stichting

mathematisch |

centrum MC
AFDELING INFORMATICA IW 190/81 DECEMBER

(DEPARTMENT OF COMPUTER SCIENCE)

A.K. LENSTRA

LATTICES AND FACTORIZATION OF POLYNOMIALS

Preprint

kruislaan 413 1098 SJ amsterdam



Printed at the Mathematical Centre, 413 Knuwislaan, Amsterdam.

The Mathematical Centre, founded the 11-th of February 1946, is a non-
profit institution aiming at the promotion of pure mathematics and its
applications. 1t is sponsored by the Netherlands Government through the
Netherlands Onganization §or the Advancement of Pure Research (Z.W.0.).

1980 Mathematics subject classification: 10M05, 10EO05, 68C25




)

. . . . *
Lattices and factorization of polynomials
by

A.K. Lenstra

ABSTRACT

We present a new algorithm to factorize polynomials over an algebraic
number field. Unlike other algorithms the efficiency of our method does not
depend on the irreducibility of the minimal polynomial modulo some prime.
The algorithm is based on a theorem on integral lattices and a lower bound
for the length of a polynomial having modulo pk a non-trivial common divisor
with the minimal polynomial. These theorems also enable us to formulate a

new algorithm for factoring polynomials over the integers.
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1. INTRODUCTION AND NOTATION

We present a new algofithm to factorize polynomials over an algebraic num-—
ber field. The algebraic number field is given as the field of rational num-
bers extended by a root of a prescribed minimal polynomial. Unlike other
algorithms the efficiency of our method does not depend on the irreducibili-
ty of the minimal polynomial modulo some prime.

A brief outline of our algorithm is as follows. First, we factorize
the polynomial to be factored over a large enough ring determined by a
prime power pk and an irreducible factor of the minimal polynomial modulo
pk, using for instance the well-known Berlekamp-Hensel technique. We then
construct a lattice such that the coefficients of the factors over the al-
gebraic number field are congruent,modulo this lattice, to the coefficients
of the factors over the ring. Using a theorem stating that these coefficients
in the algebraic number field are the shortest-length vectors with this
property, we are able to compute them, if a sufficiently orthogonal basis
of the lattice can be found. That such a basis can be effectively con-
structed is a result of H.W. LENSTRA [3].

From the same theorem it follows that an irreducible polynomial over
the integers with a given maximal length is uniquely determined by a factor
modulo pk, if k is sufficiently large. As a consequence we can compute this
irreducible polynomial as the shortest-length vector in a lattice defined
by pk and the factor modulo pk. This gives us a new algorithm to factorize
polynomials over the integers.

The result from [3] on the computation of a reduced basis of a lattice
is presented in Section 2, together with a number of elementary remarks
about lattices. In Section 3 we prove a theorem giving a lower bound for
the length of a polynomial having modulo pk a non-trivial common divisor
with an irreducible polynomial. As an application of this theorem we describe
the new algorithms for factorization of polynomials over the integers and
over algebraic number fields in Sections 4 and 5 respectively. The algorithm
from Section 5 has been implemented in Algol 68 on a CDC-Cyberrl70—750

computer; we include some machine examples with timings.

Throughout this paper we make no distinction between vectors and



polynomials;an (£+l)-d1mensmna1 vector v = (v .. ’Vg) corresponds to the
polynomial v(X) = iVO v.x* » where dv denotes the degree of the polynomlal
v (here dv = -1 if vi 0 for i = ,...:K, and dv = max{llvi#O} otherwise) .
Conversely a polynomial v(X) = 22___0 vin corresponds to an (£+1)-dimensional
vector v = (VO,...,vn,O,...,O) for all £ > n

If v = (VO,. ,vn) € Rp+l

, we denote by [v] the vector
w = (wo,. “sW ) e 7" l, such that w. is the integer nearest to v, for
i=0,...,0, and where halves are rounded upwards, e.g. [0.5] = 1, Fur-

thermore we put

vl = (77, vo) '/

the length of v,
Le(v) =v

the leading coefficient of v (with Le(v) = 0 if dv = - 1), and if v € ZZn+1,
cont(v) = ged (vo, .o ,Vn)

the content of v, and
pp(v) = v/cont(v) = (volcont(v),...,vn/cont(v))

the primitive part of v.

2. LATTICES

+1 . .
Let bO’ ...,bm e Z" be m+l linearly independent vectors for some positive

integer m. The Zattice L with basis bO""’bm is defined as L = Z?_O Zb..
This lattice is uniquely determined by the basis bO’ ...,bm; the converse

however is not true as is illustrated in Figure 1.



Figure 1. Two different bases generating the same lattice. b

T
: T 0 = (6,0) s
b11 = (2,1)" and b20 = (2,-2)", b2] (2,1)".

