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1. Introduction.
In this report we give the asymptotic expansion for
small positive values of t of the integral

[~
I(t,x) = -% J/rf(tgu) g(x,u) du, (1.1)
0
where 5.
£lt,u) = (1 - e t).u"2

and
g(x,u) = {J1(u).YO(xu) —Y1(u),JO(XU)'}{Jﬁ(u)+Y$(u)}"1,
we restrict ourselves to the cases x3» 1 and x = 1.

The asymptotic expansion will be derived in two different
manners and the answers will be compared. Then it is possible
to prove that special integrals connected with Bessel functior-~
are equal to zero.

In Chapter I the case x> 1 is treated} while in Chapter

IT we treat x = 1.




D
CHARTER I
2. The asymptotic expansion.

The integral I(t,x) is the solution of the partial differential
equation

2 ‘\.b
T, TNI BT L
S TxER ToE 7O (2.1)

satisfying the boundary conditions:

for x ) 1 and t=0 the function I vanishes;

for t >0 and x=1 the derivative%g%

for x-»eothe function I vanishés.

equals one;

The Laplace transformation is applied on the differential eguation

(2.1) and gives, 1f I™ denotes the Laplace transformation of I the
ordinary differential equation

2
d°1* , 1 4ar* . |
o2 TEax - Pr=0 (2.2)

and the boundary conditions:

- ar* _ -1,
for x=1 we have gz =P

for x=eowe have I* = 0.

The solution satisfying (2.2) and the boundary conditions is

I%= p'a/g.Ko(xpjﬁ)» {Ké (p%)} -,

where KO is the imaginary Bessel function of the second kind and the
accent means differentiation with respect to the argument.

If we app1y4the Mellin-transformation, we find the function
I(t,x) given in (1.1).

At the other hand it is possible to expand I” for large positive
values of p and by transforming back we get the asymptotic expansion.

For large positive values of p we have

1

I*= x'%.e—<x'1)pﬁk{p—3/2—8-1(3+x_1)D_2+3,2°7(11+2x'1+3x'2)°p~5/2+

+ O(p’B)f

And for small positive values of t we obtain the result

2
5 o~V /Ut Igt?{z §32+22X’1 L5/2 33x4+228x3+1758x2—108x+9 c7/2,

T=—g—— 1 2 2.6

T2 x° y 2Xy 16x%y
+0(s9/2) | (2.3)
where y= x-1.

The reader remarks that for small positive values of t the
funetion I t,x) vanishes exponentially.
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"3, Another derivation of the asymptotic expansion,

The method shown in theorem 5 of MR 11 of the Computation Depart-
ment of the Mathematical Centre can be used for the derivation of the

asymptotic expansion of I(t,x) for small positive values of t.
The funetion f(t,u) possesses for small values of qu the ex-

pansion

£lt,u) = S bty (3.1)

n=0 n
with b = (-1)" {(n+1)z} -
and the function g(x,u) possesses an asymptotie expansion for large

positive values of u:

-2 -l
g(x,u) = cos yu {ao +aut o+t oL } +

+ s8in yu 461111"1 + aBU"3 + asu‘5 e i H

here the coefficients a; are defined by

a, x"2
a,= E"B.X'B/E(Bx + 1)
! -7 =5/2
a = -2 (33x + 6x + 9)
2 10 _7/2 3
8= -2 (2Lox” + 33x + 27x + 75)
ay= 2 15, ‘9/2(9963x4 + 996x° + 594x° + 900x + 3675)
ag= 2" 8, 11/2(116379x5+13113x4+1m82;; +350%%+11025%+59535)

Now we use the method of Theorem 5 of MR 11 (loe.cit,.):

We write o
EaO 2bo
I(t,x) = = £{t,u) cos yu du + ~ J/{g(x,u) - a,e0s yu}du
0
+ I1(t,x) (3.2)
where >

I1(t,x) =,% }/{f(tyu) - bot} {g(x,u) - 8408 yu} du,

0
Now we consider the firstllntegral occurring in the righthand
side of (3.2). Putting v = u t2 we find

o
1
£(t,u) cos yu du = % t2 ///_~_§__ CO%ﬁ v dv

-0

L
where/q = y.t ¢, For small positive values of t the parameter/ﬁ is
large positive. The function

is analytic for each value of v (-« ( v{ eo ) and, therefore, each
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integral of the form
« 2

//’1—eéi'eiﬁ‘7dv
/. v
is asymptotically zero; 1)
So we have &0
f(t,u) cos y udun~o0

