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I. NONLINEAR SYSTEMS AND LIE ALGEBRAS
1.1 Lie Algebras

Definition: A Lie algebra over a field & (IR or € for these
lectures) is a triple (V,+,[:,:]) where (V,+) is a vector space

over H# and where [+,-] is a bilinear map from V x V into V
such that .
i) [Vl’VZ] = —[Vz,Vl] (antisymmetry)

ii) [VP[V23V3] ]_+[V23 [V3',Vl] ]+[V39 [Vlavz]] =0
(Jacobi identity) '

Every Lie algebra we will encounter here can be thought of as a
Lie algebra of linear operators with the bracket being
[vl’VZ] = Vv,V

Example 1: Let c (M) be the vector space of all infinitely
differentiable functions defined on a d1fferentlable manifold M.
The vector space of all differential operators A : (M) ~ c (M)
becomes a Lie algebra if the Lie bracket [A,B] is defined as
[A,B] = AB-BA where AB denotes the ordinary composition of the
operators.

Example 2: A subclass of all differential operators on Cw(M) is
the set of all vector fields § fi(x) 5%— . The Lie bracket of

two vector fields turns out to be not a sécond order partial
differential operator but another first order partial differential
operator. So the set of all vector fields is a Lie algebra with
addition and bracketing defined as in example 1.

Example 3: The vector space of all nxn matrices over a field
with [A,B] = AB-BA is a Lie algebra.

Example 4: A subclass of all vector fields on Rr" is the set of
all vector fields of the form I, 9 . We call these

iy] 13 J Bx
linear vector fields. The Lie bracket of two linear vector
fields is another linear vector field and the set of all linear
vector fields is a Lie algebra under addition and bracketing as
defined in example 2.

Example 5: A common way in which Lie algebras arise is the
following. Given a smooth functlon £ : R > RY , by identifying
the tangent space of R" with R” we can think of f as defining a

vector field on R" Zfl % We are, in this way, led to the

following definition of the Lie bracket:



_bf g of 9 . .
[g,f] = % & " on f where % and Ny are the Jacobian matrices

of f and g respectively.
1.2 The Exponential

We will use the symbol "exp" in several ways. For a linear
equation X = Ax in a linear space the unique solution which satis-

fies x(0) = x, can be written as x(t) = (exp At)x_where exp At
is a linear map defined by exp At = 1 + At é%‘Azt + .... TFor a

nonlinear equation %X = f(x) we cannot in general explicitly
calculate a solution. However we can still denote points on
the trajectory that passes through x5 at t = 0 by (exp ft)xo.
For a third way of using the expression 'exp', suppose we have
m vector fields f ,...f, defined on some open subset of R™.
Then we define exp{fl,...,fm}xO to be the set of all points

reachable by following all possible integral curves of the
vector fields fi one after another in a piecewise fashion.
1.3 Controllability
In order to see why we care about Lie brackets in control
theory consider the differential equation:
x = u;(B)g; (DHu,(B)g,(x),  x(0) = x_ (1)
If we apply the following control:

u; = 1, u, = 0 from O to € units of time

u; = 0, u, = 1 from € to 2¢ units of time (2)

u; = -1, u, = 0 from 2¢ to 3e units of time

u; = 0, u, = -1 from 3e to 4e units of time
then we reach at time 4e the point

x(4e) = (exp —gze)(exp —gle)(exp gze)(exp gle)xo
Using the expansion
. 1 2 3
(exp egi)x0 = x(g) = xo+ x(0) + 5 € x(0)+0(g )
2g.
g () 4 2 gy (x40
o °i "o 2 9x i o

i=1,2
one finds

2 3 2
x(4e) = x +€7[g,,8,140(”) = (exp €7 [g;,g,)x,

Definition: The real Lie algebra generated by a pair of vector
fields g1 and gy is the real linear span of the following set



of vector fields
{g):8,:[81,8,1, 858,585, [8;58,115.. .}

This association of a Lie algebra with a pair of vector fields is
preserved under a change of coordinates in the manifold; if one

brackets two vector fields and then changes coordinates the -
result is the same as if one were to change coordinates first and
then compute the bracket in the new coordinate system. Given

a control system

m
x=f(x) + ) u.g, (%) (3)
: ] i®i
i=1
then we can form the Lie algebra {f,gl,...,gm}LA generated by

the fector fields f, g, ..., g . It is called the controllability
Lie algebra. A theorem of Frogenious states that under a mild
hypothesis there exists for each x in the manifold X a manifold
exp{f,gl,...,gm}LAxo. It contains’the reachable set for (3)

syarting at X but unless speéial assumptions are made it does -
not equal the reachable set.

Remark 1: The circle of ideas under discussion here stems in part
from Hermann [1] who, to my knowledge, was the first person to
point out the connection between Lie algebras and controllability.
After some work in the 60's by Hermes and Haynes. These ideas
were developed extensively in the period 1970-1973 by Krener,
Lobry, Sussmann, and other people [2-6].

We are also interested, for reasons that have to do with the
assymetry of f as compared with the gi, in an algebra which we

shall write <£.

Definition: & is the smallest subalgebra which contains {g.}?
— } - i“i=1
and is closed under bracketing with f.

Remark 2: I am using here & for something which is often written
@  but the reason is that.Q; is used in other ways in a stochastic
se%ting.

Example: il = X,
X, = —xl+u
k3 =1

We see that x., is just the time. This system is controllable in
the sense that as time goes on we can reach any point in the
half-space (xl,xz,x3); X3 > 0. Unfortunately if we plot Xq

versus time we obtain a straight line so we cannot hit a desired
point at an arbitrary point in time.



Let's compute & and &. We have

2 - X 9 + 2 andG=—a—respectively. Now @
2 Bxl 1 BXZ 8x3 3x2
contains F, G and [F,G] = I and [F,[F,G]] = - —g—u Note that
0% 3X2

[G,[F,G]] = 0. Thus % spans %he tangent space of IR3 and 57,

F=x

the two-dimensional subalgebra spanned by 9 and ‘—a—, does not.

ox 9x
This is a manifestation of the following pheflomenon. “There are
some systems for which one can reach every point but the time at
which a certain point is reached may not be adjustable. 1If this
is true (as in the example) then & is a proper subalgebra of £.
If one wants what is sometimes called "exact time controllability"
it is appropriate to focus attention on &Z. To fix ideas let's
consider systems for which the control enters linearly as, for
example, a deterministic version of the conditional density
equation.

Example 1 i
X =Ax + I u,B x x € R (4)
; i
Here £ = Ax and g; = BiX so that [f,gi] = —[Ax,Bix] = _(ABi_BiA)X'

Each vector field which occurs in & is of the form Mx for some
matrix M. Because the set of all n by n maErices is an n2-
dimensional vector space we have dim & < n

Example 2 3 1
x = ux+vx’; X £ R (5)
Here g. (x) = x, g, (x) = . so that [g,,g,] = -[x x3] = 2x3 = 2g,.
l b 2 b l’ 2 b 2
In this case the Lie algebra is two-dimensional; it is the real
linear span of x and x3.

