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Interactlion takes place nowadays between mathematilcs
ts remarkable effsheet that forms the topic of this
11§ zed z. Of course, a good deal of inter-
hetween mathematice and ordinary computing but
g asks for new mathematical methods and also makes
ble to use already existing methods that were declared obso-
rause they are Impractical for ordinary calculations. High

. computing acts therefore on one s8ide as a stinmulus to mathema-

Llcs whereas on the other slde the computer ay profit from the large
:anseawir of eetheeatieel knowledge already in exlistence.

.L is not my intention to discussfully all consequences of the im-
~i¢*:;eed computing on mathematics or vice vers: but I shall
myself To some speclal toplcs in this field mestly in connec-

work that has been done at the Mathematical Centre at Am-

atzef all I should like to emphasicse that mathematics. 1s more
..iyeie and algebra and that 1in prinziple other fields of mathe-
might be of comparable use to computing. But, of course, the
er wno coes other work than sheer arithmetic and elementary.
more likely to come into contact with analysis than with

ng else. And already 1In th  application of analysis to computing

nteresting polnts arise. Perhaps the most important tool that

8 provides the computer with 1s the calculus of finite diffe-

rences. AT flrst sight this looks less highbrow than the infinitesi-
nal calculus, des g with infinitely small differences but in reality
L lies much deeper and forms actually a rather advanced topic in the
theory complex functions. The fact that it is so difficult is the
reason that not very much 1s known in comparison to the situation in
vwminwry calculus. This provides an interesting source of uncertainty

”ne ¢l the most prominent applications of the calculus of finite
llllerences to computing 1s the theory of numerical interpolation,
Lntegration, and so on. An interpolated or integrated value of a
unction is represented as a linear combilnation of tabular entrres,
either directly 1n which case we speak of Lagrangean type formulas or
in two stepe in that first certain simple linear combinations of the
entrlies are d, sO0 called differences of various orders, after
S The result 1s formed as a linear combination of one or
JeR 7% and a number of differences of increasing orders. The
~fﬂu»-~wnts by which these differences have to be multiplied tend
 2ero Pwth@? rapidly in generel As leng as on1y=e flnite:nurtW?
iff errors. The computer canenlyiuse, of caur&e,x;«gﬂV f
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restrictions the error committed by stopping after n terms in all
these types of processes is equal to the product of three ffactors.
The . first factor is a rather irrelevant with increasing n decreasing
function of the spot at which one interpolates and so on, the second
is the n-th power of the step and the third is the derivative of ‘
order n+a (a being some constant) of the manipulated functlon some-
where in the interval determined by the arguments used 1in The process.
From this observation one can prove the following general statements.
The greater the step the more necessary, dangerous and inefficient
is the use d higher differences., The smaller the step The more super-
fluous, harmless and efficient is the use of higher differences.

If smaller steps are used in integration, say, obviously a large
number of them have to be taken in order to reach the alm. If high-
speed computers are used, there are no direct objections agalinst the
use of very small intervals. This is a very nice situation. All |
remainderterms decrease enormously in size. Elther one can increase
the accuracy considerably in this way or one can abstain from tThe use
of differences of high order. In the lact case one gets instead of ‘
higher accuracy something else of high value, viz. €ase of program-
ming. The tendency towards case of programming may here and 1ln similar
cases easily go so far that one only accepts the crudest methods that
are only possible. In order to keep the accuracy constant one has
then to decrease the step extremely. Not only does this decrease tThe
efficiency of the high-speed computer but it also may introduce errors
of another type, viz. those due to rounding off. Moreover 1n cases ‘
where all entries have to be stored as e.g. in the solution of elllip-
tie partial differential equations, The required stTorage space may
easlly become prohibilitive. - ‘
~ Both these remarks polnt our attention to another branch of mathe-
matics, viz. to statistics. The study of the phenomena due to rounding
off errors follows lines closely related to those followed in mathe-
matical statistics. It is of vital importance for modern computing
and here a direct stimulus to mathematics comes from computing. Thils
study 1s moreover rather interesting from a mathematical point of
view also. Here again apparently simple problems need already power-
full tools of analysis and more than that, one frultfully introduces
geometrical and numbertheoretical concepts. The filrst results of
general character reveal unexpected and peculiar phenomena.

The second difficulty mentioned, viz. that of the storage of many
functionvalues in the solution of partial differential equations 1is,
at least in principle, overcome in a remarkable way by fthe introduc-
tion of the diffusion analogy analysed years ago by Courant, together
with the application of the Monte Carlo method. Here the close
cooperation with the statisticilan is evident and. the theory of the
random walk is rapldly extending due to the stimulus of computing.

