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~tochastic _models of storage allocation systems 

by 

C.L. Pippel & R. van Vliet 

ABSTRACT 

This paper presents a stochastic model of dynamic storage allocation 

systems. As an illustration we study an avail list system with and without 

garbage collection. 

The mean lifetime of the system and the mean time between two subse­

quent occurrences of garbage collection are computed. 

These values are only of limited practical use. The actually observed 

behaviour of dynamic storage allocation systems may considerably differ 

from the theoretical behaviour. This is due to the fact that the variance 

of the computed quantities is large. 

KEY WORDS & PHRASES: stochastic model, Ma:r-kov chain, storage allocation, 

avail list, ga:r-bage collection. 
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I • INTRODUCTION 

Stochastic techniques are widely used to study the behaviour of operat­

ing systems (c.f. [I], [2]). Another approach is simulation of important 

system components. We apply both techniques on dynamic storage allocation 

systems. 

In chapters 2 and 3 we introduce the principles of a stochastic model. 

In chapters 4 and 5 we study two particular systems in detail. Both sto­

chastic and simulation techniques are used to derive important system 

quantities. From the simulation it became apparent that small changes in 

the load of the system drastically altered the behaviour of it. This effect 

is discussed in chapter 6. 

2. A DYNAMIC STORAGE ALLOCATION MODEL 

In this section we present a model (DSA) in which a number of dynamic 

storage allocation systems can be described. 

2.1. Definitions 

A DSA-system controls a pool of storage, shared by several users. It 

consists of 

- a storage buffer, in which data can be accommodated 

- two routines, called request and return routine (referred to as P, res-

pectively R). 

The buffer is divided into a number of units. Each unit is either oc­

cupied (i.e. some users may have access to that unit to store and read 

data) or available (no users may have access to that unit). 

The state of a unit is changed from occupied into available by the 

return algorithm. The state of a unit is changed from available into oc­

cupied by the request routine. The activation of the request routine is 

termed a request. The activation of a return routine is termed a retum. 

We restrict ourselves by the following assumptions: 

- The units are numbered from 1 to a; a is the total number of units. All 
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units are structured identically. 

The user always requests a consecutive number of units. The request rou­

tine P has the following structure. It consists of a sequence of rou­

tines PO,P1, ••• ,pt that, when activated, either succeed or fail. When 

Pis activated it first activates P
0

• If p
0 

succeeds, it has allocated 

the desired number of units to the user. Otherwise P activates P 1, etc. 

When Pt-I fails,_ the system is full. 

Each unit that may be allocated to a user by algorithm P. and not by 
1 

Pi-I [if present] is said to belong to level i. In the sequel we indicate 

DSA-systems meeting these limitations as leveled-systems. 

The user may request a certain amount of storage by activating the 

request routine. This is termed a ~equest. If the desired number of units 

is available, then the desired number of units is allocated to the user, 

otherwise the system is termed full. A user return units by activating the 

return routine. This is termed retuxrn. When the system is full some par­

ticular state change will occur. We assume an algorithm Pt in P, which is 

activated when Pt-I ·fails, and will always succeed. 

3. STOCHASTIC MODELS 

Leveled systems will be described by a stochastic model. First we 

briefly review the theory of Markov chains and then we present this model. 

3.1. Markov chains 

Consider a system which can be in one of the states of a set 

S = {E.}. J" The system behaves discrete in time in an indeterministic 
J JE (N) 

manner. We represent the state E. of the system at the time N by E. 
1 1 

A system is said to be Mar•kov when E~N+l) occurs with a certain pro-
1 

bability pik which only depends on E~N) (all k E J). 

These quantities are non-negative and satisfy 
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k E s 

We call such a system a finite Markov chain when the state space Sis fi­

nite. We arrange the conditional probabilities p.k in the form of a tran-
1_ 

sition matrix [i refers to a row, k to a column]: 

(3.1) p = (p .. )i,j ES 
1J 

Because the behaviour of the system is indeterministic the state' of 

the system at time N is a probability distribution: 

Where u~N) is the probability the system is in state k at time N. The 

following relation holds between u(N+ 1) and u(N) 

(N+1) 
u. = 

1 

This set of equations can be written in the from of a matrix equa-

tion: 

As a consequence: 

D f . P(N) h b b"l" f . e ine .. as t e pro a 1 ity o moving 
1J 

N steps. From the previous equation it is 

is PN. 

from state E. to the state E. in 
J 1 

obvious that the matrix (p(~)) 
1J 

We study the asymtotic behaviour of u(N): 

THEOREM 3.1. Suppose that all p .. > 0 and consider 
1J 

u(N) = PN. u(O) 

Then whatever the values of the elements of u(O) there exists a unique 

vector u = (u.) such that each u. > 0 and such that u(N) converges to u 
1 1 
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as N inareases. In faet: 

where 

o = min p .. 
i,j 1J 

b equals the nwnber of states of the system. 

PROOF. (Cf. [4], theorem 4.1.) 0 

THEOREM 3.2. Central limit theorem. If there exists an integer R such 

that p~~) > 0 for all i,j, i.e. after R steps every state is accessible 
1J 

from every other state, then there exists a vector u = (u.) for whieh 
1 

each u. > 0 and 
1 

where 
~ . (R) 
uR = min p .. 

. . 1J 
1,J 

(all N) 

-1 
and s is the integral part of N • R • Moreover 

(3. 2) u = p • u 

PROOF. (Cf. [4], theorem 4.2.) 0 

REWORK. Markov chains, mentioned in the previous theorem are referred to 

as ergodic Markov chains. u is said to be the stationary distribution of 

the Markov chain. In the sequel we restrict ourselves to finite ergodic 

Markov chains. 

Instead of (3.2) we may write 

(3.3) M • u = 0 

where 

M = P - I 

M 1s the stochastic matrix of the Markov chain. 

Given a Markov chain with a state space S, a transition matrix P and 



a stationary distribution u. We derive a sub MaPkoV chain as follows: 

Let 

and 

s. n s. = O V . .. 
]. J 1.,J 

We define the state space of the subsystem as 

We define the transition matrix Q as 

(3 .4) 

where 

u = 
B 

u. 
]. 

THEOREM 3.3. There exists a stationary distribution for the subsystem. In 

partieu. Za.r: 

PROOF. We have to prove: 

(3.5) Q • u = u 

Indeed: 

I QAB UB = I I I -1 
u. uB pki • UB 

B B ke:A ie:B 
]. 

= I I u. pki 
ke:A ie:S 

]. 

= I Uk 
ke:A 

We will use this theorem to prove properties about complicated 

Markov chains by studying simpler ones. 

5 



6 

3.2. The microscopic model 

3.2.1. The state_space 

The state of a leveled system can be characterized by specifying to 

which level each of the units belongs. Therefore 

1et B = {i I l ~ i ~ a} 

let i be the maximum level 

let L = {k·I O ~ k ~ t} 

let S = {f : B + L} = LB 

We establish a [I-I] correspondence between Sand the set of pos­

sible states of the system as follows: To a given state of the system a 

function f ES corresponds, such that f(i) is the level number of the i th 

element of the buffer. 

3.2.2. Actions 

Request and return are termed actions. When an action occurs the 

state of the system changes. A request may be characterized by an inte­

ger ~ i ~ a indicating the number of units requested. 

Return may be characterized by i and b indicating that the units 

b, b + l ••• b + i + I are returned. 

Let f be the current state of the system. rrf(i) denotes the prob­

ability that the next action will be a request of i units. Pf(i,b) de­

notes the probability that the next action will be the return of the units 

b, b + ••• b + i - I. rrf(i) and Pf(i,b) satisfy the following conditions: 

(3.1) 

(3.2) 

(3.3) 

-rrf(i) ~ o 

-pf(i,b) ~ 0 

a a a 
- 1 rrf(i) + I I Pf(i,b) = 

i=I f=I i=I 

3.2.3. The system 

Vi,f 

Vi,b,f 

Vf 

An action changes the state of the system. State transitions may be 

represented by the following matrices: 

[we assume f
1
,f 2 E SJ 



- p (i) = if a request of i units changes the state from 
flf2 

f2 to f I. 

0 otherwise. 

R (i, b) = if a return of i units starting at b changes the 
flf2 

state from f2 into. f 1• 

0 otherwise. 

As mentioned before P consists of a sequence of routines {P
O

,P
1

, ••• ,pt}. 

At each reques.t the routines are activated sequentially as necessary. Thus 

either P
O 

is activated only or P 
0

,P 1 are activated or P 
0

,P 1, ••• ,P v 

(Q. ~ v ~£).The routines PO,P
1

, ••• usually require an increasing amount 

7 

of time. Which is the highest routine activated in a given state is a ques­

tion of great importance. Therefore we introduce additional matrices: 

DEFINITION. 

if a request in state f of i units activates the 

routines P
O 

••• p V and not p v+ 1• [This will be called 

a recovery of type v.] 

As a consequence of the algorithm P being completely deterministic: 

£ 

I vvf(i) = 1. 
v=O 

DEFINITION. The recovery matrix Y. 

Let Yvf be the probability that in state fa recovery of type v occurs 

at the next transition. 

a 

I rrf(i)Vvf(i) 
i= I 

For ergodic systems we add: 

DEFINITION. Statiomry distribution u 

DEFINITION. YV 

Yv is the probability that at the next transition a recovery of type V 
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occurs: 

y 
V 

Finally we compute the transition matrix W 

w = Pr {E = f E = f2} 
flf2 n I n-1 

a 
= I 

a 
I wf f 

I 2 i=I 
rrf (i) Pf f (i) + 

2 I 2 i=l 

From (3.1), (3.2); (3.3) we derive: 

3.3. The macroscopic model 

a 
I pf (i,b) R (i,b) 

b=l 2 flf2 

In the previous section we described in detail the principles of our 

model. It should be clear that this model is not suitable for the follow­

ing reasons: 

a - even in small systems the number of states is very large [(t+I) ]. This 

makes practical calculations cumbersome or even impossible. 

The probability functions Il and pare difficult to estimate. 

Moreover, we are mainly interested in the quantities YV, since these quan­

tities indicate the practical performance of the system. As described in 3.1 

we derive from the microscopic system a macroscopic system by taking sev­

eral states together. The state f of the new system can be represented by 

a sequence oft numbers: 

f' corresponds to a set Hf of old states. Each element of this set has f 0 
units in level O, f 1 units in level I, etc. We have to change all other 

quantities accordingly: 



-rr'(i) = 
f 

-p I (i) = - f I 

a 

I I 
f'EH b=I 

f 

Note that we omit the second parameter of p' since the exact position of 

the returned units in the buffer is no longer of any interest for our 

system. 

The new matrices P', R', V' must be constructed from the algorithms 

P and R. This is usually done by heuristic techniques, which we will not 

describe here. As mentioned before we define 

- the transition matrix 

a a 

wf 'f' = I rrf 1 (i) pf'f'(i) + I Pf,(i) Rf'f'(i) 
I 2 i=I I I 2 i=I 2 I 2 

- the recovery matrix 

a-
y;f' = I rrf 1 (i) v;f,(i) 

i=l 

- the stationary distribution 

I = I uf u f' 
fEHf, 

Y' = I I 
y~f' V f' 

uf, 

In the sequel we will omit the primes. 