Example 3 3 1
X = utvx x € R (6)
Now gl(x) = 1 and gz(x) = x3
[l,x3] = 3x2 [x2,x3] = xq and so on.

We generate an infinite-dimensional Lie algebra on a 1l-dimensional
manifold (the real line).

Example 4: Let B_ be the set of all nxn intensity matrices. An
intensity matrix Ys defined to be a square matrix A = (aij) for

n
which Z aij = 0 for each j and aij > 0 for all i # j. Intensity

. i=1 . .
matricés play a role as generators of finite state stochastic
processes. Bn is not a vector space because the difference of



two intensity matrices need not be an intensity matrix. In order
to form the appropriate Lie algebra form the linear closure of Bn’
that is the smallest linear space that contains B_, and then take
the Lie algebra generated by that linear span. This Lie algebra
turns out to be isomorphic to the Lie algebra of the group of
affine transformations on an (n-1)-dimensional vector space.

1.4 Observability

. A second Lie algebra associated with a control problem
arises in connection with questions of observability (or indis-
tinguishability, etc.). Consider the control problem

x = f(x) + E uigi(X)

where x takes on values in a differentiable manifold X and suppose
we observe y = h(x(t)) where y takes values in.a differentiable
manifold Y and h is a mapping from X into Y. We want to deduce
information about x from the observation of y. Assuming enough

smoothness we can differentiate y. If, for example, u(:) = 0,
then o
. oh
y= ) = f. =h (x)
. ox, i 1
i=1 "7i (7
. _ T 3 ooh n dhy
v .z. Bx.( X, fi)fj_z 0%, fj - hZ(X)
i,] 3 i

etc. We may think of this in the following way. The vector
(h’hl’hZ""’hn) maps X into Tn_lY, the (n-1)st jet bundle
over Y.

Are two or more initial states in the manifold X compatible
with these observations? If

[ an 5h 3h ]
BXl 3x2 an
det e e e e e e e e e 0,
ahn—l ahn—l ahn—l
Bxl 8x2 an
-

then in Jﬁew of the inverse function theorem we can assert that
in some neighborhood of the true initial state there are no
other points which give rise to the same response. However that
does not preclude the possibility that there are some other
points some distance away in the manifold X which give rise to
exactly the same y's.

Example: Consider Newton's law for rotational motion
Lxample



6 =u
y = sin 6

(8)

where the moment of inertia is one and u 1is the applied torgque.
A natural state space for this system is the cylinder sl x r™.
With this state space representation the system is observable.
On the other hand the equations

X =u
y = sin x

often appear in the literature with the interpretation that x is

a real number. This corresponds to cutting the cylinder along

the side, flattening it out, laying it down on R and covering R
with a countable number of copies of it. As far as observability

is concerned the countable number of points x, x*2m, x*4m... can

be regarded as the same. In terms of this model for the state
space the system is only locally observable and this local
observability is not enough to determine the initial state uniquely.

We want to now code ‘the information about observability
in a different way, one that is compatible with the way we will
be looking at the conditional density equat%on. The vector field

associated with the free motion is F =1 f.s—— . The formal
1 Lox, * )
adjoint of this linear operator is the opera%or F' = - Z*g;— fi’
i i

*
not a differential operator. F can be thought of as operating

on the space C®(X) of all infinitely differentiable functions
defined on the manifold X.

- A function h(-) € Cw(X) also defines a linear opergtor on
C (X), namely "multiplication by h(-)". This maps ¢ € C (X).
Thus we can form the Lie algebra of operators generated by the

two operators - % 5%— fi and h(-). We propose to call this the

little observability élggbra. This algebra contains the

3 N B .
commutator [h(:),- % % fi] = - ? fi axi = —hl. It also contglns

h2’h3"" A sufficient condition for local observability around

the free motion is that the little observability algebra contains
n functions whose Jacobian is nonsingular.

We also have the big observability algebra associated with
the controlled motion (u # 0). It is defined as
3 3
Ba, T Do B o ROy
i i i
To build some intuition we apply the foregoing ideas to a
linear system:

be Ax + bu

9

y = cx



The controllability algebra is & = {Ax,b}L = the linear span of
{b,Ab,...An'lb,Ax}. In & the Ax term is Missing but the other
terms remain. The little observability algebra is

0 : e n-1_
{iéj e aijxj’CX}LA = linear span of {cx,cAx,...cA "x,
J 9
z . aijx }
i,3 71

- Consider now a second class of examples which is a little
closer to the conditional density equation. By a real Lie group
we understand a real Hausdorff manifold ¥ with  a multiplication
1 9x% +~% under which ¢ is a group and such that
-:%9x% >% is continuous (and hence analytic by virtue of the
solution of Hilberts 5th problem). The most pedestrian type of
Lie group is a matrix Lie group. These include the general
linear group cL(n,r) the orthogonal group with det = 1, SO(n),
etc. Lie groups are assumed to be finite-dimensional. This is
in con trast with Lie algebras which can be finite or infinite
dimensional.

A class of systems somewhat analogous to linear systems is
the class defined by

X = AX + Iu B.X
. (10)
y = h(X)

where X takes values in a matrix Lie group and AX and BiX are
vector fields on that Lie group. 1In this case the controllability
Lie algebra is necessarily finite dimensional and is given by

{ax,B.x} , = {aX,B.X,[A,B,]X,...}
An example of a system defined on a Lie group is that of
controlled rigid body motion. The state space is the tangent

bundle to SO(3); a manifold which admits the structure of a
6 dimensional Lie group.

1.5 System Isomorphism

Suppose we have two different linear control systems with
zero initial conditions

0; x(t) e R"
n_l
0; =z(t) ¢ R

Cx; x(0)
Hz; z(0)

x = Ax+Bu; ¥y (11)

z = Fz4+Gu; vy
Assume that these systems,. as models for a real system with
input u and output y, possess exactly the same input-output
behavior. We then have the following result.



Theorem: If (A,B,C) is a gontrollable and observable then there
exists a linear map P : R® -+ R™ such that P preserves trajectories
i.e. Pz(t) = x(t) for every input u(-).

A theorem with the same hypothesis and conclusion holds
for bilinear systems:

Cx x(0)
Hz  z(0)

X = Ax+uBx y (12)

0

z = Fz+uGz v
The following result is very much in spirit of results in
the literature [6, 7, 8] but probably does not appear exactly

this way. Consider the control systems

h(x); x(0)
~c(z); z(0)

CE(x)Hug(x); y
a(z)+ub(z); vy

X X 3 x € X
o

z z 3 z e Z

o

where X and Z are analytic manifolds, f and g are analytic vector
fields on X, and a and b are analytic vector fields on Z. We
assume that f, g, a and b are complete; i.e. the integral

curves of the vector fields can be continued for all time from

—o to +», Finally, assume that the system on X is controllable
and observable. Observable in this case means that we can distin-
guish between any two points on X provided we use the right input.
Now we have the following theorem.

