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Une theorie formelle de la transformation 
00 00 

c.~ Vs xs , .. ., Cs Vs X·~ + 
S=O 

00 

<l>m (x) , .... Cm+B X·~ 

s=O 

a) 

b) 

est donnee. Les cas ou la f onction 4>0 (x) satisfait une equation diff eren­
tielle lineaire en x et ou les quantites v8 satisfont une relation recurrente 
lineaire en s, sont traites en details. Des exemples numeriques sont 
donnes. 

A formal theory of the transf orU1:ation 

'\Vhere 
a) 
b) 

is given. The cases in which the function 4>0 (x) satisfies a linear diff e­
rential eqt1ation i•n x and in which the quantities u8 satisfy a linear 
recurrence relation in · s are treated in detail. Numerical examples are 

,,., . 
given. 

Gegeben ist eine formale Theorie des Transformations : 

WO 
a) 
b) 

Die Fa.Ile, wo die Funktion <[>0(x) eine lineare Diff erentialgleichung in x 
erffillt und wo die Quantitate,n v 8 eine lineare Rekurrenzbeziehung in s 
erfiillen, werden ausfiihrlich abgehandelt. Numerische Beispiele sind 
beigegeben. 

* Communication MR 39 of the Computation Department of the Mathema­
tical Centre, Amsterdam~ ' ., 
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ABTOp AaeT qlOpM31IhHyro TeopHIO npeo6pameHH51 
a) 

rAe 6) 
J]eTaJibHO H3yqaJOTC51 Te cnyqae: eCJIH qlYHKIJ,HS1 <Po (x) 51BJIS1eTCSI peweHHeM 
JIHHeHHOro )l.HcptpepeHU.HaJibHOrO ypaBHeHI-151 H ecnu Vs YAOBJieTBOp51eT B03BpaTHOH 
JIHHeiiHou 3aBHCHMOCTH a s. AaTop AaeT qHc11eHHh1e npHMeph1. . 

I. Introduction. 

1-1. This paper -concerns itself with a method, having a wide 
range of application, for improving the perf orm.ance of series 
whi-ch are numericallly slowly convergent. A number of techniques 
have been developed for this purpose (particularly powerful among 
these being ·th,e us•e of the converging factor [ 1]) hut most of these 
assu111e that the terms un(x) of the series 

00 

(1-1-1) 
n O 

satisfy a linear difference equation in n [2], or that the ratio 
un+ 1 (x) I u,,,,(x) may easily be developed ais a Laurent series in n [ 3], 
or that S(x) satisfies a linear diff•erential equation [2]. 

The behaviour of most macros,copic physical ph•enomena may 
be described by partial differential eqnatio.ns or systems of such 
equations. The solution to any 1such equation in which interest is 
being taken may often be developed as a series expansion, but 
series of this type do not usually satisfy the requirements of the 
techniqu.es for improving convergence mentioned above. 

For the success of the method to he described however it is 
merely necessary that (the numericall behaviour of the terms in the 
seri·es to be compu,ted ,should be similar, in a se·nse later to be 
described, to that of those in a series whose sum iJS known and 
whose behaviour may be easily be investigated. 

Before proceeding to a description of the method it is sta•ted 
that the term slowly convergent, as it is used generally in Nume­
rical Analysi.s and as it will be unde11stood here, i·s an euphemism 
implying a variety of computational misfortunes, among .these. 

a) straightforward slow convergence as occurs for example 
with the series 

ab a(a+l) b(b+l) 
2F 1(a, b; c; x) = 1 +--x +--------x2 + ... 

c 1 ! c(c+ 1) 2 ! 
(1-1-2) 

when x iis slightly less than unity; ,,e, 
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b) s·traightforward divergence, as occurs with (1-1-2) when 
1xl>>l; 

c) exce·ssive cancellation, as occurs for exan1ple with ascending 
series of the form 

1 
l 

( I !)2 

and X 

i 

4 

x2 

I x2 3 

4 + ... 
(1-1-3) 

exp(-x) = 1 - -- + -- - -- + ... (1-1-4) 

with large argument; 

d) delayed -convergence, 

1 x'J. 

and 

1 ! 2 ! 3 ! 

