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The Rational Approximation of Functions
which Are Formally Defined by a
Power Series Expansion

By P. Wynn

1. Introduction. The advent of high speed digital computers and the consequent
intensification of interest in the study of numerical analysis has caused considerable
attention to be paid to the problem of obtaining approximation formulas for func-
tions which occur in the theory of mathematical physics. It is the purpose of this
note to describe the theory underlying various methods of obtaining rational ap-
proximations to functions which are formally defined by a power series expansion;
it is assumed that the power series concerned are quite general in character, and
that the functions with which they are associated do not satisfy a particular func-
tional equation which would permit the use of any special method. The theory
is then subjected to a detailed analysis in terms of the computational steps in-
volved, and a comparison, with regard to computational efficiency, of the various
methods which may be devised for obtaining rational approximations is given.

2. The Padé Table and the E-Array. The approximation to the function defined
by the power series

(2.1) B(z) = ¢ + x4+ e® + - --
by a rational function of the form

Up.v(x) — (2779 + [ P 1 + e + au,vx,}
Vu,u(x) ﬁ(),v + Bl,vx + e + ﬁl-h"x“

can be systematized (1], [2, p. 420], [3, 377] by imposing the condition, where this
is possible, that the expansion of (2.2) in ascending powers of x should agree with
the power series (2.1) as far as the term in 2*™, i.e., that the power series expansions
of B(2)V,.(z) — U,,(z) should commence with a term in ™. This leads im-
mediately to the set of linear equations.

(2.2)

Coﬂo,y = 0y,0

&by + Py = 27751

(23) CVBD,V + cﬂ—lﬁl,u + cte + cv—uﬁn,v = Oy
Cv+1ﬁ0,v + cvﬁl,u + S + Cv—y-}—lﬁu,v = 0

Cv+l.t60,v + Cv-!—p.—-lBl,v + ter + chp,,v = 0

which serves uniquely to define the coefficients in (2.2) if the restriction 8o, = 1
is imposed. The rational functions (2.2), determined by equations (2.3), may be
placed in an array in which the quotient U,,.(z)/V,.(2) is at the intersection of
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the (v 4+ 1)th column and the (u + 1)th row. Such an array is referred to as the Padé
table of the function B(z), and the condition that it may be constructed from the
systems of equations (2.3) is that all the Hankel determinants

Cm Cmy1 ***  C;pn—i
c 1 clll 2 .. c

(24) H,™ =" o i
Crntn—1 Coitn ctt Crnt-2n—2

should be non-zero.
Since the successive convergents of the continued fraction

‘ (m) (m) (m) (m)
c ze x Ze X
(2.5) m @ 1 T I r T

1—-1—-1-— 1 - 1 -

are rational functions of z, it is to be expected that there is a connection between
the theory of continued fractions and the Padé table. In fact, if (2.5) is the con-
tinued fraction expansion, which may be derived by a number of methods one of
which will explicitly be described in a later section, of the power series

(2.6) ZO Crirl

then [2, p. 447] the quotients

@7) Usi(z) Uo i1 (2) Urpn(z) UL ii2(x) Uppae(z)
) V(lk(x) ’ Vo,k+1($) ’ Vl,k-(-l(x) ’ Vl,k+2($) ! Vz,k+2($) ’

are the successive convergents of the continued fraction

B+l (k1) (k+1) (&+1) (k-+1)
Cpi1 X q1 X ey T G2 X €s x

%
28 w+ar+ -+ ax + 1— 1= 1= 1= 1=/

while the quotients

(2.9) Ug.o(z) Uy a(z) Ugs1,1(x) Ui1,2(x) Ugs2,2(x) .
T V@ Vea®) ' Vena@® Vine@®@) Vigeo(z)’

are the successive convergents of the continued fraction

k41 E+1 k1) k1) k+1
1 Qppr ™ @ g 0BV g g, g, D

b F izt - FdettF 1— 1— 11— 1= 1-

where, formally

(2.10)

k k (314
(k) ()'xez()

= o dr Q1(k)lx €1 X Qe z
(2.11) ;}dk-i‘rx = 1‘—__— 1 — 1 _ 1 — 1 —

and
(2.12) (Z;; crx’) (,Z:% d,xr> = 1.

Before proceeding further it will be stated that rational approximations will be
derived which relate to the series
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(2.13) B(z) = 2 ¢ a
=0
and others which relate to the series
(2.14) F(z) = D ez
r=0

Since these series may be transformed into each other by means of the simple
relationships

(2.15) B(z) = 7 'F(z™)
(2.16) F(z) = 278z,

it seems to be most economical to refer all the working to one of the series and
further, it would seem to be a cause for surprise that this should be a matter for
discussion. However, if the series (2.14) is rewritten as a power seriesin z = 2z ' it
will be observed that the constant term is missing, i.e., that the condition that all
the Hankel determinants (2.4) should be non-zero is violated. If on the other hand
the series (2.13) is treated with methods to be described, there results such a wilful
perversion of certain classical results, such as occur, for example, in the theory of
orthogonal polynomials, as would encourage some other course of action to be
adopted. A yet more decisive reason for difficulty is contained in the observation
that the Padé table is essentially a symmetric structure in the sense that the power
series expansion of {8(x)} ™" has the same form as that of 8(x), whereas the power
series expansion of { F(z)} ™" has not the same form as that of F(z).
Accordingly, the rational expressions E,™ (z) of the form

- ra™ (2
(2.17) B (a) = ;JT)%
where p,"™ (2) is the polynomial of the nth degree
(2.18) P (2) = io ke,
"™ (2) is a function of the form
(2.19) () = 2" m:é_l W, r”(2) = 0,

and the series expansion of E,™ (2) in inverse powers of z agree with that of F(z)
as far as the term containing 2™ ", will be arranged in the following array:

EO(O)(Z)
Eo(l)(z) El(l))(z)
E(z)  E(2) B, (2)

E(2) E\®(2) E"(2) E%(2)

Eo(m)(z) El(m—l)(z> Ez(m—Z)(z) E3(m—-3) (z) .. Em(O) (Z)
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in which the quantity £, (z) occurs at the intersection of the (n + 1)th column
and the (m 4 1)th diagonal. This array will be referred to throughout this paper
as the E-array. Clearly the constituents p,™ (2), r."™ (2) of the function E,™ (z)
may also be displayed in the same array. If, in the notation of equation (2.18),
the restriction

(2.20) K =1

is imposed, it is clear that

(2.21) 0. (2) = Vamgna(2), 22 = 1
and that

(2.22) 2, (2) = Uy omyna(z), 22 = 1.

If, as is convenient from the point of view of numerical computation, the Padé
table is regarded as an array of vector pairs

(2.23) (oup, @ut,y " s Qup), (Bow s Brvy * 5 Buw),
so that
(2.24) Us(2) = (@0, a1, =0y aun)(1, 2, -, 2)7
and )
(2.25) Vuslz) = (Bow, Broy == 5 Bun) (L, 2, -+, )7,
and the E-array is regarded as an array of vector pairs

(s s ka2 oo k), (G08 , 002 o, Gt
so that

Pa(2) = (k% koo RS (L2, -0, 2T
and
ra " (2) = & (IR L G, e ) (L g, e, 2T

it is seen that the whole E-array may be obtained from the Padé table by trans-
posing the Padé table, deleting these terms lying above the diagonal beginning
with the second term of the first row, and placing the quantity Eo'” (2) = 0 at the
peak of the array; conversely, part of the Padé table may be obtained from the
E-array by removing the entry Eo”(z) and transposing the E-array about the
diagonal B, (2),n = 0,1, --- .

Approximations relating to both series (2.13) and (2.14) will be derived, the
series chosen for treatment in a particular case being selected according to the
dictates of convenience. The variable used will indicate the series under considera-
tion. Methods for deriving rational approximation formulas will now be discussed.

3. The E-Array.

3.1 Orthogonal Polynomials

The various questions associated with the central problem of obtaining rational
functions from power series expansions are unified and greatly clarified by an appeal




THE RATIONAL APPROXIMATION OF FUNCTIONS 151

to the classical theory of orthogonal polynomials. This is usually introduced {4,
p. 153] by focusing attention upon the integral formula

G.L1) [ 200 astv) = {” r#s

s r=8
which serves uniquely to define a sequence of polynomials p.(¢) 7 =0,1, ---, and
it is then noted at some later stage that if

(3.1.2) [ "¢ dsl) = o

then formally

(3.13) | L a) - e

Since, however, the moments ¢, are the central feature of the problem in hand,
and the introduction of the integral and weight function ¢(f) ( in view of the
difficulty of envisaging an appropriate form for ¢()) may even serve as an im-
pediment to understanding, the present treatment will slightly be varied.

Accordingly, define a process I by

(3.1.4) I(t') = ¢ s=20,1,---
and construct a sequence of orthogonal polynomials pn("’)(z) n=201---,m=0,
1, - -+, from the relations

0 0<s=n-—-1

mts,  (m) . = =
(3.1.5) I p, ™ (1)) = {wn s —n
where w, is-so chosen that in the representation
(3.1.6) P (2) = 2 kSN
s=0

(3.1.7) k=1

Construet a second sequence of polynomials
n—1
(3.1.8) 0. (2) = 2 jms
s={

from the relation

(3.19) 0. ™(2) = I{tm(l’n("’)(z) - m""’(t))}

z—t

These are the classical associated polynomials occurring in the theory of orthogonal
polynomials [4, p. 162].
Note in passing that formally

(3.1.10) I{ t }: 3 ez
. s=0

z2— 1t

Consider the quotient 0,'™ (2)/p."™ (2), there follows
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0. (2) _ . [t"(p. ™ (2) — p. (N -
Pu™(z) I{ z— 1 f/pn( @

_ I{ ) 1 {t’”pn""’(t)\

z—1f T ™ (z) z2—1t )

(3.1.11) = ZO Cmps? L — {2 — kM 4 }I{ZO p,,('")(t)tm+’z_s_l}

= Z_;) Crmts Z-‘%l + P, 2n+1(z)

. . . . . . —9n— .
where Ps.41(2) is a power series beginning with a term in 272", Define a third
sequence of funetions 7, (2), where

m+n—1
(3.1.12) () = D iy
s=0
by means of the relation
(31 13) r (m)(z) — I{zmpn(”‘)(z) _— tmpn(m)(t)1
o " z— 1 ?

and note that

(m) m—1 (m) 0
(3-1-14) *I‘:‘%‘)—Eg = Zo Csz_s-_l -+ Z—m%—% = Eo Csz—s_l + Pm+2n+1(2>

Thus it can be seen that the construction of the E-array may be greatly facilitated
if the functions 0,™(2), p.™(z) and r,"™(z) may be constructed with moderate
ease. Results which enable this to be done, and others which will be of later interest,
are now given.

