST STEP LENGTH USED; 
OC3l IS EQUAL TO a; 
0[4J, ••• ,O[N+3) ARE EQUAL TO vc11, ••• ,Y(N] FOR X=B, 
O[N+4], ••• ,oc2•N+3] ARE EQUAL TO THE DERIVATIVES 
ZC1J, ••• ,Z{Nl FOR X=B; 

FI: <BOOLEAN EXPRESSION>; 
IF FI=··rRuE·· THEN THE INTEGRATION STARTS AT A,WITH A TRIAL 
STEP B-A; IF FI='•FALSE•• THEN TH~ INTEGRATION IS CONTINUED 

. VIZ. WITH INITIAL CONOITIONSIX=DC3l,Y(JJ=OCJ+3l,ZCJJ= 
OCN+3+Jl ANO STEP LENGTH H-0[2J•SIGN(B~OC3l); 
A, YA, ZA ARE IGNORED; 

NI <ARITHMETIC EXPRESSION>; 
THE NUMBER OF EQUATIONS. 

DATA AND RESULTSI 

RK2N INTEGRATES (0/DX)(O/OX)Y = FCX,Y,Z) FROM XTO B,WITH, EITHER 
(IF FI= ••TRUE"> x-A, YCJJ-YACJJ, ZCJJ-ZACJJ, OR CIF FI="FALSE") 
X = 0[31~ YCJJ=OCJ+3J, Z[JJ=DCN+J+3J, J=1, ••• ,N, USING A 5 TH ORDER 
RUNGE-KUTTA METHOD. 
UPON COMPLETION OF A CALL OF RK2N WE HAVEIX=OC3J=8, YCJl OCJ+3l 
THE VALUE OF THE DEPENDENT VARIABLES FOR X=B, ZCJJ-OCN+J+3J, THE 
VALUE OF THE DERIVATIVES OF Y[Jl AT X=B, J=1, ••• ,N. 
RK2N USES AS ITS MININHAL ABSOLUTE STEP LENGTH 
HMIN=MIN (EC2•J-1J 4 INT+EC2 •JJ) WITH 1<=J<-2•N A~O INT
A BS C B ( •• I F •• F I •• T HE N.. A "E L S E •• 0 C 3 l ) ) • 
IF A STEP OF LENGTH ABS(H)<-HHIN IS REJECTED, A STEP SIGN(H)•HMIN 
IS SKIPPED. A STEP IS REJECTED IF THE ABSOLUTE VALUE OF THE 
COMPUTED DISCRETIZATION ERROR IS GREATER THAN 
( A B S ( Z C J J J • E C 2 • J 1 l + E C 2 • J J ) • A BS < H) I I NT 
OR IF THAT TERH IS GREATER THEN (A8S(FXYZJ>•EC2•CJ+N)-1 
+EC2•(J+N)l1ABS(H)/INT, FOR ANY VALUE OF J ,1<=J<=N (INT-ABS(8 A)>. 
SEE REFClJ. 

PROCEDURES USEOI NONE. 

REQUIRED CENTRAL MEMORY s 
EIGHT ARRAYS OF ORDER NANO ONE OF ORDER 4 • N ARE USED. 

LANGUAGEIALGOL 60. 

• 

METHOD ANO PERFORHANCEISEE REFC1J; 
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EXAMPLE OF USE• 

THE SECOND ORDER (VECTOR) DIFFERENTIAL EQUATION 

(0/0X> (0/DX)Y(il = 5•(Y(1l + (0/0X)Y[2J) + Y(2J, 

(0/0X) (0/DX)Y{2l = -5•(Y(2J + (0/DX>YC1lJ + Y(1J, X>=O, 

YC1l = (0/0X)Y[21 - 1, YC2J = (O/DX)YCil 

WITH ANALYTIC SOLUTION 

0, X=O 

YC1l = -EXP(-X)•(EXP(-X)•(EXP(-X)•(EXP(-X)/3+.5)-1)-5/&), 
Y[2l = -EXP(-X)•(EXP(-X)•(EXPC~X)•(EXP(~X)/3-.5)+1)-5/6) 

CAN BE INTEGRATED BY RK2N FROH D TO 5 WITH 1,2,3,~ A5 REFERENC~ 
POINTS. THE PROGRAM READS AS FOLLOWSI 

• 

··aEGIN1
• ··REAL·· B, x, EXPX; ··1NTEGER 11

• K; ··aooLEAN· FI; 
•• ARRA y•• Y, YA, Z, ZA CO 12 l, E ( 118l,0[017 J; 
~PROCEDURE·· RK2N(X,A,B,Y,YA,Z,ZA,FXYZJ,J~E,D,FI,N) ;·•cooE••33013; 
··FoR·· Kl=i,2,3,4,5,6,7,8 "DO"' E[K]a-•• 7; 
YA(1]1-ZA[2]J-1; YA[2]1-2Ac111 .. o; 81=1; AAJ Fil=B=1; 
R K2 N ( X 9 0 ' 8 , y t y A t z , z A t - 5 • ( y [ K l + z [ K l ) + ( NI I F •• K - 1 - T H E N •• y ( 2 ] M E Ls E •• 
YC1l>,K,E,D,FI,2>; 
··coHMENT" COHPUTATION OF THE EXACT VALUES OF y ANO OY/DX; 
EXPXJ=EXP(-X); 
YA(1]1=-EXPX•(EXPX•(EXPX 4 CEXPX/3+.5)-1)-5/6); 
YA[2]&--EXPX•CEXPX•(EXPX•(EXPX/3•e5)+1)~5/6); 
ZAC1]J=+EXPX•(EXPX•<EXPX•CEXPX/.75+1.5)-2)-5/6J; 
ZAC2l!=+EXPX 4 CEXPX•(EXPX•(EXPXl.75-1.5)+2)-5/&); 
0 UT P U T ( 61 , •• ( •• / 2 0 a•• C •• X = •• ) •• D • 40 / , 
1 0 B •• ( •• Y ( 1 l - Y £ X A CT C 1 l = •• J •• + • 14 0 , 1 0 B .. ( •• Y C 2 l - Y E X A CT C 2 J = •• ) •• + • 1 40 4 / 9 

1 o a·· , •• z c 1 1 ZE xA er c 11 = ··, .. + .140 , 1 o a· c •• z c 2 1 -zE xA er c 2 J - ··, •• +. 140 
5 1 •• l •• , X , Y C 1 l - YA ( 11 , Y C 2 l - YA ( 2 l , Z ( 1 l - Z A C 11 , Z C 2 l - Z A [ 2 J > ; 
a 1 =B +1; ··1F·· B< s ··1 HEN... "GO r o·· AA 

••E No•• 
RESULTS& 

X=i.0000 
Y[1l-YEXACTC1J-+.00000000002955 
ZC1l-ZEXACT(11=-.00000000013770 

X=2. 0000 
vc11-YEXACTc11=-.oooooooooss294 
ZC1l-ZEXACTC1l=+.00000000378800 

X=3.0000 
Yt1l-YEXACTC1J=-•00000000162707 
2(11 ZEXACT(ll=+.00000000803265 

X=4.0000 
Y[1l-YEXACTl1l- .00000000117993 
Z(1l-ZEXACTl1l=+.00000000633393 

YC2l-YEXACTC2l=+.0000000000567 
ZC2l-ZEXACTC2l=-.0000000002422 

YC2l-YEXACTC2l-+.0000000001486 
ZC2l-ZEXACTC2l=-.0000000006509 

YC2l-YEXACTC2l=-•0000000004796 
Zt2l-ZEXACTC2l=+.0000000019380 

Yc21-vExAcrc21 -.ooooaooooasos 
ZC2l-ZEXACTC2l=+.0000000039114 
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SOURCE TEXT(1)3 

,.CODftttt 33013 J 
"PROCEDURE" RKiN(X, A, B, Y, YA, Z, ZA, FXYZJ, J, E, D, 
FI, N)J "VALUE" B, FI, Ns "INTEGER· J, ~, ~REAL" x. A, e, FXYZJ, 
"BOOLEA~" FIJ •ARR•V" Y, YA, Z, ZA, E, DJ 
"BEGIN• "INTEGER" JJJ 

•~EAL" XL, H, INT, HMIN, HL, ABSH, FHM, DISCAV, OISCRZ, 
TOLV, TOLZ, MU~ MUI, FHY, FHZJ 
~aoOLEAN~ LAST, FIRST, REJECT; 
''ARRAY" YL, ZL, KO, Kl, K2, Kl, 1<4, -<5 t1 l~J, E'E [114 * 
NJ J 
11•IF" FI "T~EN" 
''BEGI 'A" D t3J 1 • A J 

~FOR" JJ1• 1 -sTEP" 1 "UNTIL" N "'O" 
,aEGI~l" 0 tJJ + 3J 111 YA [JJ] p D [hf + JJ + 3l :• ZA tJJl 
Pf~O" 

"ENO"J 
Otlll• OJ XLt:s 0[3lJ 
"FOR" JJ1• 1 "STEP" 1 "UNTIL" N "00" 
"BEGIN~ VL (JJ1 I• D tJJ ♦ 3J I ZL [JJJ 1• D [N + JJ + 3l •ENO" I 
"IF" FI "THEN" 0 [2l I• B • 0 [3J J ABSH1a H1c AaS(D [21 J J 
'' I F " 8 • X L c. 0 " THE "I " H I • • H , I NT I • A BS ( B • XL ) J 
HM IN I: l NT • E [ 1 l + E t2 J I 
•FOR" JJ1• 2 ~STEP" 1 "UNTIL" 2 • N 1 00" 
"BEGIN" HL2: INT• EC2 * JJ • tl • E[2 * JJJ, 

~IF" HL c HMIN "THEN" HMINs• HL 
"ENO~J -
"FOR" JJ1• 1 "STEP" 1 "UNTIL" q * N qDO" EEtJJJ1• E[JJJ / INTJ 
FI~ST:a "TRUE"s •IF" FI •THEN" 
"SEGl~" L•STs: nTRUE•J 1 GOT0" ST~P "END"s 

TEST1 ABSH1• A8S(~l, "IFM ABSH c HMIN "THEN" 
qBEGIN• H1• •IF" H > 0 •T~EN" HMIN "!LSE• • HMIN, 

ABS111: ABS(rf) 
·"E~0•1 
•1,~ H >• B • XL "EQUIV• H ~• O "THEN• 
"BEGIN" D[2l :• HJ LAST1• 1 TRUE 8 J H1• B • XLJ 

ASS~s• ABS(~) 
1tENO-. 
"ELSE• LAST1• •FALSE"J 

STEP1 XI• XLI 
•FOR" JJ1• 1 •STEP" 1 1 UNTIL• N "DO" 
•BEGIN• YfJJJt• YL(JJJt ZtJJJ1• ZLtJJJ "END"r 
"FOR" J:: 1 •STEP" 1 •UNTIL• N "00• KOtJJ 1• FXYZJ • HJ 
Xi• XL ♦ H / a.s, 
~FOR• JJ1a I -STEP• I •UNTIL• N "DD" 
"BEGIN• V [JJJ 1• YL ·[JJJ + CZL tJJJ • 18 + ~O tJJJ * 2) / 

11,1 * Hf Z IJJJ 1• ZL tJJJ + KO [JJJ I 4._5J 
•END fl I "COMME~T• 



'' F O R '' J : : 1 '' S T E P '' 1 11
' U N T I L '' N '' 0 0 '' ~ 1 [ J J I • F X V Z J * H I 

X::: XL.+ H / 3J 
'' F' 0 R '' J J : = 1 '' 5 T E P 11 1 '' U N T I L '' N '' 0 0 '' 
,, d E G I N 11 V t J J l a a V L [ J J J + C Z L t J J J • b + I< 0 [ J J J l / t 8 • H ; 

ZtJJJI• ZLCJJl + CKO[JJ] ♦ K1[JJl • 3) / 12 
'' ENO '' J 
•• F O R '' J : • 1 '' S T E P '' 1 '' U N T I L •• N 1

' 0 0 '' I< 2 [ J l a • F X V Z J * H J 
X:: XL+ H • 0 51 . 
'' F O R '' J J : :a 1 •• S T E P '' 1 '' U N T I L '' N '' D O '' 
'' B E G I N •t Y C J J l : a: Y L [ J J l ♦ C Z L. [ J J J • a ♦ K O C J J l + t< 2 C J J l ) 

I lb • HJ 
Z [JJJ I= ZL tJJJ + Clt<O tJJ] + K2 [JJJ • 3) I 8 

''ENO •t J 
'' F O R '' J I • 1 " S T E P '' 1 '' U N T I L " N '' D O '' t< 3 [ J l 1 • F X Y Z J * H 1 
X:~ XL.+ H • ,8J 
1' F O R '' J J I a 1 '' S T E P '' 1 '' U N T I L '' N 11 0 0 '' 
'' B E G I N " V [ J J J I a V L [ J J l + C Z L t J J J * 1 0 0 + K O C J J J * 1 2 + 

K3tJJl * 28) / 125 * Hp 
ZCJJJ11:ZLCJJl + (KOCJJl •53•K1CJJl • 135+ 
K2 tJJl • 126 + 1<3 [JJJ • Sb) / 125 

,, E ~ D •1 J 
1' F O R '' J I = 1 '1 S T E P '' 1 '' U N T I L •• N '' 0 0 '' K 4 t J l I • F X Y Z J * H J 
X : 1e '' I F " L. A S T · '' T H E N '' 8 '' E L. S E '' X L, + H p 
'' F O R '' J J I a 1 '' S T E P '' 1 '' U N T I L '' N '' 0 0 '' 
'' 8 E G I N '' Y [ J J l 1 • Y L ( J J l + C Z L [ J J l * 3 3 b ♦ K O [ J J l * 2 1 + 

K2 tJJJ • 92 + K~ tJJ] * 55) / 316 • HJ 
Z CJJJ 1: ZL tJJl + (KO tJJl • 133 • K1 tJJ] * 378 + 
K2 [JJJ • 27b + K3 [JJl * 112 + t<4 tJJl * 25) / 1&8 

''ENO'' J 
'' F' 0 R '' J I : 1 . '' S T E P '' 1 '' U N T I L '' N '' 0 0 '' K 5 [ J l I • F X Y Z J • H 1 
REJECT&= "F•LSE"I FHMI• OJ 
'' F O R '' J J I • 1 '' S T E P " 1 " U N T I L '' N '' 0 0 '' 
''B!GIN~ DlSCRYI= ABS((• KO[JJJ • 21 + K2[JJJ * 108 • 

K3tJJl * 112 + K4[JJJ * 25) /Se* H)J 
• DISCRZ::a ABS(KO[JJJ * 21 • K2tJJ] • 162 + K3[JJJ 

• 2 2 4 • K LI l J J l * 125 + K 5 [ J J l • Ll 2) / 1 LI J · 
TOLY:: ABSH • (ABS(ZL[JJ]) • EE[2 • JJ • 11 + 
EE t2 • JJJ) I 
TOLZI: AaS(KO[JJl) * EEC2 * CJJ + N) • 1] t ABSH 
• EEt2 * (JJ + N)JJ 
R E J e: C T I : 0 I S C RV > T O L. Y '' 0 R '' D I SC R Z > T O I. Z •• 0 R 1• R E J E C T J 
FHY:= DISCRV / TOLYJ FHZ:a DISCRZ / TOLZ; 
'' I F '' F H Z > F H Y '' T HE N '' F HY 1 • F H Z , 
'' I F '' F H Y > F ~ M '' T H E N '' F HM a : F H Y 
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M Li : : 1 / C 1 + F H M ) + • ~ 5 J '' I F '' R E J E C T '' T H E N '' 
'' 8 E G I N '' '' I F '' A. S S H < • H M I N '' T HE N •• 

'' 8 E G 1 N '' D [ 1 J I s D [ 1 l t 1 I 
., F a R '' J J a • 1 '' s T E P •• 1 •• u "4 T I L ,, N ,, o o ,, 
'' B E G I N '' V C J J J I m Y I. [ J J l I Z C J J l : s Z L [ J J J '' E N D '' J 
F I R S T a • '' T R U E '' J '' G O TO •• NE X T 

''EN u •• J 
H : :: M U * H : '' GO T O t, T E S T 

''END'' J 
'' I F '' F I R S T " T H E N '' 
'' B E G I N '' F I R ST 1 = '' F A L. S E '' r H L I s H , H I • MU * H J '' G O T O '' A C C 
''END•• ; • 

FHMa: ~U *HI HL +MU• MU1, HL:a Hs H1• FHM • H; 
ACC1 MU1:: MUJ 

'' F O R '' J J I a 1 •• S T E P '' 1 '' UN T I L '' N '' 0 0 '' 
'' BE G I N '' Y t J J l 1 :c V L. t J J l + C Z l. C J J l • 5 & + K O [ J J l • 7 + 

K2 CJJJ • 36 • Kl.& tJJl * 15) / Sb • HLJ 
Z [JJJ I• ZL tJJ] + C • KO CJJJ * &3 + K1 [JJ] * 1aq 
• ~2[JJJ * 30 • K3tJJl * 112 + K4tJJl * 50) / 28 

1' END'' J 
'' F O R '' J I • 1 " S T E P '' 1 '' U N T I L •• N '' D O '' K 5 [ J l I • F X V Z J * H L J 
'' F O R '' J J : • 1 '' S T E P " 1 " U N T I L '' N 1

' D O '' 
'' B E G I N ~, Y t J .J l . 1 • V L. C J J J + C Z L t J J l * 3 l & + K O CJ J l * 3 S + 

K2tJJl • 108 + ~4CJJ) • 25) / 33& • HLJ 
Z tJJl 1: ZL tJJl + (KO [JJl • 35 + K2 tJJl * 1&2 ♦ 
K4CJJJ • 125 + KStJJJ • 14) / 33& 

1
• ENO'' ; 

N E. X T I '' I F '' 8 • • X '' T H E N '' 
,, 6 E G I N 19 X L. I II )( J 

'' F O R '' J J a a 1 '' S T E P '' 1 '' UN T I L '' t~ '' D O '' 
'' B E G I N '' V L [ J J l : • Y [ J J l J Z L. t J J l I • Z t J J l '' E N D '' J 
'' G O T O '' T E S T 

''END'' J 
'' I F '' '' N O T '' L A S T '' T H E N '' 0 t 2 J I • H J O t 3 l I • X J 

• 

.. '' F O R ., J J I • 1 ft S T E P " 1 It UN T I L ,, N ., 0 0 '' 
,, a E G I N If D t J J + 3 l I a V [ J J l J D C N + J J + 3 J 1 :1 Z t J J l '' E N O ,. 

'' E N O '' R K 2 N J 
fl E Op,, 

• 
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AUTHORIJ.A.ZONNEVELDe 

CONTRIBUTORS& M.BAKKER ANO I.BRINK. 
\ 

INSTITUTEI MATHEMATICAL CENTRE. 

RECEIVCDI 730715. 

BRIEF OESCRIPTIONt 

RK3 INTE~RATES THE INITIAL VALUE PROBLEM (0/0X) (0/0X) Y = F(X,V) 
(WITHOUT THE OERI~ATIVE CO/OX) YIN F>, A< X <- B OR 8 <= X <=A, 
Y(A) ::: YA-, (0/0X) Y(A) - ZA. 
A 5-TH ORDER RUNGE-KUTTA METHOD IS USED. 

KEYWORDS I 

RUNGE-KUTTA METHODS, 
SECOND ORDER DIFFERENTIAL EQUATION, 
INITIAL VALUE PROBLEM. 
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CALLING SEQUENCEa 

TH£ HEADING OF THE PROCEDURE READS& 
•• PR o C £ D U R £ •• R K 3 ( X , A , B , Y , Y A, 2 , ZA , F X Y , :: , D , F I > ; 
•• V A L U E:: •• B , F I ; 
••REAL•• X,A,B, V, YA ,Z,ZA, FXY; 
•• B O O L EA N •• FI ; 
··ARRA v·· E, o; 

TH£ MEANING OF THE FORHAL PARAMETERS ISi 
XI <VARIABLE>; 

THE INDEPENDENT VARIABLE. 
UPON COMPLETION OF A CALL OF RK3, 
IT IS EQUAL TO a; 

Al <ARITHMETIC EXPRESSION>; 
THE STARTING VALUE OF x; 

Bl <A~ITHHETIC EXPRESSION>; 
A VALUE PARAMETER, GIVING THE ENO VALUE OF x; 
8 <= A IS ALLOWED; 

YI <VARIABLE>; 
THE DEPENDENT VARIABLE; 
EXIT I THE VALUE OF Y(XJ AT X = a; 

YAI <ARITHMETIC EXPRESSION>; 
ENTRY I THE VALUE OF Y AT X=A; 

21 <VARIABLE>; 
THE DERIVATIVE OY/JX; 
EXIT a THE VALUE OF OY/DX AT X = a; 

ZAI <ARITHMETIC EXPRESSION>; . 
ENT~Y I THE ~ALUE OF DY/OX AT K=A; 

FXYI <ARITHMETIC EXPRESSION>; 
AN EXPRESSION,OEPENDING ON X A~O Y ,GIVING THE VALUE OF 
(D/DX) (0/0X)Y; 

El <ARRAY IDENTIFIER>; 
•• A RR A Y •• E C 1 I '+ J ; 
EC11 ANO EC3J ARE USED AS RELATIVE TOLERANCES, 
EC2l ANO E(~l ARE USED AS ABSOLUTE TOLERANCES 
FOR Y ANO OY/OX, RESPECTIVELY; 

01 <AR<AY IDENTIFIER>; 
••~RR. A Y •• DC 1 15 l ; 
EXITI 
ENTIER<D£11+.5) IS THE NUMBER OF STEPS SKIPPED; 
0{21 IS THE LAST STEP LENGTH USED; 
0[31 IS EQUAL TO a; 
0[4] IS EQUAL TO Y(B); 
DCSJ IS EQUAL TO OY/OX FOR X-B; 

FIi <BOOLEAN EXPRESSION>; 
IF FI=··rR.uE·· THEN THE INTEGRATION STARTS AT X=A WITH A TRIAL 
STEP 8-A; IF F1-••FALSE 1

• THEN THE INTEGRATION IS CONTINUED 
VIZ. WITH THE INITIAL CONDITIONS X-OC3l, Y-OC4J, Z 0[51 AND 
STEP LENGTH H 0(2J•SIGN(B~OC3J); A,YA,ZA ARE IGNORED. 
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OATA ANO RESULTSI 

RY.3 INTEGRATES (0/0X) (0/0X) Y = F(X,Y) FROM X TO B,WITH IF FI=··rRuE·· 
THEN X=A, Y=YA,OY/OX=ZA ELSE X-0(31, Y=D(41, z-ocs1. 
A 5-TH ORDER RUNGE KUTTA METHOD IS USED. 
UPON COMPLETION OF A CALL OF RK3 WE HAVE X=DC31=B, Y=0(4l=YCBJ, 
Z=OC5l, I.E. THE VALUE OF DY/DX FOR X=B• 
RK3 USES AS ITS MINIMAL ABSOLUTE STE? LENGTH 
HMIN=HIN (EC2•J-1J•INT+EC2•J]) WITH 1<-J<=2 AND INT
AB S ( 8- ( •• I F •• FI •• T HE N •• A ••EL S E •• 0 C 3 l ) ) • 
IF A STEP OF LENGTH ABS(H)<=HHIN IS REJECTED ,A STEP SIGN(H>•HHIN 
IS SKIPPED. A STEP IS REJECTED IF THE ABSOLUTE VALUE OF THE LAST 
TERM TAKEN INTO ACCOUNT IS GREATER THEN IA8S(OY/OX>•EC1l+EC2J>• 
ABS(H)/INT OR IF THAT TERH IS GREATE~ THEN CABS(FXY)•EC3J+EC~J)• 
ABS(H)/INT ( INT= ABS(B A) ). 
SEE REFC1l. 

PROCEDURES USEDI NONE. 

RUNNING TIHEIOEPENOS STRONGLV ON THE DIF~ERENTIAL EQUATION TO SOLVE. 

LANGUAGEIALGOL 60. 

HETHOO ANO PERFORMANCEISEE REFC1l. 

REFERENCES I 
{ilJ.A.ZONNEVELO. 

AUTOMATIC NUMERICAL INTEGRATION. 
MATHEMATICAL CENTRE TRACT B (1970). 

EXAl1PLE OF USE I 

··aEGIN 11
' ··coMHENT'· SOLUTION OF y••=x•Y,Y(0)=0,Y'(0)=1; 

··PROCEDURE·· RK3(X,A,B,Y,YA,Z,ZA,FXY,E,D,FI); ··cooE·· 33014; 

··REAL·· ··PROCEOURE·· YEXACT(X) ;"VALUE·· x;•·REAL" x; 
••aEGIN•• ••INTEGER•• N;•REAL•• X3,S,TERM; 

X3l=X••3;TERHI-XiSl=O; 
•• F O R •• N I = 3 , N + 3 •• W H I LE.. A as C TE R. H ) > •• -1 ~ •• 0 o •• 
''BEGIN•• Sl=S+TERM;TERMa =TERH•XJ/N/ (N+1) 
••END••; 
VEXACTt=S 

••END••; 

••RE AL •• X , B , Y , Z ; •• B 00 LE AN 1111 FI ; ••ARRAY •• 0, E C 1 I 5 l ; 
EC 1 l I =E { 3 l I=•• 8 ; EC 2 l I =E ( It J I = ••-12; 
s'FOR'" 8Z-e25,.50,.75,1.00 ••oo•• 
••aEGI N'' Fl 1-B<. 30; 

RK3(X,O,B,Y,O,Z,1,X•Y,E,O,FI>; 
0 UT P UT ( 6 1 , •• ( •• 10 B" ( •• y .. Y E X ACT = •• > •• • 10 o•• 2 0 , 5 B •• ( •• X = •• > •• Z • 2 D , 
5 8 •• ( •• Y = • • ) •• 2 0 • 10 0 / / •• ) •• , Y - YE X AC T ( X ) , X 9 Y > 

••Et10•• 
· ••END•• 
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DELIVER.SI 

Y-YEXACT=0.0000000000 

Y YEXACT=0.0000000000 

Y-YEXACT=0.0000000000 

Y-YEXACT=0.0000000000 

SOURCE TEXT(S) I 

.••c ODE•••• 33014 ; 

X= .25 

X= .50 

X= • 75 

X = 1. D 0 

Y=00.2503256420 

v-oo.sos223s559 

Y 00.77&&332813 

Y=Oi.0853396481 

10 PROCEDURE 1
• RK3<X, A, B, Y, YA, Z, ZA, FXY, E, D, FI>; 

··vALUE 1
• a, FI; ··REAL'· x, At B, v, YA, Z, ZA, FXY; .. BOOLEAN'· FI; 

••ARRAY•• E, 0; 
11 BEGIN•• '0 REAL•• Ei, E2, E3, E4t XL, YL, ZL, H, INT, HHIN, HL, 

ABSH, KO, Ki, K2, KJ, K~, KS, OISCRY, DISCRZ, TOLY, 
TOLZ, MU, HU1, FHY, FHZ; 
··aooLEAN'· LAST, FIRST, REJECT; 
••1F•• FI ••THEN•• 
••BE GI N •• 0 C 3 l I A ; 0 C 4 l I = Y A ; 0 C 5 l J = Z A ••ENO•• ; 
0(1]1= o; XLI= 0(3); YLI= OC4J; ZLI- 0(5); 
•• r F •• F I ··r HEN.. 0 [ 2 J I - B - 0 C 3 l ; ABS HI= H 1 = A BS CDC 2 l ) ; 
••rF•• B - XL < 0 ••THEN•• HI= • H; INTI= ABS(B - XL); 
HMINI= INT• E(1l + EC2l; HLI- INT• EC3l + EC4J; 
··rf·· HL < HHIN ··THEN .. HHINI= HL; Eta- E(1J / INT; 
£21 = El2l / INT; E31= E[3J / INT; E41= EC4l / INT; 
FIRSTS= REJECTI- ••TRUE"; ••tF 1

• FI ••THEN" 
··sEGIN'· LASTI= ··TRUE••; ··Goro·· STEP "ENo··; 

TESTZ ABSHI= ABS(H); ••1F•• ABSH < HHIN ••THEN•• 
•• 8 E GI N ... H I = •• I F •• H > 0 •• T H EN•• H H I N " EL S E •• - HM I N ; A 8 S H I H H I N 
••EN o••; 
··rF·· H >= 8 - XL ··EQUIV'· H >= 0 ··THEN'· 
··BEGIN.. DC 2 l I - H; LAST & = M TRUE··; HI - B - XL; 

ABSHI= ABS(H) 
••E.No•• 
••EL SE .. LAST I ••FALSE••; 

' 

··coMMENT·· 

• 

• 
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STEP1 ''IF'' REJECT "THEN'' 
•• B E G I N '' X I : X L J V I : V L J K O I • F X Y * H '' E N O '' 
'' EL S E '' K O I : K 5 • H / H L , X I • X L + • 2 7 b 3 q 3 c O 2 2 5 0 0 2 1 * H J 
Y:: YL + CZ~• .2763932022 50021 +KO• 
,03S19&b01125011) • HJ K11= FXV • Hr 
X1s XL+ ,723b0 b7~77U997q * Hp 
V1• Y~ ♦ CZL • .72360679774qq7q + K1 * ,2&180 
33Q887~qeq) • Hr K21• FXY • HJ XI• x~ + M * ,SJ 
V1• YL + (Z~ • .s +KO* 1 04687S + K1 * 
,0798241S583qe~o • K2 • ,0016qq155639840) * HJ 
t< 4 I ::: F X Y • t-4 J X I = '' I F '' L A S T " T H E N '' B '' E L S E '' X L + H J 
Y:= v~ t (Z~ ♦ KO• ,3oqo169q4374q47 + K2 * 
,1Q0983005625053) • MJ KJ1a FXY * HJ 
Yt= Y~ + (ZL ♦ KO• ,083333333333333 + ~1 * 
,301502832395825 + K2 t ,1151&3834270842) * HJ 
KSI• FXV • Hs 
DISCRYI= ABS((• KO* .s + K1 * 1.eoqo1eqq4374q47 ♦ 
K2 * ,6qOq8300Sb250Sl • ~4 • 2) • H)J 
DISCRZ1• ABS(CKO • K3) • 2 • (K1 + K2) • 10 +KU* 
1b +KS* a,, TOLYs= ABSH • (ABS(ZL) * E1 + E2)J 
TOLZ:s ABSCKO) ~ E3 + ABSH • E41 
REJECT:: DISCRY > TOLY ''OR" DISCRZ > TOLZJ 
FHVs: OlSCRV 1 TOLVJ FHZ:• DISCRZ I TOLZ, 
"IF 1• FHZ > FHY ••THEN'• FHV1~ FHZ, 
M U I = 1 / ( 1 ♦ F H V ) + 1 4 5 t '' I F •~ R E J E C T '' T H E N '' 
'' B c G I N '' '' I F '' A B S H < a H M l N '' T H E ~ '' 

''BEGIN•• D Cll :a D t1l + 1 J Va: VL, Z:• ZL_J 
F I R S T 1 : '' T R U E '' J '' G O T· O '' N E X T 

'' E f'~ D " J 
ti I : M U • H 1 •• G O T O '' l E S T 

''ENO'' ; 
11 l F tt F I R s T It T H E N '' 
e, a E G I N ,, F I R s r : : ,, F A L s E ,, , ML , • H , H 1 = M u * H , •• G a T o ,, A c c 
''END'' J 
FHvs: MU* H / HL ♦ MU. MU1r HLI• HJ H1s FHY * HJ 

ACCI MlJ1;;, MlJJ • 

Za• z~ + (Ko ♦ K3) • ,083333333333333 + (K1 + K2) * 
,a1&obob606b6bb7J 

•• 

N E X T J '' I F '' 8 -. : X tt T "1 E ~ '' 
'' ~ E G I N '' X L I : X J Y L I : Y J Z L I :1 Z J '' G O T O '' T E S T '' E N O '' I 
•• I F '' '' N O T '' L A S T •• T H E N '' 0 t 2 l I a rt t D t 3 l I • X J D C 4 l I :: Y J D [ 5 l I : Z 

''ENO•• RK3J 
'' E Op It 
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CONTRIBUTORS& M.BAKKER ANO I.BRINK. 

INSTITUT~IMATHEMATICAL CENTRE. 

RECEIVEOi 730715. 

BRIEF OESCRIPTIONI 

RK3N INTEGRATES THE VECTOR INITIAL_PROBLEM 
(0/0X> (0/0X) Y = F(X,Y), A<= X <- B OR 8 <= X <= A, 
YCJJ (A) = YACJJ, J = 1, •• ,N, 
(0/DX> Y(Jl CA) = ZA[Jl, J = 1, •• ,N. 
A 5-TH ORDER RUNGE-KUTTA METHOD IS USED. 

KE YHORDS t 

RUNGE-KUTTA METHODS, 
SECOND ORDER DIFFERENTIAL EQUATION, 
INITIAL VALUE PROBLEM. 

CALLING SEQUENCE& 

THE HEADING OF THE PROCEDURE REAOSI 
••PRO C EDU RE•• R K3 N ( X , A , 8 , Y , Y A , Z, Z A , ;:- X Y J , J , E , D , FI , N > ; 
•• V A L U E •• B , FI t N; 
•• r NT EGER•• J, N; 
••REAL•• X,A,B,FXYJ; 
••BOOLEAN•• FI; 
••ARRAY•• Y,YA,Z,ZA,E,D; 

MC 

PAGE 1 
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THE MEANING OF THE FORMAL PARAMETERS ISi 
Xa <VARIABLE>; 

THE INDEPENDENT VARIABLE. 
UPON COMPLETION OF A CALL OF RK3N, 
IT IS EQUAL TO B; 

Al <ARITHMETIC EXPRESSION>; 
T~E STARTING VALUE OF x; 

81 <ARITHMETIC EXPRESSION>; 
A VALUE PARAHETER,GIVING THE ENO VALUE OF x; 
B <= A IS ALLOWED. 

YI <ARRAY IDENTIFIER>; 
••ARRAY" Y C 11 N J ; 
THE VECTOR OF DEPENDENT VARIABLES; 
EXIT I THE VALUE OF Y[JJ(X) AT X = B; 

YAa <ARRAY IDENTIFIER>; 
··ARRAYM YA(11NJ; 
ENTRY I THE STARTING ~ALLIES OF YCJJ,I.E. THE VALUES AT X=A; 

ZI <ARRAY IDENTIFIER>; 
··ARRAYU Z(11N); 
THE DERIVATIVES OF THE DEPENDE~T VARIABLES, ZCJl = OYCJJ/OX; 
EXIT I THE VALUE OF ZCJJ(X) AT X = a; 

ZAB <ARRAY IDENTIFIER>; 
•• A RR A Y •• 2 A C 11 N l ; 
ENTRY I THE STARTING VALUES OF ZCJJ,I.E. THE VALUES AT X=A; 

FXYJI <ARITHMETIC EXPRESSION>; 
AN EXPRESSION DEPENDING ON x,vc11, ••• ,Y(Nl,J, 
GIVING THE VALUE OF CO/OX)(O/OX)YCJJ; 

JI <VARIABLE>; 
A VARIABLE OF TYPE INTEGER,USEO IN THE ACTUAL PARAMETER 
CORRESPONDING TO FXYJ,TO DENOTE THE NUMBER OF THE EQUATION 
REQUIRED tJENSEN•S DEVICE>; 

El <ARRAY IDENTIFIER>; 
••ARRAY•• EC 11 4 • N l ; 
T~E ELEMENT Et2•J-1l IS A R~LATIVE ANO EC2•Jl IS AN ABSOLUTE 
TOLERANCE ASSOCIATED WITH Y[Jl; 
EC2•(N+J) 11 IS A RELATIVE ANO EC2 4 (N+J>J IS AN ABSOLUTE 
TOLERANCE ASSOCIATED WITH ZCJJ; 

01 <ARRAY IDENTIFIER>; 
••AR RA y•• 0 C 11 2 • N + J J ; 
EXITS 
ENTIERCOC1J+.5) IS THE NUHBER OF STEPS SKIPPED; 
0(21 IS THE LAST STEP LENGTi USED; 
OC 3 l IS EQUAL TO B; 
Ol4l, ••• 90[N+3l ARE EQUAL TO YC1J, ••• ,YCNJ FOR X=B; 
DCN+4], ••• ,oc2•N+3l ARE EQUAL TO THE DERIVATIVES 
2(11, ••• ,Z{N] FOR x-s; 

Fii <BOOLEAN EXPRESSION>; 
IF FI=··rRuE·· THEN THE INTEGRATION STARTS AT A ,WITH A TRIAL 
STEP B-A; IF Ft-••FALSE•• THEN THE INTEGRATION IS CONTINUED VIZ. 
WITH THE INITIAL CONDITIONSIX=OC3l,YCJl=OtJ+3J,ZCJl=OCN+J+3l, 
AN.D STEP LENGTH H=DCZJ•SIGN(B-OC3l); A,YA,ZA ARE IGNORED; 

NI <ARITHMETIC EXPRESSION>; 
THE NUMBER OF EQUATIONS. 
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DATA ANO RESULTSZ 
RK3t•J INTEGRATES (0/0X)(D/OX>Y=F(X,Y) FROM XTO B,HITH,IF FI-"TRUE•• 
TH£t,. X=A, Y[Jl=YACJJ, ZCJl=ZACJJ.IF FI ••FALSE .. THEN X=OC3l, 
Y(Jl=OtJ+3l, Z[Jl-OCN+3+Jl, USING A S~TH ORDER RUNGE KUTTA METHOD. 
UPON COMPLETION OF A CALL OF RK3N WE HAVE X=OC3l=B, YCJJ-O(J+3l 
THE VALUE OF THE DEPENDENT VARIABLES FOR X=8, Z[JJ- OCN+3+Jl, 
THE VALUE OF THE DERIVATIVES OF Y(JJ AT X=Ba 
RK3N USES AS ITS MINIMAL ABSOLUTE STEP LENGTHI 
HHIN=HIN (EC2•J-11•INT+Ec2•J]) ,WITH 1<=J<=2~N ANa INT
A 8 S ( 8 - ( •• I F •• F I "T HE N •• A .. EL S E •• 0 C 3 l ) ) • 
IF A STEP OF LENGTH AaS(H)<=HHIN IS ~EJECTEO,A STEP SIGN(H)•HHIN IS 
SKIPP ED. 
A STEP IS REJECTED IF THE ABSOLUTE VALUE OF THE LAST TERM 
TAKtN INTO ACCOUNT IS GREATER THEN (ABS<ZCJJ>•EC2•J-1J+EC2•JJ)• 
ABS(H)/INT OR IF THAT TERM IS GREATER THEN CABS(FXYJ)•ECZ•(J+N)-11 
+EC2•(J+N)J)•ABS(H)/INT FOR ANY VALUE OF J, 1<=J<=N (INT=ABS(B-A)). 
SEE REF[11. 

PROCEDURES USEDl NONE. 

REQUIRED CLNTR~L MEHORYI 
EIGHT A~AYS OF ORDER NANO ONE OF ORDER~• N ARE USE~. 

RUNNING TIMEIDEPENOS STRONGLY ON THE DIFFERENTIAL EQUATIO~S TO BE 
SOLVED. 

LANGUAGEtAL~OL oO. 

METHOD AND PERFORMANCEISEE REFC1Je 

REFERENCES: 
[1JJ.A.ZONNEVELO. 

AUTOMATIC NUMERICAL INTEGRATION. 
MATHEMATICAL CENTRE TRACT 8 (1970). 

EXAMPLE OF USES 

,:-

' . . . . 

