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ABSTRACT

In this paper a description is provided for smooth curves satisfying
a number of conditions, based on the theory of b-splines developed by
C. de Boor. Local adaption to a new datapoint, cyclic curves and anti-
cyclic continuations aré the main features. Algorithms are presented as
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0. INTRODUCTION

The main object of this paper is to provide a description for smooth
curves satisfying a number of conditions, based on the theory of b-splines
developed by C. DE BOOR ([1]). A condition may be for instance the occur-
rence of a given point on the curve, or, whether the curve is cyclic or
not. The curves (pp—curves) are parametric curves: P=P(t) = (p](t),...,
pdim(t)); each pi(t) is a piecewise polynomial function (pp-function).

The basic algorithms for'the calculation of pp-functions with the aid
of b-splines are described in detail by C.J. RUSMAN ([7]).

In the first chapters a concise description of the theory of pp-func-
tions and b-splines is presented. The numerical aspects (e.g. the conditions
of the b-matrices) are descerned, but not further elaborated (see [1], also
for references). Special attention is given to a uniform notation per knots,
datapoints, breakpoints etc. The theory as given in [1] for instance, lacks
this uniformity. This makes it difficult to apply results in a different
area. A uniform notation forms a basis for uniform datastructuring in a
collection of algorithms. The algorithms as presented in this paper all use
the same knot and datapoint organisation.

Chapters 7 and 8 give some reasons why the b-representation of pp-func-
tions (and pp-curves), i.e. the representation by means of b-splines, is
preferred to the pp-representation in most cases. If we want to plot a
pp—function or pp-curve however, the work is easier done with the pp-repre-
sentation (Chapter 6). pp-curves are introduced in Chapter 9. These allow
for closed curves and so-called anti-cyclic continuations. The cyclic case
is dealt with in Chapter 10. Special arrangements are made for anti-cyclic
continuations (Chapter 11). For pp-functions methods are suggested to
adapt the functions to a new function value (local adaption, Chapter 8).
These methods can also be applied to pp-curves. The theory of BE&ziér-curves
is often used to produce curves of a desired shape; the curve is shaped by
changing the vertices of the corresponding polygon (see [4]). The Béziér-
curve is a special case of pp-curves, the vertices being nothing more than
the b-coefficients. So, the methods of local adaption in Chapter 8 give
us a wider range of possibilities for producing smooth curves of a desired

shape.



Some subjects in this paper are only briefly mentioned or not mentioned
at all, but are worthwhile to be worked out or looked at:
- local adaption for pp-curves

- altering the knot-sequence in local adaption

different methods of anti-cyclic continuation (e.g. with a fixed slope)

different continuations (e.g. under a given angle).

The theory is described in close connection with the computer programs
for the plotting of the pp-functions and pp-curves. To give an impression of
what such programs may look like, a complete computer program for the plot-
ting of pp-curves is presented in the appendix. Appendix B contains a

~newly developed algorithm for dynamically adapting the stepsize to the
curvature.

The computer programs were tested and the pictures were drawn at the
Mathematisch Centrum, Department of computer science, Amsterdam. I wish to
thank the MC for putting its computers and plot-devices at my disposal. I
also like to thank Paul ten Hagen, who introduced me to the subject, for his

good advices.



1. THEORY OF pp—FUNCTIONS

In this chapter the theory of pp-functions as given in DE BOOR [1] is
formulated, using a uniform notation for knots, datapoints and breakpoints.
The notation as developed here greatly simplifies formulation of the results
as given in Chapters 2 and 3. The algorithms derived from the theory use
datastructures which reflect this uniform representation. As a result the

various algorithms can be combined without any restructuring of data.

1.1. pp—functions

— 2+1 . . .
Let £ = igl Ei c R, with gj < £j+l’ 1 £ j < 2. The collection of all
functions P(x): x ~ 1{,51 < x < gz+], with the properties:
_ vk-1 x-£1)3 .. ..
DB = Jig 7 — e(hi), e(]) e B, for £y < x <y,
2
P= U, P..
i=1 "1

2) With every Ei’ 1 <i< &, is an integer Vi 0 < v, < k, associated;
N = Uv.;

if v. > 0O: P(J_
i

1) _ _— .
is1 (gi) = c(i,j-1) for j l,000,V.

1

constitutes a linear space P(k,Z,N), with dimension k-2 - Z§=2“vi. k' is the
order, E the set of breakpoints and N the set of numbers of continuation
conditions of P(k,E,N).

A member of P(k,Z,N) is called a pp-function (piecewise polynomial function).
A pp—function with v. 2 k-1 for i=2,...,0 is a spline function or spline.
A breakpoint Ei with v, = k is a pseudo-breakpoint.

The pp-representation of a pp-function consists of k, Z and a set of pp-

coeffictents c(i,j), 1 = 1,...,2; J = 0,...,k-1.

1.2. Divided differences

Let Ut; ¢ R, t, < t. .. The k-th divided difference [ti,...,ti+k]g of

a function g at tesenents is the coefficient of xk of the polynomial
pk+1(x), the Znterpolating polynomial, of order k+1 (degree k) with the
property:



(m. ) (m) %)
P+l (tj) =g (tj), m.j = max(J-11| tj= tii’ i £ i1 < i+k)

Divided differences are most easily computed recursively using the formulas

(k)
g " (t)

[ti,...,ti+k]g =T if ti = ... = ti+k

(note that [ti]g = g(ti)), and

[ti+],...,ti+k]g-[ti,...,ti+k_]]g

[t.,eee,t. . Jg =
1 1+k ti+k--ti

else (see for a derivation [2], p.277-278). The divided differences up to

a desired k are commonly arranged in a divided difference scheme.

1.3. b-splines

Let T = Ut, ¢ R, t, <t The i-th b-spline of order k for knot-

i i+1°

sequence T, Bi (Bi for short), is defined by:

,k,T
B (x) = (t.., -t.)[t t ](t—x)k_] x € R
i,k,T i+k 1 12°°° 2 i+k + ’

with (t—x)l_:_l = (t--x)k_1 if x < t and O else. With the linear space P(k,E,N)

n+k A
we associate a collection of knot-sequences, T(k,EZ,N) = U igl ts, with
1) t; < ... < t, = gl, t 4k > ...02 t o1 = Ez+1'
2) For g, < Ei <& there is a j so that tj=tj+1= "'=tj+k-vi—l=gi;
E:ﬁiv%flthe multiplicity of tj""’tj+k—vi—l; we also say
N .}Jf t.. is a multiple knot if k-v. > 1.
ii=] ii 1

3) n = dim(P(k,E,N)).

d . '
G——)r f(t) is often shortened to f(r)(t.), although it is actually
dt le=t. 3

incorrect. J



We now are able to formulate the important theorem, which relates

U Bi,k;T’ T e T(k,E,N), with P(k,E,N):
i

n
THEOREM. .U
— =1 (B, i,k, TI[EI’F’R&

P(k,Z,N). (Hence the name "b-spline'.) n = dim(P (k,E,N)), so Zf we can

)), T ¢ T(k,%,N), constitutes a basis for

prove that Bi|[£1,52+1) e P(k,%,N), we only have to show that
Bl|[€1,€g+1)""’Bn|[€1s€2+l) are linear independent.

i) B. ) .
D 1|[g,,a y € Blk,EN
PROOF. From the divided difference scheme it is clear that there are numbers

_ yitk (m )
dj € R so that [ti"°"t ] zj=1 ;8

2+1

ik (t ). So for B, we get:

i+k —1-m:
-t.) ) d (c, —x) J(-1)1/(k-1-m,)!.
1 j=i ]

Bi(x) = (t

i+k

This is a pp—~function of order k with (not necessarily all) breakpoints

in . By the definition of mj and the construction of T we know that
m. < k-v.-1 if t. = £... From the fact that k-1-m. > k-1-k+v.+1 = v,, it
] b) ] i3 J i i

follows that Bi has at least vﬁ continuous derivatives at gjj’ SO0

Bilfil,igﬂ) e P(k,E,N). 0

ii) Let the linear functional Ai be defined by:

k-1

e L DT EIT @y P,
with Y(t) = (ti+1—t)...(ti+k_1—t)/(k—l)! and by < Ty <t
Then KiBj = aij (the Kronecker delta) (DE BOOR & FIX, 1973).
PROOF.
A (0 2 (- 1T, (k1) o D =D o) (D e )T

r=0

*) with the convention (k-1)...(k) =

*)



k-1
DDt L v ® T @)/ e D e T
r=0

D a-n e,

1

for ¢y is a polynomial of order k. So for (t—x)E_ the following equation

holds:
A 0 = DM aen o) (e Y.
Since
m
@ e o (D ek,
we have
Jk a.'F k-1
AiBj = (tj+k—tj)r§j drli{(ﬁi? (t-x) } et
itk k-1 4.t 0
= (bt Lo dreDT G DG W) et )|
r=j t=t

r

‘ k-1 . 0
(tj+k—tj)(—l) (k—l).[tj,...,tj+k](¢(t)(t—ri)+).

[tj,...,tj+k](w(t)(t—Ti)2) =0 if j #1i; if j =i, w(t)(t—ri)a agrees with
w(x)(x—ti)/(ti+k—ti) at ti""'ti+k' The coefficient of xK is

(il)k_] ’
(k—l).(ti+k—ti)
=]o]
k-1 ' k-1
\LB. = (ti+k-ti)(-l) (k-l)-(_]) o 0
i1 (k—l)!(ti+k—ti) :

For T ¢ T(k,%,N) a pp~function P ¢ P(k,%,N) can uniquely be written
n , .
as Zi=1 aiBi,k,Tl[El,Eg+1)’ a; € R. A b-representation of P comsists of k,
T and n b-coeffi
If we know a priori that P ¢ P(k,Z,N) then the n b-coefficients going

ients o i=1,...,n.

with a T € T(k,%,N) are for instance determined
1) by giving n different function values (i.e., n different abscissae),

2) by giving n, different function values and n-n, additional (continuation)

1
conditions.



1.4. Properties of b-splines

bl . =

) Bl(x) 0 for x < t, or x > ti+k'

k-1 k-1
PROOF. For x < ti we have (t-x), = (t-x) on [ti’ti+k] and Bi(x)
= (ti_'_k--'t].n)[t]-h,...,t].j_k:l(t—x')k—l = 0. (The coefficient of x is 0.) For
k-1 = - k-1

x>t . (t x)+ = 0 on [ti’ti+k] and Bi(x)— (ti+k—ti)[ti,...,ti+k](t-x)+
= 0 again. Consequently, if tj < x < tj+]’ only Bj-k+l""’Bj are possibly
non-zero on xX. [

b2) Zi B, (x) = I.