Eliminating the coefficients kW s=0,1,---,n, between n equations of the
form (3.1.5) with s = 0, 1, ---, n — 1, (3.1.6) amd (3.1.7) there follows the
determinantal formula [4, p. 158] for the polynomial p,"™ (2)

1 z . e zn
Cm Cm+1 .t Covpnn
Cont1 cm+2 e Contnt1
(m) n

(3115) Dn (Z) = ("“1) Cmin—1 Cmtn °*° Cmy2n—1
Crm Cmt1 G-t
Cmt1 Cmyg " Comin
Cmin—1  Cmin st Com4-2n—2

Further it may be shown [4, p. 158] that the polynomials satisfy a recursion of the
form

PT) = (2 = a™)pr™(2) = BT ()

(m)

(3.1.16) ) ;
pO( )<Z) = 17 pl( )(2) =& a0 ,

and, from the definitions (3.1.9) and (3.1.13)
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oT(2) = (2 — a0, ™ (2) — B™o™(2)
(3.1.17) ) )
00'™(2) = 0, 01'(2) = ¢m
and
R = (2= &™) (@) - Br()
(3.1.18) 1 .
N = Lo n®@) = p @ (@) + ens "

These recursions, in conjunction with equations (3.1.11) and (3.1.14) serve to
identify the quotient 0,™(2)/p."™(2) as the nth convergent of the continued
fraction

19 F Cm Bﬁ(m) :'T—;.
where formally
(3.1.20) Fu(2) = 2 Coir2 ",
r==0
and the quotient 7, (2)/p."(z) as the nth convergent of the continued fraction
m—1
F(z) = 2 ¢z~
3.1.21 = m "
120 I S O . S
2 — ao(m)__ 2 - al(m)_ z — ar(rn)_

mr—1

Multiplying equation (3.1.16) through by ¢
virtue of equation (3.12), that

(3.1.22)  I@™pi™(t)) = BIAI™ T 'p(E) = caBo B - - BT
Similarly, by multiplying the same equation through by t™*", it follows that

(3.1.23) I(t"* ™ p, (1)) = emBo™B™ -+ B (@™ + ™ + -+ + ™)

Equations (3.1.16), (3.1.22), and (3.1. 23), taken in conjunction are now sufficient
to determine in succession the quantltles Ay , B, &, '™ forany preassigned value
of m [3, p. 196]. The coefficients <> may be recovered by means of the recursion
(3.1.18), or from the condition (3.1.14), or from the recursion (3.1.17) in con-

junction with the condition

and replacing z by ¢, it follows, by

m—1

(3.1.24) riM(2) = pa™(2) D 62 4 20, (2).

=0
3.2 Stieltjes’ Algorithm [5]; [2, p. 326]; {3, p. 203].
(m)

An algorithm for obtaining the quantities ™, 8" and hence, by virtue of
equations (3.1.16) and (3.1.18), the quotients 7,\™ (2)/p.™(2), is implicit in the
followng theorem due to Stieltjes: If the bilinear form 5 ;=0 CmipreZoliq is decom-
posed into

S Cnrmratole = calhim + WD+ ) (WDyo + Ky + )

p.q=0

+ en B (P2 + BPwe + - )V (WD ys + My + 1)
+ cnBo B (WP + h§Bws 4 ) (BB ye + BSBys 4+ o) F -
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then the quantities BY satisfy recursions involving quantities a('"), 8™ expressible

by the matrix equation

h(m) 0 0 .o _ao(m) 1 0 0
h(m) h(m) 0 . 60(m) _al(m) 1 0
g 0 B g™ 1
Gag) UL
MY KD 0
h("‘) (m) (m)
= h(m) h(m) h(m)
in which
(3.2.3) B = 1 P01,

furthermore, by equating the coefficients of x,y, on the right and left hand sides of
equation (3.2.1)

(3.24) Cmipta = CuhTORSD + enBo™RIIRTY 4 o™ B RIIRTD 4 - -

the series in (3.2.4) being terminated by observing that A2 = 0 if s > r. Finally,
from equation (3.2.2)

(3.2.5) ™ = —h% @ =k — B r=1,2---
The significance of this result is revealed by denoting the triangular matrix in
equation (3.2.2) by H"™, the matrix

Cm cm+1 cm+2
(3 2 6) Cm+1 cm+2 Cm+3
Cmt+2 Cmy3 Cmiyd

by C™, the diagonal matrix

Cm 0 0
0 Cm Bo(m) 0
32.7) 0 0 B0 ™™

by D™, the vector (29, 21, @, - -+ ) by X, the vector (yo, 41,42, )" by ¥, and
rewriting equation (3.2.1) as

(3.2.8) xC™y = xH™D™H™ Ty,

Thus 1t is seen immediately that the process of determining the triangular array
H™ is equivalent to the familiar Gauss-Banachiewicz decomposition for solving
linear systems, in which the matrix D™ is so chosen that the diagonal elements of
the matrix H'™ are unity (see the remark contained upon page 278 of [6]). The
relationship between the matrix H™ and the matrix
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kY 0 0 -
(32.9) g _ [BD BP0 1
A U
of coefficients in the orthogonal polynomials p,™ () n = 0, 1, - - - is revealed by

noting that a consequence of equations (3.1.7) and (3.1.22) taken in conjunction
is that ~

0
m, (m) m -
(3.2.10) I p, ™ () p:™ () = {Cmﬁo(m)ﬁﬁ(m' ) r—s

or In matrix notation

(3.2.11) K™CcWK™T = p™
Using the result (3.2.8) it follows that

(3.212) K(m)H(m)D(m)H('m)TK(m)T — D(m)
or

(3.2.13) K™ = g™,

The author is indebted to Professors ¥. L. Bauer and H. Rutishauser for remarks
upon this section.

3.3 The Quotient Difference Algorithm
If the substitutions

(m) (m) {(m) (m) (m) (m)
a; " = o1+ e Bs ™ = efiqst1 §=0,1,---
with
GO(M) = 0

are made, the continued fraction (3.1.19) becomes
Cm 61(M)91(m) er(m)qr(m)

m (m) (m) T (m) (m)
r—q T — a— g —e — 2= @1 — e —

(3.3.2)

and may be recognized as the even part [2, p. 197], [3, p. 20],

(m) (m) (m) (m)
Cm Q1 €1 Q2 €2

z—1—2~1—- 22—

{3.3.3)

The odd part of (3.3.3) is

(m) {m) (m) (m} (m)
(334) =41+ @ b & . L .-
o z (m) (m) (m) (m) (m) (m)
=g  —& 24 —eé  — 27 (r+1 — €41 —

However

> c

—r—1 ~1 el

(3.3.5) 2 Cnr? = —zﬂ—t + 27 D gz

r=0 r=0
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and hence
o0
~r—1
2 Criri1?
=0
(33.6) 7 (m) (m)  (m) (m)_(m)
_ Cn G e gz e gri1
= ey ) ] m) m) (my
Z'—Q1m —'elm—'z"gh(m—ezm— z—qﬁl—eril—

Substituting m -+ 1 for m in (3.3.2) and equating the coefficients in the resulting
continued fraction with those of (3.3.6) there follows the two systems of equations

(3.3.7) o™ 1+ ™ = g, g D
(3.3.8) gMe, ™ = g, (W g (mHD

which may progressively be used to derive the coefficients in the continued fraction
(3.3.2) from those of the infinite series w0 Cmis2
The quantities g™, e.\™ may be arranged in the following scheme:

[()]
1

. ©
eﬂ( ) e

the various quantities occurring in equations (3.3.7) and (3.3.8) are then seen to
be located at the corners of a system of lozenges, two of which have been sketched.
The computations are started with the initial eonditions

(3.3.9) e'™ =0, '™ = Cmi1/Cnm -

The system of equations (3.3.7) and (3.3.8) is the Quotient-Difference (g-d)
algorithm. Formulas relating to it have been given by a number of authors [7], [8],
[3, p. 382], [9], [10], [11]. Properties of this algorithm which are of critical interest
in the theory of numerical analysis have been exploited by Rutishauser in his
expository study [10]. An interesting generalization of the algorithm has recently
been given by Bauer [12]. Once the quantities ¢.'™, e, ™s = 1,2, - - - have been de-
rived, the system of polynomials 0,'™ (2), p.'™ (2) and the functions for a fixed value
of m, may be constructed by use of equations (3.3.1), (3.1.16), (3.1.17), and
(3.1.18).
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3.4 Further Polynomial Recursion Systems

Two further results which relate the quantities ¢,'™, e,'™ and the polynomials
p.™ (2) are [10, p. 11]

(34.1) P, () = ™ (2) — PP (2)
and : .

(342) P (2) = 27" (2) — ¢ "PTM2)

It follows trivially from the definitions (3.1.9) and (3.1.13) that
(3:43) 20, (2) = 0™ (2) — & Mo P(2) = cupr™(2)
344) 0™ (2) + 0. (2) — 077 (2) = eapiTi" (2)
(3:45) () = 17 () — &m0 (2)
(3.4.6) ri™(2) = armfP(2) — . "r(2)

and after some manipulation, that
(347) & ™ep(2) + (¢ — 1) — 2)p " (2) + P (2) =
(34.8) ¢ " () + (& = ¢ — 2)p " (2) + zpr“"“)(z) =0
(34.9) &™) + (¢ — &Y — 2)r () + r5(R) =
(3.4.10) ¢570r, " V(@) + (e — ¢ — z)r‘,('”)(z) + 2" (2) = 0
e, oM (2) + (¥ — 51" — 2)0, ™ (2) + 205717 (2)
+ ener P (2) — cnepliT(2) = 0

qr(m—l)zor(m-l)(z) + (er( . (m—l) T(m)(z) + Or(m+1)(2’)

+ enpr ™ (2) = Cnage " P, " (2) = 0.

(3.4.11)

(3.4.12)

The transcribed recursions (3.1.16) and (3.1.18), namely
(3413)  pH) = {2~ ¢f1 ~ &™) (2) — &M pN(R)
(3.4.14) i) = {2 — ¢7 — &™) — ™, r(2)

are recursions involving quantities lying upon diagonals of the E-array, (3.4.7)
and (3.4.9) and (3.4.10) involve quantities lying upon rows and columns of the
E-array respectively. Both pairs of recursions (3.4.7) and (3.4.9), and (3.4.8) and
(3.4.10) could be used to construct continued fraction expansions whose con-
vergents lie upon a row or a column of the E-array, and indeed, by suitable use of
the recursions (3.4.1), (3.4.2), (3.4.5) and (3.4.6), continued fractions may be
constructed whose convergents lie upon arbitrary paths in the E-array, but numeri-
cal evidence shows that practical interest attaches only to the continued fractions
of the form (3.3.2).

3.5 The Euler-Minding Relations

Eliminating the quantity z — . ™ between the recursions
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(3.5.1) pii(z) = (2 — &')p, ™ (2) — BTIpITA(2)
(3.5.2) r2) = (2 — &) ™ (2) — Br™i(z)

there follows
i @)p, " (2) = pa(e)r ™ (2) = 874" (2)pii(2)
(3.5.3) ~ 12 (2)p. " (2)}

= cub 8™ - 87

or, dividing equation (3.5.3) through by p{f(2)p. ™ (2) writing, 1, 2 --- n for

r + 1, and adding the resulting equations

ra™ (2) m emBo™ - BT
354 2 = ™ () o
(854) () &) + 2, P (2)p,"™ (2)

the Euler-Minding relations [2, p. 16], [3, p. 17], for the continued fraction (3.1.21).

