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ABSTRACT

This paper is concerned with the optimality equation for the average
costs in a denumerable state semi-Markov decision model. It will be shown
that under each of a number of recurrency conditions on the transition
probability matrices associated with the stationary policies, the optimality
equation has a bounded solution. This solution indeed yields a stationary
policy which is optimal for a strong version of the average cost optimality
criterion. Besides the existence of a bounded solution to the optimality
equation, we will show that both the value-iteration method and the policy-
iteration method can be used to determine such a solution. For the latter
method we will prove that the average costs and the relative cost functions

of the policies generated converge to a solution of the optimality equation.
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INTRODUCTION

We consider a semi-Markov decision model specified by five objects
(I,A(L), pij(a), c(i,a), t(i,a)). The state space I is denumerable and,
for any i € I, the set A(i) denotes the set of possible actions for
state i. If the system is in state i at a decision epoch and action a
is chosen, then an immediate (expected) cost of c(i,a) is incurred and
the (expected) time until the next decision epoch is 1(i,a) where the
next state will be j with probability pij(a). Throughout this paper we

make the following assumptions.

Al. There is a finite number M such that |c(i,a)| < M for all 1 € I and
a e A(1).

A2. There is finite number € > 0 and a finite number M such that
e < t(i,a) <M for all 1 € I and a ¢ A(1).

A3. For any i € I, the set A(i) is a compact metric space such that both

c(i,a), t(i,a) and pij(a) for any j € I are continuous on A(i).

Denote by F the class of all functions f which add to each state
i € I a single action f(i) ¢ A(i). Then F =XA(i) is a compact metric
space in the product topology. For any f ¢ F, let P(f) be the stochastic
matrix whose (i,j)th element is pij(f(i)) and let Pn(f) = (pzj(f)) be
the n-fold matrix product of P(f) with itself, n 2 1. A policy w for
controlling the system is any (possibly randomized) rule for choosing

(=)

actions. For any f ¢ F, denote by f the stationary policy which pres-
cribes to take action f(i) whenever the system is in state i. Denote by
Xn and a the state of the action chosen at the nth decision epoch for
n=20,1,....(the Oth decision epoch is epoch 0). For n = 1,2,...., let
1 be the time the (n—1)st and the nth decision epoch. Denote by E1T
the expectation when policy 7 is used.

In this paper we will be concerned with the optimality equation
for the average cost case. Therefore we consider the following three
recurrency conditions.

Cl. There is a state s ¢ I and a finite number B such that E °°){N|Xo=i} <B

£(
for all i € I and f € F where N = inf{nZlIXn=s}.



C2. There is a finite set K ¢ I, an integer v = | and a number p > 0
such that
Vv .
Zjerij(f) > p for all 1 € I and f ¢ F.
Further, for any f € F the stochastic matrix P(f) has no two disjoint

closed sets.
C3. There is an integer v = 1 and a number p > 0 such that

. v v
z. mln[pi;j(f), P

jeT J.(f)] > p for all i,,i, € I and f € F.
1
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It is known that under condition Cl1 the optimality equation for the
average cost case has a bounded solution, cf. [4], [5], [11], and [17]
where in [11] (see chapter 5 and section 12.6) a condition was considered
which is more general than Cl1 and even allows for unbounded costs. For
the case of unbounded costs, conditions under which the optimality equation
for the average costs applies, were also given in [14]. The conditions
in [11] and [14] both assume the existence of a fixed regeneration state
s. It may be interesting to note that a careful examination of the proofs
in section 6.7 in [17] and in particular the proof of Theorem 6.19 reveals
that we may somewhat weaken Cl by allowing that state s may depend on
f ¢ F. .

The condition C2 was first used in [11] where this condition was
called the simultaneous Doeblin condition. Observe that for each f € F
the stochastic matrix P(f) safisfies the so-called Doeblin condition for
Markov chain theory e.g. [6]. Under condition C2 the existence of an
optimal stationary policy for the limsup average cost criterion was shown
in [11] where also several other sufficient conditions for the existence
of an average cost optimal policy were found.

The condition C3 says that for any f ¢ F the stochastic matrix Pv(f)
has a positive ergodic coefficient of at least p. Clearly, under C3 we
have that any P(f) is aperiodic and has no two disjoint closed sets.

Using a notion introduced in [9], we could call C3 a simultaneous scrambling
condition, cf. also [20].

In this paper we shall give a unified proof that under each of the
conditions Cl1, C2 and C3 the optimality equation for the average costs
has a bounded solution. This will be done in section 2 and the proof will
be based both on an analysis of the asymptotic behaviour of the n-step
transition probability matrices P"(f) and on a simple but very useful
data-transformation introduced in [19]. Also we give some interdependencies

between the conditions Cl1, C2 and C3.