4. THE AVAIL LIST SYSTEM 

4.1. Introduction 

As a first example we treat an avail list system [al-system]. An al­

system has a buffer of a units numbered from I up to and including a. Each 

unit is either free or occupied. In such a system we have only two levels. 

9 



The units 1.n level zero are termed free. The units in level one are termed 

,. occupied. According to chapter (3 .3) we indicate the state of the system by: 

[ i] . 

Usually the user will not bother about the state of tne buffer doing 

requests and returns as he likes. Of course, when the number of occupied 

units becomes small, the probability that the next action will be a return 

diminishes. In general we may assume that Ilf(i) and pf(i) are independent 

of f
1 

but some kind of reflection is involved at the bound of an empty buf­

fer. When the system is large the exact form of the boundary condition does 

not seriously inf_luence the behaviour of the system. As a further simplifi­

cation we assume that only one unit is requested or returned at a time. 

Hence: 

rrf(i) = p i = 1 

rrf(i) = 0 otherwise 

pf (i) = r. i = 1 

pf (i) = 0 otherwise 

p + r = 1. 

Note: 

The boundary condition for a return when the buffer is empty will be 

brought in by assuming that the return routine leaves the state of the buf­

fer unchanged in this situation. This means that in state [OJ there is a 

probability r that at the next action "nothing" will happen. This assump­

tion violates our definition of action. 

8 • • 
1. 

When the system is full the system changes to [i] with a probability 

a 

I 
i=O 

cS. = 
1. 

This completes our model of al-systems. 

For future use we introduce 

-1 
z = r•p 

Intuitively one would expect z = 1. For over a long period z equals: 



the number of returns/ the number of requests. 

However, the number of returns is not necessarily equal to the units 

actually returned. On the one hand we allow a return when the buffer is 

empty without actually returning a unit and on the other hand extra units 

are returned when the buffer is full. [In the latter case information 

moved to some backing storage.] 

4.2. The stationary distribution 

Fig. (4.1) diagrams the state transitions involved in an al-system. 

Pi8i 

.. .. 
Fig. 4.1 

We indicate the stationary distribution of an al-system by 

a u = {u.}. 
0 1 1= 

I 1 

where u. 1s the probability of being in state [i]. The stationary distribu-
1 

tion u = {u.}~ 0 is a solution of: 
1 1= 

(p+r) u. = r ui-1 + p 
1 

(4. 1) (p+r) u = r u + r a a-1 

ui+l + o. 
1 

u + 0 p 
a a 

(p+r) uo = p u. + p oouo 1 

p uo 

uo 
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(4.2) 

This yields the following stochastic matrix: 

po
0 

-(p+r) p 

po 1 + r -( p+r) p 

r -(p+r) 

M= 

r 

M.u = 0 

P. 

-(p+r) 

r 

p 

-(p+r) p 

r -p 

As the equation is homogeneous and we know that a one-dimensional 

nontrivial solution exists [the system being ergodic], we may assume 

u' = 1 
0 

Of course we have to normalize later. 

Let k 
i 

Wk = 1 z 
i=O 

Wk = 0 

LEMMA. k-1 
u' = w - 1 k k i=O 

PROOF. (by induction to k) 

k = 0 

6. Wk 1 . 1 - -1 

u' = 1 = W 
0 0 

k ~ 0 

k ~ 0 

Assume that we have verified this solution for u0, ... ,u~. Observe that 

(4.3) 



From the induction hypothesis and (4.3) we derive: 

-1 
= (l+z)Wk - z Wk-l 

k-1 -l k-z 
- (l+z) l o. wk 1 . + z l oi wk-2-i - ok wo 

i=O 1 - -i i=O 

Let 

= w -k+l 

k 
\' o. Wk . l i -i 

i=O 
□ 

These values of u! still must be normalized. 
i 

a 
s = I u! 

. 0 i i= 

The normalized solution of (4.1) is: 

u. = u! . 
i i 

a 

-1 
s 

/ k-1 \ s = I \w - I o. Wk 1 . ) k . 0 i - -i k=O i= 

a a k-1 
= I w - I I o. Wk I . 

k=O k k=O i=O i - -i 

a a a-1-i 
= I w - I 0. I Wk 

k=O k i=O i k=O 

a 

(k!O 

a-1-i 

wk) = I 0. w - L 
i=O l. k k=O 

a 
[using L 

i=O 

13 

o. = 1 J 
l. 
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Let 

(4.4) 

Then 

(4.5) 

a 

t. = r w -
1. k=O k 

a 

s = I 
i=O 

o. t. 1. 1. 

Two cases arise: 

z = a 
t. = I (k+l) 1. k=O 

a-1-i 
l wk 

k=O 

a-1-i 
- I (k+l) 

k=O 

= Ha+l )(a+2) - Ha-i)(a-i+ I) 

(4.6.1) = Hi+l )(2a+2-i) 

z =/: a k+l a-1-i k+l 
t. I - z I - z = 1. k=O I - z k=O I - z 

a+2 a-i+I 
(4.6.2) i + 1 z - z = + 

(l-z) 2 (1-z) 

Finally we arrive at: 

z = I 

~ = (<k+I) - ~I1 
o. (k-i)).( I oi (i+I)(2a+2-i). o.s)-I 

1.=0 1. i=O 

(4. 7) 

z =/: I 

( 

k+ I 
uk = _l_-_z __ 

I - z 

where u = {~}:=o is a solution of (4.1). 

4.3. The mean recurrence time full (Tf) 

(4.8) 

To simpify the forms of this section we assume that 

o. = 0 
1. 

o = I 
d 

i "f d} O s d s a 
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The quantity we are interested in is Y1, i.e. the probability that the 

system will be full at the next action. Let Tf be the mean recurrence time 

of full. Tf equals the average number of actions between two consecutive 

times the system is full. 

T = f 

according to (4.6), (4.7): 

Tf = (d+l)(2a+2-d) z = 

(4.9) 

d equals the number of units released when the system is full. 

Table (8.1.4) quotes some values of Tf. 

Tf is a function of d, z and a. In the next chapters we consider Tf 

as a function of d, z and a respectively. 

4.3.1. Tf(z) 

Table (8.1.4) shows that Tf(z) heavily depends on the value of z. 

The relative fluctuation in z
0 

is: 

The relative fluctuation in Tf(z0 ) is: 

Tf(z) - Tf(z0 ) 

Tf(zQ) 

Between these quantities the following relation holds approximately: 

T/z) - Tf (z0) 

Tf(zQ) 

z - z 
0 
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Let 

Observe that: 

Tf(z) 
z + 

to(z) = . z 

T~(z) 
z + 

to(z) 
I 

to(z) = - 2 z z 

T ~ (z) t~(z) 1 
T/z) 

= 
to(z) z(z+I) 

Hence 
. tc/z) I 

a(zo) = to(z) • zo - (z0+I) 

For z0 = 1 this yields: 

t
0

(I) = ½(d+1)(2a+2-d) 

( a+l a-d a+2 a+l-d ) 
t'(I) =(a+2)z -· - (a+d+I)z - az + (a-d-1) + (d+I)(I-z) 

0 (l-z)3 

Using the theorem of l'Hopital three times: 

t 0(I) = (<a+2)(a+l)a - (a-d+l)(a-d)(a-d-1)) / 6 

As a consequence: 

a(l) = (a+2)(a+l)a - (a-d+l)(a-d)(a-d-1) I I 
(d+l)(2a+2-d) • 3 - 2 

We consider some special cases: 

d = 0 a( 1) = Ha-I) 

d = a 

Fluctuations in z cause fluctuations in Tf(z) amplified by a factor 

a(z). To clarify the implication we quote some results: 

a= 100 d = 0 z = 1 a(l) = 50 

A fluctuation of 1% 1n z causes a fluctuation of 50% in -rf(z) 



a = 100 d = 100 z = I a.( 1) = 33 

A fluctuation of 1% in z causes a fluctuation of 33% in Tf(z). 

[These results only indicate the order of magnitude; table (8.1.5) quotes 

some values.] 

4.3.2. Tf(d) 

17 

When the buffer is full, d units are made available again. Of course, 

when this number increases the mean recurrence time of full will increase 

and will be maximal if d = a. 

z << 

z = 

To illustrate the behaviour of Tf(d) we solve the equation: 

2Tf(d) = Tf(a) 

Three cases arise: 

We omit all exponents of z 

2(d+I) = a + I 

d = ½(a-1) 

2(d+l)(2a+2-d) = (a+1)(a+2) 

2d2 - 2(2a+l)d + a 2 - a - 2 = ~ 

d ~ ½(2a+l) - ½/z(a+l!) 

d ~ 0.3a 

z >> I We only take into account the exponents 

2 a+l-d a+2 
z = z 

2z-(d+l) = 1 

In the common case z Z I these calculations are of practical importance. It 

shows that the recurrence time of full is already half of its maximum when 

only thirty percent of the buffer is empty. 
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5. SYSTEMS WITH GARBAGE COLLECTION 

In the previous chapter we have treated the avail list system. All 

units returned to the system can be recognized immediately as available. 

All available units belong to one level. In many systems the units return­

ed to the system are set aside for a while. They are recollected when need 

arises. The process of recollection is called garba,ge aoZZeation (gc). The 

available units in these systems can be recognized as belonging to different 

levels. The units of level zero can be recognized as available immediately. 

Units set aside for a while belong to higher levels. They are recollected 

by some process of garbage collection. As an example we treat the follow­

ing system. 

The units of the system are numbered from 1 up to and including a. 

Units belong to one of the following levels: 

0 

1 

2 

free 

semi-free· 

occupied 

can be recognized as available immediately 

can be recognized as free after garbage collection 

We request the state of the buffer by a pair 

[s,fJ 

where: 

f denotes the number of units in level zero 

s denotes the number of units in level one 

The number of occupied units equals 

a - (f+s) 

The request routine P behaves as follows: P
0 

searches for units in level 

zero. If the requested number of units is not present, P1 is called. P1 adds 

the units of level one to level zero. If the requested number of units is 

not present in level zero the system is full and P2 is called. P2 adds d 

units from level 2 to level zero. 

The return algorithm adds the returned units to level one. As in the 
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previous chapter we consider p.q as the probability a request respectively 

return occurs. 