THE SECOND ORDER (VECTOR) DIFFERENTIAL EQUATION 

( 0/ DX ) (DI DX ) Y [ 1 1 = + Y C 2 J t 

(0/DX) (0/DX)Y[2J = -Y[iJt X>=O, 

YC11 = YC2l = 1, 

(0/0X)Y{1l = (0/0X)Y[2l 

WHOSE EXACT SOLUTION IS GIVEN BY 

Y{1l=CJSH(X/SQRT(2))•COSCX/SQRT(2))+SINH(X/SQRT(2))•SIN(X/SQRT<2)) 
YC2l=COSH(X/SQRT(2))•COS(X/SQRT(2))~SINH(X/SQRT(2))•SIN(X/SQRTC2)) 

CAN BE INTEGRATED BY RK3N BECAUSE THE SECOND DERIVATiiE IS NOT 
> 

EXPRESStD IN THE FIRST. THE PROGRAM ~EADS AS FOLLOWS& 
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··sEGIN·· ··rNTEGER'11 K.a; '11 REAL·· x; NBOOLEAN .. FI; 
•• A RR A Y tll Y , YA, Z ( 11 2 J , E ( 1 J 8 J , D ( 0 I 7 J ; 
•• INTEGER•• ••PROCEDURE .. EVEN(N); ••vALUE .. N; ••INTEGER'• N; 
EVEN1- ••rF•• N//2 = N/2 111 THEN•11 +1 ••ELSE'• -1; 
10 PROCEDURE s0 RK3N(X,A,B,Y,YA,Z,ZA,FXYJ,J,E,O,·FI,N); ··cooE••3301s; 
··PROCEDURE 1111 EXACT(X,Y); ··vALUE" x; ··REAL .. x; ··ARR~v·· y; 
'

0 8EGIN 1111 ••INTEGER'• I,N; ••REAL'• X2,TERH; 
Y(i]I Y[2]:-o; TERHl=1; X21= x•x•.s; 
•• F O R •• N I = 1 , N + 1 •• W H IL E •• A B S ( T ER H ) > •• -14 •• D O " 
.. B E G I N" •• FOR.. I I = 1, 2 •• D O"' 

YtIJl=YCil + TERH•EVEN((I+N-2)//2); 
TERHI= TERH 4 X2 /N/CN•Z-1) 

••ENO•• 
••ENO••; 
MFoR·· Ks-1,2~3,4,5,6,7,a "oo·· ElKJa=•· 1; Fia- ·rRJE••; 
Y(1)1-Y(2l1=1; Zl1ll=ZC2]1-0; a1:o; AAI Bl= 8+1; 
R K3 N ( X , 0 , 8, Y , Y , Z , Z , •• 1 F" K = 1 ••THEN•• V C 2 l •ELSE•• .. Y ( 1 l , K , E , 0 , FI , 2 ) ; 
EXACT<x,vA1; ouTPUT<&1,M«•·111oe 
•• <••A BS (YE XA CT C 1 1-Y [ 1 J) +ABS ( YEXAC T [ 21-Y C 2 J) -••I" .100 ••2 D") .. , 
ABS(Y(1l-YAC1lJ+A8S(YA(2l-YC2lJ J; 
F I I = •• F A L S E •• ; •• I F •• 8 < 5 .. THE N •• ••GO T O •• A A 

••ENO'• 
RESULTS! 
FOR X=1,2,3,4,5 THE FOLLOWING ERRORS ARE NOTICED (ECK]=•• .. 7, 
K-1, ••• ,8) I 

ABS(YEXACT[1]-Y(1])+ABS(YEXACT(2]-Y[2l) .ooooooooos··oo 
A8S(YEXACT[1] YC1J)+ABS(YEXACTC2l~Y[2l)=.0000000018'·oo 
ABS(YEXACTC1l-YC1l)+ABS(YEXACT[2l-Y[2])=.0000000046··oo 
ABS ( YEXACT C 1 J-YC 1 l) +A BS( YEXACT C 2 J -Y C 2 l) - • 0 00 000012&••0 0 
ABS(YEXACT[11 Y[1l)+A8S(YEXACT(2)-Y[2))=.0000000293 1·00 

SOUR.CE TEXT(S)I 

•• C O O E •• •• 3 3 0 15 ; 
••PROCEDURE•• RK3N(X, A, B, Y, YA, Z, ZA, FXVJ, J,, E, D, 
FI, N); ••vALUE•• B, FI, N; ••INTEGER.•• J, N; ••REAL• X, A, B, FXYJ; 
··aooLEAN 1

• FI; "0 ARRAv·· Y, YA, Z, ZA, E, o; 
••aEGI N •• "'I NT EGER•• JJ; 

••RE AL 1
• XL, H, HHIN, INT, HL, ABSH, FHH, OISCRY, OISCRZ, 

TOLY, TOLZ, HU, HU1, FHY, FHZ; 
••t300LEAN•1 LAST, FIRST, REJECT; 
••ARRAv•• YL, ZL, KO, Ki, K2, K3, K4, K5(11Nl, EEC1J4 • 
NJ; 
··r F·· FI ··r HEN·· 

. ••BE GI N •• 0 C 3 J I - A ; 
• ' 

··FoR·· JJa- 1 .. STEP·· 1 ··uNTIL .. N ··oo·· 
••BEGIN'• OCJJ + 3Ja- YACJJJ; DCN • JJ + 3JJ= ZACJJJ 

"COMMENT•• 

I 
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DC1J:: OJ XL1= OC3ls 
'' F O R '' J J i • 1 11 S T E P '' 1 '' U N T I L '' N '' D O •• 
'' B E G I N '' Y l. C J J l : : C1 C J J + 3 l , Z L t J J l 1 • D C N + J J + 3 l 9• E ~J D '' , 
'' I F •• F" I '' T H E N •• 0 t 2 J & = 8 • D t 3 l s A B S H I = H I : A B S C D C 2 l ) J 
'' I F 11 8 - X L < 0 ,, T Int E N 11 H I • 11111 H ' I N T I • A B s ( B - X L ) , 
HMI~J:: INT • E tll + E t2l J 
•~ F O R '' .J J : : 2 •• S T E P " 1 " U N T I L. '' 2 • N '' D O '' 
'' B E. G I ~ '' H L : : I N T • E t 2 • J J • 1 l + E C 2 • J J l J 

'' I F '' H L < H M l N '' T HE N '' H M I N I • H L 
''ENO'' J 
'' F O R '' J J s : 1 '' S T E P •• 1 '' U N T I L '' 
F I R S T ; :: R E J E C T : : •• T R U E '' J '' I F '' 
'' 8 E G I N '' l. A S T i • •• T R U E '' ; '' G O T O '' 

TEST: ABS!-1:: ABS(H)J ''IF•• ABSH < 

Li • N '' 0 O '' E E t J J l : .a 
FI ''THEN'' 
S T E P •• E N D '' s 

E CJJ] I INTJ 

'' B E G I N '1 H : : '' I F '' rl > 0 '' T H E N '' 
''END'' ; 

H M I N '' T H E N '' 
HM I N '' E L S E '' • HMINJ ABSH1: HMIN 

'' I F '' H > : B • X L '' E Q U I V '' H > • 0 '' T H E N '' 
•• 9 f. G I ~, •• D t 2 l 1 : H J L A S T I = '' T R U E '' J H I : B • X L J 

ABSt11:a ABS(H) 
••END 1

' 

'' E L S E '' L A. S T : = '' F A L S E '' J 
S T E P I '' I F •• R E J E C T '' T H E N '' 

'' B E G I N '' X I c :( l. I 
'' F O R '' J J I s t '' S T E I' '' 1 '' U N T I L '' N '' 0 0 '' Y [ J J l : : Y L t J J l r 
,, F O R '' J 1 = 1 ,. S T E P '' 1 '' U "I T I L It N ,, 0 0 ., K O t J l : :: F X Y J * H 

'' E ~JD '' 
''ELSE'' 
'' 8 E G I N '' F rt Y 1 = H I H L J • 

'' F O R '' J J 1 : t '' S T E P '' 1 '' U N T I L •• N '' D O '' K O [ J J l I = K 5 t J J J * F H V 
'' E ~JD '' ; 
X1• XL ♦ ,27b3q 32022S0021 * Hr 
'' F O R '' J J : 1: 1 •• S T E P '' 1 '' U N T I L •• N '' 0 0 '' Y t J J l 1 : Y L C J J l + C Z L [ J J l 
• .27b3Q3202250021 t KO[JJJ • ,0381Q&&01125011) * HJ 
'' F O R '' J I : 1 •• S T E P '' 1 '' U N T I L. '' N '' D O '' K 1 [ J J : = F X Y J * H J 
x:~ x~ • .7236067q774qq7q • HJ 
''FOR'' J J I a: 1 ••STEP'' 1 ''UNTIL,'' N '' 0 0 '' V [ J J l I • V L. t J J J + CZ L [ J J l 
• • 723eOl:>7()7749q7q + K1 CJJJ • ,2618033CJ8874q89) * HJ 
•• F Cl R '' J : : 1 '' S T E P •• 1 '' U N T I L '' N '' 0 0 '' K 2 t J l : : F X Y J * H , 
XI r: XL. + H * -i S: 
•1 F O R '' J J : = 1 ,, S T E P '' 1 '' UN T I L •• N '1 D O '' Y [ J J l I = V L [ J J l ♦ C Z L C J J J 
* .s + KO [JJl • ,OQ&87S + Ki tJJl * ,o7q8241SS83Q840 
• K2tJJJ • ,00109 q1ssa3qe40, • Hs 
'' F O R '' J : : 1 '' S T E P '' 1 '' LJ N T I L. '' N '' D O '' K 4 t J l I II F X V J * H J 
X ; = '' I F '' L A S T '' T H E N •• B •• E L S E •• X I. + H J 
'' F O R 1' J J t z 1 ,, S T E P '' 1 '' U N T I L. '' N '' D O •• Y C J J l I a V L t J J l + C Z L C J J l 
+ KOtJJJ • ,309016q9437~q47 ♦ K2CJJJ • 
.lq0983005b2SOS3) • HJ 
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'' F O R '' J : : 1 '' S T E P '' 1 '' U t J T I L '' N '' D O '' K 3 [ J J I : F X V J • H J 
tt F O R '' J J I :: 1 •• S T E P 11 1 '' U N T I l.. '' N '' 0 0 '' Y [ J J l I : Y L [ J J J + C Z L t J J l 
t KO CJJJ * ,.083313333333333 ♦ K1 [JJl * .30150 
2832395825 + K2[JJ] * ,115163834270842) • HJ 
'' F O R '' J 1 ; 1 '' S T E P " 1 '' U N T I L '' N '' 0 0 '' t< 5 [ J l I • F X Y J • H J 
REJECT:• ''FALSE''J FHM1= OJ 
'' F O R '' J J l s 1 '' 5 T E P '' 1 " U N T l L. •• N •1 0 0 '' 
'' 8 E GIN'' DI SC RV:: ABS ( C • K 0 t J J l • , S ♦ K 1 [ J J l * 

1,eoq01bQQ~37~q47 + K2[JJ] * .bq098300562SOS3 • 
~UtJJl * 2) * H)J 
DlSCRZt• ABS( Ct<O tJJ] • K3 [JJJ) * 2 • (Kt tJJ] + 
K2tJJl) • 10 ♦ Kij[JJJ * 1& + KS[JJJ * 4); 
TOL,l'; = ABSH • CABS (ZL [JJl) • EE t2 • JJ • tl + 
EE t2 • JJl l, 
TOL.z:a ABS(KO [JJ]) * EE t2 • (JJ + N) • 11 t ABSH 
• EE t2 • CJ J + N) l J 
R E J E C T I • 0 I S C R Y > T O L V '' 0 R '' D l S C R Z > T O L Z '' 0 R '' H E J E C T t 
FHY:: DISCRV / TOLVJ FHZ:s DISCRZ I TO~Z1 
'' I F '' F H Z > F H Y '' T H E t..J '' F H Y I II F H Z t 
•• I F t1 F H V > F H M '' T H E N '' F HM I : F H Y 

t1 E ~JD'' J 
M U I : 1 / C 1 + F H M ) t • LL 5 J '' I F '' R E J E C T •• T H E N •• 
•• B E G I N '' '' 1 F '' -A B S H c : ~ M I N '' T M E N '' 

'' B E G I N '' 0 [ 1 l I • D t 1 l ♦ 1 S 
., F O R ,, J J 1 11 1 " S T E P ., 1 ,. U N T I L ,, N 11 0 O ti 
'' B E G I N ._ Y [ J J l : : Y L t J J J s Z [ J J J I • Z L [ J J l '' E N D '' r 
r; I R S T I m '' T R U E '' 1 '' G O T O '' N E X T 

"ENO''J · 
Hi= MU* Ht ''GOTO'' TEST 

•• E N D '' R E J ; 
,. I F ,, F I R s T It T H E N '' 
'' 8 E G I N '' F I R S T : z •• F A L. S E " J H L : • H , H I • M U * H J '' G O T O •• A C C 
''ENO'' r 
FHV:= MU• H / HL +MU• MU1t HLa• Hr H1a FHV * H; 

A C C ·1 MU 1 : : M U • 
•• F O R '' J J I : 1 1' S T E P '' 1 '' U N T I L. '' N '' 0 0 '' Z t J J l I :: Z L t J J l + C K O C J J l 

. + K3 [JJl) • .. 083333333331333 + CK1 tJJl + K2 tJJl) • 
.U16b~&bbbbb&bb1J 

N E X T I •• I F '' 8 • a X '' T H E N '' 
t•SEGIN" XL1: XJ 

1' F OR 11 J J I a: 1 '' S T E P '' 1 '' U N T I L 9' N '' D O '' 
'' B E G I N '' V L t J J l : : Y t J J l J Z L t J J l l • Z t J J l •• E N O '' J 
•• G O T O '' T E S T 

~,ENO •1 J 
., I F •• ,, ~ 0 T '' L /4 S T If T H E N '' D t 2 l I • H t O [ 3 l I • X , 
•• F. 0 R '' J J : : 1 11 S T E P '' 1 •• U N T I L. '' N '9 0 0 '' 
19 6 E G I N '' D [ J J ;, 3 l s :s V [ J J ] I D [ N ♦ J J + l J I II Z [ J J l '' E N O •-

" E ND '' R ~ 3 N 1 
'' E OP'' . . 

• 
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lNST1TUTEI ~ATHEHATICAL ciNTRE. 

RECEIVED; 7b0201 
• 

BRIEF 0fSCRIPTlONI 

ARKMAT SOLVES AN ttJITIAL VALUE PROBLEM, GIVEN AS A SVSTEM OF FIRST 
ORDER (NO~•LINEAR) 01,FERENTI'L EQUATIONS SY MEANS OF A STABILIZED 
RUNGE KUTTA METHOO; 
IN PARTICULAR T•·fIS PPOCEDURE IS St.JtTABL! FOR THE INTEGRATION OF 
SVSTE~S WMERE THE DEPENDENT VARIABLE ANO THE RIGHTHANO SIDE ARE 
ST OREO lN A R!CTA"IGULAR ARRAY INSTEAD OF A VECTOR , . I eE• 
OU I OT• FC T, Ul, WHERE U AND FARE (N * M) MATRICES C SEE METHOD 
AND PERFOR~ANCEl. 

KEYWORDS& 

MATRIX OIFFEREt4TlAL EQUAT?DNS, 
INITIAi. V4L,t!E PROBLEMS, 
EXPLICIT ONE•STEP METHODS, 
STABlLlZED ~U~JGE KUTTA MET•➔ oo~. 

C4~LING S!QUENCE1 

• 

THE OEC~4RATION or THE PROCEDURE IN TH[ CAL~lNG PROGRAM READSi 
' 

"PROCEDURE'' AR~MAT(T, Tf, ~1, N1 U, DE~, TYPE, ORDER, SPR, OUT)J 
"VALUE" M, N, TYPE, O~OERt "INTEGER''~, ~J, TYPE, ORDERJ 
''REAL" T, TE, SPRt "ARRAY" U; flPROCEDURE" DER, our, 
·•coOE" 330b6J 



' 
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THE 
Tl 

TE& 

Ma 
• 

NI 

ua 

' 

O!R1 

HEAr~lNG OF TtiE FORMAL PARAt1ETERS ts 
cVARIABLE»-1 

MC 

PAGE 2 

T •➔ E l "J DE P E f-J O E N T V A R I A e L E T J I T ,~ I G H T B E U S E O I ~~ D ~ R 1 . 
ENTRYI THE I~ITIAL VALUE TOt 
EXIT I THE FI~AL VALUE TEJ 
cARITHMETIC EXPRESSION>t 
ENTRYI THE FINAL VALUE OF TJ 
cARITHHETIC EXPRESSION>t 
NUMBER OF COLUMNS OF U; 
cARITM~•ETIC EXPRESSION>t 
NU~BER OF ROWS or u, 
c A RR A Y I OE t~ T I F l e: R > J 
nARRAV" U[llN,l~~lJ 

, 

ENT~Va THe: INITIAL. VALIJES OF THE SOLUTIO~J Of THE SYSTE:M OF 
DIFFERENTIAL fQUATIO~S AT r,ro, 

EXIT I T~tE VALUES OF THE SOLUTIO~J AT TsTEr 
cPROCEOURE IOENTIFI!R•1 
THE HEADING OF THIS PROCEDURE READSI 
"PROCEDURE" DERCT, V, FTV); "VALUE" Tt 
"REAL" T; "AR~AY~ V, FTV1 

' 

THIS PROCEDURE MUST 6E GIVEN av THE USER AND PERFORMS 
AN EVALUATIO~ OF THE RlGHTHAND SIDE FC T, Vl OF THE 
SVSTE~J U~ON COMPLETION OF OER,THE RIG~iTHAND SJDE SHOULD 
BE STOREO IN ,rvt1iN,11~1, 

TYPE; <VARIABLE~; 
ENT~YI THE TYPE OF THE SYSTEM OF DIFFERENTIAL 

BE SOLVEO; 
EQUATIONS TO 

THE USER StiOULD $UPPI_V ONE OF THE FOLLOWlNG VA.LUESs 
11 IF NO SPECIFICATIO~J OF THE TYPE CAN 8E MADEJ 
21 IF THE EIGENVA~UES OF THE JACOBIAN MATRIX OF THE 

RIGHTHA~O SIDE ARE ~EGATIVE R!ALJ -
31 lF THE EIGENVA~UES OF THE JACOBIAN MATRIX OF THE 

PIGHTHAND SIDE ARE PURELY IMAGINARYt 
ORDERI CVARIABLE>J 

SPRt 
" 

' 

OUTt 
' 

• 

THE O~DtR OF THE RUNGE KUTTA METHOD USEDJ 
ENTRYI FOR TVPEc2 T~tE USER ~AY CHOOSE OROER•l OR OROER•2p 

OROER SHOULD ae. 2 FOR TtiE OTHER TYPES I 
EXIT I If ORDER IS SE:T TO At•IOT~iER VAL,UE,IT IS ASSLJMED TO 

BE (!F TVPE•Z "THE~1" 1 "ELS!" 2Jt 
cARIT~~~!TtC EXPRES3l0N>J 
ENTRY& THE SPECTRAL RADIUS OF THE JACOBIAN 

R l Ci ti THAN D SI OE , W He: t-.J T ~ E S VS TE M IS 
OIMCNSIO~IAL FORM CI,E, VfCTORFORM)f 

MA TR l X OF Tt➔ E-
WRl TTtN IN ONE 

THE IMT[GRATION STEP W!L~ EQUAL CONSTANT/SPR (SEE DATA ANO 
RESUL.TS)J 
l F ~J EC e: S S A RV S F5 R C A t-J 6 E r .JP D A T E D C A F T E R E A C H S T E' P ) 6 Y r.1 E A N S 
OF THE PROCEDURE OUT; 
<PROCEDURE IDE~4TlFlER> 
T~E ~1EADl"G OJ TltIS F'ROCEDURE READSI 
" ~ R O C E D Lt R E t• n U T , 
A F T E R E A C ~ ! t J T E GR A T I O ~ S Te P ~ E R F O ~ ~1 E O , I rJ F O R M A T l O , J C A fJ 8 E 
OBTAtt\if:0 Oq !JF'CATEt' BV TJ-ilS PPOCED~E, E,G. THE VALlJES OF 

' . 

T, Litl1N,t:~J A~D SPR • 
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DATA AND ~ESULTS; 

IF THE l~JSER WA:~rs TO PERFOR~ THE It~TEGRATION WITtf 
H, HE HAS TO GIVE SPR THE VALUE CONSTANT/H, WHERE 

• 

FOLLOWI~G VAlUESI 
C O ~~ S T A N T I 4 • 3 l F T Y P ! I 1 A N 0 
CO~STA~TI 150 lF TYPE•2 ANO 
CO~STANTI 64 IF TVPE12 AND 
CONSTANT ■ 8 IF TY'E•3 ANO 

. 

OROER•ZJ 
OROERW1J 

' ORDERIZ ,· 
ORDER•ZJ 

A PRESCRIBED 
cor...JSTANT HAS 

STEP 
THE 

PROCEDJRES USE01 

·ELMCO~ • CPS4023, 
OUPMAT • CP31035, 

• 

REQUIRED CENTRAL MEMORY1 

TWO AUXIL?ARV ARR4YS OF ORO.ER ~-t•H ARE DECLARED. 

RUNNl'fG TIMES 

THE PROCEDURE DER IS CALLEO 9 TIMES P[R STeP. 

LANGUAGE1 ALG0~60. 

METHOD ANO PERFORMANCE: 

ARKMAT IS AN IMPLEMENTATION or LOW ORDER STABILIZED RUNGE KUTTA 
HETH00$ (SEE REFERENCEE1J)J 
T~E INTEGRATION STEPSIZE USED W?LL DE,ENO ON1 
1. THE TYP~ or SYSTEM TO BE SOLVED (!.E. HYP~RBOLlC OR PARABOLIC), 
2. TtiE SPECTR•L ~ADIUS OF THE JACOBIAN MATRIX OF THE SVSTEMJ 
3. THE INDICATED ORDER OF THE PARTICULAR RUNGE KUTTA METHOD1 
THE PROCEDURE ARKMAT IS ESPECIALLY INTENDED FOR SYSTEMS OF 
DIFFERENTIAL EQUATIONS ARISING rR0~1 I~lTIAL BOUNDARY VALUE PROBLEMS 
IN TWO OlME~SIONS, E.o. ~HEN THE METtiOD OF LINES lS APPLlEO TO THIS 
K l t'1 D O F P ~ 0 9 L E M S , T t f E r:t I G H T ~·i A ND S I O E O , T HE R E SUL T I NG S Y S T E ,,.1 I $ M UC H 
EASIER TO DESCRIBE I~! MATRIX THAN I~J VECTO~ FORMJ BECAUSE OF THIS 
FACT THE 4RRAV OF OEPEtJOENT VARIABLES U JS A MATRIX, RATHER THAN A 
VECTOR, 

REFE.RE'4CEI 
. , . . 

P.J. VAN DER tiOU~EN, 
ST A 81 LIZ E O R lJ '-,JG E '< LJ T TA ,.1 E: T 1··f O O WI TH I'"' I~ 1 TE; D 

. .. .· ; . ·. S T D R A G f: R E' G l I I ~ E. µ, E '·.J T S • 
. . . ' 

. ~1 A T ~-{ • C E f\~ T r~ • Q E' ,., a RT T 'J! 1 2 4 / 7 1 • 
,- ' '- _,-. . 
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SECTION I 5,2,1.1.3 

l 

GIVEN THE FOLLOWI~G SVSTEM OF EQUATIONSI 

OU/ OT• VC Ta X, Y), 
( 1 ) 

DV /OT• 0( Oll I OX)/ DX+ OC OU/ DY)/ DY, 
' ' 

( ORIGINATING FRO~ THE I~JITJAL BOUNDAqy VALUE PROBLEM 
DC OU/ OT)/ OT• DC DU/ OX) I DX+ 0( DU/ DV) / DY, 
ON T~E DO~AIN O ca X <•PI, o «• Y c• 1 ) 1 

WIT~ THE FOLLOWING BOUl'JDARY CONOITIOr~Si 

lJ C T , 0 , Y ) • U ( T , P t , Y ) , U C T , X , 1 ) • 0 , 
l.J( T, X, 0) a SINC X) * COS( SQRT( 1 +Pt* PI I 4) * T), 

ANO THE l NIT I AL VALL'ES I 

UC o, X, VJ• SINC X l * COS( PI• YI 2), 
V( O, X, VJ • 01 

. 

MC 
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• 

• 

AV APP~Y!NG THE METHOO OF LINES TO P~OSLEM Cl), USIN; AT!~ BY TEN 
GRI~ ON THE l~OICATED DOMAIN, THt SVSTE~ IS TRANSFORMED TO A MATRIX 
•OlFF!RENTIAL EQUATio~, THE SOLUTION OF THE LATTER PROBLEM AT T•l 
IS COM~UTED SY THE FOLLOWING PROGRAM, USING A CONSTANT STEPSlZE .11 

' 

"BEGIN" "R~Al-" t~Pl,H1,ti!,i..t1K,HcK 1 T1 TEs 
"INTEGER" I,J,N,M,TYP,OROE,TELr"ARRAV•' Ut11zo,11tOJ J 
"~ROCEDU~E" ARKMATCT,TE,M,~J,U,OER,TYPE,ORDER,SPR,OUT)J "CODE" l30b6J 
"PROCEDURE" INI~1AT(LR,UR,LC,UC,A,X)J ~eoDE" 31011; 

"PROCEDURE" OERlV(T,U,OU)1"REA~" Tt"AR~AY" U,DUJ 
"BEGIN" "'OR" I1•Z "STEP" 1 ~UNTIL" N•t "00" 

"FOR" J112 "STEP" 1 ffUNTIL" M•1 tt00" 
" B ~ G I N " D U C I , J J a • U t t + ~J , J l J 

0 U t I + ;~ , J l I • C U t I , J + 1 l • Z * U [ I , J l + I __ , t l , J • 1 l ) / H 1 K t 
(UCI+t,Jl•2•UC?,JJ+UtI•1,J])/M2K 

"FOR" J1•1,H ~00" 
"BEGI~I" INI~AT(~+1,N+N 1 J,J,DU,O)J 
" F O R •• I i I 1 " S T E P " l '' U : J T I L. " t-l •• D O '' 0 U t I , J l I ~ U C : ·J + 1 , J l 
"E,\JD" 1 

"FD~" I1zt,rt "00'' 
" F O ~ " J t ~ 2 '1 S T E P " 1 '' U i•-.~ T I L '' ~- 1 • 1 •• t' 0 •• 

. I 

,, R E G l 'i ., ) l.J t T , J l I :; 1.J [ t + t.J , J J ; 
'' l r: " I • 1 •• T H E ; J " 0 LI [ ~-~ + 1 , J l ; ~ C L1 C 1 , J + 1 l • Z • U [ 1 , J J + U t 1 , J • 1 l ) / ~➔ 1 t< + 

C 2 • 1 .. 1 C 2 , J l • 2 * t_J t 1 , J l ) / }-·J 2 K 
''EL.SE'' DU (2tf~,Jl ;"O 

,. E :·•J D ,t 
•• E. \f D •• D t Q 1 V 1 
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"PROCEOURt" our, 
"BEGIN~ TEL1•TEL+l1 

"IF'' T•TE "THEN" 

' 
• 

MC 

PAGE 5 

"BEGIN" OUTPUT(&l,"("//,38,"("X"J",78,"("Y">",4B, 
"("UC1,X,YJ"l",78,"C•Uc1,X,YJ")'•,/,16B,"C''C0MPUTEO"l",7B, 
"C"EXACT~)",1/"l~)f 
OUTPUTC61,"("10(ZC•D,3D28l,ZC•~,,obB),/)"l~, 

· CCl•1)*H1,Cl•1l•H2,UEl,1J,StN(H1•CI•1ll*COS(HPI•HZ•Cl•1))* 
COS(T~SQ~T(1+HPI•~Pl)J,l1~1110))J 
OUTPUTC61,"("l,"("NUMBER OF INTEGRATIO~J STEPS1 ">" 
,ZZZO")",TE~)J 
OUTPUTC6l,"(•11,nc" TYPE lSl")",ZO,"C" ORDtR ISi")", 
,zo~)",TVP,ORDE)r 

"END"s 
"E~D" our, 

"PROCEDURE" STARTJ 
• 

"BEGIN'' "FOR" J1•l ••STEP" 1 ••UNTIL'' M "DO" U ttJ,Jl a•SINC~t•CJ•l l) t 
"FOR" 11"1 "STEP" 1 "'JNTlL." ~J ''DO•' 
" B E G I N " " RE A L " C O S 1 t t O S 1 r • C OS C ~~ 2 * ~1 • I * ( I • l ) ) J 

"FOR" Ja•1 "STEP" 1 "UNTI~" M "D0 9 Utl,Jl 1•UtN,JltCOS1 
"ENO" 
lNlMATCN+1,NtN,t,M,U,O) 

"END" STARTs 
• 

MPI1•Z•ARCTAN(t)rHi111/91tlt11Ci•HPI)/9tN1sM1•10J 
H1K&•Ht*~1JH2K1•HZ•H21TELa•OJ , 
Ti•o1 TEi•1 I STARTJ TYP11lJ ORDE1,2t 
ARKMATCT,TE,~,NtN,LJ,DERlV,TYP,ORDE,80,0UT) 

"ENO" 

)( y 

0.000 0,000 
o.349 0,111 

·Q• Oeb. 0,222 
1.047 0,133 
1a39b O,U44 
1.745 0.,55& 
2.09Q 0.601 
Z.'-143 0.11a 
2.793 0,889 
3.142 1.000 

0.000000 
•0.,095Z01 
•0.170723 
•0,211983 
•0,,2132i8. 
•0.17S920 
-o.12~3ee 
-0.002138 
• 1).01&787 

0.000000 

UCt,X,Y) 
EXACT 

0.000000 
•0.09t,73S 
•0.173474 
•0.215398 
•0.21b6bl 
•0.181802 
•0.1243b0 
•O.Obl13q 
•v.011057 
•0,000000 

• 

• 
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• 

(N(l\lfM8ER 1~16J 

MC 

PAGE 

• 

SOURCE TEXT($); 

'CODE" 330061 
"PROCEDURE" ARKMAT( T, TE, M, N, U, OER, TYPE, ORDER, SPR, OUT)t 
"VALUE" M,N,TVPE,OROER; 
'INTEGER" ~,N,TYPE,OROERJ 
"AE;AL" T,T;,SPRJ 
•ARRAY" UJ 
"PROCEDURE" OER,our, 

"BEGI~ff "l~TEGER~ StG,Lt 
"REAL" TAUJ 
''ARRAY" LAMADAt119J,UH,DUt11N,l1MJJ 
"800LE~ ►~n LAST; 

"PROCECUR!"-ELMCOL(L,U,I,J,A,B,Xlt "CODE" 340231 
"PROC!OUR!" OUPMAT(L,U,I,J,A,B)J "CODE" 31035t 

•PROCEDURE" EL~MAT(4 1 B,X)J "VALUE" X1 "ARRAVff A,Bt "AEAL" Xt 
"FOR" L~11 "STEP" 1 "UNTIL" M "DQff EL~CDLC1,N,L,L,A,S,XlJ 

"PROC!OURE" lNITIALlZEJ 

• 

• 

"BEGIN" "lNTEGtR" lJ"~EAL" L8D1 
"SWITCH" TYPEOOEa•NOTSPECtFIEDZ,PARASOLIC1,PARABOLlC~,HYPERBOLIC21 

"lF"" TYPe:•12 "AND• TYFiE11aJ "THEN". TYP!a•lJ 
"lF" TYPE••a "THEN" ORDER~•a •ELSE" "IF· OROER••2 ''THEN" OROER~•1• 
11111 . 
"GOTO'' TVPEODEt"lF" TYPEal "THEN" 1 "ELIEn TVPE+ORDER•1l J 

NOTSPECIFIEOZI "FOR" ~BD1•11q,11a,111,11,,11s,114,1/3,1/Z,4,3 "DO" 
"BEGIN" LAM80A lll l•LBOs I l•I+1 ''EtJO" J 
"GOTO" E)(ITJ 

PARASO~ICta · ~FOR"L80~s.141851924q''•2,.lQ04154076"•2,.00bJ118S~Q 
,.ot08l794l15,.01842133851,.0327850Tq4z, 
,Oo53&Z74ts,.tb91078S17,156 "00" 

"BEGIN" LAM8DA[ll1•LBDt 1&•1+1 "ENO", 
"GOTO" EXlTJ 

PARAB0~IC2a "FOR" LB01•.3S34JSSqos"-2,.eS32o008&7"•2,.015q5b20o 
,.Oc77Z2291SS,.04812581•o4,.0884868'4'2, 
.1863578q~1,.S,&q ''DO" 

nBEGIN" LAMBDA[Il1•LBD1 I1•I+l ''END'*J 
"GOTO" EXIT; 

HYPER80LIC21 "FOR" L8D~•118,1/Z0,5/32,2117,17/80 1 5/22,11/J2,1/2, 
6 "OO" 

"BEGIN" LAMBOAttla•LBDr I1•I+1 ''END", 
"GOTO" EXlTJ 



2-nd REVISION, 1977 

EXIT1 SIG1•SIGNCTE•Tl 

"END" INITIALIZEJ 

"P~OCEDURE" otrFERENCE SCHEME, 
"BEGIN" "INTEGER" IJ"REAL" i1LT1 

. DER(T,u,ou,, 

' ' 

' 

' 

"FOR" I&•1 "STEP" 1 ••U~JTIL" 8 "00 11 

"BEGIN" MLT1•LA~1BOAtiltTAUr 
OUPMAT(1,N,1,~,UH,U)J 
ELH~AT(UH,DU,MLT)t 
OER ( T+HL T, UH, DlJ) 

