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A differential geometric approach to optimal control*)
by

J.C.P. Bus

ABSTRACT

A general formalism is introduced for the optimal control problem on
manifolds. It is based on a general formulation of Lagrange's multiplier
theorem and recent definitions of nonlinear control systems. It is shown
that we can give Pontryagin's maximum principle in this formalism. We expect
that the problem formulation given in this paper is particularly suitable
for application of modern results about controllability etc. in nonlinear

control systems.
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INTRODUCTION

In this paper we present a differential geometric formulation of the
problem of optimal feedback control of nonlinear time-invariant contro}
systems. Basic to this approach is the definition of control systems as
proposed by BROCKETT [1977] and WILLEMS [1981] and worked out by van der
SCHAFT [1982] and NLJMEIJER & van der SCHAFT [1982]. The results about the
(Lagrange) variational problem as given in sections 2 up to 4 are essen—
tially known, but usually not treated in the way we did or not published
in the open literature. Basic references for these sections are CARTAN
[1922], CARATHEODORY [1935], HERMANN [1962,1977], SPIVAK [1979,T & II] and
unpublished course notes of TAKENS [1978]. Compared with Hermann's work we
think that our approach is more geometrical and more suitable for application
of modern differential geometric results in system theory. See for instance
SUSSMANN & JURDJEVIC [1972], HERMANN & KRENER [1977], ISIDORI et al. [19811,
HIRSCHORN [1981], NIJMEIJER [1981], NIJMEIJER & van der SCHAFT [1982] and
van der SCHAFT [1982 a,b] . Particularly, the formulation and proof of
Lagrange's multiplier theorem on manifolds is new, although the basic ideas
are in Takens' course notes. This theorem expresses the equivalence between
a variational problem on a manifold with restrictions given by a distribution,
and an unrestricted variational problem on the annihilator of this distri-
bution, which is a codistribution on the manifold.

Optimal control concerns itself with finding optimal trajectories of
control systems, given a certain optimality criterion. Hence, we search for
l-dimensional immersions in the configuration space which satisfy certain
optimality criteria. Results given in this paper may be extendable to more-
dimensional immersions, yielding multiple integrals. We did not try to do
that. A reference concerning such problems is DEDECKER [1977]. In sections
5 and 6 we actually give the formulation of the optimal control problem
on manifolds. The formalism is illustrated by working out the linear-qua— .. -
dratic regulator problem on R™. This reduces very elegantly to the well-

known results expressed by Pontryagin's maximum principle.

We shall close this section by giving some comments about the notational

conventions in this paper. The differential geometric notation follows



closely that of SPIVAK [1979, I &II]. For instance, if M is a smooth mani-
f:ld, TM is its tangent bundle (TXM is the tangent space at x € M) and

T M is the cotangent bundle. If £ :M - N is a mapping between smooth mani-
folds M and N then £ :TM + TN is its lift to the tangent bundles and for
any k—form o on N, £*w is a k-form on M which is defined by (f*w)(v) = w(f*v)
for all v ¢ TM. Some minor deviations from Spivak's notation occur. The set
of smooth vector fields on a smooth manifold is denoted by X(I). Further-
more, given a k—form w and a vectorfield X on M, we define the contraction

1y of w with respect to X, to be the (k-1)-form on M defined by

1 (XpseenX ) = oKX 00X )

for

Xi e X(M) (i=1,...,k=1).

Unless stated otherwise all manifolds, mappings, forms and vector

fields are assumed to be smooth, i.e. c .
2. THE UNRESTRICTED VARIATIONAL PROBLEM

Let M be a manifold with dim M = m and o a 1-form on M. Let I denote
some closed interval, [a,b] say, in IR. Then, for C curves ¢ :I > M ye

can define the action of o along ¢ by

(2.1) J(¢) = f a = f ¢%a .

® 1
(In the first integral the integration path is Im ¢). The variational prob-
lem on M with respect to o is to find curves which are locally optimal,
i.e. which produce an optimal value for the action relative to small vari-
ations of the curves. We shall restrict ourselves to first order necessary
conditions, hence to stationarity rather than optimality of the action. The

following definition is standard in the calculus of variationms.

DEFINITION 2.1. A mapping $ :(-6,8) x I+ M (for some § > 0) is called a
vartation keeping end point fized (k.e.p.f) of ¢ :I » M if :
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(i) ¢ is ¢” in each variable H
(ii) E(O,t) ¢(t) for all t e T ;
(iii) $(e,a) = ¢(a) , ¢(e,b) = ¢(b) for all e € (=5,6).

We denote for short : ¢€(t) = $(e,t).
Now, let X € X(M) satisfy :

(2.2) X(¢(a)) = X(¢(b)) = 0.
Then X defines a variation k.e.p.f. of ¢ by :
(2.3) $(e,t) = X5(o (L)) , € e(=6,8), tel,

for some & > O,where X° denotes the I-parameter flow over e generated by X.
Therefore, such an X ¢ X(M) satisfying (2.2) is called a vqriation vector
field of ¢ k.e.p.f. We denote the set of such fields by X¢(M) or shortly
by X¢ if no confusion can arise.

If ¢ is an injective map then we can define a vector field along ¢ to be a
smooth mapping V : Im ¢ - TM such that V(x) ¢ TXM for all x € Im ¢ . Then,

each variation E of ¢ defines a vector field along ¢ by :
-3 [ 3
@.4)  V6©) = 5,0,0{ 57| ) -

This vector field along ¢ can be arbitrarily (smoothly) extended to a vari-
ation vector field X ¢ X¢ . The set of vector fields along ¢ defined by
variations k.e.p.f. 1s denoted by X¢(M) (or X¢).

Stationary curves for the action are curves which make the first vari-
ation of the action vanish. With the above definitions we can make this more

precise.

DEFINITION 2.2. A curve ¢: I - M is stationary with respect to o , if for

all variations k.e.p.f. ¢€ of ¢ we have

d *
(2.5) —_ J ¢ o
) de|€=0 ! £

It
o



From now on we shall assume that the curves we consider are injective
maps. This is a rather natural assumption as curves with double points are
usually not optimal, because of occurrence of a loop. In such cases we can
formulate the variational problem for piecewise injective curves as a sum
of variational problems for each piece (see also SPIVAK [1979,II ch.6.141).