1

1
The determinant of a lattice is defined as d(L) = ldet((bi,bj)‘;l j-OHZ; its
,i=
value is independent of the choice of the basis of L. By the fundamental

domain of a basis b ..,bm we mean the set

0’°

{x e B! | 3c, e [-4,4), j = 0,...,m, such that x = 5‘“ c.b.}.
J J=0 7373
Clearly it is possible to determine for all X e ?[Rm-H a unique element x
in the fundamental domain, such that X and x are congruent modulo L.
Putting M = (bOI ...Ibm), the (m+1)x(m+1) matrix with bi’ i=0,...,m, as

columns, it is easily shown that x = X - M-[M_]';] (cf. Figure 2).



X ~ b]l qﬁ?f 2 b2]
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20

xz“

Figure 2. % = (4,07, x, = (-2,007, x, = (0,17,

Remark that the volume of the fundamental domain equals d(L).

In the sequel the quotient (n?=0"bj")/d(L) = OD((bO,...,bm)) = 0D
(where OD stands for Orthogonality Defect) will play an important role. By
Hadamard's inequality we know that OD is always 2 1; there is however not
an a priori upperbound for this quotient. The constructive proof of the fol-
lowing theorem from [3] provides us with an algorithm to construct a basis
bo,...,bm of an arbitrary lattice, such that OD((bO,...,bm)) is bounded

from above by a constant depending only on the dimension of the lattice.

THEOREM 1. (Reduction Algorithm)

For any choice of z e (0,4V3) we can reduce an arbitrary basis of an (m+l)-

m+1

dimensional lattice L to a basis byseeesb € Z of L satisfying

9 (m+1) °m
1< 0D((bys-nsby) < (fz ;‘) 4

Unfortunately there is till now no better bound on the degree of the po-
lynomial bounding the running time of the algorithm resulting from the

proof of this theorem than an exponential function of the dimension of the



lattice. For small dimensions (i.e. <10) however this appears to be no
serious drawback. In the sequel we put

(m+1) em

2
= C(z,m+1) = (4z ;l) 4
b4z

In practice the value for z doesn't matter too much; all our applications
of Theorem 1 resulted in bases satisfying OD < 2., There exist lattices how-
ever for which the orthogonality defect is bounded from below by an exponen-
tial function of the dimension [5].

In Section 4 we need a method to determine the shortest vector # 0 in
a given lattice. The algorithm given by DIETER [1] performs very well in
practice, if the dimension of the lattice is reasonably small. For higher
dimensions (i.e. 215) however the running time of this shortest vector al-
gorithm becomes prohibitively long.

In Section 5 we have to do with lattices containing only large vectors
# 0; we want to be able to construct a basis for such a lattice, such that
the fundamental domain of this basis contains a sphere about the origin
with a comparably large radius. That this is possible follows from Theorem

1 in combination with the following lemma.

LEMMA 1. Let L be an(m+1)~=dimensional lattice with bases bO""’bm’ and let
0 <B < min0<3< "b | . Then the fundamental domain of byseees b contains an

(m+1)-dimensional sphere about the origin with radius > B/(2-: OD), and all
vectors # 0 in L have length > B/OD.

PROOF. Define for i = 0,...,m the m-dimensional lattice L in the m-dimen-

. m
sional hyperplane Vi = 2j=0,j#i I{bj as L Fm_o J#l . Let di denote
the distance of Vi to Vi+bi, then clearly we have d1 = (L)/d(Li).

Hadamard's inequality we obtain

d(L,) < n?=0,j#i Ib. 1,

and therefore

d, > ﬂbiﬂ-d(L)/(ﬂ?=o Ib.1) > B/OD((Bys - +5b )



Let x = 2?=0 c;b; be such that Ixl < di/Z for i = 0,...,m. This implies that
c; < 1/2 for i = 0y...,m , so that x is contained in the fundamental domain
of bO""’bm . The fundamental domain therefore contains a sphere about the
origin with radius > B/(2-0D).

Suppose that there exists a non-zero v in L with lvl < B/OD. Then -v/2
and v/2 are both contained in the fundamental domain and congruent modulo

L, which is a contradiction. [

Now, if we know that all vectors # 0 in a lattice have length > B,
then we have a sphere with radius > B/(2-0D). Using Theorem 1, we get a
theoretical lowerbound B/(2:C) and, in most cases, a practical lowerbound
B/4 for the radius of the sphere contained in the fundamental domain of the
reduced basis of the lattice.

In Section 4 we will see that the following simple corollary of Lemma
1 provides us with an alternative way to calculate in certain cases the

shortest vector in a lattice.

COROLLARY 1. If there exists a vector # 0 with length < B in a lattice
with basis bo,...,bm, then there is a basis vector with length < B-0D.

PROOF. Suppose that bi > B+OD for i = 0,...,m. Then all vectors # 0 in L
have length > B-0OD/OD = B according to Lemma 1, which clearly gives a con-

tradiction. [

If we know that all vectors # 0, linearly independent of the shortest

vector v, have length > "v“-OD((bo,...,bm)), for some basis b bm’ then

EREE
the basis vector with length < llvll -OD equals * v.