5.1. The stationary distribution 

Fig. (5.1) diagrams the state transitions involved in the system: 

• 

s 

Fig. (5.1) 

Let {u.k}. k denote the stationary distribution. 
]. ]. ' 

Let 

Let 

tidi = d = i 

otherwise 

{uik} satisfies the following equations: 

(5.1.1) = r . (O<isa, OSk<a) 

(5.1.2) 

(5.1.3) 

(5.1.4) 
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We arrange the components of the stationary distribution as depicted in 

fig. (5.2) 

• 
14 

,j 
• • 
9 13 

d--+-• • • 
5 8 12 

• • • • 
2 4 7 11 

• • • • • 
0 1 3 6 10 

s 

Fig. (5. 2) 

In fact we renumber the state of the system: 

[i,k] ➔ [!(i+l)(i+k+t) + k] 

The stochastic matrix M takes the following form: 



0 l 2 3 4 5 6 7 8 9 10 11 12 13 14 

~ 

0 -(p-+r) p p 

r -(p+r) p 

2 -(p+r) p p 

3 r -(p+r) p 

4 r -(p+r) p 

11 I ri 5 p -(p+r) p p 

..,._ -:;-~ 
,;,· ~-~-

-(p+r) ~::_ °""> 6 r p 0) --! 
-i :,: 
}7i f,l 
:,:, -
C: 7 r -(p+r) p :i 
~ (i 

J r, 

8 r -(p+r) p 

9 -(p+r) p p 

10 r -p 

11 r -p 

12 r -p 

13 r -p 
N -

14 -p 
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The stationary distribution u is a solution of 

(5 .2) M • u = O. 

The quantities Y of the system are: 

YO(i,k) = p i > 0 

= 0 i = 0 

yl(i,k) = 0 i > o, k > 0 

= p i = o. 0 :,; k :,; a 

= 0 i = o, k = 0 

y2(i,k) = p i = 0, k = 0 

= 0 otherwise 

We are interested in_Y
1 

- the probability that gc occurs at the next action 

- and Y
2 

- the probability that the system will be full at the next action. 

5,2. Approximation of the stationary distribution 

5.2 I. Stop criteria 

The stationary distribution is a solution of 

(5 3) M • u = 0 

where Mis defined in (5.2). As we do not know a method to solve these 

equ~tions analytically we developed some algorithms to solve them numer­

ically" These algorithms are iterative in nature. A problem of an iterative 

process is does it converge and when must it be stopped. The following stop 

criteria turned out to work satisfactorily: 



1. Let 

v. = 
J 

}: uik. 
i+k=j 

23 

v. is the probability that j units are available. Evidently v. satisfies 
J J 

equation (4.J ). Also 

This yields our first criterium: 

_1 za+2 _ za+l-d d + 
uoo = ----~2-- + 1 

(1-z) - z 

= ½(2a+2-d)(d+l) 

2. Define a state 

[X] = {.~ [i,o]} 
1.=:.0 

z =I 1 

z = 

The system is in state [X] when it is in one of the states [i,O] 

(O~i~a). The probability of being in the state X equals 

u = 
X 

The probability of leaving this state [i.e. the probability that gc 

or full occurs] equals 

The mean number of actions between two consecutive occurrences of gar­

bage collection or full t equals 
g 

Clearly 

t 
g 

u t = 
g g 

-1 
p 
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This yields criteria 2: 

a 

uoo(d+l) + l uiO. i = 1. 
i=I 

3. Define a state 

[Y] = 
{i~O 

[O,i]} 

Let 
a 

u = I UOi y 
i=O 

When the system is steady the probability of leaving state x equals the 

probability of entering the state Y. This implies: 

This yields criteria 3: 

= z 

In the next chapters we discuss the algorithms. 

5.2.2. Repeated multiplication with the transition matrix 

We use the fact that the stationary distribution u equals to 

u = 

h (O) · b' b l' d were u is ar itrary, ut norma ize • 

The algorithm is [cf. 8.1,1]: 

step 1 

step 2 

store the initialization distribution u(O) into 

array f. 

while criterium I on f does not hold 
2 do multiply f by P. 

The multiplication with Pis executed by the procedure trans 
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5.2.3. A numerieaZ approach 

In program 8.1.2 we solve equation (5.3) by using the following itera­

tive process: From a distribution over the states [O,i] 0 sis a we can 

compute the distribution over all other states [i,k]. Looking at picture 

(5.1) we compute the distribution column by column from left to right and 

in each column from top to bottom. From an initial distribution 

{ ( O) } 0 s k s a we f 1· rs t t the 1 t d · · b · { ( O) } u0k k compu e comp e e 1str1 ut1on uik i,k" 

Then we find our next iterant from the equations: 

(5.4) (N) 
uoa = 

(N-1) 
puo,o d = a 

(N) 
uoa = 

(N-1) 
uoa d #- a 

(5. 5) 2 
(N) 

UOi = 
(N-1) 

puO,i+l 
(N-1) 

+ pui+O, I + ~id puo,o 

When (u) (u-I) these t' h ld u. k = u. k equa ions o • 
1, 1, 

To eliminate exponential decrease or increase of our iterant we renor-

malize the new iterant dividing it by 

\' u.k l 1 .. 
i,k 

After each iteration criterium is applied. 

In the program we use array y[O:a] to store the current iterant: 

y[i] = u(N) . 
O,a-1 

In the beginning of each iteration the array y is copied into c. Now the 

columns are computed: 

(5.6) 

Let column i be computed. Then c equals 

da-i-k] = uik 

c[a-k] = 

To compute c we use the statements: 

c[O] := zc[ I] 

0 s ks a-i 
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(5. 7) 

Note: 

c[k] := (c[k-i] + z * c[k-1]) / (z+l) 

(5.6) and (5.7) are derived from (5.1.2) and (5.1.1) respective­

ly. After the columns have been computed this yields: 

c[a-k] = 

2 Using equations (5.4) and (5.5) we compute the next iteraut. 

3 If cri.teria I does not hold 'the process is repeated. 

The table quoting the mean recurrence time of the states [f,sJ are 

organized as follows: 

-1 
u ------,oo 

5.3. Simulation program 

Prog. (8.1.3) simulates a system with garbage collection. Each action 

is either a return or a request of one unit. The state of the simulated sys­

tem is stored in the variables f ands. F, respectively s, denotes the num­

ber of units of the free, respectively semi-free, units. At the beginning 

of each run they are initialized as: 

s = 0 • f = d 

At each action random is called to determine whether this action will be a 

request or a return. The number of actions per simulated run is indicated 

by it. 

6. DEVIATION OF THE AVERAGE 

In the previous chapters we were interested 1n the average behaviour of 

some storage allocation systems. In this chapter we pay attention to the de-
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viation from the average. We restrict ourselves to the al-system. 

We found already that the recurrence time of full equals 

( a+2 a+l-d d + 1\ 
to 

z - z z + 
(z:/1) = + \ 2 1 - z} z (1-z) 

= (d+ 1 )( 2a+2-d) z = 1 

where 

a the number of units of the system 

d the number of units made available when the system 

is full 

z = r.p 
-I 

r: probability of a return of one block 

p: probability of a request of one block 

[i] 0 ~ i ~ a represents the state of the system. In state [i] i units are 

available. We add one auxiliar state [-1] to the system. The actions of the 

system are numbered such that the system is full at the zero th action. Ini­

tially the system is in state [d]. Let v(N) be the probability that the 

first time the system is full again at the Nth action (N>O). Clearly: 

00 

v(i) 
TQ = I i 

i=l 
00 

(2) I V 
(i) 

= 
i=l 

As we only are interested in the first occurrence of full we discard the 

behaviour of the system after this first occurrence. This is achieved by 
(u) a entering the system in [-1] when the system is full. Let (u. ). 1 be the 
1. 1.=-

probabili ty that the system is in state i after u actions. 

(6.1) initially: 
(0) 

= 0 i 1= d u. 
1. 

(O) 
ud = i = d 
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The ~allowing equations determine the behaviour of the system: 

(N) (N-1) (N-1) 
u. = pui+l + ru. 1 I. 1.-

(N) (N-1) (N-1) 
u = pu + ru 

1 a a a-
(6.2) 

(N) = (N-1) 
uo pu1 

(N) 
u_l = (N-1) 

u_l + 
(N-1) 

puo 

Clearly 

V 
(N) = p (N) 

uo 
Let 

V(N). = 
N i I V 

i=l 

Vu can be calculated from equations 6.2 using the initial distribution 6.1. 

The model given above reflects the classical one-dimensional random 

walk problem with an absorbing and a reflecting state. In the limit a ➔ 00 

an analytic expression for v(u) is known (cf. [4], ch. 3.7., p.132): 

i = 1,2,3, ••• 

= 0 otherwise 

Results: 

In the figures of chapter 8.2 V(N) is plotted against N. The average 

is indicated by a*· 

Fig. 8.2.1 shows the curves the highest one corresponds to 

a = 16 d = 0 z = I 

The next one corresponds to 

a= 32 d = 0 z = 

The third one corresponds to 

a = oo d = 0 z = 1 

Fig 8.2.2 shows curves of systems with 

a= 48 d = 48 z = 0.80, 0.90, 1.00 
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Fig. 8.2.3 shows curves of systems with 

a = 48 z = d = 0, 12, 24, 36, 48. 

7. FINAL REMARKS 

From the preceding chapters two conclusions must be drawn: 

- The behaviou~ of the systems described heavily depeµds on the value of z, 

i.e. the ratio of the probabilities of request and return. Fluctuations of 

0.5 percent in z may cause changes of about fifty percent in important 

system quantities as the mean recurrence time of full and garbage collec­

tion. In an actual DSA-system changes of several percent in z are not ex­

ceptional. This makes each short time prediction about the occurrences of 

full and garbage collection impossible. 

- We derived the mean recurrence time of full as a function of z. In chapter 

5 we showed that the mean recurrence time of full is an average of a very 

large distribution. The distribution is so large that no practical sys­

tem will ever execute enough actions to guarantee that the average re­

currence time of full is in accordance with the theoretical value. To 

quote data: 

We simulate a small al-system with 48 units. After 60,000 actions we 

found deviations of more than 25% from the theoretical value [cf-ch.8.1.3]. 
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8. APPENDIX 

8.1. Programs 
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8.1.I. 

[ cf. ch • 5 • 2 • 2] 

B 2::,:;i:,f- .0,CL. P PPEL.,R5,l,T150 

'BEU Ii◄' 
1 •c.o,nt.•1-• 
2 Tt1,S PROC.RAl-1 COIIIPUTES Tl-IE STATIONARY OISTRlBU-TION OF A DSA•SVSTEM 
I ~I "CM r;.;IHAC,E C:OLL.ECT10N av REPEATED •1ULT1PLIC:~TION OF' THE STOCHASTIC MATRIXJ 
4 • 1 •.1;, "',rt/Xl"l",[)J 
~ •klk~• P,O,R,Z,[PS; 
t., •PR()'c,t ·r.(S,~i);'STK1tJft s;•Rt:AL' N: 

tut(, h' 
., ! :rlf A{): 

-1 /lc.(;R;Pfllt,TTExT(S);T.At¼JABS•·.xT(4,3,N)l 
'r_ ·•r' ; 
,.,,,,,.;• r-uT(S,tq;•s-;-r;,I\.GI SJ'REAI.' N; 
f r,c,, t-.• 
. "IL(A;P11HTTEXT(S);TPJ;~BSF XT(4 1 3,N)l 

I !:. ~ii ( • j 

.;~ X,.; 

:~1•~•,~11!N("~",0111"-("Z",Zll IN("O",O)llN(•MAXIT",MAXIT)l tN("EPS",EPS)J 
'' : = C _ • <J > / C 1 • 2 l ; 