Then, for X € X¢ and ¢€ given by (2.3), we have

d * %k [ d
CONEE 3 RXEL (£

(Xg)*a> = ¢"La ,
e=0 X

where LX denotes the Lie-derivative with respect to X. Moreover, if
X,i € X¢ are both smooth extensions of the same vector field V along ¢,

defined by a variation k.e.p.f. E according to (2.4), then

* d £\ % * [ d
) ( T x7) a) = ¢ (gg

or simply ¢* LX(x = ¢* Li o . Therefore, the following definition is equiv-

(ig)*a>
e=0 e =0

alent to 2.2.

DEFINITION 2.2' ¢ is stationary with respect to a on M if for all X ¢ X

¢ -

*
(2.7) [ ¢" Lyoa =0
I
We shall consider yet another approach to definme stationarity of curves.

To do so we need some introduction (see SPIVAK [1979,II ch.61).

A (Koszul) connection on M is a map V :
X(M) x X(M) » X(M) which satisfies for X,Y¥,Z ¢ X(M) , f,g € o :

(2.8) fo + oY Z = f£. VXZ + g, VY.Z,
(2.9) VX(Y-+Z) = VXY + VX:Z,
(2.10) vX(fY) = f, VXY + X(f).Y.

Moreoveyr, we denote VXY(p) = VX Y and we can consider V also as a map

p



assigning a vector Vg Y e TPM to every Xp»e TPM and Y € X(M).

P
On M we can choose an arbitrary Riemannian metric (SPIVAK [1979,
I ch.9.4]). It is known that, given any metric < ., . > on M, there exists

a unique connection V, called the Levi-Civita comnection, which satisfies:

<V, Y,Z_ >+ <Y,V Z_>;

L P Pt X

[x,yl ,

(2.11) X, <Y,Z>

(2.12) VY - VX

1l

where [ , ] denotes the Lie-bracket of vector fields. (2.11) expresses
compatibility of the connection V with the metric <., . > and (2.12) ex—
presses symmetry of V . The next step is to define covariant differentiation.

Given any connection V and curve ¢ , there is precisely one operation

Vb %% s fromlié to 2& with the following properties
D(V+W) DV DW

2.13 = el

( ) dt & T dc
D(fV) _ df av

(2.14) & - dac Vtrig o

for V, W e X , f e Cm(M) and if X € X(M) is an arbitrary extension of
V to M then

DV _
(2.15) Fraie Vd¢ X.
%% is called the covariant derivative of V along ¢. Note that we can con—
sider V to be a function from I to TM by identifying V(t) = V(¢(t)).
Finally, we can uniquely extend the map VX to the algebra of smooth tensor
fields on M. Then we have for a k-form w on M:

k

(2.16) (V) (¥ 0o b X)) = Volo(¥y,eee,Y)) —izlm(Y],...,VXYi,...,Yk).
With these notions we can formulate a third equivalent definition of

statignarity.



DEFINITION 2.2" ¢ is stationary with respect to o if, for a given

Riemannian metric and associated Levi—Civita connection and covariant dif-

ferentiation as above, we have

(2.17) f DY X

OL(EE)dt=O VV€X¢,
I

where t — ¢ (t) gives a parametrization of ¢ on I.

The equivalence of definitions 2.2" and 2.2' follows from the following

lemma.

LEMMA 2.3. Let (M,< , > ) be a Riemannian manifold and V the Levi-Civita
connection defined by the metric. Let ¢ :La,b] » M be a curve on M and‘é%
denote covariant differentiation along ¢ associated with V . Thens for any
1-form w on M the following equality holds:

e
(2.18) ) LYm = (dt ) dt
for all vector fields Y defined on a neighbourhood of ¢ and vector field
V along ¢ with V(¢(t)) = Y($(t)).

PROOF. Interpreting w(Y) as a function on a neighbourhood of ¢ we have
(see SPIVAK [1979,11.6.4]) ‘

(2.19) V@(m(Y)) = 1lim %—[w(Y)I

h~»0 L

- w(Y)l

d
]=-—<w (T4 ey -
syl T ) Yoo

Choose coordinates KipeeesXy locally in M and write:

m
Y(x) =] Y, 50| 3w =] wi(x)dxi| 5 0(E) =(9, (1), 0,0 (D).
X

X i=1

Using the well~known rule :

(2.20) LY(n = lem + d yw

we. have



2.21) G LW () = 1gdus, 25 o (digW) (8, wx) -
Now ¢
5 3(w;y;) dé,
(2.22) @)@, &) =] —=2 L=, (WD)
i,] 3 g

according to (2.19), Furthermore, computation shows

2.23) 1o, £) = ) (5 - 5d) g Y
1

The definition of Vw in coordinates is given by:

Vw = 2 w. .dx. A dx,. s
Lo, 31 ] 1
1]

with

m
w. —— - z FH w

kil ik u

and ng (p,i,k = 1,...,m) the so—called Christoffel symbols of the Levi-

Civita connection. This last formula yields, by symmetry of the Levi-Civita

connection (sz = Fﬁi , i,k,u=1,...,m)
oW, ow.
ij Bxi 9k wk;i o ( %, °’ Bxk ) -
Substituting in (2.23)
ey 3
(2.24) 1gdo (% = =iZj ot Y Vo ( 7 8XJ) = Vw (dt s Y).
5

So, (2.21), (2.22), (2.24) yield:

* 9
dt dt dt
where (2.16) is used for the last equality.
" The result follows by choosing V(¢(t)) = Y(¢(t)) , t € [a,b] . O



The last characterization of stationmarity which is relevant to our

theory is expressed in the following theorem.