3. A LOWER BOUND THEOREM

Let g € Z[X] be an arbitrary polynomial of degree n 2 1, and let
v, € (Z/p* Z) (X1, k = 1,2,..., with dv

Kk = Dy 2 1, where p is a prime.
Suppose that g and v, are relatively prime over Z, but that there exists



an integer n = 1 such that g and Vi have a monic common divisor of degree
at least n modulo pk, k=1,2,...

We want to be able to give a lower bound for the length of the poly-
nomials Vies i.e. we want to prove that for all B > 0 we can find an index
kO = ko(B) such that “vk" > B for all k > k. Furthermore, the proof has to
give us a way to compute ko = kO(B), given a value for B. We do this by
proving that
™

n
B sl Zav Y, k= 1,2, (%)

p

Clearly this suffices for what we want, because given a value for B, we

take

Ry M
= k,(B) = [£n(ligh “-1BI ) /(n-£n(p)) |,

k -
0
so that for k > ko we find
n n, 1
ken,1 2 I\—
v I > / P = {ygﬁ 5] \n1 -3
e Ty 2/ ny ) .
gl gl

Remark that from (%) it also follows that an irreducible polynomial over the
integers with a given maximal length is uniquely determined by a factor
modulo pk, if k is sufficiently large. Namely, let g and g,y be two unequal
irreducible polynomials with lengths < B for some B > 0. Then g, and gz'
cannot have a monic common divisor of degree n = 1 modulo pk for all k,
because this would imply that

k

. dg dg dg, tdg
SRR PN =2

g™ ' < B for k = 1,2,...,

which clearly is impossible. Therefore, g is uniquely determined by a
monic factor modulo pk, if k is sufficiently large. We use this observation
in Section 4.

We now formulate and proof our lower bound theorem.

THEOREM 2. Let £, and £, be two relatively prime polynomials in Z[X] with

k . .
n, =df 2n, =df, > 1. Let p be a prime power and n = 1 an integer such



that £, and £. have a monic common dunsor h of degree n, 1 < n< n,,

1
modulo p*. Then p*™™ < I£ I "2 )¢ ) sy

PROOF. Since gcd(fl,fz) = 1 over Z, we have that a-f + b-f2 =0 if and

db < n,. This implies that

only if a = b = 0, where a,b ¢ Z[X] and da < n,, dl r

the collection

I
.

b . i=0,...,n

i 172, 71

o2
]
Hh
»
H
1l

N, s.0.., 0,40, -1,

2’ 1 2

constitutes a basis of 1an(n +n ) —-dimensional lattice L contained in
ni+n
{Z+7Z X+...+7 X s } with d(L) ||f "2 ||f ! (Hadamard's inequality).

We define the (nl+n2)—dimensiona1 1att1ce L. as the lattice with the fol-

k
lowing basis:

b, = p<X* ,  i=0,...,n-1,

i-n
. X
i hk ?

o'
]

is= n,...,n1+n2—1.

It is clear that bO’ --,bnl+n2—l are linearly independent and that

d(Lk) =p n. Now remark that Lk equals the set of polynomials of degree
< nl+n2—l having hk as a factor modulo pk, so that L is a sublattice of L

Therefore d(Lk) < d(L), which proves the theorem. [J

ku

4, FACTORIZATION OF POLYNOMIALS OVER THE INTEGERS

Let f be a squarefree polynomial over Z. We present a method to de-
termine irreducible factors of f over Z, based on the results from the
previous sections. First let us recall the well-known Berlekamp-Hensel al-

gorithm to factorize f completely over Z.

Algorithm 1. (Complete factorization in Z [X])

- Determine the irreducible factorization of f over a ring Z/pk, Z, for

some prime p | ALc (£f)+Discr(f) and some sufficiently large integer k,

r
Le(£) -l'[i=1

H
i

k
hi mod p .



- For all subsets Sc{l1,2,...,r} test whether pp((llc(f)-ﬂi€S hi)mod pk) is a

factor of f over Z.

In practice this method performs very well, but since r, the number of
irreducible factors modulo p, can be as large as df, the number of trial
divisions in the second step can become exponential in the degree of f. This
is due to the fact that in order to determine a factor over Z , the right
combination of factors modulo pk has to be found. We present a method to
determine an irreducible factor of f over Z wusing only one factor of f over
some ring Z/pk Z.

Let hk € (Z/kaZ)EXJ be a monic irreducible polynomial of degree n
such that hk[f modulo pk. Clearly, if n = df then f is irreducible; there-
fore let n < df. If f is reducible over Z, there exists for some m 2 n an
irreducible polynomial g ¢ Z [X] of degree m, such that g|f over Z and hklg
modulo pk. Now suppose that this g of degree m exists. We will see how we
can construct g using only the factor hk modulo pk, if k is chosen suffi-
ciently large. First we define a lattice Lk’ such that g is contained in Lk'
We then prove that it is possible to choose k in such a way that g is the
shortest-length non-zero vector in Lk.