~:J R:-=z•~= 
• J J !J ;.. (~ ~- ' 

2 

,:.,, 

- r, 

'"LAL.• 'AR 1 f ,u[O:f,,0:AJ; 
1 !":)Q;_t F'L'Pr 
• '!T' ,,K,PT,Nf.P, 1 TJ 
·~~AL• s,su~,FE,U 1 F,GT,SXJ 
• P ~O,:;' TRAr,S I 
' ~- r: C, I : •• ' 

FL. P::~FLIPJ 
• If"' fL Ip 

,.,.,1Etl' 
'Bt'.G1N 1 

•i'OR 1 Kl:0 'STEP' 1 'UNTIL' A•1 •oo• 
F(~,K]::PeG!O,K•1J+P•G!K+1,0]+0*b[O,KlJ 

f!O,~l:=(1-P)*'>[O,AJ; 
F[0,0J::F[d,Dl•P•G[O,O]; 
•FOR• ·==! •sn:p•::. 'UfJTill A •DO• 

I 9~_(, I~ I 

1 fUP 1 K:=O •STEP• 1 1 UNTIL 1 A-1-1 1 D0 1 

F"{. ,Kl :=R•G( 1•_,K]+P•G[ I ,K+1J+Q•G[ I ,Kl; 
F" [ 1 , A - 1 J : = ( 1 - P l ",; [ 1 , A - , 1 + R * r, [ , - ~ , A - 1 l ; 

'Etd)' 
'E. ,,:-. I 

'EL.~£ I 

1 t"•_ r, IN t 
1 fuw• ":=Q •5T~p• ::_ 'lJNT•L'A•l 1 00• 

G(j,K);:poc(O,K•lJ•P•f[K+!,O]+O<>F"[O,K]; 
,;cJ,Al :=c1-n•r10,:.1; 
;[J,'l] :=1:,[0,ill+P<>F [f1,0J; 
•~oP• , ::1 •sT~p• ! •utJ;"iL' A 1 00• 

f fo. f. l.J , ~ ~ I 

•Fow• f;::O •ST[f·• ::. •utiT L' A-1-1 •oo• 
G[1,~•:=R•fl ,-:,KJ•P*F"[ 1,K+l]+Q<>f[I ,KJI 

~(; ,A•. J:=(1-P)•F"{l,A-: ]+R•F[ "•1,A• 1 )l 
1 £:11;' 

•t.111r.-• 
t !.IJu,; 
~-:=o.~•(~•:!.l*lf•?li 
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25J':74• 15 b 2355F.U ~LPIPPEL 

<;o. s::• ,F' Z=l •THEN• 0,5•(D+l)•C2•A-0+2) 
,;;, •ELSE' (Zu(A+2)•ZU(A+1•0))/(Z•1)H2 • (0+1)/(Z-1)1 

7 ,·, 

•,j 

FE:=:/Sl 
•FQR• '::o 'ST[P• 1 •UtJT1L• A 1 00• 

•FOR' l(;,zfJ •sn:P• 1 1 UNT•L' A•I •oo• f"[1,Kl1•1/PTJ 
1T::01D'fl:l;FLIPi='TRUE 1 l 

•FOR' NEPli::U 
1 \\Hil.!: 1 ABS(OIF)>EPS ,. IT<ilAXIT '00 1 

, T: :·1 T+1: 
TR.:.,NSJTR,.NS; 
D,F::(F[0,0]-FE)/FEl 

'.jr_ W &> ,. (,f.; 
P ➔ NTTCXT("RCCUR~ENC~ TIME Qf li,Fl"ll 
"ILCR: 
•FQ~• !110 1 S1£P• 1 •UNTIi.• A 1 001 

• fH~ C: ~, 1 

r-,LcR; 
•f:,R• K!:0 'STEP• 1 'IHJTIL 1 A-I 1 D0 1 

'flEG I ... ' 

• •F' F[J,r]>0,0001 
1 THEN 1 ABSFIXT(4,1,1/f[J,K]) 
1 ll.SE 1 PRINTTEXT(" ****** "lJ 

tf.t;[)I 

•f.tl(;' l 
Sl<: =D l 
•FOR• · :=O 'STEP• 1 'UNTIL' A •no• 

S><::5X+F[ 1,0]; 

G•::F(J,OJ•fD•f)l 
,roi:i, !=:!. 'STEP• 1 •u1n1L• A 1 00 1 

GT::C,T+F[i,0)1>1; 
•:.•::,;-;(SX•P) l 

~: 0v~c•17[RAT1uNS",2•'T)l 
~2 ou-1•q'L [ARnR•,01F); 
'1,3 uu7("1·[Atl RT [0,01",1/F[0,0J)J 
:i ~ ,H 1 ":' I ''I,, L A 'l RT [ 0 , [) J " , ;. / F ( 0 , 0 l) l 
,..; <i1•·•c·•r.i1:AN ,-,t 11C",l''l')J 
:ir, 11u-("PROtlA8!LlTY GC",SXttP); 
,7 ou-(•f-f<(ll,lf.T•,GT•SX•P)l 
·1,, t f;. tJL I j 

-) S; • : F ' l'I : t. (l > (i ' T t1 f. N ' 

;. !1 J ';1~(, :1' 
:n1 Y[U PAGE; 
:ni .•Gc;To• N[XT; 
:.. I, 3 I~ •~u t ; 

_J4 •.n,o•; 
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~50674• 15 B 2355F.O CLP:PPEL 

A lo.QUO 
0 • Ct'O 
Z :i.. 00() 
Q .OUO 
MAx,r :~o.ouo 
EPS .OIJ5 
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+"' 

RECURAE~CE TIME Of [S,FJ 

.. ? .1 •·d.:. 63,Q 80.7 98,0 115,5 132,8 149. 9 166.6 162,8 196,3 213,4 229,B 252.7 298,2 447.3 •••••• "c, 5 :ia. 9 75,Q <l3. 6 111.s 129,2 140,7 163,9 180,7 197,4 214,6 233,9 258,8 296,2 357,8 447 ,2 
~I)' 6 /:). ~ !lb, <1 107,? !25,4 143.4 161.1 178,5 196,1 214,3 234,3 258,0 287,7 324,0 357,7 ',,'. 8 n,I,? cOd,7 121. 4 139,9 158.1 1'16,1 194,2 212,8 232.8 254,9 279,4 304,8 324,0 t c.,,. ,) '-17, 7 :17,0 136,1 l54,8 173,3 191,8 210.7 230,3 2!:>0. 8 271.9 291,5 304,7 
;, '-j • '.: :..12. 3 :3.!, 0 151.3 170.2 :i.89,1 208,0 227.2 246,5 265,2 281,3 291,4 
(,) . :.,0.5 147,4 :'..t-6.ll 11l6, U 204,9 223.7 242,0 259,0 273,0 281,3 L '• <.. • -

: : 9 I 2 :. 4t 3. l :,63 .1 1112.6 20 :!. • o ~20. 0 237,6 253.3 265,B 272,9 
... 5CJ. ;: :;_:,9. C 178,8 11lfl. 0 2:6.2 233.2 240,0 259,4 265,7 
.~ ~ ; . 1 174,':I :. 94, 1 2j 2. 2 2;,a. t1 242,9 25:.S, 5 259,3 
•. 69, S :. ':Ill. 0 2ClB, l 224,4 2:ia, o 248,0 2!>3.5 
: ►;;. '!. 2U3,9 ~19,Q 233. 2 242,9 248,0 
_.., t, 2 2).:;i.'5 ,!20,1> 2~7.9 242,fl 
'.. ,J' 3 2.d.9 ?33,1 2~7.9 
? . J.? .!r.•l. 4 ;-,33, 1 
,·,·t -, 2..:!d, 4 i..,._ ~I, 

2?.3,7 
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I 'fl:.R°"T I 0'15 
REL t:Rl'-:O,i 
ME~'< R,. (0,0J 
Mf.,.,, RT ( 0, [, J 
t--1E~:-, RT :;C 
PR),; •. :) L., Tv ,;<: 
PRU!lu:::. r 

B 2355f,0 CLPIPPEL 

294.000 
,!105 

17.083 
17.083 

b,541 
.117 

1. on o 
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8.1.2. 

[ cf. ch • 5 • 2 . 3 J 

A 2355F,O CLP PPEL 

• ~E'11, t1 • 
t{.0,1'1t-NT • 

~ TH S PROGRAM CO~PUTES THE STATIONARY OISTRl~UTION OF A OSA•SYSTEM 
~ -h G,,R6AGE COLLl'CT ON,US1NG A METHOD OF SUCCESSIVE ITERATIONSJ 

•HL~~· Z,P,O,R,EPS; 
I 1:~7• ~, T,t>; 

0 •~Rae• 'N(S,N); •STRING•SJ 1 REAL•N; 
I !:>t:( tJ 1 

.1 rl: =Mc.All l 
~ ,lLCR;PMiNTTEXT(S)JTA3lABSf ,XT(4,3,N); 
V t t. '{LJ' i 

•P~OC' OUT(S,N)l 1 STR•NG•SJ 1 REAL 1 Nl 

-· S ilLCR;PRINTTf.XT(S)lTAUJFIXT(4,3,N)J 
•t.(J(.)1; 

,1C:xT ! 
· ,:, 'l l "..," , ,, ) ; I N ( "Z" , Z ) _l t N ( "Q" , Q) J I N ( " 1 T 11 , I T) I I N ( 11 E PS 11 , E PS ) I I N ( ,, 0" , 0) J 

Pl~(:•O)/(Z•l);R::Z•PI 
d • tic.<1 · N' 

·~ • ~T• ,K,STEP; 
'0 'R[A._• S,ER,SUM,STH,SX,FX,GR,UDO,SV,QUJ 
~: •~f.AL''ARRAV• C,V[OlA]i 

1 FROC• NEW(COL,N); 1 VAL' Nl 1 REAL 11 ARRAY 1 COLl 1 1NT 1 Nl 
I rlE<> N' 

'I NT I Kl 
CDL(~)l-Z•COL{lll 

', •foR• K::1 'STEl'I 1 •UNTIL' N 1 00• 
CQ_[KJ:~(COL[K•1J•Z•C0L[K ♦ 1])/(Z ♦ 1)l 

j •EqO I I 
•. ,, 1 P,:A._••PHOC' D,AG(N)l'INT 1 NJ 

•r1r:c. f' 
•RC:At. 11 PR0C' OG(P);t1r.T 1 Pl 

i :,G:::• 1r 1 Z:1 
1.3 'THEN• P+1 

•ELSE• <z••<P+l)•1)/(Z•1)J 
-;•, 0 1 ACd•(•1F•N 1 1.(' 0 
·o •THf'tl' OG(tl) 
,, •ELSE' Z••(N•O·)•OG(D) 
,6 )/Sl 

1 EtlD 1 J 
s · - 1 

. f • z • r,E • 1 
1 THE~'(Z••(A•2) - Z••CA+1-0))/(Z•1>••2 • (D•1)/(Z•1) 
1 ELSE'u.5•(0+1)•(2•A-0•2ll 

•F(.)R 1 ,::o •sTEP• 1 •uNT·L' A •00 1 

v(,1- ]::01,1G(1)/( 1 +1); 
C:R: ::1, J 
lfQR•K:=1,K•1 •WH!LE• K<ITA ABS(ER)>EPS •oo• 

• 13£G N 1 

' · 'JT' I J 
ST:::P :::KJ 
1 fOIP ,:::0 1 STEP 1 1 1 UtlTIL 1 A 1 00• C(1]:i:Y(IJI 
su·-1: =O; 
'FOil' ll:A-1 'STEP' •1 'UNTIL:' 0 '00 1 

1 BEG 1 N• 
'I NT' K; 
1 fOR 1 K::O 'STEP' 1 1 UNTtL 1 1•1 1 00 1 SUM:11SUM+C(K]J 
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'I. 
:3 
·,' , .. 