THEOREM 2.4. ¢ : I > M Zs stationary w.r.t. o 1f and only 2f ¢'(t) € ker da

for all t € I, where ker do = {v ¢ TM | da (v,w) =0 V we Tn(v)M} and
T natural projection on M.
PROOF. Use of (2.20), Stokes theorem and the fact that
X(¢(a)) = X(¢(b)) =0 V Xe X¢ yields :
*
{¢ Ly o J¢ 5&a4—fd¢lxa-J¢ 1Xda.
I I I I
This proves the theorem. O

Note that do 1is an Zntegral invariant for the stationary curves of
o (cf. CARTAN [1922]). A curve ¢ : I » M satisfying ¢'(t) € ker w , for

some 2-form w, is called a characteristic curve of w .
3. THE RESTRICTED VARIATIONAL PROBLEM

We shall first consider restrictions on curves in M which are defined
by a set of ¢ 1-forms Bi (i=1,...,p) on M. That means: we call a curve
$: I = IR admissable if ¢*Bi =0 (i=l,.,.,p) on I. Then we can define

stationarity under restrictions by:

DEFINITION 3.1. A curve ¢ : I +~ M is stationary w.r.t. o on M under the

restrictions Bi (i=1,...,p) if all variations k.e.p.f. ¢€ of ¢ which are

admisgable, satisfy equation (2.5).

This definition may cause serious problems with isolated admissable
curves, i.e. admissable curves that do not allow admissable variatioms.

Therefore we shall use a stronger notion suggested by TAKENS [1978] .

DEFINITION 3.2. A curve ¢ : I >~ M is formally stationary w.r.t. o under

restrictions Bi (i=1,...,p) if ¢ is admissable (i.e. ¢*Bi =0, i=1,...5p)

and, if ¢€ is a variation k.e.p.f. of ¢ satisfying



* . :
(3.1) P (<i>8 B;) =0 s 1= 1,.00,p »
e=0

then ¢€ satisfies (2.5) .

* . . . . . .
Clearly, ¢€ Bi = 0 implies (3.1), so that formal stationarity implies
stationarity. The reverse is not true in general. Conditions which imply
equivalence are not worked out in this paper. We shall restrict attention

to formal stationarity for restricted problems only.

Similar to definitions 2.2' and 2.2" we can give two more equivalent

definitions of formal stationarity.

DEFINITION 3.2', ¢ is formally stationary w.r.t. o under restrictionms
B, (i=1,...,p) if ¢*Bi =0 (i=1,...,p) and for all X e X, :

i o’
* . (-
(3.2) $ LXBi =0 (i=1,...,p) = J¢- LXOL =0 .
I

And, if (M, < , >) is a Riemannian manifold, V the associated Levi-
Civita connection and é% the associated covariant differentiation the

third definition is given by :

DEFINITION 3.2". ¢ is formally statiomary w.r.t. o under restrictions

B; (i=1,...,p) if ¢*si =0 (i=l,...,p) and for all V e 24) :

(3.3) si(-g—z =0 (i=1,...,p) = Ja(%%)dt=o.
I

If the restriction forms are nondegenerate and independent in each

point of M, then we can define a (n-p) ~dimensional distribution S on M by
P

(3.4) SX = illlker Bix , Y xeM,
Conversely, given a distribution S (of constant dimension n-p) on M, then
we can define, at least locally, p nondegenerate independent 1-forms Bi
satisfying (3.4) locally. This suggests to consider restrictions defined

by distributions. We say that a curve ¢ : I > M is admissable under the
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restriction defined by a distribution S on. M if ¢'(t) € S s t el .

$(t)
We assume that the distribution S has constant dimension n-p. Then we can
define its annihilator E(=Sl) to be the following submanifold of the cotan-

gent bundle T*M H
- * -
(3.5) E . ={feT M | £(s) =0 Vs e s .}, VxelM

E is a p-dimensional codistribution.

Note that Ty :E >~ M, with o the natural projection 7 : T*M > M restric-
ted to E, is a vector bundle over M. Hence, for all x € M we can find a
nelghbourhood U of x in M and 1-forms B (i=l,...,p) which form a basis for

the fibres m (X)(x e U). So the follow1ng definition for formal stationarity

under restrlctlons given by a distribution seems at hand.

DEFINITION 3.3. A curve ¢ : I » M is formally stationary under restriction

S, with S a distribution on M of constant dimension, if ¢*£ = 0 for all

E e€E = st and for all X « X¢

(3.6) ¢ L

This definition is locally consistent with 3.2' as is shown by the fol-
lowing argument. Locally, any £ € E can be written as :

p
fo L s

for some p (codimension of S) , functions Ai and 1-forms Bi(i=],...,p) on M,

Then

¢ Ls—icb L(xs>—§¢ALs+Hx<Ms
1=1 1=1

P
MALB +2(X(A)°¢)¢s .

l—

o

So ¢“ € =0 and ¢" Lg € =0 for all £ € Uc E if and only if ¢*Bi = 0 and
¢* LX.@i =0 (i=ly...,p) for p independent nondegenerate 1-forms B; on U.

This shows the local consistency of 3.3 with 3.2'.
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REMARK 3.4. Clearly, definition 3.2" can also be tranmslated to distribution

constraints. We just have to replace Bi(i=1,...,p) by £ , VE €E.

With the given formalism we are able to prove equivalence of a restrict-
ed variational problem on M w.r.t. 0 , to an unrestricted variational problem
on E with respect to the so-called Cartan form. This equivalence forms the
heart of the theory. In fact, it enables us to reduce the restricted vari-
ational problem to the problem of finding the characteristic curves of some
2-form on the annihilator bundle E over M. The equivalence theorem is essen-
tially the multiplier theorem of Lagrange, but translated to the variational

problem on manifolds. Before stating this theorem some more notions must be
defined.,

DEFINITION 3.5. Let M be a manifold with cotangent bundle T*M and natural

projection m :T'M > M. Then, the canonical 1-form 6 on T*M is defined by

*

(3.7) 8 (E) =7 &

for all £ e T'M.

REMARK 3.6. By definition of 7, (3.7) implies :
(3.8) 6(®)(v) =& (mv) ,

*
for all £ e T'M, ve T, T M (n :TT M~ TH) .

g

If we choose coordinates XpsenesXy in some open neighbourhood in M, then we

can define canonical coordinates'ii,pi si=1,00.,m by

)
x (&)

We shall identify x: and'ii . In canonical coordinates, the canonical 1-form

- 9
G FO = %m0 ;e ® = (5

i

6 on T'M is given by

m

(3.10) 6 = iZ] pidxi .

