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ON A CONTROL POLICY FOR A SINGLE SERVER SYSTEM

HENK TIJMS

ABSTRACT

This paper considers for the M/G/1 queue a control policy which turns the
server off when the system is empty and turns him on whén the total work
to be done exceeds a given value. The purpose of this paper is to dérivé
an expression for the average queue length and to correct an expression

recently found in the literature for the average amount of work to be done.






Introduction

Customers arrive at a single server service-station in accordance with
a Poisson process with rate A . The service times of the customers are inde-
pendent random variables having a common probability distribution function
F(t) with finite first moment u and finite second moment u(z). It is assumed
that F(0) = 0 and p < 1, where p = Au. The service time of each customer is
known upon his arrival. The policy for controlling the system is to turn the
server off when the system is empty and to turn him on when the cumulative
service times of the customers in the system exceeds the value D, where D is
a given non-negative number. Following Balachandran [1], we call this policy
the D-policy. When turned on the server provides service, where the customers
are ser;ed in order of arrival.

The purpose of this paper is to derive an expression for the average
number of customers in the system and to correct an expression found in [1]
for the average amount of work to be done. The formula (10) in [1] is incor-
rect (except for constant service times) due to the fact the relations (T)

and (9) in [ 1] are false; the relation (7) is false because MDYi and Si are

dependent. The incorrectness of the relations (7) and (9) may be verified

also directly by taking D = 3 and P{Si=2} = P{si=h} 1/2. Also, formula (20)
in [1] is incorrect. Finally, it will appear that under the cost structure

given in [1] the D-policy is superior to the control policy based on the

queue size when the service time is exponential.



Preliminary results

For convenience we assume throughout this paper that the server is
turned off at epoch 0, so the system is empty at epoch 0. Let T be the next
epoch at which the server ié turned off. For any t 2 0, let L(t) be the num-
ber of customers in the system at time t (including the customer being ser-

t

ved at time t, if any). Observe that J L(s)ds represents the total time

0
spent by customers in the system during [0,t]. For any t 2 0, let V(t) be
the sum of the cumulative service times of the customers gqueueing at time

t and the remaining service time of the customer being served at time t (if

any).
The epoch T is a regeneration epoch for each of the processes {L(t)} and
T T
{V(t)}. We shall see hereafter that T, J L(s)ds and f V(s)ds have finite
0 0

expectations. Now, by the theory of regenerative processes (see p. 98 in Ross

[3] and Theorem 1 of Stidham [4]),

t t
L(s)ds} and V = 1imt+w(1/t)E{f V(s)ds}

L= 1imt+m(1/t)E{f ;

0
exist and are given by

T T
L(s)ds}/ET and V = E{J V(s)ds}/ET.

(1) L= E{I .

0

Let M(t) = Z;=1 Fi(t) for t 2 0, where F7(t) denotes the n-fold convolu-
t

tion of F(t) with itself. From M(t) = F(t) + I M(t-y)dF(y) the renewal func~
0

tion M(t) may be computed (see also Jacquette [2]). Let X = 0, let X, be

0

the service time of the kth customer , and let Ty be the arrival epoch of

the kth customer. For any x z 0, let



v(x)

mih{n|2n=1 Xk>x}, T(x) = To(x)’ W(x) = f L(s)ds,
v(x) 1

zv(x) X, and z(x) = y X, .

Y(x)

That is, for the x-policy, T(x) is the first epoch at which the server

is turned on, v(x) is the number of customers present at epoch T(x), W(x)

is the total time spent by customers in the system up to epoch T(x), and
Y(x) (Z(x)) is the cumulative service times of the customers présént at (just
before) epoch T(x). Also, let K(x) be distributed as the number of customers
to arrive during the time needed to sefve the customers present at epoch
T(x). We will use repeatedly the following fact (e.g. p. 17 in [31): Given
that n arrivals have occurred in (0,s), then éach of the n arrival epochs

has expectation s/2.

THEOREM 1. Let alx) = ZJx tL1+M(2x~t) 1dF(t), x =2 0. Then, for any x = 0,
(a) Ev(x) = 1 + M(x), E?v(ac) (vix)-1)} = 2M(x) + Zrc M(x—y)dM(y).