Another interesting point arises in connection with the Monte Carlo
method connectling computing with the theory of numbers, viz. the -
generation of random digits and random numbers. Of course, one can
make those by means of special electronic devices, the electronic
coins, but it is much more interesting and also more practical with
respect of the reproducibility of the gambling process to generate
them by computing. The question arises then how to generate very long
sequences of numbers or digits, "very long'" meaning with a very long
perliod of repetition of the same pattern. Moreover the numbers or R
digits must pass succesfully statistical tests for randomness. Several
schemes of construction have been devised, the first falling complete-—
ly. A proper method has been indicated by Lehmer, who defines the
sequence by the congruence u, = a up_4(mod N), O u,< N. Each number
~1s completely determined by its predecessor, and as tThere only N num-
bers dlfferent modulo N, the sequence is periocdic and its period 1is
less than N. If one chooses a arbitrarily with respect to N, The -
period may be only a small fraction of N but corresponding to a given
N there exists a maximum period and a can be chosen 1in several ways
so that one obtains that maximum period irrespective of the value Ug.
This 1s a pure numbertheoretical problem. I suggested some Tlime ago
- the use of recurrent sequences of second or higher order. Indeed, 1i

- one defines the sequence e.g. by u, = Uy _1eaq Yo & term 1s defined
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Lls of Interest as such, as there are
ncerthecory 1s impractical

is p wwps worth while to ask whether high speed

:ng value to pure mathematics, because number
thne most likely candidates to profit. There
id open here. For instance, the search for
me an be extended to a somewhat higher level what
ly, heWQ t@ sugcest conjectures that may be proved or
usually remaln open. For instance, tThe search for new
numbers has been a welcome pray for the fast computers
cions performed on the SWAC have ylelded interesting
g=13 _ would be of real Theoretlical Interest, for example, TO
go a s8tep further than could be handled bg the SWAC in 1ts present
tate, & -0 investigate the number -1+2°19 for if this proved tTO
then a liarge amount of theoretical worﬂ should be justlfied
© prove or to disprove the conjecture: If mp = 2 1 is a

prime number, then mz = 2M2-.1 1is also prime. The validity of this
onjecture would for instance imply a ccnstructive proof of the
exlistence of a prime-generating functi
ﬁnutﬁ@r helping hand can of course be 1ent by tabulating functlions.
There are ople That do not appreclate that tablemaking, and therefore
speclf{y somewhat by taking a specific example. Qulte recently
cped a rather general transformation that enables to compute

fufetidns fr:mqtheir heavily dilverging asymptotic expansions. This
.~u4w-? ia In itselfl not directly meant for hizghspeed computers but it

> pecullarity that for application one needs extensive tables
s“ very peculiar functions (that have not to do with the speclal
fu ctinﬁ tﬁaw , wishes to compute, of course). The computation of
€ 5 an enormous task, and here the highspeed computer can

appllcations of the computers, only their con-
~~i‘ﬁﬁ yielns prajlwms in many flelds of mathematics. It is well
£Nown that the design of circuitry is up to a nigh degree squivalent to
prcolems in formal “ugluﬁ Boolean al ebra or Aiken algebra form now-
adays tools of the computersnzineer. In seneral also all questions with
respect to binary rapreS&ntatiﬁn o diglts or numbers suggest problems.
For instance, a problem connected with error detecting and correcting
codes 1 ne following: How many confizurations of n binary digilts can
be constructed that jiffﬁ? 'rom each other in at least d digits? The |
3¥1dti$ﬁ ls not known, It may be regarded as a problem in combinatorial
algepbra pbut 1t 1is also a *eamturical problem in n dimensions: How many
;:11@ hyp@pg,he;». ¢l diameter d< can be attached with their centres
n the e ) 2 hypercube of unitsize? In this form it is closely
-Li&nown subject 1n modern geometry, viz. that of the
spheres.
ted 1s the theory of switching functions. Many results
- of switehin funations are really clarified by
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in the outside, whereas for n < 4 they do not exist.

A Third problem arises from a question of Aiken. If the decimal
system 1s. To be used for a computer, and k.parallel lines of binary
digits are put avallable to represent decimal digits, :then k is '
obvidusly at least equal to 4. Is 1t p0581ble to derive a coding
sé¢heme, 1if necessary at the cost of a greater value of k, such that
The sum dlglt and carry diglt in the additlon or-multlpllcatlon of
two decimal. diglts can e obtained, 'say, by simple permutations
or more general Py circults of glvensimplicity Duparc has analysed
this and similar problems sucoesfully, ‘but his proofs requlre cancepts
of grouptheory. i ¥ _

Van der Pol has dealt recently W1th.problems related to the sum of
“the digits 1n.any scale of the integral part of functions of x. The
first results already are of a certain interest to computing and
perhaps an interestlng field is opened here. In general one might say
that mathematics is quite well armed to answer.succesfiully the pecullal
questions arising in highspeed computing. Of course, there are certailn-
ly filelds 1in whlch a lot shall have To be done, €.&. in the theory of

repetltlvb processes
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