• 

as occurs for 

4 

X x2 

example 
j 

with the series 
x2 2 

4 + ... 
(1-1-5) 

exp(x) = 1 + -- + -- + -- + ... 
1 ! 2 ! 3 ! 

(1-1-6) 

wi·th large argument. 

e) Series which are asymptotically convergent and yield a 
limited, and often inadequate, amount of information about the 
function with which ithey are associated. An example of such a 

• • series 1s 1 ! 2 ! 3 ! 
- zezEi(-z) , ., 1 - -- + -- - -- + ... (1-1-7) 

z z2 z3 

The method ·to be described meets with success in all the·se cases. 

2. The Eu.ler-Gudermann Transformation [ 4]. 

2-1. The transformation to be u1sed is simply the following : 

Theorem 1 
If 

then 

0(x) , .. _. 

. ' 

h 

(2-1-1) 

h 

(2-1-2) 

(2-1-3) 
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If h is infinit,e and any of the series (2-1-1), (2-1-2) or (2-1-3) 
diverges then the sign ,- , is taken to indicate formal equivalence. 
If h is finite .the result is exact. A discu•ssion of the circums·tancies 
under which the series (2-1-3) converges and of the function 8(x) 
which it then defines will be given in a later section. 

An operational demonstration of the result (2-1-3) proceeds as 
follows : 

If 
and 
then 

It 

s--0 

h 

r = 1, 2, ... 

4>(xE)v0 

(2-1-4) 

This resul·t includes the generalised Euler transformation 
00 00 

I X s 

t+x 
(2-1-5) 

and the well known transformation · 

oo_ (-X)8 

s t 

00 

s=O s=O 

(2-1-6) 

2-2. Delayed Application. 

It is a matter . of numerical experience that it is frequently 
advantageous to delay the point of application of the Euler tran.s­
f ormation. This is also so in the case of .the transformation (2-1-3). 
Accordingly (2-1-3) is generalised to the form 

111-1 

h>1n (2-2-1) 
s=O 
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where 

and 

U
(s) 
,n 

x111+s (J>;~> (x) 

s t 

/1-m 

s=O 

(2-2-2) 

(2-2-3) 

(The result (2-1-3) thus corresponds to (2-2-1) with m = 0). 

f . (~) 0 (< ►) If the unction llo s = , 1, ... and l.l1i, m = 0, 1, ... have 
been computed, a sin1ple recursion system serves to provide the 

f11rther functions u~ m,s = 1, 2, ... 
For 

accordingly 

or 

xm+~ <}>~) (x) 

.~ I 

that is 

s t 

m(s-1) ( ) 
S '¼'1n+1 .. re 

(2-2-4) 

(2-2-5) 

(2-2-6) 

(2-2-7) 

For the purposes of display the fo-llowing array (the 0 -array) 
may be constructed. It gives the various partial sums of (2-2-1) 

,, ~,, 

which may be constructed when the quantities V8 s · 0, 1, ... , m 
• are given. 

0 

• 
• 

• 
• ---4 • 

. 'EU V ,t + ~ Js) ~1,V 
S•O S £ .S•• I; . Iii 

• 
• 
• 

• 
• 
• 
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2-3. ·General Form:s. 

It is a consequence of equation (2-2-7) and the relation 
A8 Vm = A8- 1Vm+1 -As:-.lvm (2-3-1) 

that 

U~+\> ~s-1 Dm+l + U~+t .6:'! Dm 

(2-3-2) 

The quantities occurring in equation (2-3-2) may be placed in the 
following lozenge 

(S--1) .S-i 
.6v "' (s) twl♦'1 "" Lttt1 $ 

,, ... ◄) J _,,,, V 
ht 

v111+-c ~ hl+.4 ....... 

when equation (2-3-2) merely asserts that the sum of the quanti·ties 
occurring along the upper edges of the lozenge is equal to that 
along the lower edges. Pla-cing a number of such lozenges in conti­
guity the fallowing diagram is arrived at 

_,.. 0 (•l· 
--.,. L,(o Vo ~ (<) 

U,CI 

o c.c) V. '"' Ct) 
-a.. ~u. V ..- ~) _,.,,#'" &.t:-1 u. 