Theorem: Under the above hypothesis, if both systems generate the
same input-output map then there exists an analytic mapping

® : Z - X that preserves trajectories i.e. ¢(z(t)) = x(t) for
every input u(-).

Example: Consider Newton's law for rotational motion.. Let

x =8l xRl and z = R2 exactly as was done above.

x+27k  (k integer) t‘————> Q = X
X f———> 0 =

[
Mo

We have a mapping ¢ : {

The mapping ® : Z > X induces a mapping ¢, from the tangent
bundle of Z into the tangent bundle of X. Because of the pre-
servation of trajectories under ¢ we must have ¢,: at——f

and ®,: b —>g. Now we assert that ¢, extends to a homomorphism
of the Lie algebra generated by a and b into the Lie algebra
generated by f and g: @, : {a,b}LA +'{f,g}LA. In general ¢,

is not an isomorphism, it may have a nontrivial kernel because
dim{f,g}LA may be smaller than dim{a,b}LA

Without going into detail, we mention one important con-
struction. Suppose we start the systems on X and Z at X5 and z,s
respectively, and suppose we apply some input in both systems so

that we arrive at Xy and 21 respectively. At that point we begin
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experimenting with the input. For instance if we have systems
with controls u, and u, and choose them as indicated by equation
(2) then we take both systems around in a loop. From this kind
of construction we get a relationship between the Lie algebras
for the X-system and that of the Z-system. In more detail; if
we have two systems without a drift term

x = vf + ug

(13)

z va + ub

then, choosing v and u as before (2), we get
®((exp-ac) (exp-be) (exp ac) (exp be)zo)
‘ = (exp-fe) (exp-ge) (exp fe) (exp ge)xO

@(exp[a,b]ezzo) = exp[f,g]&:zx0
1.6 The Wei-Norman Equatiohs ‘

There exist representations of solutions of differential
equations that will let us establish a connection between the.
unnormalized conditional density equation and a certain Lie
algebra. This material is most explicit in Wei-Norman [9 ] an
earlier paper by Chen [10] covers similar ground and the basic
ideas could probably be traced back at least to Lie and Cartan.

To begin with, consider the finite dimensional linear
equation:

x = (uA+vB)x (14)

with u and v functions from Rl to Rl and A and B constant n n

matrices. Naively one might expect to find that the fundamental
solution ®(-) is .

t t }
J u(O)dG)A+(J v(o)do)B
o(t) = e 0 0
t t
= Z+(j u(o)do)A+(J v(o)do)B+
0 0
_ 1 t t 5
5 ((J u(o)do)A+(J v(o)do)B) “+...
0 0

(15)
But this would imply that

®(t) = (uA+vB) +-% (uA+vB)

t t
f (uA+vB)d +-% (J (uA+vB)d ) (uA+vB)+. ..
0 0 (16)
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It is not possible to factor out (uA+uB) from this expression
because in general A and B do not commute and thus the above
expression for ¢ does not work. However, for nxn matrices A and
B we can use the identity

e Apet (1+A+-§% I ...)B(l-A+-l A% D)

1 2 22
B+AB-BA + 5 (A"B-2ABA+BA”)

B+[A,B] + 5 [A,[A,B]] +-... 4 - (17)

This is sometimes called the Baker-Campbell-Hausdorff formula.
Introduce the notation

adKB = [A,[A,[A....[A,B]]...]; k31
k times
ang =B (18)

k . . . . . .
(ad, B is an operator taking a pair of matrices into a single
matrix) and define !

exp adAB = ang + adiB +-§T adéB + ...
= B + [A,B] + 5+ [A,[4,B]] + ... (19)
and write
eABe_A = exp adAB (20)

Wei and Norman investigated the differential equation
X = (ZuiAi)x (21)

by looking for a solution <I>(t)xO which can be represented as a
product of exponentials

8141 8% gy
e e I = XO

<I>(t)xo = (22)
in which gq---8, are real valued functions of time. Differen-
tiating gives:

a, &1h & 8% B, B1h1,  Bof B

P (e ...e = glA e coe Tl g.A et

1 27e
glAl gm—-lAm-l. gmAm
+ ...e ...€ g A e
m m

Inserting exponentials and their inverses we can transform this
into an expression in which all terms have a common factor

glAl gmA
e i€ ™ on the right. Apart from this common factor, we
get the expression:
gA - -g8,A
gA te 1 1ngze ST (23)
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Applying the Baker-Campbell-Hausdorff-formula (23) can be written
as:

...+ g (an expression containing matrices in {A_}

m ' i"LA

and g; s) (24)

Suppose now that the A.'s in (22) are not the matrices A, from
the differential equat%on (21) but suppose that we first con-
struct the Lie algebra generated by the A.'s in the differential
equation (21), then pick a basis from that Lie algebra, and use
that basis in (22). Under these circumstances the coefficients
of the gi in (24) are linear combinations of the Ai's

Assuming that the A are a basis of the Lie algebra
associated with (21) we have

[Ai,Aj] = IZ( YijkAk

(25)
with certain coefficients Y110 the so-called structure constants
of the Lie algebra. In orde} that @(t)x satisfies the differ-
ential equation (21) we must have

. . 1 2
glAl+g2(A2+gl[Al’A2]+ Z_gl[Al’[Al’A222+"')+

g (L.0) = +...

gn( ) u Ay umAm e (26)
and because the~Ai are independent as vectors in R we get, on
equating coefficiénts a set of equations of the form

g = fl(gl,...gm, g2...gm) + ug

&, = fz(gl,...gm? gz...gm) + u, (279

g, = fm(gl,...gm, gz...gm) + u

We will refer to these as the Wei-Norman equations associated
with the differential equation (21) and a particular ordering of
the exponential factors. Because ® (0) = I we have initial

conditions gl(O) = g2(0) = ... = gm(O). An analysis shows

that the Wei-Norman equations can always be solved on some inter-
val |t| < € however in most cases the solution cannot be
continued for all time. A significant point is that the
functions f ,...,fm only depend on the structure constants

Y .. That is, regardless of the representation of the Lie
alégbra we get the same Wei-Norman equations. We have here a
situation such that by solving one set of nonlinear differential
equations we simultaneously solve a whole family of linear '
evolution equations.