.. E~4C" 1 
~~~~AT(J,DU,TAU)J 
Ta•"IF•• LAST "TtiENtt Tt "ELSE" T+TAUJ 

PE~D" OIFFERE~CE SCHEMEJ 

I~ITIA~?ZEJ LAST&•"FA~SE"t 

STEP& 

• 

MC 

PAGE 7 

' 

• 

• 

TAU~aC"lF" SPR•O "TMEN" ASSCTE•T) ''E~SE" ABSCLAM6DAC9l/SPR))•SIGJ 
"IF" TtTAU >~ TE "EQIJIV" TAU>•O "THEN" 
"BEGIN" TAU1•TE•TtLAST1•"TRUE" "ENO"; 
OlFFERE~CE SCHE~E; our, . 
"IF" ffNOT" LAST "THEN~ 1 GOTO" STEP 

"END" ARKM~TJ 
"!OP" 



• 
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• 

' 

(JANUARY 1970) 

• 

RECEIVEDi 751231. 
' 

• 

BRIEF DE8CRIPTION1 

THIS SECTION CONTAINS TWO PROCEDURES FOR THE SOLUTION 
OF S!CO~O O~OER SELr•ADJOlNT ·Lt~JEA~ rwo ~O?~T 
BOUNDAQY VA~UE PROB~EMSJ 

C 1 l FE~1 L.AG sy•4 I 

THIS F'ROCEDURE SOLVES THE 01 FFEREtiT I AL. EQUATION 

• (P(XJ•Y'l' ♦ R(~)•Y ~ FCX), Ac X c 8, 

WITH BOUNDARY CONDITIONS 

Etll•YCA) + EtaJ•Y 1 CA), Et3J, 
• 

CZ) FE:M LAOJ 
' 

THIS P~OCEDU~E SOLVES THE OtFFERENTIA~ EQUATION 
~ ... . 

• ytt ♦ R(X)•Y. rcx,, ACX Ca, 

WITH BOUNOARV CONDITIONS 

E t l l * Y CA) + E t 21 * Y t CA) A E-t 3 J , 

MC 

PAGE 1 

• 

• 

• 
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• 

MC 

(JANUARY 191b) PAGE 2 

' 
• 

KEV WORDS A~O FRASESt 

, 

SECO~O O~DER DIFFERENTIAL EQUATIONS, 
TWO POINT BOUNDARY VALUE PROBLEMS, 
SELF•ADJOlNT BOUNOARV VALUE PRnBLEMS, 
RITZ•GAL!R~l~ METHOD, 
;LOBAL METHODS. 

' ' 
• 

• 
LAN;UAG!1 A~GOL 60. 

, 

[lJ STRANG, G. ANO G.J. FIX, · 
AN ANALY8IS OF THE FINITE tLEMENT METHOD, 
P~ENT?CE•HALL, ENGLEWOOD C~lFFS, NEW JERSEY, 1973. 

• 

[2J BAKKER, M., EDITOR, 
• 

COLLOQUIUM ON DISCRETIZATION METHODS, CHAPTER 3 COUTCH), 
MATHEMATISCH CENTRUM, MC•SYLLABUS, TO APPEAR, 

t3l HEMKER, P~W., 
GALERKIN 1 S METHOD ANO LOBATTO POlNTI, 
MATHEMATISCH CE~TRUM, REPORT 14175 C1975le 

• 

[4J SABUSKA, I., 
~UMERICAL STABILITY IN. PROBLEMS OF LINEAR ALiEBRA, 
S~l~A~M. J. ~u~. ANAL., VOL,q, P. 53•77 c1,12,, 

, 
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• 

(JANUARY 197&) 
' 

SUBSECTIONI FEM LAG SYM. 

CALLING SEQUENCEI 

• 

• 

' • 

THE ~EAOING OF THE PROCEDURE REAOS1 
. ' 

"PROCEDURE" FEM LAG SYMCX, Y, N, P, R, r, ORDER, El1 
•VA~UE" N, ORDER1 "l~TEGER" N1 ORDER, 
"4RR4V" X, Y, Es 
"REAL~ "PROCEDURE~ P, R, ft 
"CODE" 333001 

TH! ~EANI~JG OF THE FORMAL PARAMETERS lS; 

Na CARITH~ETIC EXPRESSION>; 
TrlE UPPER SOUND OF TME ARRAYS X AND VJ N > 11 

Xa <ARRAY IOENTIFIER•1 
" A RR A Y " X C O I ~J l J 

Va 

ENTRY: Am XtOl c Xt1l < ••• ie XC~~J a BIS A 
PA~TITION or THE INTERVAL tA,BlJ 

• 
<ARRAY IOENTirIER~, 
"ARRAY " V t O I ~J l J 
EXITa YtIJ CI • O, 1, ••• , N) IS THE APPROXIMATE 
S O L UT I O ~ J I\ T X t I l OF Tl~ E , D I FF E RE ~J T I A 1. E QUA T % 0 ~J 

• 

Cl) • (P(Xl•V')' + R(Xl•Y • rCX), Ac X < B, 
' 

WITH BOUNDARY CONDITIONS 

Et1J•V(4) + Et2J•V'CA) • EtlJ, 
(2) 

E Cl«ll tV(B) ♦ E tSl J1fY 9 CB) c E t&J r 

PI <PROCEDURE IDE:~JT!FIER> t 
TiE ~EADI~G Or P READS1 
"REAL'' '1 PROCEOURE" PCX); "VALUE" Xs "REAL•• Xr 
P(X) IS T~E COEFFICIENT OF V' IN (1lJ 

~ I c f!' R O C E n LI tc E I O E • ! T t F· I C ~ > J 
T f1E HEAO t ··4G or R ~EADS I 
'' ~ E A L '' '' ~ R O C E D 11 q E '' R C X ) ; •• V A L lJ E '' X I '' RE A L '' X I 
R ( X ) I S THE C OE F F I C I E ; -~ T OF" Y I ~J C 1 ) J 

<PROCEDURE ! 0 C ►-J T I F' IE R > J 
T :·1 E ~ E A ~ I •4 G t1 F F ~ EA L' 5 I 
'
1 REAL'1 "~ROC!DU~E•1 FCX)J "VAL~E" Xt "REAL" Xt 
F C X ) I S T ,., E qt G ~ ➔ T •.➔ . .\~JD 51 DE OF C 1 ) t 

MC 

PAG! l 

• 

• 
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MC 

(JANUARY 197()) PAGE 4 

ORDER; <ARITH~ETIC E~PRESSION~1 
ENTRVI ORDER DENOTES THE ORDER OF ACCURACY REQUIRED FOR THE 
l~PROXIfrAATE SOLUT?Ot~ OF (1)•(2)1 ~ETH• MAXCXtIJ • XCI•1l.l; 
T~iEN ABS CY til • V(X tll )l «r1. C•H•tOROER, I ;11J O, ••• , N, 
ORDER CAN BE CHOSEN EQUAL TO 2, Q OR & ONLYJ 

El <A~RAY lOENTIFIER)t 
" A~ R A Y " E t 1 I bl t ·. 
E[tJ, ••• , Et&l DESCRIBE THE BO~NDARV CONDITIONS CZ)J 
Et1l AND E[ll ARf NOT ALLOW~EO TO YAMISH BOTH. 

PROCEDURES USED& NO~E. 

AEQUIR!0 CENTRAL t1EMORY1 
FOUR AUXILIARY ARRAYS OF tJ REALS ARE USED 1 

RUNNit~G TIME;. a 
~ET K • ORDER/2J THE~ 

CA) K•~ + 1 EV~LUATIONS or P(X), RCX) ANO F(X) ARE NEEOEO, 
,. 

CB) A60UT 17•Z**CK•1l•N MULTIP~lCATIONS/OIVISIONS ARE NEEDED. 

DATA AND RESULTS1 

' 

THE F'ROCED!JRE FEM LAG SYM HAS SOME R!:STR!CTIONS lN ITS USEi 
CI) P(Xl SMOULD BE POSITIVE ON THE C~OSEO INTERVAL ◄ XtJ•tl,XCJl>t 
(11) PCXl, RCX).ANO rcx) ARE REQUIR;O TO BE SUFFICIENTLY SMOOTH 

ON cxtol,X[Nl> EXCEPT AT THE GRID 'OJNTS WHERE P(X) SHOULD 8£ 
AT ~EAST CONTlNUOUSs 
It4 THAT CASE THE O~DER OF ACCURACY C2, 4, OR,, IS PRESERVEDt 

CIII) R(X) SHOULD BE NONNEGATtVE ON CX[Ol,X[NJ>J . 
IF, MOWEVC~, THE PROBLEt1 HAS PLJRE DIRICHLET BOUNDARY CONOITIONS 
(l.E. Et2l • tt5l , O) THIS CONDITION CA~ BE WEAKENED TO THf 
REQUIRE~1ENT THAT 

WHER£ PO IS THE MI~IMU~ OF P(Xl ON cXCOJ,XtNl> ANO PI HAS 
THE VALUE 3.1ij1Sq•••' HOWEVER, ONE SHOU~O ~OTE THAT THE 
PROBLE:~1 ~,Av BE llL•CO~JDIT!Q~ .. JEO W~E\I ~(X) IS QUITE NEAR THAT 
LO~E~ BOUNOJ FOR OTHER ~JEGATIV! VALUES OF R(X) THE EXISTENCE 
Of A SO~UTION qEMAINS A~ OPEN QUESTIONJ 

CIV) THE USER SHOULD ~OT ~XPECT GREATER ACCURACY THAN 1Z DECIMAL 
OUE TO T•·~E LOSS OF DIGITS OURt~G THE EV4LUATIO~ OF THE '~ATRtX 
A?~O TttE VECTf'lR C)F T~E LINEJR SYSTE\4 TO BE SOLVED ANO DURI~JG ITS 
RE O ~ C T I O f' I T O A T Q. I O I A GO r ,J A L S V S TE ~1 J W ~ t E N T HE SOL UT I O ._J OF THE 
0 R08LE~ IS NOT T~O WILD, THIS 12•DIGIT 4CCURACY CAN ALREADY RE 
OBTAt~~EO WITµ A ~100ERATt ~1ESH SIZE (E.G., < 0 11 1), PROVIDED THAT 
4 SI~T~ O~DEQ ~ETHJO IS USED. 
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• 

MC 

. 

" 
SECTION a 5.z.1.2.1.z.1.1 (JANUARY 1976) PAGE 5 

M!THOO ANO PERFORM.ANCEi 
PROSL~~ C1l•C2) IS SOLVED BY MEANS a, GALERKINtS METHOD WITH. 
C O N T I N U O U S P t E C E W I S E POL Y •~ O M I A L S ( S E E t 1 l , t 2 l ) I 
THE SOLUTIOrJ IS APPROXIMATEO BY A FU~CTlON WHICH IS CONTINUOUS ON 
TH! C~OSEO INTERVAL c~to3,XtNl~ ANO• POLYNOMIAL OF DEGREE LESS 
TH•N OR fQUA.L TOK (K • ORDER//~) ON EACH SEGMENT cXCJ•11,XtJl> 
CJ• 1, •• ~, N)a THIS PIECEWISE POLVNO~IAL IS ENTIRELY 
D-ETERMINEO BY TtiE VAL.UES IT HAS 
AT THE KNOTS X[Jl AN, ON CK•1l INTERIOR KNOTS ON EACH SEGMENT 
cXtJ•ll,XtJJ~, TliESE VALUES ARt OBTAINED BY THE SOLUTlON OF AN 
CDRD!R t 1l•OIAGONAL LI~EAR SYSTE~ WtT~ A SP~CIALLV STRUCTURED 
MATRIX CSE£ [2l) I TH! ENTRIES OJI' TH! ~1ATRIX AND THE VECTOR ARE 
INNER PRODUCTS WHlCH AqE APPROXI~ATEO ev PIECEWISE (K+1)•POINT 
LOBATTO QU•ORATURE (SEE t3J)1 THE EV4~UATION OF THE MATRIX ANO 
Tt·iE VECTOR IS OO"IE SEG~ENT 6V SEGMENf I O~J !ACH SEGMENT 
TH~ CONTRIBUTIONS TO THE ENTRIES OF TH! ~ATRlX ANO THE 
VECTOR ARE CO~PUTED ANO EMBEDDED lN THE G~OBAL MATRIX ANO 
VECTORJ SlNCE THE FUNCTION VALUES ON T~E INTERIOR 
POINTS OF EACH SEGME~T ARE NOT COUPLED WITH THE FUNCTION 
VALUES OUTSIDE THAT SEGMENT, THE RESULTlNG LINEAR SYSTEM 
CAN BE REOUCEO TO A T~IOIAGONAL SYSTEM av MEANS OF STATIC 
CO~OE~SATION (SEE tal)J T~iE Fl~AL TRIDIAGONAL SYSTEr1, 
SINCE IT lS OF Ftt~ITF; DlFFF!REt!CE TYPE, IS SOLVED BV 
MEANS OF BA8USKA 1 S METHOO (SEE C4ll • 

• 

• 

• 

£XAMPL.E OF USE1 

• 

WE SOLVE THE 80UNOARY VALUE PROBLEM 

•(VttEXP(Xl)'+YtCOS(X)•EXP(Xl•CSI~4CX)aCOS(X))+SlN(2•X)/2, 
0 ◄ X c ?I~ 3.141592bS3SSq7q, VCO) • Y(PI) • OJ 

F O R T HE B O L1 f ~ r:, A R Y C O ~J D ! T I O t J S T r-~ I S '"1 E A N S TH A T 

Ettl a E[41:; 1J Et21 • Et3l;: EtSl • EC&l = OJ 

T ~1 E A ~JAL VT IC Sn L LJ TI o N IS Y ( X) ::. SIN ( X ) t w E: APPROXIMATE 
T HE S O l. U T I ON O ~J A l Jr J I r OR r·i GR I D , I • E • X [ I l = I * P l / ~J , 
I • 0 1 •••' ~JJ i~E CHOOSE f·J•l0,20 A~JD COMPUTE rOR ORDER = 2,4,6 
THE ~AXl~UM ERRO~J T4E PROGRAr4 READS AS FOLLO~S1 
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. 

SECTION I 5.z.1.2.1.2.1.1 

• 

(JANUARY 1<17bl 

MC 

PAGE 

"BEGI~J" "I~1TEGER" N; '1 FOR" N111 10 1 ZO "00'' 
"BEGIN" "INTEGER" I, OAOERr •REAL" PtJ "ARRAY'' ' X, Y t O & N l , E t 1 I &l , 

• 

"REAL" "PROCEDURE" R(X)J "VALUE" XI "REAL'' Xr 
Ra• COS(X)J 

'*REAL" "PROCEDURE" PCX); "VALUE" XJ "REAL.'' Xt 
P;• EXP()('JJ 

11 RE AL '' " P Rn C ED URE n F C X ) 1 " VAL U E '' X t " R E A L '' X J 
'•• EXP(Xl•(SI~(Xl•COS(X)) t SINC2•Xl/~J 

"PROCEDURE" FEM LAG SVM(X, V, N, P, R, ,, ORDER, ElJ 
'' C ODE '' 3 3 3 0 0 I 

• 

Et 1 l I• E t4l 19' 1 J E [21 I• E tll I• E [Sl : c E t&l I• OJ .. 

Pl1• 3e141Sq2o53S8q79J 
"'OR" I~• O "STEP•• l "UNTlL'' N "DO" X[tl i. PI•I/NJ 
0 U T F' U T C 6 1 , " C • / / , 6 B " ( n ~ J • " l " t, " ) " , t·J l J 
"~OR" ORDERt• a, 4, b "DO" 
"6EGIN" "REAL" R~O, DJ 

FE ~1 L A G S Y ~,, ( )( , Y , ~ , P , R , F , 0 RD !; R , E ) J 
RHOas o, 
"FOR" t1w o "STEPtt 1 ffUNTIL'' N "00~ 
"BEG I t·1 " 0 I • ABS C V C I J • S I t~ C X [ I l ) ) I 

"IF" RHO c O '' T tiE ~," ~ tiO a• 0 
••E~JD"; 
OUTPlJTC61,"C"l,168"C"ORDERl")"DD,4B"("MAX.ERRORa 
D • D D " + Z D " ) " , 0 R D E R , R rf O ) 

"END" 
"f:f'10 tJ 

"Et.JO'' 

RESULTSs 

ORDER.-2 
OROERaQ 
ORDER:6 

OROE~=2 
ORDE~sQ 
O~DE~•o 

,. 

ERROR .. 
C:RRORa 
ERROR• 

1. 36 '' •Z 
' 

7,.55'' .s 
3.48" .a 

M4X. ERRORa 3.41" .~ 
MAX. ERROR= 4.7~'' ab 
MAX. ERRORa 5.51"•10 

ONE OBSERVES THAT THE MAXIMU~ ERROR DECREASES BY ABOUT 
2*•C•O~DER) ~l~E~, THE ~ES 11 SIZf: IS HALVED, 

• 

, 

• 
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CALLING SEQUENCEi 

TH! HEAOI~G OF THE PROCEDURt READSI 
• 

"PROCEDUREtt F°EM LAG(X, v, N, R, F, ·o~oER, E)s 
"VALUE" N, O~OERt ~I~TEGER" N, O~OERt 
"ARRAY" X, Y, EJ 
"REAL" "PROCEOUR!" R, FJ 
"COD!* 333011 

THE ~EANING OF THE FORMAL PARAMETERS lS1 

Na cARITH~ETIC EXPRESSION>; 
TME UPPER BOU~JO OF THE ARRAYS X ANO YJ N ~ lf 

<A~R4Y IDENTlFIEq>t 
,,4qRAY" X tO;NJ J 
ENTRY I A I X tOJ c X tlJ c 
PARTITION Or THE SEGMENT 

Ya <ARRAY IDENTIFIER>t 

• 

••• < XtNl 
CA, Bl t 

CB IS A 

''A~RAV" Y tOlt\lJ I . 
EXITi YtIJ (? • O, 1, •••, N) lS .. T~E APPROXI~~ATE 
SOLUTIO~J AT X til OF T~iE D.lFFERENTlAL, EQUATIO~~ 

(5) • Y''+ ~(X)•V • P(X), Ac X c B, 

WITH BOUNDARY CO~DITION5 
('4) Etll•YCAl t EC2J*Y'CA) • Etll, 

E C 4 l • Y CB l + E C 5 J • Y ' ( B) • E Cb l r 

Rs <PROCEDLJRE IDE~'TIFIER>J .. 
THE H~ADING OF R REAOSI 
''REAL" MPROCEOURf" RCX); "VALUE" Xt "REAL" XJ 
~ C X l I S T !· f t C o £ F P' l C I E ~·J T O F Y l N C l l 1 

Fa CPROCEDURE IDE~TIFIER>J 
T;◄ E HEADING or F REAOS~ 
"~EAL" "PROCEDURE'' FCXJJ "VALUE'' X1 "~EAL'' Xt 
'CX) IS THE QlGHT HAND SIDE OF C3)r 

OROE~ C <AR IT ri~ET t C cEXPRE $SI Otl> 1 

MC 

PAGE 7 

' 

• 

ENTRV1 ORDER DENOTES THE ORDER a, ACCURACY REQUIRED FOR THE 
A PP R O X I M A T r S O L U T I O 14 0 F C 3 ) • C 4 ) J LE T ~ : ~,, A X C X C I l • X [ I • 1 J ) ; 
T HE t·J A 6 S C Y t I l • V C X t I J l l < I C * rf • * 0 RO ~ R , I ;; 0 , • , • , ~J J 
0 RO ER C A N C A ~J 8 E C HOS E N E Q t t AL T C Z , U ~ R 6 0 "1 L V ; 

.· E: <ARRAY !OENTIFIEQl>J 
· · · · '' A ~ R .A Y '' E C 1 l bl J 

E t1J, • • • , E [6) OESCRIBE TrlE 80',~11.JDARV co~·~DITIO~IS 
E t 1 l A. t·.J D E t t.J J A, R E i,J Cl T A L L n l·J ~ E D T J Y A ~~ l S ~, B O T ~.~ • 

( 4) ; 
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AEQUJR!D CE~TRAL ~f~ORY1 

FOUR AUXI~l4RY ARRAYB or N REALS ARE USED. 

LET~• ORDE~/2J THE~ 

(~) ~•~ + 1 !VALUATIONS OF R(X) AND F(X) ARE NEEDEDJ 

MC 

PAG! 

(8) ABOUT 1Z•Z•.-(K•tltN ~ULTlPLlCATION8/DIVISI0 1JS ARf NEEDED. 

DATA AND RESULTS& S!E PREVtDUI IUB&ECTIO~, 

MET~OD 4NO PERFOAHANCEI SEE PREVIOUS SU88ECTIO~, 

' WE SOLVE THE BOUNDARY VALU! PROBLEM 

• ytt + Y•EXP(X) • SIN(X)t(1+EXP(XJ, 
0 c X c PI a 3.141592b5356•7', Y(O) • Y(PI) ■ OJ 

, 0 ~ T HE S O LI N O A R Y C O N O I T I O ti S T rl l S ~, E A 'I S T M A T 

Et 1 l I E [4l • 1 J f t2l • E tll • E tSJ • E (&l • o, 

THE ,~ALYT?C SnLUTIO~ IS YCX) • S?N(X)1 WE APPROXIMATE 
TrlE SOLUTIO~ 0~ A u~r,o~~ GRID, l,E. XflJ • I•PI/N, 
I• O, •••' "IJ liJ! CHOOSE 'l•l0,20 Af'JD C01PUTE FOR ORDER s 2,4,6 
THE ~4XI ~,.J'~ ERROR J T~f! PROGRA '1 READS AS ~OLLOWS s 



' 

2-nd REVISION, 1977 
• 

MC 

• 

SECTION I 5 1 2.1.2.1.2.1.1 PAGE q 

' 

"BEGIN" '1 INTEGER'' NJ "FOR" Nt• 10 1 20 "DO" 
" 6 E G I t· ~ " •• I ~ J T E G E R •• t , O RO E R 1 '' RE A L '' P I J " A R R A Y •• X, Y t O IN l , E t 116l t 

"REAL" "PROCEOLJ~E" R(X)J "VAllJE" Xt ''REAL'' x, 
Ra• EXP(Xl1 

"REAL'1 ~PROCEDURE" FCX)J 
Fa• SINCtl•Ct + EXP(X>>, 

"VALUE" Xt "REAL'' Xt 
' ! 

"PROCEDURE" FEM LAGCX, Y, N, R, ,, ORDER, E)J 
''CODE'' 33301 t 
E t 1 l I• E [ '+ l I• 1 J E tz l a• E CJ J I• E [ 5 l I• E t bl I• 0 , 
Piia 3elU1592b53S8q7qJ 
''FO~" 11• 0 "STEP" 1 "UNTIL'' ~J ''DO" XtIJ1a PI•J/NJ 
OUTPUTC61,"("/l,&B"C"N•ttJ"0"l'',~)J 
"FOR" OROER;a 2, 4, 6 "00" 
"aEGl~'' "REAL" RHO, OJ 

FE~1 LAGCX, V, N, R, F, ORDER, Ell 
R~01• O; 
"FOR" t1• 0 "STEP" 1 "UNTIL" N "DO" 
"BEGIN" 01• ABSCYtil • StNCXtIJ))J 

"IF" RHO c D "THEt'4" RHOJe 0 
"END"J 
OUTPUT(b1,"C"l,1•B"C"0RDER•"l"DP,QB"("MAX,ERROR• 
O.,DD,.+ZD"l",OROER,RHO) · 

t, END'' 
"END'' 
"END'' 

' 

RESULTSa 

OROER12 
OROER114 
OROEP•~ 

OROER■ 2 
QROER•U 
OROER ■ b 

~,x. fRRnR1 1,oO" •3 
MAX. ERROR• 1.ss• ., 
~AX. ERROR• 7,2S"•l0 

MAX. ERqORI 4,01" •4 
MAX. ERROR; 9 1 80'' •7 
MAX. ERRO~~ 9e38"•12 

"' 0 T I C E T 1-f A T T ri e' MA X I 4 l ,; t,~ ERR O ~ 0 E C ? E A S ES 8 Y A. B O ~J T 
2 tr * ( • 0 R DE R l W HE f-! Tri E ..,, ES 4 S I Z E I S H AL VE O • 

• 

• 



' 
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''CODE" 33300, 
"PROCEDURE" FEM LAG SYMCX, V, 
•tNTECER" ~, ORDERJ 
•REAL* "PROCEDURE" P, R, FJ 
"ARRAY" X, Y, El 
''BtGIN" "INTEGER" 

"~ E A'i." XL 1 , XL, 
Pt, P2, P3, 
Et, E2, El, 

••ARRAY" T, SUB, 

L, Llr 
H, A12, 81 1 Bi, 
P4, R1, R2, Rl, 
E4, ES, E~I 
CHI, GI [01N•lJ; 

' ' 

TAU1, TALJ2 1 
RQ, Ft, FZ, 

"PROCEDURE" ELEMENT MAT VEC EVALUATION lJ 
"BEGIN" ttREAL" H21 

"Irr" Lil "TH!f'J" 

• 

TL, 
FIJ, 

MC 

PAGE 10 

"BEGl~" P21• P(XL1Jt Rit• RCXLl)J Fa~, F(XL1l "END"r 
Pt~• PZ1 PZ11 PCXL)I Rl~• nz, R2~1 R(X~l, ,11• FZ1 Flt• F(XL)t 

' ' 

Hi1• H/2J 811• ~Z•FtJ B21• M2•F2J TAU1t• H2•R1J TAUZ3• HZ•R2J 
A121~ •0,5•CP1 + PZl/H 

~END" ELAN. ~.v. Ev., 

"PROCEDURE" ELEMENT MAT VEC EVALUATION 2J 
"BEGl~" "~E4L" X2, H&, H15, 83, TAU3, C12, Cl2, A13, A22, AlJ1 

"IF" Lst "THE"J" 
.. BEGlt••~" P311 f'(XLl)r R3i• RCXL1')1 F3i• F(XL1) 11 ENO"J 

• 
X2;• (XLl t XL)/Zt Hb1a H/6J H1511 H/1 9 SJ 
Pt1= P3s PZ1• P(X2)1 P31w P(XL)J 

,I 

Ria• R31 ~21• R(X2)J R3p• RCXL)J 
rt;• r31 r21• FCX2l1 F3a• rcxL>, 
611• Yb•Ftr 8211 Ht!•~2, 831• H6•F3t 
TAU11~ Ho•Rt, TAUa,. HlS•R2, TAU3i• H•*R3t 

• 

A1ZI• •C2•P1 ♦ ~311.S)/HJ A131~ (0,S•(Fl ♦ P3) • P211 8 5)/HJ 
A221, (Pl + P3)/ttio.375 + TALJ2J A~lls •CP1/3 ♦ P3l•2/HJ 
~eo~MENT" STATIC CONDE~JSATlON1 
c121• • At2/A221 C321• • A23/A22J A1ZI• A13 +_c3a•A12J 
Ot;• Bl + C12•B2; 821• 83 + C32*82; 
TAUll• TAL'1 t CtZ•TAU2J TAUZI• TAU3 + C32•TAU2 

"ENO•• ELE~ENT MAT VEC EVALUATION 21 

"PROCEDURE" ELEMENT MAT VEC EVALUATION lJ 
''REGI~" "REA~" Xi, X3, HtZ, HZ~, OET, C12, C13, C42, C43, 

A t 3 , A 1 q , A 2 Z , A 2 3 , A 2 4 , A 3 3 , A 3 4 , B 3 , B 4 , T A 1 ••• 1 3 , T A LI 4 f 
''IF'" L•l "THEN" 
"BEGli" Pij;m P(XLtl1 R41a RrXL1Jr F41~ F(XLl) "END"s 
x21= XLl + o.Z763Q320225*HJ X31• XL• xz + XL1J 

• 

H121~ r➔ /12: ►i241• H/2.qJ 
P11= PijJ P2:• P(X2)J P3J• P(X3)J ~4tw PCXL)r 
Rt;s R4J q21s R(X2ll Rl~= R(X3)J R4t• RCXL)J 

. ' 

Ft:• F4J r21: rcX2)J F3~= F(~l)J ~41= FCXL)J 
a 1 : • 1 ➔ 1 2 * ,:.- 1 , a 2 : = H 2 1~ • P 2 : e 3 : • H 2 4 * F .3 , e 4 1 = . r➔ 1 2 • F 4 ; 
T A LJ 1 ; :n tnt l 2 * R 1 J T A l,rf 2 I a H 2 4 * R 2 ; T A U 3 I z H 2 4 * R 3 , TA, U 4 : ;; H 1 2 * R 4 ; 

'
1 C O ~ 1 ~; E l\J T '' 

• 
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' 

At21• •C+ 4.oq5oe4q118T4SO•P1 
+ o.S7561917135UZS•P3 
+ 0.25751~1&197911~~4)/HJ 

Alli• (t t,S450eq~71e147•P1 
• 1 9 5075141b1Q791•P2 
+ 0,&741808286458•Pij)/HJ 

(CP2 t P3)/2 9 4 •(Pt+ P4)/illtil 

• 

MC 
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' 

• 

All.II• 
4221• 
A231• 
A141E 

(S.4S4237U765b2•Pl + P3/a4S +.7q57~Z52343762•P4)/M + TAUZI 
• cP1 t P4l/CH•o,aa>, 
c+ o.&1u1eosae&4575•Pt 
• 1.so7St4tbt9791o•r1 
+ 1 9 545084Q7187~70*P4)/HJ 

A331Z C.1Q51b2S234376•P1 t P2/,48 t 5.454237q7b5o2•P4)/H + TAU3J 
A34a• •Ct o.zs1s1a1b1q1q1t•P1 

♦ 0,57581q17ll5418•P2 
+ 4e04508Q9718747•PG)/rlJ 

" e O ~ ~ 1 E N T '' S T 4 T I C C O ~,JO F! ~l S A T I O ~.J 1 
OETs• A22•A33 • A23•A23r . , 

C1ZI• CA13*A2l • A1Z•A33)/DETJ 
C131• (A1l•423 • At3•AZ2)10ETt 
C4ZI• (423•434 • A24•A33)/DETJ 
CQ31 ■ (AZ4•A23 • A3U•AZ2)/0ETJ 
TAU11= TAUl t C12•TAU2 + Cl3~TAU3J 
TAU21• TAU4 ♦ C42•TAU2 • C4l•TAU3r 
A1211 A14 + C"2•At2 + C43•A13J . , 

Bt:• B1 t C1l•62 + C13tB3J 
B2a• 94 + C42•B2 ♦ e43•83 , 

"E t·J D " EL E '1 ENT ~ A T VE C EV ALU AT ION 3; 

"PROCEDURE" BOUNDARY CONDITIONSt 
" IF'" L • 1 "AND'' E Z ;; 0 "THE tl 1

' 

"BEG!~" TA~1t= 11 811• E3/E1JBi& ■ 82 • A1l*B1J 
T A U 2 I • T A l. J 2 • A 1 2 f A 1 2 & • 0 " E N C) '' 

"ELSE" "IF" Let "ANO~ E2 •• 0 "TH!N" 
-BEGIN" "REAL" AUX; AtJM1• Pt/!ZI TALfl~• TAU1 • AUX•Et J 

Sta• ~1 • El•AUX 
'' E N O r. " ! L, S E " " I F ,i L a ~ I " A ~~1 D " E S c O " T r·i E \J " 
"8EG!N" TAU2:• lJ e2:i Eo/E4J 

, 

Bia~ Bl• A12•62; TALJt1• TAU1 • A12J AlZ11 O 
"END" "ELSE" "IF" L•tJ "AND" ES~~ o ~THfNtt 

• 

"BEGIN•• "~EA~" 4UX1 Al.JX1a P2/ESt 
TA tJ 2 I • T A. l I 2 + A U X * E Ll J 6 2 I * R 2 t A lJ X t £ b 

"etto" a.c.1, 

"PROCEDURE~ FORWARD BABt.fSHKAJ 
" I r " L a 1 '' T H E r,J " 
,.fltGl\J'' CHI [Ol :• Ctia.;; TL1• TAUlr T toJ 1a TLJ 

GI tol := G:;: YL;= Bl J V tol 1: YL; 
SLJO [OJ:: At2J f'~:= ,\12/CC~ • A12) J 
C ""f g • T A ! J 2 • C H • F' f,, t G I : B 2 • G *PP ; T L. a : T A LJ 2 J 

•·· • . •• E t· I D t• . . . '' E ~ S E '' 
,. BEG 1 N" C ri I [ ~ 11 : • CH I : CH ♦ TA iJ 1 ; 

· · GI tt.. 1 J I • . GS = (; + e 1 J . ' 

. . . . . . 

. . ' .. 

• 

• 
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SUBt~tJt• AlZI PP.as AtZ/CCH • A12)J 
CH1• T4LJZ • CH•PPr Gt• ez • G•f'P, 

• • 

TfL.ll 1• TL ♦ TAU!, TL11 TAU2J 
Y tL1l i• YL + 81 f VL,it1 Bl 

"ENO" FOR~ARD BABUSHKA 1J 

"PROC~DURE" BACKWARD BABUStiKAt 
' ' "BEGIN" PP1a YLt Vt~J ta G/CHJ 

~i• PP1 CH1• T~r La• NJ 
"FOR" Lil L • l "WHILE"~>• 0 "00" 
"BEGIN~ PP1• SUBtLlf ~P~• PP/(CH • 

TLI• TCLJs CHI• TL• C~ltPPJ 
YLI• Yt~ll G;~ VL • G•PPJ 
Y [L.1 t•CGI tl.l + G • VL)/ CCHI tLl 

"E~,o" 
" E N D "- B A C K W A R O B A B U S ti K A f 

Li• Ot XJ.1• X [01 J 

PPl; 

PAGE 12 

' 

E 1 I • E t 1 l J E 2 I• E t 2 l J El I• E CJ l J E 4 I a E r 4 l I ES Ir, E t 5 J J E & I• E t 6 l J 
"FO~» LIi L ♦ 1 "W~iILE" L Cl N "00" 
"BEGIN" ~11~ L • 1, XLlil x~, XL1• XCLlJ Ha• XL• XL1J 

" I r •• ORD E ~ , 2 '' THE N " EL E MEN T ~1 A T VE C t V AL U AT I ON 1 " EL SE " 
''IF'' nROER • 4 "THE~• ELEMENT MAT VEC EVALUATION 2 "ELSE'' 

CLEMENT MAT VEC EVALUATION 3J 
" t F ,. L.111 tt OR" L, • ~J " THE ~i " 8 0 U tJ OAR Y C O ~., 0 I TI ON S J 

• 

FORNA~O BABlJSHKA 
"EN0"1 
BACKWARD 8ABUSH~AJ 

" E NO '' FE ~ l. A G S V ~»1 J 
"E0P" 

"CODE" 313011 ' . 

t•PROCEO~JRE" F'EM LAGCX, V, N, R, F, ORDER, E)J 
"V~LUE'' N, ORDER; "INTEGER" N, ORDER; 
"RE~L" "PROCEDU~E" R, Fs 
'' A RR A Y " X , Y , E I 
11 8.E: G ! ~~ '' '' l ~J TE GER t• L , L 1 s 

" RE A I. It X I. 1 , ,c L , H , 4 l 2 , B 1 , 8 2 , T A W 1 , T A U 2 , C H , TL , G , Y L , P P , 
E1, E2, E3, E4, ES, E&J 

•• 
1
• A R R A V '' T , S U B , C H I , G I [ (~ c f:J • 1 l J 

~PROCEDURE" ELEMENT MAT VEC EVALUATION 1; 
" 8 E G l N '1 

'' 0 W N •• '' q E A L '' F 2 , R Z 1 '' H E A l~ '' R 1 , F 1 , ~ 2 J 
,. l F· '' L = 1 ., T i➔ E ~ .. f " 

' 

'' B E G I '1 •• F ~ ; : r C X L. 1 ) J R 2 : : R ( X L l ) '1 E \I D '' J 
A121= • 1/HJ ~21~ H/21 
Rt:a R2; ~21: R(XL)J Flt• F2J F2t• F(XL): 
3 1 : a · l,i 2 * F l ; B 2 ; = t1 2 * r 2 ; T A tJ 1 : : H 2 * R 1 J T A i_J 2 a = H 2 * R 2 

., t l·J D '' EL E .,,. E :J T ~ i A T VE C E V ~ l .. t.J AT l O t-~ 1 
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~PROCEDURE~ ELE~ENT ~AT VEC EVALUATIO~I lt 
''BEGIN" "OW~" "REAL" R3, F3; 

t-REAL" Rl, ~Z, ,1, FZ, X2, Mb, H15, 
63, TAU3, C1Z, 413, A22, A23J 
"tr·" L:11 ''THEN" 

• 

"BEGl~" R!1• R(XL1lt fl~• FCXLll "E~O"J 
X Z I • ( XL 1 t XL ) 12 t ~ b i s H 16 J H 1 5, i • -t I 1 • 5 J 

· Rt:= R31 R21 ■ R(X2ls P.31• RCXL)1 
• 

Fl;= Flt ~21• F(X2)t F3t• F(XL)J 
911• Y6•F1J 621• M1S•F21 B31• H6•F3r 
TAut,= rlb•Rl; r•u21• H15•q21 TAU31• RJ•HoJ 

., 

A121c A231a •8/H/3J A131 ■ • A12/8J A221• •2•A12 + TAU2J 
• 

" C O "'1 .-, E t,J T ,t S T A T l e C O ~ D E t ·J S A T I O ,· I 1 
C121~ • Al2/AZ2J Al21• All+ C12•A1lJ 
6 l : • C l 2 * 8 2 I B 1 I • B 1 + B 2 I B 2 I • B 3 ♦ e 2 .f 
T A lJ ? : • C 1 2 * T A U Z I T A ~J 1 I =I TA LJ 1 + T A LJ Z r T A LJ 2 i • T A U 3 ♦ T A U Z 

"END" ELE~E~T MAT VEC EVALlJATION2r 

"P~OCEDJ~E~ ELEMENT H•T VEC EVALUATION JJ 
"~EGIN~ "O~~" "REAL" R4, F4r 

. 

''~EAL" Rl, R2, R3, Fl, F2, F3, X2, Xl, H12, H24, 
DET, C12, Ct3, C42, C43, All, A14, A2Z, 423, A24, 
AJ3, A3G, 83, 84, TAU3, TAlJ4J 
"IF'' L..;t "Tl-fEN" 
"BEGI~" R4&• R(XL1)J Fqa• FCXlll 
X2;• ~L1 t o.2763q320225*H' Xla• 

' R t : : R 4 s R Z : • R C X 2 ) J R l 1 • ,R ( X 3 ) I 
Fla= F41 F21• FCX2)1 F31a F(X3Jt 
1121: H/12; H241~ Hl2.4r 

. . 

• 

"E~O"J 
XL• Xi+ XL1J 

' 

R4t• RCXL)J 
,:-qi ■ FCXLlt 

MC 
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' 

• 

• 

Eta= F1*H12J 821• F2•H24; Bla• F3•H24t .Bl+I• P~•H12J 
TAU1&• Rl•H12J TAU21• R2•H24J TAU31~ R3•H24t TAU41• R4*H12J 
A121= A341a •~.878~18105207!/HJ A13ic A241• 0.7117516355412/Ht 
Al41= -o.16&&666666&667/HJ A23s• 25•A14J 

• 

AZZI• •2•A23 ♦ TAU2t A3la• •Z•AZ3 ♦ TAU3J 
" C O ~ '1 E 1'.J T '' S T A T l C C O ND E t·J S A T I O ~J t 
DET&: A22•A33 • A23tA23J 
;121s C•13•A2! • A12*A33)/DETt 
C131r: (A12•A23 • A13•A22.)/DET1 
Cij2t= (A23tA3~ • A24•A33)/DETt 
ca31: (A2a•A23 • A3D•A22)/DETJ 
TA U 1 I 21 TA 1.11 + C 1 2 • T A t➔J ~ ♦ C 1 31' TAU 3 I 
TAJ21• TAU4 ♦ C42•TAlJ2 ♦ C43•TAU3t 
At21= Al4 ~ ca2•At2 + C43•A13J 
Bt:a Bl t C12•B2 + C13•83J 
9?1= ~4 + C42•B2 • C43•A3 

" F t J D ,. E L. E ~1 EN T r1 A T VE C E V A L LJ A T I ON 3 



' 

' 

' 

2-nd REVISION, 1977 

• 

"PROCEDURE" BOUNDARY CONOITIONSt 
"Ir" Lil "ANO" E2 IO "THEN" 

' ' 

• 

"BEGINtt TAU11• 11 Sta• !3/ElJ Bilfl Bi:• A1Z•Bll 
TAUi&I TAUZ • Alli A1 t1 O "END" 

"ELBE• "IF" L•l "ANO" EZ • 0 "THEN" 
' 

"BEGlN 8 TAUti• TAUl • Etl!Z1 
' 