3.6 A Non-linear Recursion

The rational function E,'™ (z) may also be computed by using a further result

in the theory of continued fractions, namely that nth convergent

[47] 42 a,
3.6.1 C, = e
( ) bl + b2 + bn
of the continued fraction
a ds a,

(3.6.1)

b+ bs+  ba

may be computed by evaluating the sequence

(36.3) Di=3", D=p—p  r=12,n-1,
when

D, =0C,
Writing

d;(:g,)o + df:,,g,)l A R dx(l,"sl,)s—l Zs_l

diwh +diiz+ - + A%, 7
it is seen that the rational function o,™ (2)/ py(m)(z) may be constructed by evalu-
ating the sequence

(3.6.4) D (z) =

B(m)
DY (z) = 2=
2 — ay-1
(3.6.5) o ) .
D) (2) = ——
s — 0(1(:”—?9-—1 - Dx(;"s‘)(z)
when

D (2) = 0, (2)/ps'™ (2).
The quotient E,"(z) may then be constructed by means of equation (3.1.24).
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It will be observed however, that whereas the evaluation of the sequences
(3.1.16), (3.1.18) and (3.5.4) are progressive in the sense that at each stage there
results the evaluation of a new function p,'™ (2), r.\™(2) or E,"™ (2), the evaluation
of the whole sequence D,(,,'Z) () s=1,---,vresults in the computation of but one
quotient E,™ (2).

3.7 The en(8,) Transformation [13] [14]
If the partial sums S, of the infinite series Y w2 " are defined by
m—1
(3.7.1) Sm= D¢z " r=1,2---,8=0
r=={)
then
ASm = Sm+1 - Sm

~—m~—1

(3.7.2)

= CmR

Equation (2.17), by means of suitable operations upon rows and columns of the
determinantal expressions which arise from the application of equation (3.1.13)
to the expression (3.1.15), may be manipulated into the form

S St T Smin
AS,, ASpmpr v ASuya
ASm.H ASm+2 e ASm—{-—n-{—l
ASpin—1 ASpmin  + ASpien—
(373) E™(z) = o _—
1 T 1
ASm ASm+1 tet A‘Sm+n
ASm+1 ASm+2 tte A‘Sm+n-}-1
ASm+n_1 ASm+n e ASm+2n—1

The determinantal quotient (3.7.3) was denoted by Shanks {14] as €,(Sn4n) and
was investigated, primarily as a non-linear sequence to sequence transformation,
by him.

3.8 The €-Algorithm

The various quantities B, (2) m = €, 1, --- ;n = 0,1, - - - , may be constructed
by means of a simple recursive algorithm due to Wynn [15]. According to this,
quantities Ef,’i); 2(2) n = —1,0,1,--- are introduced, and using as boundary
values E%).(2) = 0, EO('")(z) = 8., m = 0,1, - further quantities E,"™ (2)
s=3%1,%---;m=0,1, --- are constructed by means of the recursion

1

3.8.1 E,"™(2) = E™MV(2) +
(38.1) (2) ! EMN () — BE™,5(2)

(In the original exposition of this algorithm, [15], the right side of (3.7.3) was re-
garded as the result of a non-linear transformation of the quantities S, , and the
notation ET1s(2) = €004a(Sn), En'™(2) = €9.(Sm), was used.)

Since all the quantities E,™ (z) are rational functions of z, and equation (3.8.1)
may be manipulated into such a form as would require only the multiplication,
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addition, and subtraction of polynomial expressions, the €-algorithm prowdes a
method for computing the constituents of the E-array.

A certain measure of economy in the use of the €-algorithm for this purpose
may however be effected by writing down explicit formulas for some of the quanti-
ties oceurring in equation (3.8.1). Accordingly, as may easily be verified

B (1) 1
n+1(z) En (2) = (m+1) E )
n+1/2( ) — +1/2(Z
Cm Cmi1 Comtn Cm1 Cmt2 tct Cmgntl
cm+l Cont2 * Crmin+1 Crmt2 Cm43 Comtnt2
__ | Cmtn Cmgnyr  * Cot2n | | Cmintl  Cmini2 Cmi2n41
- i
1 2 2"t 1 2 . "
(3.8.2) Cn  Capt 7 Cmtagl | |Cmil Cmiz 7 Cmiad
Crmin Cmintl  °°°  Cmidntl]| |[Cmin  Cmtntd Cmt2n
(m+1) _(m+1)
Cmta H €u u
= (m) (m+1)
Para(2)pn" " (2)
(m+1) H(m+1) (m1)
CmiaBo B1 v PBa-1
- (m) (m+1)
Puy1(2)pn (2)
1 1
ESia(2) — E(2) =
)
ETP@) — B (2)
1 2 2" 1 2 2"
Cm Cm+1 o Cmtn Cmt1 Cm+2 ot Cmgntl
_ Contn—1 Cmtn cm+2n—-1 cm+n Contntl cm+2n
(38.3) en  Cmpi Cnin | [Cmt1r  Cuta Crtn
Cm+1 Cnt2 *or Cmtntl]| | Cmy2 Cm+3 Cmtnt1
Cotn  Cmintl Cmi-2n Cmin  Cmintl ** Cm2n—1
('m) (m+1) (m) (m+1)
(2)pa " (2) _ (2)pn (Z)
(m) n(m) (m)
c 5 1 -1
L gp BB
0 1 2 . P
1 Cm Cmt-1 Cmin
z Cm+1 Cmt2 ot Contn41
284 .n : :
( 8. ) (m) Cmin  Cmintl Cmdon | m+1
n+1/2(3) -4
Cm cm+1 cm+n
cm+1 cm+2 cm+n+1
Cm+n  Cmintl Cm-2n
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It is immediately seen that the quantities ESPy2(2) are, apart from a factor of
2™ polynomials of the 2nth degree in z, and may be written

s=2n
(3.8.5) Ef::-)l/z(z) = g"H Z i"’s)zs
s=0

In this instance a large part of the computational effort which, upon the assumption
that E,™(2) s = %, 1,---is a general rational function of z, would go into the
computation of coefficients which are known to be zero, may be avoided.

3.9 Example: The Incomplete Gamma Function of Large Argument

Certain aspects of the preceding theory are illustrated by the integral

0 a1 -t
wmn*lif 1y +““+U+
3.9.1
( ) _ 1 l e _._r(a—i-r—l)“.
T r—a—-2%a—z— 2 4+ o — 2z — )
Here
_I‘(a+m)
(3.9.2) cm——I‘ZZ)_

and as is easily verified, the quantities ¢¢™, e{™ of the ¢-d algorithm, are given in
this case by

(3.9.3) " =at+mt+r—1, " =r;
further in the notation of equation (3.1.6)
(3.94) (&) = Li*™(2)

where L{®”(z), the Laguerre polynomial of order « and‘degree n satisfies the re-
cursion

(3.95) (n+ 1L%(z) — @n+1+a—2)L ) + (n+ o)L (2) = 0.

Replacing z by —2z, (3:.9.1) gives the expansion, suitable for large values of the
argument, for the incomplete gamma function

Il —ao)~i-2ypaletd
z 2 Z
(3.9.6)
_ 1 1o rla4+r—1)
z:+a—24+a4+ 2 — 24+ a4+ 2r —

The initial members of the E-array for this function are given in Table 1.
When o = 1, (3.9.6) becomes

o —t ©
e f e—t— dt ~ — Z ri(—z2)"!
z r=0

(3‘9.7) —3 1 12 PEERY TZ s
T2+ 1—2+4+3~— z+2r+1—

Numerical values of the entries in Table I when & = z = 1 are displayed in Table 2.




TABLE 1

_é ala+1)--

r=0

—é ala+1)--

r=0

-—é ala+1)--

=0

= 3

8 —% et
=0

4
_.g ala 4+ 1)<-

r=0

da+r—D(=g)™

Har = D(—z)™

a4~ D(=2)H

da+r—D(—ay*

a7~ D=2+

1
2+t a

2z 4+ 1}
2+ a1

222+ 22 — o
z24+a+2

77328 + 322 — 20z + ala + 1)}

z2+a+2
22+2(a+1)z-|—a(a+1)

Y2+ (e + Dz +2)

224 (20 + 6)z + (o2 + 4o +6)

24 2+2)z+ (a4 Die+2)

27228 4 (a 4 6)22 + 62 — 2a}

B+3a+222+3a4 D+ 2z
+ ala + a+2)

22 + Qo+ 9)2% + (a2 + Ta + 18)2 + 6}

z+a+3

z4{et -+ 423 — 3a2?

+ 20 + 1)z — ala + Die +2)}

242+ 3z + (o + D +3)

z3 {2t + (o + 8)2% + 1222
— 6az + 2a(a + 1)}

2+ 3(a 4 3)2? + 3(a + 2)(a + 3)2
+ (a4 Dla+2D(a+3)

22{24 4 (2o + 12)2% 4 (a2 + 10a + 36)22
+ 24z — ba}

e ta+t+4

224242+ @+ 3)a+4)

2+ 3la 4+ 422 + e+ 3) (o + 4)z
+ {a+ 2{a+ 3)(a+4)

2+ Ba + 12)22 + Bo? + 19a + 36)2 + (o + 7o + 18 + 24)

2+ Ao+ 3)2 + 6a + 2@+ 3)2? + dla+ e+ 2)(a + 3)z + ala + Dia + 2« + 3)

7zt 4 (Ba + 16)28 + (Ba? + 27a + 72)2° + (o® + 11a? + 46a + 96)z + 24

dtdla+ D+ 6+t D2+ 4a+ D+ e+ D+ @+ D+ D+ 3)(a+4)
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TaBLE 2
0 0 —¢
1 0.5 ¢ f °_dt = 0.5963 4786
0 0.6 0.5714 2857 Lot
+2 0.5 0.6153 8462 0.5882 3529
—4 0.8 0.5714 2857 0.6027 3973 0.5933 0144
+20 0.0 0.7096 7742 0.5882 3529 0.5988 0240

Some further particular cases of (3.9.6) are the Complementary Error Function

N 1 1-2 r(r + 1)
(3.9.8) ¢ / ¢ dt—z{222+1_222+5_ T }
and Dawson’s Integral
6_22/ e’ dt
(3.9.9)
N___e_221r1/2'i+zf 1 12 e+l
2 22 —1—22 -6 — 22 —4r—1— :

(This continued fraction is of course divergent, since its convergents are all real
and the integral is real. However there remains an uncancelled imaginary con-
stituent upon the right hand side of (3.9.9). Nevertheless the continued fraction
(3.9.9) exhibits a sort of semi-convergent behavior. It is to be preferred for the
computation of Dawson’s integral for large values of the argument to the expansion
(4.1.12) which is convergent. Indeed the expansion

1 2 4 6

(3.9.10) Y v Pl PR

the even part of which is the expansion (3.9.9), was used by Barkley Rosser for
the tabulation of the Error Function for complex argument [16].) The Sine and
Cosine Integrals are given by

Ci(z) + isi(z) = —(cos z — 7 sin 2)
(3.9.11) f 1 12 r
Vet 1—-—=+2—- tr+1-— }

The Fresnel Integrals
(3912) €)= @0 [ M Peostd, 8 = @07 [ M sind
o o

may be computed by writing

(3.9.13) Cz) =%— (2m)7"C(5,%)  S(2) =3— (27)7"8(2,3)
where

C(z, %) —iS(%, %)

= (sln 2 — 7 cos 2)2

e 2 1 I G ot VI |
2z+1—-2z+5— 2z+4r+1— [°
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4. The Padé Table. The remarks contained in §2 indicate that the upper half
of the Padé Table may be constructed by methods described for the construction
of the E-array.