u.. .. A,..:, ~ 
(4) ~~ (t) 

I c•> ;a • 
~ ~u..vx'....J• ._._1 : 

,ScO s J J 3 • 

• • 
• 

• • 
• 

• 
• 
• 

'-... (1) ... u. s 
•+◄ 4v 

W.O) '-'+◄ 
_..tr' 111 ♦2 

' 

"" "'(s) ' $ 

-•• Av u.'ll hl+L 
,, ..... 
• • 
• 

• 
0 

• 
• 
• 

Assuming ·that either u ~:t' m = 0, 1, ... or !!.8 Vm 111 = 0, 1, ... are 
consistently zero for s > s (so that al1I terms in the Euler-1Gudermann 
series vanish afiter s = s) then repeated application of the result 
(2-3-2) shows that the sum o,f the terms encoun,tered along any 
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path fron1 left to right in the above diagra1n is invariant with 
respect to th•e path chosen. (ThiJs is of course a well known property 
of all finite ,diff ere·nce formulae. In a la·ter section transformations 
will be developed in which <b0(x) is a factorial 1series and not a 
power series. Relationship (2-3-2) sti111 obtains, though its a priori 
method of derivation is different.) 

A number of different forms of the Euler-Gudern1ann transf or-
• 

n1ation 1nay be therefore be giv•en, among them the Gau1s,s-forward 
form 

m-1 

(~ ( .T) ,•1o• Cs Vs X 8 (1) A + (2) A~ + (3) 
U1n L-l V,n llm u ... Vm-1 Um-1 a3 Vm-t •.. 

s 0 

(2r) A 2r + u<2r+1) ,\ 21·+1 V + 
• • • U 111-r+ 1 u V1n-r m-r u. 1n-r • • • (2-3-3) 

the ·Gauss-backward form 

m::;t 

(~) (X) : ·' Cs Vs X 8 + U~) Vm + U~J- il Vm-·1 + U~~I t ~i Vrri-t + zz!~)-1 a 3 llm-2 

s=O 

and the mean of these, the Stirling form : 

ni-t 

E) (.r) . •. C~ V 8 X 8 

s 0 

+ (~) ~3 + lln1-1 tJ. o Vm ·•• 
2 

• 

i 
+ 2 

~2r V + U(r+1) 
0 lll m-r 

(2-3-4) 

(2-3-5) 

This latter .form is of use when the quantities Vr are one~signed and 
reach a turning point when r = s. The odd order differences change 
sign along a horizontal line -through this point and th•e mean central 
differences o,f odd order therefore tend to be relatively ,small along 
thi•s 1line, in th1s instance one may expect the numerical convergence 
of the series ·(2-3-5) to be rapid. This i1dea has been applied to the 
Euler tran:sf ormatio·n in [ 5] . 

2-4. Recursions for the quantities zz ~~) 

The transformation (2-2-1) rel.ates to a quite general class of 
functions cilm(X) and requires only that a reasonable number of 

quantities t1>~1(x) may easily be derived. Clearly it is a matter of 
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satisfies a linear differential equation of the form 

t 

lt=(I 

(2-4-1) 

in which the .. polynomial p~ (x) is of degree n* and f 0 (x) is a poly­
nomial of degree k. r-fold differentiation of equation (2-4-1) yield1s, 
when r L k, a sy·stem of linear inhomogeneous recursions betwee·n 
the quantities {I)~,· (x), whilst if r > k and max (n * - n) = h a 
system of linear homogeneous recursions between the quanti·ties 
,fl tl (·x) , of order t + h, is established. The recursions for the 

t •t• IS) qu,an 1 1es llo f ollovi..r from use of the formula 

s = 0, 1, ... (2-4-2) 

The qt1antities u !~1 m = 1, 2, ... are of course constructed by 
t1se of the recursion 

m = 1, 2, ... (2-1-3) 

Use of (2-2-7) ,then enables the whole of the u -- array to be 
constr11c·ted. 