Bt11 81 • El/El 
"£NO" •ELSE" "lF" L•N "ANO" E5 ~ 0 "THEN" 
"BEG1N" TAU21• lJ 821• E6/E4J 811• B1 • A1Z•92J 

TAU1l• TAU1 • A121 A121• 0 
"ENOtt 0 E~SE" "IF" L•N •ANO" E5 •• O "THEN~ 
"BEGIN" r•u21• TAUl t E4/ES, 

' 

8211 82 t Eb/ES 
"END" BOUNDARY CONDITIONSJ 

"PROC!DUR!" roRWARO BASUSHKAJ 
"Irtt L.•1 "THEN" 

' 

"BEGlN" CHltOl 1• CHt• T~I• TAU1J TtOli1 TLJ 
GltOl11 Gi• YLI• 811 VtOJ&II YI.J 

. SU8tOl1w A12J PPi, A12/CCH • AlZ)J CHII TAU2 • CHwPP; . ~ 

Gt• 82 • G•PPJ TLI• TAU2J YL1• ea 
~END" "E~SE* . 
"BEGIN" CHlt~llls C~~• CH+ TAUlJ 

GICL1ll• Ga• G + B1J SUBtLlJ&• A1ZJ PP1• A12/(CH • All)J 
CH~• TAUZ • CH•PP1 Q1• 62 • G•PPJ 
TtLtl,• TL+ TAU1r TLJ• TAUZJ . · 
YtLllt• YL + 811 YL1• 82 

"ENO" FOR~ARD BABUS~KA 1J 

"PROCEDURE" BACKWARD BABUSHKAt 
"BEQI~~ PP1• Y~r YtNJI• GICHJ 

Gas PPJ CH1• TL, Lal NJ 
"FOR" Ltl L • 1 "WHILE" L ►• O "00" 
"BEGIN" PP1• SUBtLJJ PP&• PP/C~H • ~P)J 

TL.a• T tLl J Ctil• TL • CH•PP1 
Y~;• YC~l, G11 YL • G•PP1 
Y CL.1 t•C CGI tLJ + G) • YL)/ C (Ct·iI Cl.l + CH) • TL) 

"E~40tt 
" E ~.J D " a A C K W A RO B • B ll Sri K A J 

• 

• 

L.i• 01 XJ.a• X [Ol J 
E1CJ E r11, EZi• E [ZJ 1 EJt• E t:Sl, Et+•• E [41 J ESa:a E CS] t Ebat=. E [cl J 
"'0~" LI ■ Lt 1 nWtiILEfl L cw N "00" 
"6tGIN" Ll;w L • 1; XLl~• XL; XL1• XtLl I H1• XL• X~lf 

~IF" MRDER a 2 ''T~EN" CLEME~T MAT VEC EVALUATION 1 ''tLSE" 
"IF" JRDER • Q ''THE~" ELE~CNT MAT YEC EVALUATION 2 qELSE" 

ELE~ENT MAT VEC EV1LU4TIO~ 3; 
,, ! F ,, L • 1 " 0 R " t. • t J " T ri E ; J " B OU~ J D AR V C O ND l T I ON S J 
FORWA~O 6Af3llSHKA 

"Et10''1 
BACK~ARD BABt.JSHKAJ 

n E ~~ D '' r E t1 L A GR : 
"E:0P" 

• 
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RECEIVEDi 7S1231 • 
• 

BRIEF OESCR1PTION1 

T~IS SECTION CONTAINS A PROCEDURE FOR THE SOLUTION 
OF SECOND ORDER SKEW•AOJOifiT Ll~E:AR TWO POINT 
BOUNOlRV VALUE PROBLEMSt 

FE~ LAG SKEW1 

·THIS ~ROCEDURE SOLVES THE DIFFERtNTIA~ EQUATION 

• yit + QCX)•Yf + R(XJ•V a FCX), 4 c X ca, 

WITH BOUNDARY CONDITIONS 

E t 1 J • V CA l + E t2 J * V I CA) • E t l l , 
• 

E [4J •YCB) + E [SJ •V' CBl • E tel• 

. 

KEV WUROS •NO FRASESI 

SECOND ORDER OIFFERENTIAL EQUATIONS, 
TWO PnI~T SOU~DARY VALUf PROBLEMS, 
SKEW.ADJOINT BOUNDARY VALUE P~OBLEMS, 
G 41. ! R t< I ~~ ' S H E T ri O O , 
GLJqAL ~ETHODS, 

LANGUAGEi ~LGOL bO. 

REFERE!\!CESI 

t 1 l 

[2J 

t3l 
' 

STRA~G, G. A~~D G.J. FIX,~ 
A r J A ~J AL V S I S Cl F T HE F I r J I T E £LE }1 E ~-J T ~~ E T ri OD , 
PRENTICE•HALL, E~GLEWOOD CLIFrs, NtW JfRSEY, 1Q73, 
9~KKER, M., EDITOR, 
COL~OJUlU~ 0~ DISCRETIZATION t1ET ➔ ODS, CHAPTER 3 COUTCH), 
"1 " T ti E "1 A T l SC H C E N TR U :~ , MC • S Y L. L A f; U S , T O A PP E A R • 
•4 e ;1 KER , l:'l , \~! • , 
G AL. ER K I t-! ' S , 1 E T rt O D A i~ 0 L O B A T TO P O I r,J T S , 
~ A 'f lef E ~-1 A T ! SC r f C E rJ T fJ t .. J ~ ~ , Q E P O f1 T 2 4 / 15 ( 1 9 7 5 ) • 
9.ARUSKA, I,, 
,1v~~ERICAl. STAf3!LITY tr! rRc·,~L.E:15 OF L!'..JEAR ALGEBRA, 
s.1.A.M, .,. i1u~. A~~AL., VOL.9, ~. 53.77 c1q12), 

• 



• 

• 

• 

• 

2-nd REVISION, 1977 • 

• 
• 

' 

' ' .. 

S!CT?ON I s.2.1.2,1.2.1.2 

. 

SU8SECTION1 FEM LAG SKEW. 

CAL~tNG SEQUENCE~ 

THE H£4DIN; OF THE PROC!DUR! READS1 

"PROCE0UREtt FEM LAG SKEWCX, Y, N, Q,. R, f, ORDER, E)J 
"VALUE" N, OROER1 "INTEGER" N, ORDER1 
"ARRAY" X, V, e:, 
"RE4L" "PROCEDURE" Q, R, F; 
"CODE'' 33302 # 

THE MEANING OF THE ,oRMAL PARAMETERS !Sa 
• 

NI cARITHMETlC EXPqEISION>t 

• 

X I 

~ 

T ~ t UPPER 8 OUN 0 a F T tf E ARR A Y S X A ~ 0 Y I N > 1 J 

cARRAY ID!NTI'tE~>, 
11 ARRAY'1 X [O 1NJ I 

• 

ENTRY& A• XtOl c Xtll c ••• 11 XtNJ •BIS A 
PARTITION OF THE INTERVAL tA,Blt 

YI cARRAY IOE~TIFIER>J 
"ARRAY" YtO&Nl J . 
EXIT& YEIJ Cl• O, 1, •••·' N) IS THE APPROXlMAT£ 
SO~UTION AT X[Il TO THE DIFFERENTIAL EQUATION 

WITH BOUNDARY CONOITJOtJS 

E tll tY(Al ♦ E t2l •Y' (Al I E t:Sl, 
' 

E t4l •YCBl + E tSJ •Y' (Bl • E t6J J 

Qr cPROCEDURE IDENTIFIER~, 
T~~ HEADING OF Q READSa 
" RE A L n " PR O C E O tJ RE " Q C X ) t " VA LUE tt )( J " R EAL. " X J 
Q(Xl IS T~E COEFFICIENT OF yt IN Clll 

R~ cPROCEOURE IDENTI~IER>J 
THE HEAOING OF R ~EADS& 
"~EAL'' ''PROCEDURE" R(X)J "VALUE" XJ flREAL" X; 
R(Xl IS THE COEFFICIENT OF V l~J (1)1 

cPROCEOURE IDENTIFIER~; 
r 1·i E · HE Ao I ~ G o F r r:f E A D s , 
••~EAL'' "PROCEDURE" FCX)t nvA~UE" ~J 
FCX) IS T}iE RIGHT HANO SlOE OF Cl)J 

MC 

PAC! 2 

• 
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PAGE 
' 

ORDER~ cARITtiMETIC EXPRESSION>J 
E fJ. TRY i OROER OENO TES Tri£ ORDER OF ACCURAC V RE QUI RED FOR THE 
AP~~OXI~ATE SOLUTION OF (1l•(2)J LETH• MAX(Xtil • XCI•1l)r 
TLiEN ABSCYtil • YCXtll)l <1 C•t-◄ ••ORDER, I• o, •••, NJ 
0 ~ D E R C A ~J C A ~~ B E C H O S E f ~ E Q LJ A L T O 2 , 4 0 R o O ~-! L Y J 

El cARRAV !DENTirIER•, 
• 

· 8 ARRAY" E [1 lbl J 
Etll, •••, Etbl OESCRlBE THE BOU~OARY CONDITIONS C2)t 
E[1l A~JD Et4l ARE NOT ALLOWWEO TO VANISH BOTH. 

' 

REQUIRED CENTRAL MEMORY1 

FOUR AUXILIARY ARRAYS OF N RtALS AR! USED • 
• 

RUN NI t~ G T I '1 E I 

LET K I ORDER /2 f TttEN 

CA) K•N t 1 EVALUATIONS OF Q(X)~ R(X) ANO Fcx, ARE NEEDED, 

• 

(Bl ABOUT 17AZ••CK•l)tN t~ULTIPLlCAT!QNS/0!VlSIONS ARE NEEDED • 

• 

DATA A~D RESULTS& · 
TH~ P~OCEDURE FEM LAG SKEW HAS SOME RESTRICTIONS IN tTS USE~ 
CI) Q()() IS ~OT ALLOWED TO tiAVE VERY L.ARGE VALlJES I~J SOME SENSEi 

T~E PRODUCT QCX,•CX[JJ • XtJ•tll SHOULO ~OT 8£ TOO LARGE 
• 

ON THE CLOSED INTERVAL cXtJ•il,XtJl•, OTHERWISE 
THE SOU~DARY VALUE PROBLEM MAV DEGENERATE TO A SINGUL4R 
PERTUqBATIOtJ OR eou~DARY LAYER PR08LEM, FOR WHICH EITHER 
S0 ECIAL ~ETHOrs OR A SUITABLY CHOSE~ GRIO ARE NEEDED, 

Clll Q(X), RCX) AND F(X) ARE REQUIRED TO BE SUFFICIENTLY 
DIFFERENTIABLE ON THE DOMAl~ OF THE BOUNDARY VALUE PROBLEM, 
THEY ,RE, tiOWEVER, TH£ DERIVATIVES ARE ALLOWED TO HAVE 
OtSCOtJTI~LtITIES AT TME GRID POINTS, l~ W~ICH CASE THE O~DER OF 
ACCURACY C2, 4 OR b) IS PRESE~VED, 

C l l I ) l r Q C X ) A ~JO R C X l SATISFY THE I \J EQUALITY R ( X ) > ■. Q t ( X l / 2, 
THE EXISTENCE OF A UNIQUC SOLLJT!ON IS GUARANTEED, OTHERWlSE 
T t-4 l S ~ E ~ I\ I ~ J S A N OP E ►-~ Q U E S T I o ;\J t 

(IV) TrlE lJSER SHOULD ~OT EXPECT GREATER ACCURACY THAN 12 DECIMALS 
D lJ E T n T t 1 E L O S S {) F D I G I TS PU R I N G T t I E E V A L lJ ~ T I O f·'4 OF T H c M A T R I X 
AND r~iE Vf'CTOR OF T~E. Lif·~E.AP svsre:~1 TO 8E SOLVED A~JD DURING ITS 
R E O UC T I O ~·1 T O A T f~ I O I A G J ~i A L. S Y S T E ~·1 J ~ ti E ~-J T HE S O L U T I ON OF THE 

• 

~ ~ 0 S L. E ?--1 1 S 'J Cl T T J O \·~ l L O , T I t I 5 1 2 • D 1 G I T S A C C U R A C V C A N B E O 8 T A I NE 0 
~ J T 1 4 "i O D E q A T E ' • f S ~i S I Z E C E • G • < O • 1 ) A LR E A. L.:1 Y , P R O V I O t~ D 
A SIXTtf :)POf~ }1fTHOD rs tJS£f) • 
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METHOD ANO PERFOPMANC£1 

PR09L!M Cll•C2J lS SOLVED BV ~EANS OF GALERKlN•S MET~iOO WITH . 
CONTINUOUS PIECEWISE POLYNOMlAL FUNCTIONS (SEE t1J, t2J)J 
T~E SO~UTION IS APPROXIMATED SY A rut~CTION WHtCM IS CONTINUOUS 
ON THE INTERVAL cXtOJ,Xtt4J> AND A POLYNOMIAL OF DEGREE LESS THAN 
OR EQU4L TOK CK• OROER//2) ON EACH SEGMENT cxtJ•ll,XtJl~ 
( J I 1 , • ,. , , N ) S T H I S . .. 
PIECE~ISE POLY~OMIAL ts ENTIRELY DETERMINED BY THE VALUES IT HAS 
AT THE KNOTS XtJl AND ON CK•l> INTERIOR KNOTS ON EACH S!GMENT 
cXtJ•ll,XtJJ>1 THESE VALUES ARE OBTAINED BY THE SOLUTION OF AN 
(ORDER+ 1l•DIAGONAL LINEAR SYSTE~ WITH A SPECIALLY STRUCTURED 
MATRIX CSEE t2l)J THE ENTRIES OF THE MATRIX AND T~E VECTOR ARE 
INNER PRODUCTS WtiICH ARE APPROXIMATED BY PlC!WlSE (K+l)•POtNT 
LOB&TTO QUADRATURE CS!E tJlll THE EVALUATION OF THE MATRIX AND 
THE VECTOR IS DONE SEG~E~,r ev SEGMENT1 ON EACH SEGMENT 
THE CONTRIBUTIONS TO THE ENTRIES OF THE MATRIX AND THE 
VECTOR ARE COMPUTED ANO E~BEODED I~~ TH! GLOBAL "ATRIX AND · 
VECTORJ SI~CE THE FUNCTION VALUES ON THE INTERlOR 
POJNTS or EACH SEGH!NT AR! NOT COUPLED WITH TH! FUNeTIO~ 
VA~UES OUTSIDE THAT SEGMENT, THE RESULTlNG L%NfAR SVSTfM 
CA~ BE REDUCED TO A TRIOlAGONAL SYSTE~ BY MEANS CF STATlC 
CONDE~SATlON <SEE t2llJ SINCE THE F?~AL TRID?AGONA~ $YSTEM 
IS OF FINITE DIFFERENCE TYPE, tT %S SOLVEO BY M!ANS 
OF BABUSKA 1S METHOD (9EE [4l)a 

• 

EXAMPLE OF USEi 

WE SOLVE THE BOUNDARY VALUE PROB~EM 

• 
• v•• ♦ v••COS(X) t V•EXP(X) • Sl~(X)•(t + EXP(X)) + COS(Xl••2, 

0 < X < PI • 3e14159Z6535Sq79, V(O) ;. Y(Pl) • OJ 

FOR THt BOUNDARY COt~OITIONS THIS ~1EAi,JS THAT 

E[lJ • !t4l • 1J Et2J • Ct3J a ECSJ • E:t6l • O; 

THE ANALYTIC SOLUTION !S V(X) ~ S!Ncx,, W! APPROXI~ATE 
THE SO~UTION nN A UNIFORM GRID, I.E. X[!J ; I•Pt/N, 
l; 0, •••• NJ WE CHOOSE N•I0,20 At40 COMPUTE FOR ORDER• 2,4,b 
THE MAX!MU1 E~RORJ THe PROGRAM READS AS FDLLOWS1 

• 
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91 8 E G I hi " " I ~J T E G E R " : J J " F O R " N I • 1 0 , 2 0 ff O O " 
•'BEGI~tt "INTEGER" I, OROERJ "REAL" Pit "ARRAY" • 

X , V [ 0 I ~J l , E t 1 I ~ l J 

" R E AL " " P Ro c E o u R E " Q c x ) r " v A L. ll E 11 x , " R E A L " x , 
QIW COSCX)J 

"REAL'' "PROCEOU~E" R(X)1 "VA~UE~ x, "REAL~ XJ 
. Ria EXP(Xls 

"REAL~ "PROCEDURE" F(Xl1 "VALUE'' XJ ffREAL" XJ 
Fla SI~CXl•(1 t E~P(Xll + COSCXl•*Zt 

"PROCEDlJRE•• FEf➔ LAG SKEW(X, Y, N, Q, R, F, ORDER, EJJ 
"CODE" 333021 

• 

Et1lllf E[(lJ1c 1J Et2lt• Et3lg11 E[S]1.:; Et6l1• OJ 
Pla• 3.1415q2b535e9791 
'' F O R tt I I • 0 " S T t P -. 1 " UN T I L " t4 '' 0 0 '' X t I J I a P I * I / ~.J J 
OUTPUT(61,"("//,b8"("~1m")"0")'',~~)I 
"FOR" ORDERi• c, 4, o ~00" 
"BEGIN" nqEA~" RHO, DI 

FE~ LAG S~EW(~, Y, N, Q, R, F, ORDER, E)J 
RH:J1g 01 
" F O ~ '' I I a O " S T E P " 1 " l.J N T t L t, ~ tt O O '' . . 

"BEGI:~" Dl3 At3SCY tIJ • SIN(X tIJ )) I 
"!F" ~~iO c n "TMEN" R'H011 0 

tt E ~·40" s 
OUTPlJT(61,"("l,t~B"C''ORDER•"l"D0 1 4B"("MAX,ERRORw 
O.DD"+ZD"J",O~DER,RHO) 

•E:'JO" 
"END" 
''EtJO" 

RESULTS: 

OROER:Z 
ORDERat.J 
O~DER•b 

ORDER•2 
OP.OERall 
O~OER;;rb 

MA~. ERROR• 2.95'' •3 
~•AX 1 EQROR• 2,Sb" •S 
MAX,. ERROR• 4a26'' •8 

E P RO R = 7 • 5 5 '' • 4 
ERROR: l, 68 '' •b 
E~QOR• 6 8 76''•10 

rlOT ICE THAT TL--fE ~1AXI,~u~ E1iRO~ f'ECREASES BY ABOUT 
2 • • (•DR:; ER ) w ti E ~-J THE ~,ESH SIZE IS J1 AL.VE D • 

• 
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SECTION I S,2.1.2.1.2.1,2 
• 

SOURCE: TEXT(SJI 

'' C O DE '' 3 3 3 0 c? I 

• 

''PRQCE;OlJRE" FEM LAG SKEW(X, Y, N, Q, R, F, ORDER, E)J 
tt?NTEGER" N, ORDER, 
"REAL" •PROCEDURE~ Q1 R, ,, 
"ARRAY" X, Y, Et 
~sEGIN" "INTEGER" L, Ll1 

• 

MC 

PAGE 

• 

' 

"REA~" X~t, XL, H, 412, A21, 81, Bl, TAU1, TAU2, CH, TL, G, YL, PP, 
Et, E2, E3, Ea, ES, E6J 

"4RRAY" T, SUPER, SUB, CHI, GitO&N•lll 

"PROCEDURE" ELE~ENT ~1AT VEC EVALUATION t J 
"BEGl~" "OWN" "REAL" Q2, R2, F2t 

"REAL" Qt, R1, Fl, H2, S12t 
••1F•1 1.- ■ 1 "THEN" 
"BEGIN" GZI• QCXL1)t R2;• RCXLl)J r~1• F(XL1) "END"J 
H2~• H/21 9121• • 1/HJ 
Q1p• Q2J QcJ• QCXL)s 
Rlf• R2J R21• R(XL)J 
F1J• F2J r21• fCXL)J. 
B11• H2•F1J e21w H!•r2, 

• 

TAU111 HZ•R1J TAUZ1• HZ•RZ1 
A121• 812 + Q1/Zr A211• s12 • Q2/2 

' "END" ELEMENT MAT VEC EY.t 

"PROCEDURE" ELEMENT MAT VEC EVALUATION 2J 
"8EQ1~" ~OWN" "REA~ff Q3, RJ, F3J 

"REAL" Qt, QZ, Rt, R2, Fl, F2, s12, s11, Sil, xa, H~, H15, 
e12, Cl2, 413, A31, A2l., A23, A32, Bl, TAU31 

"lF" L.w1 ''THEN" 
•• 

~BEGIN" Q31c Q(XL1)r R3s• q(XL1)1 FJte FCXL1l "EN0 1'1 
' 

X 2 ' a ( )( I. 1 + )( L. ) / 2 J ri & I • !i / o J : ➔ 1 5 I ;: H 11 • 5 J 
Q1,• QJJ Q2JW Q(XZ)J Qla• Q(XLll 
Rlf• R3; RZt• R(XZlJ ~3;• RCXL)J 
r1, ■ F3J F21, FCX2)J F3r• F'XL)J 
B11• ~b-FlJ 821• t·i15•F2J 831• H••F31 
TAU11• H6•R1t TAU21, ~JS•R21 TAUl&• H~•R31 
s12:• • 1/H/0.375J Slll• • stz,e, SZli• • 2•St2; 
A12a• s1a t G111.s1 Alli• 813 • Qllor 
AZt1• s12 • ~z11.s, A231• s1z ♦ Q211.St Aila• S2l ♦ T4U2t 
A3t;• S13 ♦ J3/bJ A321, s1z • Q311.s, 
qCOMME~T'' STATIC CONDENSATIONJ 
Cl!;•• A12/422J C321S • A3Z/A22t 

' 

Al?1• A13 + Ct2•A231 A211: All t C32tA21J 
B11= 61 + c12•ez, B21• Bl+ C32tB2J 
TAU11• TAU1 + Cl~*TAUZr TAUZa• TAU3 + C32•TAlf2 

"E ti D" t: i. E i1 E: NT r·! AT VE: C EV ALU AT ION 2 
' 
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''PROCEOJRE" ELEMENT t1AT \/F,C EVALUATtor,J Jf 
"BEGlN" "OWN" "REAL" Q4, R4, F41 

"R!AL" Qt, Q2, QJ, Rl, R2, R3, Fl, F2, FJ, 
S l Z , S l 3 , S 1 Q , S 2 l , S 2 3 , X Z , X 3 , f.~ 1 2 , H 214 , 
DET, C12, C13, C4Z, C43, A1J, Al4, AZZ, A23, 
Ai4, AJ1, A32, A33, A34, A41, A42, A4l, 
83, 64, TlU3, r•u~, 
• 

"lF" L•1 "THEN" 
"BiGIN" Q4a• QCXL1>, R4J• R(XLJ)r F411 FCXLl) "END", 
x21• XLl t 0,27o39320225•H1 X31~ XL• X2 + XL1r 
H1218 Y/121 H241• H/2.4; 
Qt~• Q4J Q2a• Q(XZJ, Q3i• QCXJ)J Q41, Q(X~)I 
R1J• R4J R21• R(X2)J R311 R(XJlJ R411 R(X~)f 
F11s F41 Fla• F(XZ)I Fla• FCX3)J F41• F(X~)J 
s12,, •4.8784183052080/Ht S131• o.7117516385414/HJ 
S14a• •.lb6b6b~6•6&667/Ht SZll• 2S•S14t sz21• •Z•S231 

' 
811• Ht2•F1J B21, H24•Fa, 83&• H24•rlJ 8411 H12•F4r 
TAU113 H1Z•RtJ TAUZ1~ H24*R21 TAUlll H24•RlJ TAU41• H1~•R4t 
A1211 812 ♦ 0 9 67418082864578•Q1; 
A.13&• S13 • 0,2575141b1q7q12•Q1J 
A14a• 814 + Q1/12; 
A2tga S1i • 0 9 674180828b4518•Q2; 
42cl• S22 + TAUZJ 
A23&• S23 + o.,31694~9062490•QiJ. 
A241• 513 • Oa25151416197912•Q2J 
A31a• Sll + o.2515141&1q7912•QJJ 
4321• sz3 • o,q310,4Q~ooz4qo•Q31 
A33;• SZl + TAU31 
A341• 912 + 0.674180S26b4578•Q3J 

• 

A411• s1a • G4/1lJ 
A42a• 3ll + 0,2S7St~1~117912•QUJ 
AQlJ• 312 • 0,67418082864578•Q~J 
"COMMENT" STATIC CONDENSATIONJ 
OET&• ~Z2tA33 • AZl•AJ2; 
C121• CA13*A32 • A!l•A33)/DET; 
C13S• (A12*A23 • A13•A2Zl/DET; 
C42;• CA32*A~3 • A42•A33)/DCTJ 
C~3:• (~4Z•A23 • AU3•A22l/DET; 
TAUll~ TAW1 + C12•TAU2 ♦ C13•TAUl t 
T A !J Z I • T A W L.l ♦ C 4 2 * T A 'J 2 + C l.l 3 • TA tJ 3 J 
A121• 414 + Clc•A24 + C13••34J 
A211• AQ1 + C42*A21 ♦ C43*431J 
B1t• 61 t C12t82 + Ct3•8lJ 

' 

B2ta 64 + C42•~Z + CQ3•63 
•ENO• ELE'1ENT MAT VEC EVALUATION 3 

PAGE 7 

' 

' 

• 

' 
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SECTION I s.z.1 1 2,1.2.1.2 

• 

"PROCEDURE" BOUNDARY CONOITlONS1 
"IFtt L•1 "ANO" E2 • 0 "THEN" 

• 

• 

"BEGIN" TAUi&• lJ Bt~• EJIE1J A1Z~• 0 "END~ 
"ELSE• "IF" ~•1 "AND" E2 •• 0 "THEN" 

• 

• 

"BEGlN" T4Ul1• TAU1 • E1/Ec, e11, 81 • E3/E2 
" E N O " " E LS E " " I F " L • f·J " .4 ND " E 5 11 0 '' T HE \J " 
•SEGlN" TAUa1• 1, A211• 01 e21• Eb/E4J 
"!NO" "E~SE~ "lF" L•N "AND" ES •w O "YHEN" 
nBEilN" TAU21• TAU2 + E4/ES, Bil• 82 + E~/E5 
tt E f··l C " 8 • C • 1 I 

"PROCEDURE" FORWARD 8A8USKA1 
"lr" L111 "THEN" 
•BEGI~• CHitoJ1• CH1• T~z• TAU1t TtOlt• TLJ 

• • 

GI tol 11 Ga• YL.1• 81 f Y tol 1• vi., 
SUBtol~~ A21J SUPERtoJ ~- A12J 
PPII A21/(CH • A12)1 CH~• TAU~• C~•PP, 
G11 BZ • G•PP1 TL1• TAUZt VL1• B! 

~E~JO" "!LSE" . 
~sEGIN 5 c~1t~1l1• CH1• CH t TAU11 

• 

G l ti. 1 l 11 GI• G + B 1 S 
SUBtLlll• 421J SUPERtLtlaa AlZI 
PPt• A21/(CH • A12)J CHi• TAUZ • CH•PP, 

• 

• 

• • 

G&• BZ • G•PPJ TtL1l aa TL+ TAU1J TL1• TAU~J 
VtLll1, YL + Blt VLi~ BZ 

•!N0" FOR~ARO BABUSKAr 

"PROCEDUR~" BACKWARD BABUSKAJ I 

"BEGlN"PP1• VL1 VtNJ1• G/CHt 
• 

Ga• PPr.CH1• TL; Lt• Nt 
"F0Rtt La• L • 1 "W~lLE" ~ >a O "00" 
"6EGIN• PPtw SUPERCLl/(CH • SUBtLll1 

T~1• TtLlr CH1• TL• CH~PPt 
V~11 VtLlJ GIR V~ • G*PP1 
VtLJi•CGitLJ + G • YL)/(CHttLl +CM• TL) J 

"END" 
"END" BACKWARD 8ABUSKAJ 

. . 

Lt~ Ot XJ.1s X[OlJ 

MC 

• 

PAGE 8 
J 

• 

• 

El,. E tll s EZI• E t2l; E31• E tll f El.Isa E [Q] J ES1• E t511 Eba• E [6] J 
"COM~Er~T" ELEME~TWISE ASSEMBLAGE OF HAT~IX •~o VECTOR 

COMBINED WITH FORWAqD BlBUSKA SU6STlTUTlONJ 
~FOR" LI• L + 1 ''WHILE" L <• N "DO" 
"8EGlN" XL1~• XLJ Ll;• L • 1; XL:• XCLlt Hg• XL• XL1J 

" l F " 0 q O E R • 2 '' T r·i E f'J " EL E ~~ E t· J T M A T \/ E e E V A L. U A T I O ~ J 1 '' E L S E " 
" 1 F r, 0 R D E R : 4 '' T HE f\.1 " EL. E t-1 E ~,~ T ~ A T V E C E V A L. U A T I O t J 2 '' E L. S E " 
EL E t,1 E t~ T ~ A. T VE C E V A L U A T I O t,J 3 s 
"lF" Lat "0R" L•~~ "T~EN" BOUNDARY CO~DITIONSJ 
FO~~l·RD BA9USKA 

"Er.~ D" I 
BACKWARD BA9USKAJ 

"END" rr~1 L.AGR: 
flfQ?f! 

• 
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IN·STITUTE& ~ATHEMATICAL CE~TRE, At1STEROAM, 

RECEIVE01 751231. 
• 

• 

BRIEF DESCRIPTION& 

• 

Tt1lS Sf;CTIOr·-J CONTAitJS A PROCEO'.JRE rOR THE SOLUTION 
OF FOURTH ORDER SELF•AOJOitJT LINEAR TWO POINT 
BOU~OARY VALUE PROBLE~St 

rEM rlERM SY4r 

THIS PROCEDURE SOLVES THE oirFERENTIA~ EQUATION 

CPCX)*Y'')'' • (Q(~>•Y')' t R(Xl•Y 5 FCX), A< X c 8 1 

WITH BOtJNDARV COfiOlTIOf~S 

YCA) • Ettl, Y 1 (A) • Etll, 
• 

YCBl • E:tll, Vt(f3l • Et4l. 

KEY WORDS ANO FRASES1 

FOURTH ORDER OIFrERENTlAL EQUATIONS, 
TWO POl~T B0UND4RV V4~UE PROBLEMS, 
~E~'•AOJOINT BDU~OARY VALUE PROBLE~S, 
GAL,ERKIN•S METtfOD, 
DIRIC~~ET B0U~D1RY CO'~OITIONS, 
GLOBAL 11ETHODS • 

.. 

LANGUAGE1 A~GOL &O. 

t 1 l STRANG, G• A~JO G.J. FlX, 
A t J AN AL. Y S I S O fr T 4 E F I ~ 1 I TE t L, E ~1 E ;,J T 
~RE~~TICE•HALL, E~GLE ~000 CLIFFS, 

• 

t2l 9 4 :< K E R , f,1 • , E D I T :J ~ , 

• 

"'1 E T :·i o n , 
' 

NEW JERSEY, 

MC 

PAGE 1 

• 

• 

C O L l. O J' I I t~' ~ i O "~ D I SC RE T I Z A T 1 O ~J ·,1 ET ~ 0 0 S , Ct◄ APTER l C DU TC H ) , 
\.14 r 1,1 r, 1 A r Is c H c E, 1 r Ru~ 1, Mc. s v LL AB i.-J s, To 4 PP EAR • 

[3J 

. . ' ' 

• • 



CALLI~G SE~J!~CE1 

T~E ~EA)l~G a, THE rROCEDURl QfADla 

•PROCE~'JRE" FE\' ~fR' 1 sv~,x, y' 
.. v • L u E l,f ~ , a R r; E ~ , " I ~i T E G E P ,, t,, , 
~lr.t'IA1" ~, Y, Et 
•REAL• "PROCEDURE• P, ;, Q, f1 
"C~ne:• !33l3J 

T~E 1EA~l~G rF THE ,o~~•L PARA~ETERS ISi 

,,, <lRIT~~ETIC E>eP~e-esro~,, 
T ➔ f U PP E R BOU,.,, D O ,r T ti E A RR A Y X 1 ·,, :. 1 f 

XI 1C I\ ~RAY IO E iJ Tl' If R ~ 1 
• A R Q A ¥1 tt X [ 0 I ~'•! J I 
E'IT~YI A I XtOJ < Xtll c ••• < XC'IJ •BIS 
PlRTITIOf·~ o, T,·tE Ir!TERVAL tA,BJ J 

VI <4RRAY lD!~TlFIER>t 
"ARqAv• V tl IZ•t4•21 t 

MC 

PAGf~ 2 

EXIT: YtZ•I•lJ IS AN APPROXIMAT!O~ TO YCXt?J), 
Y t l * l J I S A ~ APPROX I t1 A T I ON TO Y ' ( W t I J l , 
WHERE V(XJ IS THE SDLUTIO~ OF THf DIFFERENTIAL EQUATION 

' 

' 

(1) (P(X)•Y 1 'Jtt • (Q(X)tY 1 ) 1 ♦ R(X>•V • F(XJ , IC X CB, 

"4 I T ... 0 0 t,J t,,, 0 A R V C O "J Ct I T I Or 18 

Y(l) • E t 1 l , v, (A' • E t2J , ' 

(!) 
V(Bl g E [3] I VI (B) • E t4l J 

P I c P q O CEO t.J RE I DE r J T I F l ER> 1 
T~E rl!40l~G OF P qEACla 
•IEAL• ~pqoCEDU~E· P(X)J "VA~UE• i, "REAL" x, 
PCXJ IS T~E COErFfCIENT OF Y'' t~ Cl)J 
P(X) SrlOUL' B! STRICTLY POSITIVE1 

c P R rl C E O •J ~ E I O E ' I T I F l f! R,, a 
T~E H~ADl~G o, a qElDS1 
M~EALtt "Pq1CCOURE" t1()t) t ff•JAL,tiE~ 
i;J c x , t s T ' ~ E c o .E r J:': r c I t r·i r c F v I t ·~! 
Q(j() S:fr:l 1klf..:) 9f ~{)lJ~.jEGATlVE:; 

.-Pf!l,)r'a!"~tlQ~ I::l• 11 •"'tF1··· ~~'lit..' ii- r\ ~' ~ ~-, J '"·\<i . \ • ' ~ ~~ . ' ' ' ~."'-'' ~, , , 

r 11 e: \,t E "r:, I ¾, G o ~ rt ~ E' , ni s , 
•QElL" "PQOCtOUQE• Q(XJJ "VA~UE" (J "•CAL" t: 
f~ C JC l 1 S T ~,f E C O E r a: T r. T t i,J T O , Y r · J ( 1 ) t 
,~ ( JC ) S I j ~,JL :J ~ E •~ r) I' 1 t GA T I V [: J 



2-nd REVISION, 1977 • 

(JANUARY 1q1o) 

Fl cPROCEDURE IDENTIFIER~, 
T~iE HEADI~G 01' F ~EI.DSa 

• 

"~EAL" "P~OCEDURE" FCXlt "VALUE'' XJ "REAL" XJ 
FCX) IS THE RIGHT HA~O SIDE OF (l)J 

ORDERI cA.RlTtiMETIC EXPRESSIOfJ>J 

' 

ENTRVa ORDER OE~JOTES THE ORDER .OF ACCURACY REQUIREO 
AF'PqoxI~ATE SOLIJT?ON OF C1)•C2)'J ~ET H • MAX(Xtil • 

- Tt-.fE~ 
A8SCYt2•I•11•YCXtIJ>) <• C1 * 
ABSC v tz•Il •V I ex Ell> ~• cz • 

ORDER CAN O~LY BE CHOSEN !Q~IAL TO 

H••ORD£R, 
H••O~OER, 
4, 6, s, 

Es cARRAV IDENTIFl~R~, 
• 

"4RRAV" E [1141 J 

MC 

PAGE 3 

• 

FOR.THE 
Xtt•tl)t 

Ettl, ••• , Et4l DESCRIBE THE BOU~OARY CONDITIONS (i), 

PROCEDURES JSEOI CH~OECSOLSND a CP 34333 

REQUIRED C!i,TRAL, MEMORY I 

O~E AUXI~IARY ARRAY OF S•t~•ll REALS IS USED • 
• 

RUN N I tJ G T I ~ ~ I 
' 

LET K ~ OROERl2J T~fE~ 
' 

(A) K•N t 1 EVALUATIONS OF PCX), ACX), R(X) ANO F(Xl ARE NEEDEOt 

(BJ ABOUT (O~DE~•3)•SO•N MULTI~LICATlONS/DIVISIO~S ARE NEEDED, 

(Cl O~E CAL~ OF CHLJECSOLBND IS 00~~ • 
• 

DATA A~D RESU~TSI 

• 

TME pqocEDJRE FE~ HER~ SVM HAS SOME RESTRICTIONS: 
(Il °CX) S!➔ OULO BE POSITIVE O~t THE C~OSED 

I NT ER 'JAL. < X [ 0 l , )( t ~J l > A ~JD Q C X ) At 4 D R C X) SH OU I. 0 6 E 
~J O r-J \f F; G A T I VE THE RE J 

(Ill PCX), O(Xl, R(X) AND F(Xl ARE ~!QUl~ED TO BE SUFFICIENTLY 
S~OOT~ 0~ ·rHE INTE~VAL <XtoJ,XCNl> EXCE~T AT T~E K~OTS, 
~ME~E DtSCO~TINUlTt£5 OF T~tE DERIVATIVES ARE A~LOWEDJ 
1~~ Tr·1AT CASE T~if □ R,ER or ACClJ~•cv IS ?Re:SE~VEOJ 

(III) Tr1E USE~ S~OlJLO NOT EXPECT ~IGMCQ ACCU~ACY THAN 12 
DECl~A~S DUE TO T~E LOSS or DIGITS ,u~INQ T~E EVALU4T%0N o, T~E 
1ATRIX AiD VECTOR AiD DURit~G T~E RE)JCTION TO A PENTADl•GON•L 
SYSTE 1·1; THlS ACC 1 

.• 1?AeY CAt..~ RE REAC~E? VERl' E4SILV WHE~ AN EIGTH 
' 

n R r, E R 1
• 1 E T i., O""' · I s· 'J 8 c " ;..J . V . ; t , , !... \.:1 . .. ~ t;;.;. :_; 

• 



• 

2-nd REVISION, 1977 
• 

MC 

METHOD A~D ~!RFORMANCEt 

PROBLEM (1]•(2) lS SO~VEO BY MEA~S OF GA~!~KIN•S METHOO WITH 
CONTINUOUSLY O?FFER£NTIA6L~ PIECEWISE.PO~Y~OMIA~ FUNCTIONS 
( SEE [ 1 l , t 2 l ) i T ti E S O L UT ION t S A PP Fl O X I MA TE 0 B V A FUN C T I ON 
WHICH lS CONTINUOUSLY DtF~ERENTIABLE ON THf CLOSED lNT£RVA~ 
4~COl,XCNl> ANO A POLV~OHIAL or D!GRE! L~SS TMAN OR EQUAL TO 
K CK, 1 + OROER//2) ON EACH CLOSEO .. S!G~ENT cXtJ•tl,X[Jl> 
CJ ■. 1, ,.,, ~>, . 
T H 8 F U NC T I O N I S E t•J T I Ff E L Y D ! T ! RM I N E O 9 Y T H E · \I 4 L U E S OF 
THE ZEROETH ANO FIRST OER?VATlVE AT T~E KNOTS X[JJ ANO BY 
THE V~~UES IT HAS AT (Kell INT!RlOR KNOTS ON EACH CLOSfO 
SEGMENT <XtJ•tJ,X[Jl>1 THE VALUES OF THE ~U~CT10N AND lTS 
DERIVATIVE AT THE KNOTS A~E OBTAINED BY TH! SOLUTION OF AN 
CORDER t !)•DIAGONAL ~INEAR SYSTEM OF (K•t)tN • 2 UN~NOWNSJ 
THE t~T~IES OF THE ~4TRIX ANO THE VECTOR A~! lNNER PRODUCTS 
HHICH ARE APP~OXl~AT!D BY PIECEWISE K•POINT ~OBATTO 
QUAORATJRE (SEE rJl)J THE EVALUATION OF THE ~ATRlX ANO 
VECTOR IS PERFORM!D S!G~ENT BY S~GM!NT1 
IF K) l THE RESULTING LlNEAR SYSTEM CA~ BE REDUCED 
TO A ?ENTADIAGONAL SYST!H av MEANS OF ST4TlC 
CONDE~SATIONJ THIS IS POSSIBLE BECAUSE THE FUNCTlON 
VA~UES AT THE INTERIOR KNOTS QfJ EACH SEGME~T 4XtJ•1J,XtJl> 
[).0 NO T DE PE ~JD ON FU ~JC T I ON VALUES OUTS I OE THAT SE GM t NT I 
THE FI~AL PENTADIAGONAL SYSTEM, SINCE THE MATRIX JS POSlTIVE 
DEFINITE AND SVM~·1ETRIC, lS SOLVED' SY '1e;ANS or CMOLESl<Y 1 8 
DECOMPOSlTlOtJ ~ETHOO (SEE S!CTlO~ J.1.2.1,1.a.t.J), 

' 

• 

EXAMPLE OF use:, 

WE SOLVE THE BOUNDARY VALUE PROBLEM 

PAGE 4 

• 

. 