Example
%, _ \ia(o C(t)]{Xl(t)X
kz 0 b(t) Xz(t)
1 O 0 O 0 1 xl
= |la(t) 0 0 +b.(t) 0 1 +c(t)‘0 0 x,

(28)
Let ¥ be the Lie algebra generated by

Lol e 0]

We choose an ordered basis for £:

1 0 0 1 ] 1 o]
85510 o] > A =lo o2 A3=1yp 1

The differential equations can now be written

X X
[.l] = (Alnl+A2n2+A3n3) [ l] (29)
X? X2

with n, = a-b, n, = c, n3 = b. If we look for a fundamental
solution having the form
A.g, Ayg, Ig
o(t) = e 1 1e 2 2e 3
Then
Algl A

. =A g
o 181
o = (Algl+e A

) . 181 428; 1&g
28,8 +g3I)e e e
Because we have a basis with A, = I the expression for 'é
contains the term g,d instead of a term
eAlgleAzgz. A e'ngl
8373

that is

. Ag, Ayg, Ig

_ . . 12 . 1°1 "2°2 =3
® = (A B +8, (Ayte [A, A ]+58] (A, [A],A, 1]+, )+g, Te e e

Now [Al’AZ] = A, so that

2
A g A gl
P 1 2 .oy B1f1 By B3
= (Algl+g2(A2+glA2+ 5 glA2+...)+g31)e e e
g g.A g,A, g,1
_ TS B 1% By 83
= (Algl+g2e A2+g3I)e e e
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So g
.. %1 L o
Algl+g2e A2+g3I = nlA+n2A2+n3I (31)
The Wei-Norman equations become

g =Ny = a-b

g, =e ny=ce. ! (32)

The differential equations can be solved directly. By solving
them we do not only find a fundamental solution of the particular
set of equations (28) but also a fundamental solution of any
family of operators that commute according to the same commutation
relations.

1.7 The Covering Group

We can think about the Wei-Norman equation in another way.
Consider the pair of linear equations

%= Ax + I uB.x, x € IR" (33)
i

. m

zZ =Fz + I uiGiz, z €IR (34)
i

and shppose that there exists a map ¢ which maps A into F,
Bi into Gi’ and which extends to a Lie algebra isomorphism from

{A’Bi}LA to {F,Gi?LA. Can we determine the fundamental solution
of (34) from the fundamental solution of (33)?

It is clear that since (33) and (34) are related by a Lie
algebra isomorphism, we can pick an ordered basis for the Lie
algebras such that the Wei-Norman equations of (34) are the same
as those of (33). However, this only tells us that the funda-
mental solutions are related for g near to zero. The global
picture may be radically different as becomes clear from an
example.

Example:

N
»

[
Ne N
P
| S
i
c
I
N O
o N
1
N N
-
| I |

N
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The Lie algebra's of these two equations are isomorphic, i.e.

0 1 [o 2
-1 o] L-2 o
but the solution of the first is

6 - [ cos fudt sin fudt]
X

-sin fudt cos fudt

while the solution of the second is

b = [ cos f2udt  sin f2udt}
z

-sin f2udt cos f2udt

and so only for f udt small can the fundamental solutions @X and

® be mapped onto each other. The z-system is a ''double covering"
of the x-system in the sense that when the x-system makes one
rotation the z-system rotates two times.

In this example_the group ‘that we obtained by exponentiating
the Lie algebra was S~ which is not simply connected. To arrive
at an x-system that reveals as much as possible about exponentiat-
ing the Lie algebra we must arrange the x-system in such a way
that the corresponding group is simply connected. Such an
x-system would cover all systems with the same Lie algebra.

If we assume that the set of matrices exp AiX is a simply
connected group and if

¢ : Ai - Fi

is extendable to a Lie algebra homomorphism. Then there exists
a group homomorphism-

Ve exp{Aix} > exp{Fiz}
such that for
x = (Ju.A.)x and 2z = (FJu.F.)z
i%i ii

we have Y(X) = Z. Thus X solves all systems generated this way.
In our example we can take as the covering system
X = u, x IR (35)

Exponentiating this Lie algebra gives IR, which is the simply
connected covering group of S (the circle), and clearly from
(35) we can obtain the solution of (33) and (34). This idea has
a limitation: there may be no matrix group which is "big enough',
i.e. the simply connected covering group may not have a matrix
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representation. A well known example due to Birkhoff shows
that this is the case for S2(2) (the 2%2 matrix of det +1).

The study of global equivalence is important for recursive
filters. If we don't take care the resulting filter will work
only for a finite time and questions of a steady-state behavior
will be completely inaccessible.

A less ambitious approach to global equivalence is the
following. Let us consider x = (xl,l.:,xn). Introduce the mon-

omials homogeneous of degree p in x;

X[p]:

p-1 p
o )

= p B
(Xl’ p—l’lxl XgseeesX]
This is a vector with (n—p—l) components. The constants o denote

a certain normalization. "In fact we can define a set of constants

1/p

of such that for the Qp—horm lx|| = (ng) we have the

equality: |]x]|2p = l]x[p]||2. For each normalization we can

define a mapping

"sub[p]: nxn matrices (n—p—l) X (n—p—l) matrices
such that if
m
X = (‘z uiAi)X (36)
i=1
then
d [p] v [pl]
It ¥ = (izluiAi[p])x (37)

and if we map x(O)k—)x[pJ(O) as above then solving (36) solves
(37). Since we can find a linearly independent set in IRB,

R = (n—p—l) consisting of vectors of the form x[p], this means
that wePcan find the fundamental solution of (37) based on (36).
Thus, again, (36) is a kind of universal simulator for all
equations of the form (37). Note that (37) has the same Lie
algebra as (36); this follows from the fact (37) can be regarded
as being just (36) in a different coordinate system.

Example
X . Fu v X
E% [ l] = w —u][ l] u, v, w : IR > 1R
X, L X,
then 2 -, . 2
Xy u v X
d
e 2xlx2 =] 2w 0 2v 2X1X2
2
X, | 0 w -2u X,




(We have chosen the normalization O corresponding to the

Ql—norm.) One might think that under the mapping x(0) - x[p](O)
we only reach a linear subspace of IR, because the image of the
map in IRP is very thin. It is a basic fact from tensor theory
that the image of this map contains a basis. For instance in
our example:

. 1 | i )
[-le] - M )
-0 ‘ 1 1
The advantage pf the present approach over the Wei-Norman g-
equations is that here we have a construction which works for
all u and all t. The limitation is that there are isomorphisms

between matrix Lie algebras which do not arise in this way. Thus
this is not a completely general tool.

IT. FINITE STATE ESTIMATION PROBLEMS
2.1 Stochastic Differential Equations

Consider the stochastic differential equation (in It5 form)
on the manifold X
m
dx = f(x)dt + z gi(x)dwi x € X (1)
i=1

where w, are independent standard Wiener processes. This class
includes, for instance, linear equations:

m
dx = Axdt + ) b.dw, (2)
i=1 * 7

and bilinear equations:

m
dx = Axdt + ) B, xdw, (3)
i=1 +*

We recall the It0 rule for differentiating a function

2
_ 9 9 ¥ 1.9%
do = <=, f(x)>dt + S iZlgi(x)dwi> + 5T o (gi,gi)dt

The adjoint of the operator which appears on the right hand side
is the Fokker-Planck operator.