(b) EN(x) = (1/\Ev(z), Bi(x) = (1/20E((z) (v(z)-1)3,

(c) E¥(z) = yEv(z), EC¥(2)1 = u(% [ 1em(x)7 + u[a(x)+rc a(z-y)dM(y) 1.
(@) EK(z) = \EY(x), B(K(x)(K(x)-1)} = BT

(e) BTN (xybe. )} = (w/2) B (=) (v()=1) }+2Bv(2) 1.

(f) E{v(x)Z(x)} = alx) + r; alx~y)dM(y).

PROOF. (a) Part (a) is well known, e.g. p. 32 and p. 57 in [3].
(b) By E{T(x)|v(x)}=1/A and BE{W(x)|v(x)=n, T(x)=t} = (n-1)t/2, ve get (b).

(c) By Wald's equation, EY(x) = uEv(x). Under the condition that X, =t ve

have Y(x) = t when t > x and Y(x) = t + Y(x-t) when t < x. Hence

X p s
E[Y(x)]2 = u(2)+ 2[ tEY(x-t)ar(t) + J E[Y(x—t)]2dF(t), x = 0.
0 0



From this renewal equation (cf. [3]) we get the desired result.

(d) The distribution of K(x) given that Y(x) = t is Poisson with mean At.

v{x)

(e) We have E{zk=1

(X1+"‘+Xk)} = “zn=1 nP{v(x)>n} as can be shown by

copying the proof of Theorem 3.6 in [3]. Now, (e) easily follows.

X X

1 tdF(t) + f EZ(x-t)dF(t). The
0 0

solution of this renewal equation yields after partial integration,

(f) Conditioning on X, yields EZ(x) = f

X X

tdr(t) + J tM(x-t)dr(t),

EZ(x) = f .

.
[\
(@]

0

X
From E{v(x)Z(x)} = J EL{(1+v(x-t)Ht+Z(x-t)}1aF(t), we get
. 0

X X

tL14M(x~t)1aF(t) + f E{v(x~-t)z(x~t)}dar(t), x=0.

E{v(x)Z(x)} = Ez(x) + [
0

0

From this renewal equation we get the desired result. This ends the proof.
Finally, for the standard M/G/1 queue, let tb be the expected length
of a busy period and let Wy be the expected total time spent by customers

in the system during one busy period. Then,

(2) t, = (1-p)" 4 and W, = (1-p) "My + [2(1—p)2]_1ku(2)-

as follows from tb =y + Autb and v, = u + Au(z)/2 + Auwb + Agu(z)tb/z.

The averages L and V

It is readily seen that

(3) ET = ET(D) + EY(D) + EK(D)t,,



. v(D) 2
(4) E{I L(s)as} = EW(D) + E{Xk___1 (X,+...+X )} + (A/2)E[Y(D)1° +
0

+ BK(D)w, + (1/2)E{K(D)(X(D)-1)}t, .

By the formulae (2) and (4) in [1] (in the derivation of formula (4) in [1]
it is helpful to read jla(v/ES-1)ES + (v/ES)ESz/2] for the left-hand side of

the equation on the last line on p. 101k in [11),

T

(5) ‘E{[ v(s)as} = (20)" " B{w(D)Z(D)} + [2(1-p)1~" ELY(D)T° +
0

+ 1201-0)27"" 00 ®) Eu(D).

Together (1) - (5) and Theorem 1 yield after some algebra the next theorem.

x
THEOREM 2. Let b(x) = [ tl1+M(x-t) 1dF(t), = = 0. Then, for any D-policy,
0
_ZKZU(2)

(2)

]
]

o + [2(1-p)] + L2M(D) T L(107 )y, (D)#hpy (D),

r2(1-0) 70 4 tzeumm) Ty, 0),

<
|

D
M(D-y)dM(y) and wZ(D) = b(D) + J b(D-y)dM(y).
0

D

where wl(D) = M(D) + f
0

Consider the case where F(t) = 1 - &%, Then, by M(t) = at,

(n
LI}

p + p2(1—p)'1 + [2(1+aD)]'1[a2D2+2u(1-p2)D],

[a(1-p)]'1 o + [2(1+aD)]—1uD2.

<
L]

Finally, for the cost structure considered in [1] straightforward calcula-
tions show that for exponential service the best D-policy has a lower ave-
rage cost than the best policy in the class of policies which turn the ser-
ver off when the system is empty and turn him on when the queue size reaches

a certain number (see [1] for the average cost of the latter policy).
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