Tt would appear, since the system of orthogonal polynomials p{™(z) does not
exist for negative values of m, that the use of the results in the theory of orthogonal
polynomials as described, for the purpose of constructing the lower half of the
Padé table, is not possible. Nevertheless, if the first three polynomials can be de-
termined in some other way, the sequence may be continued by use of the results

as described, since the unknown quantities 8™, 8{™, ---, B4, a§™, of™, - -+,

o) where m is negative, disappear from the resulting computations.
In terms of ¢-d scheme, as defined by equations (3.3.7), (3.3.8), the rational

expressions

Uo.m-—l(x) Uﬂ,m(x) Ul,m(x) Ul,m+1(x)
Vo,m_l(.’l?) ? Vo,m(.’li) ’ Vl,m(x) ’ Vl,m+l(x) ’

are the successive convergents of the continued fraction

m—=1 (m)

Cm.’l? 111 156 $Q2 xe
(4.1) e + 5 —1—1—1—1~

while the rational expressions

UD,m——l (x) Ul .m(x) U2,m+1 (.'1:)
Voma(z)’ Vim(z)’ Vompalz)’

are the successive convergents of the even part of expansion (4.1), namely,

— 2
m—1 . x ¢ xm (m)q(m)x
z : ] !
=0 — g™z — 1 — (¢f + &™)z —

(4:.2) N (m>q1("n) 2

1— (g + ™)z —

If the series Y oo d.a* is derived by means of the relation

(4.3) (g csxs> (g:o ds x”> =1

and the quantities derived by applying the relationships of the ¢-d algorithm to
the quantities d,, s = 0, 1,---, are denoted by ¢™’, €™’ then the
rational functions

Upa ,0(-’5) Um.O(x) Un 1(»’0) Unia 1(56)
Vi1.0(z)’ Vono() ’ Vaa(z) ’ Vn1,1(x) ’

are the successive convergents of the continued fraction

1 dnz" ¢ 'z ™ s ¢ s 1

dy + dix 4 do2? + -+ 4 dpr ™! 1—1- 1-= 1= 1=

If the quantities d,, s = 0, 1, -- - , defined by equation (4.3) are required in isola-
tion, they are most efficiently derived by solving the scheme

= 1 r =0
Zd*‘”"sz{o r# 0

=0

(4.4)
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If, however, the quantities ¢,"™, e,™  are also required, some economy in the
computation may be achieved by use of a result in the theory of continued fractions

[16], [2, p. 332], namely that if
©_ (©

(4.5) 3<x>=1'3—°_q;—x’§t””ql—f-»-
and
© O, O @)

@8 @t r e e 2e s
then
A e

VP = qr i1 ey + gri1 = €741 + Qi1 , rz1
In the determination of the quantities ¢.'™, e,"™ the ¢-d scheme is built up from

left to right by means of the ¢-d relatlonshlps (3.3.7) and (3.3. .8), while in the
determination of the quantities g™, &,™’, the diagonal ¢®’, €', &°', &®’,

is determined by equations (4.7), and the q-d relationships are used to build up the
g-d scheme from right to left.

It is to be expected that the recursion formulas between the systems of func-
tions "™ (2), p."™ (z) are complemented by recursions between the polynomials
U, .(x), Vi (2) oceurring in the Padé table. Indeed Frobenius [17] has given such
a system of recursion formulas. Adopting his notation, write

Cu—vtl Cp—riz "7 Cu
(4.8) Cury = C“TH-? Cu—'v+3 AR C::+1
Cu Cu+1 et Cuge—
Cu—vil  Cy—vi2 """ € CurX F Cuv 27! N
(4.9) T,, = cll?v-i—? C”Ty% e c,,.+1 Curia " + c,..._,, valialis
Cut1 Cut2 """ Cpty ' + cpa 2t S
Cpwvtl  Cp—yya ° "~ Cy z
(L10) S, = |G Gow Tt Gen &
Cus1 Cut2 tcr Cpyy 1
so that
(4.11) oo = HO,
(4.12) B(x)8us — Tuw = Cupppr @7 4 - -
(£13) T#,v = U,p(T)Cus1
(4.14) Suw = Vius(@)Cuya,0 -

He then gives the following system of homogeneous recursion formulas, where
R,, is taken to mean either S,, or T,
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(4:15) Cu+1,an—1,v - Cu,v—HR.u,V—l = CI-IJ’R“:”
(4.16) Coviifluriy — Cug1pBui1 = Cupr TRy,
(4.17) Cos1 By — CoRusrp = Cuarp1ZRu
(4.18) Cupiilluy — CupBypit = Cuyrp110Bps s

(4.19) CoCoviiBusry — (CupsiCusry + CupCut1pia)
* Ru,v + cn+1,wcp+1,xl+lxRp—1,v =0

(4 20) Cu,vcu+l,vRﬂ,V+1 = (Cus1Cut1,y — CusCuglpi1)
* Ry,v + c}t,v+lcp.+1,v+1xRu,v—-1 = 0

2 R
CuwRur1v41 — {CusCutivir + (CuatwaoCup1 — Cug2rroCu1,))
2 2
: Ru,w + Cut1,p 412 Ry—l,v——l = (.

Equation (4.19) is a three term linear homogeneous recursion between the numera-
tors and denominators of constituents of the Padé table lying in the same row,
equation (4.20) another such relating to a column. Equation (4.21) relates numera-
tors and denominators of constituents in the Padé table lying along a diagonal.

It will immediately be realized that the triplets of equations (3.4.1), (3.4.5)
and (4.17); (3.4.2), (3.4.6) and (4.18); (3.4.8), (3.4.10) and (4.19); (3.4.7), (3.4.9)
and (4.20); (3.1.16), (3.1.18), and (4.21) are identical. Frobenius also gives a
further system of inhomogeneous recursions, which do not seem to have immediate
practical application. The function

Usma (90) U o,m(ﬂ’i) U, m(ﬂﬁ)
Vom—1(x) ’ Vom(x) ’ Vi m(x) ’

may also be formed by applymg the Euler-Minding relations to the continued
fraction

(4.21)

m—1 (m) m) (m) (m)

cmx q1 T g xTe T
(422) ch i 1_ 1o

in direct analogy to the process preceding equation (3.5.4): further, the functions

Uprrr®@) _ " o " g" ™z ¢
4.2. ST = 3 .
(4.23) Vo (@) .g:zac LA el gl 1
and
, U@ "2 o 2" "z e gz eV
(4:24) oI S L Sl pelh e S
may be built up from the non-linear recursions
g (179
425 C, =b ..
(4.25) e e
(4.26) Dy =b,, D, = b, + “]")‘”:‘, D, = C,.

The same remarks apply, of course, to the eontinued fraetion
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m—1 (m)? (rn) (m) (m)'
d .’I: g e QT e X
4.9 > d, e ces
(4.27) = S s e e AR e o

the functions computed from (4.27) being the sequence

Vm—l ,O(x) Vm ,0(15) Vm ,l(x)
Upn-10(®)” Uno(@)’  Una@)’

The € -algorithm may also be used to construct the Padé table: the partial sums
digcx® r = 0,1, are placed in the leading column, the quantities (¢,z’) ™"
r = 1, 2, --- in the second, and the €-algorithm relationships (3.8.1) applied.
The functions

Uﬂ,s(x) Ul,s(x) U2,s<x) -
Vo,s(x) ’ Vl,s<x) ’ V2,S(x) ’

then appear in the first, third, fifth and further columns respectively; the array
must thus be transposed about the leading diagonal if the notation employed in
the description of the Padé table is correctly to be observed. The remainder of the
Padé table may be computed by applying the same process to the series oy dyz’
it being necessary subsequently to invert the entries in the first, third, fifth and
further columns which remain however in their correct position. The entries in the
principal diagonal will in this way have been computed twice, the two sets of results
should of course agree.

It is not necessary to compute the partial sums of the inverse series Zsio d.z’,
defined by (2.12), in order to construct the whole Padé table by means of the
€ -algorithm. In the notation of the € -array one adds the boundary values € ,, (o=l
0, and this enables both halves of the Padé table to be constructed. (See P. Wynx,
“L’e-algoritmo e la tavola Padé,” to appear.)

4.1 Example: The Incomplete Beta Function

An example which may be used to illustrate the theory relating to the Padé
table is provided by the series

(4.1.1) Fi(1 a'c~x)=1+9x+wj+...
o PR ¢’ U ele +1)
The initial members of the Padé table for this function are given in Table 3.
TABLE 3
a a a(a+ 1)
1(a —¢) 2(a — la(a — ¢)
1 S L+ T DD
e, CES [ _la+2
¢ (c + 1) (c+2)
a 2(a 4+ 2)
1+{E -
1+ {(a —ee+2) - (a+ 1)c2} +2(a —¢)a — ¢ — 1)z
1 e+ 1)(c+ 2) c(c+ L)(c + 2)(c + 3)
a ala—c) |, 2a+1) ale + 1) _ 2a+2) (@ + 1)(a + 2)
L= teern™| 1t “Terne+a” | VT ern Tt eroery ©
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As is easily verified, the ¢-d tableau relating to the series (4.1.1) is given in Table 4.

TaBLE 4
qu) GY”) qém) qi(_m) e:m)
a
c
I(c — a)
clce+ 1)
(e +1) (a + e
(c +2) e+ D+ 2
1(¢ — a) .
(c+1}c+ 2) '
(a +2) - (a4 2)(c+1) atr—1)c+r—2)
(c +2) (c+2)(c+3) (c+2r -3)c+2r—2)
1(c — a) - rlc—a+r—1)
(c + 2)(c + 3) . c+2r —2c+2r—1) ",
(a +3) : (6 +3)c+2) (a+r)ct+r—1)
(c + 3) ) c+3)c+ 4 (c+2r—2(c+2r—~1)
: rlc—a+r—1)

(c+2r— 1)c¢ + 2r)

More generally

¢ = (a+r4+m—1)(ct+r+m—2)
" c+2r+m—3)(c+2r+m—2)’
o™ le—a+r—1)

T+ 2Zr+m—2c+2r+m—1)
from which follows the continued fraction expansion

1+ia(a+1)-~(a+r-—l) ¢=1+ia(a+l)--~(a+r-—1)

T

r=l C(C+1)"'(C+7"“1) r=1C(C+1)"‘(C+T—1) ¥

a(a+1)--~(a+m)$m+1{ 1 (a+m)z 1c—a)x
cle+ D -(c+m) l—c¢ct+m—c+m+1-—

(a+m+7~)(c+m+r—l)x(r-l—l)(c——a-}—r)x“.
¢+ m-+ 2r — c+m+2r+1 — )

(4.1.2)

(41.3) +

The continued fraction
1 ar 1(c —a)z (a+ l)ex 2(c — a4+ 1z

l—¢c—c¢c+1—= c¢c+2— c+3 —
(4.1.4)
(a—i—r)(c-l—r—l)x(r—i—l)(c—a—i—r)x.”
c+2r +2 — c+2r+ 2 —

which corresponds to (4.1.3) with m = 0, was used by Miiller [18] in the prepara-
tion of a short table of the Incomplete Beta Function. Whena = 1,¢ = 2, and z is
replaced by —z, (4.1.4) reduces to the well known expansion

(4.1.5) 1og(1+x)=_2__‘__..._______...'
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Table 3 becomes in this case (numerical values for x = 1 are appended) as shown
in Table 5.