3
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DEFINITION 3,7. Let M be a manifold with 1-form o and distribution S on M.

Let E = §* (cf. (3.5)). Then the Cartan form Gu on E, associated with a is
defined by :

*
T, o+ 6, ,

(3.11) eu . E

. o s . . *
where Ty is the restriction to E of the natural projection m : T M +> M and

. . . . *
SE is the restriction to E of the canonical 1-form on T M.

Now we are ready to formulate Lagrange's multiplier theorem.

THEOREM 3.8. Let M be a manifold with I-form o and distribution S of constant
dimension. Then, an injective curve ¢: 1 + M Zs formally stationary with
respect to o under restriction S if and only if there exists an injective
curve n: 1 — E with n(t) € n—é (¢(t)) and n stationary in E with respect

to the Cartan form 6, -

PROOF. Choose any Riemannian metric < , >, on E with Levi—-Civita connection

E

. . . s D .
V and covariant differentiation I along an arbitrary curve n: I — E

which satisfies n(t) ¢ ﬂ_é(¢(t)) for some curve ¢ : I —> M.

Let s;: M — E be a smooth section in the bundle Lt E — M, such that

s ¢ =1 on I. Define a metric < , >, on M by < v, w >M =<8, ,V,5.w>

for all v,w ¢ TM . Let V denote the Lg;i—civita connection compatible 5ith
this metric and let D/ dt denote the associated covariant differentiation
along ¢ .

If X € XH(E)’ then we can split X(x) = XT(x)-PXN(x), for all x € s(M) with
X' tangent to s(M) and XN vertical w.r.t. T (i.e. nE*XN =0).

N

For each vertical variation vector field X ¢ Xn(E) we have

%* * * * *
L = d o, + d 1 w70 ®
n XN(“ a) =n (IXN (m ) ( & ))
As

("0 () = a(mxh =0
and

(L dra) (¥) = (rd) xN,Y) =0, VY eX(E)
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we conclude, using lemma 2.3, that

DV

(3.12) (1*a) (g ) =0,

for all vertieal V' e ')Zn (i.e. V(E) = (L)), X « X )

Hence, for arbitrary V ¢ Xn we have

(3.13) J ( dt)dt = J{ o, PXT.‘ dt + J (DVN) dt

()
I I I
. T VN s .
with V' and the tangential and vertical component of V.
Now suppose n is stationary in E w.r.t. Ga .

Then the left hand side of (3.13) vanishes for all V ¢ Xn . Therefore, an

arbitrary wertical variation field VN satisfies

{ Dy

JGE(E-E)dt 0,

I
hence GE ( g%l)dt = 0 . Choose, locally, basic forms Bi(i=1,...,p) for E.
Then eE = n*(zf;l Aisi). The possible choice of VN such that

an(ﬂ B;) =0 (VN(t) MN(n(e))) yields ¢*Bi = 0, which proves feasibility
of ¢ .
Now choose W € X arbitrarily. Then, V =3s W ¢ i% . As s is an isometry

¢

by definition of the metric on M we have

D(s*w)

(3.18) —3— = 5, (o) .

Clearly V is tangential and (3.13) yields, with the definition of the

Cartan form

f 0, (—g%)dt =J (ﬂ;a + n n(t)) (s, ( ))dt
I 1
=[ __)dt+fn(t)( 47 )dt .
T _

As the left hand side equals zero by assumption, we get for all W ¢ X¢ :

&
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@ G =0 = o (M) ac-o,
I
which proves formal stationarity of ¢ (see remark 3.4) given the statiomarity
of n.
Conversely, let ¢ be formally stationary and V ¢ RA arbitrarily. We shall
prove that we can choose a smooth section s on a neighbourhood of ¢ in E
such that V(t) is tangent to Im s at n(t) = s ¢ (t), and with W =

T L]
“E* V = HE* vV o

[
o

(3.15) Ja(dt)dt +In(t)( ) dt
I I
Then, it follows from (3.13) that

(3.16) JGQ(%)dt=O
I

hence n = s o ¢: 1 > E is stationary w.r.t. Ba .

For simplicity we first assume that S has codimension 1. Hence, locally
we can find a 1-form B8 on an open neighbourhood U < M such that elements
of E can be written by EX = A(x) BX (xelU) . So a section s: M+ E can
locally be defined by a choice of B and A .
Now choose an open covering {Uu} of ¢ and let {fv} be a partition of unity

subordinate with it. Then we can write

dgf.
=) £ W oW, .
v v
As {fv} is subordinate with {Uu} we can choose a u such that Wv is a vari-
ation vector field for MIu = ¢u , where Iu is a subinterval of I which is
appropriately chosen with Im ¢u c Uu and wv(¢u(au)) = Wv(¢u(bu)) =
(Iu = [au,bu]) . Moreover,
BW
(3.17) Ja(dt) dt % fa(dt )dt ,
1 Iv

where on the right hand side covariant differentiation is restricted along

¢u . Cléarly, formal stationarity of ¢ implies formal stationarity of ¢u.
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So we have broken up the global problem with a distribution constraint into
a sum of local problems with a constraint given by a 1-form Bu . We show

that we can find a A ¢ Cm(U )} such that for all W e X, (U ) :
u u M bp M

DW]J ( DW
Gae) [ aCgrac = [ 8,0 (o) 4.

I
n U
To do so, we drop the subscript p to ease the notational pain and choose B
to be such a 1-form, spanning the fibres of E over U.

We choose Z € X (U) such that B(Z)¢ =1, t € I and define

(t)

x
It

| =X eX@[¢" LB =0, X(¢(a)) =0}

>
i

XeXW|X=92Z ,pec @W}.

Then, every X ¢ X¢(U) can be written as a sum X = X] + X2 of elements in

Xl and X2 , wWith X2 =y Z and $(¢(a)) = 0, as X(¢(a)) = Xl(¢(a)) = 0,

Moreover, such a splitting is unique because:

* 3 * *
(3.19) ¢ LyB =¢ LXZB =¢ 15 dg + d(¢ 1y B)

2 2

" (¥ 1, dB) + d(6™V) ,

and this differential equation for ¥ = ¥ ¢ ¢ has a unique solution given the
initial condition ¥y(a) = 0.
Therefore, X, and thus X, are uniquely defined by the choice of Z and B .