ytiii • (Y'•COSCX)J' + Y•EXP(Xl I SINCX)*C1 + EXPCX) + COS(X)•i>, 
o < X < PlJ 
VCO) ~ Y(Pl) • OJ V•(O) • 11 Vt(PI) I •11 

PI ■ l.t415q2o$3S8971t 

THE A~ALYTlC SOLUTION IS V(Xl • SINCX)J WE APPROXIMATE 
T~E SOL!JTION ON A U~IrORM GRID, I.E. MCIJ I I•Pl/N, 
I• O, •••' Nt we CHOOSE N • 5 1 10 ANO WE COMPUTE 
THE MAXIMU~ DEVIATIONS FROM V(Xtil) A~D Y'(Xt?Jl 
rOR ORDER• 4a 6, 6J 
T~E P~OGRA~ READS AS FOLLO~iS& 

• 



2,,. .. nd REVISION, 19 7 7 

"8EGI~" "I'~iTEGE~ .. ,,, ~,or~" ~ •• ,, 1'> "DO• 
•BEGI~" "I',TEGE~• I, JRDER1 •AE&L• Pit "ARAAV" Xt01NJ, 

V tt 1ZtN•2J, E t1 &4l, 

•REAL~ •PROCEOLJRE• '(Xlt 1 YALUE• XJ •REAL" XJ Pa• lt 

"REAL• "PROC[OUR[• Q(Xlt •VA~UE" i1 •A!A~• XJ 
QII COS(X)J 

•RtAL" •PROCEDURE• R(X)t •v•~ut• Kt •qEAL• x, 
RII EXP(X)J 

•REAL" •PAOCEOURE• 'CX)t •VALUE• t1 "RfAL• X1 
FIi SIN(XJt[l + !MP(XJ ♦ 2•COSCXl)1 

MC 

•PROCEDURE" FEM H!R~ SYM(l 1 Y, N, P, Q, A, ,, 0A0!R, f)1 
"COOE• 333031 
Et1J&• EtSll ■ Ot Et2l11 11 !t4Jt• • lt 
PI&• J,141!•2•5JS9tTql 
•roR• 11• o ~sr!Pn 1 •u~TtL• ~ •00• xt1J1• PI•IINr 
0utPUTc&1,•c•11,•s•c•N1 1 >•Z0•, 1 ,•,,, 

•Fo~~ ORDER1• 4, ., 8 1 00• 
•BEGIN" •REAL" AHO!, RHOZ, D1, D2t 

FEM HERM SYM(X, Y, N, P, Q, R, ,, ORDER, E)I 
R~Ot1• RH021• Ot · 
"FOR• ll• l •ST!P• I •UNTIL" ~ • 1 "DO• 
•etGI~" Dt1• ABICVtZtl•IJ • IINCXtll))J 

•?,• Aii01 c 01 •TH£N• RHOt I• 01 t 
021• ABSCVti•Il • C08(Xtl1))J 
-1,~ R~1nz c DZ ~THEN• RH02~• D2 

•e:~o•, 
OUTPUT(61,"Cwl,l~B•c•ORDtRa"J"D,/, 
2as•,~MAX ABSCYfZ•I•1J•VCXCil))• "J•,D.30"+ZO, 
l,Z4B"(•M4X ABS(YtZtll•Y•CXtIJ)la •>",D.3D"+ZD")", 

ORDER,RM01,RM02l 
"!.NO" 

• E '1'0" 
"E~o• 



2-nd REVISION, 1977 
' 

• 

' 

SECTION i 5,2.1,2 1 1 1 2.2.1 

' 

• 

RESULTS1 

• 

OROfR11'1 
M4X ABS(Yti•l•ll•Y(Xt?J)J ~ q.822" aq 
MAX ASS(Yt2•Il•Y'(Xt1J)) • 41508" •4 

ORDER:;t, 
~, A X A B S C Y t Z • I • 1 l • Y ( X t I l l ) •, I 5 • 6 5 1 " • o 
~AX ABS(Yf2til•Yt(Xlll)) • 2,035" •& 

ORDER18 
MAX ABS(Yt2•I•ll•Y(Xtil)) I 2.264" •8 

. ~AX ABS(V[l•ll•V•(Xltll) • 1.000" •8 

ORDER11J 
M4X A8SCYt2•I•1l•V(Xtll)l e z.~51" •5 
~AX A~SCYfZtIJ•V'(Xtil)l I Z.870" •5 

OROER16 
MAX ABSCYE2•I•1l•YCXCill) I 8.l98" •8 
~AX ABSCYt2•Il•Y 1(Xtilll • Je57Z" •8 

ORO£Ra8 
MAX ABSCVt2•I•il•Y(Xtil)' • 7,~81"•11 
MAX ABS(Yt2*ll•Y•(Xlil)) s ~.7~&"•11 

NOTICE THAT THE MAXIMUM 
2••0RDER, Wt~EN THE MESH 

ERROR IS DIVlOEO ev 
' 

SIZE IS riAL,VEO. 

MC 

PAGE 

• 

• 



2-nd REVISION, 1977 
• 

MC 

SOURCE TEXTCSJi 

' 

"COD!" 3l303J 
1 PROC!DURE" FEM HERM SVM(X, Y, N, P, Q, ~, F, ORDER, E)J 
"VALUE" N, ORDERJ "INTEGER" N, ORDER, 
ttARRAY" X, Y, Er 

,"RE4L" "PROCEDURE" P, Q, R, F1 
•BEGIN• "INTEGE~" L, NZ, V, Wt 

"ARRAV" At118•(N • l)l, EMt2~llJ 
"REALff All, AtZ, All, ~14, A22, A23, A24, Al3, A!4, A44, 

YA, YB, ZA, za, 
At, 82, 83, 84 1 01, 02, El, Rt, R2, kLl, XLJ 

•PROCEDURE" CHLDECSOLBNDCA, N, ~, AUX, 9)t "COD!"34l33J 

"PROCEDURE" ELEMENT~ATV!CEVALUATIONt 
"lF"ORDER•4"THEN" 
"BEGI~" "REAL" XZ, H, HZ, H3, Pt, PZ, 

Q1, Q2, Rt, R2, Ft, Fe, 
• 

a11, 812, 813, 811, B2Z, SZJ, i24, 933, 834, e4q, 
St1, s1z, S13, S14, S22, sai, 824, 933, SJ4, S44, 
M 11 , "11 2 , t11 3 , M 1 a , M Z 2 , M 2 J I M 2 4 , ~ 3 3 , ~ 3 4 , M 4 4 J 
"OW~" "REAL"~3, Ql, ~3, Fll 

H~a XL• XL11 H2s• H•H1 HJga H•H2J 
x2,, (XL1 t XL)/Zs 
"IF"~•l"T~EN" . 
"BEG1N"P31• P(XLl)J Q311 Q(X~t)J RJa• RCXL1)J ~31• F(XL1l 
"fNO"s 

"COMMENT'' ELEMENT aENOl~G MATRlXJ 
Pta• P3r PZI• ~(XZ)I PJ1• PCXL)t 
6111• 6•(P1 + PJ)t s1a1• 4•P1 + a•P3J 
s131• • a11, B14~• ~11 • s12, 
a2z1• <4•P1 +Pa+ PJl11.s, a2J1•. a,a, a2a,. s12 • ez2, 
s1311 s11, B341•. a14, B441• a1q. a2q, 

HCOM~ENT" ELEMENT STIFf~ESS MATRlXJ 
QJ,, Q3s Qa1• Q(X~>, Q31• Q(X~l• 
S11J• 1.S•Q2J SlZ13 Q2/QJ St3~1 • s11, S1Q1• s12, 
S241• G2124, s221• Q110 + s24, s21,~. s12, 
$331• Stlt S3G1• • S12J S441• S24 t Ql/6J 

"COMME~T" E~EMENT ~ASS ~ATRIXJ 
Rt;• q3, R21• RCX2)r R31~ R(XL)s 

• • 

~111:1 (Rl t R2)/bs ~12;: R2124; }11311; R2/6J M141;a • Mt2J 
M 2 2 I • R 2 / ~ 6 J N 2 3 I • • ~1 l 4 J · t·1 a I.I i ~ • ~1 l Z I 

. . 

M331~ (R2 ♦ R!)/61 ~]41• M10J ~qqga ~22r 

"CO~~E~T~ ELEME,~T LOAD VECTORJ 
Ft;• F3J Fil• FCX2lJ FJ1• FCXL)t 

· 611= Y•CF1 +, 2•F2ll&J 631= ~•(F3 ♦ 2•'2)/~J 
B2a• H21tF2/12J 6!.ll• • 02J· 

' 

. . . ' 

PAGE 1 

• 

' 



C 

2-nd REVISION, 1977 
• 

MC 
• 

SECTION I s.a.1.2.1.2.2.1 (JANlJARV 191b) 

A1111 Bil/HJ ♦ 811/H + ~1l•HJ 
A1311 813/rl3 + 913/H ♦ M131rHJ 
A2ZI• S22/H + Slc•H + M22•HlJ 
A24Je BZ4/H + S2Q•H + M24•HJJ 
43311 633/Hl + 933/H ♦ MJ1•HJ 

A1211 
A141 ■ 
A2lle 

• 

A3'111 
" • 

A4lJl8 
•END" "ELSE" "IF"OROERa&"THE~J• 
"BEGIN" "OwN" "REAL"PU, Q4 1 R«, F4J 

"REA~"H, H2, H3, X2, X3, .. 

Pt, ~l, Pl, Q1, Q2, Ql, 
Rt, R2, ~3, Ft, r2, F3 1 

S1ZIH2 + 
Bt4/H2 ♦ 

823/hi2 ♦ 

B3q/HZ + 
B4q/H ♦ 

a11, a1z, BtJ, e1u, a1s, ezz, 823, 924, 925, 
Bll, 834, B]S, S44, B4S, ass, 
S11, 912, Sil, 914, 915, szz, SZ3, S24, 525, 
S33·, SJU, 835, S44, S45, 855, 

"' 

Mtl, M1Z, M13, MlQ, M15, M22, M2l, ~Z4 1 ~25, 
~13, ~JQ, MlS, M44, ~45, MS5 1 
415, AcS, A35, A4S, 455, c,, C2, C3, C4, a,, 
"IF"L. ■ lttTHEN" 

512 ♦ M12•H2t 
914 + M14•H21 
821 • M2J•H2t 
S:S4 ♦ MJ4•HZt 

S44•ti t M44•H3 

"8EQ1N"P4~• P(XLlJ1 Q4~• Q(XLl)I RQ1a RCKLl>1 Flt• F(XL1) 
"Et·;JO"r 

His XL• XL11 H2&• ~•HJ HJ1• H•Hlt 
x21• o.276393Z02Z5•H + XLII XJ1• XLl + x~ • iz, 

"CO~MENT" ELEMENT B!NOI~G MATRlXJ . 
Pt1• P4J Pill P(X2)t PJI• PCXJJt P41W P(XL)t . -

• 

a1111 t 4.0333333333333•tt•P1 + 1,11Z491J9o&7J8"•1•P2 
t 1.44Z2084194b64"+1*~3 + 8,JJ3S333l33333 1 ♦0•P4t 

Blill ♦ 1,46~b~,&6b6667"+1•PI • 3,31914Z5091~S9••t•P! 
. ♦ z.T98580911!818"+0•P3 t l,~&&•~ibbb,661"+0•P41 

81311 + 1.8J333J3J3JS33"+t•CP1+P4) 
+ 1a2bb6bb&&6,&&1"+0•CPZ+~J)J 

81511 • (Blt ~ B13)J 814~1 • (B1Z + S13 t 815/i)J 
e2211 ♦ s.3333333333J33~tO•Pl + 9,90Z734~q41b74"•1•Pi 

. t S.4JOS98~891&24"•1•PJ + 3e3J333333333SJ 9 •1*Pit 
8231• t &.bb66b•~&6•&61" ♦ 0*P1 • 3,7191Z7el64lb7"+0•P2 

+ ·a,ijs7qqs11oezqs"•1•P3 + 3,~oo~bo&~&o&67"+o•P4, 
6251• • (812 + aa3)r Bi4~- • (822 + BZ3 t B25/2)J 
8331• t 8.333333333J333"tOtP1 t 1.4qz2oeq194bob"+1•P2 

+ 1,11249t38•61Zb••ttP3 + 4,0333333333333"+1•~4, 

6451• • ce1a + B3G)J Bl41• • (824 + B3Q + 94512)J 
essaw. cs1s + e3s,, · 

PAGE 8 

' 

• 

• 

• 

"COMMENT' 



2,nd REVISION, 1977 

• 

• 

(JANUARY 197b) 

"COM1ENT'' ELEME~·JT STIFr~4ESS :·1ATPIXJ 
a11c Q4J Q2&1 O(XZ}r 03:~ Q(Xl)J Qq,. Q(XL)s 
s111= t z.as~41~s1eo31o"+o•Q2 + 2,22qqez1133q4e''•2*Q3, 
s121a + 2.5671051872498"•1tQ2 + 3.ZS9~81Z749994''•3•Q3J 
s131, + z.53333l3333333"•lt(QZ+Q3); 
S1QIS • 3.7453S$Q92S005"•2•QZ • z.254b440074988"•2•Q3r 
s1s,s • (913 + s11,, . 
s2211 + 8,333333l33l333"•2•Q1 t 2.ze4100~5S4164"•2•Q2 
.. + 4,8b32b77~16445"•4•Q31 
82311 + 2,2~46440075002"•2•QZ + 3a74Sl5S9•24873"•2*Q3J 
S24SI • 3.3J3J3J333J3]3P•J•(Q2+Q3)J 
SZSI• • ($12 + SZ3)s 

• 

S331• t z.2zqq527133q71••2•Q2 t 2,884416SJ893JO"+O•Q31 
S341• • 3.Z89G81Z750127••J•QZ • Z.Sb710518724q6"•1•Q31 
5351; • (S13 ♦ S33)1 
S441• + 4.8b32&77916788"•4*Q2 

♦ z.284100o554161"•Z•G3 t 8.3333333333338~•l•Q4, 
. S451• • (S14 + SJ4l1 

S~S1a • (S15 + S35)J 

~co~1E~~r•• ELE~ENT MASS MATRIX1 
' Rt&• ~4r Rell RCX2)J R31~ R(X3)1 Rqas RCXL)J 

~111• t 8,3333333333333"•2•R1 • 1.01z~o1ooeooe3"•1•R2 
_ ♦ 1,37Sq0$8DS8380fl•J•R3t 

~1ZII + 1.J29618121J333"•Z•R2 +·1.3704853933353"•J•R3t , 

~131• • 2.73313Jl33l3ll"•2*CR2 ♦ R3lJ 
M141• + 5,07868~3255335"•J•R.Z t 3.587q77340833lij•3•RJJ 
~151• + 1a3147987t19q~9n•1•R2 • le5ij7q87115q991"•2•R3t 
~221• + 1.1~s1s,q~a,000"•3•R2 + 2.sa&a400750059"•4•Rls 
M2ll*-. 3.se1q773Qos11o"•l*RZ • s.01ehaq32se3es"•l•Rl1 

• 

~241• ♦ ~,6bb6b66&66667"•Q~(R2+R3)J 
~2s1• + 1,12sqo292111JlP•a•R2. 6.s~21&zsa&&7tQ''•3•R3, 
~331• t 7 1 375~0580S8380n•3~R2 

+ 1,012Q01~0860A3~•1*R3 + 8e333J333333333"•l•R4t 
'1141• • 1.37oass3933333"•l*R2 • 1.32961B1273333"•2•R3r 
M3St• • 3.547qa11159qqz"-2•R2 + 1.3147987115''q"•1•~J, 
~G4JI t 2a506GQ00750008"•U•R2 t 1,74535~9Q24997"•3•R3r 
~as1s + o.5~2l6254~6eSo"•J•R2 • 1.12sqo2Q213330"•2•~3, 
~ss1; + .t70b6bb6b66b67"+0•(R2+R3)J 

.. 
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"COMMENT" E~E~ENT LOAD VECTORt 
• • • 

F11, F41 FZ1• F(X2)1 F31• F(X3)1 F411 FCKLlr 
eta~+ s.J33lJJ3333333"•Z•Ft + 2.osq312,a,a14,•••1•F2 

• s.5~37298o81ij!9"•2•FJ1 
a21• t a.b96723Jl4583i"•c•FZ • 1,0300!bo~1~11!"•2•F31 
S 3 I II ., 5 • 5 4 3 7 2 9 8 b 814 8 q " • 2 * F 2 

+ 2.0S4J7298&8749"•1•PJ + 8 1 J3133331Jll3J"•2•F41 
801• + 1,03005bb4791~!"•Z•F2 • 2,~9•723314S8J0"•2•F3J 

' 

esa• ♦ 2.ooobb~6~66607"•1•CF2+Fl)I 
• 

• 

4111• H2•(H2•M11 + Stl) + 811, A12S• ~Z• ( HZ•t-11 Z + Stl> • 

41311 H2 • ( ri 2 * M 11 ♦ Sil) + Bt3t A141• ~2•CH2•M14 ♦ 814) 
A1SS• Hl•CH2•M15 + S15) + e1s, AZ21• H2•CH2•M22 ♦ S2Z) 

• 

AZ3fl HZ•CH2tMcl + 823) + 823, A2411 Hi•CMZ•M24 + SlQ) 
• 

A25t• H2•(H2•M25 + 925) + azs, Alla• HZ•(H2•M33 + 833) 
4341• HZt(HZ•M34 + S34l t 8341 A35f•· H2•(H2tM35 ♦ S35) 

• 

444JI H2 * ( Hc!•'-144 + S44) • 844J Aq531 H2•(H2•M"5 + S45) 
• 

4SS1a Hl•(H2•M5' ♦ S55) ♦ 855J 

"C: C ~MEN T" ST AT 1 C C 0 f4 0 ! NS AT IO ~J t . 
C\JI A15/AS5J CZ1• 425/~SS; C311 43S/A55J C411 A~5/A55J 
s11• (81 • C1•6!)•Hr ez,, (BZ • C2*95)tH21 
BJ1• (63 • C3•B5)•Hr 841• (84 • ca•S5)tH2t 
A1111 (411 • Cl•A15)/H31 4121• (A12 • C1tAi5)/H2J 
Alli• CA13 • C1•Al5)/Hlr 4141• (A14 • C1•AQ5)/Hlr 
A2z,, CAZZ • C2•A25)/MJ A231~ ,,al• C2*A35)/HZJ 
A2411 (AZij • CZ•A45)/HJ A3311 CA33 • Cl*A39)/H3J 

• 

A3411 (434 • C3•A45)/H2r A4411 (A44 • Cq•A45)/Ht 
"trND" "EL,SE" 
"8~GlN" ttOWN" "REAL"PS, Q5, RS, F,a 

"~EA~" X2, XJ, X4, H, H~, t·tl, 
Pt, P2, Pl, P4, Qt, Q2, QJ, Q4, 
Rt, R2, R3, R4 1 F1, F2, F3, F4 1 
Stl, 812, 613, Bl4, 815, 816, 622, Bil, 
633, a34, BlS, B36, s44, a4s, auo, Bs5, 
s11, s12, s13, s1a, s1s, s16, sza, s21, 
S33, S34, SlS, !36, S44, S45 1 S46, 9$5 1 
M11, ~12, M13, ~14, MIS, M16, M22, ~2!, 
~13, ~34, ~35, M36, ~44, M45, MQ6, ~ss, 
C15, C16, C25, C26, C35, C36, cas, C4&, 
415, 416, 425, 426, A35, A36, A45, •4&, 
"IFttL,=s1 ttTHEt..f~• 

824, Bc5, 
65t>, 666, 
$24, 825, 
sso, So6, 
-.,24, MZS, 
'1SE,, Mo&, 
65, 86, 
A5S, ASo, 

S2o, 

♦ 

♦ 

+ 
+ 
+ 
♦ 

+ 

"BEGl~"PS1• PCXLl)J QSg• Q(XLl)t ~Sta RCXLl)J FS1• F(XL1) 
'
1 END ,, ' 

• • 

H I a x L • X L 1 J :·i 2 a ;. L..t • H ; t f l I a H * H 2 J 

PAGE 10 

' 

• 

s1a, 
B 1 (I I 
B22J 
B24J 
8331 
B35J 
B45J 

• 

xa,, XL1 ♦ H•.172673164b46J X31• XL1 + H/21 X4a• XL1 +XL• x2, 
"C0~1MENT" 
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" C O '4 ~1 E N T •• E L E MEN T B E k.J D l ~J G l 1 A T R I X I 
?t;a ~SJ P2t• P(X2)1 ~31• PCX3)J P~1• ?(XU)I PS1• P(XL)I 
B11aw t 105.S•Pt ♦ 9.8•PS + 7,3S93121303513"•2•PZ 

t 2.275SSSSSSS55o"+t•P3 t 7,05o5&5&088SS3"+0•~41 
8121• + 21,&tPl + 1.G•PS • 3,G15~q824811''•1tP2 

t 2.sa444a444G414" ♦ 0tP3 + 1.011l960946522"+0•P4, 
B131• • 32,Z•CPt + ?5) • 7.,20o34q20b3505"•1•CP2 ♦ P4) 

+ Z.2755555555556"+1•P3s 
6141• + ~.b•Pt ♦ A,U•DS t 1.0328b412Z2q~4"•1•Pl 

• 2.a444~444444q4";o*P3. 3,3a4ssc2s149qz~+o•P41 
B1SI• • (811 + Bl!Jt 816~= • (612 + 813 ♦ Bt4 + 815/Z)J 
S221a t 7.2•P1 ♦ 0,2tP5 t 1e59S198~0Z858l"+O•P2 

+ 3,55SSSSSSSS5So"•1•P3 + 1,qo9603i1l005q"•l•~QI 
82311 • s.4•P1 • Q,6*PS ♦ 3,344ss,25349'2"+0•P2 

+ 2.84444U4G44U4~"+0•P3 • 1.os2e,412Z2944''•l•P41 
8241• t 1,2•CP1 t P5) • 4,7~36507~3&S0!"•1•CP2 ♦ P4) 

• 3a5555555555S,~"•t-P3r 
82511 • (811 ♦ BZl)J 82611 • (6ZZ + Bl3 ♦ Bl4 ♦ BZ5/l)J 
6331• + 7,05b5b5608ess3"+0•PZ t 2,21555555S555~"+1•PJ 

+ 7.3S931Z1l03513"•2tP4 t 1os.e•P5 ♦ ,,e.P1, 
6341S • 1.4•Pt • 27.b•PS • le0113960q4&522"+0tP2 

• a 1 eq4a414a44444u+o*P3 + l,41SS482481100''•1•P4J 
BlSI• • (813 + B33)S 8361• • (B23 + B33 + 834 + B35/2)J 
B441• +7,2tP5 ♦ Pt/! + 1,4Q9603Z1300S9"•l•P2 

+ 3,5555SSSS5,55o~-1~P3 +·1.sest984028S81"+0•P4t 
S4511 • (814 ♦ 83411 B461a • (624 + 634 ♦ 844 + 845/2)1 

' 

855JS • (915 + B35)f BS61• •(Bl~+ 83~,, 
66bS• • (826 + 936 + Bq6 + 856/2)1 

~co~~ENT" ELEME~T STIFFNESS MATRIX, 
Q,a~ QSJ Q21• Q(X2lJ Qls~ Q(Xl)t Q4~, Q(X4)J Q51; Q(XL)s 
s111• + 3.02424240319s1"+o•Q2 + 1.1s3q9091Joo65"•2•Q4, 
s12,• + 1,2s1ss2s5et744''•t•QZ + q.11071697.1e>1qz,t•3•Q41 
s131•. 1.ossa3s31414q~"•t•ca2+Q4)J 
S141• ♦ q,oe9q0412G306Z"•ZtQ2 + 1.28Q245Sl55S77"•2•Q41 
S151• • (S13 + S11)J 

' 

StoJ: t s.q254661171068"•1-QZ + 6aOS1~~12719116"•2•Q4r 
s221• + S,229205Z8654ZZ"•J•Q2 ♦ s.S3107638627Q6"•4•QQ + Q1120, ' 

S23t• • 1.2aqz455355s77tt•2•QZ • 4,0S990G12Q30b2"•2•Q4J 
5241= ♦ 1.7006802721088"•3•(02+Qq)J 
SZSI• • cs12 ♦ $c3)t 
s261= + 2.4&3q593oq1a2b"•2*Q2 + a.0134~s1210641"•JtQ4s 
S331• + 3,153~909130065"•2•Q2 + 3,0242424037q51"+0•Q4r 
5341•. 4.t7o7tb97t&742"•3*Q2. 1.2s1ss2s,a1144"•t•Q4r 
SlSI= • CS13 + S33JJ 
Slbl= ~ b 9 0512bt27191tb"•2•Q2 • S,92546611770b8''•1•Q4, 
SQ41• + s.53107638&Z7qb"•4•G2 t s.2292052865422''•3•Q4 + Q5/ZOI 
$ll5J•· • (SlU + S3tJ) s 
5461= + B.o134b81210641''•3•Q2 t 2,4&3q5q3097426"•2•Q41 
sssi= • (515 + SJSlt SS61= •(Slb + S56)J 
S6bJ: + l,l~09q17324263''-t•C12+Q4) + 3,555555555SS56'1 •l•Q3; 

"COMMENT'' 
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• 

"CO~MENT" E~EMENT MASS MATRIXr 
R111 RSJ Ra1 ■ RCX2)1 RJ~• R(XJ)J R411 R(X4)s R51• RCXL), . 
Mt11• + q.71070Z01Z1J10"•2•R2 + 1.ss102S9190180"•3•R4 + R11zo, 
~IZJ• + a.zJS4889460254"•J*RZ + Z,19J215ij,60011"•4•R4, 
Ht31• t 1e2390o7055393~"•2tCR2+R4)J 
M141• • 1.7lB846b2G9 •• 8"•3tR2 • 1.osos32,,s2,19•.3•R4J 
~ts1• t s.3oe~7eq112119"~2•R2 + o.714t55866to•o"•J•R4, 
~161W • 1a737171285b07b"•ZtR2 + Z,l17l~30018466"•3*R4r 
M2ZI• t b,qeq3aao113145"•4•R? + 3,04Z45!20Z9J~9"•S•R41 
H231• + 1e0!083Z6752•~7"•l•R2 + 1,718846o24•9l~"•3•R4t 
M24S• • 1s451125941$20o"•~•<R2tR4)J 
~2SIW t 4e5024589&79121"•JtRZ + 9,397179028J37U"•A•R4t 
~261• • l,17317,~G52780"•JtR2 t 3 1 01S•4eS7i5qq9n•a•R4t 
M3318 t 1.se102591.9209"•J•R2 + 9,7101020721Z90 1 •2•R4 + RS/20, 
~341• • Z.1932154Q•otJ1"•4•RZ • 8,ZJ54S89460254"•J•R4t 
MlSI• + o,7141S,so6112l"•J•R2 ♦ S,3089189712112"•2•Ru, 
~301• • Z,2173ol001949Z"•l•R2 + 1,7317112!56011"•2•R4t 

• M441• t 3,042451ZOl~457"•5•R2 ♦ o,9S4384~173158"•4•Rql 
~451n • 9.J91179028354Z"•l•AZ • 4 1 50245896791Jl"•StR41 
~4ol• t 3.07594887Zb0b0"•4•RZ •v1,473715~452118"•3tR41 
~551• + 2.90Z49433106'7"•Z•CRZtR4) t 3.5SSSSS55555S6H•l•Rlt 
MSol• t 9.500b4Z840!0SO"•lt(RQ•Ra), 
M661• ♦ le10981S3541125"•l•CR2tR4)f 

"CO~~ENT" ELE~ENT LOAD VECTORt 
F11• FSJ FZ11 FCX2)t Flt• F<Xl)·1 F411 P'CX4)J FS1• FCXLl, 
8111 + 1 9 62S81480q9336"•l•fZ + Z1 01458523J99&9"•2•FG ♦ Fl/201 
a2,e + 1.J1ea1eose,23J"•2•FZ + 2,e11aa,0174JJ5"•3•F"' 
a1a• + z.01ases233~~09"•Z•r2 + 1.6ZS874So9•33&"•l•F4 + Fs120, 
B4i• • 2 9 87188b077qll5"•3•P2 • 1,l75&T80S89233"•2•F4J 
B!a• + (F2 ♦ F4)/tt.25 + 3,5SS55SS555556"•1•P3r 

< 

861• + 2.90Q5118~9813Z"•2•CF4•FZlr 

Alli• H21t(H2tM11 t 9 l t) t 8111 •121• HZ•CH2tMll + Sli) ♦ e12, 
A1311 ri 2 • c ti 2 * ~~ 1 3 + Stl) + 8131 A14J• H2•CH2•M14 + S14) + B14S • 

A.151• ri2• (HZ•~ 15 t St5) ♦ BtSJ A1b3• H2•CH2•~1C> + St&) + 8161 . • 

A2ZJ• H 2 * C H 2 t 1·12 2 + 122) + azz, A2Jt• H2•CMZ•M23 ♦ S23) ·+ e2:s, • 

A2411i HZlf(H2•MZ4 ♦ 52/J) + B24t AZ51• Hl • ( MZ•~125 + SZS) ♦ e2s, 
Aloi• H2• (t➔ Z•MZb ♦ S2o) + Bao, 433&• H2•CH2*M33 ♦ 533) ♦ 833; 
A3411J H2•(H2*~34 ♦ S3/J) + 8311'' A3!1• H2•(H2*~35 + S35) + B35J 
A3ol• ;·i 2 * C ~i 2 * ~ 3 b + S:SbJ + 6361 A4ti I IJ HZ•CHitM4tl t $4!l) + 64UJ • , 

A451• H2• (t12•M45 + 945) + 8451 A4&1• H2• ( H2•~1'4b t $41&) ♦ B46J 
ASSIS r◄ 2• C r"'i2 ,t~-~ss ♦ 955) t ass, A5b;• r~ 2 * ( H 2 * M 5 & + SS&) ♦ 856; 
A6bll ri2 * ( ~iZ •~bb ♦ Sob) t Seo, 

"COM~ENT'' 
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" C O '1 ME N T '' S T A T I C C O 'l D E t~ S A T l O ~ i J 
OET;• • ASS•Aob t A56•ASos 

• • 

CtSJ• (A15•Ab6 • A1~•AS6)/0fTt C16aa 
C25f• (A25•'66 • AZ6•A56)/DETJ C26J ■ 
ClSI• CA-3S•Ab6 • A36•AS6)10!Tr C361• 
cas,, (A45•A~6 • A46•AS6)/0ETJ C461• 
4111• (All + C15•A15 + C1b•A16)/H31 

• 

A1211 (A12 ♦ C15aA2! ♦ C1b•AZ6)/H21 

' 

CA1~•455 • A15•AS6l/DETJ 
CA2b•AS5 • A25•A5~)/DETJ 
CA36•A55 • A3S*A5o)/DETJ 
CAU6•455 • A4S•A50)/DET1 

• 

•131• (A13 + C15*A35 + C16•A36)/H3J 
At~I• CA14 + C15tA45 ♦ Clb*Aqo)/H2J 
A221• (AZ2 + C2S•A2, ♦ C:2&•A26)/ttr 
AZllW CAaJ + CZS•AJS ♦ CZ6•A36)/ti2; 
A241• CA24 + CZ5•A45 + CZ&•AQ6)/HJ 
A33•• (lll ♦ C35•Al5 + C3••A36)/HlJ 
A341• CA34 + C35•A45 ♦ C3&•A4o)/H2; 
A4411 (A44 + C4S•A4! + C4••A46l/H, 
B11• (61 + C15•BS + C16•B•>• ►tr B2J4 
Bl&I (Bl ♦ C35•BS ♦ C3o•B6J•Hr 841• 

CBZ + CZS•B! + CZ6•B6)wH2t 
CB4 + C45•65 ♦ C46•B~)•M2, 

~ENO"EL.MATYECEVAL.r 

LI• 1, w,. v,. o, N21• N + N • 2, X~l•• xc01, XL1• Xt1J, 
v•a• Ettl, ZA1a EtllJ YB&• Et3Jt zs,, Et4JJ 
ELEM E ~J TM ATV EC E \14 l. U AT l ON I ! M ta J I • "• 12 J 
Rta• 83 • Atl•YA • AZ3•ZAJ D11• A3lt D21• Aaq, 
R21• 64 • A14•Y4 ~ AZ4•ZA1 Ell• 4341 
"FOR"La• L + tP~tiILE"LcN"DO" 
"BEGIN" XL1t• XLJ XL~• X[LJ1 

ELEMENT~ATVECEVALUATION1 
AtW + 111• 01 t A11J •cw+ 4l11 e:1 + 412, 
At~ + 7l ;a A13J A trJ t 10l 1-. A14f 
AtW + Sl :• 02 t A2Zf A[W + Sl 1• A23J 
Atw ♦ lll ta A24f A cw + 141 a• OJ 
YtY + 111• r:t1 + a1, vrv t 211• R2 + aa, 
R11• 63, RZI~ au, V:• V + z, Wa•·W + e, 

• 

Dt;a •33J D!1• A44J Ell• A3U 
"E ~ID'' J 
L. I• \/ t )( J.1 I• XL J X l,.. I• X t L l I EL.EM E r-J TM ATV! CE VA Lr U AT ION f 
YtNZ. • 111• ~1 t 61 • A13•VB • A14•ZBJ 
YtN2Jt• R2 t az • A2l•YB • A24•ZBt 

A [ ,~ t 1 l I If D 1 + A 1 1 t A t W ♦ IJ l 11 f; 1 + 4. 12 J AC W + SJ I• 02 + Al2 f 
CH~OECS0~8NOCA, Ne, 3, E~, V) 

'' E ~O" F c ~1 4 f: R ~ J 
"tO?" 
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INSTITUTES M4THEMATICAL CENTRE. 

RECEIVED1 740301, 

BRIEF DESCRIPTION: 

THIS SECTION CONTAINS TWO PROCEDURES I 

RICHARDSON SOLVES A SYSTEM OF LINEAR EQUATIONS WITH A COEFFICIENT 
MATRIX HAVING POSITIVE REAL EIGENVALUES BV MEANS OF A NON• 
STATIONlRY SECOND ORDER ITERATIVE METHODS RICHARDSON 1 S METHOD~ 
SINCE RlCHAROSON'S METHOD IS PARTICULARLY SUITABLE FOR SOLVING 
A SYSTEM OF LINEAR EQUATIONS THAT IS O~TAINED BV OISCRETIZING A 
TWO•DIMENSIONAL ELLIPTIC BOUNDARY VALUE PROBLEM, THE PROCEDURE 
RICHARDSON IS PROGRAMMED IN SUCH A WAY THAT THE SOLUTION VECTOR 
IS GIVEN AS A T~O-OIMENSIONAL ARRAY U[J,Ll, LJ<:J<:UJ, LL<=L<=UL. 
THE COEFFICIENT MATRIX IS NOT STORED, BUT E•CH ROW CORRCSPONOING 
TO A PAIR (J,L) IS GENERATED WHEN NEEDED, 
RICH.RSON CAN ALSO BE USED TO OETERMINE THE EIGENVALUE OF THE 
COEFFICIENT MATRIX CORRESPONDING TO THE OOMINANT EIGENFUNCTION. 

ELIMINATION, USED IN CONNECTION WITH T~E PROCEDURE RICHARDSON, 
(THIS SECTIONJ SOLVES A SYSTEM OF LINEAR EQUATIONS WITH 
A COEFFICIENT MATRIX HAVING POSITIVE REAL 
EIGENVALUES BY MEANS OF A NON•STATIONARV SECOND ORDER ITERATIVE 
METHOD, ~HlCH IS AN ACCELERATION OF RICHARDSON'S METHOD, IN 
GENERAL, ELIMINATIO~ CANNOT BE USED BV ITSE~F IN A SENSIBLE WAY. 
SINCE RICHARDSON'S METHOD ANO ITS ACCELERATION ARE PARTICULARLY 
SUITABLE FOR SOLVING A SYSTEM OF LINEA~ EQUATIONS THAT IS OBTAINED 
BY OlSCRETIZING A TWO•DIMENSIONAL ELLI?TIC BOUNDARY VALUE PROBLEM, 
THE PROCEDURES RIC~AROSON ANO ELIMINATION ARE PROGRAMMED IN SUCH A 
WAV THAT THE SOLUTION VECTOR IS GIVEN AS A TWO•OIMENSIONAL ARRAY 
UtJ,LJ, LJ<:Jc:UJ, LL<:Lc:UL. THE COEFFICIENT MATRIX IS NOT STORED, 
BUT EACH ROW CORSPONDING TO A PAIR (J,L) IS GENERATED WHEN NEEDED, 

KEYWORDS1 

O!FFERENTIA~ EQUATION, 
TWO•OlMENSIONAL BOUNDARY VALUE PROBLEM, 
SYSTE~ OF LINEAR EQUATIONS, 
COEFFICIENT MATRIX HAVING POSITIVE REAL EIGENVALUES, 
NON•STATIONARV SECOND ORDER ITERATIVE METHOO, 
RICHARDSON 1 S METHOD, 
ACCELERATION OF RICHAROSONIS METHOD, 
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SUBSECTION I RICHARDSON. 

CALLING SEQUENCE1 

THE MEAOING OF THE PROCEDURE READSI 
"PROCEDURE" RICHARDSONCU,LJ,UJ,LL,UL,INAP,RESIDUAL,A,B,N,OISCR,K, 
RATECONV,DOMEIGVAL,OUT)J 
"VALUE" LJ,UJ,LL,UL,A,Bp 
"INTEGER" N,~,LJ,UJ,LL,ULJ 
"REAL" A,B,RATECONV,OOMIGV•Ls 
''BOOLEA"I" INAP1 
'' A R R A Y '' U , 0 I S C R J 
"PROCEDURE'' RESIDUAL, our, 

THE MEANING OF THE FORMAL PARAMETERS ISi 
Us <A~RAV IDENTIFIER>, 

"ARRAY" UtLJ1UJ,LL1ULlr 
AFTER EACH ITERATION THE APPROXI~ATE SO~UTION CALCULATED BY 
T~E PROCEDURE RICHARDSON IS STORED INTO U, 
ENTRV1 IF INAP IS CHOSEN TO BE ••TRUE" THEN AN INITIAL 
•PPROXIMATION OF THE SOLUTION, OTHERWISE ARBIT~•RVJ 
EXIT1 THE FINAL APPROXIMATION OF THE SOLUTIONJ 

• 

LJ,UJI <ARITHMETIC EXPRESSION>J 
LOWER ANO UPPER BOUND FOR THE FIRST SUBSCRIPT OF UJ 

LL,ULI cARITH~ETIC EXPRESSION>1 
LOWER AND UPPER BOUND FOR THE SECONO SUBSCRIPT OF Us 

INAP1 <BOOLEAN EXPRESSION>r 
IF THE USER WISHES TO INTRODUCE AN INITIAL APP~OXIMATION 
INAP•"TRUE" SHOULD BE CHOSENJ THE CHOICE INAPz~FALSE'' HAS 
T~E EFFECT THAT ALL COMPONENTS OF U ARE SET EQUAL TO 1 
BEFORE THE FIRST ITERATION IS ~ERFORMEOJ 

RESIOUAL1 <PROCEDURE IDENTIFlER>J 
THE HEADING OF THIS PROCEDURE ~EAOS I 
"PROCEDURE" RESIOUAL(U)J ''ARRAY" U1 
SUPPOSE TH•T THE SYSTEM OF EQUATIONS AT MAND IS AU= FJ 
FOR ANY ENTRY UTHE PROCEDURE ~ESIOUAL SHOULD CALCULATE 
THE SO•CALLED RESIDUAL AU• FIN EACH POINT J,L, ~HEAE 
LJ<•JcaUJ, LL<•Lc•UL, •ND SUBSTITUTE THESE VALUES IN THE 
ARRAY Us 

A,BI cARIT~M.ETIC EXPRESSION~, 
IF ONE WISHES TO FINO THE SOLUTION OF THE BOUNDARY VALUE 
PROBLEM, IN A AND B THE USER SHOULD GIVE A LOWER ANO 
UPPER BOUND FOR THE EIGENVlLUES FOR WHICH THE CORRESPONDING 
EIGENFUNCTIONS IN THE EIGENFUNCTION EXPANSION OF THE RESIOU 
AL AU• F, WITH U • THE INITIAL AP~ROXIMATION, SMOULD BE 
REDUCEDJ IF THE DOMINANT EIGENVALUE IS TO BE FOUND, ONE 
SHOULD CHOOSE A GREATER THAN THIS EIGENVALUE (SEE HEADING 
METHOD ANO PERFORMANCE)J 
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N: <ARITHMETIC EXPRESSION>1 
N GIVES THE TOTAL NUMBER OF ITERATIONS TO BE PERFORMEDJ THE 
~ALUE OF N SMOULO EITHER BE GIVEN, OR MADE DEPENDENT OF 

· SOME JENSEN PARAMETER, E.G, KANO RATECONV CAN SERVE 
FOR THIS PUAPOSEJ 

OISCRI <ARRAY IOENTIFIER>J 
"ARRAY" OISCRt112]J 
AFTER EACH ITERATION THE PROCEOURE RICHARDSON DELIVERS 
IN OISCR[IJ THE EUCLIDEAN NORM OF THE RESIDUAL, AND 
IN OISCRC2l THE MAXI~UM NORM OF THE RESIDUA~, 

K1 <VARIABLE> 
~ COUNTS THE NUMBER OF ITERATIONS RICHARDSON IS PERFORMINGJ 
IT CAN SERVE AS A JENSEN PAR4METER FOR N AND our, 

RATECONVg <VARIABLE>, 
AFTER EAtH ITE~ATION THE AVERAGE RATE Of CONVERGENCE IS 
ASSIGNED TO RATECONVJ 

OOMEIGVAL; <VARIABLE>r 
AFTER EACH' ITERATION THE VALUE OF T~E ~OMINANT EIGENVALUE, 
IF PRESENT, tS ASSIGNED TO OOMEIGVALt lF THERE IS NO 
DOMINANT EIGENVALUE, THE VALUE OF OOMEIGVAL IS MEANINGLESS, 
WHICH MANI,ESTS ITSELF BY SHOWING NO CONVERGENCE TO A 