.. 

A 2355F,0 CLPIPPEL 

NE\ll(C, 1); 

'END e; 
sun::SUM+C[O]; 
STH::v[A)*Sl 
LR:: ( S TH.SUI'-) /STli I 
Y(JJ::('1f• D:A •Tl1Etl' 1 •ELSE' O)•YIAJJ 
•FoR• 1 ::1 'STEP' 1 'UNTIL' A •oo• 

v[tJ.:(Y('•1]+C[l•1J•Y[AJ•(tlf' 1 D:A-1 1 THEN•1 1 ELSE 1 0))/CZ+1)J 
t[iJf' t; 
•FOH' I ::I) 'STEP• ::. •UNTIL! A 1 00• 

y [ l : = V I I l / s Ul•l; 
uoo:=YCA-DJl 
•1~111 ►'AGE I 
PkiNTTEXT("MEAH RECURRENCE T!ME Of [S,fJ")J 
·,L-.R; 
•~t1R' 1 ::sA•STEP'-1 •UNTIL' O •00 1 

'lkGti',t 
C[1J:=v1111 
, 1 r, c r I J , NE, o 

'THEN' ABSflXT(4,1,1/C{l]) 
•ELSE' PRINTTEXT(" ****** ")I 

•f,;Ot J 
•FOR' I ::A-1 1 STEP•-1•uNT1L•o 1 001 

I Bf.GI"'' 
1 I NT•K; 
llEW(C, I); 
tJLCR I NLCR I 
•FOR• 1(::1 •sTCP' -1 'UNTIL' 0 •oo• 

•1F• C[KJ 9 NE•O 

SX: :.; I 

•THEil• ABSFIXT(4,1,1/C(Kl) 
'ELSE• PRINTTEXT(• •••••• ")I 

•FORi 1:aO 'STEP•:., •UNT1L• A 1 00 1 SXl ■ SX+C[I]; 
(J,, SY;:'): 

•FOR•· 1::0-· 'STEP• l 'UNT1L• A 1 00 1 sv::sY+Y[IJ; 
'?. ou: ■ (SX•C[A])/(SV•Y[OJ)J 

~s GH::~[AJ•(O♦ l)l 

,;,. •FOR• 1::1 'STEP• l 'lHlT,L• A •oo• GR::GR+C[A•i)IIIJ 
n~ GR::GR/(P•SX)J 
~? ~EW gAGE; 
9/ OUT("'TERATIO~S",STEP); 
~a OUT("REL ERROR",ER)I 
~; OIJT("REC T,ME. [0,0J",1/C[AJ)I 

:~u ou~(•REC T1ME [O,DJ",1/UOD)I 
:i1 OUT("REC T!M[ GC",GR); 
.. ",.: OUT(•PR08ABILITY GC 11 ,SX•P)J 
_r, :, OUT (''PRODUCT", GR •SX•P); 
-~~ OUT("X/V •,au); 
_f·5 1 EUIJ•; 
.''J •1F' REAn>O •THEN• 

'B£G · ,-., ' 
_ tl ~lW PAGEJ 

'/ •GOTO' t.EXTJ 
- •J • F ,,c,' l 
- 1 f ENlJ I 
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2:·>.'4- 35 A 2355F,0 CLPIPPEL 

ME4~ q2CJRRt~CE TIME OF [S,F] 
17 • .J.. 46.0 l>3.8 80.6 Q7,9 

26.? :id.a 75.8 93,5 111,4 

30.5 i'U. 8 88.8 101:1 125.3 

52.9 b.S,7 10.!.5 1?1. 3 139.8 

69.5 9·• . 
I, 0 116,9 136,0 154.8 

8 ..i. :!. 1:.2.2 ::.31. 9 151,2 1?0,3 

102. 'J .,_,!7,4 .;.47, 3 166 ,9 H6,1 

119.1 1 ••J. r, :..6J, 1 182,7 21;1,0 

J 3 {,. -~ .:,~9. ~ :79.0 198,2 216,6 

! 55.: :1-1.Q 194,3 212.6 229,3 

169. ! ;,,YO. 2 208,5 2?4.9 238.6 

1es. 4 2r1,i, 2 220,5 233.9 243,6 

1\l'il.5 2:c,. 0 i2'iil,2 238.6 243,6 

211.3 2~"i.6 23.s.a 238.6 

?.19, 0 ~i;'Q. ~ ;_:33, 8 

22 .. , 4 2,9.j. 

22.;,4 

115. 3 132.7 149,0 166.7 182,9 

:..29. 1 146,6 163,9 180,8 197,6 

143,3 161,1 178,6 196,3 214,6 

158,1 1'/6,2 194,4 213.2 233,2 

173, 4 1'12,0 211. 0 230,7 251.4 

189,2 208,3 227,6 24? .1 265,9 

?.05.2 224,l 242,6 259,7 273.8 

220.5 238,1 254.0 266.6 273,8 

233,7 248,7 260,1 266,6 

243,6 2,4.3 260,1 

248,8 2,4.3 

248,8 

198,5 213.7 230,3 

214,9 234,3 2,9,4 

234. 7 258,6 288,5 

255,4 280,1 305,6 

272,6 292,3 305,6 

282,1 292,3 

282,1 

253,2 298,9 

296,9 358,7 

324,9 358,7 

324,9 

448,4 

448,4 

••••••• 

w 
I.O 
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1·Tc.R .. T 'o·;s 
RE~ E:RR!'l'l 
R ~ I; .,. ',\ E t O , ll ) 
RC. T-~11'. [0,D] 
Rf.:. ; ''•!f: Ge 
PP. J A.:., R I , 7 y GC 
P~Y,uCl' 
X/V 

A 2355F,0 CLP1PPEL 

•16,000 
•,005 

•17,072 
•17, 0 72 

+8,533 
+,117 
•, 9\19 

+l .• UUO 
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21~674• 35 A 2355f,0 CLPIPPEL 

A ~a.o~u 
z 1.0uo 
Q .0uo 
IT j,llQ.()00 
EPS .ou~ 
0 16.800 



21.~'4- 35 A 2355r.u CLP1PPEL ~ 
N 

ME~, ~ECJR~t~CE T1~E Of [$,FJ 
700.~ ?00,0 099,9 699.7 699,5 699,4 6911,4 699,8 700,9 702,6 704.9 706,6 705,2 695,2 667,2 608,2 508,9 824,9 
863.: Sti<L 9 917,0 951. 9 9118,5 !026,4 106!),3 1104,9 1145,2 1185, 8 1226,7 1267,7 1308,"I 1349,6 1390, 2 1430,4 1469.9 1508,5 

134-j, g ~ ~tLl.-, 1:i:.5, 7 1<>47,9 l678,6 1709,1 174.!,6 1786,6 1857,8 19118,2 2335,1 3502,7 •••••• 
~ 

700,5 700. ~ ~-"9, 9 ~99,8 6()9, 7 6<i9,6 699,7 7uo.o 701,2 701.6 700,6 696,4 686,5 668,7 644,1 622.5 637,6 853,2 
b '·'. 5 9l0.: 950, 7 9~6.9 l 0?.4. 5 1063,2 1102, 7 1142,8 1183.3 1224,2 1265,1 1306,1 :1.346, 9 1387,5 1427,6 1467,1 1505,6 1543,2 

l:, - J, 5 1CJl4,o :0411, 9 1ol'3,6 1720.9 1765,5 1112!>, 7 1917,2 2068,4 2332, 8 280·2,2 3502,7 

.•99,9 o'N.6 ,,99, l 609,7 c,~9.7 6'19, 8 69\1.9 699,9 699,3 6117,3 693,0 685,6 67!i,2 664,3 6!19,9 1176,4 740,5 8t3,1 
,1.,. 3 9411 . .i Y85,3 10?2.6 l 01>:, 1 1100.4 1140,5 1180,9 1221,7 1262,6 1303,!l 1344,3 1384,8 14.24,9 1464,4 1!103,1 1541,0 1576,1 

!.bt'I. 6 10~:..2 :,,8\1, 6 1n2.3 l783,8 1851,5 194b,3 2063,9 2262,!l · 2546,1 2602,2 

6'j9,6 6~~.7 e,119,7 c,99,6 i)lo'J,5 1>99,3 6\111,9 697,8 695,8 692,:S 6117, 3 681,"I 677,9 680,7 697,9 740,7 eu,4 914,6 
948. ~ iUJ.9 ! :?0,9 10\111, 1 10'18, 3 11:ia.1 .1 l 711 5 1219,2 1260,1 , 1301,0 1341,7 1382,2 1422,:S 1461,9 :1.500 ,9 11>39,3 157?,2 1615,l 

~65~.9 lC>'II~, 3 1 41, ti 1?Q7,3 1867,4 1959,2 ?.0t!0, 2 2233,9 2407,1 '2546,·1 

699. 7 099,0 1i99, 4 699,2 61l8,9 698,2 697,1 695,3 692,9 (190,0 6B7.'1 688,2 694,7 712,3 747, 0 803.6 878,2 947,3 
902.s l .. :. ')). 2 :,57.2 1096,2 11~5. 9 1176,1 1216,8 1257,6 1298,4 1339,2 1379,7 1419,9 1459,6 1498,9 1537,8 1!176,7 U;L!l,9 1656,6 

HOO.~ 17''1.;? 1 ,iOb, 'l 16~6.6 1963,1 2069,2 :an.3 231?,3 2407,1 

69y.5 b\19. 3 t,99. 0 6'l6,6 6'17,9 696,9 6•1!), 6 694,2 693,0 693,2 696,3 705,1 722,9 753,6 '799,9 860,1! 926,6 9e1. 2 
l O · ·. 6 ~ .;:>5. 3 1094,l 1P3,II 11·•3, 8 1?14, 3 12!:i!>, 1 1295,9 1336,7 1377 ,2 :1.417,!I 1457,5 :1,497 ,1 1536,6 1576 ,3 2,6U,7 16!18,9 1104,2 
t754. 7 l5~.l.o 1<181,::. 1962,0 2055,6 2157,2 22!>3,1 2317,3 