Define the (m+1)-dimensional lattice Lk generated by h, and pk as the

k
lattice with the following basis:

b. = p X, i=0,...,0-1,

b. =h X", 1i=n,...,m,

where the polynomials bi for i = 0,...,m are regarded as (m+1)-dimensional
vectors. Clearly bo,...,bm are linearly independent and d(Lk) = pk.n
(remember that hk is monic).

It is clear from this definition that L; equals the set of polynomials
of degree < m having h, as a factor modulo pk, and therefore g is contained

k
in L
Since g|f over Z, we know from MIGNOTTE [4] that, if g =§t?=0 giXI,

then

Igil s (T)’"f“’ i=0,...,m,



10
and therefore
gl < U 2aadt - /g - s,
If we take k such that
B <p (%)

then we know from Theorem 2 that every polynomial in Lk that is not an in-

tegral multiple of g, has length > B. Namely, for v ¢ L with gcd(g,vk) =1,

k
we have

Therefore g is the shortest-length vector # 0 in Lk’ and therefore g can be
determined by a shortest vector algorithm.

Several remarks can be made on the above method. Since the value of m
is unknown, it is possible to apply a shortest vector algorithm for
m = n, n+tl,...,df-1 to the (m+l)-dimensional lattice generated by hk and
pk, where k satisfies (*). If a vector is found with length < B, we test
whether or not this vector is a factor of f over Z; if there is no such
vector, we know from the above reasoning that the guess for m is wrong.
However, it is possible to choose for a given value of m a value for k, such
that every vector v # O with length < B, that might be found, will satisfy
ged(f,v) # 1. Furthermore g or some multiple of g will be determined as shor-
test vector, if the irreducible polynomial g with hklg modulo pk and glf
over ZZ has degree < m, This follows by the same reasoning as above. It is
therefore not necessary to guess the correct value for m; it is sufficient

to choose a large enough m, and to use a sufficiently large k.

Another interesting remark is that we can apply Theorem 1 and Corol-

lary 1 from Section 2. If we take k such that

ken

3

Bzum- C(z,m+1)m <p
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for some choice of z ¢ (0,4V3), then every polynomial in Lk that is not an
integral multiple of g has length > C+B (Theorem 2). Since Lk contains a
vector g # 0 with length < B, we can effectively construct a basis of L

containing a vector b # 0 with length < C+B, according to Theorem 1 andk
Corollary 1. Therefore b is an integral multiple of g, and because b is an
element of the basis of Lk’ we have b = g,

Experiments have shown that for small dimensions (i.e. <10) the running
times of Dieter's shortest vector algorithm and of the reduction algorithm
(Theorem 1) are almost equal. For larger dimensions however, the use of the
shortest vector algorithm is preferable.

What can we say about the practical importance of this new factoriza-
tion algorithm? Determination of a large degree irreducible factor requires
the application of a shortest vector algorithm (or of the reduction algo-
rithm) to a high-dimensional lattice; in Section 2 we have seen that it is
not advisable to use these algorithms in that case. Therefore this method
will in general not be very efficient.

On the other hand, suppose that we are given some polynomial f, and
that we want to know all irreducible factors of f of degree < m, for a cer-
tain value of m. First we compute the irreducible factorization of f modulo
pk for a prime p and a sufficiently large k (Berlekamp and quadratic Hensel).
If we use the old 'combine and try' method, like in Algorithm 1, to determine
the irreducible factors of degree < m, then the computing time will be ap-
proximately Q((gﬁ)m) in the worst case. The new method, however, is linear
in df; it takes at most df applications of a shortest vector algorithm to
an (m+1)-dimensional lattice. This implies that the new method is preferable
if df is large and m is small. There are other, similar examples where the
above algorithm is of some practical importance.

We conclude this section with an example. Let

8 6 5 4 3

£ = 96x° + 80X’ - 156x° - 58%° + 101X* - 39%° - 29%X% + 8% - 24.

Algorithm 1 will factorize f without problems into irreducible factors:

f = (12X4+10X3—9X2+8) '(8X4-7X2+X-3) .



12

We show how we can get a factor of f using only one factor over Z/pkz . For
instance, for p = 5 we find a factor X+2 over Z/5 Z . We take for the example
k = 10, so that we get a factor X - 515858 over Z/Sloz . The initial basis
of the 5-dimensional lattice generated by X - 515858 and 510 is given by:

510 ~515858 0 0 0

0 1 -515858 0 0
by =| © b, = of, b, 1], by = |-515858 |, b, = ol.