One of the early results exemplifying the interplay between
stochastic equations and geometry is the connection between the
controllability of certain control systems related to the
stochastic differential equation and the smoothness of the

17
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solutions of the Fokker-Planck equation. Consider an equation
Ly = Y where L is a differential operator and Y and ¢ are dis-
tributions in sense of L. Schwartz. Both ¢ and Y are defined on
a manifold M and may have singular parts (e.g. delta functions).

Definition: L is called hypoelliptic if every solution of

Lo = ) is C® off the support of the singular part of y after a
suitable modification of ¢ on a set of measure zero. For instance
elliptic operators with C® coefficients are hypoelliptic.

Theorem: (Hormander [11]) Let L be a differential operator of
the form L = Lo+§(Li)2 where“Lo = § aj(x) SET and Li= § bij(x)EET
in which the functions aj(') and bij(-) are smooth functions on a
manifold of M. TIf at every point x € M the Lie algebra {Lo’Li}LA
spans the tangent space TXM then L is hypoelliptic.

Example: Let's look at the Green's function of the diffusion
equation:

§R+ @.2_2_‘_(5( ) (4)
ot 2 tx
In this case the manifold is M = IR xIR, L = 2 and L, = ) .
5 5 5 5 o ot 1 9x
Clearly 5t and gg-commute and {SE s 3L ipggs at every p01ng
the tangent space to IR.xXIR so that (- == Se 2 ) is hypoelliptic.
. . Bx
The impulse response is
) 2
_ X
B(t 2
p(x,t) = HEL o 2¢ (5)

where 6(t) is Heaviside's step function.

Consider again the stochastic differential equation

m
dx = f(x)dt + ) gi(x)dwi (6)
i=1

The associated Fokker—Planck equation is of the form:

- 3¢ +L+Z(L))O—0 (7)
The differential operator at the left hand side is again of the
form of a first order part plus a second order part which is a

sum of squares. We have now the following result.

Theorem: The Fokker-Planck operator is hypoelliptic if and only if
the associated system



m Bg m
x = f(x) - 2 .z &; + Z uigi(X) (8)
i= i=1
is controllable in the sense that the Lie algebra &£ spans the

tangent space of X at each point.

It we write the stochastic dlfferentlal equation as a
Stratonovich equation

dx = a(x)dt + Z b, (x)dw (9)
i=1
then the Fokker—Planck operator is hypoelliptic if and only if
the associated control system
m
X =a(x) + ) ub,(x) (10)
i=1p t 7

has the exact time reachability property.
2.2 The Conditional Probability Equation

The deterministic system
= Ax+uBx (11)
may be thought of as being a Fisk-Stratonovich equation
dx = Axdt + Bxdw (12)

(d denotes a Stratonovich differential as opposed to Ito
notation) with the noise replaced by a control. It is sometimes
useful to notice that the substitution

fqut
z = e X
which implies ¢ ¢
—f Budo J Budo
z(t) = e 0 Ae 0 z(t)

gives an equivalent equation in which u only appears as an
integrand. Thus only the integrated form of u enters the equation.
The same is true of (12)

o e—fdez s 5 o o BW, BW
Stated differently, for the input-output system
. . du
= Ax+uBx, y = X, u = dc

we can find z so that

19
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z = C(u)z, y = f(z,u)
Moreover, the same is true for

X = Ax+(u1Bl+u2B2+...+umBm)x
if the B,'s commute. These ideas have been explored by Friedmann
and Willdms [12], and by Doss [13] and Sussmann [14]. Under
such a hypothesis the description of what the system does.to
continuous functions tells us what it will do to white noise

n v even though differentiable functions, are a set of (Wiener)

measure zero. In a certain sense this class of systems is more
robust than others.

We want to separate the algebraic complexity in nonlinear
filtering theory from the analytical problems. For this purpose
we will look at finite state processes. We follow the ideas in
Brockett and Clark [15]. Let x(t) be a stochastic process
taking on values in a finite set S IR, say

S = {bl,...,bn}

Suppose p,.(t) is the probability that x(t) is b, and suppose
p i i

p = Ap
with p = (pl""’pn)T and A = (a,.) a generator (intensity
matrix). Suppose we observe 1]
dy = xdt+dw

with w a Brownian motion and want to propagate the conditional
probability p(t) given y(s), 0, < s < t. In the analogous
discrete time situation the equation of the conditional density
follows easily from Bayes' rule. Actually it's far more con-
venient to deal with an unnormalized version of the conditional
probability which satisfies

sty = (8)Y a5 )

where B is the matrix

bl. 0
0 " b
n
and p(k) = p/n where n is the normalization, n = p,+p,+ .+§n
For the continuous time vérsion Wonham [16 ] deriveé tﬁe
conditional probability equation as an It0 equation
dp = Apdt + (B-<b,p>I)p.(dy-<b,p>dt)
where b : = (b ,...,bn)T. By converting this to Stratonovich

form we obtain
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dp = [Ap —-%(B—<b,p>1)zo+-% <b, (B-<b,p>I)p>p]dt

+(B-<b,p>I)p(dy-<b,p>dt)  (13)
In unnormalized form the equations take the much simpler form
dp = Apdt + Bpdy (14)

and the Stratonovich version is

do = (A—-% Bz)pdt + Bpdy (15)

where p now denotes the unnormalized conditional probability
(so Zpi need not .be equal to 1).

We remark that for the It equation
dx = Axdt + XB.xdw,
i7

it is possible to study the moments by passing to the Stratonovich
version

1.2 v
3 BOxdt + ) B.xdw,
1 . 1 1

i=1

dx = (A-L

and then using the map x - x[p]

[pl]

X . This, in turn can be used to get a differential equation
for the moments of x, e.g.

to get a Stratonovich equation for

[p]

d (p] 1.2 2
— & = A- = 1B, + 2(B,
where & denotes expectation. (see [17])

2.3 The UCP Equation as a Nonlinear System

Our point of view is that the conditional probability
equation together with any functional of the conditional pro-
bability defines an input-output system. We may use the results
from nonlinear system theory, i.e. the controllability,
observability, and minimality properties, to study the unnormal-
ized conditional probability equation. Specifically, consider
the equation

. 1.2
b = (A—-f B )p + uBp
with a scalar output map defined by the conditional mean
;- Zbipi
Zpi

This defines an input-output system but as a realization of
that input-output system it may not be controllable or obser-
vable. TFor efficient implementation of the filter we are
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interested in knowing if we can make the conditional density
equation simpler. The questions of controllability and
observability are very natural in this context.

The controllability algebra of the unnormalized conditional
probability equation (UCP) is the matrix algebra

1.2
{a - > B ,B}LA

and the little observability algebra, for output h(p), is

9 4
PP RLITLICIRSIN
with (ﬁij) = A- %Bz. We make the following remarks.

1. The UCP equation is never minimal, because the equation is
unnormalized. The normalized version which evolves on a manifold
of dimension n-1 also generates the same input-output map.