It is important to note that the existence of a bounded solution to the
optimality equation implies the existence of an optimal stationary policy
among the class of all policies with respect to a strong version of the
average cost optimality criterion which implies essentially weaker versions
usually considered in the literature, cf. [8] and Theorem 2.2
of the next section. Further we note that after having established the
optimality equation for the average costs a repeated application of this
result yields a sequence of optimality equations that are involved when
considering the more sensitive and selective n-discounted optimality
criteria, thus showing the existence of stationary n-discounted optimal
policies, cf. [13].

Besides the existence of a bounded solution to the optimality equation
for the average costs, we will consider the problem of determining such
a solution which in its turn yields an optimal stationary policy. In
section 2 we shall show that under each of the conditions Cl, C2 and C3
the value-iteration method can be used to determine a bounded solution
to the optimality equation. The policy-iteration method will be considered
in section 4. Under condition Cl we shall prove that the average costs
and the relative cost functions of the policies generated by this method
converge to a solution of the optimality equation. This result considerably

generalizes a related result in [4].
THE OPTIMALITY EQUATION.

In this section we shall establish the existence of a bounded
solution to the optimality equation for the average costs. To do this,

we first give the following results.

LEMMA 2.1. Suppose C3 holds. Then for each f ¢ F there is a probability
distribution {nj(f), j € 1} such that

(2.1) | = p%. () - = m (£)] < (1-p)

jeA 1] jeA

[n/v]

for all ieI, AcI and n21.
PROOF. The proof is a minor modification of the proof of Theorem 1 in [1].
In the next lemma we give sufficient conditions for C3.

LEMMA 2.2. Condition C3 holds under each of the following three conditions.
C3a. There is an integer v>1, a number p>0 and for each feF there is a

state s(f) such that p; > p for all 1 € I.

s(f)
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€Irnln[p .(@,),py (az)]>0

5 € I with i1 z 12 and all a € A(1 ) and a, € %(1 ).

C3c. Condition C2 holds and for each f € F the StOChaSth matrix P(f)

C3b. There is a number p > 0 such that ZJ

for all i],i
is aperiodic.

PROOF. It is obvious that both C3a and C3b imply C3. In fact C3b is
equivalent to C3 with v=1. Suppose now C3c holds. We shall now prove
that C3c implies C3a and so C3. We first note that any P(f) is an
aperiodic stochastic matrix which satisfies the Doeblin condition from
Markov chain theory and has no two disjoint closed sets. Hence for

any f € F the stochastic matrix P(f) has a unique stationary probability

distribution {nj(f), jeI} (say) such that (e.g. [6])

(2.2) lim po.(£) = m.(f) for all i,j e I.
N S ]
Using ZjeK p?}v(f) = zkeIpik(f) ZJerkJ(f) > p'for all n 2 0, it follows

from (2.2) that ZjeKﬂj(f) 2 p for all £ € F. Hence for each f ¢ F there
is a state j € K such that ﬂj(f) > p/|K|. For any k ¢ K, define now

= {feF|wk(f) > p/|K|}. By Theorem 11.4 and Lemma 10.2 in [11], we have
for any j € I that ﬂj(f) is continuous on F. Using this fact it
immediately follows that for any k ¢ K the set Fk is closed and hence
compact. For fixed k € K and £ € Fk’ define (cf. the proof of Lemma 11.6

in [111),
n, (f) = inf {nZI!p?k(f)> p/2|K| for all m 2 n and 1 e K}.

Then, by (2.2), nk(f) exists and is finite. Moreover, using the fact that
Pm(f) is continuous on F for all m > 1 as easily follows by induction
from assumption A3, it is immediately verified that for each k € K the
set {feFk|nk(f) > a} is closed for any real a. Hence for each k ¢ K, the

function nk(f) is upper semi-continuous on the compact set F, and so,

by Proposition 10 on p. 161 in [18] and the finiteness of K,kthere is

an integer u = 1 such that nk(f) < u for all k € K and f € Fk' This shows
that for any k ¢ K and fe Fk we have p?k(f) > p/2|K| for all i € K and
so p. ku(f) > ZJEK (f) p (f) 2/2|Kl for all i € I. This proves that

C3a holds which completes the proof of the lemma.



By the lemmas 2.1 and 2.2 we have that each of the conditions
C3a, C3b and C3c in lemma 2.2 implies the condition C2 which in its turn

implies the condition

C4. There is an integer v = 1, a number p > 0 such that for any P(f) there

is a probability distribution {ﬂj(f), j € I} satisfying (2.1).

REMARK 1. Under the assumption that there is some state io(say) which is
an aperiodic positive recurrent state under any P(f), f ¢ F, we have the
equivalencies CI1€> C2&> (C3<>» C4. Although we shall not need this result,
we include its proof. (i) C1é C2. This equivalence was established in

[11] (see section 12.6) and even holds without the assumption that io
is aperiodic. (ii) C2 =»C3=» C4. Together C2 and the aperiodicity of state

iO imply condition C3c in Lemma 2.2 and so, by the Lemmas 2.1 and 2.2
we get the desired result. (iii) C4 = C2. Using (2.1) and the fact that
Pm(f) is continuous on F for all m 2 1, it readily follows that for each
j € 1 the function ﬂj(f) is continuous on the compact set F. Hence, since
ﬂio(f) > 3 for f € F, we have for some number a > 0 that ™ (f) = a/2 for all
f € F. Together this result and (2.1) imply the existence 09 an integer p = 1
such that pzio(f) > a/2 for all i € I and f € F which verifies C2.