0 0 ] ~515858

0 0 0 0 ]

We apply the reduction algorithm from Theorem 1 to this basis and we obtain:

0 =24 19 =3 -5
23 5 12 1 -8
b0 =l 5 s b] 16 |, b2 =l 71, b3 =l =71, b4 = 13 N
=43 13 =2 0 -10
-3 =1 16 8 17

The shortest basis vector b3 is indeed a factor of f over Z . For p = 23,
we find the factor X2 + 9X + 9 of f modulo 23. Here we take k = 5, and the
factor modulo pk = 235 becomes X2 = 162095X + 1783475. For the example we
will have a look at the 6-dimensional lattice generated by

2
X" - 162095X + 1783475 and 235; the initial basis is given by:

23° o 1783475 0 0
0 23 -162095 1783475 0
by =| O |,b, =] 0 |,b, = I |sby =| =162095 |,b, = |1783475 |,
0 0 0 1 -162095
0 0 0 0 1
0 0 0 0 0
[ o
- 0
by = ol.
1783475
-162095

. 1
The reduced basis has the form:
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285 8 0 -296 296
327 0 -378 =40
b0 =| -197 ’bl ={=-9 |,b 0 b3 = s b4 154 269
186 10 -9 179 -8
-487 12 10 149 16
339 0 12 27 5
and we see that we have found two equally short basis vectors b1 and b2,

corresponding to a factor and a shifted factor of f respectively. In prac-
tice we modify the reduction algorithm in such a way that it stops as soon
as a short enough basis vector is found. Remark that we could have used al-

so a shortest vector algorithm.

5. FACTORIZATION OF POLYNOMIALS OVER ALGEBRAIC NUMBER FIELDS

Let Q(a) be an algebraic number field where o denotes a zero of a

monic irreducible polynomial F of degree m over ZZ. The efficiency of existing

methods to factorize polynomials over algebraic number fields strongly de-
pends on the behaviour of the minimal polynomial F modulo some prime p. If
a prime p can be found such that F is irreducible modulo p, and such that
a few other, more trivial, conditions are met, there are no problems. In
this case the algorithms are similar to algorithm 1 from Section 4; we will
not discuss this case here (see [6] and [7]).

It can occur however, that the minimal polynomial factorizes modulo p

for any prime p. This implies that the set

{Iflzl aiai l a; € ZIpZ, i = 0,...,m—1}
1=0

cannot be regarded as the finite field Fpm, which gives considerable
problems while factoring a polynomial f over @(a). WANG [6] solves these
problems by transforming the factorization of f over Q(a) into the fac-
torization over Z of a multivariate polynomial of much higher degree.
WEINBERGER and ROTHSCHILD [7] use the factorization of the minimal polyno-
mial modulo p to define a number of finite fields over which f is factored

using Berlekamp's methods. These factorizations of f are then combined
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using the Chinese Remainder Algorithm. If f has degree n and F has t fac-
tors modulo p, the worst case running time of this algorithm is Q(Zn.t).
We show that we can eliminate the use of the Chinese Remainder Algorithm
at the cost of one reduction of an m—-dimensional lattice. Besides the time
necessary for this lattice reduction, the term Q(Zn.t) in the running time
then reduces to Q(Zn). Although we know from Section 2 that the running time
of the reduction algorithm increases extremely fast with growing dimension,
it might be preferable to use it even for large dimensions, depending on
the values of n and t.

Let £ ¢ (Q(a))[X] be the squarefree monic polynomial to be factored over
Q(ax), and let H.k e (Z /pkz) [X] be a monic irreducible non-trivial factor
of the minimal polynomial F modulo pk, for some prime p [ Discr (F) and
k =1,2,.., such that H1 = Hk mod p for k = 1,2,... . We denote by a
of Hk for k= 1,2,... . The set

a zero

k

l—f a;o) | a, e Z[pZ 4, i = 0,...,_d_H1-l}
i=0

can be regarded as the finite field Fq, where q = péH]. Using Berlekamp's
algorithm for factorization of polynomials over finite fields, and the
quadratic Hensel construction to lift a factorization, we get the complete
factorization of f over wk(mq) for arbitrary k =2 1 in, say, r irreducible

factors, where

W (Fg) = { )

i k .
L a o | a; € Zlp Z, i = 0,...,9Hk-l}.

We use these r irreducible factors in (Wk(EA)) [X] to construct the irre-
ducible factors of f over Q(o).

Let g € (Q(a))[X] be one of the unknown irreducible factors of f over
Q (o). Without loss of generality we can assume that f and g are monic and
in (%-Zi[a])[x] for some integer D =2 1 (D can be effectively computed using
a method from [7]). For simplicity we take D = 1. From for instance
WEINBERGER and ROTHSCHILD [7] we know that, if g = %io ‘vixjL e (Z[aD[XT,
then there exists a constant B > 0, depending on f and F only, such that

HviH < B for i = 0,...,dg(here and in the sequel we regard coefficients in

7 [a] as polynomials in a). Of course, we can also use a heuristic bound on

lv.l (see [6]). Furthermore, there exists among the 2T factors of f modulo
i
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Hk and Pys which can be constructed (by multiplication over W (E‘ )), from
the r 1rreduc1b1e factors of f over (W (E‘))[X], some factor 8> such that
g, = 8 mod(Hk,p ) € (W (I‘)) [X] (remark that we make here no distinction
between o and o and that we regard Hk as a polynomial in o). We now
describe a mapping T from (Wk(Fq)) [X] to (Z [a])[X], such that T(gk) =g,
if k is chosen sufficiently large. It follows that we can determine the
complete factorization of f over Q(a) by trying for all 2r factors h of f
modulo Hk and pk whether or not t(h) |f over @(a).