PROOF. From bl) follows Zi Bi(x) = Zi_J

=ikt ] Bi(x) if tj < x < tj+l'
% ] k-1
B.(x) = ) ([t ,.e.o,t.. J(t-x)
i=jok+1 i i=icke] i+1? >Ti+k +
_ k-1
[ti,...,ti+k_1](t-x)+ )
_ k-1
= [tj+],...,tj+k](t-x)+

- k-1
[tj_k+l,...,tj](t—x)
=1-0=1 0
t. . — X% X-t.
itk i
b3) B. x) = — B. _ (x) + — B. . (x).
i,k,T ti+k i+l i+1,k-1,T ti+k—l ti i,k-1,T

PROOF. Let us look at the definition of divided difference. The interpolating

polynomial Pp4q Can be written as

k+1 k+1
p1(x) + 'zz (pi(x)-pi_l(x)) = 121 (x—tl)...(x-ti_l)[tl,...,ti]g
i= =

. i+k
(th§ iirst term is [tljg). So z;=i (X-ti)---(x‘tr_l)[ti,---,tr]g’
+ .
. X;=i (=t )eee Gty Il ... t,  Th agrees with gh at t.,...,t; . and

equals 0 for r > s and x = ti""’ti+k’ Therefore erSs also agrees with

gh at ti""’t'

itk and by the definition of divided difference



i+k
[Fi,...,tl+k]gh = rzi [ti, .,tr]g[tr,...,ti+k]h.
We use this formula for (t—x)k L. (t—x)(t—x)l;_2
B, (%)= (t,, -t)[t £, 3(t-0)57!
i,k,T YR R E AR AL FUN +
= (t; ) (=)Lt o0ty I(E- x) LPPRTRRRN P [ x) 2y
k-2
e e _X\[ti+],...,ti+k](t—x)+ -[ti,. L 1](t x)+
i+k i i® t., . —t.
1+k 1
+ [ti+1,..., 1+k](t X) )
= (ty, oLt 10 % - (el . 7 (t=x) <72
i+1?° oot i+k i 12°°° 2 i+k-1 +
t. -X x=-t.
i+k 1
=—="* B, o)+ — B. . . (x). g
oo Eieg Lt1E-1LT gy~ by Lok-1,T

It is clear that B

= <
1 T( X) 1 for ti <x <t

and 0 else, so, as

i+1
a consequence, 1,k,T > O for t1 < x < ti+k'
7%
0oy 0@ - 100 Eln o,
1+k—1 1

PROOF.
d 4 k-1 k-l
= Bi,k,T(X) _'EE([ti+1""’ti+k](t x)+ [ti"“’ti+k—1](t x)+ )

= —(k-1) ([t 10572 - e £ I (t-x) 572

i+]’...’ i+k 127772 1+k-1 +
k-1 k-1
=——®38., (%) - — B, _oa(x). a
te-1" ti i,k-1,T te T Bial i+l,k-1,T



1.5. Calculation of b-coefficients

Let P ¢ P(k,E,N) and T ¢ T(k,E,N). Furthermore, let datapoints Ty
1= 1,...,0, g] < T < T
(P(€2+]) = PZ(€2+1)')
The questions that rise are:

< €£‘+l) and P(Ti)’ is= 1,...,n, be given.

©® How can we calculate the b-coefficients going with T and P(Ti),
i=1,...,n?

© How must the Ti'S be positioned to make the calculation possible in the
first place?
(It is clear that the problem is not solvable if we take for instance all

the Ti's in the first &-interval.)

From property bl) follows

j
P(t,) = ) oB (t;) if t. <71, < t., ..
1 r=j-k+1 rr,k,T 1 ] i j+1
For i = 1,...,n we get the n equations needed to determine o,,...,0 . We
1 n
write: (B )(a ) = (P(t. )) , with (B ) the b-matrix of T and T. i
1= 1,...,n. If T < ti or T, > t1+k’ (B ) is not invertible. Let e.g.
< = = > 1 = 1 -
T, <t Then BiJ BJ,k T(T ) 0 for j i. As Tos 1 l,...,0, is non
decreasing, we also have Bii .= 0 for 1 £ ii < i and j 2 i, so the last

n-i+1 columns only have possible non-zero elements in the last n-i rows and
are therefore dependent. Consequently: ti < T; < ti+k' This makes (Bij)
banded with band-width 2k-1.

The calculation of Bij is conveniently performed with property b3)
(subroutine 'bsplvx'): Suppose tj < T, < t.+1; starting with Bj i, T(T.) =1
and B 1, T('r .) = 0 for ii # j, we can compute BJ K, k+1 T(T ),..., 3Lk+, T( )

keeping in mind that B kK, T(T .) =

from B

= B.

ket 1,k, 7)o By e 1 (T
j41,k, T(T ) = 0:



10

t.. .. — T,
j+ii i
B. . ... ) = B. . ...
jrterii= 11,1 (011770 + (38 pagy) j-krii i, (TH)
. i T Sjkediog 5 .3
(tj+ii-1_Ti)+'(Ti_tj—k+ii—l) j-k+ii-1,k,T
drsg
IO By grii,k, (i)
o Hea-id o)
dr,._ *ab o .. j-ktii-1,k,T°i%°
i = - .. .. =t, ..-T., 11 = N i B B..
with dlj. T tj+1-JJ and erJ tJ+JJ Ty, id 1, ,k+1. Because ( lJ)

is totally positive (mo proof), the system can be solved without pivoting.
We store the non-zero elements of (B ) in an nx(2k-1) matrlx. Some-
times the same b-matrix is later on used for another (P(t. )) and instead
of solving the system directly, we first perform an LU—decomposition on the
condensed (Bij)’ which is saved (subroutine 'ludeco'). The theory on
matrix-computations is clearly presented in e.g. [3], ch.3. With this LU-

decomposition the solution is easily obtained (subroutine 'solsys').

1.6. Conversion b-representation <> pp-representation

If we want to plot a pp-function, i.e., to make a picture of it, we
evaluate the function values of the pp-function at some points and draw
straight lines between them in a certain coordinate-system. It is easier
to evaluate the function values starting from the pp-representation, so,
if we need many function values, as is usually the case with plotting, it
is better to switch over to the pp-representation.

Suppose we have the disposal of a b-representation, k, T and as,
i=1,...,n, of a pp~function. The Z corresponding with T is easily
obtained. Note that c(i,]) = ( ) P. (g ) So the problem reduces to cal-
culating the function and the derlvatlves up to k-1 at 51,...,£2 (subroutine
'ppfppr). With property b4) we can recursively calculate all the b-coeffi-

cients relevant for the function values of the k-1 derivatives at a certain
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. A scratch-matrix s is constructed as fol-

g Let tropr = 855 7 Clefrsl

lows:

1) s(i,1) = O oft—kti® i=1,...,k.

S(i+]’j) - S(i’j)
Beft+i” Fleft+i-(k-})

2) s(i,j+1) = (k-3) s j=1l,...,k=1; i=1,...,k-];

#

Yeft+i” Pleft+i-(k-j)"

If t was already O and s(i,j+1)

left+i = Cleft+i-(k-j)’ Sleft+i-(k—j),k-j,T
. . . ' '
is simply not calculated. With 'bsplvx Bleft—(k—j)+1,k—j,T(tleft)""’

Bleft,k-j,T(tleftL 0 < j £ k-1, are determined. The pp-coefficients are

then:

k=j
c(ii,]) = iZ] S(l’J+l)B1eft+i—(k—j),k—j,T(tleft)’ j=0,...,k-1.
If on the other hand, we have the pp-representation of a pp-function P and

want to have a b-representation, the work is done in three steps:

1) aTe T(k,Z,N) is constructed. First we determine N, then we take k—vi
subsequent members of T equal to Ei.

2) We compute P(t) for T = T,,...,T_, with 1. < 1 and t. < 1. < t
1 n 1 i 1

i+l i+k’
3) With T and P(Tl),...,P(Tn) the b-coefficients are fixed (see Chapter 5).
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2. B-REPRESENTATION

2.1. Advantages of the b-representation - cubic splines

We compute the pp-coefficients of the spline function P of order 4

(cubic spline), with breakpoints El,... and function values P(gi)='pi,

Iy
i=1,...,2+1, only using the pp-representation and not a b-spline (or any
other) basis. For the 4x% unknowns c(i,j), 1 = 1,...,%; j = 0,...,3, we

need as many equations:

1) c(i,0)

P s i=1,...,0+1;

2) P (2.) = c(i,0), i=2,...,2 3

i-1°71

D P = e, i=2,00

4) P(2) =c(i,2), 1i=2,...,0 ;
i-16€4)

(3)
-1

5) P (£)) = (2,3) and B2 (£,) = c(1,3), making £, and £, pseudo-break-

points.

The system is reduced to a set of %+1 equations with c(i,1), 1 = 1,...,2+1

(1)

as unknowns (c(f+1,1) = P2

(E£+1)); we can write Pi(x) as follows (see

property b3)):
Pi(x) = P(gl) + (X_Ei)[gi,gljp(x) + (X_Ei)ztgi,glygl_i_]]P(x)
+ (g ) (e, DIELELEL, 6y, PG,

With c(i,1) = [Ei,ii]P(x) we have:

e(i,2) = 2Py

ZEEi,Ei’€i+1]P(X) - Z(Ei+]_£i)[gi’gi’gi+l’g ]P(X)

i+l

2(08,,8, 1P ~c(i,1) - 2(e(d, 1) + c(i+l,1)
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e(1,3) = 6(c(,1) +c(i*l,1) - 20, £, PG/ (5, ~€)° (@)

i+1
c(i-1 ’2) +c(i-1,3) (Ei_gi_l) - C(I,Z) =0,
so for the equations of 4) we get

C(i_], ]) (Ei+l_£i) + ZC(i, 1) (gi+1_Ei—l) + C(i""l,]) (gi—gi"l)

= 3((£1+1_E]‘.)[€]‘.-1’E1‘.]P(X) + (Ei_gl—])tgi’g

i+1]P(X))’ i=2,...,4.

For the two equations of 5) we get:
C(IQI)(£3_52) + C(2,1)(€3"£1)

and

2
= (EZ+1_€£) [ER_I,ERJP(X)4'(3E£+1‘Ez‘2€£_1)(52-52_1)'
Together we have a system of 2+1 equations with a banded coefficient-matrix,
band-width 3, which can be solved without pivoting. c(i,2) and c(i,3),

i=1,...,2, can then be computed with (1) and (2) (subroutine 'cubspl').

Now for a derivation by means of b-splines. We take a knot—sequence:

rt
IA
t
t

p Sty stygst =g,

t; = i _9» i=5,...,0+1,

Soa1 = Toan S Tpu3 S Bous S Touss

and datapoints T; = Ei’ i=1,...,8+1. (Note that the first and last two
E-intervals agree with one t—interval.) After the determination of the
b-coefficients, the b-representation can be converted to the pp-representa-

tion.
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Using pp-representations only, forces us to start with a reduction step,
reducing the.4X2 equations to %+1 equations. The reduction algorithm changes
with different order or continuatioen conditions and becomes more complicated
with increasing order. Using a b-spline basis the alterations of the algo-

rithm are simple and systematic and therefore allow parametrization.

2.2, Advantages of the b-representation — local adaption

Let P be a pp-function and a ¢ R, a # P(&), g] < g <E Suppose we

217
want to change P into a new pp-function P' so that

al) P'(§) = a

and P' stays as close to P as possible.

We can interprete this in different ways. In case P is a (cubic) spline
function, constructed as described in the previous chapter, and § is a break-
point Ej, we can compute the spline P' with P'(Ei) = p; for i # j and
P’(Ej) = a, Although in some sense the new spline stays as close to P as
possible (all but one P(Ei), i=1,...,2+1, remain the same) the adaption
is not local, because the whole spline, except at those % points, changes.
Moreover, the spline must be recomputed entirely.