To establish the optimality equation, we shall employ a simple but
very useful data-transformation introduced in [19]. We associate with
the semi-Markov model a discrete-time Markov decision model with state
space I, the set A(i) as set of possible actions for state i, one-step
costs ¢(i,a), one step transition times T(i,a) = | and one-step transition

probabilities ﬁij(a) where, for all i,j € I and a ¢ A(i)

P _ c(i,a) ~ _ T _
c(i,a) T and pij(a) T {pij(a) Gij} + Gij
in which the Kronecker function éij =1 for j =1 and é'i =0 for j =21
1

and T is a fixed number such that

0 <t <& =inf {r(i,a)/(1-p;;(a))[p,;(a) < 1}.
i,a
Observe that § > 0 and the assumptions Al - A3 also apply to the trans-—
formed model. Further, letting the finite positive number y be equal to
sup; t(i,a), it is readily verified that for all ieI and a ¢ A(i) we

3

have that {ﬁij(a), jel}l is a probability distribution with



(2.3) B, (a) 21 —§> 0 and f)ij(a)Z%pij(a) for j =1i.

By the first part of (2.3), we have that for any f ¢ F the stochastic
matrix ﬁ(f) is agperiodic. This aperiodicity will play a crucial role in
the analysis below. Also, letting the finite positive number ¢ be equal
to min [1-1/8,t/v] and using (2.3), it is immediately verified that for
any set A€ I and all n 21,

(2.4) T OPL. (£) = ¢

jeA ]

oy p?.(f) for all i ¢ T and £ ¢ F.

jeA t

This inequality implies that if condition C3 holds, this condition also

applies to the stochastic matrices ﬁ(f) of the transformed model. Also,

it follows from (2.4) and the aperiodicity of the stochastic matrices

§(f), f ¢ F that if condition C2 holds, then condition C3c in Lemma 2.2

applies to the stochastic matrices g(f), f ¢ F. In case condition CI

holds, then, by Theorem 11.3 in [11], condition C2 holds and so condition

C3c in Lemma 2.2 applies to the stochastic matrices ﬁ(f), f ¢ F. Hence,

using the Lemmas 2.1 and 2.2 , we have that under each of the conditions

Cl, C2 and C3 there is an integer v = | and a number p > 0 such that for any

f ¢ F the stochastic matrix §(f) has a stationary probability distribution

{ﬁj(f), f ¢ F} for which

(2.5) | T ﬁgj(f) - I 7.(6) | < (]_p)[n/v] for all ieI, ASI and n21.
jeA jeA

This result will underly the derivation of the optimality equation for the

transformed model from which we easily get the optimality equation for the

semi-Markov decision model considered. Before showing this, we give the

following lemma.

LEMMA 2.3. Let {hn(.), n > 1} be a sequence of bounded functions on I such
that, for some bounded function h(.) on I, lim oo hn(i) = h(i) for all

i € I. Then, for any i ¢ I,

lim min {c(i,a) + = pi.(a) hn(j)} = min {c(i,a) + = pi.(a)h(j)}.
n>® aeA(1) jel J aeA(i) jel J

PROOF. Fix i € I. For any n > 1, let action anmimimize c(i,a) + ijij(a)hn(j)

for a € A(i). Observe that, by A3, such a minimizing action exists.



Now, let {nk, k = 1} be any infinite sequence of positive integers. Since
A(i) is a compact metric space, we can choose an action a¥ e A(i) and a
subsequence {tk > 1} of {nk, k > 1} such that a. - a as k > =,

Using the fact that, by A3, ZjeA p.-(a_ ) ~» Ap %a ) as k > » for any

1]ty J€
set A< I and using Proposition 18 on p. 232 in [18], it follows from

c(ia_ ) + I P; .(a_ )h_ (j) < c(i,a) + (a)h (i)
B ger 1t ty JeI i3y

for all a € A(i) and k 2 1, that

lim min {c(i,a) + (a)h (37} = min  {c(i,a) + (a)h(J)}
k>o aeA(i) JEI i] k acA(i) J€I

which proves the lemma.
We now prove the main result of this section.

THEOREM 2.1. Under each of the conditions Cl, C2 and C3 there exists a

. . * . * . .
finite constant g and a bounded function v (i), i € I such that

(2.6) v (i) = min {c(i,a) - g t(i,a) + = ps (a)v*(j)} for all i e I.
aeA(i) jel
The constant g*is uniquely determined and the bounded function v*(i),

i € I is uniquely determined up to an additive constant.