2 I

Then, for X € X, (U), X =X, + X, splitted as above, we obtain with Stokes

¢ 17 %

theorem :

1 2

(
(3.20) J ¢* LXOt = jq:* 1Xda + J d ¢*1XOL = J d)*txda + J ¢*1X da .
I I 1 I I

Formal statiomarity for Xl
b b
{
(3.21) 0= J $" Ly o = | $" 1y

1
a a

and use of Stokes theorem yields:

[ dw + (4" (X)) (b) .
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Choose CO e IR such that, with X2 =YZ, P=yP o ¢ :

a (X, (¢(b))) = 5 ¥ (b).

Note that X, (¢(b)) = - X,(¢(b)) = - ¥ (b) Z(¢(b)) , so that C, depends only
on the choice of Z and B and not on X. Then (3.20) and (3.21) yield

b b
(3.22) Loa=|¢"1, da -C, ¥

a a
Now define W] and ¥, on [a,b] (only dependent on X , 8 and ¢)

*

*
¥ dt=¢ 1,d8 , ¥,dt = ¢"1,da

and A : [a,b] » R by :

Y= A" - ¥ A , A(b) = C

2 1 0"

Then we have for all X ¢ X¢(U) and A € Cw(U)(A = X¢~l) independent
of X :

- | T F e = -

B agan P _ _
Jx(t)(w wldt +dvy)
a

(3.23)

= | (X&) ¥, ¥ = A'(E) $)de - A(b) ¥ (b)

-

_ _ @b
¥, $dt + Cu¥ (B) = I¢ Ly 0.
a

[
Py P

If we introduce again the subscripts denoting the local neighbourhood and

extending Wu to a variation vector field such that :

X (¢u(t)) =W (¢u(t)) » tel

we obtain (3.18) (with use of lemma 2.3). So, we have a local construction

for the section s: M > E specified by A and 8 on Im ¢ , together with the
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additional condition that V(t) is tangent to Im s. However, this construction
is coordinate-free which is easiest seen by choosing another basic form

B'. Then (3.23) implies for all X, locally:

R v :

[ Tr@ o igs = | Toeiye
1

u IH

(we omitted subscripts u in the integrands). Therefore, the integrands are

equal on Iu for all X so that :
AY BY = AB on ¢(Iu).

As this product defines the section, we see that the local definition of
this section s restricted to Im ¢ is coordinate—free. Therefore we can con-
clude, using n = s o ¢ and (3.17) that (3.15) and therefore (3.16) are

satisfied.

This implies stationarity of n , at least for a distribution S of co-

dimension 1. For codimension k > 1 the proof can be given similarly. 0

REMARK 3.9. The choice of a metric on E (with Levi-Civita connection and
covariant differentiation) does not appear in the formulation of the theorem.
It is used only to relate variation vector fields on E with variation vec-
tor fields on M. This is not surprising. The only relevant aspects of a
variation vector field is its behaviour along the curve under consideration,
together with the fact that it is part of a vectorfield on M. Covariant

differentiation provides an excellent tool to study just these aspects.
4. THE LAGRANGE PROBLEM

Consider a smooth manifold Q (the configuration space ) with dim Q = n
and a function L : TQ x I »~ IR which is called the Lagrangian (I is a closed
interval in IR as before). Then we can seek for curves ¥ : I - Q which

minimize the action integral

(4.1) JW) = j L@(t), v'(t),t) de .
I
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This is called the Lagrange problem. We can formulate this problem according

to section 3. To do so, choose a coordinate t on I and let
(4.2) M=TQ x 1 , o = L dt,

Moreover, we can define a mapping £ from the set of curves ¢ : I — Q to the

set of curves ¢ : I — M by

(4.3) L W) = W, o8 (0),0) 5 s() = | ; tel
t

(s is a mapping s:I — TI). Subsequently, we can define a codistribution

EcT*M by
(4.4) E={BeTM|3y:I+Q such that (L))" 8 = 0} .

E is a codistribution as the following coordinate representation shows.

REMARK 4,.1. Choosing canonical coordinates q,q,t on M, it can easily be
shown that the fibres of E are spanned by l-forms Bi (i=1,...,n) locally,
given by

- qidt .

(4.5) B, = dq;

We have dim E = n and the restriction distribution S for the Lagrange

n
problem is defined as the annihilator S = E' (8= 0 ker Bi).

The above arguments show that the Lagrange problem can be formulated

as the problem of minimizing

(4.6) J(¢) = j( o o

I
over curves in M under restriction S. We restrict. ourselves to first order
conditions, i.e. stationarity. The restriction distribution in this case

has special properties which the following conjecture suggests

Fa
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CONJECTURE 4.2. For the above restricted variational problem we have equiv-
alence between stationarity and formal stationarity of curves in M.

A proof of this conjecture might go along the following lines. First we have

the following lemma.

LEMMA 4.3. Let S be a distribution of fixed dimension p on M. Suppose a curve

¢ : I > M is given such that

@D b, (1) es (6@ .

Let V € i& be such that V(t) e S(¢(t)). Then there exists a variation of
¢ k.oe.p.f : & :(~8,8) x I - M such that

4.8) £, Camloey) = VO 5 £ (gl ey € SEED) .