To make the adaption local, function values at Ei's adjacent to Ej must
be 'released'. Now, suppose again we only have the pp-representation of a
cubic spline function. If we change the function value at gj, P'(Ej) = a,

it it not possible to keep the spline unchanged for x < Ej_ and x 2 Ej+l;

1
we get ten equations for the eight pp-coefficients of the two intervals

adjacent to Ej:

551 £ Ee1
P, (&) =c(=1,0) | c(,0) =a Pi(5;,) = c(+l,0)
{0 p=cG-1,) | 2y ) =e,0) | 2V ep, = elen,D
{2 (e, p=cG-12) | Bl e = el [ 2§ @y, ) = cGe1,2)
P2l = e
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If we release Ej_ or §. . we get thirteen equations for the twelve pp-

| j+1
coefficients of three intervals adjacent to Ei and if we release one more
gi, we finally get a solvable system of sixteen equations for sixteen

pp—coefficients, for instance:

t5-3 £i-2 i1 & i1
Pi_y (859 =c(=3,0) [Py 5(E; ) = e(§=2,0) [Py, (& ) =c(i=1,0)|e(3,0) =a Pi(E;,,)  =c(i+1,0)
p{) 59 = e B, = ez [P e )= e |p_ 6 = e(,0 B0 (e, ) = et
e p =cG-3.2 P, ) =c2.2 e =G0 [p{D e = e 28 6y, ) = e o1
@)y s
Pj_l(ﬁj) - C(Jsz)
There are three possibilities: the spline will change on (EJ 3,§J+]),

(EJ_2,£J+2) or (gJ_1,£J+3) If we raise the order of the spline by one, the
above mentioned numbers will be: thirteen equations for ten unknowns,
seventeen for fifteen and twentyone for twenty, so we have to release an
extra E.. In general we have to change the spline on one of the intervals

= *)
(EJ k+1’£3+1) i ,...,k 1, k the order, to keep the adaption local
We will make no attempt to solve the systems of equations. If we are working
with a b-spline basis, everything will become much easier. Let k, T and as,

i=1,...,n, be a b-representation of the spline (of order k) and let tr= Ej'

By property bl) we know that B. (t ) # 0 for i = r-k+1,...,r-1. Adding
a=-P(ty)
B; (ty)

which equals P for x < t. and x 2 tik and has function value a at t.. So,

by using a b-representation of the pp-function the same adaption is achieved

Bi( x), r=k+l < i < r—l, to the spline, gives a new spline function,

in a far simpler way.
Although we can thus locally adapt a pp—function to a new function
value by changing one b-coefficient, the result may not be what we wanted.

Two additional conditions make the adaption more acceptable:

a2) max|P'-P| = a.
d o

a3) Ef'(P -P) = 0.
x x=C

*)

If the function values and derivatives up to k-2 are all zero at the end-
points (which is the case for P'-P), we get the old, limited definition
of b-splines.
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Therefore, the following three options for adaption are suggested (sub-

routine 'locédp'):

1)

2)

3)

g is one of the underlying datapoints; the other datapoints are kept un-
changed. The pp-function must be recomputed and the adaption will not be
local, in general. The same (LU-decomposition of the) b-matrix can be

used.

. .. d
Let i = min(j |4 Bk &[>0 k> D).
If

<8, 0| < |58, ®],

we add to the pp-function

a-P(E) B, (x) - a-"P(&)
B.(8) -¢gB,_, (&) i B.(8) -qB,_, (&) qB,_,(x),
i 1-1 -1 -1
with
d
w5
S
'&; Bi—l(g)
else:
a-P(§) a-P(&)
- B.
@ -aB@ i1 T B @ - qs @) P>
with
d
_ & i (®
N -
The result is a pp—function satisfying conditions al) and a3) (and
maybe a2)). Note that only one b-coefficient will change, if 51 1(E)—
Let t < g < t1+1 )
We make uiitof property b2): ZJ - Bj(g) = 1.
We add: ). j=i-ktl-s (a—P(E))BJ(x), s 20, t 20 (t =0 can be used in

case E = l).
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/ \\‘/ AN

/ N

a. option 1.

c. option 3: t=0, s=0.

e. option 3: t=1, s=1.

Fig. 2: different methods of

d. option 3: t=0, s=1.

f. option 3: t=1, s=2.

local adaption.
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In this case al), a2) and a3) are satisfied (t > 0); however, the func-
tion changes on a longer Interval as compared with the adapted pp-func-
tion in option 2. If s and t are big enough the whole function will shift

over a distance a.

For thé calculation of Bj K T(%;) and - () the subroutine 'valuex' is
b b

d

— B.

dx "j,k,T
used, which returns the function value or the value of a derivative at a

given point. The method is roughly that of 'ppfppr’.
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3. PARAMETRIC CURVES

3.1. pp-parametric curves

We are going to look at curves in a two dimensional space (d = 2). The
discussion is easily generalized to curves in spaces of higher dimension.
If P, and P, both are functions of the same parameter t, P = pl(t) and
Py = pz(t), the curve P(pl’PZ) = P(t) = (pl(t),pz(t)) is called a parametric
curve. An important difference with <mplicit curves, P(pl,pz) =0 (P an
algebraic expression in P, and p2), is the fact, that parametric curves can
have multiple values, i.e., P(ti) = P(tj), ts # tj’ whereas implicit curves
can not (see Fig. 5).

Sometimes it is possible to parametrize an implicit cuve. Moreover,

for the plotting of an ellipse the parametric form is better suited:

P(t) = (a cos 2wt, b sin 27mt), 0<t«<l.

The points P(ti) with t., = %, i=0,...,n-i, are nicely distributed over
the ellipse. We use the parametric form of ellipses in subroutine 'plotkn'
for plotting the knot-markers of pp-parametric curves.

A pp-parametric curve, or pp—curve for short, P is a parametric curve
with both P, and Py members of the same linear space of pp-functions
P(k,E,N) and P(t) = (p;(t),p,(t)).

The pp-representation of a pp-curve of dimension d consists of k, E
and a set of pp-coefficients c(m,i,j), m = 1,...,d; i = 1,...,%; 3=0,...,k-1.

+
) toN, N =NuUwv so that

We might add a number vy (or v 1°

2+1

0D 60 - 11,571,002,

for j = 1,...,v, (if v, > 0), with

1 1

G-D gy = (GD (-1
P70 = (o) @)y D).

The collection of pp-curves with dimension d, order k, breakpoints E and
. . _ ot
numbers of continution conditions N is denoted by P(d,k,E,N ).
+ . .
P(d,k,Z,N) P(d,k,E,N+) . Members of P(d,k,%,N ) are said to be cyclic

. . 1=
if Ve >0, i=1,...,2.



a. datapoints chord-distant (ndist=1)

b. knots equidistant (ndist=2)
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Fig. 3: cyclic pp-curve of order 4
(the knots are indicated by o, the datapoints by +).
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3.2. The b-representation of cyclic pp-curves

Our aim is to comstruct a cyclic pp-curve through n-k+1 points
P(Tl),P(TZ),...,P(Tn_k+1), with T < Tiep using the theory of b-splines
we have dealt with so far (subroutine 'ppcinc'). The datapoints TS
i=1,...,n~k+1 and the knots ts, i=1,...,ntk, are not fixed for the

present.

+

A datapoint T, is placed in the last E-interval where B, + #0 (T

,k’T
is defined below):

gj ST < €j+l’ Bi,k,T+(Ti) # 0

and

Bi,k,T+(£j+1f-€) =0, e > 0.
The format of the file, from which the points are read, is kept simple;

three kinds of points are distinguished:

)

code 0 points: points that are datapoints and not knots
code 1 points: points that are only knots (floating knots)

code 2 points: points that are datapoints and at the same time knots.

An input file may look like:

2 p](T]) pZ(T]) knot & datapoint

0 pl(rz) pz(Tz) datapoint

1 knot

0 p](TB) p2(T3) datapoint

2 p1(14) p2(T4) knot & datapoint

3 dtl dt2 anti-cyclic continuation (see next chapter)
2 pl(TS) pz(TS) knot & datapoint

4 skip interval while plotting

2 pl(Te) p2(T6) knot & datapoint

5 end of input.

*) We use the word knot (datapoint) for ti(Ti), but also for P(ti)(P(Ti)).
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Fig. 5: pp-curve (order 4, ndist=2) with a triple datapoint.
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The following rules must be obeyed:

rl) thé first point (item) must be a knot

r2) the last point must be equal to the first

r3) an anti-cyclic continuation must follow a datapoint
r4) a skip must follow a knot

r5) a knot (code 1) must be followed by a datapoint (code 0).
The data are digested according to the following:

1) Two options for the distances between knots and datapoints are considered:

a) The breakpoints are equidistant: £ - Ei =c, 1= 1,...,%

i+1
Datapoints of code 1 are equally spaced between the breakpoints.

b) The datapoints are chord-distant: t T, = "P(Ti+])-P(Ti)" =
1

5 i+l f
= —- - 2
= ((py(ry, ) =P (m )" + (py(ry ) = py(T0)7) "
Floating knots are placed halfway the two adjacent datapoints.

If the datapoints are chord-distant, an additional restriction is imposed

upon the inputfile:

r6) If the chord-distant option holds, two consecutive datapoints must not

be equal.

2) The multiplicity of a knot is equal to the number of preceding points of
code 0 and 2 counting backwards as far as the first encountered point of
code 1 or 2 inclusive.

The first knot has multiplicity 1.
So, in the above example we get knots of multiplicity 1,2,1,1 and 1.

The first knot is tk (tk = 0), the last tn . The first datapoint is T

+1

3) The extension of the knot-sequence tl""’tk—l and tn+2"'°’tn+k’ is
fixed by:
a) ty =t - (tn+1"tn+1—k+i)’ i=1,...,k=-1.
b) toegei = C n+]+~(tk+i—-tk), is= 1,...,k—1.+
The knot-sequence Elaeeest is denoted by T .

The b-coefficients o ;o m= lyeeepdy 1= 1,...,n, can now be
3
determined:

1. For each co-ordinate we have k-1 cyclic conditions:

= < < {1 = -
am,n—k+1+i am,i’ l <m<d, i l,...,k-1.
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order 4

order 8



2. For o 4 m= l,ee.,dy 1 = 1,...,n-k+1, we have d systems of n-k+1 equa-

) o B +(t.) =p_(1.)
r=j-k+1 m,r r,k,T 1 m i

(provided that tj < T, < tj), m=1,...,d; 1 =1,...,n-k+1.

As a consequence of the cylic conditions the numbers Br X T+(Ti) will
b 2
not be situated anymore within the band of the b-matrix with band-width
2k-1, if r > n-k+1. We have: Bij = Bn—k+l+j,k
the last k-1 rows may have non-zero elements in the first column.

T+(Ti), if 1 £ j £ k-1. Only
2

Two ways of solving the systems are considered:
a. Without pivoting (subroutines ''ludecy' and 'solsyc').
The first n-2k+2 rows are condensed into a (n-2k+2) x (2k-1) matrix, the
last k-1 rows are stored in a (k-1) x (n-k+1) matrix.

1

b. With complete pivoting (subroutines 'ludecp' and 'solscp').