PROOF. Consider first the transformed model. As shown above, there is an
integer v 2 1 and a number p > 0 such that for any f ¢ F the stochastic
matrix §(f) has a stationary probability distribution satisfying (2.5).

To verify the optimality equation for the transformed model, consider first
the discounted cost criterion. For any 0 < B < 1, define for each policy

m (observe that &(i,a) is uniformly bounded in i,a),
Vo(i,m) = B [nzos e (X ,an)|X0=i] for i € 1,

and let V (1) = 1nf V (i,m), i € I. It is known that for any 0 < B < 1

the functlon V (1), i € I is the unique bounded solution to (e.g. [151)

~

(2.7) V(i) = min  {2(i,a) + B 2 B, 5@ V ()}, eI,
acA(1) jel 8

and, moreover,



SN N
(2.8) Vs(l,fB ) Ve(l) for all 1 ¢ I,

for any f_ ¢ F such that fB(i) minimizes the right-side of (2.7) for all

B

ie I. For any 0 < B <1 and £ ¢ F, we have

(2.9) ﬁs(i,f(“)) - 18" 1 BT, (D) 8(,E() forall i el
n=0 jel )

where ﬁ?j(f) = 515' From (2.5), it follows that for any f ¢ F, i, k € I
>

I the total variation of the signed measure p(A) = I. ﬁ?.(f)
[n/v] jeA 1]

AT )
ZjeAij(f) is bounded by 4(1-p)

any finite number such that |E(i,a)| < B for all i,a, it follows from

(2.9) that, for any O < B < 1 and all £ ¢ F,

. Using this result and letting B

|§B(i,f(w)) - VB(k,f(”))l < 4B T (1-p)
n=0

/vl ﬁgﬁ for all i,k ¢ I.

Hence, by (2.8),

T, - V0] = ﬁ%z for all i,k ¢ T and all 0 < 8 < 1.

Now, by using Lemma 2.3 and by making an obvious modification on the
proof of Theorem 6.18 in [17], there exists a finite constant g and a

bounded function v(i), i € I such that

(2.10) v(i) = min {¢i,a) — g+  P..(a)v(j)} for all i ¢ I.
acA(i) jer *J

We shall now verify that g*= g and v*(i) = 1tv(i), 1 € I satisfy (2.6).

To do this, observe that (2.10) can be equivalently written as

c(i,a) _ T

T(i,a) &t TMa .

Ipys@vQ) (- ) v
jel

t(i,a)

for all 1 € I and a € A(i),

where for any i € I the equality holds for at least onme a ¢ A(i).

Multiplying both sides of this inequality with t(i,a) > 0, we find

0 2 c(i,a) - gt(i,a) + 1t % pij(a)v(j) - 1v(i), 1 € I and a € A(1),
jel

where for any i € I the equality sign holds for at least one aecA(i).



This proves that g* = g and v*(i) = Tv(i), i € I satisfy the optimality
equation (2.6). By Theorem 6.17 in [17], we have that the constant g*
in (2.6) is uniquely determined and, by Lemma 3 in [12], we have that
the function v*(i), i eI in (2.6) is uniquely determined up to an

additive constant.
For any policy w, define for all i ¢ I and n 2 1,

n n
V(i,m =E[I cX,a)|X=i)and T (i,m) =E [ I t(X,a)|X,=i].
k=0 k=0
Define a policy m to be average cost optimal in the strong sense if
V_(i,m) v_(i,m)

(2.11) lim Supmﬁ lim lnfT—-(—i’—T-TT
n-»>x n n-»o n

for all i € I and any policy .

An examination of the proof Theorem 7.6 in[17] gives the following theorem.

THEOREM 2.2. Let {g*,v*(i), ieI} be any bounded solution to the optimality

equation (2.6) and let f. € F be such that fo(i) minimizes the right

0
side of (2.6) for all i € I. Then
v (i,m) ‘
lim inf =——=——= = g*for all i € I and any policy =
T (i,m)
n->e n
and
voLe)
lim S = il g for all i ¢ I,
n-o Tn(i,f0 )

(=)

0 is average cost optimal in the strong sense.

so the stationary policy £
Observe that (2.11) implies lim supn»w{Vn(i,ﬁ*)/Tn(i,ﬂ*) -
Vn(i,n)/Tn(i,ﬂ)} < 0 for all i € I and any policy w. This latter average
cost optimality criterion was considered in [8] where it was pointed
out that this criterion is essentially stronger than both the 1lim sup
and 1lim inf average cost criteria, cf. [2] - [4] in [8]. We note that
in the literature the existence of an average cost optimal stationary
policy is usually established under the lim sup average cost criterion.
Finally, letting Z(t) be the total costs incurred up to time t and
using Theorem 7.5 in [17], we have undér—-each of-the conditions:Cl;-

C2 and C3 that, for any f ¢ F,
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| v(1,£87)
lim ¢ £ (2(6)[X(0) = i) = lim s = g(f) for all i € T,
freo £ o T (1 L)
n
where g(f) is defined by
(2.12) g(f) =z, ; c(i,£@))m (£)/2; 1, E())m, (D), feF,

with {ﬂj(f), jel} is the unique stationary probability distribution of
P(f).