TABLE 5
1 1— 3 1 - 3z + ja? 1.0 0.5 0.833333
1 143z 14 iz — 422
i+ iz T+ iz it 0.6 0.7 0.690476
1 1+ 4z 14 & 4 2
T F o g [ o 0.705882 | 0.692308 | 0.603333
log. 2 = 0.693147--

When ¢ = %, ¢ = § and z is replaced by —2°, there follows
z 1%7 4-1%° 3% 4.2%° 2r + D% 4(r + 1%
143+ 56+ 74+ 9+ r+3+ 4r4+5+

Replacing « by z/a in (4.1.4) and letting a tend to infinity, there follows the con-
tinued fraction expansion.

(4.1.6) arctan x =

1 =z 1z cx 2% rz (c—{—r——l)x“.
l—-¢+ece+1—-c4+24+c¢c+3— c+2r—1— ¢4 2r 4+

of the incomplete gamma funetion

(4.1.7)

x
cz %" f e dt
o

suitable for small values of z. The initial members of the Padé table for this series
are shown in Table 6.

TABLE 6
1 1 1482
¢ cle+ )
T 2 x?
1 RGeS D M eSS
1-2 1-—=% 1- 2
p : C+D €+
(c —2) (c—3) 2
1 TN - T ar e e e “
x x? 2 x2 2 z2
= tae+n | ' e T e e+ -9 T et

When ¢ = £, and z is replaced by 2° in (4.1.7), there follows the continued fraction
expansion

2 2 2
(4.1.8) e {_1_ 227 4 6r }

of the error function
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erf (z) =f e dt
0

due to Laplace [19], which was used by Sheppard for the computation of the British
Association tables [20] of the error function. When ¢ = 1, (4.1.7) gives the well
known expansion of the exponential function

T z x 2z 2z L rE
— 243 -4+ 5— 2r + 2r 4+ 1 —

and Table 6 is replaced by (numerical values for z = 1 being appended) Table 6a.

(4.1.9) exp (2) - 1+ i

TABLE 6a
.7/'2
1 1+ =x 1+x+§ 1.0 20 |25
z 2
2 adl
1 1—|—§ 1+3x—|—12 w0 30 {275
11—z z z
1—-—2— 1—-—§
2
z x z
1 1—{—§ 1—|—§—1—E 2.0 2.6 |2.714 286
x? a? T a?
1—-x+§ 1—%1;—{—6 1—§+i§ exp (1) = 2.718 282

By replacing —2’ by 4z in (4.1.8) the Fresnel integrals
(4.1.10) C(z) = (21)—1/2'[ " costdi and S(z) = (211-)_”2f £ sin t di
o o

may be computed at one blow by evaluating the real and imaginary parts of the
expansion

. AT . 1 2 4diz 6ix
(4.1.11) C’(x)+zS(x)—<1—r> z (cosa,+151nx)11+3_5+7_---

Further, by writing #° for —z” in (4.1.8) there follows the expansion of Dawson’s
integral

T e, ]l 2 428 62°
(4.1.12) /oe dt = xe {1_1_3——:5_}_7* .

Explicit formulas for the rational approximations corresponding to the functions
(3.9.6), (4.1.4) and (4.1.7) are given by Luke [21].

5. Series with Hadamard Gaps. It has been tacitly assumed throughout that
none of the Hankel determinants H,®, defined by equation (2-4), involving the
coefficients in the power series

B(z) = > c2” and F(2) = D ¢z,
s=0 s=0
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vanishes. If this condition is not fulfilled, certain formal difficulties exist in the
methods described in this paper, though straight-forward appeal to the set of equa-
tions (2.3) may be sufficient to determine certain of the rational quotients. A feature
of the Padé table derived for series of this kind is that there are blocks containing
the rational functions lying in and upon the rectangle at whose corners stand the
quotients

Uy (33) U;H-m v (-7/) U, v4n (3') U;H—m n (,2,)
Vﬂy”(x) ’ Vn—i-m,v(x) ’ V#,l’+n(‘/v) ’ Vu-l—m,v—i-n(x)
which, due to cancellation of polynomial factors, contain only the quotient

U, .(z)/V,..(x). The eontinued fractions whose successive convergents are the
distinct quotients lying upon a diagonal in the Padé table are of the form

Gz’ apz™
1+ 1+
where o1, oz, -+ - are positive integers. A general theory of such continued frac-
tions and of the resulting rational approximations is not yet available, though
Wall [3, p. 399] gives a comprehensive survey of work which has been done upon
this problem, and makes a number of interesting conjectures.

It is to be expected that numerical experience obtained in the use of rational
approximation formulas will point the way to further theoretical developments.

(4.5.1) co -+

6. The Efficiency of Various Methods of Obtaining Rational Approximations.
The process of obtaining rational approximations to a function formally defined
by a power series expansion may be regarded as one solution to the problem of ob-
taining information about the functions

B(z) = 2. ¢a® or F(z) = Z;csz_s_‘
5=0 s=

from the finite set of coefficients ¢, s = 0, 1, -- - , », where, for convenience in the
ensuing discussion, » is taken to be 2n — 1. Numerical experience supports the
assertion, as does reference to Tables 3, 5 and 7 in the case of particular examples,
that in general, of those rational expressions U,.,(z)/V..(z) or E. ™ (z) which
may be obtained from the set of coefficients ¢, s = 0,1, ---, 2n — 1, (namely
those entries in the Padé table lying upon and in the triangle

(]0 ,v(x)

o, =0,1, -, 20 — 1,
Vo (@)

Usznva » (30)
VZn—V—l v (LU)

Uu,O(x)
Violz)

and those entries in the #-array which lie in and upon the triangle whose vertices
coincide with the functions Eo®(z), E.”(2), Es"™(z),) the expressions which
contain the most information about the function 3(x) or F(z), or more precisely,
for prescribed z or z the expressions for which

U,,,,,(x)
V()

=0,1,---,2n — 1, y=0,1,--,2n — 1,

~ B(z)| or |F(z) — E.(2)|
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are a minimum, aregivenbyp+1=v=n or p=vr+ 1 = n,orbym = 0,
r=n.

A comparison of the methods devised from results contained in the theoretical
part of this paper, which is meaningful in a practical context, may thus be made
by contrasting the numbers and types of arithmetic operations needed to compute
(versing the discussion in terms of the E-array for convenience)

(®
.0y (2)
I. the funection M
II. th f functions %) 1 = 1
. the sequence of tunc 1onsm r=1,---,n
ri™(2)

III. the complete array of functions = 1,2 ---,m;

m=20, ---,2n — 2r

The remarks contained in sections 2 and 3 indicate that in general any conclusions
arrived at relating to methods for the construction of the E-array apply with equal
force to the construction of the Padé table.

In this comparison, which is about to be made, a further distinction will be
drawn between the processes of deriving explicit formulas for the rational functions,
and that of computing the values of these functions for some preseribed values of
the argument, as would be required, for example, in an initial exploratory study.
It is quite clear that in many cases the techniques employed in these two processes
will differ, and that considerable saving of computational effort may follow from
the foreknowledge that numerical values of the various expressions for a single

value of the argument are to be required. For example, assuming a,(’"’, 8™ to be
given, the computation of the coefficients in the polynomial p{71(z) from the re-

cursion
(6.1) pi(z) = (z — &")p " (2) — B(2)

requires 2r — 1 multiplications and 2r — 1 subtractions, whereas if the polynomials
P (2) are regarded as numerical quantities, the recursion (6.1) involves merely
2 subtractions and 2 multiplications. A distinction of a more subtle kind is indi-
cated by the two recursions

(6.2) p™(2) = 2™ — ¢ Mpi(2)
(63) P (2) = () — e (2).

For numerical values of z, the second is to be preferred to the first for the computa-
tion of the polynomials p,™(z) since only one multiplication is required (the
polynomials p,”(2) 7 = 1,2, ---, n must, of course, be computed previously to
the computation of p,"™(z), either by use of (6.1) with m = 0, or by judiciously
timed application of (6.2) with m = 0). With regard to the computation of the
coefficients in the polynomial however, the first is to be preferred, since multiplica-
tion by z corresponds only to the shift of the coefficients vector

P (@)

(m+1) (m+1) (m+1)
(kr—-l,r—l y kr—l,r——2 s " kr—l,O

and the recursion itself is applicable throughout the whole range of m and r under
consideration.
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Any feasible method for constructing the rational functions E, ™ (z) directly
from the coefficients ¢, s = 0, 1, - - - may be regarded as proceeding in a number
of stages, each of which incorporates a result described earlier in this paper. A
systematic study of feasible methods for deriving rational approximations may
thus be conducted by describing each of these stages in terms of the numbers and
types of arithmetic operations involved and, subsequently, designing the methods
by combining suitable steps. The arithmetic operations involved in each method
may be assessed by adding together those involved in the composite stages, and a
comparison of the methods thus be made.

The following notations will be used:

for the vectors:

(6.4) = (ki k- ki
(6.5) 0, "™ = (G, iy e i)
(6.6) = (4, 17(<m)+r—2, e, )
(6.7) cr"" = (Cm, Cmt1s " » Cmebr)
(6.8) AP = Ay, A gy e, dim
(6.9) d(m) = (dgl':)s ) g':,)s’—-l R dg,':,)o’
(6.10) g™ = (), i, o, e
(6.11) z,'™ = (2", 2", . 2™

for the matrices:

Cm  Cmpt cer Cogr
(6.12) C(m) — Cmtl  Cmy2 S Contrt1
Cmtr  Cmirsl  “°°  Cmiar
1 0 0
(6.13) g _ [ MY 1 0
hifg) h(m) 1
1 0 0
(6.14) K™ = ki’ 1 0
ki’tg) k(m) 1
The matrix
ar G2 QO3
(6 15) 0 a1 Qs
' 0 0 a

..............

possessing 7 rows and j columns, derived from the vector a, = (a3, G2, ** , @)
where a. = 0, s > k, will be denoted by [ai):.; . The extended vectors (0, ---,
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M,0s, - ,0;) and (a1,a2, ---,a;,0, ---,0) each possessing ¢ elements, will
be denoted by (0, ---, 0, a;): and (a:,0, ---, 0), respectively.
The stages are as follows:
1. Formation of the quantities ¢ r = 1,2, -, n;m = 0,1, -+,
o —2r, ™ r=0,1,---,n—1;m=0,1,--+,2n — 2r — 1,
by means of the relations
™ =0 ™ = cni1/tn
qT(’”l) + er(M) — Qr(m+1) _|_ eiﬂ_’l«;}l)
gMe™ = g (Mg (mtD
II. Formation of the quantities o™, 8™ m = 0, -+, 2n — 2r from
the relations
ar(m———er(m)-l-qﬁfl r=01,---,n—1
6T(M) = Bfrﬂqﬁii r= 07 17 LN — 2
III. Generation of the quantitiesz ", 27, --+,2 "
IV. Generation of the quantities¢s2~ r =0, ---,2n — 1
V. Generation of the quantities ¢z ™, D oo ¢z "
rym=0,---,2n — 1
VI. From the boundary conditions E,"™(z) = [P P
m=1,--,2n; B = 0,E7) =", m=0---,2n—1,
the formation of the quantities E,"”(z) m = 0, ---, 2n — 2r and
the quantities ESfyje(2) m = 0,---, 20 — 2r — 1, by means of
the recursions
(m) _ OmtD) 1 . _
E2(2) = EZT5 (2) +E3""+”(z) —E () s=11, nm— 3%
VII. Generation of the quantitiesz — o, r =0,---,n — 1