The permutation which must be performed on the input (pm(TI)""’pm(Tn—k+l))
is kept in the 0O-th column. The permutation which must be performed on

the output (am ) is kept in the 0-th row.

,1""’am,n—k+]

In some cases it is possible (not guaranteed) to solve the systems
without pivoting, for instance, if all datapoints are knots and the order
is not too high.

Good results, i.e., pp—curves that are nicely smooth, are obtained
with order 4, simple knots and datapoints chord-distant (see figures).

The same method can be used to produce non-cyclic pp-curves. This is
done by reducing the multiplicity of the multiple knot at Ez by [k/2]-1 and

that of the multiple knot at § by k-[k/2]-1. However, there are some

2+1
limitations:

1. the first and the last read point must be code 2 points

4] TUSEt be k-[k/2]

3. the multiplicity of the multiple knot at g, must be at least [k/2]

2. the multiplicity of the multiple knot at g

4. the multiplicity of the multiple at 52""’52 must not exceed k-[k/2]
(after reducing).
It is not necessary anymore that the first and the last point are equal.

The extension of the knot—sequence can be taken arbitrary.
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The different methods of local adaption as dealt with in Chapter 8 can also
be applied to pp-parametric curves. If a point (pl,pz) on the curve is

shifted, a procedure must be yielded, which finds the underlying (or one of

th derlyi < < .
e underlying) g’gl £ Ez+1

Fig. 7: Cyclic pp-curve (order 4) through eight points equidistant on

a circle.

3.3. Anti-cyclic continuation

A parametric curve P has an anti-cyclic continuation at &, if

1im P (%) = - 1im PV (w0,
xVE xt€

i.e.,

lim pél)(x) - lim p;])(x), m=1,...,d.

xVE xtE
As to pp-curves there are several ways to impose an anti-cyclic continuation
upon the curve. One way is to give anti-cyclic boundary conditions (see
(4], p.127). A drawback of this method is, that only one anti-cyclic con-

tinuation can be effectuated.
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Using the (a) b-representation we can construct an anti-cyclic contin-

f=j-ktv i+l to be the (multiple)

two additional knots are inserted,

uation ‘at a Breakpoint gii as follows: Let

knot going with gii' Between tj and tj+1

b b_ta = dt2 and tj+l—b = tj+l\ —tj

(dt1,dt2 2 0). If dtl = 0, then dt2 # 0. Consequently, two extra b-coeffi-

t_ and t, say, with t -t. = dtl, t
a a J

cients (for each co-ordinate) are to be determined.

a. (2,0)-anti-cyclic b. (0,2)-anti-cyclic

q
.

s S

c. (1,I1)-anti-cyclic d. (1000,0)-anti-cyclic

Fig. 8: Cyclic pp-curve (order 4, ndist=1) with an anti-cyclic continuation

(anti-clockwise)



The anti-cyclic continuation is effectuated by the two conditions:
1) P(tb) = P(tj)

€)) (1) -
2) P (tb) + P (tj) =0
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After the calculation of the pp-curve the one or two intervals between tj

and tb are omitted.

We use property b4) to write the second equation as a linear combina-

tion of b-coefficients:

(1) ®n,i %m, 1—1
(t ) = (Xl %, ;Bs k(X))I Z (k-1) T, 6. Bi,k-1 (t ).
i+k-1 "1
Since Bi k-l(tj) =0 for i < j-k+2 or i > j~1, we have:
3
-1 a_ .-o_ .
(1 ] m,i m,i-1
p.(t) = (k1) ) 2= g, . (t.)
mo i=j-k+2 Civk-17f LRI
o . =0 . Qa . =0 .
-k+2 “m,j-k+l m,i-1 m,j-2 \
= (k-l)( . . IR CID EPR S B. . . . (t.)
I L I e ),
= (=D vy i %, =kt 1=k 2%m, j-k+2 " -k+3%m, j-k+2"
T j=k+3 m,J—k+3 TV J—l m, k-2"v j=1 m,J—l)
with
By k-1¢5)
YiTx —t, °
i+k-1 i
So, we get
p ey = k1) (~w. sz W=, o .o . 1)
m i i -k+2%n J—k+l i=i-k+2 i "i+1”""m,i "j-1"m,j-17’
or
!
(1) ]
P (tj) 1=j§k+1 (WidW1+1)am,1
with
w. = 0.
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We can alter the shape of the curve by changing the parameters dtl and
dt2. We could say, that the pp-curve is (dtl,dt2)-anti-cyclic at Eii (see

Fig. 8). Of course, more than one anti-cyclic continuation is possible (see

Fig. 9).

Fig. 9: Cyclic pp-curve (order 4) with four (2,0)-anti-cyclic centinuations

(anti-clockwise)
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The programs are written in C, an Algol/Pascal-like programming language

developed by DENNIS RITCHIE at the Bell Laboratories, New Jersey. See

for a description [5].

Some subroutines form part of the interface CILP with the graphical

language ILP: 'pict', 'with', 'mdcontrol', 'draw', 'ward', 'scale',

'endpict', 'newpel' and 'line'. ILP is described in [6].

The pictures are drawn on a high-resolution display (HRD).

The contents of the appendix is enumerated a) - h) as follows:

'testpr3l.c'

with the subroutines

'ppecince’
'ppfint’
'ludeco’
'solsys'
'"bsplvx'
'ludecp'
'solscp'
'ppeppr’
"ppfppr’
'plotpc’
'plotdp’
'plotkn’
'axes2d'
subroutine
subroutine
subroutine
subroutine
subroutine
subroutine

subroutine

pp-curve interpolation with complete pivoting in the cyclic case.

pp-function interpolation

LU-decomposition of banded b-matrix without pivoting

solution of system of equations without pivoting

b-spline values at x

LU-decomposition of b-matrix with complete pivoting

solution of system of equations with complete pivoting

conversion of b-representation of pp-curve to pp-representation

conversion of b-representation of pp-function to pp-representation

plotting pp-curve

plotting datapoint-markers of pp—curve

plotting knot-markers of pp-curve

axes 2-dimensional.

"plotpf’
'cubspl’
'locadp'
'ludecy’
'solsyc'
'valuex'

'interv'

plotting pp-function

cubic spline interpolation

local adaption of pp-function

LU-decomposition cyclic without pivoting

solution of system of equations cyclic without pivoting
value of (derivative of) pp-function at x

left endpoint of interval containing x.
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APPENDIX A

#include <cilp.h>
#include <math.h>
#include <stdio.h>
#define MAXP 30
#define K 4
#define KP 5
#define KPKMIP 8
#define DIMP 3

10 #define DIM2P 5

11 double sqrt();

12 double sin();

13 double cos();

14 FILE *fd, *fopen();

LoNOTUBPH~WND -

16 main()
17 /* calls ppcinc ppcppr plotpc plotkn plotdp axes2d */
18 /* computes and plots pp-curves */

19

20 { double p[MAXP][DIMP], q[MAXP][MAXP], ql[MAXP][KPKM1P];
21 double bcoefp[DIMP][MAXP], t[MAXP], tau[MAXP];

22 double coefp[DIMP][MAXP][KP], breakp[MAXP];

23 double rscale[DIMP], origin[DIMP], pb[MAXP];

24 int dia;

25 int k, 1, n, dim, cyc, ndist, plotc, numberstep;

26 fd = fopen("out”, "w");

27 scanf(" Zf %Zf", &rscale[l], &rscale[2]);

28 scanf("” Zd", &dia);

29 k = K;

30 dim = DIMP - 1;

31 scanf("%d %4 %d %d", &cyc, &ndist, &plotc, &numberstep);
32 ppcinc(dim, cyc, ndist, k, &n, p, q, ql, bcoefp, t, tau, pb);
33 ppceppr(dim, bcoefp, t, n, k, coefp, breakp, &l);

34 if (plotec == 1)

35 { pict(2, "pp-curve");

36 with(); scale(rscale[l], rscale[2]);

37 if (dia == 1)

38 { mdcontrol("HRD:diazo");

39 mdcontrol("HRD:feed");

40 mdcontrol ("HRD:title: #pp—curvei#");

41 1

42 draw();

43 }

44 plotpc(plotc, numberstep, dim, k, 1, coefp, breakp, pb);
45 if (plotc == 1)

46 { plotkn(rscale, breakp, coefp, 1, cyc, pb);

47 plotdp(rscale, p, n, cyc);

48 axes2d(rscale, origin, 20);
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49 ward();

50 "endpict();
51

52 }

53

54  int ppcinc(dim, cyec, ndist, k, n, p, q, ql, bcoefp, t, tau, pb)
55 /* calls ppfint, ludecp/ludepp and solscp/solspp */

56 /* reads points, continuation conditions and plot-instructions
- 57 * from an inputfile and calculates the b-coefficients of the
58 * pp—curve through the points, according to the given order,
59 * knot—distance option and cyc option.
60 * see for the format of the inputfile and the restrictions
61 * imposed on it, the following paper: “the b-representation of
62 * piecewise polynomial parametric curves and local adaption”, ch. 3.2.
63 * input : dim : dimension.
.64 * cyc : cyclic (cyc = 1) or not cyclic (cyc = 2).
65 * ndist : tau is chord-distant (ndist = 1) or t is
66 * equidistant (ndist = 2).
67 * k : order.
68 * output : n : number of b-coefficients.
69 * pl[i][0] : pointcodes.
70 * plil[1l],...,p[i][dim] : datapoints as read from file.
71 * t : knotsequence.
72 * tau : abscissae of the datapoints.
73 * q : b-matrix, (n-k+l) x (n-k+l); used in case cyc = 1.
74 * ql : condensed b-matrix, n x (2k-1); used in case cyc = 2.
75 * bcoefp : matrix of b-coefficients, dim x n.
76 */
77

78 int dim, cyc, ndist, *n, k;

79  double p[MAXP][DIMP], q[MAXP][MAXP], ql[MAXP][KPKM1P];

80 double bcoefp[DIMP][MAXP], t[MAXP], tau[MAXP], pb[MAXP];
81 { double sumsq, dist, bcoef[MAXP], gtau[MAXP], tauii, dt;
82 int mult, ii, jj, i, j, m, nmkpl, mm, left, km2div2, tt;

83 /* m : current pointcode;

84 * m = 0 : datapoint, not a knot.

85 * m =1 : floating knot (only if ndist = 2).
86 * m = 2 : datapoint & knot.

87 * m = 3 : anti-cyclic continuation.