. THE VALUE-ITERATION METHOD.

In this section it is assumed that at least one of the conditions
Cl, C2 and C3 hold. We shall show that a bounded solution to the
optimality equation (2.6) may be obtained by using value-iteration. In
the proof of Theorem 2.1 we have found that any bounded solution
{g,v(i), i€I} to the optimality equation for the transformed model gives
a bounded solution {g*=g, V*(i)=TV(i), ieI} to the optimality equation
(2.6). Hence, in view of the data-transformation given in section 2,
it 1s no restriction to assume that t(i,a) =1 for all i,a and P(f)
is aperiodic for all f ¢ F.

Let {g*, v*(i), ieI} be any bounded set of numbers satisfying

(3.1) v*(i) = min {c(i,a) - g*+ ) p..(a)v*(j)} for all i ¢ I.
. . ij
aeA(1) jel
For any given bounded function vO(i), i € I, define for n = 1,2,... the

bounded function vn(i), i € I by the value—-iteration equations

(3.2) v (1) = min {c(i,a) + T p..(a)v__.(j)} for i e I.
n acA(i) jer 3 o7l

Observe that, by A3, the minimum in the right side of (3.2) is attained
for all i. The asymptotic behaviour of the sequence {vn(i)-ng*, n>1}

for 1 € I has been studied in [12] where the action sets A(i) were

taken finite. This finiteness is in fact only used to verify relation

(18) in [12], however, by invoking Lemma 32 on p. 178 in [18], it follows
that the results in [12] also apply when for any i ¢ I the set A(i) is

a compact metric space such that both c(i,a) and pij(a) for any j € I

are continuous on A(i). Since the assumptions 1 = 5 in [12] are satisfied,

we have for some constant c¢ that
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(3.3) lim {vn(i) - ng*} = v*(i) + ¢ for all i € I.

n-—>o

Hence, by choosing some state i, and defining yn=vn(i0)—vn_](i0) and

wn(i) = vn(i)—vn(io) for 1 e I gnd‘n > 1, it follows that the bounded
numbers {yn s wn(i), ieI} converge as n»>» to a bounded solution to

(3.1). We further note that, by letting fn e F be such that fn(i)
minimizes the right side of (3.2) for all i and defining the average

costs g(f) by (2.12), it follows by making minor modifications on standard

arguments used in [10] and [16] that, for all n 2 1,
*
. oy . < oy .
lnfiel{vn(l) Vn_l(l)} <g < g(fn) < Supiel{vn(l) Vn—l(l)}’

where 1nfi{vn(1)—vn_](1)} and supi{vn(l)—vn_l(l)} are non-decreasing
and non-increasing respectively in n 2 1.

Finally, consider the special case where condition C3 with v=1 holds. Let
B be the class of all bounded functions on I and define the mapping

T: B = B by

Tu(i) = min {c(i,a) + pi-(a)u(j)}
acA(i) jer M

and define |[|ul| = sup, u(i) - infi u(i) for u € B. Then a repetition

of the proof of Theorem 5 in [7] shows that, for some number p > 0,

|| Tu - T™w|| < (1-p) || u-w|| for all u,w € B i.e. T is a contraction mapping.
Next, using this result and the existence of a bounded solution to (3.1),

it is readily verified that |vn(i)—ng*—v*(i)‘ < (l—p)nH VO~V*H for all. 1 € I
and n 2 1, i.e. in this case the convergence in (3.3) is geometrically fast

and uniform in 1i.
4. THE POLICY ITERATION METHOD.

Throughout this section it is assumed that condition Cl of section | holds
and under this condition we shall study the convergence of the policy iteration
method. Using ideas from a convergence proof given in [3] for a policy iteration
approach to controlled Markov processes with a general state space, it will
be shown that the average costs and the relative cost functions of the
stationary policies generated by the policy iteration method converge to a

bounded solution to the optimality equation (2.6).

BIBLIOTHEEK MATHIMATISCH CINTRUM

ARASCTETCITNA R
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As a byproduct we obtain an alternative proof of the existence of such a
solution. Partial convergence results of this type were obtained in [4]
under the restrictive additional assumption of no transient states under
any P(f), £ ¢ F.

We first give some preliminary results. Let the state s and the random
variable N be as in condition Cl1. For any f € F, the stochastic matrix

P(f) has a unique stationary probability distribution {ﬂj(f), jeI} such that

4.1) “i(f) = 1

j€Ipji(f)nj(f) for all 1 € I.

Moreover, we have from Markov chain theory

(o]

n .
(4.2) m(B) = I P (D/E () [N[Xy=s]  for all i e I
n=0 f
where pQ. = §.. for all i,j and
s¥1ij ij ?
(4.3) Spgj(f) = Pf(w){xn=j, X#s for 1 <k < n|X;=i} for i,j ¢ I and n 2 1.