Let v € Z[a] be the i-th coefficient of g, so dv < m, and let Vo be
the i-th coefficient of g, » for some ie {0,...,dg}. Then vl < B and
V=V mod(Hk,pk) Clearly, to define our mapping T, it sufflces to give a
method to construct v given B and v.. From v, = v mod(Hk P ) it follows

k k

that there exist polynomials W, and v, in Z [a] such that

k
v o= vy + wl-Hk +p Wos gwl = dv - gﬂk <Sm-1- gﬂk, ng < gﬂk.
gener-—

Therefore, v and v, are congruent modulo the m-dimensional lattice L

k
ated by Hk and pk (see Section 4).

Now suppose that we can determine a basis b .,bm_ of L such that

0°"° 1 k
the fundamental domain of this basis contains an m-dimensional sphere about

the origin with radius at least B. Together with lvl < B this would imply
that

-1
v=v - M-[M ~vk],

where M = (bol...lbm_l), because vk—M-[MTl-vk] is the unique element in
the fundamental domain of b.,...,b

0 congruent to v, modulo L, (see Sec-
tion 2).

m-1 k k

We now prove that we indeed can construct such a basis of Lk’ if k is
chosen sufficiently large. Choose a value for z € (0,3v3) and choose k such
that

IEI™ Y (2.¢ (z,m#1) -B)® < p Pk ()

Next apply Theorem 1 (the reduction algorithm) to L, to obtain a basis

k
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b «sb of L, satisfying

0°°""* "m-1 k

0D((bgs.+esb ) < C(z,m).
Let w # 0 be an arbitrary vector in Lk’ then gcd(F,w) = 1 over Z (remember
that gﬂk < m and that F is irreducible). Therefore Theorem 2 applies to F

and w, so that

e P Al T

Together with (%) this implies that lwl > 2.C-B. Clearly this lower bound
also holds for bj’ j=0,...,m1, so that application of Lemma 1 yields that

5ecssb
0 m
radius > 2+C+B/(2°0D) = B. This finishes our proof.

the fundamental domain of b -1 contains a sphere about the origin with

It is clear now how to define the mapping T from (Wk(Eﬁ)) [X] to
(Z [a0])[X]; just apply the above construction to each of the coefficients of
the polynomial in (Wk(Fq))[X].

Remark that the reduction algorithm from Theorem 1 has to be applied
only once to compute the matrix M. Therefore, the computation of M, and of
the first gﬂk columns of M_l, can be regarded as merely preprocessing.

In practice it is often possible to choose k considerably smaller than
the theoretical value given by (*). This is due to the fact that the radius
of the sphere contained in the fundamental domain of the reduced basis is
almost always much larger than its theoretical lower bound. Therefore it is
advisable to compute the orthogonality defect of the reduced basis of Lk for
=0;...,m—1"bj“/(2.0D) > B the guess for k is
correct, otherwise take a larger k. A reasonable guess is to take k such

that

a reasonable value of k; if minj

DB

This follows from the following observations. In practice the vectors of

the reduced basis bO""’bm-l of Lk will have approximately the same length.
The product of these lengths is bounded from below by d(Lk) = pk.il-Hk
(k+dH, ) /m

(Hadamard's inequality), so p is a reasonable lower bound for the
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length of b.,j = 0,...,m~1, Furthermore, we have seen in Section 2 that
the reduced basig often satisfies OD((bO,...,b _1)) < 2. Combining these:
bounds with Lemma 1 we obtain a sphere with radius p(k.gnk)/m/(Z-OD) =
p(k.éﬂk)/m/A. This radius is > B if k is chosen such that p(k.éﬂk)/m/4 > B.
Remark here and in (x) the trade off between gﬁk and k; a small degree fac-
tor of the minimal polynomial leads to a large value for k.

As an example we factorize a polynomial from Weinberger and Rothschild

using the lattice algorithm (LA). Let

6 4 3

F(T) =T +3T5+6T + T —3T2+12T+l6,

and let
3
f =X -3¢ (Ua))[XT,

where o denotes a zero of F. The minimal polynomial F has an irreducible

factor T3 + T2 - 2T + 3 modulo 7. For the example we take k = 8, and we

find a factor T3 - 1399040 T2 - 1399043 T - 4 of F modulo 78. Application
of Berlekamp's factorization algorithm and of the quadratic-Hensel construc-

tion yields

f = (X-23879470-2387948) « (X+2387948a+1) -

2

(X-a+2387947) modulo (u3—1399040a —1399043&—4,78).