FIXED VAL,UEJ 

CUTI c?ROCEOURE IOENTIFIER)r 
THE HEADING OF THIS PROCEDURE, TO BE WRITTEN BV THE USER, 
REAOS I 
'' P RO C E O UR E '' 0 U T C K l I " V 4 L U E '' K J '' I N T EGE R '' K J 
BY THIS PROCEDURE ONE HAS ACCESS TO THE FOLLOWING 
QUANTITIESI 
FOR Oc:Kc:N THE K•TH ITERANO IN U,TME EUCLIDEAN ANO 
MAXIMUM NORM OF THE K•TH RESIDUAL IN OlSCRtlJ AND DISCR[2l, 
RESPECTIVELY, 
FOR OcKc•N ALSO THE AVERAGE RATE OF CONVER.GENCE AND THE 
APPROXIMATION TO THE DOMINANT EIGENVALUE, BOTH WITH RESPECT 
TO THE K•TH IT~RAND U, IN RATECONV ANO OOMEIGVAL., 
RESPECTIVELYJ 
MOREOVER, OUT CAN BE USED TO LET N BE DEPENDENT ON THE 

' 

4CCURACV REACHED IN APPROXIMATING THE DOMINANT EIGENVALUE. 

DATA AND RESULTS I SEE REF tll, [2l, 

PROCEDURES USED& NONE. 

REQUIRED CENTRAL MEMORYI 

EXECUTION FIELD LENGTHS CIRCA 75 + l•CUJ • LJ + 1) * (UL• LL+ l), 

RUNNING TIME1 

DEPENDS STRONGLY ON THE BOUNDA~Y VALUE P~OBLEM TO BE SOLVED, 

. ,- . '· . -. . ... 



MC 

PAGE 4 

LANGUAGE1 ALGOL &0 1 

METHOD ANO PERFORMANCEI 

SUPPOSE THE SYSTEM OF EQUATIONS TO BE SOLVED READS AU• F, WHERE 
A IS A MATRIX HAVING POSITIVE REAL EIGENVALUES, DENOTING THE 
K•TH ITERATE BY UCK), UCK) BEING THE VECTOR U(t<) [J,Ll, LJ<:Jc:UJ, 
LL<cLc•UL, THE S0•C4LLEO RESIDUAL WITH RESPECT TO THE K•TH ITERATE 
IS DEFINED BY 

RC K) • AUCK)• Fa 
A SECOND ORDER 

U(t<+1) 
NON•STATIONARY ITERATIVE METHOD IS GIVEN BV 
•BETAK* U(K) ♦ (1 •BETAK) * UC~•1) 

• OMEGA K * R(K), 
OR, EQUIVALENTLY, UF UIS THE (UNKNOWNl EXACT SOLUTION OF AU= F, 

U(K) • U • PK(Al (UCO) • U), 
WHERE PK DENOTES A POLYNOMIAL OF DEGREE K. RICHARDSONtS METHOD 
CONSISTS OF CHOOSING THIS POLYNOMIAL IN SUCH A WAY THAT AMONGST ALL 
POLYNOMI4LS PK(X) OF DEGREE K ~ITH PK(O)c 1 IT HAS MINIMAL MA~IMUM 
NORM OVER THE INTERVAL CC,Dl, WHERE C > 0 SHOULD BE CH.OSEN TO BE A 
LOWER BOUND, ANO O AN UPPER BOUND FOR THE EIGENVALUES OF A,· 
APP~IC•TION OF THIS POLYNOMIAL TO THE INITIAL ERROR UCO) • U HAS 
THE EFFECT THAT EACH COMPONENT OF THE INITIAL ERROR IN ITS EIGEN• 
FUNCTION EXPANSION IS REDUCED BY A FACTOR LESS OR EQUAL TO THE NORM 
OF THE POLYNOMIAL, 
THE POLYNOMIALS 

PK(X) • CK((A+B•2•X)/(A•B)) / CK((A+B)/(A•B)) 
WHERE CK(Y) DENOTES THE K•TH CHEBYSHEV POLYNOMIAL, HAVE THE 
DESIRED PROPERTIES, THUS, THE VALUES OF THE PARAMETERS BETAK 
ANO OMEG~ K MAY BE DETER~INED FROM THE RECURRENCE REL•TIONS FOR 
CHEBESHEV POLYNOMIALS, 
lN COMPUTATION U(K) • U 
A MEASURE FOR THE ERROR, 

IS NOT AVAILABLE, SO ONE USES R(K) AS 

THE ELEMENTS OF THE MATRIX THE MATRIX A ARE NOT STORED, BUT 
GENERATED WHEN NEEDED, ~ORE PRECISELY, THIS MEANS THAT THE 
CUJ•LJ+l) * (UL•LL+1) COMPONENTS OF AUCK) • F ARE CALCULATED FOR 
EACH PAIR CJ,L) ~J<JcUJ, LL<L~UL, THE USER SHOULD INTRODUCE THE 
EQUATION TO BE SOLVED IN THIS MANNER BY MEANS OF THE PROCEDURE 
RESIDUAi., 
CLEARLY, THE METHOD IS PARTICULARLY SUITABLE FOR. SPARSE MATRICES, 
FOR EXAMPLE MATRICES THAT ARE OBTAINED BY OISCRETIZING ELLIPTIC 
PARTIAL DIFFERENTIAL EQUATIONS. 
THE SHARPER THE BOUNDS C ANO 0 FOR THE EIGENVALUES OF A ARE, 
THE BETTER APPROXIMATE SOLUTION ONE GETS FOR A GIVEN VALUE OF K, 
SINCE THE ASYMPTOTIC RATE OF CONVERGENCE CK TO INFINITY) IS 
Z * SQRT(C/0) •. 

NOW LET ALPHA1 BE THE $MAL.LEST EIGENVAI.UE OF A, IF ONE CHOOSES 
··. C>~ Al.PHAl, THEN, STARTING WITH ANY INITIAL APPROXIMATION, FOR A 

.SUFFICIENTLY LARGE NUMBER OF ITERATIONS THE PROCEDURE RICHARDSON 
WILL DELIVER AN APPROXIMATE VALUE FOR THIS EIGENVALUE, 
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LET US EXPLAIN THIS FACT FOR THE CASE ALPHAl < C < ALPHA2, WHERE 
ALPHA2 IS THE SECOND SMALLEST EIGENVA~UE OF A 0 THE POLYNOMIAL 
PK(X) HAS SMALL MAXIMUM ViLUE OVER THE INTERVAL CC,Ol (WHICH, OF 
COURSE, DEPENDS ON K), BUT BECOMES LARGE FOR X < A, SO, IF ONE 
APP~IES PK(A) TO AN EIGENFUNCTION OF A, THIS EIGENFUNCTION WILL 
ONLY BE REDUCED CONSIDERABLY IF IT CORRESPONDS TO AN EIGENVALUE 
> C, CONSEQUENTLY, THE EIGENFUNCTION CORRESPONDING TO ALPHA1 WILL 
BECOME DOMINANT IN THE EIGENFUNCTION EXPANSION OF 

?K(A) CUCO) • U) 
FOR SUFFICIENTLY LARGE K, 

SEE REF ttl, [2J FOR DETAILS, 

t1l ,T,M,T,COOLEN, P.W,HEMKER, P,J.VAN DER HOUWEN AND 
E.SLAGT, 
ALGOL &O PROCEDURES ~OR INITIAL ANO BOUNDARY VALUE PROBLEMS 
COUTCH), 
MC•SVLL4BUS 20, MATHEMATICAL CENTRE, 1q73, AMSTEROAM 1 

[2l ,P,J,V~N DER HOUWEN, 
FINITE DIFFERE~CE METHODS FOR SOLVING PARTIAL DIFFERENTIAL 
EQUATIONS. 
MATHEMATICAL CENTRE TRACT NO, 20, 1968, 

EXAMPLE OF USEI 
• 

THE AP~ROXIMATE SOLUTION OF THE BOUNDA~V VALUE PROBLEM 
• CCD/DX>••2 + CO/OV)**2) UC~,Y) : •2•CX•X+Y•Y), O<X,Y<PI, 
U(X,O) : O, U(X,Pl) = PI•PI•~•X, 0 < X < PI, 
U(O,V) z O, U(PI,Y) • PI•PI•X•X, 0 c Y c PI, 

WHIC~ MAS THE ANALYTICAL SOLUTION X•X•Y•Y, MAV BE OBTAINED BY THE 
FOLLOWING PROGRAM: 

''BEGIN~ "COMMENT'' DIRICHLET PROBLEM FOR LAPLACE•S EQUATIONr 

qPROCEOURE" RlCHARDSON(U,LJ,UJ,LL,UL,INAP,RESIDUA~,A,B,N,DISCR,K, 
RATECONV,OOMEIGVAL,OUT)J ''C00E'933170J 

"PROCEDURE" RESIDUALCU)J "ARRAY" U1 
"BEGIN•• ''INTEGER" UJMIN1,ULMIN1,LJPLUS1J 
" R E A L. '' U 2 J " R E A L " " A R R A V '' U 1 [ L J I U J l J 

UJMIN11: UJ • 1J ULMIN1 1= UL• 11 LJPLUS11s LJ + 1J 
'' F O R " J S • L J '' S T E P •• 1 " U N T I L " U J '' D O '' 
'' B E G I N '' U 1 [ J 1 1 • U [ J , L L l J U t J , L L l I s O J '' E N D '' J 



'' F O R •• L ; : L L ♦ 1 " S T E P " 1 '' U N T I L. " U L M I \I 1 '' D O " 
'' B E G I N '' U 1 t L J l 1 :a U [ L J , L l J U t L J , L J 1 • O J 

" F O Fe '' J I :: l. J PL U S 1 '1 S T E P '' 1 •• U N T I 1.- '' U J M I N 1 " D O '' 
'' B E G I ~ " U 2 I z U t J , L l J 

UtJ,LJJ:(4 • U2 • U1[J•1l - U1[JJ • UtJ+1,L.l • U[J,L+1J) 
• FCJ•H,L.•H)•H2J 
Ul [Jl I• U2 

''ENO'' J 
U[UJ,Ll :• OJ 

'' END '' ; 
'' F O R •• J I : L J '' S T E P '' 1 '' U N T I L. " U J '' D O '' U [ J , U L. J I : 0 

'' E N D " R E S I D U A L J 

" R E A L " " P R O C E DU RE '' F C X , Y ) J '' \/ A L U E " X , V J '' R E A L " X , V J 
F:: 9 2•(X•X ♦ Y•Vlt 

" R E A. L t, '' P R O C E O U R E '' A. N A L S O L. C X , Y ) I '' \/ A L U E '' X , V J '' R E A L '' X , Y J 
A~ALSOL;s X•X•Y•VJ 
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'' P RO C E O U R E " I N l T A PPR C U , J , L. , G ) J " I N T E GE R '' J , L J '' A R R A Y '' U J '' RE A L '' G : 
" F O R '' J : s L J '' S T E ? '' 1 " U N T I L. '' U J '' 0 0 '' 
"FOR" LI= LL ''STEP'' 1 ''UNTIL'' UL "DO'' 
U t J , L J I : '' I F '' J • L J " 0 R " J = U J " 0 R '' L • L L 1' O R '' L c U L •• T H E N '' G •• E L 5 E '' 1 s 

'' P R O C E D U R E " 0 U T 1 C K ) , '' V A I. U E '' K J •• I N T E G E R '' f< , 
11
' I F '' K = N '' T H E N " 0 U T P U T C b 1 , '' ( '' / / " ( '' K O I S C R [ 1 l O I S C R t 2 l 
RATECONV")",l/,+ZDB,3(+,70''+ZDB)tt)~,K,OISCR[1J,DISCRt2l,RATECONV), 

2710• ••INTEGER'' J,L,LJ,UJ,LL,U~,N,Ks 
"INTEGER'' J,L,LJ,UJ,LL,UL,N,KJ 
"~EAL" H,PI,Ol,D2,H2,DOMEIGVAL,RATECONV,4,BJ 
"REAL~ ''ARRAY" DISCR[112)J 
0 U T P U T C 6 1 , " C '' / '' C " G I V E L J , U J , L I. , U L , N , l , B '' ) '' / " l '' ) J 
I N P U T C t, 0 , '' C " " ) " , L J ) J I N P U T C b O , '' C '' '' ) '' , U J ) r 
I N P U T C 6 0 , " C " '' ) " , L L ) J I N P U T ( o O , " C '' " ) " , U L ) J 
I N P U T C et O , '' C " '' ) " , N ) , I N P U T C o O , " C '' '' ) '' , A l J I N P U T C e, O , '' C •• '' ) '' , B ) r 

"BEGIN" ~REAL" ''ARRAY" U[LJ1UJ,LL1ULl J 
PI;a3,1q15 92&53 5eq7q, Ha• PI/CUJ ~ LJ)t H21c H * HJ 
INITAPPRCU,J,~,ANAlSOLCJ•H,L•H))J 
RICHAROSONCU,LJ,UJ,LL,U~,••TRUE",RESIDUAL,A,B,N,DISCR,K, 
RATECONV 1 00MEIGVAL,OUT1)J 

ttEND'' 
''ENO'' 

IT DELIVERS WITH 
LJ; O, UJ = 11, LL m O, UL• 11, N s 50, A z ,1&3, B: 7.83 
THE FOLLOWING RESULTS1 

0 I SC R t 1 l DtSCR t2l RATECON\I 
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SUBSECTION I ELIMINATION. 

CALLING SEQUENCEa 

THE HEADING OF THE PROCEDURE REAOS1 
"PROCEDURE~ ELIMINATIONCU,LJ,UJ,LL,UL,RESIDUAL,,,B,N,OISCR,K, 
RATECONV,OOMEIGVAL,OUT)J 
'' V A L U E '' L J , U J , L L , UL , A , B J 
''INTEGE~" N,K,LJ,UJ,LL,ULJ 
"REAL" A,B,RATECONV,OOMIGVAL1 
'' A R R A Y '' U , D I S C R J 
''PROCEDURE" RESIDUAL, our, 

THE MEANING OF THE FORMAL PARAMETERS ISa 
U1 <ARRAY IDENTIFIER>, 

ttARRAY" UtLJ1UJ,LL1ULlt 
AFTER EACH ITERATION TME APPROXIMATE SOLUTION CALCULATED BY 
THE PROCEDURE ELIMINATION IS sroqEo INTO u, 
ENTRY1 AN INITIAL APPROXIMATION OF THE SOLUTION, WHICH 
IS OBTAINED BY USE OF RICHAROSONs 
EXIT1 THE FINAL APPROXIMATION OF THE SOLUTION; 

LJ,UJI cARITHMETIC EXPRESSION>r 
LOWER ANO UPPER BOUND FOR THE FIRST SUBSCRIPT OF UJ 

LL,ULI cARITHMETIC EXPRESSION>J 
LOWER ANO UPPER BOUND FOR THE SECONO SUBSCRIPT OF U; 

RESIOUALI cPROCEOURE IDENTIFIER~, 
THE HEADING OF THIS PROCEDURE RE4DS I 
"PROCEDURE'' RESIDUAL(U)J ''ARRAY•• UJ 
SUPPOSE THAT THE SYSTEM OF EQUATIONS AT HAND IS AU: FJ 
FOR ANV ENTRY UTHE PROCEOURE RESIDUAL SMOULO CALCULATE 
THE SO•CALLEO RESIDUAL AU• FIN EACH POINT J,L, WHERE 
LJ<•Jc•UJ, LL<•~c•UL, ANO SUBSTITUTE THF.SE VALUES IN THE 
ARRAY UJ 

A,B1 <ARITHMETIC EX?RESSION>J 
A ANO B SHOULD HAVE THE SAME VALUES AS IN THE PRECEDING 
CALL OF RICHARDSON (SEE DESCRIPTION OF RICHARDSONlJ 

N1 <VARIABLE>J 
THE NUMBER OF ITERATIONS THE ,ROCEOURE ELIMINATION NEEDS 
TO ELIMINATE THE EIGENFUNCTION BELONGING TO THE DOMINANT 
EIGENVALUE, IS ASSIGNED TO N1 

OISCRI <ARRAY IOENTIFIER>s 
"ARRAY" OISCRt1&2l I 
AFTER EACH ITERATION THE PROCEDURE ELIMINATION OE~IVERS 
IN OISCR[ll THE EUCLIDEAN NORM OF THE RESIDUA~, ANO 
IN 0ISCRt2J THE MAXIMUM NORM OF THE RESIOUALJ 

Ka <VARIABLE> 
K COUNTS THE NUMBER OF ITERATIONS ELIMINATION IS PERFORMING 
IT CAN SERVE AS. JENSEN PARAMETER FOR our, 

RATECONV1 <VARIABLE>, 
4FTER EACH ITERATION THE AVERAGE RATE OF CONVERGENCE IS 
ASSIGNED TO RATECONV1 
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OOMEIGV•L1 <ARITHMETIC EXPRESSION>, 
BEFORE A CALL OF ELIMIN4TION T~E VA~UE OF THE EIGENVALUE 
FOR WHICH THE CORRESPONDING EIGENFUNCTION HAS TO BE 
ELIMINATED, SHOULD BE ASSIGNED TO DOMEIGVALJ IF AFTER 
4PPLICATION OF ELIMINATION THE~E IS A NEW DOMINANT EIGEN• 
FUNCTION, THEN OOMEIGVAL WILL BE EQUAL TO THE CORRESPOND• 
ING EIGENVALUEr OTHERWISE, THE VALUE OF DOMEIGVAL BECOMES 
MEANINGLESSJ 

OUT1 <PROCEDURE IDENTIFIER>, 
THE HEADING OF THIS PROCEDURE, TO BE WRITTEN BY THE USER, 
READS I 
"PROCEDURE" OUT(K)r "VALUE'' Ks ••INTEGER••K, 
BY THIS PROCEDURE ONE HAS •ccESS TO THE FOLLOWING 
QUANTITIES I 
FOR Oc•K<•N THE K•TH ITERAND I~ u,THE EUC~IOEAN AND 
MAXIMUM NORM OF THE K•TH RESIDUAL IN OISCR[ll AND OISCR[2l, 
RESPECTIVELY, 
FOR OcKcaN ALSO THE AVERAGE RATE OF CONVERGENCE WITH 
RESPECT TO THE K•TH ITERANO U, IN RATECONVJ 
FORK• N, POSSIBLY THE DOMINANT EIGENVALUE OF THE 
COEFFICIENT MATRIX OF THE EQUATION AU• F, IN OOMEIGVAL. 

DATA ANO RESULTS: SEE REF[ll, t2J. 

PROCEDURES USED1 

RIC~ARDSON • CPJ3170, 
TAN a CP35120, 
TANH• CP35113, 
ARCCOS • CPl5122, 
ZEROIN • CP3ij150, 

REQUIRED CENTRAL MEMORVI 

EXECUTION ~IELD LENGTH& CIRCA 75 +· l•CUJ •LJ + 1) * CUL• LL+ 1). 

RUNNING TIME1 

DEPENDS STRONGLY ON THE BOUNDARY VALUE PROBLEM TO BE SOLVED. 

LANGUAGE1 ALGOL &O, 

• 
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METHOD ANO PERFORMANCEI 

SEE THIS HEADING IN THE DESCRIPTION OF THE PROCEDURE RICHARDSON, 
SOME ADDITIONAL REMARKS WILL SE MADE HERE, 
IN ORDER TO USE ELIMINATION THE ?NITIA~ APPROXIMATION OF THE 
SOLUTION OF 

AU z F 
IS FIRST TREATED BY MEANS OF RICHARDSON'S METHOD, WHERE C IS 
CHOSEN GREATER THAN THE SMALLEST EIGENVALUE, AFTER APPLICATION OF 
R?C~ARDSON, THE EIGENFUNCTION CORRESPO~DING TO THIS EIGENVALUE HAS 
BECOME DO~INANT IN THE QUANTITY 

PK(A) CU(O) • U), 
WITH 

PK(X) • CK((Ct0•2•X)/(C•O)) / CKC(C+D)ICC•O)), 
WHEREAS THE CONTRIBUTION OF THE OTHER EIGENFUNCTIONS TO THE ERROR 
U(K) • U ANO TO R(K) HAS BEEN REDUCED CONSIOERABLV. CONSEQUENTLY 
THE ERROR U(K) •UHAS VERY SM•~L COMPONENTS IN THE SUBSPACE 
SPANNED SY ALL EIGENVECTORS BUT THE "FIRST'', IN WHICH DIRECTION IT 
H•S A VERY ~ARGE COMPONENT. 
THE CONTRIBUTION OF THE "FIRST•• EIGENFUNCTION TO R(K) IS NOW 
•'ELIMINATED'' BY APl'LICATION OF A POLYNOMIAL OPERATOR ECA) SUCH 
THAT ECX) HAS A ZERO IN THE FIRST EIGENYALUE. 
THE POLYNOMIAL IS CHOSEN IN SUCH A WAY THAT A MAXIMAL RATE OF CON• 
VERGENCE WITH RESPECT TO THE INITIAL APPRO~IMAT!ON USED IN 
RICHARDSON IS OBTAINED, 

FOR DETAILS SEE REF t1l, tll, 

REFERENCES I 
• 

[tl ,T,M,T,COOLEN, P,W 1 HEMKER, P,J,VAN DER HOUWEN AND 
E,SL.AGT, 
ALGOL bO PROCEDURES FOR INITIAL ANO BOUNDARY VALUE PROBLEMS 
COUTCH), 
MC•SV~LABUS 20, MATHEMATIC4~ CENTRE, 1Q73, AMSTERDAM. 

t2J 1 P 1 J.VAN DER HOUWEN, 
FINITE DIFFERENCE METHODS FOR SOLVING PARTIAL DIFFERENTIAL 
EQUATIONS, 
MATHEMATICAL CENTRE TRACT NO, 20, 19b8 1 

EXAMPLE OF USE I. 

THE APPROXIMATE SOLUTION OF THE BOUNOA~V VA~UE PROB~EM 
• C(D/DX)••2 + (0/DY)••2) U(X,V) : •2•CX•X+Y•Yl, O<X,Y<PI, 
U(X,O) z O, U(X,Pl) 3 PI•PI•X*X, 0 < X c PI, 
UCO,Y) • O, U(PI,V) • PI•PI•X•X, O c Y c PI, 

WHICH HAS THE ANALVTICAL SOLUTION X•X•Y•Y, MAY BE OBTAINED BY THE 
· FOLLOWING PROGRAMI 
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''BEGIN'' "COMMENT" DIRICHLET PROBLEM FO~ LA~L4CEtS EQUATIONJ 

"PROCEDURE" RICHARDSON(U,~J,UJ,LL,UL,INAP,RESIDUAL,A,B,DISCR,K, 
RATECONV,DO~EIGVAL,OUT)J "CODE"33170, 

''PROCEDURE" E~IMINATION(U,LJ,UJ,LL,UL,RESIOUA~,A,B,DISCR,K, 
RATECONV,DOMEIGVAL,OUT)t ''CODE"331711 

"PROCEDU~E" RESIOUALCU)J ''ARRAY'' Ur 
'' BE G I N " •• I N T E GE R " U J M I N 1 , UL. M I N 1 , L JP L US 1 J 
''RE•L" U2J "REAL." "ARRAY'' U1 [LJIUJ] J 

UJMINll• UJ • 1J ULMIN1 1a UL• 1J LJP~US11• LJ + 1J 
'' F O R '' J I • L J n S T E P " 1 11 UN T I L " U J '' 0 0 '' 
'' B E G I N '' U 1 [ J l I • U t J , L L l J U C J , L L J I • 0 J " E N O '' J 
'•FOR" Lia LL ♦ 1 "STEP'' 1 "UNTIL" ULMIN1 "DO" 
'' B E G I N '' U 1 t L J J 1 • U t L J , L l J U t L J , L l I • 0 r 

" F O R '' J I • L JP L U S 1 '' S T E P " 1 " UN T I L '' U J M I N 1 " D O '' 
' 

"BEGIN'' U21• U[JaLJ J 
U tJ,LJ 1a(4 • U2 • U1 CJ•1l • U1 tJJ • U CJ+1,Ll • U CJ,L+ll) 
• F(J•H,LtH)•H2J 
U1 tJJ 1• U2 

"END'' I 
U t UJ, L l I• 0 1 

''ENO" , 
"FOR" J1• LJ "STEP" 1 "UNTIL" UJ "00'' UtJ,ULlr• 0 

''END" RESIDUALJ 

" R E A I. " " P R O C E D U R E '' F ( X , Y ) J '' \/ A L U E '' X , Y J '' R E A L '' X , Y J 
Fl• •Z•CX•X ♦ YtY)J 

"REAL" "~ROCEOURE" ANALSOLCX,Y)I "VALUE'' X,Y, "REAL'' X,YJ 
ANALSOLI• X•X•Y•Vr 

" PRO C E D U R E " I N I T A P P R C U , J , L , G ) I " I N T EGE R '' J , L s " AR R A Y '' U J '' R E A L. '' G J 
"FOR" JI• LJ ''STEP'' 1 "UNTIL'' UJ "00" 
"FOR" LI• LL "STEP" 1 "UNTIL" UL "00" 
UtJ,LJ 1• ''IF'' J•LJ "0R" J•UJ "0Rn L•LL ''OR'' L ■ UL ''THEN''G ''ELSE'' 1, 

" PRO C ED UR E " 0 U T 3 ( K ) s '' V A L U E '' K J " I NT E GER '' t< r 
"IF" KaP "THEN" OUTPUT(bt,"("/l,+ZOB,3(+ 1 70"+ZOB)'')'',K,DISCR[1l, 
0lSCRt2l,RATECONV)J 

"PROCEDURE"0UT1(K)J ''VALUE"~, "INTEGER" K9 
"IF" K•N ''THEN" OUTPUTC61,"C"ll"C" K OISCRtll OISCRC2l 
TECONVtt)«,11,+ZDB,3(+ 1 70"+ZDB)")",K,OISCRttl,OISCR[2l,RATECONV)J 

"PROCEDURE" OUT2(K)J "VALUE" KJ "INTEGER" KJ 
"BEGIN" 

''IF" Ka O "THEN" 011• 021• 1 ''ELSE'' 
"BEGIN" Oil• 01J 011• OOMEIGVALJ 
· .·· N I • '' l F " A B S C ( D 1 • D 2 ) / 0 2 ) c 1 0 * * ( • Q ) '' T H EN " ~ '' E LS E '' N N J 

0UT1CK) 
''END" 

"END" OUTcr 
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"INTEGER" J,L,LJ,UJ,LL,UL,NN,N,P,K,QJ 
"REAL" H,PI,Dl,02,H2,RATECONVR,RATECONVE,OOMEIGVAL,RATECONV,A,B,VARs 
"REAL" "ARRAY" 0ISCR[112l J 
OUTPUTCbl,"("l"("GIVE LJ,UJ,LL,UL,N,G,A,B'')"/'')")J 
I N P U T C b O , '' C •• '' ) '' , L J ) J I N P U T C e, 0 , " C '' '' l " , U J ) J 
INPUT(60,"C"''J'',LL)J INPUTC60,"('1 ")'',UL)J 
INPUT(60,''('''')", NlJ INPUTC60,"("")", QJs 
INPUT(60,"C"''l'', A)J INPUTC&O,"("")'', B)J 

"BEGIN•• ''REAL'' "ARRAY" U[LJaUJ,LLIULlJ 
PI1a3,1415 92653 ssq7q, Ha= PI/(UJ • LJ)t H21• H • HJ 
INITAPPRCU,J,L,ANALSOLCJ•H,L•H))J 
NN;s NJ 
RICHAROSONCU,LJ,UJ,LL,UL,"TRUE",RESIDUAL,A,B,N,OISCR,K, 
RATECONV ,OOMEIGVAL,OUTZ)J RATECONVRga RATECONVJ 
0 U T P U T C o 1 , " C '' I I + • 1 D '' + Z O 4 B " ( " 0 0 M I NA N T E I GE N V A L U E '' ) '' '' ) '' , D O M E I G V A L ) J 
ELIMINATION(U,LJ,UJ,LL,UL,RESIOUAL,A ,B,P 1 DISCR,K, 
RATECONV ,OOMEIGVAL,OUTl)I RATECONVEI• RATECONV, 
NN1• N ♦ PJ OUTPUTC~1,"C''/l+Z2013B''C''T0TAL NUMBER OF ITERATIONS")'' 
'')",NN)J 
0 U T P U T ( 6 1 , '' ( '' / + • 7 0 '' + Z 0 q B '' C 19 R A TE OF C O N \IE R GE NC E W I T H RE S P E C T T O '' ) '' , 
/ 1 7 B '' C '' T ii E Z E R O T H I T E R A NO OF R I C HA RD S O "I '' ) " '' ) '' , 
CN • RATECONVR ♦ P • ~ATECONVE)/NN)J 

"END" 
' 

''END It 
• 

K 

IT DELIVERS WITH 
LJ: O, UJ • 11, LL• 0 1 UL• 11, Na 50, Q • 4, A= ,32&, B s 7,83 
THE FOLLOWING RESuLTS1 

OISCRtll OISCR [2l RATECONV 

DOMINANT EIGENVALUE 

+52 TOTAL NUMBER OF ITERATIONS 
+, 3570259'' +O R4TE OF CONVERGENCE WITH RESPECT TO 

THE ZEROTH ITERANO OF RICH•RDSON 
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SOURCE TEXT(S)I 

•1cooE"33t 7o, 
"PROCEDURE" RICHARDSON(U,LJ,UJ,LL,UL,INAP,RESIDUAL,A,B,N,DISCR,K, 
RATECONV,OOMEIGVAL,OUT)J "VALUE" LJ,UJ,LL,UL,A,BJ 
"INTEGER" N,K,LJ,UJ,LL,ULs "REAL" A,B,RATECONV,DOMEIGVALs ''BOOLEAN'' 
INAPJ "ARR•V" U,OISCRs "PROCEDURE" RESIDUAL,OUTJ 
"BEGIN" "I~TEGER" J,L, "REAL" x,v,z,vo,C,D,ALFA,0MEG4,0MEGAO, 

EIG~AX,EIGEUCL,EUCLRES,MlXRES,RCMAX,RCEUCL,MAXRESO,EUCLRESOJ 
"ARRAY" v,RES[LJ1UJ,LL1ULJ1 
"PROCEDURE" CALPAR1 
"COMMENT" CALPAR CALCULATES THE PARAMETERS ALFA AND OMEGA FOR 
EACH ITERATIONt 
~BEGIN" ALFA:• Z/(Z • ALFA)J 

OMEGA&• 1/CX •OMEGA* V) 
"ENO" CALPAR1 
"PROCEDURE" ITERATlONr 
"COMMENT" FIRST THE ITERATION FORMULA IS CONSTRUCTED, 
"BEGIN" "REAL" AUXV,AUXU,AUXRES,EUCLUV,MAXUVt 

EUCLUV1• EUCLRESI• MAXUV1• M4XRES1• Os 
" r, 0 R '' J I • L J '' S TE P " 1 " UN T I L " U J '' DO " 
" F O R '' L I • L l. '' S TE P " 1 " U N T I L " UL '' 0 0 '' R E S [ J , L J I = V [ J , L l J 
RESIOUAL(RES)r 
"FOR~ J1s LJ "STEP" 1 "UNTIL" UJ ''00" 
"FOR~ LI• LL "STEP" 1 "UNTIL" UL '1 00" 
"BEGIN" •uxv1• U[J,LJJ AUXUa• VEJ,Ll I AUXRESts RES[J,LJ J 

AUXV1• ALFA* AUXU •OMEGA• AUXRES + (1 • ALFA) * 4UXVr 
V tJ,Ll I• 4Uxv, U rJ,Ll ,. AUxu, 
"COMMENT" THE NORMS OF THE K•TH RESIDUAL ANO THE DIFFERENCE 
BETWEEN THE (K+1)•TH AND K•TH ITERANO ARE CALCULATEOJ 
AUXU1• ABS(AUXU • AUXV)J AUXRESa• 4BSC•uXRES)J 
MAXUV1• "IF" MAXUV c AUXU ••THEN'' AUXU ''ELSE•• MAxuv, 
MAXRESI• "!F" MAXRES c AUXRES "THEN" AUXRES ''ELSE'' MAXRESs 
EUCLUVI• fUCLUV. AUXU * Auxu, 
EUCLRES1• EUCLRES ♦ AUXRES * AUXRESJ 

"ENO"J 
EUCLUV1• SQRTCEUCLUV)J EUCLRESt• SQRTCEUCLRES)J 
DISCR tlJ 1• eUCLRES1 DISCR t2l 1• MAXRES J 
'COMMENT" DOMEIGVAL IS EVALUATEDJ 
MAXUV&• MAXRESIMAXUVt !UCLUV1a EUCLRES/EUCLUVJ 
EIGMAX1• MAXUV t CC• MAXUV)/( 1 25 * 0 • MAXUV), 
!lGEUCL1• EUCLUV *CC• EUCLUV)/C 1 l5 * D • EUCLUY)J 
DOMEIGVAL1• .s • CEIGMAX + EIGEUCL)J 
ftCQMMENT" FINALLY THE RATE OF CONVERGENCE IS CALCULATEDJ 
RCEUCL1• •LNCEUCLRES/EUCLRESO)/KJ 
ACMAXI• •LN(MAXRES/MAXRESO)/KJ 

··· .. ·. RlTECONVI• ,5 • CRCEUCL + RCMAX) 
•EN0 1 ITERATIONJ "COMMENT'' 
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''C:OMMENT" THE CONSTANTS FOR STARTING CALPAR ARE CALCULATEDJ 
ALFA1: 2J OMEGA1• 4/CB + A)J YO:s CB+ ~)/CB• A)J 
is: .s • (8 ♦ A)J YI• CB• A) • CB• A)/1&, Z1• 4 •YO• VOJ 
''COMMENT" THE CONSTANTS NEEDED FOR DOMEJGVAL ARE CALCULATEOJ 
C1a A• BJ C1a SQRT(C)r Daa SQRTCA) ♦ SQRT(B)J 01: D * Os 
''COMMENT" THE INITIAL APPROXIMATION IS PUT INTO ARRAY UJ 
" I F " • I N A P It T 11 E N " 
'' B E G I N '' " F O R '' J 1 • L J '' 5 T E P '' 1 '' U N T I L '' U J " 0 0 " 

" F O R '' L s a L L " S T E P '' 1 '' U N T I L '' U L •• 0 0 '' U [ J , L l I • 1 
''END" J 
''COMMENT" THE ZEROTH ITERATION IS NOW fi'ERFO~MEOJ 
t'(1: o, 
'' F O R '' J I z L, J n S T E P '' 1 '' U N T I L " U J '' 0 0 '' 
'' F O R " L I • L, l. '' S T E P " 1 " U N T I L " U L '' D O '' R E S t J , L l I = U [ J , L l I 
RESIDUAL(RES)J 
OMEGAOI• 2/(B ♦ A)J 
"BEGIN'' "REAL" AUXRESOt 

MAXRESO:a EUCLRESOt• OJ 
'' F O R '' J I • L J '' S T E P " 1 " U N T I L '' U J '' D O '' 
"FOR'' L1• LL ••STEP" l "UNTIL'' UL ''00'' 
"BEGIN" AU~RES01• RES[J,Ll J 

V(J,1.ls• U[J,LJ • OMEGAO * AUXRESOJ 
AUXRES01s ABS(AUXRESO)J 

MC 
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M A X R ~ S O I • tt ·1 F 14 M A X R E S O c A U X R E S O '' T HE N '' A U X R E S O '' E L S E '' M A X R E S O J 
EUCLNES01• EUCLRESO + AUXRESO * AUXRESO 

"ENO'' I 
EUCLRESos= SQRT(EUCLRESO) 
''END'' J 
DISCR[1J 1: EUCLREso, OISCRC2l =· MAXREso, 
OUT(K)s 
''IF" K >a N "THEN" "GOTO'' FINALLYJ • 

NE)(T STEF'1 
K1s K ♦ 1J CALPARJ ITER•TIONJ OUT(K)s 
'' I ~ tt K < N '' TH E N " '' GO T O '' NE X T S T E P I 

FINALL,VI 
"END" RICHARDSONr 

If E Op" 

• 



• 
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''C00E''l3171 J 
"PROCEDURE" ELIMINATIONCU,LJ,UJ,LL,UL,RESIDUAL,A,B,N,DISCR,K,RATECONV 
D OM E I G V A L , 0 U T l s " \/ A L U E " L J , U J , L L , UL , A , B J •• I N T E GE R '' L J , U J , L L , U L. , N , K J 
"REAL'' A,B,RATECONV,DOMEIGVALJ "ARRAY'' U,OISCR, 
"PROCEOUREQ RESIDUAL,OUTt 
" 6 E G I N '' 1' R E • L. •• P I , A U X C O S , C , D J 

'' R E A L '' '' P R O C ED URE " A RC C O S C X ) J " C O O E '' 3 S 1 2 2 , 
''REAL" "PROCEDURE" TAN(X)s "CODE" 351zo, 
"REAL" "PROCEDURE" TANH(X), "CODE'' l5113t 
''PROCEDURE" RICHARDSON(U,LJ,UJ,LL,UL,INAP,RESIOUAL,A,B,N,DISCR, 
K1 RATECONV,DOMEIGVAL,OUT)J "C00E"3J170J 
11 800LEANn ''PROCEDURE" ZE~OINCX,Y,FX,TOLX)J "C0DE''34150s 
"REAL" "PROCEDURE" OPTPOLCX)J "VALUE'' XJ "REAL" XJ 
"BEGIN'' "REAL" ~,Yr 

Wga CB* COS(,S•PI/X) + DOMEIGVAL) / CB• DOMEIGVAL)J 
"IF" W c •1 "THEN" W1a •1J 
"IF" ABS(W) ca 1 "THEN" 
"BEGIN" Yrs ARCCOS(W)J 

OPTPOLI• 2 • SQRT(A/B) + TAN(XtY) • 
(Y • B•PitSIN(,S•PI/X)•,5 / (X • (B•OOMEIGVAL) * 
SQRT(ABS(t•W•W)))) 

''ENO'' "ELSE" 
"BEGIN" V1• LN(W ♦ SQRT(4BS(W.•W•1)))J 

OPTPOLI• 2 t SQRT(A/B) • TANHCX•Y) • CY+ B•Pl•SINC.S•PI/Xl• 
.SICX•CB•OOMEIGVAL)•SQRTCA8SCW•W•1l))) 

''END'' 
''END" OPTPOLJ 
P1.1• 3,1415 ~2&s3 seq7q, 
C1• 1, 
"IF" OPTPOL(Cl c O "THEN" ·~ 

"BEGlN" 01• ,5 •PI* SQRT(ABS(B/DOMEIGVAL))J 
M1 0111 D ♦ DJ 

"IF" ZEROINCC,D,OPTPOL(C) ,C*"•3) "THEN•• N1a ENTIER(C+.,5) 
"ELSE" "GOTO" MJ 

"END" "ELSE" NIZ 1, 
AUXCOSsa cosc.S•PI/N)r 
RICHARDSONCU,LJ,UJ,LL,U~,"TRUE",RESIDUlL, 
(2•DOMElGV•L t Bt(4UXCOS•1))/(AUXCOS+1),B,N,OISCR,K,RATECONV, 
DOMEIG\/AL,OUTl 

"END" ELIMINATIONt 
"E0P" 

' ,. . . . ,_ : . 
. . ' . . 