Observe that

A > ‘ n
)[leo—lj =1+ % I p

(4.4) .
n=1 jer ° *J

() for all 1 ¢ I.
f(w .

Further, for any f ¢ F, define the average costs g(f) by (cf. (2.12))

(4.5) g(f) = I C(i’f(i)) 1Ti(f)/ z T(i,f(i)) ﬂi(f)a
iel iel

and define the relative cost function Wi(f) by

(o]

4.6)  w (D) = I 5 {c(,E(])) - g T(LEGNT PTD), i L.
n=0 jeI s 1]

It is immediately verified frém (4.2) and (4.4) - (4.6) that, for any f ¢ F,

the function wi(f), i € I is bounded and has the property that
(4.7) Ws(f) =0.

Consider now for fixed f € F the following system of linear equations in

{ga Vis i€I},
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(4.8) v. =c(i, £(1)) - gt(i, £@A)) + ¢ p..(f@))v. for i e I.
1 j€I 1] J

We have the following known theorem (see [2] and [5]).

THEOREM 4.1. For any f ¢ F,

(a) The set of numbers {g = g(f), v, = Wi(f), ieI} is a bounded solution
to (4.8).

(b) For any bounded solution {g, Vi ieI} to (4.8) holds g = g(f).

(c) For any two bounded solutions {g, vi} and {g, ui} to (4.8) there is
a constant c such that v, T u, =c for all i € I.

(d) For any j € I, there is a unique bounded solution {g, vi} to (4.8)

such that vj = 0.

REMARK 4.1. To verify Theorem 4.1, it is not necessary to assume in A2 that
infi a t(i,a) > 0 but it suffices to require that Zi t(i,£(1)) ﬂi(f) > 0

for all f € F.
By the assumptions Al-A2 and definition (4.5), we have
LEMMA 4.1. The set of numbers {g(f), feF} is bounded.

Actually we shall only need that the numbers {g(f), feF} are bounded from
below. Now, we have established this result we shall make no further use of
the assumption that infi’ar(i,a) > 0.

For any f ¢ F and any bounded solution {g(f), Vi(f)’ ieI} to (4.8),

define

(4.9) T(i,a, v(f)) = c(i,a) - g(f)t(i,a) + I p..(a)v.(f).
jer 133
for i € T and a € A(i).

Observe that

(4.10) T(i, £(1), v(f)) = Vi(f) for all 1 € I and f ¢ F.

(=)

The following lemma shows how the stationary policy £ can be improved to

(=)

a stationary policy h
of £,

whose average costs is less than or equal to that
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LEMMA 4.2. Let £ ¢ F and let {g(f), Vi(f)} be any bounded solution to (4.8).
Suppose h € F is such that

.11) T(i, h(i), v(f)) < vi(f) for all i ¢ I.
Then g(h) < g(f).

PROOF. The proof is standard. Multiply both sides of the inequality (4.11)
with ni(f) and sum over i € I. Next the desired result follows after an
interchange of the order of summation which is justified by the boundedness

(=)

of v(f) and using the steady-state equation (4.1) for policy h .
We now formulate the policy-iteration method.
Policy Iteration Method

Step 0. Initialize with any f1 e F.
Step 1. Let f(m) be the current policy. Determine the unique bounded solution
{g(H), wi(f)} to the system of linear equations (4.8) in which v, = 0.
naeA(i) T(i,a,w(f))

for all i € I where f'(i) is chosen equal to f(i) when this action

Step 2. Determine f' ¢ F such that T(i, £'(i), w(f)) = mi

minimizes T(i,a, w(f)) for a ¢ A(i). Go to step 1.

Let {fim), n>1} be the sequence of stationary policies generated by the
policy iteration method. Observe that, by part (c) of Theorem 4.1, f is

n+l
independent of the particular choice of the bounded solution to (4.8) with

f = fn' By Lemma 4.2,

(4.12) g(f ) < g(fn) for all n =2 1.

n+l
We shall prove that the bounded numbers {g(fn), wi(fn)’ ieI} converge as n -+ «
to a bounded solution to the optimality equation (2.6). To do this, we shall use
a modified semi-Markov decision model specified by the five objects

(i, K(i), Bij(a),z(i,al ;(i,a)) where, for some artificial state « and action

a_ (say),

1=1uvu {=}, A(i) = A(i) for i ¢ I, A(») = {a_},



15

c(i,a) = c(i,a), t(i,a) = 1(i,a) for i € I and a € A(i),

c(=a,) = T(=,a) =0, p_(a) =1, P,;(a,) =0 for j =s,
pij(a) for i,j € I, a € A(i), j=s
psj(a) for i € I, a € A(1), j=,