The initial basis of the 6-dimensional lattice generated by

o> - 13990400% - 13990430 - 4 and 7° = 5764801 is given by

5764801 0 0 -4 0 0
0 5764801 0 -1399043 -4 0
0 0 5764801 -1399040 -1399043 -4
0 0 0 1 -1399040 -1399043
0 0 0 0 1 =-1399040
0 0 0 0 0 1
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Orthogonalization of this basis yields the following matrix:

1265 -1265 -1059 =-1265 0 - 103

479 =273 =547 683 2530 34

547 547 -137 -34 752 1641 o
-752  -2017 2359 =752 0  ~-171

—957  -205  -957 -1231 1265 205
~1299 -1299  -376 2051 =752 376

The highest power of o in the above factorization of f is one, so we have

to compute only the first two columns of the inverse of M:

2.5500 10°* 1.3065 107% %+ %«

~2.8466 104 -0.7112 107% « x =«
-1.8977 104 0.2996 107% « x x % -
~0.9487 107%  1.8977 107% x % x = )
-0.9487 10°%  3.2022 107% % o« % %

0.3556 10°%  -1.6011 10°% % = = =

Like Weinberger and Rothschild we use 12 as the denominator of the factors
of £ over (o). The factorization of f modulo a3 - 1399040(12 - 13990430 - 4

and 78 then becomes

f = (X+(1686410+168629) /12) +(X-(168629 -12)/12) «

(X-(120+168641) /12) .

Taking v, = 1686410 + 168629, we compute v = t(vk) by putting

k
ve=v o~ M- [M I'Vk]. This gives v = —aS - 3a4 - 6a3 - Saz + 30 - 12, and
X-(a+3a +6a3+5a2—3a+12)/12 is a factor of f over Q(a). In the same way we
get 1(1686290-12) = —2a5 - 4u4 - 8a3 + 2a2 - 8o - 28 and

T(12+168641) = as + a4 + 2a3 - 7a2 + 1lo + 16, so that the complete facto-

rization of f over Q(a) becomes
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f = (X-(a5+3a4+6a3+5a2—3a+12)/12)-

(X+ (02420 +ha a2 rha+14) /6) -

(X-(a5+a4+2a3-7a2

+11a+16)/12).

Experiments have shown that the LA performs very well in practice. As
we expected the use of this algorithm can be recommended, as long as the
degree of the minimal polynomial is not too large. We compared it with a
slightly modified (unpublished) version of the Weinberger-Rothschild algo-
rithm (WRA) in the following way. To apply the LA we first determine a small
prime p, such that the minimal polynomial F has an irreducible factor modulo
p of small degree (i.e. 1 or 2); such a prime can easily be found. In con-
trast, for the WRA we look for a small prime p, such that F is irreducible
modulo p. It is possible, however, that such a prime can not be found [2];
in that case we take p such that the number of irreducible factors of F
modulo p is small (and p | Discr(F)). If Fl',...,Ft, with dF, < dF, <...< dF

£y =
are the irreducible factors of F modulo pk, and f is the polynomial to be

t’

factored over Q(a), it is often possible to derive a partial factorization

of f modulo Fi and pk for i = 2,...,t, from the factorization of f modulo F

modulo Fi and pk

1
and pk. This is done by looking for a linear factor of F

for i = 2,...,t. This modification can decrease the running time of the WRA
considerably.

In the examples below we denote by "new time" and "old time" the time
taken by the LA and the time taken by this modified version of the WRA re-
spectively; they both include the time taken to determine the value for p.
Here we have to remark that we did not use the extremely large theoretical

values for k, but a reasonable heuristic one. Examples number 1 and 4 come

from Wang, numbers 8 and 9 come from a paper by KALTOFEN et al. [2].

EXAMPLES.

1) £ = X2 +X -1, az - 5=0,.
o=4 = 0 modulo 11: new time 50 msec,
irreducible modulo 3: ol1d time 124 msec.
factorization over Q(a):

(2X+o+1) ¢ (2X-0+1)
A
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47%8+21%°+598K%+156 1X°+1198X 2426 1X+47 ,a0° - a + 3 = 0.

2) £ = 47

o -1 = 0 modulo 3: new time 143 msec,
irreducible modulo 7: old time 676 msec.

factorization over Q(a):

(47X3=(1210-71) X 2= (1210+70) X=47) + (47X>+(121a-50) X 4+ (121a-191) X~47)
5200

N f=x-2 +2X-X-1,0> +a’ -2 -1=0.
o + 3 £ 0 modulo 13: new time 183 msec,
irreducible modulo 2: old time 844 msec.
factorization over {(a):
(xz—(a+1)x+a2+a—l)°(X2+(a2+a—2)X—a2+2)-(X2—(a2—1)X—a).

6
4) £ = 19%311 , oS+ 2=0.

az + 20 = 1 = 0 modulo 5: new time 431 msec,
irreducible modulo 7: old time 511 msec.

factorization over Q(a):

(4x2+20%+02) - (4X°-20%+a2) + (2X-0) - (2X+a)
&

5)f=X8-X7-X6+X4—X2+X-+l,aé—u+1=O.

a3 - az + a + 1 = 0 modulo 3: new time 1347 msec,

o + 1 = 0 modulo 3: new time 235 msec,
irreducible modulo 7: old time 2038 msec.
factorization over Q(o):

(X0 (340 24a) X0+ (2040 2-3) x4+ (a4 2024200 X3~ (20740 2-3) X2
-(a3+a2+a)x—1)-(X2+(a3+u2+u—l)X—l).