: '_-_ .. ; _:· i:): __ ;::·' .. ;_ \t.·. :_ ,_- _-·_'-: :-:- ·_: .. -_ . ' . . 
·. ·, ·. ,_-_ . 
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• 

AUTHOR a B. VAN OOMSELAAR. 

INSTITUT~a MATHEMATICAL CENT~E. 

REClIVEOI 750601. 

BRIEF OESCRIPTIONI 

PEIOE ESTIMATES UNKNOWN VARIABLES IN A SYSTEM OF 
FIRST ORDER DIFFERENTIAL EQUATIONS; THE UNKNOWN VARIABLES ~AY 
APPE.Ak NONLINEAR BOTH IN THE OIFFERE~TIAL EQUATIO~S AND ITS INITIAL 
VALUES; A SET OF OBSERVED VALUES OF SOME COMPONENTS OF THE SOLUTION 
OF TH~ JIFFERENTIAL EQUATIONS HUST BE GIV~N; 

KE YWOF:0S1 

PAkAM£TER ESTIMATION, 
DIFFERENTIAL EQUATIONS, 
INITIAL VALUE PROBLEM, 
DATA FITTING. 

CALLING SEQUENCEI 

• 

THE HEAJING OF THIS PROCEDURE ISi 
••pRCJCEDURE 10 PEIOE(N, M, NOBS, NBP, PA~, RV, BP, JT JINV, IN, OUT 7 

DE~Iv, JAC DFOV, JACDFDP, CALL YSTART~ DATA, MONITJR); 
••vALUE•• N,M,NOBS; ••INTEGER'• N,M,N:>BS,NBP; 
··ARRAY·· PAR,RV,JTJINV,IN,our; ··1NTEGE~·· ··ARRAY·· BP; 
11 PROCEDJRE 1

• CALL YSTART,DATA,HONITOR; 
11 BOOLEAN·· 1"PROC ED URE'· OE RIV' JAC OF DY' JAC OF OP; 

THE MEANING OF THE FORMAL PARAMETERS ISi 
Nt <ARITHMETIC EXPRESSION>; 

THE NUMBER OF DIFFERENTIAL EQUATIONS; 
HI <ARITHMETIC EXPRESSION>; 

THE NUMBER OF UNKNOWN VARIABLES; 
NOBSI <ARITHMETIC EXPRESSION>; 

THE NUMBER OF JBSERVATIJNS; NOBS SHOULD SATISFY NOBS>=M; 
NBP1 <VARIABLE>; 

ENTRYI THE NUMBER OF BR~AK-POINTS; IF NO BR~AK-POI~TS A~E 
USED THEN SET NBP o; 

EXITI WITH NORMAL TERHINATION OF THE PROCESS NBP=O; 
OTHERWISE, IF THE P~OCESS HAS BEEN 8~0KEN OFF (SEE 
OUTC1l), THE VALUE OF NBP IS THE NUMBER OF BREAK· 
POINTS USED BEFORE THE PROCESS BROKE OFF; 
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<ARRAY IDENTIFIER>; 
111 ARRAY 110 PARC 1 I M+NBP J; 

PAGE 2 

ENTRY: PARC11Ml SHOULD CONTAIN AN INITIAL APPROXIMATION 
• 

TO THE REQUIRED PARAMETER VECTOR; 
fXITz PAR(11M1 CONTAINS THE CALCULATED PARAMETER VECTJR; 

IF OUT[il>O AND NBP>O THEN PAR[M+11M•NBPl CONTAINS 
THE VALUES OF THE NEWLY INTRODUCED PARAHET~RS 
BEFORE THE PROCESS BROKE OFF; 

<ARRAY IDENTIFIER>; 
•

0 ARRAY 0
• RV(1 : NOBS•NBPJ; 

EXITI RVC11NOBSJ CONTAINS THE RESIDUAL VECTOR AT THE 
CALCULATED MINIMUM; IF OUT(iJ>O AND NBP>O THEN 
RVCNOBS+11NOBS+NBPl CONTAINS THE ADDITIONAL 
CONTINUITY REQUIREMENTS AT THE BREAK-POINTS BEFORE 
THE PRO:Ess BROKE OFF; 

<ARRAY IDENTIFIER>; 
•• I N TE GE~•• ••ARRAY•• BP C O I NB P l ; 
ENTRYI BPCil, 1=1, ••• ,NBP, SHOULD CORRESPOND TO THE INDEX 

OF THAT TIME OF OBSERVATION WHICH WI~L BE USED AS 
A BREAK-POINT (1<-·BP(Il<=NOBS>; THE aREAK-POINTS 
HAVE TO BE O~DE~EO SUCH THAT B~Cil<=BP(Jl IF I<=J; 

EXIT& WITH NORMAL TERMINATION OF THE PROCESS BPC11NBPJ 
CONTAINS NO INFO~HATION; OTHERWISE, IF OUT[11>0 
AND NBP>O THEN BP(Il~ I=1, ••• ,NBP, CONTAINS THE 
INDEX OF THAT TIME OF OBSERVATION WHICH WAS USED 
AS A BREAK-POINT BEFORE THE PROCESS BROKE OFF; 

<ARRAY IDENTIFIER>; 
•• A R RA Y •• J T JI N V ( 1 a M , 1 I ~ l ; 
EXITt THE INVERSE OF THE ~ATRIX J' • J WHERE J DENOT~S 

THE MATRIX OF PARTIAL OERIVATIV~S DRV[IJ I OPARCKJ 
(1=1, ••• ,NOBS; K-1, ••• ,M) ANO J• DENOTES THE 
TRANSPOSE OF J; THIS MATRIX CAN BE JSEO IF 
ADDITIONAL INFORMATION ABOUT THE RESJLT IS 
REQUIRED; E.G. STATISTICAL DATA SUCH AS THE 
COVARIANCE MATRIX• CORRELATION MATRIX ANO 
CONFIDENCE INTERVALS CAN EASILY BE CALCULATED F<OH 
JTJINV ANO OUT(2l; 

<ARRAY IDENTIFIER>; 
•• A R RA Y •• I N [ 0 I o l ; 
ENTRYI IN THIS A~RAY T~E USER SHOULD GIVE SOME DATA TO 

CONTROL THE PROCESS; 
INCOll THE MACHINE PRE~ISION; 

FOR THE CYBER 73 A SUITABLE VALUE IS ••-14; 
INC1l1 THE RATIO& THE ~INIHAL STEPLENGTH FOR THE 

• 

INTEGRATION OF THE DIFFERENTIAL EQUATIONS DIVIDED 
BY THE DISTANCE BETWEEN THO NEIGHBOURING 
OBSERVATIONS; HJSTLY, A SUITABLE VALUE IS N-4; 

INC2ll THE RELATIVE LOCAL ERROR BOUND FOR THE 
INTEGRATION PROCESS; THIS ~ALUE SHOULD SATISFY 

' INC2l<=IN(3J; THIS PARAMETER CJ~TROLS THE 
ACCURACY OF T~E NU~ERICAL INTEGRATION; HOSTLY, 
A SUITABLE VALUE IS IN(31/100; 
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IN(lt)I 
THE RELATIVE AND THE ABSOLUTE TOLERANCE FO~ 
THE DIFFERENCE BETWEEN THE EUCLIDEAN NORH OF TH~ 
ULTIMATE AND PENULTIMATE RESIDUAL V~CTOR 
RESPECTIVELY; 
THE PROCESS IS TERHINATEO IF THE IHPROVEHENT OF 
THE SU~ OF SQUA~ES IS LESS THAN 
IN(JJ • (SUM OF SQUARES> + IN[4J • INC~J; 
THESE TOLERANCES SHOULD BE CHOSEN IN ACCORDANCE 
WITH THE RELATIVE, ~ESP. ABSOLUTE E~RORS I~ THE 
OBSERVATIONS; 
NOTE THAT THE EJCLIDEAN NORN OF THE RESIDUAL 
WECTOR IS DEFINED AS THE SQUARE ROOT OF THE SUM 
~F ·snuacE""' • iiJ . . . .... . . Ill\ ii'\. ::, t 

THE HAXIHUH NUMBER OF TIHES THAT THE INTEGRATION 
OF THE DIFFERENTIAL EQUATIONS IS PE~FORHEO; 
A STARTING VALUE USED FOR THE RELATION BETWEEN 
THE GRADIENT ANO THE GAUSS-NEWTON DIRECTION ISEE 
C1J>; IF THE P~OSLEH IS WELL CONJITIONEO THEN A 
SUITABLE VALUE FOR INC&J WILL BE 0.01; IF THE 
PROBLEM IS ILL CONDITIONED THEN IN[&l SHOULD BE 
GREATER, BUT THE VALUE OF INC&J SHOULD SATISFYI 
IN[Ol c IN[,J c: 1/IN[OJ; 

<ARRAY IDENTIFIER>; 
••ARRAY•• OUT(1 I 71; 
EXIT I IN ARRAY -OUT SOME BY•PROOUCTS ARE DELIVE~ED; 
OUTC1ll THIS VALUE GIVES INFORMATION ABOUT THE 

OUTC2JI 

TERMINATION OF fHE PROCESS; 
OUTC1J=OI NORMAL TERMINATION; 
IF OUT(ll>D THE~ THE PROCESS HAS BEEN BROK~N 3FF 
ANO THIS NAY OC~UR BECAUSE OF THE FOLLOWING 
REASONSI 
OUT(11=11 THE NUMBER OF INTEGRATIONS PERFORMED 

EXCEEDED THE NUMBER GIVEN IN INCSJ; 
OUT(il=21 THE DIFFERENTIAL EQUATIONS ARE VERY 

NONLINEAR; DURING AN INT~GRATION THE 
VALUE OF IN(il WAS DECREASED BY A 
FACTOR 10000 ANO IT IS AJVISEO TO 
DEC~EASE IN[1l, ALTHOUGH THIS WILL 
INCREASE COMPUTING TIHE; 

OUTC1l=31 A CA.Lo~ DE~IV OELIVEREl THE iALU~ 
FALSE; 

OUTC1l=~I A CALL l: JAC DFOY 
VALUE FALSE; 

OELI\IEREO f HE 

OUT[1l=51 A CALL OF JAC OFDP DELI~ERED THE 
VALUE FALSE; 

OUT(1J=61 THE PRECISION ASKE) FOR ClN NOT BE 
ATTAINED; THIS PRECISION IS POSSIBLY 
CH·os-~' r· o·o u1GH R-LA.Tit,- ro rH-, _ .\ .,·_ ,: : -__ , .--_ ~ -n : · · :_ -_ n i · • , _- -_ :,, - _ - , _· - • w- ~ : : - , ~ 

PRECISlON IN WHICH THE RESIOUAL VECTOR 
IS CALCULATED (SEE INC3JII 

THE EUCLIDEAN NORN OF THE RESIDUAL VECTOR 
CALCULATED MITH VALUES OF THE UNKNOWNS DELIVERED; 
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OUT[3J: THE EUCLIDEAN NORH OF THE RESIDUAL VECTOR 
CALCULATED HITH THE INITIAL VALUES JF THE 
UNKNOWN VARIABL~S; 

OUTl4J: THE NUMBER OF INTEGRATIONS PERFORMED, NEEDED TO 
OBTAIN THE CALCULATED RESULT; IF OUTC4l=1 AND 
OUT[1l>O THEN THE MATRIX JTJINV CAN NOT BE USED; 

OUTCSJs THE MAXIMUM NUMBER JF TIMES THAT THE REQUESTED 
LOCAL ERROR BOUND WAS EXC.EEOEQ IN ONE 
INTEGRATION; IF IT IS A LARGE NUHBE~, IT MAY BE 
BETTER TO DECREASE THE VALUE OF IN(1l; 

OUTC6JI THE IMPROVEMENT OF THE EUCLIDEAN NORM OF THE 
RESIDUAL VECTOR IN THE LAST ITERATION STEP OF THE 
PROCESS OF HARQUAROT; 

OUT£7ll THE CONDITION NUHBER OF J' • J, I.E. THE RATIO 
OF ITS LARGEST TO SMALLEST EIGENVALUES; 

OE~IVz <PROCEDURE IDENTIFIER>; 
THIS PROCEDURE DEFINES THE <IGHT HANO SIDE OF THE 
DIFFERENTIAL EQUATIONS; 
THE HEADING OF THIS PROCEDU,E SHOULD BEi 
•• B O O L E A N •• ••PRO : ED U RE•• 0 ~ RI \/ ( PA ~ , Y , T , 0 F J ; •• \I AL U E. •• T ; 
•• RE AL •• T ; •• ARR A y M p AR t y I OF ; 
ENTRYI PAR,Y,T; 

PAR[11MJ CONTAINS THE CURRE~T VALUES OF THE 
UNKNOWNS AND SHOULD NOT BE ALTERED; 
Y(11Nl CONTAINS THE SOLUTIONS JF THE DIFFERENTIAL 
EQUATIONS AT TlHE T ANO SHOULD NOT BE ALTERED; 

E X I T I •• A R RA V •• D F ( 1 I N l ; 
AN ARRAY ELEMENT DFCIJ SHOULD CONTAIN THE RIGHT 
HAND SIDE OF THE l•TH DIFFERENTIAL EQUATION; 

AFTER A SUCCESSFUL :ALL OF DE~IV, THE BOOLE4N PROCEDURE 
SHOULD DELIVER THE VALUE TRUE; 
HOWEVER, IF DERIV DELIVERS THE VALUE FALSE, THEN THE 
PROCESS IS TERMINATED <SEE OUTC1J); 
HENCE, PROPER PROGRAMMING OF DERIV HAKES IT POSSIBLE TO 
AVOID CALCULATION OF THE RIGHT HAND SIDE WITH VALJES JF 
THE UNKNOWN VARIABLES WHICH CAUSE OVERFLOW IN THE 
COMPUTATION; 

JAC OFOYJ <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEOU~E SHOULD BEi 
··sooLEAN 1

• ··PROCEDURE"· JAC OFOY(PAR, Y, T, FY); ··vALUE·· T; 
•

11 RE AL.. T; •.• ARRA y•• PAR., y f FY; 
ENTRYt PAR,v,r; 

SEE DERIV; 
EX I T I ••ARRAY•• FY ( 1 a N, 1 I N J ; 

AN ARRAY ELEMENT FYCI,JJ SHOULD CONTAIN THE 
PARTIAL DERIVATIVE OF THE RIGHT HAND SIDE OF THE 
I-TH DIFFERENTIAL EQUATION WITH RESPECT TO YCJJ~ 
I.E. OFCil/OY(JJ; 

THE BOOLEAN VALUE SHOULD BE ASSIGNED TO THIS PROCEDUR~ 
IN THE SAME WAY AS IT IS OONE FOR THE VALUE OF DE~Iv; 

JAC DFOPa <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE SHOULD BEi 
··aooLEAN'· ··PROCEDURE·· JAC DFDP(PAR, y., T, FP); ··vALUE" r; 
•• R £ AL •• T ; ••AR RA Y •• PAR, Y , F P ; 
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ENTRY& PAR,Y,T; 
SEE DERIV; 

EXIT: ••AR RAY•• F P C 1 I N t 1 I Ml ; 
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AN ARRAY ELEMENT FP[I,JJ SHJULD CONTlIN THE 
PARTIAL DERIVATIVE OF THE RIGHT HAND SIDE OF THE 
I-TH DIFFERENTIAL EQUATION WITH RESP~CT TO PARCJ]y 
I.E. OFCIJ/OPARCJJ; 

THE BOOLEAN VALUE SHOULD 8~ ASSIGNED TO THIS PROCEDURE 
IN THE SAME WAY AS IT IS DONE FOR THE VALUE OF DERIV; 

CALL YSTARTI <PROCEDURE IDENTIFIE~>; 

OATAI 

THIS PROCEDURE DEFINES THE INITIAL VALUES OF THE INITIAL 
VALUE PROBLEM; 
THE HEADING OF THIS PROCEDU~E SHOULD BEi 
··soOLEAN 1

• ·PROCEDURE·· CO.LL YSTART (?AR, V, Y'1AX); 
••AR RAY•• PAR, Y, Y MAX ; 
ENTRY I PAR; 

PARC11Hl ~ONTAINS THE CURRENT ~ALUES OF THE 
UNKNOWN VARIABLES ANO SHOULD NOT BE ALTERED; 

EXITI Y,YMAX; 
YC1&Nl SHOULD CONTAIN THE INITIAL VALUES OF THE 
CORRESPONDING DIFFERENTIAL EQUATIONS; 
THE INITIAL VALUES ~AV BE FUNCTIONS JF THE UNKNOWN 
VARIABLES PAR; IN T~AT CASE, THE INITIAL VALUES OF 
OY/DPAR ALSO HAVE TJ BE SUP?LIED; NOTE THAT 
OYCil/OPARCJl CO~RESPONOS WITH YC5•N+I•N+Jl 
<I-1, ••• ,N , J=1, ••• ,H>; 
YMAXCil, I=i, ••• ,N, SHOULD CONTAIN A ROUGH 
ESTIMATE TO THE ~AXIMAL ABSOLUTE VALUE OF Y(Il 
OVER THE INTEGRATION INTERVAL; 

<PROCEDURE IDENTIFIER>; 
THIS PROCEDURE TAKES THE DATA TJ FIT INTO THE PROCEOU~E 
PEI DE; 
THE HEADING OF THIS PROCEDURE SHOULD 8EI 
••?~OCEDURE 1111 DATA(NOBS, TOSS, OBS, COBS); ••vALUE•• NOBS; 
··rNTEGER" Noss; "ARRAv·· TOBS,OBS; ··1NTEGER 1

• 
1111 ARRAv·· CJBS; 

ENTRYI NOBS; 
NOBS HAS THE SAME MEANING AS IN PEIOE; 

EXITI UARRAYh TOBS[O I NOBSJ; 
THE ARRAY ELEMENT TOBSCOl SHOULD CONTAIN THE TIME, 
CORRESPONDING TO THE INITIAL VALUES JF Y GIVEN IN 
THE PROCEOJRE CALL YSTART; AN ARRAY ELEMENT 
TOBSCIJ, i<=I<=NOBS, SHOULD CONTAIN THE I-TH TIME 
OF OBSERVATION; THE lBSERVATIONS HAVE TO BE 
ORDERED SUCH THAT TOBSCil<=TOBSCJJ IF I<=J; 
••INTEGER•• '0 ARRAv•• COBS[11NOBSl; 
AN ARRAY ELEMENT COBSCIJ SHOULD CONT~IN THE 
COMPONENT OF V OBSERVED AT TIME TOBSCIJ; NOTE THAT 
1<-COBSCil<-N; 
••ARRAY•• OBSC11NOBSl; 
AN ARRAY ELEMENT 08S[Il SHOULD CONTAIN THE 
OBSERVED VALUE OF THE COMPONENT COBSCIJ OF Y AT 
THE TIME TOBSCIJ; 
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<P~OCEDU~E IDENTIFIER>; 
THIS PROCEDURE GAN BE USED TO OBTAIN INFORMATION ABOUT 
THE COURSE OF THE ITERATION PROCESS; IF NO INTERME~IATE 
RESULTS ARE DESIRED, A lUMMY PRJCEDURE SATISFIES; 
THE HEADING OF THIS PROCEOU~E SHOULD BEt 
•• P q_ 0 C E D URE '" M O N I T O R ( P OS T , N C O L , N R O W , P A R , R. V ~ W E I G HT , N I S > ; 
··v ALUE 11

• POST' NCOL t NROW, WEIGHT' NIS; 
'
0 INTEGER•• POST,NCOL,NROW,WE:IGHT,NIS; ••ARRAY•• PAR,R'J; 
INSIDE PEIDE, THE PROCEDURE MONITOR IS CALLED AT TWO 
DIFFERENT PLACES AND THIS IS DENOTED av THE VALUE OF 
POSTS 
POST=11 

POST=21 

MONITOR IS CALLED AFTER AN INTEGRATION OF THE 
DIFFERENTIAL EQUATIONS; AT THIS PLACE AR~ 
AVAILABLE& THE CUR~ENT VALUES JF THE UNKNOWN 
VARIABLES PAR(11NCOLJ, WHERE NCOL=M+NBP, THE 
CALCULATED RESIDUAL VECTOR RV[11NRJWJ, WHERE 
NROW=NOBS+NBP, AND THE VALUE OF NIS, WHICH IS 
THE NUMBER OF INTEGRATION STEPS PE~FORMED DURING 
THE SOLUTION o= TiE LAST INITIAL VALUE PRJBLEM; 
MONITOR IS CALLEO BEFORE A MINIMIZATION OF THE 
EUCLIDEAN NORM OF THE RESIDUAL VECTOR WITH THE 
PROCEDURE MARQUARDT CSEE SECTION 5.1.3.1.3J IS 
STARTED; AVAILABLE ARE THE CURRENT VALUES OF 
PAR[11NCOLJ ANO THE VALUE OF THE WEIGHT, WITH 
WHICH THE CONTINUITY R~QUIREMENTS AT THE BREAK
POINTS ARE ADDEO TO THE ORIGINAL L~AST SQUARES 
PROBLEM. 

DATA Al~D RESULTSI SEE REF(ile 

PROC;.OUkES ~SEO& 

INIVEC = CP310109 
INIMAT = CP31011, 
HULVEC = CP31020, 
HULROW = CP31021, 
DUPVEC = CP31030, 
OUPMAT = CP31035, 
VECVEC = CP34010, 
HATVEC = CP34011, 
ELHVEG = CP34020t 
SOL - C?34-051, 
DEC= CP34300, 
MARQUAkOT = CP34440. 

R~QUIRED CENTRAL MEMORY a 
IN THE BODY OF PEIDE (3 • NBP) • NOBS • 
N • (13 + N + 7 • H + 7 • NBP) ARRAY 
ELEMENTS A~E DECLARED. 



1-st REVISION, 1975 MC 

• 

<OCTOBER 1975) PAGE 7 

RUNNING TIME a DEPENDS STRONGLY ON THE PROBLEM TO SOLVE. 

LANGUAGES ALGOL 60. 

METHOD A~D ~ERFORMANCE& 
PEIDE ESTIMATES UNKNOWN VARIABLES I~ THE SYSTE~ OF DIFFERENTIAL 
EQUATIONS OY/OT CT, PAR) = F (T, Y, PAR), BY USING A SET OF 
OBSERVED VALUES OF Y; THE UNKNOW~ VARIABLES PAR ARE OBTAINED IN 
THE LEAST SQUARES SENSE; AN ELEMENT OF THE RESIDUAL ~ECTOR IS 
DEFINED BY THE CALCULATED VALUE OF Y MINUS ITS OBSERVED VALUE; 
THE EUCLIDEAN NORM OF THE RESIDUAL VECTOR IS MINIHIZ~O BY THE 
ITERATION PROCESS OF MARQUARDT; THE DIFFERENTIAL EQUATIONS ARE 
SOLVED BY THE INTEGRATION PROCESS o= GEAR; A HULTIPLE SHOOTING 
TECHNIQUE HAS BEEN IMPLEMENTED TO I~PROVE B~D STARTI~G VALJ~S OF 
THE UNKNOWNS; IF THIS TECHNIQUE IS USED, ONE HAS TO ~IVE SOME 
BREAK-POINTS, I.E. TIHES OF OBSERVATIONS WHERE A NEW INITIAL 
VALUE PROBLEM SHOULD BE STARTED; THE NEW INITIAL VALUES OF Y 
BECOME EXT~A UNKNOWN VARIABLES ANO THE CONTINUITY REQUIREMENTS 
AT THE BREAK-POINTS ARE ADDED WITH SOME WEIGHTING FACTOR TO THE 
LEAST SQUARES PROBLEM; FOR DETAILS SEE REFC1J. 

REFERENCES I 
(111 8. VAN OOMSELAAR, 

NONLINEAR PARAMETER ESTIMATION IN INITIAL VALUE PROBLEMS, 
HATH. CENTRf~ AMSTERDAM cro APPEAR). 

EXAMPLL OF JSE& 
THE PA~AMETERS PARC1J31 IN THE DIFFERENTIAL EQUATIONS 

OY£1J/OT - - (1 - Y(2l) • Y(il + EXP(PARC21) • YC2l, 
OYC2J/OT = EXP(PAR(1l) • ((1 • Y(2l) • YC1l - (EX?(PARC2l)+ 

+EXP(PARC3l)) • YC2l), 
WIT~ 23 OBSERVATIONS OF V(2l, HAY BE OBTAINED BY THE FOLLOWING 
PROGRAM, THAT CONSISTS OF 

1: A CODE PROCEDURE WHICH TAKES CARE OF THE OUTPUT OF THE 
EXAMPLE PROGRAM. IT ALSO INJERP~ETS THE NUMERICAL DATA 
THAT CAN SE USED TO OBTAIN STATISTICAL RESULTS; 
21 THl USERS PROGRAM IN WHICH THE PROBLEM EXAMPLE IS DEFINED. 
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··couE·· 34445; 
··PROCEDURE as COHM UNI CATION (POST' FA' N' H, NOBS' NBP t PAR,RES t BP. JT JINV t 

IN,OUT,WEIGHT,NISJ; 
••vALUE•• POST ,FA,N,M ,NOBS,NBP,WEIGHT,NIS; 
•• I N I E G L k •• P O S T , N , M , N O BS , N 8 P , W E I G HT , N I S ; .. RE A L •• F A ; 
•• ~ R~:A Y •• PAR, RES , 8 P, J T JI NV, I N, 0 UT ; 
••BEGIN•• ••IN J EGER•• I , J ; ••RE.AL•• C ; ••ARR A y•• CON F C 1 a H J ; 

••~EAL •• •• PRO C E J UR E •• VE CV EC ( L , U , S , A , B) ; •• COO E •• 3401 0 ; 
•• r F ,. POST= 5 •• THE N111 

MC 

PAGE 8 

··at. Gr t, ·• our Pu r , 6 1 , •• , •• • , , , 1 o a , .. , ... t H E F 1 Rs r RE s Io u A· L v E c r o R •• > •• , 11 , 1 & a , 
•• ( ... I •• ) •• t '+ B , aa ( •• RE s [ I l •• ) •• , / •• ) •• ) ; 
111 FOR 1

• I:= 1 ··s TEP •• 1 ··uNTIL •• NOSS ·oo·· 
0 U T P UT ( 61 , •• ( •• 1 5 B , Z O , 2 8 , + • 4 D ... + Z O , / •• ) •• , I , RES C I l ) ; 

8111 f. N D •• •• E L S E 69 18 I F •• P O S T = 3 •• T H E N •• 
• • 8 E GI t~ •• 0 UT P UT ( 6 1, •• C •• • , I , 

•• c·· 1 HE EUCLIDEAN N ORH OF THE RES I DUAL VECT ORI •• ) •• , 
ii 7 D tllll + z O , 2 / t 5 B ' •• ( •• CAL Cu LATE O p A RAM ET ER s •• ) N t , ... ) .. t 

SQRTlVECVEC(1,NOBS,O,RES,RES))); 
• • F O R •• I , = 1 •• S T E P •• 1 •• UN T I L •• M "0 0 •• 
0 UT PUT ( b 1 , •• ( •• 9 B, + • 7 o •• + Z O , 1 ••) •• , PAR ( I l ) ; 
0 U TP UT ( 61 , •• { ,.. / , 
••t••NUHBER OF INTEGRATION STEPS PERFORHEOI ")••,zzD,//u)wa,NIS); 

••END•• •• E L S E •• •• I F •• PO ST = 4 •• T HEN •• 
• • BE. G I N 11 

• •• I F •• NB P = 0 •• T H E N •• 0 U T P U T < 61 , ,. ( •• • , / / , 5 8 , 
··c··rHE MINIMIZATION IS STARTED WITHOUT BREAK-POINTS 10

)•···,··, ··ELSE·· 
•• B E GI ~J •• D U T PU T ( 6 1 , •• ( •• • , 5 / , 2 0 B , 

••,••THE MINIMIZATION IS STARTED WITH WE I G HT _ .. > .. ,ZD, 
3 / ••) ••, WE I G HT > ; 
0 U T P U T ( o 1 , •• ( •• / , 5 B , 
••t••THE E.XTRA PARAMETERS ARE THE OBSERVATIONS1••,••••, .. J; 
•• F O R •• I I = 1 •• S T E P •• 1 •• U NT I L •• NB P .. 00 "" 
o u T Pu r , 61 , •• c •• e a, zo 9 2 a··> .. , a Pc I 1 > ; 

••EN o••; 
OUTPUT (61, •• <••&/, 108~ 
··,··sTARTING VALUES OF THE PARAHETE~s··, .. ,, .. >··,; 
··FoR·· ri=1 ··sTEP·· 1 ··uNTIL'· H ··oo .. 
0 UT P U T ( 6 1 , •• ( •• 2 08 , + • 7 0 •• + Z D ., 1 •• ) •• , P ARC I l ) ; 
OUTPUT ( 61, •• ( •• 11, 
••<••R.E.L. TOLERANCE FOR THE EUCL. NOQ.M JF THE RES. VECT0~1••>•• 
,B, ,.70••+20, I, 
··c··Aas. TOLERANCE FOR THE EUCL. NO~H JF THE RES. VECTOi(l' 11

)
1

• 

,B,.70••+20.,1,••,••RELATIVE ST~RTING VALUE OF LAHBOA••,••,13a, 
•• ( •• s '• ) •• , B , • 7 0 •• + Z O •• ) •• , I NC 3 l , I N C 4 l , I N ( 6 l ) 

•• END.. ,. E LS E •• •• I F •• PO ST = 1 " T HEN ., 
••BEGIN••· 
OUTPUT(&1,··,··1oa,··,··s1ARTING \/ALUES OF THE PARAHETERs··, .. ,, •• , •• ,; 
••FOR•• I 1 - 1 •• S T E P •• 1 •• U NT I L •• H 111 0 o •• 
0 u T p u T ( 6 1 I •• ( •• 2 0 B f + • 7 0 111 ♦ z O ' / •• , •• ' p AR [ I J ) ; 

••~OMMt.NT•• 
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OUTPUT (61, ,. ,··21, ··c ··NUMBER OF EQUATIONS 110
) ·•,39,•• ('11 1 114

)
1',ZD,/, 

··,··NUMBER OF OBSERVATIONSt'·>··,zo,21, 
•• ( •• HA C H I N E p r( E G I s I ON •• , DII ' J O B 9 ... ( NI I •• ) •• , •• D •• t- z D 9 I , 

• 
' 

''(''RELATIVE LOCAL ERROR BOUND FOR INTEGRATION··>",58, 10 (•·,-1··,+.o--+zo,1, 
•• ( •• R.E. LA T I V E T O L E RA NC E F OR RE SI O U E •• J •• , 1 7 B , •• ( •• I •• I •• , + • 2 D •• + Z D , I , 
•• ( •• A B SO L UTE T O L E RA NC E F OR RES I O U E •• ) •• , 17 B , •• ( •• 1 •• ) •• , + • 2 D •• + Z O , / , 
''('·MAXIMUM NUMBER OF INTEGRATIONS TO PERFORH··,··,6a,··,··, .. )··,zzo,,, 
11

(
1'RELATIVE. STARTING VALUE OF LAMBDA'·)••,140,··c"1 1

•)
11 ,+.20··+zo,1, 

•• < 14 RE LA T I v E MI NI MA L ST E PL E NG TH •• ) •• , 2 o B , •• ( H a •• ) •• , +. 2 D .. + z D, 1 •• ) •• , 
N,NOBS,INCOl,INC2l,INl31,IN[4l,IN(5l,INt6l,IN(1J); 
"IF•• NB P = 0 •• T HE. N •• 0 U TP UT ( 61, •• < ••II , 

. •• < •• r H ERE ARE No BR E A K- P o I N rs •• > •• .. > •• > .. EL s E •• 
•• BE GI N •• 0 UT PU T ( 6 1 , ... ( II& I I , 

•• C •• 8 R. E AK - P O I t-J T S AR E T HE O B SER. \/AT ION S I • ) •• •• ) ••) ; 
··FoR·· 11=1 ··srEP·· 1 ··uNTILN NBP ··oo·· 
OUTPUT ( 61 , •• ( •• Z Z O , B •• ) •• , 8 P C I l ) 

111END 1
•; 

OUTPUT (61, M ( •• 11,, 
••t••THE ALPHA--POINT OF THE F•OISTIBUTION 1••)", 
ZO • DD•• ) -.. , F A ) ; 
••END st 

•• E L S £ •• •• I F •• PO SJ= 2 te TH EN "' 
··aEGI N·· our Pu r, & 1,, ··, •• ..,. ··) •• J ; ··1 F'· ourr 1 J =o .. THEN .. ourPur, 61, •• , •• 21, 
··c··NoRMAL TERMINATION OF THE PROCESS .. )'""')") 
•• ELSE.. ..,. I F •• 0 UT C 11 = 1 •• THEN.. 0 U T PUT ( 61 , •• ( •• 2 / , 
•• <'1 NUHBER OF I NTEGRA TI ONS ALLOWED WAS EXCEEOEo••) ••••J ••1 
•• EL SE.. .. I F '" 0 UT C 1 J = 2 •• T HEN •• 0 U T PUT ( 61 , •• ( .. 2 / t 

··c··MINIHAL STEPLENGTH WAS DECREASED FOUR TIHEs··, .... , •• ) 
,. EL SE•• •• I F •• 0 UT C 1 l = 3 •• T HEN•• 0 U T PUT ( 61 , •• ( .. 2 / , 
••c••A CALL OF DERI\J DELIVERED FALSE'•J._,., .. , 
•• Els E •• 18 IF.. 0 u T [ 1 l = 4 841 THEN lie Ou T p u T ( 61, •• ( •• 2 /, 
••t••A CALL OF JAC OFOY DELIVERED FALSE ••>••••»••) 
•• £ L S E •• •• I F ,. O U T C 1 l = 5 •• T HE N •• 0 U T PU T ( 61 , •• ( •• 2 / t 

••t''A CALL OF JAC OFDP DELIVERED FALSE ••,N••)••) 
••El SE •• •• I F •• O U T C 11 = 6 •• T HEN•• 0 U T PUT ( 61 , •• « •• 2 / , 
•• C •• PRE C I S I O N A S KEO F OR HA Y NOT BE AT T A I NED" > • •• ) •• J ; 
•• I F •• tJ BP - 0 •• T H E N •• 0 U TP UT ( 61 , •• ( •• 2 / , 

11 BEGIN•• OUTPUT (61, ••«••21, 
INTS • ··>····)···: ··c··rHE PROCESS STOPPED WITH BREAK·•PO • , 

•• F OR"• I a = 1 •• S T E P •• 1 •• UN T I L •• N BP •• D O •• 
OUTPUT (01,··,··zzo,B··) ··,BP(I )) 

••ENO•"• . , 
OUTPUT(61 ••«••41 

0UT[2l,OUTC3l,OUTC4J,OUTC&l,OUT(7l,OUTC5ll, 
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··coMMENT·· STATISTICS FOR THE ?ARA.MET:.RS; 
0 UT PUT ( 6 1, •• ( •• / / , B, •• ( ••p A RAM E. T ER S •• ) •• , 12 B, •• ( •• c ON F IO ENCE IN TE RV AL •• ) .. , 
✓··, ··>; 
•• F OR 11 

• l 1 = 1 ta S T E P •• 1 •• U NT I L •• M •• 0 0 •• 
··sc:..GIN 111 CONF( Ila -SQRT< M•FA•JT JIN\I( I, I]/ (NOBS-M) > •ourc 21; 

0 UT P U T ( 61 , •• ( Ill+• 7 D •• + Z D , 12 3 , • • 10 •• + Z D t , •• ) •• , PARC I l 1 CON F [ I l > ; 
••END••; 
C:=··rf·· NOBS=M ··tHEN 110 0 111 ELSE'11 ourc21•0UT(Zl/ (NOBS-H); 
OUTPUT(61,·· ,••51,··t··coRRELATION MATRix··> ",11a,··,--covARIANCE HATRix··> ", 
✓-·) •• } ; 
•• F o R •• I 1 -1 •• s TEP·· 1 ··u N r IL·· H •• oo •• 
··aEGrN·· ··FoR- J 1 =1 ··srEP'0 1 ,.UNTIL .. M ··oo·· 

11111 B E G I N •• •• I F • • I = J •• T HE N •• 0 u T p u T ( 61 , •• ( ,. 2 9 B •• ) M ) ; 

1·1F·· I>J ··rHEN 111
• OUTPUT(o1,--,··+.10·+zo,B··, .. , 

JTJINVCI,Jl/SQRT(JTJINVCI,IJ•JTJINVCJ,Jl)) 
•• E LS E ... 0 U T PUT ( 61 , .. ( •• + • 7 0 ... + 2 D , B"' ) •• , J T JI NV C I , J l • C ) 

•• E tJ O •• ; 0 U T P UT ( 6 1 , •• ( •• / •• ) • • ) ; 
••EN D •• ; 0 UT P U T { 61 , •• ( •• • •• ) •• ) ; 

OUTPUT(61,··,••31.1oa,··(··rHE LAST RESIDUAL \IECTOR1•1··,/1,1sa, 
... ( •• I •• ) aa , 4 B , •• ( •• R E S C I J .. > •• , / •• ) " > ; 
··FoR·· It=1 ··sr£p•• 1 ··uNTIL 1

• NOBS ··oo·· 
0 UT PU T ( 6 1, •• ( •• 14 B , Z O , 2 B , + • 4 o-- + Z D , , •• ) lllfl , I , RES [ I J ) 
••END•• 

••EN □•• COMMUNICATION; 
•• E OP IC 

THE USER P~JGRAM REAOSa 

•• BEG I N • • •• INT E GE R •• I , M , N , NOB S , N BP ; •• RE AL•• T I ME , F A; 
••ARRA y•• PA~ { 1 t 6 l, RES C 11261 if J T JI NV C 113,113 l , IN ( 0 I 61 , OUT ( 1 I 71 ; 
••INTEGE~•• ••ARRAY•• BP£013]; 
•• PRO CED URE 1

• PE IDE ( N9 Mt NO, NB, P, <,BP., J, I, J, D, J DY, JD P, CY, DA, HO) ; 
••c ODE•• 3 41.t'tLt; 

••PROC£LURE'• COMMUNICATION ( P, F,, H ,N, NO, NP, PA, R, BP, J, I, 0, W, \j I> ; 
··cooE·· 3444S • ' 

··aoOLEAN·· ··PROCEDURE·· JAC DFOP(PAR,Y,x,=p); 