0
for small positive values of t.
Next we treat I (t.x) by the same procedure

2a
I, (t.x) = J//{f t,u) - b ﬁf siny U gy

—

l

TC
2a
2 , BOS ¥V U
+ o {f(t}u) - botf —-a?~— du
op, 9 ~
2 2 : ) ad Z
+ ﬁﬁ;-t j/ u g;(xgu) du + Ig(t,x); (3.3)
0
where @0
* 2 *
Ig(t,x) = = '// fe(t,u) gg(x,u) du
O /s
with
£.(t,u) = £(t,u) - bt - b, tou°
2V’ ? 0 1
and . a, a,
gg(x,u) = g(x,u) - 8,008 ¥ U - = sin y u -~ —5 cos y u.
u

The first two integrals of equation (3.3) are asymptotically
equal to zero as can be shown in a simlilar manner as above,

=0

Writing og
* sin y u
Ig(t,x) = 1ﬁ2’ J//fg(t,u). ——~a%—~ du + I, (t,x)
0
we find that I;(t,x) is asymptotically equal to Ig(tﬁx) and
[~ v}
2 .2 2
Ig(t,x) ==t /// fz(v). u .gz(x,u) du
0
with _
1-e -bpov T -byv
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The function uggz(x)u) can be integrated absolutely, while The func-
tion f2(v) possesses maximum M independent of t. ’
Therefore we can conclude that Ig(t,x) is of the order tQ, Using
the procedure described above azain we obtain

<o

2bo :
I(t,x) = —— {g(x,u) - 85 €08 ¥ u} du by
fo ]
L
+ = .// u” g5(x,u) du
3 0 e
2b, T
2 by
+ == /// u gB(A,u) du
0
+ R(t) + Ix(t.x) (3.4)

3

where a)
gg(XJU) = gg(x,u) - ;K cos A u

X ag
g-(x,u) = g-(x,u) - sin A u

£5(tu) = £p(t,u) - b2t3u4
IB(t,x) = j/'fB(t,u).g3(x,u) du
D

and the function R{t) is asymptotically equal to zero. Furthermore
we can show that IB(t,x) is of the order t3. Using this procedure
again and again we obtain an ordinary asymptotic expansion of I(t,x)
for small positive values of t.
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4. Comparison, .
In this section we compare the two asymptotle expansions obtailned,
Section 2 gives that for small positive values of t the function
~ I(t,x) is asymptotically zero, Section.3 gives an asymptotic expansion
of the form (3.4); that means this expansion has to be asymptotically
zero and therefore, for x>1 holds

j//{g(xju) - a, cos yu} du = 0, (4.1)
0 -
«// e gglx,u) du = 0, (4,2)
O [e0]

b o
J// u gﬁ(xsu) du = 0, (4.3)
0

ete,
It seems that I(t,x) i1s the generating funetion of the eocefficients
- mentioned in the relations (4.1), (4.2), {4.3) ete., and all these
integralrepresentations have to vanish,
S50 iIn general we will find

@]

& / UQK ﬁg(xyu) _ Z an'u_gk c0os yu - ZO ang .U.“{EK+1 )Sin yu%duao
0

a rather astonishing result.
The relations (4.1) and (4.2) were eheecked numerieally for the
values x=1.2, x=1.4 and x=2,
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CHAPTER II

X = 1

5. The asymptotic expansion of I(t,1),
result is that for small positive values of t we have:
(5.1)

We can use the same method of section 2 of Chapter Z asnd the

L
I(6,1) = 20 t% - 3o + 1 £3/2 4 o(t?)
(’2 27{'2
Furthermore we remark that

2
g(13u) = 7 5
IS EIRRCIN
a function that can be expanded asymptotiecally for large positive

—

values of u, A few terms are
4+ 2 & @

1 - 3,8"1.1,1'2 + 63.2"7.u'

For the rest of this Chapter we write g(u) in stead of g(1,u).
Theorem 5 of MR 11 (loc.cit,) gives that there exists amy s8symptotic

2

expansion for small positive values of t of the form:
du + = ¢
e

-%« £(t,u) {g(u) - 1% du -
- o / w2 {f(tﬁu) _ t} du + 0(t2) (5.2)
0

We can evaluete all these integrals.

6. Evaluation of integrals.

This relation can be checked in another way.
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We know (See Watson:A Treatise of the Theory of Bessel functions

p. 76) that
2 @ (2,52 (2)) = - b1.6e2)7",

e e

H§2)(z) H(1) (z) 'EZ[& + Y )} n

Therefore we find by integration of this relation

(2) N
: ™/ (u) ]
Oj -1 du:Nlln;[{~%—i-1nH1,’ (u)—u} =-—§—.

It is possible to prove other properties of g(u).