88 *mm = 0 : last read knot was datapoint

89 *mm = 1 : last read knot was floating
90 */

91 for (i = 1; i < MAXP; ++i)

92 for (j = 1; j < MAXP; +Hj)

93 q[i][j] = 0.0;

94 sumsq = 0.0;

95 dist = 0.0;

96 mult = 1;

97 ii = 0;

98 i = k;

99 pb{(tt = 1)] = -1.0;

100 scanf("%d", &m);

101 if (m == [| m == 2)

102 { t[k] = 0.0;

103 if (m == 2)

104 { for (j =1, +ii ; j <= dim; ++j)
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105 scanf("%Zf", &p[l][i]);

106 © p[11[0] = m;

107 tau[l] = t[k];

108 mm = O;

109 }

110 else

111 mm = 1;

112 ++i;

113 }

114 else

115 { fprintf(fd, "\nwrong data(l)\n");
116 return(l);

117 }

118 scanf("%d", &m);

119 while (m <= 3)

120 { if ( m == 3)

121 { for (j=1; j <= 2; +j)

122 { +ii;

123 scanf (" %Zf ", &dt);

124 tau[ii] = t[i] = t[i-1] + dt;
125 if (t[i] > t[i-1]) pb[tt++] = t[i-1];
126 ++i;

127 }

128 p[ii-1]1[0] = 3.0;

129 p[ii][0] = 2.0;

130 for (jj = 1; jj <= dim; ++jj)
131 { plii-1][3j] = 0.0;

132 plii][33] = p[ii-2][33];

133 }

134 mm = O;

135 mult = 1;

136 }

137 else if (m != 1)

138 { for ( j =1, +ii ; j <= dim; ++j)
139 { scanf("%f", &p[iil[i]);

140 if (ndist == 1)

12; sumsq += (p[ii][j]-p[ii-1][3]) * (p[ii]l[j]-p[ii-1][3]]);
1

143 p[ii]1[0] = m;

144 if (ndist == 1)

145 dist += sqrt(sumsq);

146 sumsq = 0.0;

147 }

148 if (m == 0)

149  /* datapoint, not a knot */

150 { if (ndist == 1)

151 taulii] = t[i-1] + dist;

152 +Hmult;

153 }

154 else if (m == 1)

155 /* floating knot */

156 { if ((mult == 1 & mm == 1) || ndist == 1)
157 { fprintf(fd, "\nwrong data(2)\n");
158 return(l);

159 }

160 dist = 1.0 / mult;
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tau[ii-mult+2] = t[i-1] + dist;

t[i] = t[i-1] + 1.0;

+i;

for ( j = 3; j <= mult; +j, +Hi)

{ tau[ii-mult+j] = tau[ii-mult+j-1] + dist;
t[i] = t[i-1];

if (mm == 0 && mult > 1)
{ t[1] = t[i-1];
++i;
}
mult =
mm = 1;
}
else if (m == 2)
/* knot & datapoint */
{ if (ndist == 1)
{ tau[ii] = t[i] = t[i-1] + dist;
++i;
dist = 0.0;
}
else
{ if (mult == 1 && mm == 1)
{ fprintf(fd, "\nwrong data(3)\n");
return(l);
} .
dist = 1.0 / mult;
t[i] = t[i-1] + 1.0;
tau[ii-mult+l] = t[i-1] + dist;
++i;
for (j = 2; j <= mult; +j)
tau[ii-mult+j] = tau[ii-mult+j-1] + dist;
}
for (j = 3; j <= mult; Hj, +Hi)
t[i] = t[i-1];
if (mm == 0 && mult > 1)
{ t[i] = t[i-1];
+i;
}
mult
mm = O;
}
scanf("%Zd", &m);
}
if (t[i-1] < tau[ii])
{ fprintf(fd, "\nwrong data(4)\n");
return(l);

1;

1;

*n = i - 2; :
/* printing of the points after digesting */
for (j=1; j<= *n+ k; H j)
{ fprintf(£fd, "%f %f ", t[j], taul[j]);
for (m = 0; m <= dim; +m)
fprintf(fd, "Zf ", p[il[m]);
fprintf(£d, "\n");
}
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fprintf(£fd, "\n");
if (cyc == 2)
{ km2div2 = (k - 2) / 2;
if (t[i-1] > tau[ii]) -—*n;
if (t[k+1] < t[k+l+km2div2] || t[*n+l-km2div2] < t[*nt+l])
{ fprintf(fd, "\nwrong data(5)\n"); return(l); }

for (i =1; i <= *n -k - k + 3; ++i)
t[itk] = t[itk+km2div2];
*n -= k-2,

}
if (*n < 2 * k)
{ fprintf(fd, "\nwrong data(6)\n");
return(l); ‘
}
/* extension t */
for (i = 1; i < k; +Hi)
{ t[i] = t[k] = (t[*n+l] - t[*n+l-k+i]);
t[*ntl+i] = t[*ntl] + (t[k+i] - t[k]);
}
/* printing of the points after extension t */
for (i = 1; i <= *n + k; +H i)
{ fprintf(fd, "%f %f ", t[i], tau[i]);
for (j = 0; j <= dim; ++j)
fprintf(£fd, "Z2f ", p[i][3j]);
fprintf(£d, "\n");
} A
fprintf(£fd, "\n");
if (cyc == 2)
for (j =1; j <= dim; +j)
{ for (i =1; i <= *nt+l; ++i)
gtau[i] = p[i][]];
if (ppfint(tau, gtau, t, *n, k, ql, bcoefp[]j]) == 2)
return(2);

non e

else
{ nmkpl = *n - k + 1;
/* £ill matrix */
left = k;
for (ii = 1; ii <= nmkpl; ++ii)
{ if (p[ii][0] != 3.0)
tauii = tau[ii];
for (; tauii >= t[left+l]; +left);
bsplvx(t, k, 1, tauii, left, bcoef);
for (i = left —k+ 1, j=1; j <= k; +Hi, +Hj)
{ if (i > nmkpl) i -= nmkpl;
q[ii][i] += bcoef[]];

}

else .
for (j = 1; j <= 2; ++J)
{ bcoef[0] = bcoef[k-1] = 0.0;
bsplvx(t, k-1, 1, tauii, left, bcoef); ]
for (i = left - k + 2, jj=1; jj <=k - 1; +Hi, +33i)
{ becoef[3j] /= (t[itk-1] - t[i]);
if (i > nmkpl + 1) i —-= nmkpl;
q[ii][i-1] -= (bcoef[jj-1] - beoef[jj]) * (k = 1);



273 }

274 A if (3 ==1)

275 { if (t[left] < tauii) left += 3;

276 else if (t[left] == t[left-1]) +t+left;
277 else left += 2;

278 tauii = t[left];

279 }

280 }

281 }

282 /* printing of the b-matrix before lu-decomposition */
283  for (j = 0; j <= nmkpl;)
284 { for (i = 0; i <= nmkpl; ++i)

285 { for (ii = j; ii <= j+ 5 && ii <= nmkpl; ++ii)
286 fprintf(£fd, " Zf", q[il[ii]);

287 fprintf(£fd, "\n");

288 }

289 fprintf(£d, "\n");

290 j += 63

291 }

292 m = ludecp(q, nmkpl);

293 /* printing of the b-matrix after lu-decomposition */
294 for (j = 0; j <= nmkpl;)
295 { for (i = 0; i <= nmkpl; ++i)

296 { for (ii = j; ii <= j + 5 && ii <= nmkpl; ++ii)
297 fprintf(fd, " Z%f", q[i]l[1ii]);

298 fprintf(£d, "\n");

299 }

300 fprintf(£d, "\n");

301 i += 6;

302 }

303 if (m == 2)

304 { fprintf(fd, "\nb-matrix in ppcinc not invertible\n");
305 return(2);

306 }

307 for (j=1; j <= dim; +Hj)

308 { for (i = 1; i <= nmkpl; ++i)
309 bcoef[i] = p[i][]];

310 solscp(q, nmkpl, bcoef);

311 for (i = 1; i <= nmkpl; ++i)

312 { bcoefp[jl[i] = bcoef[il];

313 if (i < k)

314 bcoefp[ j] [nmkpl+i] = becoef[i];
315 }

316 }

317 }

318 return(0);

319 }

320

321 int ppfint(tau, gtau, t, n, k, q, bcoef)
322 /* calls bsplvx solsys ludeco */
323 /* calculates the n b-coefficients (bcoef) of a pp—function with:

324 * knotsequence t,
325 * datapoints (tau[i], gtau[i]), i=1,...,n.
326 * order k.

327 * q is the condensed b-matrix (n x (2k-1)).
328 */
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double tau[MAXP], gtau[MAXP];

double t[MAXP], q[MAXP][KPKMIP], bcoef[MAXP];
int n, k;

{

}

int i, npl, ilplmx, j, jj, kml, left;
double taui;

npl = ntl;

kml k-1;

= n; + 1)
= ktkml; +3)
q[i][3j] = 0.0;
for (i = 1; 1 <= n; ++i)
{ taui = tau[il]; ‘
ilplmx = ((i + k) < npl) ? (i + k) : npl;
left = (left > i) ? left : i;
if (taui < t[left])
{ fprintf(fd, "b-matrix in ppfint not invertible (1)\n");
return(2);
}
do
{ if (taui < t[left + 1]) break;
else +t+left;
}
while (left < ilplmx);
if (left >= ilplmx)
{ =—left;
if (taui > t[left+l])
{ fprintf(fd, "b-matrix in ppfint not invertible (2)\n");
return(2);
}
}
bsplvx(t, k, 1, taui, left, bcoef);
for (j = left-it+l, jj = 1; jj <= k; ++j, +3jj)
} q[i][3] = bcoef[jjl;
if (ludeco(q, k, n) == 2)
{ fprintf(fd, "b-matrix in ppfint not invertible (3)\n");
return(2);

}
for (i = 1; i <= n; ++i)
bcoef[i] = gtau [i];

solsys(q, k, n, bcoef);
return(l);

int ludeco(q, k, n)

/

* lu-decomposition of banded n x n matrix, bandwidth 2k-1,
* without pivoting; the band is stored in q (n x (2k-1)).
*/

double q[MAXP][KPKM1P];
int k, nj;

{

int 1, nr, i, j, jj, kml, ipl;
double qik;

kml = k-1;

for (i = 1; i <= n; ++i)
{1=xk;
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ipl = i+l;
‘ar = ((nr = it+kml) <= n) ? nr : n;
if ((qik = q[i][k]) == 0) return(2);
for (j = ipl; j <= nr; ++j)
{1-=1
if (q[3I[1] != 0.0)
{ q[31[1] /= qik;
for (3j = 1; jj <= kml; +jj)
q[31[1+33] -= q[31[1] * q[i][k+3j]s

}
}
return(l);

}

solsys(q, k, n, bcoef)

/* solves a system of equations;

* to be used with ludeco;

* the right-values are expected in bcoef, the solution
* is put back in bcoef.

*/
double q[MAXP][KPKM1P], bcoef[MAXP];
int k, n;
{ int 1, i, j, kml, kpl, kpkml;
kml = k-1;
kpl = k+1;

kpkml = k+kml;
/* forward step */
for (1 = 2; i <= n; ++i)
{1=(k>1i)? (k-it+l) : 1;
for (j=1; j <= kml; ++j)
becoef[i] —= q[i][j] * bcoef[j-k+i];
}
/* backward step */
for (i = n; i >=1; -—-i)
{1=(n-1i < k)? (n-i+k) : kpkml;
for (j = 1; j >= kpl; —-j)
if (q[i][3] != 0.0)
bcoef[i] -= q[i][]j] * becoef[it+j-k];
bcoef [i] /= q[i][k];
}
}

bsplvx(t, jhigh, indexx, x, left, biatx)

/* calculates the values of all possibly non—zero b-splines
* at x of order

* jhigh, if index =1,

* max( jhigh, j+1), if index = 2.

* further input: t, the knot sequence; left, an integer,
* such that t[left] <= x < t[left+l].

* if index = 1, the calculation starts from the beginning
* (i.e. with order = 1);
*
*

*

*

if index = 2, the calculation continues where it left of.