PROOF. Choose coordinates X;se0e5X ON 2 neighbourhood U of a point along

¢ such that for y ¢ U :

_ 3 9
S(y) = span { 5§1]y s wee s axply }.

p
Let §(8) = (9 (80,0000, (D), V(B = § Vi(®) 3o lyy For
1

te{selI| ¢(s)eU}. 1=
It can be checked that & defined by:

E(£,6) = (4 (0) 4 & V(£) ,eeny 4 (6) * €V (8), 0 (6),0ne,g (E))

satisfies the requirements and is in fact coordinate free. O

A second observation required for the proof of the conjecture is the fol~-
lowing. Let ¢ be an admissable stationary curve under restriction S. Choose
a metric with Levi-Civita connection and covariant differentiation. If

V(t) ¢ X bv(t)

6 with rranlis S(¢(t)) , can be splitted :

v(t) = Vl(t) + V2 (),
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sz(t)
with V1 £0, Vl(t) e S(o(t)) , 35

missable variation k.e.p.f. ¢€(t) according to lemma 4.3. So statiomarity

= 0 , then Vl(t) defines an ad-

of ¢ implies :

DV
d [« 1
-d—e' J¢€a—0— J(X(—d—-t—)dt.
1 I
Hence
f DV vy ! )
Ju(—&_f)dt = JOL(—-&-E.")dt"l‘ JOL(—EE-)dt—O
1 1 I

Therefore, stationarity implies formal stationarity if every V(t) € ﬁ# with
2%551 € S(¢(t)) admits such a splitting in a nontrivial part in the distri-
bution and a part which is parallel along ¢ .

The proof of the conjecture can be finished with the following arguments.
The distribution S in remark 4.1 is locally given by :

(4.9) S=span{—a—g——,§c'1.-—a—'+-3—3€}

i =13 %9

and its orthogonal complement
c _ 0o _ . 9
S~ = gpan { 5 q. Bt}

q; 1

is integrable. Loosely speaking, that means that ™/s® is flat in the direc-
tions of ¢ which makes a choice of a parallel field along ¢ , independent
of S possible (i.e. a splitting as above is possible). We shall leave details
of the last arguments for future, more general research and leave 4.2 as a

conjecture.
A direct consequence of theorem 3.8 and conjecture 4.2 is :

COROLLARY 4.4. 4An injective curve Y:I - Q Zs a stationary curve for the

Lagrange problem if and only if there exists an injective curve
n:I->E (E defined by (4.4)), with T on = L) and n is stationary with
respect to the Cartan form

&



21

*
6, = my (Lde) + 6,

(see (3.11) with o = Ldt) .

Note that, by theorem 2.4, n :I -+~ E is stationary with respect to OL
if and only if n'(t) belongs to ker deL . It is illustratiwe to assume
for a moment that we can give global coordinates q,q,t for M, and to work
out the consequences of corollary 4.4 in these coordinates. As the fibres
of E are spanned by forms Bi (i=1,...,n)(given by (4.5)) we can choose

coordinates q,4, A,t on E (§ ¢ E = § = Z?;

1 AiBi)v. We obtain

n
(4.10) 0, = izlzisi + L dt .

As variation vector fields for curves in E have , by definition of E, a

9 . L.
5§ ~ component unequal to zero we may assume a parametrization of I such

that this component equals 1. So we restrict ourselves to vector fields on

E of the form

where summation over i = 1,...,n is assumed. The condition that X should

belong to ker deL s lee. 1ch6L = 0 yields:
n .
=4 -~ A.dg. A + dL s = R
1X|;§l (dA; A (dq;=q,dt) - A;dq; Adt) L Adel=0

Collecting the terms in dqi,dﬁi,dxi and dt, respectively, yields the equa-

tions (i=l,...,n) :

sl
(4.11) XA. . P
1 1
ol _
(4.12) li - -a—q—; =0,
(4.13) q; - Xq. =0,

1
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(4.14) -4, X - A X, -a—aL—x +53L—x =0.
i 9 9 9 93 94

It is easily seen that the first three equations imply the fourth, so that
we have 3n equations. Clearly (4.12) defines a (2n+1)-dimensional submani-
fold N ¢ E . Therefore, stationary curves lie in N and are integral curves
of a vector field satisfying (4.11) and (4.13) (on E). In order that X is
a vector field on N (i.e. Xp € TPN for all p € N) we must have

oL
X -1;) =
(gg- =2 =0

i

which implies, using (4.11) and (4.13)

. 15) ( Ly, - 2- 2L\, (9L YL _ oL
. / = 3q9q,/) % “\i%aq ) 5q 3teq °

where expressions between garenthe31s are matrices. So, (4.15) defines Xc.1

uniquely if and only if (= 2) has full rank. In this case, in each point

of N, X defines a unique %angent vector to N in ker deL » according to :
] 3L 3 )

.9
= ~ » o + + ~——
X=4y5q 7 Xqi 3 dq, dA;  BE

with X.- defined by (4.15). So stationary curves are integral curves of the
thus deflned vector field on N ¢ E ,
In this, so—called hyperregular case, we can use coordinates q,q,t as well
as q, A,t on N, Using (4.12) we get for deLIN :
dA. A dq. - q.dA A dt + AL dq A dt =

i i i

Bql

dA., A dq, - dH A dt
i i
if we define

n
H(q,('l,l,t) =-1 (q:ﬁst) +Z C.[i}\i o
i=1
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Using (4.12) to express ¢ in terms of g, A and t and denoting H = H|N in

coordinates q,A and t thus obtained, we have
and
which gives the Hamiltonian formalism for the Lagrange problem, which is
well~known (see ABRAHAM & MARSDEN [19781]).
5. THE LAGRANGE PROBLEM FOR NONLINEAR CONTROL SYSTEMS
We shall first recall the notion of a general nonlinear control system

as given by BROCKETT [1977] and WILLEMS [1981] and worked out by van der
SCHAFT [1982] and NIJMELJER & van der SCHAFT [1982] .

DEFINITION 5.1. A nonlinear (time—invariant) control system ) is defined by

a smooth manifold Q, a fibre bundle T : B + Q and a smooth map £ : B + TQ

such that the following diagram commutes

B —L 5 1q

N

The system can be seen as a set of trajectories z defined‘by s

Y = {q: I ~ Q| q absolutely continuous,{(t) « f(T—l(q(t))) almost everywhere}
and is denoted by Z(Q,B,f).I denotes the time interval under consideration.
Each trajectory ¢ e ) is associated with an Zmput map, represented by a

map v : Im ¢ + B, such that -

(5.1) Tov = idIm p s 0, 0wz ) = £0b(9(1))) , teI.
In our situation Q represents the configuration space. The fibres of B re-
present the (state dependent) input spaces. If we denote local coordinates

q forﬂQ and (q,u) for B (u local coordinates for the fibres T—j(q)), then
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we obtain the familiar condition that the system trajectories satisfy
q = £(q,u) for some u (with abuse of notation f£: (q,u) —> (q,f(q,u))).
We shall assume that the dimension of the fibres of B is constant and equal

tom £ n = dim Q. Moreover, we assume that f is injective.