In fact this modified model is identical to the semi-Markov decision model
considered except that before any transition to state s there first occurs

a transition to state = after which an instantaneous transition occurs to
state s involving no costs. For the modified model, denote by F the class

of all functions h which add to each state i € I a single action h(i) e K(i)
and associate with any h € F the stochastic matrix E(h) = (Eij(h(i)), i,j e 1.
Since h(x) = a_ for all h € F, there is a one~to-one correspondence

between F and F. For any f ¢ F, denote by f the unique element in F such that
E(i) = f(i) for all i € I. It is immediate that there is a finite number B
(say) such that under any stochastic matrix ?(?), f € F the number of
transitions it takes before the first return to state « is bounded by B for
any starting state i € I. Hence condition Cl with state s replaced by state =
also applies for the modified model. This result together with the fact that
A(») consists of a single action will play a crucial role in the convergence
proof below. Further, for any f ¢ F, the stochastic matrix P(f) has a unique
stationary probability distribution {;j(f), jel}. Using the steady-state

m (B /{1 _(£)}

equation, we have for any f ¢ F that }S(f) = ;w(f) and ;i(f)

for all i ¢ I. Hence, letting
g(f) = 1 c(i, }(i))%i(f)/ o ot(i, %(i))}i(f) for f ¢ F
iel ieT

it follows that
(4.13) g(f) = g(f) for all f ¢ F.

Further, for any f ¢ F define

[ee]

wo(F) = T T {c(, £(3) -8 TG, FGNLP. (), iel
i - o]
n=0 jJel
where the definition of wE?j(E) is anologous to that of spgj(f) in (4.3). Then

similarly as above, the bounded function Gi(f), i ¢ I has for any f ¢ F the

property
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(4.14) w_(£) =0

Since Theorem 4.1 also applies to the modified model, we have for any f ¢ F

that {g = é(f), v, = ai(f), i € I} is the unique bounded solution to
(4,15) v. = c(i, £(i)) - gt(i, £)) + % p..(f(i))v., i e I,
i o= Fij j
Jel
having the property that v _ = 0. Further, using (4.13) - (4.15), it is

immediately verified for any f € F that Gm(f) = as(f) and that

{g = g(£), v, = ai(f), i € I} is a bounded solution to (4.8) having the

property that Ve 0. By the parts (a) and (d) of Theorem 4.1, it now follows

that

(4.16) w.(f) =w,(f) for allie IandfecF,

Using the relations (4.14), it is now straightforward to verify that for any
sequences {fn(w), n>1} with fn e F and {hn(m), n>1} with hn ¢ F generated by

the policy-iteration method applied on the semi-Markov decision model considered

and the modified model respectively, we have

for all n 2 1 when h, = £

(4.17) hn i T

1l
i
=]

The above relationships will be used to prove the convergence results for the

policy-iteration method. Before doing this, we give the following lemma.

LEMMA 4.3. Let {un, n>1} be a bounded sequence of numbers such that for any
e > 0 there is an integer N(e) for which un+m < u + ¢ for all n,m > N(g).
Then the sequence {un} is convergent.

PROOF. Let u = 1lim inf _u_ and let U = 1im sup_ _ u_. Choose € > 0. Then,
n>o n n>o n
U < u + ¢ for all n =2 N(g), so, U < u + € which proves the lemma since & was

arbitrarily chosen.

We now prove the convergence results for the policy-iteration method.

THEOREM 4.2. Let {fn(w), nx1} with fn € F be any sequence of stationary policies
generated by the policy-iteration method applied on the semi-Markov decision

model considered. Then
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(4.18) lim g(f_) = inf g(f)
n
n-o feF

and, for some bounded function WI, ie 1,
(4.19) lim w.(f ) = w: for all i e I.
in i

N>

Moreover, letting g* = infst g(f), the bounded numbers {g*, w;, iel}

satisfy the optimality equation
* . . * . * o
(4.20) w, = min {c(i,a) - g t(i,a) + I pi.(a)w,} for all 1 ¢ I.
aeA(i) jer 3]

PROOF. Suppose that we have already verified (4.18) and (4.19). Using the

construction of fn and the relations (4.8) and (4.9), we have for all n = 2

4.21) W) = e, £E)mg(EDTEL (D)) + T py (F (W (E), i€ 1
and Jet
(4.22) c(i, fn(i))—g(fn_])r(i, fn(i)) + Zpij(fn(i))wj(fn_]) =

= min {c(i,a)-g(f__)t(i,a) + L p..(a)w.(f__)}. ielI.
aeA(i) n-l jel 1] 1707l
Since I is denumerable and A(i) is a compact metric space for any i ¢ I, we

* . .
can choose a f € F and an infinite sequence {n, , k21} such that

k’

lim £ (i) = £7(i) for all i e I.
n
k> k

Now, taking n = n, in (4.21) 'and (4.22), letting k » « and using A3 together
with the same arguments as in the proof of Lemma 2.3, we easily get the result
(4.20) where f*(i) minimizes the right-side of (4.20) for all i € I. It remains
to prove (4.18) and (4.19). We shall first prove these relations under the

assumption

(4.23) the action set A(s) consists of a single action.