VIII. Generation of the quantities z — o™

m=0,-,2n—2r;r=0,---,n—1

IX. Generation of the quantities 2.2(2) from

pa(z) = (z — &)p () — B 2p2(2)
r=1--,n-—1, o (2) =1, V) = 2 — .
X. Generation of the quantities 0, (z) from
o) = (2~ a®)0”() — BZ0()
r=1,--,n—1, 00 (z) = 0, 0 = ¢
XI. Generation of the quantities 2.%(2) r =2 ---,n from

20 (2) = 2pPi(2) — ¢ "pli(2)

XII. Generation of the quantities p,('”+1)(z) from
pr(m+1)(z) — pr(m)<z) _ er(m)pgn_-fl)(z)

r=1,--,n—1; m=20,---,2n —2r — 1




XI1I. Generation of the quantities r?(z) from
r2(2) = ar'Pi(z) — (O)rfo_)l(z) r=2 - ,n
XIV. Generation of the quantities r,""*"(z) from
rr(mﬂ)(z) — Tr(m)(Z) _ (m) (m+1)(z)
r=1--+,n—1; n=20,--,2n—2r — 1
XV. The single division 0,”(2)/p."(2).
XVI. The divisions orw)(z) /%) r=1,---,n
XVII. The divisions . )(z)/pr('")(z) r=1,---,a;m=0,---,2n — 2r
XVIII. Computation of ’(0) Ezz)) = %-II: - Z_, where a; = ¢o; @ = — Bos”
§=2,---,1; bs+1 =z—0"s=0,---,r — 1, from
©
D, =% Doy = 2= . = o_(2)
! br ’ + br—s + Ds ’ p"(o) (Z)
when r = n.
XIX. The use of XVIII. when r = 1, -+, n
XX. Computation of
" (2) ’E‘ o en2 " Bo™ )
p™E = z — g™ g — o™ — z — af™
a, a,
B ST S
0 + b1+ br
where by = D oo €2 it = a2 T 0 = BT s = 2, T3
by=2z—a" ;s =1,---, 7 by
(m)
Ap—si1 Ty (2)
D, = br, Ds = br—s as I} Dr = e
1 +1 + D. +1 P (2)
forr=1,---,n—1;m=1,---,2n — 2r.
XXI. Computation of the products ¢8> - - - ﬁ‘”l r=1-,n—1
XXII. Computation of the products 2™ cn8o™ -+ 8™ r=1,-+-,n — 13
m=1---,2n — 2r.
XXIII. Computation of the convergents
0, 7(2) _ SR 0B pS
p®() = pii(2)psV(2) 7
XXIV. Computation of the convergents
(m) m—1 s=7 (m) (m)
Ty (Z)_ —s—1 —m Co Bo 7 Bsz r=1---,n—1
v 50T LT e menm®  m= 12—
XXV. Computation of p," from ps'™ = (1); p M= (1, - cm+1/cm),
Pfi)l = (Pr(m 0)rge — ar(m(o pr(m))r+2 - Br-—l(o 0, pr 1)r+2
r=1+--,n~—1
o pr( )cr(er+r+1)T _ P;T) cf_rf+r+1)1
ar PTG T
(m) | (m+r+1)T
(m) _ Pr G -
o e T
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XXVI.

XXVIL

XXVIII.

XXIX.

XXXI.

XXXII.

XXXIII.

XXXIV.

XXXV.

XXXVI.

XXXVII.

XXXVIIIL.

P. WYNN

XXVform =0,2,--+,2n — 2;r=1,2,--+ ,n — (m/2):m =1,3,---,
2n — 3;r=1,2,--+,m — (m + 1)/2
Computation of 0,” from 0¢® = 0; 0, = (c)

ol = (0,7, 0)rs1 — (0, 0.")ris — B:2(0, 0, 0/21),a
r=1 -+, n-—1
Computationofp,” r=1, - ,nfromp® = (1);p® = (1, — &1/c0)
P = (0, 02 — (0, B )ri2 — B2(0, 0, pi2h) e
Gauss-Banachiewicz decomposition of the matrix C,”
C {0) — H (O)D (O)H (D)4

. Decomposition of the matrices C,"™ m = 0, .-+, 2n — 4;

r=n-—2mmn— 2m -+ 1
Recovery of the quantities 8% r = 1,---, n — 1 from D,? by
means of the relations

© (0
@ _ Cfo  --Bria
PN RO TON
ey 0 0 -
Recovery of the quantitiesa,® r =0, ... ,n — 1 from H,” by means
of the relations
Q) () 0) ©® (0)
273 = hr,r—l - h7('+1.r [24:] = _h1.0
Computation of the quantities &, 7 =0, ---,n —1;m =0, ---,
m—2r8" r=0,---,n—2;m=20,---,2n — 2r — 1 from
H,™ and D,"” by means of the relationships
(m) (m)
@™ = B, pm) glm) = Om Bo B
- 77— 7 7 r—1 —
4 Cm Bo™ - - BY™)
Computation of the quantities ¢,™ r = 1,---, n;m = 0, -+,
-2 ™ r=1+-,n—1;m=0,---,2n — 2r — 1 from
(m) (m) (m) (m) (m) ;  (m)
q:-{'fl = Oy ™ [ " [ o= BrﬁI/QT "

Computation of the matrix K, by inversion of H,®
H,9K,® = I
Computation of the matrices K, ™ by inversion of the matrices H,™
H™K ™ =1 r=2 -, nym=2n—2r,2n — 2r — 1

in conjunction with the independent formation of p;*"™ and p,*"™®

Computation of the quantities ¢, r = 1,--+, n;m = 0,---,
2n — 2r from the relations

Qr(m) = kiﬁi,r—il - kf‘f'rl)—l
Computation of p,"” r =1,--- ,n;m = 0, ---,2n — 2r from the
reeursion

2™ = 0, 0 — &0, P P = (1, —q™)




THE RATIONAL APPROXIMATION OF FUNCTIONS 177

XXXIX. Computationof £, 7 =1,---,n;m =0, -+, 2n — 2r from the

recursion
™ = ™Y — .0, 1) i
™ =cP m=1--,2n—2;519 =0
XL. Computationof 0, 7 =1,---,n;m = 0, ---, 2n — 2r from the
recursion
0. = cap™t” 4+ (0, 071), — ¢."(0,013), 0™ = ¢cm
XLI. Computation of r,"™ 7 =1, -+ ,n;m =0, ---,2n — 2r from
rr(M) = pr(m)[cr(n—)l]r+1 mtr (0, 2,0, Or(m))m+r
XLII. Computation of o, 9 from
0.7 = P s
XLIII. Computation of 0, 7 =1, .-, n from
0% = Ol
XLIV. Computation of £, r=1,---,n— l;m=1,---,2n — 2r from
T(M) = pr(m)[cig-)m—l]u-l metr
XLV. Computation of r,’”” =1, .-+, nfrom
p- Ot = PAAE ),
XLVI. Determination of r,/ 7 =1,-+-,n— 1;m =1, -+ ,2n — 2r from

- Dttt = B L

XLVIL. The determination of the vectors d) = 0,"%, df,‘”n = p,? from the

recursions

Al = (B2)  d) = (1, —ai2) A0 = g d0,
(0) = (dio.l-l, 0)sa — a(no.)_s(O dﬁzozs—-l)s-(-l 4+ (0, 0, d(o)_l)s_,_l
s=2,---,1m; B(O) =

XLVIIL. The determination of the vectors d'2.. = 0.2, d(_,,, = p,fg),

r=20,-+-,n— 1 from the recursions

v = (g 4o = (, (0 4, = g© FIUN

n—r—2 &y —r—-1 48 n—r—s-—2 r,rds—1

[OM )
dr,r+s - (dr r+s—1 3 O)s+2 an—r-—s—l (0 dr r+s—1)s+2 + (07 0) dr,r-}-s—l s+2

0
r:O’-..,n_l;s.__l,__,n_rﬁ()=co
XLIX. The determination of the vectors d{3 = A" = p,“ from the
recursions
am (m) (m' (m) am (m) Y
o= (By”ﬁr—Z dr:’rl = (17 _arﬁr-l r":+s v':r—s—2 7(‘,7:-{-8—1 >

(m)’ (m)’ (m)’ (m)
dr1.':'+s = (dr,mr-]-s-—l 5 O)s+2 - ar—r—-s—l(o dr":+s—1)s+2 + (07 O; dr‘,”r.+s—1)s+2

(m)
—1 = Cnm
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LI.
LII.
LIII.
LIV.
LV.
LVI.
LVII.

LVIII.
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m=0,2,2n—2 u=n—gl‘ r=0,---,»—1,

m=1,3---,2n —1, - (mgl) P=0, - p—1,
s=1,---,v—r

.Determinationofpﬁi"’l r=0,---,n—1;m=90,---,2n — 2r — 2,

from

P e = (e ) (™, 0) 045 — (0,243
andofe,™ r=0,---,n—1;m=0,---,2n — 2r — 1 from

ar(M) — (0’ 81(‘?-1%1)’ 0)2r+ (k(m) (m+l))—1p (m+1)[pr(m)]r+1 arit

Wlth pl(m) = (1,cm+1/cm), Sn(m) = (Cm—l)-
Construction of the vector z,®
Computation of p,(2) from p,®(z) =
Computation of 0, (2) from o,,m)(z) = on“’) (O)T

0 0T
()z()

Computation of p,%(z) r =1,---, n from p,(o)(z) 2.z,

Computation of 0,”(z) r =1, ---, nfrom 0, (2) = 0,92,©

Construction of the vector z5,"

Computation of p,"™(2) r = 1, ,mym = 0,---,2n — 2r from
(’”)(z) - pr<m) r<o>T

Computatlon of ™) r=1,-+,n;m = 0,--+,2n — 2r from
n™(z) = r," fn_fr‘)—Tx

The types and numbers of arithmetic operations required in the performance of each
of the stages described are given in Table 7.