2. The controllability algebra of the unnormalized equation is
closely related to the controllability algebra of the normalized
equation.

3. One way to make sure the recursive filter is low dimensional

is to force {A- 7—B ’B}LA to be low dimensional. The dimension

of this Lie algebra is an upper bound on the number of sufficient
statistics.

We are lead by this approach to the following conceptual
view of the nonlinear filtering problem. The UCP is to be thought
of as an input-output system with, say, the conditional mean
as the output

= s [uce | — 7

A recursive filter is a realization of this input-output map

minimal
realization

——;y

If we have a finite state process the question of finite dimen-
sionality of the filter is not relevant because the UCP equation
is automatically finite dimensional, however there can be a
significant difference in the dimensionality of the UCP equation
and its minimal realization.

We now focus on the following question. When does the UCP
system have a simpler realization as an input-output system, and
for what initial values of p is it the simplest? Recall that
an intensity matrix (generator) A is called irreducible if there



is no permutation matrix P such that

A A
pap L - 1 3 with A

0 Az A, square

1’ 72
A matrix representation of a Lie algebra is said to be

irreducible if there is no choice of a basis such that all
elements of the representation simultaneously appear as

Al A3 with A., A, square

0 A 1 2
2

Fact: If A is irreducible as ap intensity matrix and the

{p }i=l are distinct then {A—-EBZ,B} is irreducible as a

representation of a Lie algebra.

Proof: Since B is diagonal and has distinct eigenvalues its
invariant subspaces are all spanned by collections of the basis
vectors. A leaves no such space invariant by hypothesis.

2.4 A Class of Examples

Consider the Lie algebra s2(2, IR) = span {[g 8], [é _g],

[8 é]} with the objective of finding A and B such that

controllability algebra {A- % BZ,B'}LA is equal to sf(2, IR).
Now take the operators

9 3 3 9
I X 3y I y 3% I X ox y 3y
An easy calculation gives

(a) [I, II] = III
(b) [I, III] = -2I
(¢) [II, III] = 2II

1 0 0 -1

These commutation relations are the same as for {[O 0], [l 0],
[0 1]}, so the operators I, II, III form a representatioun of

0 0

s2(2,IR). Notice that the vector space of forms ¢(x,y) = Zaixlyn_l

homogeneous of degree n are mapped. into itself by these operators.
So we can construct a matrix representation of s%(2; IR) by matrices
of any given dimension in the following way:

0. 0 O

0 n
0 0 n-1 1 0
1 = 0 ~— s 11 = 2 N

‘\\\\\\ 0 1 \\\\\ g
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n 0

0 n~2\\\\\\\\\\
I1T = '
| \\ —n+2 0

0 -n

A second point of view is the following. Consider the mapping

[}q R . [p]
L
as applied to

HE N B E AR

This gives
r xnyo W " na b 1Tr Xy

nc (n-2)a 2b
n-1 1
X

(?) y (n-1)c \ (l)x y
d . | .
dt X \\\::::\ :

,’ nb

L Xoyn - L c -na-d L xoyn J

)
o
[ M
9 v, '
| N
1}

where we have chosen the ll—normalization. If we want the map
sub[p] to take intensity matrices into intensity matrices, then
we have to take this normalization. Following [18] we show how
to modify matrices of this form by a transformation R defined by
a diagonal matrix with positive elements
A —sRAR T

1.2 . . . .
such that {A—<§B ’B}LA is of a suitable form. Becduse B is
diagonal and R is doagonal, RBR—l = B. Now we want to select
A in the Lie algebra together with R and B such that for given a

A = RAR T +~% aB? + BI
is an intensity matrix (note that we always can add a multiple
of the identity BI, because the identity commutes with every-
thing in the algebra and does not change the Lie algebra except
in a trivial way). We can enforce the condition that A be an
intensity matrix by asking that cA = 0 where ¢ = (1,...,1).
Thus we require h

cRAR'.l +-% OLcB2 + BcI =0

cRA +‘% achR + BcIR =0

or
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which can be written as

2 L 81) =0

I
cR(A + 5 oB
4
It is a consequence of the Frobenious theorem on positive
matrices that this equation always has a solution -R. Notice
that because R is diagonal and positive it induces only a change
of measure.

To summarize, given a positive integer n, we can construct
a finite state process with n states, which has a four-dimensional
estimation algebra. (Four because we had to add the identity
to the three dimensional Lie algebra sf(2,1R.) In fact we can
write down explicitly a filter for this problem [ 18]. Moreover
we can actually simulate the nonlinear filtering equation with a
two-dimensional equation because this x-equation covers
(globally!) the x!Pl-equation. What plays the role of the Gaussian
initial conditions as in the Kalman filter? The analogue in our
set—-up comes from the binomial distributions transformed by
the change of measure defined by R. Additional details are found
in [18]. We see that for a binomial initial condition the
conditional density is propagated in a manifold of dimension three.

ITI. ESTIMATION OF DIFFUSION PROCESSES
3.1 A Class of Models

Consider a stochastic process h(x) where x satisfies the
It6 equation

m
dx = f(x)dt + ) g; (x)dw, (D
i=1

with w.,w,,...w_ independent, standard Wiener processes. If h(x)
is obsérvéd in the presence of white noise, i.e. if there is
available for processing

dy = h(x)dt+dv (2)

where Vv is an additional independent Wiener process, then under
suitable assumptions, the conditional density for x at time t
given dy on the interval [0,t] satisfies a stochastic, nonlinear,
partial differential equation, directly analogous to the situation
we encountered in the finite state case. This is the class of
problems which g5 of interest here.

As in the finite state case, it is more convenient to work
with an unnormalized version of the conditional density equation.
In the present context this equation, written as an Itd equation.
takes the form

dp(t,x) = (Lop(t,x)dt+h(x)o(t,x)dy (3)
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where LO is the Fokker-Planck operator. As was pointed out in
[15] the Lie theoretic point of view suggests that this be
rewritten as a Stratonovich equation

1.2
dp(t,x) = (Lo - E-h Yp(t,x)+h(x)pdy (4)
thus bringing into prominence the'Lie"algebra generated by the
operator LO— %-hz, and h. Because this algebra will be important

in determining the complexity of the estimation problem we call
it the estimation algebra. We refer to (4) as the UCD equation.

We also point out that if one inserts a parameter to adjust
the magnitude of the noise terms

dx
dy

Il

f(x)dt+ocZgi(x)dwi
h(x)dt+dv

then the estimation algebra is
o 1.2
{aLO—F— 5 h ’h}LP
Setting o to zero gives an algebra which is isomorphic to the
little observability algebra.