18

Next, using the modified model, we shall verify that (4.18) and (4.19)
also hold without the assumption (4.23). Now suppose that (4.23) holds.
Fix n 2 1. By (4.23), we have fn+l(s) = fn(s) and so, by (4.9) and part
(a) of Theorem 4.1,

T(S’fn+1(s)’W(fn)) = C(S’fn(s))—g(fn)T(S’fn(S))+j§Ipsj(fn(s))wj(fn) = ws(fn).

Hence, by (4.7),
(4.24) T(S’fn+l(s)’w(fn)) = 0.
Put for abbreviation
an(l) = c(l’fn+l(l)) - g(fn)T(l,fn+](1)) for 1 € I.
Then, by (4.9),

(4.25) T(i,fn+l(i),W(fn)) = an(i)+j§Ipij(fn+1)wj(fn) for i e I.

By the construction of fn and (4.10),

+1

(4.26) wj(fn) > T(J,fn+](J),W(fn)) for all j e I.
Using (4.24) - (4.26) and (4.3), we have for any i € I

T(i,fn+](i),w(fn))Zan(i)+ T pij(fn+1)T(j’fn+l(j)’w(fn)) =
j#s
. 1 .
an(l) * .Z spij(fn+1)T(J’f
Jel

(3),w(£ ) =

n+l

a (i) + = p!.(fn+1)an(j) + oz

jeIS ] jel

1

Spij(fn+])

T p., (f Yw, (£ )
hel jh* "' n+1” "h 'n

Continuing in this way, we find by induction on m that for any m > 1

m
) . ) k
T(i,f_  (D,w(f)) 2 T ¢ a (j) p..(E ) +
n+l] n k=0 jeI n s1] n+l
+ % pr.(E ) Tp (f dw (f), diel
Spij n+1 P h' n+i Wh n’’ 1 € .

jeT hel J

We now observe that, by condition Cl and relation (4.4),
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lim 3 p .(f) =0 for all i ¢ I and f ¢ F.
. 8717
m—> JEI

Using this result, (4.4) and the boundedness of the functions an(i) and

Wi(fn), i e I, it now follows that

0

. . . k .
(4.27) T(l’fn+](l)’w(fn)) > kio jiIan(J) spij(fn+]) for all 1 € I.

Putting An = g(fn) - g(f ), it follows from (4.6) and (4.27) that, for

n+l
any i € I,

(o]

. . . . k
9 )7 (Do) 5 0, 3 2 <(GaE (D) ooy (8

)

n+l

where the various operations on the sums involved are justified by the absolute
convergence of these sums. Next, using the boundedness of t(i,a), relation

(4.4) and condition Cl, there is some finite number B such that
n ey . .
(4.28) wi(fn+1) T(l’fn+1(1)’w(fn)) < AnB for all 1 e T and n > 1.

Hence, by (4.26) and (4.28), wi(fn )—wi(fn) < AnB for all 1i e I and n > 1

+1
which implies

(4.29) wi(fn+m)—wi(fn) < {g(fn)—g(fn+m)}B for all i ¢ I and n,m > 1.

Since the sequence {g(fn), n>1} is bounded from below and non-increasing (see
Lemma 4.1 and (4.12)), it follows that 1imn+mg(fn) exists and is finite. Next,
using (4.29) and Lemma 4.3, we obtain (4.19) for some bounded function w:,

i € I. To prove (4.18), observe that, by (4.26),

0 < wi(fn)—wi(fn l)+wi(fn 1)—T(1,fn ](1),w(fn)) for all i e Tand n 21,

+ + +

and so, by (4.19) and (4.28),

(4.30) iiz {Wi(fn)_T(l’fn+](1)’w(fn))} =0 for all 1 ¢ 1I.

Choose now £ € F. By the definition of fn and (4.9), we have for all i ¢ I

+1
and n = 1,

c(i,f(1))-g(f Dt(L,£(i))+ I Pij(f)wj(fn)zT(i,f

jEI (i)’w(fn))—wi(fn)+wi(fn)'

n+l
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Multiply both sides of this inequality with ﬂi(f) and sum over i € I. After
an interchange of the order of summation justified by the boundedness of

the functions involved and using (4.1), we get

iil{c(i,f(i))-g(fn)r(i,f(i))}wi,(f)ZjiI{T(i,an(i),w(fn))—wi(fn)}ni(f).
Next, letting n > « and using the bounded convergence theorem and the
relations (4.30) and (4.5), we find g(f) = 1imn_)°o g(fn) which implies (4.18)
since f ¢ F was arbitrarily chosen. We now have verified (4.18) and (4.19)
under the assumption (4.23). Finally, using the modified model for which
condition Cl with state = in stead of state s applies and A(») consists
of a single action, and using the relations (4.13), (4.14), (4.16) and (4.17),
the above proof shows that (4.18) and (4.19) also hold without the assumption
(4.23). This completes the proof.
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