TasLE 7
Multiplication Division Addition Subtraction Add. 4 Sub.
I.in2—-2n+1 n? n: —3n -+ 2 nt—n 2n? — 4n + 2
II. |n — 1 n—1 n—1
II1. [ 2n — 1 1
IV. | 2n — 1 1
V.| 2n 2n — 1 2n — 1
V1. 2n® 4+ n 2n? —n 22 — n 4n® — 2n
VII. n n
VIII. n? n?
IX. | 2n — 3 n—1 n—1
X.|2n — 3 n—2 n—2
XI. | 2n— 2 n—2 n— 2
XII.| n2 —3n 4+ 2 nt—n-+1 n?—n-+1
XIIL. | 2n — 2 n—1 n—1
XIV. | nt—n n:—n n:—n
XV. 1
XVI. n
XVII. 2nt — n
XVIII. n—1 n n
XIX. in2 —n) | 3(n2+ n) +(n? 4+ n)
XX. $(n*— n) Hn? — n) 3Hn® — n)
XXI.fn—1
XXIIL. | n? — 3n + 2
XXII. |n—1 n n—1 n—1
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TasLe 7—Continued
Multiplication Division Addition Subtraction Add. - Sub.
XXIV. | n?—2n+4+1 |n? n? n?
XXV. |22 =3n 41 [2n — 1 n? —n n? —3n+1 {3n—4n 41
XXVI. | §(4n® — 9n? 2n% — 2n $(@2n3 — 3n? idn® — On? 2nd — 4n?
+ 8n — 3) +1 + n) + 8n — 3) +3n — 1
XXVII. {n2—2n +1 n—1 n® — 3n + 2 n®—2n + 1
XXVIIL | n?2 — 2n + 1 1 n—1 n? — 2n + 1 n:—n
XXIX. | §(n® + 6n2 3(n? + n) 3(n® + 3n? §(n® + 3n?
+ 5n) + 2n) + 2n)
XXX, | #(n* + 8n? §(2n® + 3n? = (nt Te(nt
Flnt+4n) | +n) + 4n3 4 Bn2 |+ 4nd + 5nt
+ 2n) + 2n)
XXXI. n—1
XXXI1I. n—1 n—1
XXXIII. nt nt—2n + 1 n?—=2n +1
—2n+1
XXXIV. nt —n n? —2n+1 n? —2n 41
XXXV. | §(n® — n) i —n §(n® — n)
XXXVI. | f5(nt — n?) 2 = (nt — n?) 72 (n* — n?)
XXXVIIL n: — 2n + 1 n? —2n 4+ 1
XXXVIIL | 3(2n® — 3n? $(2n% — 3n? #(2n® — 3n?
+n) +n) +n)
XXXIX. | 3(n® — n) 3(n® — n) 3(n® — n)
XL. | 5(2n® — 3n? 3(2n3 + 3n? t(2n® — 3n? 1(2n® — 3n?
n) + n) + n) n)
XLL | 3(n*+ n? it +n? (nt 4+ n?
-~ n? —n) —n? —n — n? — n)
XLII. | 3(n® — n) i(n? — n) $(n? — n)
XLIIL. | ¥(n? — n) (n3 — n) £(n® —n)
XLIV. | §(nt + n? i(nt — 3nd g(nt — 3n?
—n? —n) -+ 2n?) + 2n?)
XLV. | $(n® — n) (3 —Tn §(n® — n) F(n® — 4n
+ +3)
XLVI. | #(2n* + nd 72 (3n* + 2n? 72(3nt 4 2n3 230t 4+ 2n3
+ n? — 4n) — 9’;)2 + 16n + 3n% — 8n) - 3;&2 + 4n
—1 —
XLVIL. | n?2 —n i(nt — 3n in24+n—2) | n2—n
+2)
XLVIIL | $(n3 — n) Lt(n® — 3n? 1 (n3 4+ 3n? 3(n® — n)
-+ 2n) — 4n)
XLIX. | (n* — n¥ fz{nt — 8n? =(nt + 4nd i(nt — 2n®
+ 23n% — 28n — Tn2 + 2n) +8n2
+ 12) —13n + 6)
L. | &G3nt + 8n3 2 —n | (nt 4 4nd | E(nt 1 (3nt
+ 15n2 — 50n — 7n? + 2n) + 6n3 — 4n? + 1603 — 1502
+ 24) — 9n 4 6) — 16n + 12)
LL.in -1
LII. | n — 1 n n
LIIL. | n — 1 n — 1 n—1
LIV. | 3(n® — n) 3(n?* + n) 3(n* + n)
LV. | (n* —n) $(n? — n) 3(n* —n)
LVI. | 3n — 2 1
LVIL | $(2n® — 3n? (@2n® + 3n? £(2n% + 3n2
+ n) + n) +n)
LVIIL | $(2n® — 3n? 1(2n® — 3n? 1(2n® — 3n?
+ n) + n) + n)

Since addition and subtraction may be performed with quantities of either sign,
the distinetion between these two operations is somewhat artificial, and in this
instance a column denoting the joint number of additions and subtractions has been
added to Table 7. It is assumed that multiplications by zero or unity do not occur,
and that divisions in which the quotient or divisor is unity also do not occur. The
sign reversal of a number is also not taken into account. It is further assumed that
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each of the computations takes place in the most efficient manner possible. For
example it is assumed that the quantities

(m) (m) (m) (m) (m) (m)
a = e Qr1 Br = eri1¢ry
(6.16) ,
r=0,---,n—1im=1,---,2n— 2r
are computed in the process of forming the quantities e,™ r = 1,---,n — 1;

m=20,-+-,2n — 2r — 1, q,('") r=1,:--,n;m=0,---,2n — 2r by means

of the ¢ — d algorithm relationships

(6.17) 0™ 4 ™ = gD 4 miD gMel™ = g, D

so that the formation of the quantities&,'™ r = 0,---,n — 1 8™ r = 0,
com—2;m=0,---,2n — 2r — 4 from the quantities e, ¢."™ requires only

a further n — 1 additions and » — 1 multiplications.
‘Formulas, the use of which would clearly result in inferior computational
practice without the existence of compensatory factors, have not been examined.

For example the vectors ™ r=1--- ,nym =0, -+, 2n — 2r should clearly
be derived from the recursion
(6.18) £ = " — .50, ™) rima

rather than from the recursion

(m)

619 ™ = (", 0)mir — ™0, ') mrr — B0, 0, £™)

m-tr
since the first involves only one scalar multiplication and the second two. If the
quantities a,™, B{™) are available the quantities ¢.'™ may recursively be deter-
mined from them (viz. XXXIV) and if the vectors pr(’") are already to hand, the
quantities ¢,™ may be derived by (XXXVII).

Feasible methods of obtaining rational approximations, together with the num-

ber and type of arithmetic operators involved, now follow (Tables 8-13).

TABLE 8

Slngle Value E® (z)
II1, vV, VI;
B: I, II VII XVIII
C: I II VII IX, X, XV
D: I II VII IX XXI XXII
E: XXIX XXXV XLII LI, LII LIII, XV:

Multiplications PDivisions Additions Subtractions Add. 4 Subs.
A in - 1 2n? 4+ n+1 2n2 4+ n — 1 2n2 — n 4n2 — 1
B n?—n nt—mn—1 nt—n+1 n2 2nt — n + 1
C nt+n—3|n241 nt —2n + 1 nt+ 2n — 3 2n? — 2
D n+n—-2n4+n n: —n n4+n—1 2n? — 1
E 1@2nd + 92 t(n2 4+ n + 2) | $(n® 602 —n)} $1(2n3 i(n3 4+ 3n?
-+ 19n — 18) + 3n? + n) + 5n — 3)
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11, V1I, XIX;

’
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g: I, I1, VI1I, IX, X, XVI; .
H: XXIX, XXXV, XLIII, LI, LIV, LV, XVI:
Multiplications Divisions Additions Subtractions Adds. -+ Subs.
A 4n — 1 2n?2 4+ n + 1 2n?2 +n — 1 2n? — n in? — 1
F nt—n 3(3n2 — 1) 3(3n% — 3n + 2)| n? 3(5n% — 3n + 2)
G n?+ 3n — 6 n:+n n® — 2n 4+ 1 n? 4 2n — 3 2n® — 2
D n?+3n —5 n? 4 n n? —n n*+n—1 2n% — 1.
H %(n32;}- 2+ n | 3(n? 4 3n) §(n? + 6n% — n) | (P +3n2+n)| 3(n® + 3n?)
TasBrLE 10
ArrayofValuesE("‘)(z) r=0,--- ,m;m=90,--- ,2n—2r
I I, II, IV, Vv, VIII, XX;
J: I III v, VIII XI XII, XXI, XXI1I, XXIII, XXIV;
K: I, III, V, X1, XII, XIII, X1V, XVII;
L: XXX, XXXVI, XLIV,LVI, LVII, LVIII, XVII;
Multiplications Divisions Additions Subtractions Adds. 4 Subs.
A in — 1 2nt 4+ n + 1 202 +n — 1 202 — n 4n? — 1
I nt+2n —1 1(n® + 3n? 1(nd + 3n? 2n? — n 1(n3 + 9n?
—n -+ 3) — n) -~ 4n)
J 3nt — 2n + 1 2n2 +n + 1 2n2 nt—n—1 5nt —n—1
K 3n?2+ 2n — 2 3n? —n + 1 nt—n 41 3n2—n—2 dn? — 2n — 1
L 75 (4nt +(2n® 4+ 21n? = (2nt i(nt 1(4nt
+ 20n3 + 5n? — 5n + 24) + 4n? 4 13n2 + 2n3 + 8n? + 8n3 + 20n?
+ 67n — 24) — Tn + 24) — 5n) — 170 + 12)
TasLE 11
Smgle Rational Funetion 0,®: p,©®
A’ XXV, XXVII;
B’: XXV, XLII;
C’: 1, 11, XXVII, XXVIII;
D XXIX, XXX, XXXII, XXVII, XXVIII;
E’: XXIX, XXXI, XXXII, XXXV, XXVII;
P XXIX, XXXV, XLII;
G’: I, 11, XXVIII, XLII;
H’: I, II, XXVIII, XLV;
.1, II, XLVII;
Multiplications Divisions Additions Subtractions Adds. 4+ Subs.
A’ 3n? — bn + 2 2n — 1 nt — 1 3n? — 6n + 3 4n? — 6n + 2
B |iGnrt—Tn+2)|2n—1 2(n? — n) 2n? — 3n + 1 3(Tn?2 — 9n + 2)
C’ 3n2 — 5n + 2 nt+1 nt—1 32— 6n + 3 4n? — 6n + 2
D’ | $(n® + 18n? $(n? 4+ 3n) 2n — 2 §(n? + 156n? §(n® + 15n2
— 197 4 12) — 22n + 12) -
E | i+ 6n2 —4n | 3(n*+3n—-2)n —1 £(2n3 + 9n? 5(2n3 + 9n?
+ 3) — 11n + 6) — Bn)
F’ | $(2n3 + 902 + n)| $(n? + n) 3(n? — n) +2n4 4+ 3n24n) | 3(n® 4 3n2 — n)
Yol it —Tn+2) | nt 41 3(n?2 — n) 20 — 3n + 1 1(Tn? — 9n + 2)
H | $(n? + 6n? n? + 1 t(n® + 6n? t(n® + 12n2 $(nd® + 9n?
— 10n 4+ 3) — 13n 4+ 6) — 19n + 6) — 16n 4 6)
r 2n? — 2n n? 3@r2—Tn+4) 4@n?—n —2) | 3n? —4n + 1
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TaBLE 12
lgéagonal of Rational Functions o,®: p,® p =1 ... n
J’: XXV, XLIII;
D’
E’:
K’: XXIX, XXXV, XLIII;
IIi": I, II, XXVIII, XLIII;
M’: 1, II, XLVIII;
Multiplications Divisions Additions Subtractions Adds. + Subs.
A’ 3n? — 5n + 2 2n — 1 n? — 1 3n? — 6n + 3 4n? — 6n + 2
J’ 2 (n® + 12n2 2n — 1 L(n® 4 6n2 2n2 — 3n + 1 1(n® + 18n?
— 19n + 6) — Tn) — 25n 4+ 6)
D’ [ {(n® -+ 18n2 $(n2 4 3n) 2n — 2 L(n® 4 15n2 t(n3 + 15n2
— 190 + 12) — 22n + 12) — 10n)
E' |inP4+6n2—4n | $(n2+3n—2)|n —1 1(2n% 4 9n? £(2n3 + 9n?
+ 3) — 1in + 6) — Bn
K {in*+ 202+ n) | $(n2+ n) t(n® — n) $(2n3 + 3n2 4 n)| 1(n® + n?)
1 g Li(nd + 12n2 nt+4+1 s(nd 4 6n2 2 —3n+1 s(nd 4 18n2
— 190 4+ 6) — 13n + 6) — 31n + 12)
H' | {(n® 4 6n2 n? +1 t(n3 + 6n? t(n® + 12n2 i(nd + 9n?
— 10n 4 3) — 13n -+ 6) — 19n + 6) — 16n + 6)
M’ | Y(n® 4 3n? — 4n)| n? (n3 4+ 3n? $(n® + 9n? 1(n3 + 6n2
— 16n + 12) — 10n) — 13n + 6)
TasLE 13
Complete Array of Rational Functions r.:p/m =0, .-- n;m=20,.--,2n — 2r
N/: XXVI, XXXVII, XXXIX;
O': XXVI, XXXVII, XL, XLI;
P’ I, XXXVIII, XXXIX;
Q' I, XXXVIII, XL, XLI;
R’ XXX, XXXIII, XXXIV, XXXVIII, XXXIX;
8 XXX, XXXIII, XXXIV, XXXVIII, XL, XLIL;
T/: XXX, XXXVI, XXXVII, XXXIX;
U’ XXX, XXXVI, XXXVII, XL, XLI;
V' XXX, XXXVI, XLIV;
W XXX, XXXVI, XLVI;
X’: 1, 11, XLIX;
Y’ XXXVIIL L, XXXIX;
Z’: XXXVIL L, XL, XLI;
Multiplications Divisions Additions Subtractions Adds. 4 Subs.
N’ | #(11n3 — 18n2 2n2 —2n+1 | $(2n® — 3n? $(11nd — 12n2 3(6n% — 6n% 4 n)
+ 13n — 6) + n) + n)
O’ | I(nt 4+ 9nd — 1902 2n2 — 2n + 1| i(nt + Tn? 1(10n® — 15n2 t(nt + 1703
+ 15n — 6) — 10n2 4 2n) + 5n) — 26n% 4+ 7n)
P’ | t(5n3 4+ 3n? n? n? — 3n 4+ 2 2508 4 3n? — 8n)| F(5n3 + 9n?
— 14n + 6) — 26n 4 12)
Q' | $(nt 4 Tnd n? i(nt 4+ 3n3 2(n® — n) i(nt + Tnd
— 4n® — 10n + 2n2 — 18n + 2n? — 22n
+ 6) + 12) + 12)
R’ | #&(n* 4 18n3 3(2n3 4 15n? & (nt 4 14n3 f=(nt + 14n3
+ 5n%) — 17n 4 6) + 23n2 — 50n + 23n% — 50n
+ 24) + 24)
8’ | {5(Bnt + 22n3 1(2n3 + 15n02 | L(n* + 3nd ts(nt + 12n3 =(3nt 4 18n3
— 9n? 4+ 8n) —17n — 4n?) + 5n% — 18n — 3n% — 18n
+ 12) + 12) + 12)
T | $(nt*+7n3 4 5n2 | +(2n%+ 3n2 i(nt + bn? t(nt + 5n
—n) +n -+ 12) + 8n2 — 14n + 8n? — 14n
+ 6) + 6)
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TABLE 13—Continued