Now suppose a l-form o on TB x I is given. Then we can pose the problem

of minimizing the action integral

(5.2) T = j " a

I
over the set of curves ¢ : I — TB X I for which there exists a trajectory
Y : I —Q of Z with associated input map v such that

(5.3) 6=L (vou),

with £ defined by (4.3). If we define T, :TB x I » TQ by |

T (v,t) = 17, (v) , YVvelIB ,
then we can easily deduce the following commutativity relation:

(5.4) T, L o) ()

T, (), s (8),8) = T,V b, s(t)

v, s (t) = £(voip(r)) .

In fact, the reasoning of section 4 is applied to B instead of Q and ad-
ditional restrictions on curves in B are'given expressing the condition that
they have to be a system trajectory. Denote the set of curves ¢, for which
there exists a ¥,v such that (5.3) holds, by C . Then, given a ¢ ¢ C , the
pair ¥,v is uniquely defined, by injectivity of f. Furthermore, each curve

¢ = L(v o P) in C satisfies

£o T (e(t)) = £ op(E)) = T, (§(r)
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using (5.4), with %B :TB x I —> B the natural projection. So, the set
(5.5) M= {(v,t) e TB x I | fo nB(v) = 1,0}

is a submanifold of TB x I. The curves from C lie in M, so we can restrict

our optimization to M. Then, define
* *
(5.6) E={BlBeTM, ¢ B0 VoeCl},

where C is interpreted as a set of curves in M. So, our minimization problem
is in fact a minimization problem in M with restriction distribution
S = E' on M. That E is a codistribution follows from its coordinate repre-

sentation.

PROPOSITION 5.2. Let q denote local coordinates in Q and (q,u) in B (u are

coordinates for fibres). Let (qsu,g,u,t) be local canonical coordinates in
TB x I . Then M is locally defined by:

(5.7) q.

L= (LW i=1,...0.

. * .
Moreover, in local coordinates (q,u,G,t) for M, E ¢ T M as defined by (5.6)

18 spanned by n+m 1-forms :

(5.8) Bi = dqi —fi(q,u)dt 1i=1,00.,0
Bn+j = duj - ujdt J=1l,.000,m &

Here fi(q,u) denotes the i-th coordinate of f(q,u) in T(q’u)Q .

PROOF. (5.7) follow easily from (5.5).
Let ¢(t) = (¢ (v), ¢u(t), ¢ﬁ(t),t) be a curve in M satisfying the restric-
tion,.Then (5.3) yields for certain ¥ and v (v(q) = (q,vu(q))) :
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¢q(t) = () ,
6, (8) = v (¥(e) ,
_d dy(t)

ba(0) = g G (0

Hence, for 1 = 1,..., n¢
dy. (t)
3 i
08; (o | ) = —gr— ~ £ (D), v ((E)) =0,

using (5.1). Furthermore, for j = 1,..., m:

. v, e e

- _V — anm—— _—__—_—t -_
using the chain rule. This proves the theorem as the dimension of Ex equals
n+m (x € M) due to determination of curves in C by a curve y in Q and a

map v in B , satisfying (5.1). O

6. THE NONLINEAR OPTIMAL CONTROL PROBLEM

Let £ (Q,B,f) be a (time-invariant) nonlinear control system (cf.def.
5.1). Suppose we have given a cost function g:B - R and two points
4,59y € Q. Then, the (time-invariant) optimal ;ontrol problem, denoted by
(£(Q,B,f) ,g), is to find system trajectories ¢y : I (=[a,b]) = Q and asso—
ciated input maps v such that ¢(a) = q, , (b)) = q4y and

(6.1) Jr g(v e p(r))dt
I
is minimized.
. We want to formulate this problem as a Lagrange problem. This can be done

if we specify a 1-form o on M (see (5.5)) which satisfies
*
(6.2) oo = g(m(s(0)) at,

for all curves ¢ with ¢*B =0 VBeE( given by (5.6) ), where Ty :M > B is

the nafﬁral projection. As HM‘°¢ =voy for ¢ =L (voy) we have the fol-

lowing proposition.
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PROPOSITION 6.1. Let o be a l-form on M satisfying (6.2). If ¢: I >~ M is

optimal for o under restriction S = E'L, given certain end points msm € M.

Then the trajectory ¢ = T ° Ty ° ¢ and associated input defined by

v = wM¢ , minimize (6.1) provided T ° 'er(ma) =q,, T®° nM(m‘b) = q. Con~
versely, if ¥,v is an optimal solution of the optimal control problem, then
L(v © V) Z8 optimal for o under restriction S (with £(v oY) interpreted

as curve in M).

It is clear that any choice of o of the form
(6.3) a=g°7ert + Y,

with y € E, satisfies (6.2) by definition of E. So we have some freedom

in our problem definition which can be used, as will be shown later.

Stationarity of a curve is a necessary condition for optimality. By theorem
3.8, formal stationarity of the restricted problem is equivalent with sta-

tionarity of an unrestricted problem with respect to a Cartan form. If sta-
tionarity implies formal statiomarity, then theorem 3.8 provides first order
necessary conditions for optimality of a curve. In the rest of this section

we shall use the following technical assumption.

DEFINITION 6.2. The nonlinear optimal control problem (Z(Q,B,f),g) has

property S, if for the Lagrange problem associated with it as above, sta-

tionarity of curves implies formal stationarity of curves.

In general, nonlinear optimal control problems do not have property S.
One can easily follow the proof of conjecture 4.2 to see that integrability
of the orthogonal complement of the restriction distribution plays a role.
We shall not work out here more practical conditions implying property S.
This will be a matter of future concern. We assume that all systems concerned

have property S. Then we can use theorem 3.8 to obtain the following result.