The value of j and the auxiliary arrays deltal and
deltar are therefore saved.
output: biatx[i], 1 <= i <= order, with

41
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441 * biatx[i] = b[left-order+i][order](x).
442 %/ '

443 double t[MAXP], x, biatx[KP];

444  int jhigh, indexx, left;

445 { static double deltal[20], deltar[20];

446 static int j;

447 int i, jpl;

448 double saved, term;

449 if (indexx == 1)

450 {3=1;

451 biatx[1l] = 1;

452 }

453 if ((indexx == 1 && j < jhigh) || indexx == 2)
454 do

455 { jpl = j + 1;

456 deltar[j] = t[left+j] - x;

457 deltal[j] = x - t[left+l-j];

458 saved = 0.0;

459 for (i = 1; i <= j; ++i)

460 { term = biatx[i] / (deltar[i] + deltal[jpl-i]);
461 biatx[i] = saved + deltar[i] * term;
462 saved = deltal[ jpl-i] * term;

463 }

464 biatx[jpl] = saved;

465 j = jpl;

466 } :

467 while (j < jhigh);

468 }

469

470 int ludecp(q, n)
471 /* lu-decomposition with complete pivoting of an n x n matrix q;

472 * the permutation to be performed on the input (output)
473 * is kept in the O-th column (row).

474 */

475  double q[MAXP][MAXP];

476 int nj

477 { int i, j, pc, pr, ii, ipl;

478 double pivot, hulp, abspiv, absq;

479 q[1]1[0] = q[O0][1] = 1.0;

480 for (i = 2; i <= n; +Hi)

481 q[i][0] = q[O][1i] = q[O][i-1] + 1.0;

482 for (i = 1; i <= n; +Hi)

483 { ipl =i + 1;

484 pivot = q[i}[i];

485 abspiv = (pivot > 0.0)? pivot : -pivot;

486 . pr = pc = 1i;

487 for (ii = i; ii <= n; +Hii)

488 for (j=1i; j <= n; +j)

489 { absq = (q[ii][]] > 0.0)? q[ii][3] : —-q[ii][]];
490 if (absq > abspiv)

491 { pc = 3

492 pr = ii;

493 pivot = q[ii]l[]j];

494 abspiv = (pivot > 0.0)? pivot : -pivot;
495 } :

496 }
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if (pivot == 0.0) return(2);
Jif (pe !'= 1)
for (j = 0; j <= n; +j)
{ hulp = q[]j][i];
q[31[i] = ql[jllpcl;
q[ j]1[pc] = hulp;

if (pr != i)
for (j = 0; j <= n; ++j)
{ hulp = q[i][]];

q[i]1[3] = qlprl[il;
qlpr][j] = hulp;

for (j = ipl; j <= n; +Hj)

if (q[3jl[i] !'= 0.0)

{ q[31[4] /= pivot;
for (ii = ipl; ii <= n; ++ii)
q[j1[ii] == q[J]1[i] * q[i][dii];

P
return(l);

}

solscp(q, n, bcoef)
/* solves a system of equations;
* to be used with ludecp;
* the right-values are expected in bcoef, the solution
* is put in bcoef again.
*/
double q[MAXP][MAXP], bcoef[MAXP];
int n;
{ int 1, j;
double hulp[MAXP];
for (i = 1; i <= n; ++i)
hulp[i] = bcoef[(int) q[i][O0]];
for (i = 1; i <= n; ++Hi)
bcoef[i] = hulp[i];
for (i = 2; i <= n; ++i)
for (j=1; j < i; ++j)
if (q[il[3j] != 0.0)
becoef[i] == q[i][j] * bcoef[]];
for (i = n; 1 >=1; —-i)
{ for (3 =mn; 3> i; —3)
if (q[il[3j] != 0.0)
bcoef[i] —= q[i][j] * bcoef[]];
} bcoef[i] /= q[i][il];
for (i = 1; i <= n; ++i)
hulp[(int) q[O][i]] = bcoef[i];
for (i = 1; i <= n; ++i)
bcoef[i] = hulp[i];
}

ppcppr(dim, bcoefp, t, n, k, coefp, breakp, 1)
/* calls ppfppr */
/* computes the pp-representation of a pp—curve starting from a
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* b-representation.
* input : dim : dimension.

* ¥ % ¥ ¥ F* ¥

bcoefp : b-coefficients
t : knotsequence.
n : number of b-coefficients.
k : the order.
output : coefp : pp-coefficients (dim x 1 x k)
breakp : sequence of breakpoints.
1 : number of intervals.

*/

int n, k, *1, dim;

do
do
{

PP
*

~N SN
*

* % % % ¥ ¥ ¥ F

*
in
do
{

uble t[MAXP], coefp[DIMP][MAXP][KP], breakp[MAXP];
uble bcoefp[DIMP][MAXP];

int i;

for (i = 1; i <= dim; ++i)

ppfppr(t, becoefp[i], n, k, breakp, coefp[i], 1);

fppr(t, bcoef, n, k, breakp, coef, 1)
calls bsplvx */
computes the pp-representation of a pp—function starting

from a b-representation;
input : t : knotsequence.
bcoef : b-coefficients.
k : the order.
n : number of b-coefficients.
output : breakp : sequence of breakpoints.
coef : the pp—-coefficients.
1 : number of intervals.
/-
t n, k, *1;

uble t[MAXP], bcoef[MAXP], breakp[MAXP], coef[MAXP][KP];
double scrtch[KP][KP], diff, sum, biatx[KP];
int left, lsofar, i, j, kmj, jpl;
lsofar = O
breakp[l] = t[k];
for (left = k; left <= n; +tleft)
if (t[left+l] > t[left])
{ 1sofar += 1;
breakp[lsofar+l] = t[left+l];

if (k == 1)
coef[lsofar][1l] = bcoef[left];
else

{ for (i = 1; i <= k; +i)
scrtch[i][1] = becoef[left—k+i];
for (jpl = 2; jpl <= k; ++jpl)
{ 3= 3p1 -1

kmj = k - j;

for (1 = 1; i <= kmj; ++i)

{ diff t[left+i] - t[left+i-kmj];
if (diff > 0.0)
scrtch[i][jpl]=((scrtch[i+1][j]—scrtch[i][j])/diff)*kmj;

}

}
bsplvx(t, 1, 1, t[left], left, biatx);
coef[lsofar][k] = scrtch[1l][k];



609 for (jpl = 2; jpl <= k; ++jpl)

610 . { bsplvx(t, jpl, 2, t[left], left, biatx);
611 kmj = k + 1 - jpl;

612 sum = 0.0;

613 for (i = 1; i <= jpl; +i)

614 sum += biatx[i] * scrtch[i][kmj];
615 coef[lsofar][kmj] = sum;

616 }

617 }

618 }

619 *] = lsofar;

620 }

621

622 plotpc(plotc, numberstep, dim, k, 1, coefp, breakp, pb)
623 /* plots a pp-curve;
624 * plotc = 1 : the calculated (points on the) curve is (are)

625 * given to a display.

626 * plotc = 2 : the points are put on a file.

627 * numberstep : steps per interval.

628 * pb : values of the left endpoints of intervals to be skipped.
629 */

630 double coefp[DIMP][MAXP][KP], breakp[MAXP], pb[MAXP];
631 int plotc, numberstep, dim, k, 1;
632 { double parpp[DIMP], h, dh;

633 int i, j, m, jj, tt;

634 if (plotec == 1 && dim != 2)

635 { fprintf(fd, "\nplotting only if dim = 2\n");
636 return;

637 }

638 if (plotc == 2)

639 { fprintf(fd, "\n t");

640 for (i = 1; i <= dim; ++i)

641 fprintf(fd, " p%ld(t)", 1);

642 fprintf(£d, "\n\n");

643 }

644 tt = 13

645 for (i = 1; i <= 1; +i)

646 if (breakp[i] == pb[tt]) +t+tt;

647 else

648 { dh = (breakp[i+l] - breakp[i]) / numberstep;
649 h = 0.0;

650 for (jj = 0; jj <= numberstep; ++jj)

651 { for (j =1; j <= dim; +3j)

652 { parpp[j] = 0.0;

653 for (m = k; m >= 1; --m)

654 parpp[j] = (parpp[j] / m) * h + coefp[j]l[i][m];
655 }

656 if (plotec == 1)

657 line(parpp(l], parpp[2]) ;

658 else if (plotc == 2)

659 { fprintf(fd, " %10.6f", breakp[i] + h);
660 for (j = 1; j <= dim; ++j)

661 fprintf(£fd, " %10.6f", parpp[il);

662 fprintf(£fd, "\n");

663

664 h += dh;
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665 }

666 }

667 for (i = 1; i < DIMP; ++i)
668 coefp[i][1+1][1] = parpp[i];
669 }

670

671 plotdp(rscale, p, n, cyc)

672 /* plots the datapoint-markers (little crosses) of a pp-curve;
673 * rscale : scale factors.

674 */

675 double p[MAXP][DIMP], rscale[DIMP];

676 int n, cyc;

677 { int i;

678 double dpx, dpy, pl, p2;

679 dpx = 2.0 / (rscale[l] * 200);
680 dpy = 2.0 / (rscale[2] * 200);
681 if (ecyc == 2) +n;

682 for (i = 1; i <= n; ++i)

683 if (p[i][0] == 3) ++i;

684 else

685 { pl = p[i][1];

686 p2 = p[i][2];

687 newpel();

688 line(pl, p2 - dpy);

689 line(pl, p2 + dpy);

690 newpel(); :

691 line(pl - dpx, p2);

692 line(pl + dpx, p2);

693 }

694 }

695

696 plotkn(rscale, breakp, coefp, 1, cyc, pb)

697 /* plots the knot-markers (little circles) of a pp-curve;
698 * rscale : scale factors.

699 */

700 double coefp[DIMP][MAXP][KP], breakp[MAXP], rscale[DIMP];
701 double pb[MAXP];

702 int 1, cyc;

703 { int i, j, tt;

704 double dsx, dsy, px, py, dth;

705 tt = 1;

706 dth = 3.1416 / 8;

707 dsx = 2.0 / rscale[l];

708 dsy = 2.0 / rscale[2];

709 for (i =1; i <=1+ 1; Hi)

710 if (pb[tt] == breakp[i]) ++tt;

711 else

712 { if ((i == 1+1) && (cyc == 1)) return;
713 px = coefp[l][i][1l];

714 py = coefp[2][1i][1];

715 newpel();

716 for (j=0; j <= 16; +j)

717 line(px + dsx*sin(j*dth)/200, py + dsy*cos(j*dth)/200);
718 }

719 }

720
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axes2d(rscale, or, nstr)
/* plots axes with origin (or[l], or[2]) and scale factors
* rscale[l] and rscale[2];
* approximately nstr points p[i] are indicated on the
* axes, such that p[i] = 1[i] * 10"k, 1[i] and k integers.
*/
int nstr;
double or[DIMP], rscale[DIMP];
{ int 1, j;
double w[DIMP], fac;
for (i = 1; i < DIMP; ++i)
w[i] = or[i];
for (i = 1; i < DIMP; ++i)

{ w[i] 1.0 / (rscale[i] * nstr);
i=0;
fac = 1.0;

while (fac > w[i])
{ =——j; fac /= 10; }
while (fac < w[i])
{ +j; fac *= 10; }
newpel(); :
w[i] = -1.0 / rscale[i];
line(w[1l], w[2]);
w[0] = w[i] = -w[i];
line(w[l], w[2]);
while (w[i] > 0.0) w[i] -= fac;
wli % 2+ 1] += 1.0 / (rscale[i % 2 + 1] * 200);
for (w[i] = —w([O0] + fac + w[i]; w[i] < w[O]; w[i] += fac)
{ newpel();
line(w[l], w[2]);
w[ii Z 2+ 1] == 1.0 / (rscale[i %Z 2 + 1] * 100);
line(w[1l], w[2]);
wiiZ% 2+ 1] += 1.0 / (rscale[i %Z 2 + 1] * 100);
}

w[i] = or[i];

newpel();

for (i = 1; i < DIMP; ++i)
w[i] = 1.0 / rscale[i];
line(-w[1l], —w[2]);
line(-w([1], w[2]);
line(w[1l], w[2]);
line(w([l], =-w[2]);
line(-w[1], -w[2]);

47
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APPENDIX B

Subroutine 'plotpf'

This subroutine plots a pp-function. There are three options:

1) For each interval a fixed number (numberstep +1) of "points is evaluated:

E. .—&. E.. .—&.
bl B _axl 73 = .
(gj * numberstep s Pj(gj * numberstep i)), i=0,... ,numberstep

The points are put on a file (plotcode 3).