6)f=X5—X4—3X3+X2+2X—1,a5+a3—a2+a—1=0.

2

o +a -1 = 0 modulo 3: new time 352 msec,
a + 1 = 0 modulo 5: new time 292 msec,
irreducible modulo 2: old time 1152 msec.

factorization over Q(a): ty 3 9
(4 (@t +a?) 33+ (a3+a2-2)X

- (a -0 40 =-0+1)X —-a +1) (X—a4

-0 —l)
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7) £=%X2-3, o+ 302 +6a% + 0> - 3% + 120 + 16 = 0.
0 - 20-1z20 modulo 5: new time 564 msec,
2 factors modulo 7: old time 814 msec.
factorization over Q(o):

(12X-0°-30" ~60°-50 “+30-12) + (6X+a"+20" +ha" -0 “+ha+14) « (12X-a =0 ~20+76 = 11a-16) .
864

8) £ = X6 + 9X5 + 36X4 + 77X3 + 9OX2 + 63X + 31,

a6 + 3a5 + 6cx4 + 3a3 + 9 + 9 = 0.

uz - o + 2 = 0 modulo 5: new time 1191 msec,
2 factors modulo 7: old time 2789 msec.
factorization over @(a):

(X5+(a+8)X4+(a2+7a+28)X3+(a3+6a2+21a+49)X2+(a4+5a3+15a2+28a+41)X +

a5+4a4+10a3+13a2+]3a+22)-(X—a+1).
9) £ = X7 + 9x° + 36X/ + 69X° + 36X° - 99%* - 303X° - 450X - 342X - 226,
ag - 150L6 - 87a3 - 125 =20
a3 - o+ 2 =0 modulo 7: new time 2316 msec,
3 factors modulo 7: old time 59183 msec,

factorization over Q(o):

(XO+650+1 587+ (03+5) o+ (365-30) X 2+ (30°-39) X+0. 0= 1405-101) « (X 2+ (0+2) X+a 2+0+1) -

(X=-a+1).
10) £ = X8 - 2X7 + X6 + 3X5 - 4X4 + X3 + 2X2 - 2X + 1,
a8 - 2a7 + 3a6 - 3a5 + a4 + 1 =0.

0 modulo 7: new time 2011 msec,

i

a3 + az - 20 -3
irreducible modulo 5: old time 6295 msec.
factorization over 0(a):
(X7—(a7—2a6+2a5—2a4+a2+2)X6+(a7—3u6+4a5—4a4+a3+2a2—2a+l)X5 -

(us—a4+a2-3a-l)X4—(u7—3a6+3a5—4u4+2a3+a+2)X3+(a7-3a6+5a5—6a4+3u2—2a+l)X2

—(a7—2a6+4a5—4a4+2a3—2a)X+a5—a4+a3—a)-(X+a7-2u6+2a5-2a4+a2).
The new algorithm is on the average more than two times as fast as the WRA,
even in the case that the minimal polynomial is irreducible modulo some

small prime. This is due to the fact that the costs of elementary operations
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like +,-,* and of the algorithms for factorization of polynomials over finite
fields (Berlekamp, Rabin) grow rapidly with the size of the field. In the

LA we choose the prime in such a way that we only have to do with small
finite fields; in the WRA we have either a number (>1) of (small) finite

fields, or we have one large finite field.

In Section 4 we used a shortest vector algorithm to determine factors
over Z; here we use a shortest congruent algorithm to determine coeffi-
cients of factors over Q (o). Notice however, that factors in (Q(a))[X]
can also be found using a shortest vector algorithm. We illustrate this

2

with an example. Let H(T) = T  + tlT + t0 be an irreducible factor of F(T)
2

modulo pk, with dF = 4. Furthermore, let h(X) = X" + (xlla+xlo)X + x01a+x00
be an irreducible factor of f modulo H(a) and p . Suppose that f has over
Q(a) an irreducible factor of degree 3 with divisor h(X) modulo H(a) and pk.
This factor ¢an then be determined as the shortest vector in the following

lattice, if k is chosen sufficiently large:

( x

po 0O t. 00 - = =0 x. 0 0= = 0 )

0 . Pt : : *01 %00 | :

I 7o R 1 £ | 0 X5 | '

| .1 0---00 0 : 00

k ]
N
I P% % o © ' Yoo
I NP R % *logy ) Tol
AN

( Ll go X0 ;0
~N_ 10 0 0 00

|

l N \1 0 tO 0 X0

I \~\\1 tl t0 xll

1 t, 0
| A :
( . 1 0
\\
0 — — — — . _ _ __ __ __%0o1 |
_ .

If n is the degree of the factor we are looking for, then n<dF + 1 is the
dimension of this lattice ((n+1)+dF if we are looking for a non-monic

factor). Clearly this method is rather impractical if n or dF is large.
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Throughout Section 5 we have restricted ourselves to univariate poly-
nomials ; remark that the lattice approach equally well applies to the mul-

tivariate case (see for instance WANG [6]).
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