3.2 Representation Theory for the Estimation Algebra

Writing the UCD equation in Stratonovich form makes it
clear that our understanding of nonlinear filtering would be
enhanced if we knew what kind of Lie algebras can be generated
by Lo— %—hz and h. This is a question about the representation
of Lie algebras in terms of linear operators on an infinite dim-
ensional space. However the sort of representation which is of
direct concern has a number of special features which set it apart
from the standard theory which was developed by physicists and
mathematicians to fill the needs of quantum mechanics. Briefly,
the situation is this:

(a) We cannot assume that the elements of the Lie algebras
exponentiate to give a one parameter group. Typically there is
a cone in the Lie algebra which exponentiates to generate a semi-
group of bounded operators which cannot be extended to a group.

(b) The representations of interest act on real L
not complex L2 spaces.

1 spaces

(c) The Lie algebra contains a cone whose exponentials
map the nonnegative functions in Ll into themselves.

The most basic example consists of a four-dimensional Lie
algebra represented by the operators
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8x2

N -
]

_ 1
Ly =32

- -9

Ll =% L= ox ’ 3
which are to be thought of as acting on S < L, (IR) where S is
a suitable dense subset. Of course, exp L.t makes sense only

for t > 0. (One easily sees that L, does generate a semigroup of
bounded operators on Ll(IR).) Likewise, L, is a generator, in

. : t .
fact it generates a group. However, e” is not bounded for t
g . g p : [
positive or negative. We define the cone

K = {aLO+BLl+YL2+6L3|a,B,Y,6 eIR, o > 0}

Each element of K is a generator of a semigroup. Since the cone
has nonempty interior in the four-dimensional Lie algebra and
since the operators formally satisfy the desired commutation
relations, we will call {LO,Ll,LZ,L3} a representation of the
given Lie algebra.

Because the operator L, is always second order the Lie
algebra representation LO—<§ hz,h LA Must contain at least one
2nd order operator. With a view toward understanding as much as
possible about representations involving 2nd order operators
we begin by describing one such family. This family is of
interest because it includes, as a subalgebra, the estimation
algebra associated with linear systems and it suggests several
possibilities for nonlinear filtering. There is also a great
deal of interest in this representation from pure mathematicians

[191].

The set of real 2n by 2n matrices of the form

M = [2 _i{] ; B =2B'; c=2c"'

form a n(2n+l)-dimensional vector space under ordinary matrix
addition. It is easliy verified that if Ml and M2 are of this
form, then MlMZ—MZMl is also and thus they form a Lie algebra
with respect to the standard commutator product. Matrices of
this form are called Hamiltonian or infinitesimally symplectic.
The Lie algebra is called the symplectic Lie algebra and is
denoted here by Sp(n).

We are also interested in an extension of this algebra
consisting of real matrices of dimension 2n+l by 2n+l, and
having the form

27
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A B b :
M= C -A' ¢ |; B =B', c=c'
0 0 0

Again, it is easy to verify that this set of matrices forms a
Lie algebra. We will call it the extended symplectic algebra.

Turning now.to Lie algebras of operators, consider the
n(2n+l)-dimensional vector space consisting of sums of the form

n 2
i,=1 * %1%y Jrox, ] ij 37173
where 61. is one if i = j and zero otherwise. For example, if
n=1, we are looking at real linear combinations of the type
2 .
_ .0 0 1., 2
L = bg;f + g(ax x= 3 )+cx

The identities

ro’ 2] % 228 _, 5
, X = 7 X =X 5 = X

_sz 9x ox ox
(2% jm_;]=iix_jméi=zii
-8x2 0% 2 ax3 0X 8x2 8x2

9 .3 2

[—é' - 1 2 ] = - X 9 x = 2 2
ax T2 % "oz F 3% X

verify that in the case n = 1, the above set of operators are
closed under commutation and hence form a Lie algebra. It is
straightforward to verify that the same is true for n > 1. For
example, for i,j and b distinct

[ I
0x.0x, ~ "k'j ox, 'k
%73

[ 5° > | .2 o
BxiBXj Bxk i BXi axk

9
ox, 3 7 ki ] T %%

1

and the other cases follow similarly.



In order to understand the structure of this Lie algebra
we establish an isomorphism between it and the symplectic algebra
introduced above. The isomorphism works as follows:

[(a..) 0 ]
3 1 ij
ta,.(m=—x, - 56..)—>
ij Bxi i 2 7ij 0 —(a..)
ji
= -
1 5 32 0 (bij)
2 bi' 90X, 90X
J X X, 0 0
0 0
l-Zc X, X, p—
2 ij i3 (c. ) 0
- ij

This then allows one to understand the symplectic algebra a
different way, i.e., as the Lie algebra of 2nd order partial
differential operations of the given form with commutation of
operators being the Lie bracket.

‘We leave the verification of the fact that this is a Lie
algebra isomorphism to the reader. However, the identities we
have given do most of the work and a study of the case n = 2
inveclving

0 0 b, b,
: 2 0 0 b b
1 d 3 3 3 12 P22
2P T T ey TP 202 0 0 o 0
: 90X oy
~ 0O 0 0 0
9 3 9 1
211 3x 210 Ty YPg1 Gy ¥y 3y Y 7 5 (ay7ay))
aj; 2, O 0
— 321 a5, 0 0
0 0 411 T
0 0 812 %22
and
0 0 0
L 0o 0 0 0
= (¢, 1x +2¢,.%Xx ¢, V) b—>
2 11 12 22 Cll cl2 0 0
c12 c22 0 0

29
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should be convincing.

With respect to the remarks on the generation of semigroups,
if we regard the operators defined above as acting on a suitable
dense subset of Ll(IRn), then the theory of diffusion processes
tells us that

2

3 3
L=2Xb,, m—— +a.. — X.
ij Bxiaxj ij BXi J

generates a semigroup provided (bij) is a positive definite
matrix. Moreover, if (Cij) is positive definite along with

(bij), then

82 0

. A Ao ta.. T x.
ij BXiBXj ij Bxi 3

L= %b C,.X,X,

i,j 1] 1]
will generate a subgroup. Of course, without some kind of
definiteness assumptions, no such conclusions are valid. Since

the conditions on bij and Cij give a cone in the Lie algebra

having a nonempty interior, we have here a representation of the
symplectic algebra which meets the conditions set forth at
the beginning of this section.

There is a generalization of this construction which enables
one to capture other important examples. Consider appending to
the family of operators discussed above the first order constant
coefficient operators 9/9x,, multiplication by linear functions
x; and multiplication by constants. We notice that

[-a—iz,b—ai—i+cjxi]=za—;cjaij
[‘a%”‘j]:‘%j

[-527 Xj’ Xi] = Xj i# ]
ERIN —ai—iexj i# ]

which together with other obvious identities show that

(2n2+3n+l)—dimensional vector space of operators of the form

2
9 alc8+

L=2XYb,, 77— +a,, — - .
ij Bxiaxj ij Bxi 2 1]
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c,.X.X, + b,-—g— + c.,x, +d
T i 3xi i1

is a Lie algebra.