2) Idem.
The points are given to a display, which draws straight lines between them

(plotcode 2).

3) The distribution of the points is adapted to the curvature of the func-
tion (plotcode 1).
If the function is plotted with (not too many) mpoints equidistant on
each interval, then, on places where the function has a strong curvature,

it will show, that the plotting is done by drawing little straight lines.
Two parameters are given to the procedure

maxdev: maximum deviation in slope (in rad):
. (n _ (1
|atan (Pj (Xi+l)) atan (Pj (Xi))l < maxdev,

X two consecutive abscissae.

.
i27i+1
Consequently, the angle between two consecutive lines lies
between -2 maxdev and +2 maxdev, if P}z)(x) # 0 on the inter-
vals corresponding with the lines.

‘maxdh: |x. xil < maxdh.

i+l
Suppose we have reached a point (x P (x )) in the plotting process.
dh: il Fhe I (if x; = E we take dh -maxdh) If Iatan(P( )(x +dh)) -
- atan(P(l)(x NIl > maxdev the value of dh is altered: dh := idh,

else dh : = 2dh.
Again we look at the angle. If the >-sign changes into <, a line is drawn
il xi+dh.

If the <-Slgn changes into >, a line is drawn between (xi’Pj(Xi)) and

between (x P (x )) and (x1+],P (X1+l))’ X.
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(Xi'l‘l ’Pj (.X

If there is no change of sign, the halving or doubling of dh continues

))s %,

i+1 i+1 ~ i 2

until the sign changes.

Of course,

provisions are made in case dh > maxdh, or xi+dh > Ej

Figure 1 is drawn by this procedure. The numbers of steps per

E~interval
(maxdh = 0

plotpf(plo

turned out to be: 139, 37, 75, 51, 46, 51 and 96
.1, maxdev = 0.05).

tcode, numberstgp, maxdh, maxdev, k, 1, coef, breakp)

/* plots a pp-function.

* input : k, 1, coef and breakp : the pp-representation
* of the function.
* numberstep : steps per interval (only used if
* plotcode = 2 or plotcode = 3).
* maxdh : maximum step-width (only used if plotcode = 1).
* maxdev : maximum value of the angle (in rad) between
* the slopes of the curve at two consecutive points
* (only used if plotcode = 1).
* plotcode = 3 : (numberstep + 1) equidistant points per
* interval are evaluated and put on a file.
* plotcode = 2 : idem, the points are given to a display
* (which draws straight lines between them).
* plotcode = 1 : the distances between the points depend
* on the curvature of the function. The points are
* given to a display.
*/
int k, 1, plotcode, numberstep;
double maxdh, maxdev, coef[MAXP][KP], breakp[MAXP];
{ int i, j, pc, a, nl, m;
double h, dh, ppx, ppf, ppfa, darc, darcn, darct;
if (plotcode == 1)
for (i = 1; 1 <= 1; Hi)
{ h = 0.0; dh = maxdh; pc = 2; a = 0;
nl = 0
ppf = coef[i][1l];
darc = atan(coef[i][2]);
newpel();

line(breakp[i], ppf);

while

{ if (
{ fp
ppfa
for
prfa

(breakp[i] + h < breakp[i+l])

at++ > 1000)

rintf(£fd, "\n while in loop\n"); return; }
= 0.0;

(3 =k; J>= 25 ——3)

= (ppfa / (j-1)) * (h + dh) + coef[i][]];

darcn = atan(ppfa);

if (

{ dn
if
{

((darcen>darc)? (darcn—-darc) : (darc-darcn)) > maxdev)
/= 2;
(pc == 0)

h += dh;

ppf = 0.0;

for (j=k; j>=1; —=3)

ppf = (ppf / 3) * h + coef[i][]];

darc = darct;

+1°

49



50

47 pc = 2;

48 : " line(breakp[i] + h, ppf);

49 +nl;

50 }

51 else pc = 1;

52 }

53 else

54 { i1f (pc==1 || dh>=maxdh || breakp[i]+h+dh>=breakp[i+l])
55 { if (breakp[i] + h + dh >= breakp[i+l])
56 h = breakp[i+l] - breakp[i];

57 else

58 h += dh;

59 ppf = 0.0;

60 for (j = k; j >= 1; —=3)

61 ppf = (ppf / 3) * h + coef[i][]];
62 darc = darcn;

63 line(breakp[i] + h, ppf);

64 +nl;

65 pc = 23

66 }

67 else

68 { pc = 0;

69 if (dh < maxdh) dh *= 2;

70 }

71 }

72 darct = darcn;

73 }

74 fprintf(£d, " %4d\n", nl);

75 }

76 else

77 for (i = 1; i <= 1; ++i)

78 { dh = (breakp[i+l] - breakp[i]) / numberstep;
79 h = 0.0;

80 if (plotcode == 2) newpel();

81 for (m = 0; m <= numberstep; +m)

82 { ppf = 0.0;

83 for (j=%k; j>=1; ——j)

84 ppf = (ppf / 3) * h + coef[i][]];

85 ppx = breakp[i] + h;

86 if (plotcode == 2)

87 line(ppx, ppf);

88 else if (plotcode == 3)

89 fprintf(fd, "\n %10.6f 7%10.6f", ppx, ppf);
90 h += dh;

91 }

92 }

93 coef[1+1][1] = ppf;

94 '}



AYPENDIX C

1

2 cubspl(tau, c, n)

3 /* cubic spline interpolation.

4 * input: tau[i], 1 <= i <= n, the knots,

5 * (tau[i], c[i][1]), the given points,

6 * n, number of points (n >= 3).

7 * output: c[i][2], c[i][3] and c[i][4], 1 <= i <= n-1,

8 * the values of the first, second and third

9 * derivatives at the left end points.
10 * for tau[i] <= x <= tau[it+l] we have
11 * £(x) (= p[i]l(x)) = c[i][1] + (x - tau[i]) * c[i][2] +
12 * + 1/2 % (x - tau[i])"2 * c[i][3] +
13 * + 1/6 * (x - tau[i])"3 * c[i][4].
14 * the not—a-knot boundary condition is being used.
15 */
16 int nj;
17 double tau[MAXP], c[MAXP][KP];
18 { int 1, m;
19 double g, dtau, divdf3, divdfl;
20 1 = n-1; :
21 for (m = 2; m <= n; +m)
22 { ¢[m][3] = tau[m] - tau[m-1];
22 c[m][4] = (c[m][1] = c[m-1][1]) / c[m][3];
2
25 /* calculation of the diagonal- (c[m][4]), next—-to—diagonal-
26 * (c[m][3]) and right-elements (c[m][2]) together with the
27 * forward step of the Gauss—elimination.
28 */
29 c[1][4] = c[3][3];
30 c[1][3] = c[2][3] + c[3][3];
31 c[1][2] = (c[2][3] + 2 * c[1][3]) * c[2][4] * c[3][3];
32 c[1][2] += c[2][3] * c[2][3] * c[3][4];
33 c[l][2] /= c[1][3];
34 for (m = 2; m <= 1; +m)
35 { 8= (-c[mtl][3]) / c[m-1][4];
36 c[m][2] = g * c[m-1][2];
37 c[m][2] += 3*(c[m][3] * c[wtl][4] + c[w+l][3] * c[m][4]);
38 c[m][4] = g * c[m-1][3] + 2 * (c[m][3] + c[mt1][3]);
39 }
40 g = c[n-1][3] + c[n][3];
41 c[n][2] = (c[n][3] +2 * g) * c[n][4] * c[n-1][3];
42 c[n][2] += c[n][3] * c¢[n][3] * (c[n-1][1] - c[n-2][1]);
43 c[n][2] /= c[n-1][3] * g;
44 /* c[n-1][4] was already overwritten */
45 c[n][4] = c[n-1][3];
46 g = (-8) / cln-1][4];
47 c[n][4] = g * c[n-1][3] + c[n][4];
48 c[n]l[2] = (g * c[n-1][2] + c[n][2]) / c[n][4];

51
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49
50
51
52
53
54
55
56
57
58
59
60
61
62

/* completion Gauss—elimination */

for (m = 1; m >= 1; --m)

c[m][2] = (c[m][2] = e[m][3] * c[w+l][2]) / c[m][4];
/* calculation of the functionvalues of the second and third
* derivatives in the left endpoints
*/

for (m 2; m <= n; +m)

{ dtau = c[m][3]; .

divdfl = (c[m][1] = e[m-1][1]) / dtau;

divdf3 = c[m-1][2] + c[m][2] = 2 * divdfl;
c[m-1][3] = 2 * (divdfl - c[m-1][2] - divdf3) / dtau;
c[m-1][4] = (divdf3 / dtau) * 6.0 / dtau;

} .
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locadp(x, fx, adapcode, t, n, k, bcoef, q, tau, gtau)
/* calls interv solsys valuex */
/* adapts (a b-representation of) a pp—function to a new
* function value.
* input : (x, fx) : new point.
* t, n, k and bcoef : b-representation of the
pp—function.
q : the condensed b-matrix.
(tau[i], gtau[i]) : the underlying datapoints.
adapcode : adaption-code.
adapcode = 0 : x = tau[]j] and the other
datapoints are kept unchanged (if adapcode =
and x != tau[j], “locadp” will protest).
adapcode = -1 : two consecutive b-coefficients
change.
adapcode >= 1 : (k-2+adapcode) consecutive
b-coefficients change.
* (see for a description: “the b-representation of piecewise
* polynomial parametric curves and local adaption”, ch. 2.2)
*/ :
double x, fx, t[MAXP], q[MAXP][KPKM1P], bcoef[MAXP];
double tau[MAXP], gtau[MAXP];
int n, k, adapcode;
{ int i, left, taui, right;
double bsplc[MAXP], der, derpr, diff, bval, bvalpr;
double valuex();
interv(t, n, x, &left);
if (x < t[k] || x> t[n+l])
{ printf("\n(%Z£f, %f) not in interval”, x, fx);
printf(" [Zf, Zf]\n", t[k], t[ntl]);
return;
}
if (adapcode == 0)
{ interv(tau, n, x, &taui);
if (x !'= tau[taui])
{ printf("\nadapcode = 0 en x != tau[i]\n");
return;
}
gtau[taui] = fx;
for (i = 1; 1 <= n; +HHi)
bcoef[i] = gtau[i];
solsys(q, k, n, bcoef);
} .
else if (adapcode == -1)
{ for (i =1; i <= n; ++i)
bsple[i] = 0.0;
for (i = left-k+l; i <= left; +i)