PROPOSITION 6.3. Let the nonlinear optimal control problem (£(Q,B,f),g)

have property S. Let y € E be arbitrary. Then, a trajectory ¢ : 1 - Q with
assoctated input v : Im Y ~ B <8 stationary if and only if there exists a

curve n ¢ I + E which is stationary w.r.t. the Cartan form
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(6.4) 0 =1 (g ° 'nMdt+ Y) + 9

g E E°?

with L E > M projection, BE the canonical 1=form on T*M restricted to E)
and which satisfies

(6.5) Y =T Ty g M , v = Ty Tg o

A stationary curve can be obtained as a characteristic curve of deg (see

end of section 2) and projection yields the associated trajectory and input.

We shall illustrate this proposition using local coordinates as in

proposition 5.2. For E we use coordinates (q,u,0,A,u,t) for an element
n m '

R B A S L LT PR
We choose
m
(6.6) Yy =) 4,(du,-a.dt) .
ST R T
J
Then, with summation over 1 = l,.eeon , jJ = 1,c00.,m ¢
(6.7) eg = Ai(dqi—fi(q,u)dt) + (uj+ﬁj)(duj—ﬁjdt) + g(q,u)dt.

As in section 4 we may confine ourselves to variation vector fields with

_8% =~ component equal to 1. Then such a vector field on E is given by:

~ 5 5 3 3 5 . 9
X=X gt wth owmth wrt et o

Hence 1Xdeg = 0 yields, as in section 4, by equating to zero the coeffi~-

cients for dq , dA , du, du and dd , respectively:

3g If afk
(6.8) x, = 28 _§y, _k
Mooy 2 K9
6.9) X =f; (@,
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5 n afk
(6.10) X, + X = —&‘au. -1 N 5o e
] ] =1
(6.11) Xu. = uj .
J
6.12 .= = U, .
( ) UJ uJ

The equation obtained from the dt—term is satisfied by substituting (6.8)
up to (6.12) as in section 4. We have chosen y such that the last equation
is solvable with respect to ﬁj. This equation (6.12) determines an .
2(n+m) + l-dimensional submanifold N ¢ E and Xﬁ’is uniquely defined by the

equation ]

6.13 0= X(p.+1.) =X + X, .
( ) (uJ uJ) 2t X,
3 J
So for all p e N, Xp € TN , and the problem is reduced to finding integral

curves of the vector field X |N, satisfying (6.8) and (6.9) together with:

of
_ 3 _ % k
(6.14) 0= == ) AN 5o
] =1
(6.15) Xu. = - uj .
J
In the case that
n of
B 288 _ _k
(6.16) det ( 3ui ( Ju. kzl Ak &ﬁ ))ij 70,

we can reduce the system even more by solving (6.14) with respect to u. Let
this result be u = F(q,A). Then, from X(u-F(q,A)) = 0 we obtain
oF oF

3¢ gt ™

|

(6.17) Xu X)\ = G(qs}\) s
where G is obtained by substituting (6.8) and (6.9). With (6.15) we obtain

(6.18) u = - G(g,\)

and the condition X(u +G(g,A)) = 0 yields an expression for X,
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_ 936G e
(6.19) Xu = g Xq t =3 XA

Summarizing, we may consider the (2n+1)-dimensional submanifold N ¢ E

defined by

(6.20) G =+6G(g,A) , u=-G(gA) , u=F(g,A),

together with the vector field X, which satisfies XP € Tp N for all p € N.
Hence, formally stationary curves (and if property S holds: stationary curves)

of the optimal control problem are integral curves in N of the vector field

defined by:

£(q,F(q,1)) ,

=
Il

(6.21)
X, = %cgi (q,F(q,A)) - [ %%wﬂq’”)] A

provided (6.16) is satisfied. Equation (6.21) expresses first order neces—

sary conditions for optimality of a curve q(t), if property S holds. Note

that, with

H(q,)\,u) = g(q,u) - )\T f(q,u)

we have
X == e aH(S’A’u)
q 3
u = F(g,\)
X = 9H(4,A,u)
A ag

u = F(q_’)t) D

These equations look more familiar. They are also obtained if we apply

Pontryagin's maximum principle.
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Let us specialize it even more and look what we obtain for the time—

invariant linear—quadratic optimal control problem defined by:

f(q,u)

Aq + Bu ,

T.T T
g(q,u) = (g CCqg +uu ,

then (6.14) yields ,

(6.22) u =B\ (= F(g,\))

(the determinant from (6.16) equals 1) . For G we obtain from (6.17):
(6.23) G(g,2) = B'(CTcqg-aTn).

Hence, G and u folloﬁ from (6.20) and the veetor field (6.21) becomes on N:

: T
(6.24) ();2) = (frc "y ) (;1 ) )
which.is the well~known equation for the linear Hamiltonian vector field
for the linear—quadratic regulator problem (WONHAM [1979]) . We shall not
go into details about existence and uniqueness of integral curves of this
vector field. Such results can be found for instance in BROCKETT [1970] .
Our purpose was to show that our general theory for nonlinear time—invariant

optimal control problems easily reduces to the familiar results in the linear-

quadratic case.

Proposition 6.3 is the important result in this section. It yields the
general formulation of first order necessary conditions for optimality (or
necessary and sufficient conditions for stationarity) of curves for the op—-
timal control problem. A particularly nice detail here, is the freedom of
choosing vy in E, which can be used to reduce the dimension of the problem
by guaranteeing solvability of the equations with respect to certain vari-
ables and, moreover, to obtain simple equations, once we have chosen coor-

dinate§.
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7. CONCLUSION

In this paper we gave a generalization of Lagrange's multiplier rule

for restricted variational problems on manifolds. Using a recent formulation
for nonlinear control systems on manifolds we are able to give a formulation
of optimal control problems on manifolds and to derive first order necessary
conditions in this formalism. These are based on finding characteristic
curves of a certain 2-form, which is the differential of a specific Cartan
form. We expect that the formalism given here is especially suitable for
studying nonlinear optimal control problems. In particular, notions like non~—
linear controllability, stabilizability etc. might be easily introduced in
our setting, in order to stﬁdy existence and uniqueness of solutions in non—

linear optimal control problems.
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