699,2 69S. •> oOO. 4 697,9 6Cl?,1 696,4 6\IS,9 696,1 698,0 703,1 713,4 731,3 7~9,!I 799,9 1152,2 911,9 969,4 1016,1 
1053,'; :vY.!.: L3:,5 1:'1.5 12~ 1. 9 1~52.6 129J,4 1334,2 1374,8 1415,3 1455,5 1495,5 1535,!I 1576,0 1617,4 1660,8 1707,3 1759,5 
10· 6. ~ :.at•.!. o 1957.9 ?.041,J ?.127,3 2204,1 22~3. l 

698.~ ~Ycl.5 (,98. O 097.7 697,5 b97,8 6\19,1 '102,5 708, II 720 ,2 738,1 764,7 801,2 847,11 902.0 957,9 10011,9 1051,ll 
1 . .. : :,2Q. 3 = 69 . . 1 1?09,6 12'i0,2 t?91.o 1 :!31. 8 1372,5 1 ◄ 13,1 1453,5 1493,9 1534,5 1575,7 1617,9 1662,1 1709,4 1760,9 1818,! 
:881.8 ~ ,I:,.,! • ;: 2~27, ~ 2:r1.3 ;>lh5,0 2;,04, l 

6,, a,~ 0V~ <+ ,,0a. 4 t,Oi) • 7 6"9, 6 i02.1 ?Ub. 5 .. 714,0 726,0 743,9 769,3 803,2 84!:I,? 895,5 948,? 1000,5 1047,1 1068,2 
ll 

. : :o '" : . ~'I,, . j 1:?'1}.A 1?F8,6 ,~?.9,5 1:no,3 1411. 0 1451,7 1492,5 1533,5 1575,2 1618,2 1663,0 1710,7 1762,2 1818,3 1679, 6 :. ;.., .. -, . ~ ';:.j ... 2 170. n 2:..32, 7 211>5, 0 

:<J,; ~<J~. 3 ·ru.: 701. 8 705,0 ,10.3 718.6 731,1 748,9 773, 4 805,3 8H,8 891,1 941,6 992,7 1040,9 101i4,? 1125,2 
: p - • e : ~,•5. :1 ; ,45,:, 12P6,J 1 3~' 7,:. 13611, 0 1408,9 1449,9 1491.0 1532,5 1574,7 1618,1 1663,4 1711,3 1762,4 1111?,4 1876,3 19!8,0 
2 • .. 3 2J~0.3 ~-n~.3 21~2.7 

.. J "ti..:. O ·•03, 9 7P7,? 713, 7 722, 7 735,6 753,4 777 .1 807,5 844, 7 88B,1 9:16, 1 985,9 10J4,6 1080,1 1!<'2.4 1162,? 
' ' ! .,:.i:;. 2 ! '1 fi4. ,) 1:J~ ~. 9 1Jt15,9 :401>,9 t448,1 1489.5 1531, 4 1574,0 1617,8 1663,4 1111,J 176.1,9 1815,7 1872,2 1930,4 1'ie7,li - . ' 

2 . .. . . ~ -~ tj:... 5 2~C!,,3 

I '• : 1 I'~!. I.; ., 1 U. 4 :- 1 7. a 126,4 739,6 7!,7,4 780,5 809,6 845,0 886,1 931,9 980,1 1028,5 1075,0 1118,7 1l.t0,1 121io,5 
: ...... J :20:, ., 1!2.!. '/ 1363.7 1405,0 1446, :S ~.4!111, 0 1530,2 1573,1 1617,3 1663,0 1710, "I 1760,8 1813,2 1867,6 1922,6 1975,9 20eJ,5 
2.' '.:, 2:~:.s 

"":.~. 9 ~20,0 729,9 743,3 761,0 711:S,6 811, 7 845,5 884,8 928,6 975,3 1023,0 1069,8 1114,!> 1157, 1 1H6,2 1238,1! 
: : • "' 5 :J2J.5 !3C>l,6 1403,0 14 41 4, 6 1"86,5 15211,9 1572,1 1616, ◄ 1662,2 1709,7 1759,1 1810,3 1862,7 1914,9 1964,6 20u8,3 20"1. 9 
2:,..,. o 

.. ' ~ 7~,!.9 :':'3 .1 746,7 764.J 786,5 813,7 846,3 884,0 926,0 971,3 1018,1 1064,8 1110,1 1153,6 1195,4 1236. 5 1277, 3 
;. 5 ;, ' .3 :J!>Y.:, : ., n .... o 1442,8 14114, 9, 1527,o 1571,0 1615,4· 1661,1 1708,3 1757,0 1806,9 1857,5 1907,1 19!13,8 1994,3 20:?5.0 20•1,9 

.. :) . 0 ;;.o ~ ','49,fl 767,J n\),2 b15,7 847,?. 811:S, 4 924,0 967,9 1013,7 1060,0 1105,6 1149,8 1192,4 1234,0 127S,l 1316,2 
:. ~ C. • 5 !JY~ .• 144;,, 0 14113.3 15?<i,1 :569,6 1614,1' 1659,7 1706,!5 1754,!5 1803,3 1852,1 !899,5 1943,5 1981,3 2009,5 2025,0 

: '~. y ;!>.:!. 8 no.2 7q::_, 7 6!7,6 l:!46 .1 8H3,2 922,4 965,0 1009,9 1055,7 1101,3 1145,9 1189,1 1231, 3 1272,7 1314,0 1355,4 



21tJ't\''4• 3-; A 23,5F,0 CLPIPPiL 

1 !O •, ! ~4..19,2 : ~Al, 6 15?4,5 !568,2 1612,6 1658,0 1704,4 1751,7 1799,3 1846,6 1892,0 1933,7 1969,1 1995,3 2009,5 
~ 

l'i;_:). s ~-~.a ·.'94, 0 819,4 1149, 1 e83,1 921, :.> 962,6 1006,5 1051,7 1097,1 1141,9 1185, 7 12?8,4 1270,3 1311,8 "353,4 1395,2 
14' .• ~ : l .'9. 8 1522,9 1566, 6· l c..11, 0 1656,2 t702,1 1748,7 1795,2 1841,0 1884,6 1924,2 1957,6 1982,1 1995,3 

,1.., ".'I. J :
1 90. 2 ti21.1 ti!>ll, 1 083,2 920,3 9f>U,6 1003,!i 1048,0 1093,2 1138,Q 1182,1 1225,3 1267,7 1309,5 13!>1,3 1393,2 1435,4 

14"J,J :.;:;.::.. 2 : 'd\4 ,8 1oC9,2 1<,!i4,1 1699,6 1745,4 1791,0 1835,4 1877,3 1915,1 1946,7 1969,8 1982,1 

' "'7Q J. 3 6.:.!,tl <151,i 8PJ,4 919,5 ~58,9 1000,9 1044,7 1089,5 2.134,3 :1,178,6 1222.1 1264,9 i.:s01, 1 ;U"9,1 U91,l! 14U,5 1476,2 
1 ·i.4 'tJ. 3 1 ~;eJ, () lt· t' /, 2 1651. 9 1~~6.9 1"142,0 1780,6 1829,7 1870,2 1906,4 :1.936,4 19!18,2 1969,8 

/j . .; • .; ,~l. 2 ·. 83, 7 918,9 .,~7, 4 998,6 1041,7 1086,0 1130, 6 1175.o 1218,9 1262,0 1304;6. 1346,9 1389,1 1431,!i 1474,3 1517,4 
l:;,.. .... : '.Jt !i.:. :c•9,5 lOQ ➔, 1 1 °'38, 5 1:82,1 1Bi!4, 1 1863,:? 1898,0 1926,6 1947,2 1958,2 

Ii~_;. 2 ~ll4, ~ . : t!. 5 956,2 ~196, 5 1039,0 108:!.B 1127,2 1171.6 1215,6 1259,0 1301,9 1344,!I 1386,9 1429,5 1472,:S 1!115,4 15!19,.0 
!C· i.'., S 16~0.9 ! rrt')l .1 1134,8 3 ·•77, 6 1e18,5 18!:>6,4 1889, 8. 1917,2 1936,9 3,947,2 

8F ➔ ,5 9!!l. 2 955,1 994.7 1036,5 ~079,7 11,!3,9 1168, 2 1212,3 1256,0 1299,2 1342,0 1384,7 1427,4 1470,2 · 1!113,4 1!5!56,I 1600,5 
!. ~.:..;. 3 :ott!,0 1731,1 17'3.0 1G!2,9 1849,7 1882,0 1908,2 1927,0 1936,9 

'I. j.: 9:,-.,2 993,1 1034,2 1076,9 1120,7 1164,9 1209,l 1253,0 1296,4 1339, 5 1382,4 1425,2 1468,1 1!1:U,2 1!154, !I 1598, D 1641,5 
loi.4.5· :7.!7,2 1l6A,4 1807,4 1043,1 1fl74,3 18911,6 1917,6 1927.0 

~·;.. ➔ 9ill,6 1032,1 1074,3 1: l 7, 7 1161,8 12U!;,9 1249,9 1293,6 1336,9 1379,9 1422,9 1465,9 1'_09,0 1552,2 1595,5 u;,e,7 16111,5 
:. ., . 3 ... ~ •c,3 ,ii 1001'.9 1830,6 1666,9 1891,3 1908,5 1917,6 

-1-·<I. 3 ~JJ0,2 1,,,1,9 1~34.9 1:58,7 1202,8 1246,9 1290.7 1334,2 1377, 4 1420,!I 1463, 6 1506,7 ,1!549,8 1592,9 1635,8 1678,1 171·9,4 
11~,i,1 .~7Yv.4 l 0:"10, 3 1859,6 10f3,2 1!199,9 1908,!I 

1,; ". 5 -~09,7 1:!2,3 1155,8 1:99,6 1243,8 12117,B 1331,4 1374,9 1418,1 1461,2 1504,3 1!147,3 1!190,2 1632,7 1674,6 17U,4 1754, 5 . .... Cl ~ :)~4.:. l6r;2,6 1075 ,4 1nQ1,S 1!!99,9 

i.:~. ,0 : ·'\I. 8 ! ·. 53, 0 1100.8 1240,8 1284,8 1328.6 1372, 2 1415,6 14!18, 7 1501,8 1544,7 1587,4 1629,7 1671,2 1711,4 1749,I 171!5,7 
: ~ d.: :.:>··~. 7 :c67,9 1883,4 1891,5 

!. ~ \ .~ .• :>~.3 ::9.!,9 1237.9 1.:81, 9 1325,8 1369,5 1413,0 1456,2 1499,3 1542,1 1584,6 16;!6,5 1667,6 1707,4 174!1,2 11eo.4 1811,9 ~o t..,. ~ :~oQ.6 :a,5.6 181!3, 4 

: - .1 .• 5 ! : ~~ .·2 ::·35,0 1279,0 1;;23,0 1.l66,6 1410,3 1453,6 1496,6 1539,4 1581,7 1623,3 1664,0 1703,3. 1740,6 177!1,1 1806,0 1832,5 
l :ti:: .5 • ._ :a~a.: ::.a7~ 1 6 

t.•d .5 - ~,' &! • 2 '":':'O, 2 13;>0 .1 1U4,0 1407,6 1450,9 1493,9 1536,6 1578,7 1620,1 1660,4 1699,2 1736,0 1769,9 1100.2 1826,0 1846,5 
:B•J,. : ~c:3.:. 