••Rt::AL•• x.; ••ARRAv•• PAR,Y,FP; 
•• B E G I N •• •• R. EAL.. Y 2 ; Y 2 I = Y C 2 l ; 

FPC1,1ll=FPC1,3JX=O; 
• 

FP[1~2ll=Y2•EXP(PAR[2]); 
FP£2,1Jt-EXP(PARC1J)•(YC1J•(1-Y2)•(EXP(PARC2J>+EXP(PARC3l)>•Y2); 
FP£2,2ll=~EXP(PARC1l+PARC2J)•y2; 
FP[293Jt=-EXPCPARC1l+PARC3J)•Y2; 
JA C OFDP1=•·rRuE·· 
. 0 •• J A C O F O P 

• 
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••PROCEOUkt. 1
• DATA (NOBS.TOBS,OBS,COBS); 

•• V A L U E •• N O BS ; •• I N T E GER•• N O B S ; 
10 ARF{AV• 11 TOBS,OBS,COBS; . 
••BEG I N •• •• I NT EGER•• I ; 

TOBS[OJJ=O; 
OU l PUT < 61, •• ( •• • ., 4 /, '+ B • •• (••THE OBS ER \I AT IONS WE RE I .. ) •• , 
11 , s, •• c •• r •• > ··, 3 a,·· < ··r o s sc I 1 ··, .. , 3 a,··,·· cos s c I 1 "l ··, 3 s, 
··<··oasc r1··>··.,1··,··>; 
•• F o R •• I 1 = 1 •• s T E P •• 1 •• u N r I L '0 No B s No o •• 
•• aEGl N10 

I N P U T ( 6 0 , •• < •• 3 C N ) •• ) •• , T O BS [ I l , CO BS C I J , 0 BS C I l ) ; 

MC 

?AGE 11 
• t 

0 u T p u T ' 61 , •• ( •• z O , 3 8 t z O • 40 , 6 B 9 0 ' 6 B t • 4 D , IN ) •• 11 I , T O B s [ I ] ' C O B s [ I ] ., 
08S!IJ) 

••E No•• 
•• E N D •• D A T A ; 

••PROCEDURE.•• CALL YSTART (PAR, Y, YHlX); 
••ARRAY•• ?AR,Y,YHAX; 
•• B E G I N •• Y l 1 l I - Y HA X C 11 : = Y H A X ( 2 J a = 1 ; 

V[2Jl=O 
11 ENLM CALL YSTART; 

··aoOLEAN 11
• 

111 PRDCEOURE•0 DERI\f(PAR,Y,X,OF); 
•• R EAL •• X ; •• A R RA Y •• P A R, Y t OF ; 
•• B £GI N •• ••RE A L •• Y 2 ; Y 2 I = Y C 2 J ; 

OF[1]1--(1-v21•vc1J+EXPCPAR[ZJ)•Y2; 
DFl2ll=EXPCPAR(1J) 4 ((1-Y2)•Y[1J (EXP(PARC2J)+EXPCPARC3l))•Y2>; 
DE RIV I = •• r RUE•• 

"E N O •• D E RI V ; 

··000LEAN 1111 ··PROCEDURE·· JAC □ FOY (PAR,Y ,X,FY,; 
••RE A L •• X ; •• A R RA V •• P A R, Y , FY ; 
111 BEG I N1

• FY ( 1, 11 I= 1 + Y C 2 l; · 
FY(1,2JJ=EXP(PARC2J)+Y[1J; 
FYC2,1ll=EXP(PARC1J)•(1-Y(2J); 
FYC2,2Js--EXP<PARC1lJ*(EXP(PARC2l)+EXP<PARC3l)+YC1J); 
JAC DFOYa=··rRUE*• 

••END•• J A C OF O Y; 

••PROCEDURE•• H Ot~I TOR (POST, NCOL, N ROW ,PAR, ~ES, WEIGHT,~ IS J ; 
••VALUE'• PJST,NCOL,NROW,WEIGHT,NIS; 
••INTEGER'• POST,NCOL,NROW,WEIGHT,NIS; ••ARRAY'• PAR,RES;; 

0 UT P U T < 6 1 , •• ( •• 2 / , 3 0 8 , •• ( •• E S ~ E P - P ~ 0 B 1.. E H •• ) •• , 3 /"' ) • ) ; 
• 

HI 3; NJ-2; NOBSa-23; NBPl=3; 
PARC1l:=LN(1600); PARC2ll=LN(.8); PARCJJ1-LhlC1.2); INCOJ1=••-14; 
IN[3Ja=•• 4; INC~ll=" 4; INCSll=SO; INC6Ja-••-2; 

' 

.. ··• IN.{ 11 I - •• -4; INC 2 l I=•• -5 ; 
8P(1Jl-17; BP(2Jl-19; BP(3]1=21; 
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SECTION I S.2.1.3.1 (OCTOBER 1975) PAGE 12 

FA1:4.,94; 
··coMME..N T •• FA OEN OTES THE ALP HA-POI NT OF THE FISHER-DI ST RI BUT I ON; 

COMMUNICATION(1,FA.N,M,NOBS,NBP,PAR,~ES,BP,JTJINV,IN,OUT,D,O>; 
TIHEl=CLOCK; 

PEID~<N,H,NOBS,NBP,PAR,RES,B?,JTJINV,IN,OUT,OERIV,JAC DFJY,JAC DFOP, 
CALL YSTART,DATA,HONITOR); 

TIMEl=CLOCK-TIHE; 
COMMUNICATION(2,FA,N,M,NOBS,NBP,PAR,~ES,BP,JTJINV,IN,OUT,0,0); 
0 UT p u T ( 61, M ( •• 3 / 9 5 B, 
··,··THE CALCULATION IN PEIOE CONSUHE0 .. ) 11·,a,zzo.00,20, 

THIS PROGRAM DELIVERSt 

ES CE P • P~OBLE~ 

STARTING VALUES OF THE PARAMETERS 
+,.7377759•• +1 

• 2231436'· + 0 
+.1823210°• +O 

NUMBER OF EQUATIONS I 2 
NUMBER OF OBSERVATIONSl23 

MACHINE PkECISION 
RELATIVE LO~AL ERROR BOUND FOR INTEGRATION 
RELATIVE TOLERANCE FOR RESIDUE 
ABSOLUTE TOLE~ANCE FOR RESIDUE 
MAXIMUM NUMBER OF INTEGRATIONS TO PERFORM 
RELATIV~ STARTING VALUE JF LAMBDA 
RELATIVE MINIMAL STEPLENGTH 

BREAK-POINTS ARE THE OBSERVATIONS a 17 19 21 

THE ALPHA POINT OF THE F OISTIBUTION 1 4e94 

THE 08S~RWATIONS WERE& 

1+.i••-13 
1+.1·· -4 
1+.10 .. -3 
1+.10·· -3 
I 50 
l+-.10 1

• -1 
1•.10-- -3 
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SECTION I 5.2.1.3.1 (OCTOBER 1975) 

I T08SCll CO BS CI 1 OBSCIJ 
1 0.0002 2 .161+8 
2 0.000!+ 2 .2753 
3 0.0000 2 .34+33 
'+ 0.0008 2 .3990 
5 0.0010 2 .4322 
6 0.0012 2 .4545 
7 0.001ft 2 • 4635 
B 0.0016 2 .4735 
9 o.001e 2 .4862 

10 0.0020 2 .4907 
11 0. 0 200 2 .4999 
12 0.01.+oo 2 e499B 
13 0 • 0 600 2 .4998 
1'+ o.oaoo 2 .&+998 
15 0 .1 000 2 .4998 
16 1. 0 00 0 2 .4986 
17 2.0000 2 • 4973 
18 s.0000 2 .4936 
19 10.0000 2 .4872 
20 15.0000 2 .4808 
21 20.0000 2 .471+3 
22 25.0000 2 .4677 
23 30.0000 2 e4610 

NORt1AL TERHI~ATION OF THE PROCESS 

LAST INTEGRATION WAS PERFORMED WITHOUT BREAK-POINTS 

EUCL. NORM OF THE LAST RESIDUAL VECTOR a.1430776M 3 
EUCL. NO~M OF THE FIRST RESI □ UAL VECTlRl.1331071'• +1 
NUMBER OF INTEGRATIONS PERFORMED I 12 
LAST IHPROVEM~NT OF THE EUCLIDEAN NORM 1.2223694" -4 
CONOITON NUMBER OF J'•J 1.2582882" +3 
LOCAL ERROR BOUND WAS EXCEEDED tHAXIH.)I 37 

MC 

PAGE 13 
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PAkAMETERS 
+. 6907670 •• +-1 
-.1003941 111 -1 

.4605292·· •1 

<OCTOBER 1975) 

CONFIO~NCE INTERVAL 
•.3209313•• -3 
+.1667774 1

• -3 
... 1942501·· -2 

CORKELATION MATRIX COVARIANCE MATRIX 

MC 

PAGE 14 

+.6949857 80 -8 +.1407628- -8 -.9129848 •• -8 
+. 3851320•• +O +.1922119 .. -8 -.1414245°• -7 
- • 2 17 0 3 9 3 •• + 0 - • 6 3 9 2 8 8 9 •• + 0 • • 2 5 4 6 0 9 4 •• - 6 

T~E LAST RESIDUAL VECTOR 

I RESCIJ 
1 +.174811

• -5 
2 -.2905•• -Lt 
3 +. 2 s14•• -i. 
L+ -.3a19•• Ill 4 
5 +.3oe,9•• ..... 
0 +.3101·· 4 
7 - • 201 g•• -'+ 
8 -.3881·· -s 
9 + .1052•· -4 

10 + .1391 •· -4 
11 -.5109•• -4 
12 + • 2 38 4 •• 4 
13 -.1156 .. -5 
1l+ - • 2 616 •• -4 
15 -.5116 .. -4 
10 + • 2244'" -Lt 
17 + • 6 794•• -4 
18 - .141 s·· -4 
19 +.2oa1·· -I+ 
20 -.19ao·· -4 
21 -.3'+7e,•• -I+ 
22 - • 2 2Lt.s·· -4 
23 +.1886'4 -l+ 

THE CALCULATION IN PEIDE CONSUMED 108.57 SECONDS 
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SOURCE TEXT(S) s 

··cooE.·· 3441+1+; 
••PROCEOU~E•• P::IDElN,M,NOBS,NBP,PAR,RES,BP,JTJINV,IN,OUT,DERI\/,JA:; OFOY, 

JAC DFDP, CALL YSTART,OATA,MONITOR); 
... V A LUE •• N , M , N O BS ; •• I NT E G ER•• N , M , NO BS , N BP ; 
••ARRAV 111 PA~,RES,JTJINV,IN,OJT; 
••I N T E.:. G £ R •• •• A RR A Y •• 8 P ; 
''PROCEOU~E•• CALL YSTART,OATA,f10NITOR; 
··aoOLE:AN'· ••pi(QCEOURE 1111 OERI\l,JAC OF)Y,JACDFOP; 
••BEGI\4 11

• ••INTEGER•• I, J, EXT~A, WEIGHT, NC:>L, NR.OW,AWAY ,NPAR, II, JJ, MAX, 
NFE,NIS; 
••~::AL•• E PS, EP S 19 X ENO, C, X, T t HH IN, HH A >C, RES 1, I N3, I N4, FA C3 ., Fl C4; 
••ARRAv•• AUX{113J,OBS(1iNOBSJ,SA\IEC-381&•NJ,TOBSCOINJBSJ, 
YPC1JNBP+NOBS,11NBP+Hl,YHAX(11Nl,Y(116•~•(~8P+M•1>J,FY{11N,11Nl~ 
FPC11N,11M+.NBPJ; 
••r NTEG ER•• •• ARRAY" COBS[ 11 NOSS J; 
··soOLE.AN·· FIRST 9SEC,CLEAN; 

··PROCE:.OURE" INIVEC<L,u,A,x,; ·cooE .. 31010; 
··PROCE.DURE. 11

• INIMAT(L1,U1,L2,U2,A,X); ·cooE· 31011; 
•• PRO C E. D UR t. •• M UL \IE C ( L , U, S , A , B , X ) ; lDII CO OE" 310 2 0 ; 
••PROCEDURE•• MULROH(L,U,I,J,A,B,X); .. CODE•• 31021; 
••p~oCE.OURE·· OUPVEC(L,U,S,A,B); --coOE 1

" 31030; 
••p~QCEDURE•• DUPHATCL1,U1,LZ,UZ,A,8); .. COOE 08 31035; 
••RE AL •• •• P RO C E O U RE •• VE C VE C ( L , U , S , A , B > ; •• C O OE •• 3 4 0 10 ; 
••RE AL•• as ?RQCEQURE•• MATVEC ( L, U t I I At B); "'COOE••Jt+,011; 
••p~QCEJURE 11

• ELHVEC(L,U,S,A,B,X); ••~0DE 10 34020; 
··PROCE.OURE 11

• SOL (A, N, P, 8); ··co OE"' 340 51; 
• • P ~ 0 C E D URE •• 0 EC ( A , N , A U X , P ) ; •• CO O E •• 3 4 3 0 0 ; 
11 'PROCEOURE 1111 HARQUAROT(t1,N,P,R,C,F,J,I,0); ··cooE·· 34440; 

••f{~E AL•• 1111 PROCE DURE"' I NT ER-POL ( STA ~TI '10 EX, JUH?, K, TO BSOI F> ; 
••vALUE 1

• STAR TI NOEX, JUMP, K, TOBSOI :- ; 
••INTEGER•• STARTINDEX,JUMP,K; ••REAL•• TOBSOIF; 
··sc.GIN 1

• ··1NTEGER1
• r; ··~E'4L 14 S,R; Sl=YCSTARTINDEXJ; Rl=TOBSDIF; 

··FoR·· 11-1 ··srEP .. 1 ··uNTIL 111 K ··oo·· 
••BEGIN'• STARTINDEXl=STARTINOEX ♦ JUHP; 

sa-S+Y(STARTINOEXJ•R; ~•-~•T~BSDIF 
••EN □••; INTER.POL I =S 

••t.ND'• INTERPOL; 

··PR.QC ED URE Ill JAC O YDP ( NROW, NCOL, PAR1' RES, JAC, LOCFUNC T) ; 
••vALUE 1

" NROW,NCOL; .. INTEGER"' NR:>W,NCOL; 
••A~RAY 10 PAR,RES,JAC; ••PROCEDURE'• LOCFUNCT; 
••BEGIN'• 

DUPMAT(i,NROW,1,NCOL,JAC,YP) 
••£No•• JACOBIAN 

' 
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··soOLEAN 1
• 

11"PROCEOURE 1° FUNCT(NRO--,,NCOL ,PAR,RES>; 
••VALUE'' NROW,NCOL; '11 INTEGER1

• NR.OW,NCOL; ••ARRAY•• PAR,RES; 
••st.GIN'• ••INTEGER'• L,K, KNEH,FAILS,SAHE,KPOLO,N6,NNPAR,J5N, 

COBSII; 
••Re.AL•• XOLO,HOLD,AO,TOLUP,TOL,TOLDWN,TOLCONV,H,CH,CHNEW, 
ERROR,DFI,TOBSOIF; 
•• B O O L £AN •• E VAL U A T E , E VAL U A T E O , D E CO HP OS£ ~ CON V ; 
•• A k. R A Y ,. A [ 0 I 5 l , D EL T A , L A S T O E L T A , 0 F • Y O [ 11 ti l , J AC O 8 C 1 I N , 1 I N l ; 
•• I NT E GE R •• •• A RR A Y •• P C 11 N J ; 

••RE A L •• •• P RO C EDU RE•• NOR H 2 ( A I ) ; •• RE A L •• A I ; 
•• BEG I N •• ••RE A L •• S , A ; S a = •• - 1 0 0 ; 

•• F O R •• I & = 1 •• S TE P •• 1 •• U NT I L •• N .. DO • 
111 BEGIN 1

• Al= AI/YMAXCIJ; SI= S +A• A ••£No••; 
NORM21= S 

••ENO•• NORM 2; 

••PROCEDURE•• RESET; 
··sEGIN°0 ··rF·· CH < HHIN/HOLD ··rHEN· CHI= HHIN/HOLO ··EL SE·· 

••rF•• CH> HHAX/HOLD ••THEN" CHI= HMAX/HOLO; 
XI= XOLO; HI= HOLD• CH; Ct= 1; 
•• F O R" J I = 0 •• S TEP •• N •• U N T I L •• K • N •• DO •• 
··sEGIN 1

• ··FoR·· II= 1 ··srEp•• 1 ··uNTIL .. N ··oo·· 
Y(J+IJI- SAVE[J+Il • c; 
Cl= C • CH 

•• EN o••; 
OECOMPOSEa=•·rRUE" 

••ENO'' RESET; 

••PROC EOURE•• ORDER; 
10 BEGIN 11

• Cl= EPS • ~ps; JI= (K-1) • (K + 8)/2 - 38; 
•• F OR•• I a = 0 •• S T E P •• 1 •• UN TI L •• K •• 0 0 .. A C I l I = SA \I E C I+ J l ; 
JZ= J + K + 1; 
TOLUP I= C • SAVE(Jl; 
TOL I= C • SAVECJ + 11; 
TOLOWN 1- C • SAVE(J + 2J; 
TOLCONVS= EPS/(2 • N • CK• 2)); 
Ao:- A{OJ; DECOHPOSEI= ··rRUE"; 

•*END•• ORDER; 

••PROCEDURE'• EVALUATE JACOBIAN; 
··aEGIN·· EVALUATE a= ··FALSE••; 

DECOMPOSEI- EVALUATED•= ··rRuE•·; 
•• I F •• •• NOT •• J A C D F O Y C PA R , Y , X , FY > •• T HE N" 
•• BEG I N •• SAVE C 3 l a =I+; •• GOTO•• RETURN •• EN O .. ; 

••EN □•• EVALUATE JACOBIAN 
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• 

•• PRO CED URE 0
• DEC OH POSE JACO BI AN; 

•• B E G I N 18 0 EC O M p O s E I = •• F A Ls E M ; 

C:= -AO• H; 
•• F O R" J I = 1 •• S TEP •• 1 •• LJ NT I L " N .. 0 0 •• 
•• BE GI N •• •• F O R •• I I = 1 •• s T E P •• 1 ••UN TI L •• N .. 0 0 •• 

JAC08(1,Jl1= FYCI,Jl • c; 
JACOBCJ,JJ&= JACOBCJ,JJ • 1 

••ENo••; 
DEC(JACOB,N,AUX,P) 

••EN □•• DECOMPOSE JACOBilN; 

••PROCEDURE•• CALCULATE STEP ANO ORDER; 
•• B E G I N •• ••RE A L.. A 1 t A 2, A 3 ; 

Ail= ··1F 111 K <= 1 "THEN'· 0 "ELSEN 

• , 

0.75 • (TOLOWNINORHZ(YCK•N+ll)J •• (0.5/K); 
A21= 0.80 • (TOL/ERROR) ~• (0.5/CK + 1)); 
A 3 I = •• I F •• K > = 5 •• 0 < •• FA I LS A- 0 

••THEN" 0 "ELSE 10 

0.70 ~ (TOLUP/NORH2(DELTACil - LAST DELTACIJ)J•• 
(0.5/CK+2)); 

•• IF•• A 1 > A 2 •• ANO •• A 1 > A 3 •• T HEN•• 
••BEGIN'• KNEW&= K-1; CHNEWI- Ai 111END .. ••ELSE" 
•• I F •• A 2 > A 3 •• THEN•• 
··sEGIN" KNEW1= K ; CHNEW•= A2 ··ENON ··ELSE·· 
10 BEGIN 11 KNEHI= K+1; CHNEHI- A3 ••END .. 

••ENo•• CALCULATE STEP AMO ORDER; 

••IF•• SEC 
NPARa-M; 
JJ J =••tF•• 
Nol=N•o; 

•• T H EN•• •• BE G IN•• 
EXTRAl=NISl=O; 
NBP= 0 ••r HEN•• 0 

S EC I = •• F AL S E ••; 
111-1; 
"ELSE•• 1; 

INIVEC<-3,-1,SAVE,0); 
INIVEC(N6+1,(&+M)•N,Y,O); 
INIMAT(1,NOBS+NBP,1,H+NBP,YP,O); 
Tl=TOBSllJ; Xl=TOBS(OJ; 
CALL YSTART«PAR,Y,YHAX>; 
HHAXl~TOBS(11 TOBS(Ol; HHIN&=HHAX•INC1J; 
EVALUATE JACOBIAN; NNPARl=N•NPAR; 

NEW STARTI 
Ks- 1; KPOLD•=o; SAHEi- 2; ORDE~; 
•• I F •• ••NOT •• 0 E RIV ( PAR , Y , X , D F) •• r HE N •• 
•• 8 E G I N·· SA VE t 3 l I = 3 ; •• G OT O .. RE T URN •• EN D •• ; 
HI-SQRT(2 • EPS/SQRT(NORH2 (HATVEC(i,N,I,FY,DF>>J); 
•• I F ... H > HM A X •• T ~ EN M H i = H MAX •• EL s E •• 
•• I F •• H < HM IN 11

" THEN •• H l = HM I li4 ; 
XOLOI- x; HOLOI= H; CHI= 1; 
•• F o R. •• I a = 1 •• s T E P •• 1 ·• u NT I L •• N .. o o •• 
•• B E ~ I N•• S A VE C I. l I = Y C I l ; SA VE ( N + I l I = Y C N + I l I = 0 F [ I l • H •• E ND 11111 

; 

FAILSI= o; 
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• 

•• F Ok.. L l = 0 .. W H I L E •• X < X E NO • DO •• 
•• d E G I N•• •• If •• X + H < - X EN D •• T HEN .. X I = X ♦ H •• E LS E •• 

••BEG IN•• H I = XE ND - X; XI = XE ND ; CH I = H /HO L 3 ; C a = 1 ; 
••FOR•• J I = N •• STEP•• N •• J NT I L •• K • N •• 0 0 •• 
··sEGIN·· Cl= c• CH; 

•• F OR.. I I = J + 1 •• ST E P" 1 •• U ti-TI L •• J + N •• J O •• 
Y(Ill= Y[Il '"C 

••EN o••; 
S A H E : = •• 1 F •• S A ME< 3 .. THEN •• 3 •• EL SE .. S AM E + 1 ; 

••EN □••; 

··coHMENT'11 PREJICTION; 
•• F OR •• l 1 = 1 •• S TE P •• 1 •• UN TI L •• N •• 0 0 "' 
··BEGIN·· ··FOR 111 IZ = l ··srEP" N 10 UNTIL•1 (K-1) •N+L ··oo·· 

•• F OR•• J 1 = ( K • 1 ) • N ♦ L •• s T E P •• - N ••UN T I L •• I •• D O •• 
Y(Jl&= Y[JJ + Y(J+NJ; 
DELTACLJI- 0 

•• ENO •• ; E VA L U A TE D I = •• F AL S E •• ; 

··c OHME NT •• CORR.EC T ION A ~o ESTIHAT ION LJCAL :: RROR; 
•• F OR•• L s = 1 , 2 , 3 •• 0 0 •• 
111 BEGIN·· ··1F·· H!Nor·· OERIV(PAR,YttX,DF) .. THEN"' 

••aEGIN 111 SAVE(-311:3; ••GOTO" RETURN ••ENO .. ; 
•• F OR•• I I - 1 •• S TEP•• 1 11 U N TI L •• N •• 0 0 • 
OF[Ilt= OFIIl • H - YC~+IJ; 
••1F•• EVALUATE ••rHENN EVALUATE JACOBIAN; 
••1 F•• DECOMPOSE 10 THEN•• DECOMPOSE JACOBI AN; 
SOL(JACOB,N,P,OF); 

C ON \I i = •• T RU E •• ; 
1111 FOR.. I ' = 1 M s TE p •• 1 •• u NT I L •• N .. 00 .. 
•• BE GI N •• D FI i = 0 F t I l ; 

YC Ill= YC Il +AO• DFI; 
Y(N+Ill= Y(N+Il + OFI; 
OELTACIJ1= OELTACil + OFI; 
CONV&- CON\/ ••AND 111 ABSCOFI> < TOLCONV • YMAXCIJ 

••EN o••; 
•• I F •• C ON V A TH E N •• 
•• a E GI N1

• E RR OR I ·· NOR M 2 ( D EL T A C I l ) ; 
··Goro·· CONVERGEN~E 

••ENO'• 

··c OMHENr·· ACCEPTANCE OR REJECT I ON; 
•• I F •• •• NOT •• C ON \I •• THEN•• 
•• BEG I N •• •• I F •• 111 NO T •• E \I AL U AT ED •• TH EN •• E V A LU AT E a = •• T RU E •• 

••EL SE•• 
••BEGIN 111 CHa=CHl'Ct-i 00 IF'' H<4 4 HHIN ••THEN'• 

•• 8 E G I N •• S A \I E C - 1 l I - S A \I E ( - 1 l + 1 0 ; 
HMlNl=HMIN/10; 



COCTOBER 1975) 

·IF" SA~E[-1J>~D -r~EN· ~Gora· ,ETUIN 
•END" 

••Et" O*" ; 
;'.;;\~s~,; "'_..,,,_~' 

"ENO" •ELSE" :ON~E~GEN:E1 

"IF" ERROR> fOL "THEN
"BEGIN" FAILSI• FAILS+ 11 

·zF· H > 1.1 • HNIN "THENN 
"BEGIN• •1F• FAILS• 2 •THEN" 

"BEGIN" RESETI "GOTO" NEW START 
··E No·· ··EL s E" 
"BEGIN" CALCULATE STEP AND ORDER; 

·1F· KNEW A: K "THEN" 
·aEGIN" Kt• KNEWI ORDER ·ENoM; 
CHI• CH• CHNENI ~ESET 

•-e.No•• 
"ENO• •ELSE'* 
"BEGIN" -1FN K = 1 "THEN" 

"BEGIN" "COHNENT• VIOLATE EPS CRITERION; 
SAVEl•211• SAVEC•ZJ • 11 
SAHEi• 41 "GOTO" ERRO~ TEST OK 

• E flj 0. •• ~ 
.· ,, .. . ' 

K1=11 RESET; ORDER; SAHEi= 2 
••ENO~• 

"ENO" MELSE" ERROR TEST OKI 

•• B E G I N I® FA I L S I : 0 ; 
·FOR" I•= 1 ·sTEP" 1 "UNTIL" N "oo· 
"dEGIN• Cl= DELIA(Ill 

MFOR" L•• 2 MSTEP· 1 "UNTILM K ·oo· 
Y[L•N+lll• Y[L•N+Il ♦ A(LJ • C; 
~~IFN ABSCY[lJ) > YNAX(I] "THENq 
YHAX[Ill= ABSCY(ll) 

NE !UQ• .,. ill! 
'"' . t 

SAHE I• SAHE•i ; 
•1f• SAHE= 1 "THEN" 
DUP\IEC(1,N,O,LAST OELTA,OELTA) •ELSE._ 
HIFH SAHE= 0 MTHEN· 
"BEGIN" CALCULATE STEP ANO ORDER; 

"IF" CHNEW > 1o1 ••THEN" 
.. BEGIN•• 

•IF" K -• KNEW "THEN" 
M8EGIN· "IF" KNEW> K "THENM 

HULVECCKNEW•N+1,KNEW 4 N+N,•KNEW•N,Y,DELTA. 
ACKJ/KNEWII 
Kl• KNEW; OROE~ 

YE··•··N·. D··. R .~ ' ' . . ' . ' . . . 
. . . 

'S· ·· A· H· ·E·· I • 'K +· • 1· I \ . -.• . . '. '. . 
_'_)'~._-_;'-·.·- ... ·-,., '! .. . -_,_, 

•If• C~NEW • H > HNAX 
•y, JUE·•··· N· • ~ ·H· •. ·.· ,u.r u I· • H··. · ··"'.·.·A.' ... · X .. ·.·.· .. /.: H. · .... · t.· , ,, 1"14:1 _• __ . - __ , ¥ -· ·"•:t. R' . ., ;p· 
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HI= H • CHNEW; Cl= 1; 
... FOR•• J I = N ••STEP•• N ••UN TI L •• K • N 1111 0 0 •• 
•• BE GI N ,. C & = C • : H N E W ; 

MULVEC(J+1,J+N,0,Y,Y,C) 
··EN □··; OE:;OMP:>SE I =··r~uE·· 

••ENO•• 
•• E L S E •• S A M E I = 1 0 

'
0 EN0 1

• OF A SINGLE INTEGRATION STEP OF Y; 
NISl=NIS+i; 

··co MM ENT·· s TA RT OF A I NT EGRA TI ON STEP OF yp; 
•• I F •• C L E A N •• T H EN s' 

••aEGIN" HOLDl=H; XOLO&=X; KPOLOl=K; CH1=1; 
OUPVEC<i,K•N+N,O,SAVE,Y) 

••ENo•• ••ELSE•• 
•• BEGIN .. ··1F·· H"=HOLJ ··rHEN'· 

•• 8 E GI N •• CH I - H / HO L O ; C I = 1 ; 
··FOR 111 JI-N6+NNPA~ ··sr£p•• NNPAR ·uNTIL*• 
KPOLD•NNPAR+N6 ··oo·· 
'

0 BEGIN" C:=C•:H; 
··FoR·· r1=J+1 ·sTEP" 1 ··uNTILl• J+NNPAR ··oo·· 
Y l I l t =Y ( I J • C 

••EN o••; 
11"! F•• K>KPOL D st THEN'' 
INIVECCN6+K•NNPAR+1,N6+K•NNPAR+NNPAR,Y,O); 
XOLOI= x; KP~LOI: K; CH&= 1; 
OUPVECC1,K•N•N,O,SAiE,V); 
EVALUATE JACOBIAN; 
DECOMPOSE JACOBIAN; 
•• r F •• •• Nor·· J A c o F o P , P A~ , v , x , F P , •• r H EN •• 
··sEGIN'· SAVEC-311=5; ··Garo·· RETURN .. ENo·•; 
•• I F •• N PA R > H •• T HE N •• I N I HA T ( 1 , N , M + 1 , N P A R., F P , 0 ) ; 

•• C O M HE NT •• P RE O I C J I O 'I ; 
•• F OR.. L I = 0 •• ST E P • 1 .. UN T I L •• K -1 .. D O .. 
•• F OR•• JI = K -1 ••ST E P •• .. 1 •• UN TI L •• L .. D O ffl 

ELHVEC(J•NNPAR+N6+1,J•NNPAR+N6+NNPAR,NNPAR,Y,Y,1); 

··coMMENT'· CORRECTION; 
•• F OR•• J a = 1 ••ST E P •• 1 •• U N T I L •• N PA R. •• D O •• 
••aEGIN•• J5Nl=CJ+5)•N; 

DUPVEC(1,N,JSN,YO,Y); 
··FoR·· I t=i ··srEP" 1 ··uNTIL 11

• N ·oo·· OF[I 1 I= 
H•<FPCI,Jl+MATVEC(1,N,I,FY,Y0)) 
-Y(NNPAR+J5N+Il; 

••EN □••; 

SOLCJACOB,N,P,DF); 
•• F o R •• L a - o ··s TEP·· 1 .. u N r IL·· K •• o a·· 
"BEGINN Il=L•NNPAR+JS~; 

ELMVEC(I+1,I+N,-I,Y90F,ACLJ> 
"ENO'' 

··coHMENT·· 
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•• FOR.. L l = 0 •• WHILE.. X > = T •• 0 o •• 
••BEGIN" 

··coHMENT·· CALCULATION OF A ROW OF THE JACOBIAN 
MATRIX ANO AN ELEMENT OF THE RESIDUAL 
\IE~TOR; 

TOBSDIFl=(TOBSCIIJ-X)/H; COBSIIl=COBSCIIJ; 
RESCIIll=INTERPOL(COBSII,N,K,TOBSOIF)-OBSCIIl; 
••1 F•• ••NOT•• CLE AN ••r HEN• 
··aEGIN'· ··FOR' .. 11 =1 ··sTEP· 1 MUNT IL 18 NPAR "00 1111 

YPCII,Il1=INTERPOL(COBSII•lI+5)•N,NNPAR,K, 
TOBSOIF); 

ucOHHENT•• INTRODUCING OF BREAK-POINTS; 
•• I F •• 8 PC J J l ".:.. I I .. THEN "' •• ELS E ... 
•• I F •• FI RS T .. A N D •• A BS ( RE SC I I J > < E P S 1 •• T HE N" 
"BEGIN•• NBPI-NBP~1; DUPVEC(JJ,NBP,1~8P,BP>; 

BP(NBP+ill=O 
•• E N D •• •• E L SE •• 
••sEGIN 1

" EXTRA& EXTRA+1; 
11•IF 11

• FIRST ••THEN•• PARC M+JJJ I =OBSC II l; 
··coHMENT 11

• INT~ODUCING A JACOBIAN ROW ANO A 
~ESIOUAL VECTOR ELEMENT FOR 
:oNTINUITY REQuI~EHENTS; 

YP(NOBS+JJ,H+JJJl=-HEIGHT; 
HULROH(1,NPAR,NOBS+JJ,II,YP,YP,HEIGHT); 
RES[NOBS+JJJ&=WEIGHT•(RESCIIl+OBSCIIl-

PAR.CM+JJJ) 

••IF•• I I = NO B S •• TH EN•• 111 G OT O •• RE TUR. N •• EL SE •• 
•• B E GI N •• T I = TO BS C I I + 1 l ; 

MIF'· BPtJJJ=II MANDM JJ<NBP -rHEN~ JJ1=JJ+1; 
HMAXl=T-TOBSCIIJ; HMINI HHAX•INC1J; IIa=II+1 

··coMMENT'· BREA K-POIM TS I NT RO DUCE NEW I NI Tl AL \JAL u~ s 
FOR. Y ANO YP; 

•• IF•• E X TR A > 0 •• THEN•• 
•• a E GI N •• •• F o R •• I 1 - 1 •• s T E P •• 1 •• UN r I L •• N ... o o •• 

.. BEGIN 1
' Y { I JI =INTERPOL (I, N,K, TOBSOIF) ; 

"FOR10 JI 1 ··srEPM 1 ··uNTIL 1
• NPAR ··oou 

YCI+(J+S)•Nll=INTERPOLII+CJ+S)•N,NNPAR,K, 
TOBSOIF> 

••ENo••; 
•• F o R •• L a = 1 "s r E P •• 1 •• u N r I L • E x r RA •• o o •• 
''BEGIN•• COBSIII =COBS( BP[ NPAR-H+Ll l; 

YCCOBSIIll-PARCNPAR+LJ; 
··FoR .. 11-1 .. STEP• 1 ··uNTIL·· NPAR+EXTRA ··oo·· 
YCCOBSII+(5+I)•NJI o; 
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INIVEC(1+NNPAR+(L+S)•N,NNPAR+(L+&)•N,Y,O); 
YCC08SlI+(5+NPAR+L)•NJl-1 

••EN □••; 

NPARl=NPAR+EXTRA; EXTRAI-O; 
Xt=TOBSCII-11; E\/ALJATE JACOBIAN; -NNPARl=N•NPAR.; 
··Gora·· NE:H START 

•• EN o•• 
••ENO•• 

•• E N O •• S TE P ; 

RE.TURN: 
IS I F •• SA V £ { - 2 J >HA X •• T HEN.. MAX I =SAVE C - 2 l ; 
FUNCTl=SA\/EC-11<=40 ••~NO .. SAVE[•Jl=O; 
•• I F •• •• N OT•• F I RS T •• T H EN•• 
HONlTOR<1,NCOL,NROW,PAR,RES,WEIGHT,NlS) 

••£NC••• F UN CT ; 
• 

I:= -39; 
••FoR•• Ca= 1,1,9,4,0,2/3,1,1/3,3&,20.25,1,6/11, 

1,6/11,1/11,84e028,53e776,0.25,.48,1,.7,e2,e02, 
156.25, 108.51, .027778, 120/274, 1, 22S/274, 
85/274, 15/274, 1/27~, o, 187.69, .0047361 

•• D 3 • 11 
•• 8 E G I N •• 11 = I + 1 ; S ~ VE [ I l I = ~ •• E N O •• ; 

OAT A(NOBS,TOBS,08S,COBS); WEIGHTl=1; 
Fl~STl=SEC1=••FALSE••; CLEANI-NBP>O; 
AUXC2J1=•4 -12; EPS&=INC2J; EPS1&="10; 
XENOl=TOBSCNOBSJ; OUTC1JJ=O; BP(Ol&=HAXl=O; 

··coMME:NT 1
• SMOOTH INTEGRATION WITHOUT BREAK-POI~TS; 

•• 1 F •• •• NOT.. FU t~ C T C NO as , H , P AR, RES ) •• THEN.. •• GOTO.. ESCAPE ; 
RES1J=SQRT(VECVEC(1,NOBS,O,RES,RES)); NFE1=1; 
··r F •• INC 5 l = 1 ··r HEN ... 
••BE GIN•• 0 UT C 1 l & ··1 ; ••GOTO.. ES CAP E ••ENO•• ; 

•• 1 F •• G LE AN •• r HE N" 
··aEGIN 1

• FIRSTt=··rRUE'•; CLEANl="FALSE"; 
FAC3l=SQRTCSQRT(INC31/RES1))j FAC41=SQRT(SQRT<INC~J/RES1)); 
EPS1J=RES1•FAC4; 
··r=·· ··Nor·· FUNCT (NOBS, H,PAR,RES) ··rHEN·· ··Gora·· ESCAPE; 
FlRST &=••FALSE•• 

... t. N D •• •• E l S E •• NF E I = 0 ; 

NCOLt=H+NBP; NROWl=NOBS+NBP; 
SE.C s=··rRuE··; 
IN3J-INC3J; IN41=IN[4J; INC3Jl=RES1; 

''BEGIN'· 111 R.EAL 11
• w; MARRAv·· AIOC11NCOL,11NCOLJ; 

WEIGHTl=AWAYl=O; 
OUTC~ll=OUT(Sll Wl=O; 

··coMHENT·· 
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••FJR•• WEIGHT I (SQRT (WEIGHT J + 1) ••2 "WHILE• 
WEI~Hr~ 16 •aANO" NBP>O "DOM 

•• BEGIN·· "IF·· AWA v o ··AN o·· wA= o ·r HEN .. 

• , 

"BEGIW- ··coHHENT" IF NO B~EAK .. POINTS WERE OMITTED THEN ONE 
FUNCTION EVALUATION IS SAVEJ; 

Wl=WEIGHTIW; 
uFoR•• I1=N08S♦ 1 "STEP• 1 •uNTIL•• NROW •ooM 
··sEGIN" "FORM J1-1 nsTEP·· 1 .. UNTIL· NCOL ··oo·· 

YPII,JJ1-w•YPCI,JJ; 
RES[IJI W•RES[Il 

"ENO"; SEC I"% •JRU E••; NF EI., NFE-1 
"ENO"; 

IN[3JI INC3J•FAC3•WEIGHT; IN[\11 -EPS1; 
HONITORIZ~NCOL,NROW,PAR,RES,WEIGHT,NIS); 
HARQUARDTCNROW,NCOL,PAR,RES,AID,FUNCT,JAC DYO?,IN,OUTI; 
.. IF 1111 OUTt 1 J>O "THEN• NGOTO" ESCAPE; 

"COMMENT" THE RELATIVE STARTING VALUE OF LAHBOA IS 
ADJUSTED TO THE LAST VALUE OF LAMBDA USED; 

A w A y I ·'1 0 u T ( 4 ] CB 0 u T ( 5 J -1 ; 
IN[&]I-IN[&). s••AWAV. z••cAWAY-OUT[SJ); 

NFEl=NFE+OUT('tl; 
WI-HEIGHT; EPS11=(SQRTCWEIGHT)+1J••2•IN[~J•FAC~; 
AWAYt-O; 

"COHHENT" USELESS BREAK-POINTS ARE OMITTED; 
··FoRu J 1 1 ··STEP· 1 ··UNTIL• NBP ·oo·· 
"BEGINM •zF•• ABSCOBSCBP(JJJ+~ES(BPCJJJ-PAR[J+Hl)<EPS1 

'*THEN••_ · 
••BEGIN•• NBPI NBP--1; OUPVECCJ,NBP,1,BP,BP); 

OUPVEC(J+H.NBP+H,1,PAR,PAR); 
Jl=J~t; AWAYI-AWAY+i; BPCNBP+1JI 0 

••END" 
"ENO"; 
NCOL I =NCOL-AWA Y; NR.OWI ··NRDW--AWAY 

••ENO .. ; 

IN[3J3-IN3; IN[~JI-IN•; NBPI O; WEIGHT1=1; 
HONITOR(2,H,NOBS,PAR,RES,WEIGHT,NIS); 
HARQUAROT(NOBS,H,PAR,RES,JTJINV,FUNCT,JAC OYOP,IN,OUT); 
NFEl=OUTC4J+NFE 

•"EN c-•; 
ESCAPEI •IF•• OUT[1J=3 ••THEN•• OUT[1Jl=2 "ELSEu 

uIFM ourc11=~ ··rHEN" ourc111 &; 
"IF·· SAVE(· 3)A=D NTHEN 1

• OUT[1JI SAVE(-3J; 
OUTC 3J 1·-RES1; 
OUTC4l 1-NFE; 

. OUTCSJI MAX 
~•ENO'• PEI OE; 

"EOP•• 