% % b ¥ N ¥ ¥ ¥ ¥ % *
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{ bsplc[i] = 1.0;

printf("\n Z%f Z%Zf Z%Zf 7%f \n", bval, bvalpr, der, derpr);

}

der = valuex(t, bsple, n, k, x, 1);
if (der > 0.0) break;

derpr = der;

bsplc[i] = 0.0;

}
diff = fx - valuex(t, bcoef, n, k, x, 0);
bval = valuex(t, bsple, n, k, x, 0);

bsple[i] = 0.0;
bsple[i-1] = 1.0;
bvalpr = valuex(t, bsplc, n, k, x, 0);

if (der < derpr)

{ diff /= (bval - (der / derpr) * bvalpr);
becoef[i-1] -= diff * (der / derpr);
bcoef[i] += diff;

}

else

{ diff /= (bvalpr - (derpr / der) * bval);
bcoef[i-1] += diff;
bcoef[i] —= diff * (derpr / der);

}

for (left = 1; tau[left] <= t[i-1]; +tleft);

for (right = n; tau[right] >= t[it+tk]; --right);

for (i = left; i <= right; +t+i)

gtau[i] = valuex(t, bcoef, n, k, tau[i], 0);

else

{

diff = fx - valuex(t, bcoef, n, k, x, 0);
if (x == t[left] && adapcode > 1) --left;
i = left;

adapcode -= 2;

left left -— k + 1 - (adapcode / 2);
left (left < 1) 21 : left;

right = i + adapcode - (adapcode / 2);
right = (right > n) ? n : right;

for (i = left; i <= right; ++i)

bcoef[i] += diff;

for (i = 1; tau[i] <= t[left]; ++i);

left = i _
for (i = n; tau[i] >= t[right+k]; -—-i);
right = i;

for (i = left; i <= right; ++i)

gtau[i] = valuex(t, bcoef, n, k, tau[i], 0);
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APPENDIX E
1
2 int ludecy(ql, q2, k, n)
3 /* lu-decomposition without pivoting of an n X n b-matrix, which
4 * is banded (bandwidth 2k-1) in the first n-k+l1 rows (condensed
5 * in ql); the last k-1 rows are stored in q2.
6 */
7 double ql[MAXP][KPKM1P], q2[K][MAXP];
8 int k, n; .
9 { int kpl, kml, nmkpl, i, ipkml, ipl, m, j, jj, 1, nr, ipnmkpl;
10 double pivot;
11 kpl = k + 1;
S12 kml = k - 1;
13 nmkpl = n - k + 1;
14 for (m = 1; m <= kml && q2[m][l] == 0.0; +m);
15 /* m kan k zijn */
16 for (i = 1; i <= nmkpl; ++i)
17 {1=k;
18 ipkml =i + k - 1;
19 ipl =1 + 1;
20 nr = (ipkml <= nmkpl)? ipkml : nmkpl;
21 if ((pivot = ql[i]l[k]) == 0.0) return(2);
22 for (j = ipl; j <= nr; ++j)
23 {1-=1;
24 if (ql[3j][1] !'= 0.0)
25 { ql[3j1[1] /= pivot;
26 for (jj = 1; jj <= kml; ++jj)
%g ql[31[1+33] == ql[J]1[1] * ql[i][k+3j]];
29 }
30 for (j = m; j <= kml; ++j)
31 { q2[31[4i] /= pivot;
32 for (jj = ipl, 1 = kpl; jj <= ipkml; ++jj, ++1)
33 qa2[31133] == q2[4101] * ql[1i][1];
34
35 }
36 for (i = 1; i <= kml; ++i)
37 { ipnmkpl = i + nmkpl;
38 if ((pivot = q2[i][ipnmkpl]) == 0.0) return(2);
39 ipl = 1 + 1;
40 for (j = ipl; j <= kml; ++j)
41 if (q2[j][ipnmkpl] != 0.0)
42 { q2[j][ipnmkpl] /= pivot;
43 for (jj = nmkpl + ipl; jj <= n; +jj)
Zg q2[31033] —= q2[j][ipnmkpl] * q2[i][]j]l;
46 }
47 return(l);
48 }
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44

APPENDIX F
1
2 solsyc(ql, q2, k, n, bcoef)
3 /* solves a system of equations;
4 * to be used with ludecy;
5 * the right-values are expected in bcoef, the solution is put
6 * in bcoef again.
7 x/
8 double ql [MAXP][KPKM1P], q2[K][MAXP], bcoef[MAXP];
9 int k, n;
10 { int kml, nmkpl, 1, i, j, ipnmkpl, jmkpipnmkpl, kpl, kpkml;
11 kml = k-1;
C12 nmkpl = n - kml;
13 kpkml = k + kml;
14 kpl = k + 1;
15 for (i = 2; i <= nmkpl; ++i)
16 {1=(k>1i) ? (kpl - i) : 13
17 for (j = 1; j <= kml; ++3)
18 if (ql[i][j] !'= 0.0)
19 becoef[i] == ql[1][j] * beoef[ j~k+i];
20
21 for (i = 1; i <= kml; ++i)
22 { ipnmkpl = i + nmkpl;
23 if (q2[i][1] == 0.0)
24 for (j=1; j <= kml; ++j)
25 { jmkpipnmkpl = ipnmkpl - k + j;
26 if (q2[i][ jmkpipnmkpl] != 0.0)
27 bcoef[ipnmkpl] -= q2[i][ jmkpipnmkpl] * becoef[ jmkpipnmkpl];
28 }
29 else
- 30 for (j=1; j < ipnmkpl; ++j)
31 bcoef[ipnmkpl] == q2[i][j] * becoef[ j];
32 }
33 for (i = kml; i >= 1; -—1i)
34 { ipnmkpl = i + nmkpl;
35 for (j = n; j > ipnmkpl; -—3j)
36 if (q2[i][j] != 0.0) becoef[ipnmkpl] —= q2[i][j] * bcoef]j];
37 bcoef[ipnmkpl] /= q2[1i][ipnmkpl];
38 }
39 for (i = nmkpl; i >= 1; --1)
40 { for (j = kpkml; j >= kpl; --j)
41 if (ql[i][j] != 0.0) becoef[i] —= ql[i][j] * bcoef[it+j-k];
42 becoef[i] /= ql[i][k];
43
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APPENDIX G
1
2 double valuex(t, bcoef, n, k, x, jderiv)
3 /* calls interv */
4 /* returns the value at x of the jderiv-th 'derivative of the
5 * the pp—function with
6 * order k,
7 * knot sequence t[i], 1 <= i <= ntk,
8 * b-coefficients bcoef[j], 1 <= j <= n.
9 */
10 double t[MAXP], bcoef[MAXP], x;
11 int n, k, jderiv;
12 { double d1[KP], dr[KP], aj[KP];
13 int kml, jcmin, imk, i, j, jcmax, nmi, jc, kmj, ilo, jj;
14 if (jderiv >= k) return(0.0);
15 if (interv(t, ntk, x, &i) != 0) return(0.0);
16 kml = k-1; .
17 if (kml == 0) return(bcoef[i]);
18 jemin = 1;
19 imk = i-k;
20 if (imk >= 0)
21 for (j=1; j <= kml; +Hj)
22 di[j] = x - t[i+1-3];
23 else
24 { jemin = 1 -imk;
25 for (j=1; j <= 1i; +H3j)
26 dl[j] = x - t[i+1-]];
27 for (j = 1i; j <= kml; +Hj)
28 { aj[k-j] = 0.0;
29 dil[j] = d1[i];
30 }
31 }
32 jemax = k;
33 nmmi = n - 1i;
34 if (omi >= 0)
35 for ( j=1; j <= kml; +H j)
36 dr[j] = t[it+]i] - x;
37 else
38 { jemax = k + nmi;
39 for (j=1; j <= jemax; +j)
40 dr[j] = t[i+]j] - x;
41 for (j = jemax; j <= kml; ++j)
42 { aj[j+1] = 0.0;
43 dr[j] = dr[ jcmax];
44
45 }
46 for (je = jemin; je <= jemax; +jc)
47 ajl[jec] = bcoef[imk+jc];
48 for (j = 1; j <= jderiv; ++j)
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{ kmj = ilo = k-j;
~for (33 = 1; 3jj <= kmj; ++jj)
{ ii'[jj] T ((aj[3i+l] - aj[33]) / (d1l[ilo] + dr[jjl)) * kmj;
o == 1;
}
}
for (j = jderiv + 1; j <= kml; ++j)
{ kmj = ilo = k - j;
for (3jj = 15 jj <= kmj; ++jj)
{ aj[33] = aj[jj+l] * dl[ilo] + aj[jj] * dr[ijl;
aj[jjl /= (d1l[ilo] + dr[jj]);
ilo == 1;
}
}

return(aj[l]);



APPENDIX H
1
2 int interv(xt, lxt, x, left)
3 /* input: xt[i], xt[i] <= xt[i+l], 1 <= i <= 1xt.
4 * returns -1, if x < xt[1l],
5 * 0, if xt[l] <= x <= xt[1lxt] and
6 * 1, if x >= xt[1lxt].
7 * computes in an economic way *left, such that
8 *  xt[*left] <= x < xt[*left+l], if
9 *  xt[l] <= x < xt[lxt].
10 */
11 int *left, 1xt;
12 double xt[MAXP], x;
13 { static int ilo;
14 int ihi, istep, middle;
15 if (ilo == 0) ilo = 1;
16 ihi = ilo + 1;
17 if (ihi >= 1xt)
18 { if (x >= xt[1xt]) { *1left = 1lxt; return(l); }
19 if (1xt <= 1) { *left = 1; return(-1); }
20 ilo = 1xt-1;
21 ihi = 1xt;
22 }
if (x < xt[ihi] && x >= xt[ilo])
24 { *left = ilo; return(0); }
25 else if (x < xt[ilo])
26 { istep = 1;
27 do
28 { ihi = ilo;
29 ilo = ihi - istep;
30 if (ilo <= 1)
31 { 110 = 1;
32 if (x < xt[1]) { *1left =1; return(-1); }
33 }
34 istep += istep;
35 }
36 while (x < xt[ilo]);
37 }
38 else
39 { istep = 1;
40 do
41 { ilo = ihi;
42 ihi = ilo + istep;
43 if (ihi >= 1xt)
44 { ihi = 1xt;
45 if (x >= xt[1xt]) { *1left = 1xt; return(l);
46 }
47 istep += istep;
48 }

59
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49 while (x >= xt[ihi]);

50 } "

51 for (33)

52 { middle = (ilo + ihi) / 2;

53 if (middle == ilo) { *left = ilo; return(0); }
54 if (x < xt[middle])

55 ihi = middle;

56 else ilo = middle;

57 }

58 }
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