:. - · . .;. 4 :.: . .5. 3 ! .'! 7, 3 1361.2 1%4,8 1448,2 14111,:> 1533,7 157!1, 7 1616,8 ;1.656,8 169!1,2 1731,4 :1.764, 7 1794,!i 1819,? 1839,7 1853,6 
ld~ J.? 

. - .. :•. ~ : j ! •t. 4 ~ :'58, 3 14~2.0 j445,4 :488.3 1530,8 1572,6 1613,4 1653,1 1691,1 1726,8 1759,6 17118,8 1813,6 1833,1 1846,6 1853,6 

: : • : • I) :3!>5,5 :399,1 1o!42.5 1485,4 1527,8 1569,4 1610.1 1649,4 1686,9 1722,2 1754,6 1783,2 1807,5 1826,6 1S:S9,8 1646,6 

: 3" - . :> ::;96.3 :~:19, 6 141'2, 5 1524.8 1566.2 1600,6 1645,6 1682,8 1717.7 1749,!I 1777, 7 1801,6 1820,:S 1833,2 1839, 8 

:'.,3C3, ( ;~Jo.7 !479,5 15:?1. 7 i563,0 1603.;> 1641,9 1678,7 t713,1 1744,6 1772, 3 1795,7 1814,0 1826,7 1833,2 

:~•3,7 :~ u.5 :.~!8,5 1559,7 1599,7 11138,1 1674,6 1708,6 1739,6 1767,0 1790,0 1807,9 1820,3 1826,7 

!. .... j. 4 ;.5:::i." : •;~o I 4 1596,1 1034,3 !1'>70. 5 t704,1 '1734,8 1761,7 1784,3 1802,0 1814,1 1820,3 .i:,, 

:!. :, ~ 2. 2 :,:>.LQ :592,b 16:t0.5 tt;f\6,3 ~099,7 17211,9 1756,5 1778,7 1796,1 1808,0 1814,1 
w 
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2luo74• 35 A 2355f'.O CLPIPPEL 

1;.i9 .6 1589,Q 1626, 6 1662.2 1695,2 1725.1 17!)1,3 1773,2 ··1790.3 1802,0 1808,0 

:!.5i·5 ,4 16.:!~ .8 1658,1 1690.8 1no.3 1746.2 1767,8 1784,6 1796.1 1802,0 

:'..::,'fl. 9 16:,4,0 1686,3 1715.6 1741,1 1762.4 1779. 0 ·1790,4 1796,1 

1:., 9.3 H,11;.,9 1710.9 1736,l 17~7.2 1773. 5 1784.7 1790,4 

1'.l" · , 5 17Uo.2 1731. 2 1751.9 1768.0 1779 .1 1784.7 

~,/ii:_, 5 1no.2 1746,8 17(,2,7 1773,5 1779 .1 

::1:..4 1 :1
•~~. 7 1757,4 1768,1 1773,5 

!/~u.6 17!:il!.: ::. 762, 7 1768,1 

! :' .. c,. 9 1n7 .4 1'.'f>2,7 

l !',2. 2 17, 7. 4 

:'. ?'.• 2. 2 



21u674- 35 

ITt:RI\T!O'lS 
REi... t:RRO~ 
REC Tl'IIE (0,01 
RfC T•~1F. 10,DJ 
RE\.. T 1 ME GC 
PROg.,;i;t_,Ty GC 
PRJ 'u(T 
X/V 

A 2355F,O CLP,PPEL 

+20,000 
-,005 

+700,135 
+50H,933 

•3Y,flb3 
.... 025 

+1.000 
+1,0UO 

45 
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8.1.3. 

[cf. ch. 5. 3] 

B 2355F.O CLP1PPEL 

, a::c.:., N 1 

•Co•~nt.NT' 
2 TN S PROGRAMS ~ULATES A DSA•SYSTEM WITH GARBAGE COLLECTIONJ 
3 •RCA~• Z,P,GC,fULLl 
4 • 'NT 1 NEP; 
5 • •NT• ,,,ll,GCCTR,fCTR, ITCTR,f,S, IT,R CTR,MR; 
o •PROC' •tHS,N); 1 STRING•SJ 1 REAL'Nl 
t 1 HEG N.t 

O •I: :Rf:.ACJ 
9 NLCR;PRINTTEXT(S)JTAUJABSf1XT(6,3,N); 
') 't:,'fD •; 

·t •Pi<OC' OUT(S,N)J'STRING•SJ 1 REAL'NI 
· 2 1 t>EG N • 

3 NLCR;PRiNTTEXT(S)lTAB;flXT(6,3,N)J 
4 • t ND 'l 

'5 ~ExT: 
:, R CTRl:0; 

5t., RA:iOoM(0.5); 
d tl ( "A" , A ) I 1 N ( "Z" , Z ) l 1 N ( 11 0" , D ) I I N ( " I T 11 , I T) I I N ( "MA M , MR) l 

'9 'lfxT2: 
~U R CTRl=R CTR+l: 
·? :t r,L,.:R:; 
·~ QUT("RUN:",R CTR)J 
3 p:::;<z+:ll 

?4 s:=O;F::o; 
:5 1TCTRl:Q;fCTRl:O;GC CTR1110;GCl110JfULLl110; 
~-, 1 f'OFII NEP:110 

•Wt1'LE' ,TCTR<,T 1001 

I fl[G' N' 

-TCTl'l::,TCTR•1l 
• 1 f" 1 RANOOM<P 

1 7HEN 1 

I BEGIN' 
I If I f <1 

ITHEN• 
•BEG• N t 

GCCTRl:GCCTR+ll 
GC::1T CTRJ 
r:=r+s-11 
s:=01 
• ! f I F <0 

•THEN• 
I BEG'"' I 

F:=F+O; 
fCTR::fcTR+1l 
fUL1.:111T CTRJ 

1 EN0 1 l 
•ENO' 

'ELSE:• F:=r-u 
1 EN0 1 

I f.LSE. 
1 8EGIN 1 

• If' f,.S+i'LE 1 A 
•THEN• s::s .. 11 

•ENO'; 
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56 OUT(•MEAN REC TIME FULL",FULL/F CTR)J 
57 OUT(ttMEAN REC TIME GC",GC/GC CTR)J 
58 tlF• R CTR<MR •THEN• 1 GOTO• NEXT2J 
59 •IF• READ >0 'THEN• 
60 1 BEG1NI . 
61 NEW PAGEJ 
62 1 GOT0 1 NEXTJ 
63 1 END'J 
~4 •ENO•; 

fi 
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A 48,000 
z l,000 
D 16,000 
IT 600('0,000 
MR 10,000 

RU"I l •1.000 
Ml':" 'I Rl!:C TIME l"U!.L •1239,128 
MEA"I REC TIME GC +39,255 

RU'I: +2,000 
ME-."I REC T1ME F"Ul.L +1094,132 
"1f. A>J REC T1ME GC +38.507 

RU'l l ... 3,noo 
M~A'I REC T1ME F"UL.L +1542,946 
M~~•; RC:C T :.~IE GC +40,039 

RUN: +4. I) 0 !J 
M£A\1 l:iEC T1ME rUL.i,. •1524,846 
"'1C:i.."J '<EC T, r~i:: GC +40,298 

RU'•: +5, 1,)l)O 
Mf.,•; '<EC T1Mi F"UL.L .. ,_175. 294 
~E '"-'~ '<EC T,14f. GC +39,259 

RU'<: +6,000 
ME ... •+ REC T1ME F"UL.L +1110. 944 
ME~~J REC T1ME GC +38,456 

RU'•: •7,00() 
ME,:.,. REC T1ME FlJL.L +14A9,487 
MC:,\ 'l l:iEC T,Mf. GC +38.640 

Rv,: +:L 000 
ME.:..'l REC T1ME "'LILL +1325,000 
~,r;:;.r-,J REC T1Mt: GC. +38,501 

Ru··1: +9,000 
M!:1•J R!:C T:MI:: ru1..1. +1753,194 
ME ~~..J REC T: iYI[ GC. +47,954 

RU',: •10,GO;J 
ME;..·. REC T!ME F'UL.L +!450.341 
ME,.•-, REC T1ME GC +40,577 



r, CXl 
(') 
1-h . 
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(') . 
::r . 
.i::-. 
N 
L.....J 

t SClllRCE 1.IUl.NG :i! OB 1,0,3 74:UQ 1;!/1217'1 U.;>2.111, 

____ .()Q01e--·· IBEG.l.N'---
000?.a #COMPUTE THE RECU~RENCE TIME OF FULL* 0003. ___________ !S!RlhUiJ-1.Ah_!I_!',- ___________________________________ __.._ 

0001.1 0 •PROC' FULL.i:(llNTI A,O,ll~EALI Z) 'REAi.ig 1 
ooos. ____________ J.If, i ABS i ,z .. n<o .. .0.01 __ . 2 OENOT~..liQL ... 
0006. ITHEN 1 CD•lJ•C2*At2•0) 3 
0001 0 -------- ____ • t ELSE.I ( (ZH(A+2.).!!_...Zu(J..il'!'0.l.)./4.L•Z) Uii! t (DtU.LU. .. Z) h (z+t )IZ ~----TAG._ 
oooe. •Fl': 1 
0009, .. _________ If.Ox t 4. JFROML !18 .. .J l'.O.LU--- DENOT.H!,l!i_ _ 
0010. 1001 2 
00!1• - ····-------·-·-- 1 INT! OEL.U11U.OV.EllL1-U----- 2 
0012. 1 REALI Z;:o.qo, 2 
0 0 D • ------- . ---- . . PRIN Tt( NEW. PAGE.,.!'..!l£C:URRENCE--UMEJ'..ULI....!4-NE.W. L If\lE, 11.b .. 1!-,..ltHOLE U, O))) S 2 
0011.1. PRI~T((NEW LINE,"~ "))S 2 
0015.. ------ 1 FOR 1 D 1 FROM 1 0.!3.YLOEI..T.L..11.0..L T~-
0011:.. •001 PRINT((UB,WHOLEC0,,.8))) 100 1 # 2 
0 0 l 7 • . . .... _______ PR !NT ( l NEWLPIE, 11.Z . / 11) .l S--------------------------------''--------- ____ .. __ 
0018. •~HILE• Z 'LE 1 1.101 3 OENUT•TIUN 
0019. _ ......... ·······-·· 1 00 1 ___________________ _ 