Multiplications Divisions Additions Subtractions Adds. + Subs.
U’ | $(2nt + 9nd t@2n3+3n? | t(n* + 3n3 F(nt 4+ T3 + 5n? | $(2nt 4 1003
— 2n2 + 3n) +n+12) — 4n?) — 13n + 6) + n)2 — 13n
+ 6 -
V' | $@2n* 4 5nd $@2n34-3n2 | i(nt — 3n3 s(nt 4 2n3 s(2nt — n?
+ 4n?2 4+ n) +n 4+ 12) + 2n?) + 2n2 4 n) + 4n2 + n)
W' | 2(3nt + 5n @i 4302 | &Gat+ 200 | &(Gnt 4 608 25 (5nt + 6nt
+ 6n2 — 2n) +n 4+ 12) —%L)?+16n + n? — 6n) + n? 4 6n — 6)
X’ | i(nt+ 502 — 6n) | n? (nt — 8n? f(nt 4 4n? (nt — 2n3 :
+ 35712 — 64n -+ 5n2 — 10n) 4+ 20n2 — 37n
+ 36) + 18)
Y | #Bnt + 14n3 20 —n fe(nt + 4n? d(nt 4 9In3 4- 8n2 | H(8nt | 22n3
+ 15n2 — 56n — Tn? + 2n) — 24n + 12) — 9n% — 46n
+ 24) -+ 24)
Z' | f5(5nt4 18nd+n? 2n2 — n f2Bnt + 10n3 | 3(nt 4+ 8n® — n? | {5(5n* 4 26n3
— 48n + 24) — 15n2 + 2n) — 20n + 12) - 17’;L2 — 38n
+ 24

It appears from Tables 8 to 10 that, in terms of computational effort alone, a single
entry in the E-array for a fixed value of the argument is most economically com-
puted by means of the non-linear recursion

(0

—2 An—s
Dlz ~ y Ds—-1=
- aSLO—)—l bn-—-s + Ds
© . o
Gp = Co}@s = Bs2 ;8 =2, -, N}by=2—as-1;8=1,:--,n

in conjunction with the g-d algorithm
(621) QT(M) + er(m) — qr(m-H) + eiz-ll-l) qg_n;}eim) — qr(m—i—l)er(m-H)

and the numerical formation of the quantities

(6.22) @ = 6@ £ ¢ B, = ¢,0g,® P=1, - ,n— 1
that a diagonal of quantities £, (z) r = 1, --- ,n is best computed by use of the
g-d algorithm, the formation of the quantities (6.22), the twin recursions
(6 23) pg’f—)l(z) = (Z - ar(O)prm)(z) - E'O—)lps‘?—)l(z% r = 17 e, N
' Z)O(O)(Z) — 1, pl(())(z> =g — ql(O)

053—)1(2) = (Z - ar(O))Or(O)(z) - 35‘0—)109—)1(2)7 ro= 17 * y

(6.24) ©) (V)
0o {z) =0, 01 (2) = e

and the n divisions

®
() o (2) _

(6.25) E(2) = 2 () r=1,:,n,
while the complete E-array of numerical values is best computed by evaluating the
partial sums Eo™ (z) = "o m = 1,---, 2n, the quantities E{7? (2)
= 2"cn * and applying the €-algorithm

m m 1
(626) Ep(z) = EXTR(2) = r=1%1,3%

T E, ™D () — E,™ ()
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Tables 11 to 13 show, again in terms of computational effort alone, that the single
rational expression E,®(z) be best constructed by determining the quantities

o 620_)1 by means of the relationships
I{tp, " ()} = oo -+~ B:2
(6.27) e '

I 0@ () = cBo® -+ - 8% a® + -+ + a,®)
in conjunction with the recursion (6.23), and of the vector 0, from
(6.28) 0,7 = PP Pilnsim

that the sequence of rational expressions E,”(z) r = 1, -+, n is best constructed
by use of relationships (6.27), in conjunction with the recursion (6.23), determining
the polynomials 0, (2) by means of the second recursion (6.24); while the complete
E-array of rational expressions is most efficiently constructed by use of the ¢-d
algorithm (6.22), in conjunction with the relationships

(6.29) 2, (2) = 2pfP(2) — ¢pMi(z) P () =2 — g™
m—1
(6.30) ™) = 2T () - ("')rﬁﬂ(z) o™ (z) = ZO ez rn”(z) = 0

Many electronic digital computers are equipped with highly flexible interpretive
codes which are designed for carrying out standard matrix operations upon arrays
of numbers. Many of the methods described may be susceptible to the use of such
a code, and this consideration may cause the preceding judgements to be modified.
The most suitable method is then largely determined by the exigencies of the par-
ticular code used. (This explains the presence, in the inquiry, of such methods as
E, H, and L which would otherwise be rejected outright.) The time taken for the
operation of such a program may be estimated from the data given in the table,
and a knowledge of the threshold time of each instruetion.
Table 7 does not contain data relating to the direct solution of the equations
karney = zi”ilJ,n_l

(m) -(m)
knmn—-lco + ncl = Inm+n—2

(m) +(m)
knm Co + C], + + k( nln = anm—l

kder 4 ke + oo A ke = 15
(6.31) ...........................................

k;ocn+m—1 + kn 1Cnim + + kn nC2ntm—1 = 0
ko = 1;
the details, of course, depend upon the method chosen for the solution of the

equations. The solufion of the set (6.31) is equivalent to the Gauss-Banachiewicz
decomposition of the matrix

(6.32) Cn(m) — Hn(m)Dn(m)Hn(m) 7
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the inversion of the matrix H,™ to give K,
(6.33) H,"K,™ =1

and the determination of the vector 1, from

(6.34) r,™ = pn("‘) [c'r(r?—{)—n—l nl,mtn -

This method (method V' above), if the steps involved are already incorporated in
the interpretive code, is probably the one requiring the fewest instructions, and
doubtless that consuming the most machine time.

(It may at first seem a little curious that the set of equations (6. 31) does not
involve the quantity ¢m.2., whereas the matrix C, ™ does. The quantity €mien ,
however, only enters into the determination of H,™ asa scaling factor of the last
row, and this is removed by imposing the condition that the diagonal elements of
H, ™ are all unity. The quantity ¢n.,s. does not therefore enter into the determl—
nation of the matrix K,™.) _

Apart from the considerations mentioned above, only those methods are de-
scribed which might genuinely be suggested as the most economical. Many of the
conclusions which may be deduced from a survey of Tables 8 to 13 might also have
been arrived at after a preliminary discussion of the steps listed as I) to LVIII)
but this discussion would have been so beset by qualification and modification
that the most effective method of comparison was thought to be the straight forward
enumeration of all feasible possibilities.

7. Checking and Correction of the Approximations. Since all the methods de-
seribed in the last section are capable of producing the same final result, the com-
putations produced by the use of one may be checked by application of any of the
others, supplemented if necessary, by use of any of the theoretical results given in
the text. In particular, attention is drawn to the strength of the use of the system
of equations (6.31) as a final check.

Many of the methods entailed the computation of a sequence of polynomials
p.™(2) r =0,1,---.The computation of the coefficients of these polynomials
may be checked and corrected by a direct appeal to the orthogonality properties.
Assuming the vectors p,° ™ ¢=0,1,--+,r — 1, to have been correctly computed,
a corrected version px'?ﬂ of the vector p,'™ may be produced from the formula

r—1

(7.1) p(r::,),, = pr(m) - ;) 'Yr,sps(m)
where
(7.2) = p. "¢, (9., 0, -+, 0)r1a

If the computation of the vector p,\™ has been performed without error, then it will
transpire that

(7.3) Yrs =0 s=0,1,---,r — 1.

The corrected vector p,™ may now be used to check to computation of the vector
po and so on.
Readers familiar with the computational finesses of Lanczos’ [22] biortho-
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gonalization algorithm for determining the characteristic polynomial of a matrix
will readily perceive that the use of equations (7.1) and (7.2) is a straightforward
adaptation of a similar technique which relates to the use of this algorithm. Details
of connections between this algorithm, the ¢-d algorithm and certain others, which
are significant in a theoretical context, are to be found in [10].
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