The mapping which sends this operator into the element of
the extended symplectic algebra is given by

A B b
L +—2 C -A' ¢
0 0 0

defines a Lie algebra homomorphism. The constants ('d") lie in
the kernel but otherwise this homomorphism is faithful. 1In
Section 2 we discussed a 4-dimensional algebra which, under this
homomorphism, goes into the set of all 3 by 3 matrices of the
form

0 b o
-b 0 B
0 0 0

There is one last comment on the structure of this Lie
algebra. The subalgebra consisting of terms of the form
3

L=2Xb, — + c.,x.+d
i Bxi iTi

forms an ideal in the whole algebra having dimension 2n+l.
The terms of the form

2
L =2%b.. 8 __ + a..(—é—'x. - 1-5..) + c..X.X,
13‘8xiaxj jUOx. T 2 ij i1

form a complementary subalgebra that is simple.
3.3 Linear Estimation Theory

A general linear model for recursive estimation theory is

m
dx = Axdt + Z b.dw,
. i i
i=1
dyi = <Cj,x>dt+dvj; j=1,2,...,p
with wl,wz,...,wm,vl,vz,...vp being independent brownian motions.

The unnormalized conditional density equations for such systems
take the form (as a Stratonovich equation)
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2
op o~ ) ) 1 2 .
— —— — —_—— > >
5 - EPiy Bx ax. T ook, 243%5T 2 SOy X> A tes»x>)p
i 7] i
or

EE : .
ot (Lo + yLl)p

Both the operator L, and the operator Ll belong to the

(2n2+3n+1)—dimensiona1 Lie algebra'defined in the previous

section and so the Lie algebra which they generate is necessarily
a subalgebra of the algebra discussed above. There is more to be
said. Because L, belongs to the ideal L mentioned above, it is
clear that the Lie algebra generated by L and L., which is the
relevant algebra for studying the solution of thé& unnormalized
conditional density equation, cannot have dimension higher than
2n+2. In fact, only L, intersects the '"symplectic part" of the
algebra. Typically the Lie algebra generated by LO and Ll is of
dimension 2n+2 in the case of single-input/single-output sSystems.
In fact, if one assumes controllability and observability then .
only the presence of a degeneracy in the form of all-pass factors
stands in the way of this conclusion (see [20]). Based on the
homomorphism into the extended symplectic group given here, we
see that a same general c¢onclusion holds in the multivariable
case.

We now consider a single-input/single-output situation and
write down side-by-side the UCD realization

ap Lopdt+Llpdy

3% fp<c,x>dx/fpdx

and the usual Kalman-Bucy filter for the state estimation and
the error variance

dz
P

(A—PCCT)Zdt+Pcdy; §'= <c,z>

AP + PA + bbT - PccTP

From the latter we obtain vector fields corresponding to the
coefficient of dt and the coefficient of dy, respectively,

(A—PccT)z Pc
Ap+PAT+bb -Pecp) , Lo

This pair is to be compared with the paircoming from UCD

1

2
(Lo - EyLl) > L

1

Computing the successive Lie brackets of the vector fields which
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appear in the recursive filter gives vector fields of the form

[P(AT)kc+%(]
0

where d, does not depend on P and P(AT)kc is linear in P. There
exist 2n vector fields of this form if ¢ is cyclic for AT, 1In
fact there is a Lie algebra homomorphism which maps the unnormal-
ized conditional density operators to the Lie algebra so obtained.
The homomorphism has a one dimensional kernel corresponding to
multiplication by a constant. (The reason for this kernel is that
the UCD equation is not normalized.)

Finally, we show how to pass from the unnormalized con-
ditional density equation to the recursive estimation equation in
a logical way. Consider the case where x is a scalar and

dx = dw
dy = xdt+dv
The UCD equation is given by

The estimate is
2 = fx dx
" Jodx

Suppose x(0) has .a gaussian distribution and look for a solution
of the form )

o(t,x) = ea(t)x +b(t)x+c(t)

where a(t), b(t) and c(t) are not yet known. By differentiating
this expression with respect to time and space we get three
equations which make it possible to determine the unknowns

a(t), b(t) and c(t).

2 (p(t,0) = @xlHhxre)p(t,0)
3¢ (6,0 = [2axiblo(e,0)
32

3 (@) - 2ap (t,x)+(2ax+b) *p (£ ,%)
X

Substitution into the UCD equation and changing to Itd form gives

éx2+bi+c = (ka—-%)x2+(kab+§)x+2a+b
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Equating the respective coefficients of x results in

. 2 1

a = ka (—‘E ) This plays the role of the Riccati equation
b = kabty This equation propagates the mean

¢ = 2a+tb Normalization equation

We get three sufficient statistics, one of them is a function
which .does not depend on the sample path. (That is the reason
why it is possible to compute the solution of the Riccati
equation off-line.)

3.4 A Nonexistence Result

In section 3.2 we discussed a class of representations
involving 2nd order differential operators, a simple example of
which is the set spanned by

{ -4 d "2 13

s X T2
dX2 dx

One direct way to generate different representations from a given

one is to pick a nonvanishing function ) and make the substitutions

2
d 2

, \"%w—l d2 v XZ N x2
dx dx
d -1 d
X ax — Y Tx ax U} 5 1> 1

This kind of substitution has been investigated by Mitter [21]
in an estimation theory context and can be used to explain how
the example of BeneS [22] can be obtained from a linear problem.

There is a second group of transformations which can be
used to generate new representations of Lie algebras from old
ones in the present context. Consider the estimation algebra
generated by

dx = f(x)dt+g(x)dw; dy = h(x)dt+dv

For any given diffeomorphism of the real line into itself say
x > ¢(x) = z we obtain from the It0 rule a new equation

dz = %(z)dt + g(z)dw; dy = ﬂ(z)dt+dv

having an estimation algebra which is isomorphic to the original
one. Thus this is a second way to generate new representations
of Lie algebras in terms of 2nd order operations (see [18]).
| a? d .2
It is obvious that as it stands {—= , x — , x°, 1}
dx2 dx
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does not contain operators of the form required in an estimation
algebra. In view of the many alternative forms a representation
of these same algebras may take, however, it makes sense to ask
if there is an{ pair L , h such that L is a Fokker-Planck operator
on R, h : ®! >mrL, 8nd {LO, h}LA‘isoisomorphic to this algebra.

Correcting a claim to the contrary in [18] the answer is ''mo",

provided the Fokker-Planck operator is sufficiently well
behaved to avoid explosions.

The full proof is long and will not be given here. It can
be put together out of the following remarks.

(a) 1If we have a representation of the Lie algebra in
terms of 2nd order operators we can find a basis for the first
derived algebra which takes the form

2
d d d
m 5 n dx +r, p Ix +4q, h
dx

(b) The commutation relations then imply certain differ-
ential equations relating the coefficients m,n,r,p,q,n.

(¢) There is an explicit criterion for explosions,
see McKean [23] page 65, which is incompatible with the con-
ditions on m etc. implied by the differential equations.

Some related work, but apparently not this particular
result occurs in Occone's thesis [24].
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