0020• PRINTCCNEW Ll~E,FlXEO(Z,•Q,Z),"l"))s 3 
0021.. . -------- !FOR! .O !FROMLO 1 8.Y.I OEL!.A.....UQ.,__......._ _______________________ ~ . --- _.1.~ --
00??. 1D0' PRINT((TAB,FIXEOCFULLCA,D,Z),•8,1))) •00 1 J 3 
0 o 2 S • ------- -------- - - l+ i .:o • .o 1-- -----·- -------- __________________________ _l ...D.El.HHAJJ.Q .. ti._ 
002U 0 IQQI 2 
0,)2:> 0 ••• • . -- - •.. LOOI.. -··•-• -····--•-·-·------•··-- ---------------·-----·--------------------------A------
0020. 1EN0' 

PROGl<MI LENGTH 000&208 WOROS 
'--·· ---·-·-- ---·-·---- ----·--

0 

.i::­
\0 
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0. c:/8/ ·-· &3 • 5-·- 309 • b-·--· 5'-12 .4-- .1&0 .&--%3 0 b-.l-1'19 .L__.131 b 0 8--11,ibl.letL-..1590-.l-..1.b92 .. B__l11O. Q_--1.61 'l .a __ l839 .•. L. 
o.99/ 10.2 110.1 &s;.a 915.7 11s1.1 11&1,s 1ss1.s 1114.2 1eso.& 1959.s 201.10,0 2090,a 2110,1 
1. 00/ 96 • 0•-·-- LI 70•Q .. -.810 • 0 .. -1\18 .O--ilQU • 0-•1&18,0---1850 • 0----2030 • .()__21 78 • o.-U911.,.0-..2378 • 0--2430.,.D--21150 .. a_ 
1,011 12s.o 593.s 1012,0 13ao,2 1110.3 1992 0 & 2212.9 2432.7 2593.& 2111.1 2aos,o 2d5S,2 2d78,l 
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1,03/ 213 0 9 990.S 1051.2 2208,9 2&75,1 3000,0 3372,7 3&21,2 3812 0 7 3953,5 401.19,3 1.1105,2 1.1125,5 
! • 0 41 I i:8 b, 1 -- 1lOb, l ·•-i 1 kl 9, 9--2842, 5--.J40b • t--J8S9,4.----11218, 3--4119b 1 1---JJ 7 O~c?-i!!:15b.1t&-.Jl9!i'Z e 0-- SO 1 !1.2._.50l!J.-.I:! __ 
1,05/ 387.4 1743.4 2831.3 3o~a.. 4384.Q 4921.0 5334.7 5047.4 5677.o b038,1 bl4l,O b201,b 0222.2 
1 • 0 bl . 530 • 5- 2351 • !.-17 eo.4>---48t>O.,l-. .S'I 00. ll---o.338..o-.OS U • i 71 o9 .l--.7£12.l. .1--1.sH •. !L ___ UQ.l,.&--l'Zbl.,..!L__llli!:1.2_ 
1,011 73l.2 11,,.a soss.3 &444,7 1q1a,1.1 a2qo.a &79b.3 9193.B 9470,8 CJ&s&.o ,111.0 9~32.0 9853,l 
1. o s 1 .. -·1021. 4 ......... 4 !8 7. Q.-•8 lo. a--eo 11, J.--00,0, l--t oao.1.1. 5---t-l 4Sh2---t-l901 ... ~22oa..- 0---1-Z>10~&.--1.2s2s .. J--1-2.sas. L--t.ic.o9.L 
1.0,1 1432.1 bOSS.4 q3os.e 11583.6 13172,4 11.1273.1 15028,0 15538,0 15874,ll 16087.9 .1b214,3 1&279,0 1&299,9 
a• i O I 20 I 6 • l- .-aaoo • 1--i 2 7 lLI • 7-•l 5&71-.1--1-10s2 ,S---1.a.981-..l.-...1..98oS. •. J--2-0J14.tlwb.-.20.8.Ul,.o-..2-l..045 • 5 2111.a. t 212MI.I ~.12.as..s_ 
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-1 I 
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6 ;/ p, 

0001. 
0002. 
0003, 
ooou. 
ooos. 
0000. 
JOO 7. 
0008. 
O JH. 
OJlO. 
O ·~ 1 1 • 
0·)12, 
(10 13. 
001'l, 
001s. 
0 CI b • 
0017 • 
0 JI 8 • 
0J!9. 
0020. 
0021. 
0022. 
0 02 3 • 
0024. 
002s. 
002&. 
0027. 
0028, 
0029. 
0030. 
0 0 31 • 
0032. 
oon. 
00 3/l • 
oo:ss. 
00 3& • 
0037. 

PROGR,\M I.ENGH! 

* SOURCE LISTING* 

I l:lEGIN I 

#COMPUTE ILPHA(A,D,ZJ tC.F, le3olJ# 
ISTRlNGi TABntt "i 

1 PROC 1 FOa( 1 I~T• l,D,'REALi Z) iREAL 1 & 
•IFi 1 1esicZ•1)<0.001 

1 THEN 1 (Dt1)*(2tl\+2•0)t0 0 S 

08 1.0,3_ 74330 121a2174 16,ao,os, 

1 E l.-S E I C C Z u CA t 2 ) • Z u C I +1 .. o)) / C1 .. Z ) u 2 • ( 0 • l> / Cl .. Z)) 
IF! 1 I 

IPROC: 1 DFO:sC'INT' A,0, 1 REAL. 1 Zl 'REAl..'I 
•IF• i&SS 1 (Z•t) < 0,001 

ITHEN 1 CCA+2)t(Atl)tA ~ (l•Dt1)•(A•O)•CA•0•1))/b 
1 ELSE 1 C(A+2l•Z••CA+1l • (A•Otll•Z••CA•D) •AtZ••CAt2) + (A•D•l )w 
l•~<A+l®Ol + CD+1l•C1•Zl)/(1•Zl••3 

I FI I, 

•FORI A •FROM• 48 •TOI ll8 
I DCJ I 

'INTI DELTA:AIOVER•lZJ 
'RE.Al.' Zz::0.90a 
PRINT((NEW PAGE,"ALPHA(A,D,Z)",NEW LINE,"Aa",WHOLECA,O)))s 
PRINT(CN~W LINE,"D "))I 
IFQRIO '-F~OMI O 1 9Y' DEi.TA 1TO• A 

1 00 1 PRtNT((TAS,WHOLEC0,-8))) 100 1 , 

P~lNTC(NEWLINE,"Z l"))J . 
1 rl11ILE 1 Z 1LE 1 1,101 

'DO I 

PRINTCCNEW LI~E,FIXEDCZ,•4,2),"l"))J 
IFQFP D 'FROM' 0 19y1 DELTA ITO' A 

• DOi 
PRINTC(TAB,FI~EDCCOFOCA,D,Z)/FOCA,D,Z))*Z •1/CZ+!),•8,1))) 

1 00iJ 
Z+1=0.01 

IQ(P 
1001 

•ENO' 

0001258 WORDS 

l 
1 
1 
l 
1 

r, 00 
(") 
I-ti . 

\J1 
(") . 
::," . 
:i:,-. 
w . 
L..J 

2 OEfliOUTION 
3 OE,-..OUTivN 
3 
1 
1 
1 
2 OEl'IOUTIO"I 

. l DENOU TION 
4 
3 OENOUTION 
1 
1 
l DENO TA TIOIII 
2 
2 
2 
2 
z 
2 TAG 
i. 
2 
3 DENOTATION 
l 
l 
3 TAG 
4 
4 
3 
3 OENOTATION 
2 
1 
0 

\J1 



AI..PHA(A,D,Z) u, 
N A=48 

0 0 " a 12 1b 
z I 

20 24 2s 32 36 40 "" 4& 

0.'101 !! • 2 a. 1 a.1 a.o 1. q 7.8 1ab 1." 7.2 o,9 o. 7 ...... b 1 4 b,l 
0.91;,, 9,1 q. 0 a.q a.a s. 7. s.s 8,3 a. 1 7,8 1 • 5 1, 3 1.0 b,9 
0.921 1 0 • 1 10.0 9.9 q. 1 9.5 q. 3 9.1 a.a s.s s.2 1. q . 1 0 b 7,S 
0, q 3 I 11.3 11 .2 11.0 10.a 10.s 10.2 9,9 9,b 9.3 8,9 8,t, 8.3 8,2 
O ,?u/ 1 2 • 7 1 c • 'I 12.2 11.9 11.b l1 .2 10.9 10.s 10.1 9.7 q. tj 9,1 8 • 9 
0.9:i/ l :i • 2 n.<> 13.5 13 • 1 12.a 12,3 11 • ·~ 11 .s 11,0 10,b 10.2 9. 9 q • a 
0,9o/ 15.8 1 S O 4 1s.o 1" • '5 l Cl• 0 13.S 13.o 1 i? • S 12.0 11,b 11 .2 10 • 9 io.e 
0 • <:/ 7 I l 7, b 1 7. l 10.s 15.9 1 5 • l.l !4.8 1 LI• 2 13.7 13, 1 12.1 12.2 11 ,9 11.a 
~ • ·:,e.1 11.s l 8 • 6 18.2 17 .s ib,8 i I:!• 1 1 I 5 • S 14, 9 111. 3 13,8 13.11 13,1 12,9 
0, '19 / 2 l • S 20.1 19, q 1 q. ! 1S,3 17.S 1 b • 6 u,.2 15 • b 15,0 1 'I. t, 14 • 3 1 i. • 2 
l • 0 0 I 21.s 22.s ? l ,/:I 20.1 19.8 19,0 18.2 11.s 10 • 9 1 & • 3 15.9 1s,o 15.S 
1 , 0 1 I 25.5 24.U 23.3 a. :s 21.3 20.1.1 19,b 18,9 1a.2 1'7 • 7 17.3 11.0 1b,9 
l, 0 i: I 2 7 • I.I 26.1 25.0 23 0 F; 22.s 21,9 21.0 20.3 1 Cl• b 19.1 18.7 1a.s 1s.11 
1 , :'I Z I 29,2 21,!l 2o • b 25,4 2 4 • 3 2 3 • 3 22,S 21,7 21 , 1 20 • b 20.2 20.0 19,9 
l , 0 '-' I 30.9 29, LI 28.1 21'. 8 25.7 24 • 7 23.9 23,1 22.s 22.0 21,7 i 1. S 2 l, II 
1.0s1 3.:?, S 30,9 29,5 28,2 27.1 2b • 1 2s.2 24,S 23,9 23.S 23,2 23,0 22 • 9 
1,01:,/ 'S 3 • 8 32.2 30.7 i:;!9, 5 2S.3 27.3 20,S 25,8 25,3 24.9 2iJ. t, 21,1." 241, I.I 
1,07/ 35,l 33,4 31 .9 lO • b 29.S 2a.s 27.8 27,1 2b,b 2 b • 3 2&,0 25,9 25,8 
1 , ,, c / H.2 34,5 :n.o 31,7 :50 .o 29,7 28,9 28,4 27.9 27.b 21.1,1 21.2 l.7 ,2 
1. o:u H • 1 35, I.I 33.9 32,ti 31,b 30.7 30.0 29.5 29 .1 28,8 2a.o 28,S 28,S 
I , 10 / H,O .s&.a :Hl,S :n.s 32.s :u • 7 31,1 lO,b 30.2 30.0 c~.a .?9•8 c9,T 
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