It iis also a consequ,ence of equation (2-4-1) that the quantities 

11 ~> m = 1, 2, ... should satisfy a system of linear recl1rsions in s, 
which may be t1sed if desired as a check. For substituting 

in (2-4-1), there follows 

t 

tl=II 

m-t 

S=O 
(2-4-4) 

(2-4-5) 

where the polynon1ial f m(x) is also of degree k. By use of Liebni,tz' 
theorem equation (2-4-5) may be written 

t 

(2-4-6) 

where 
i=l-n 

11+j 
• 

J 
0 

Pn+i (x)xt im(m - 1) ... (m - j + 1) 
' 

(2-4-7) 
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A system of recursions for the quanti·ties 
up as in the case o·f the quantiti-es u~> . 

U 
(s) 
lTI may now be built 

Example: 

An example which illustrates the preceding theory and which 
\Vill be invoked in later sections, is provided by the series 

.Po(X) = PF q(U1,Cl2, ... , ap; ()1,()2, ..• , Qq ;x) (2-4-8) 
Here 

(~) 
\A..o 

r ( ~ + .S) r ( cl + S). . . . r ( ~ + i) r( -1) r ( I).... . r ) XS 
~-___;;,. ..... ---X 

(2. 4. 9) 

where 
k = max( q, p - 1) 

the fundamental series satisfies the differential equation 

~(~+Q1-l) ... (&+Qq--l)-x(&+a1) ••• (~+ap) y = 0 

d 
,vhere &=x--

dx 

(2-4-10) 

f ro1n which a recursion sys•tem, involving the further functions 

Ll~
81 

, may be constructed. 

Furthermore 

• 

tn • -'t, 2,.... ; .s = o, -1, ••.. , k+..-1 (2 .4.~) 

and the series .Pm(x) sat1sfi.es the differential equation 

&(& + Q1-l) ( & + Q2-l) ... ( & + Qq-1) ( c> + m )-x( & + a1) (& + a2) ••• 

(&+ap)(&+l) y = 0 (2-4-12) 

from which a further recursion system involving the quantities 

u;~) s = k + 2, k + 3, ... may be constructed. 
{(>) 0 The recursion system b,etw-een the function,s · Utn m = , 1, ... is 

simply 
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•• - 111♦4--- I""-'- - - -....- -- ------- --- -- --"!~ ~ --

M ■ 014 ,..... (2. 4.-S3) 

Remark: 

It will be observed in the previous example that the r-ect1rision 

for u~~> m = 1, 2, ... i·s in general slightly n1ore co-mplicated than 

that for u~s>. If, however, some a 8 in (2-4-8) is unity (this is the 
case for example when the fundamental serie.s i.s an Incomplete 
Beta Function, or an Incomplete 1Gamma Function with as-cending 

(~I or descending powers of the argument), the recursion for u m 

is obtained from that for u ~-:) merely by adding m to all the 
remaining parameters a8 and Q8 -

Summation Che·oks : 

The formation of the quantities u ~ may be checked by use 
of the resultis 

or 

n 

or, if the 
rapidity 

00 

Is) .. 
Um p·" 

s--o 

00 

C ( -•)n m+n+s+1 J. 
n + s 

s 

quanti:ties u~ decrease • m1agnitude In 

00 

( t )·~ z,~, CmXm 

s 0 

with 

Two further checks, bas•ed on relation (2-2-7) are 

I.A,(•) - IA.,., 
"' -•r 

~-.( (.1+1') 

.o 

I' 
~ u,(•-◄) 
h•◄ hl+h - . 

L,.&.; +Ur + -""' hi+◄ tft ♦ .f l.•O hi+ -f 

(2-4-14) 

(2-4-15) 

sufficient 

(2-4-16) 
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2-5. Recursions for the qu.antities A8 vm 

If the quantities vm satisfy a linear recursion of the f orn1 
l-1. 

n = 0, 1, ... (2-5-1) 
0 

where ~,.(n) r = 0, 1, ... , k is a polynomial inn of degree -r, a number 
of further recursion systems may be derived. 

Using the result that 
t=s 

8,.8p(n)q(n) = (2-5-2) 
t=o 

it follows, by applying the operator 8.8 to equation (2-5-1), that 
k t=s 

(2-5-3) 

which involves, and may be used to check the formation of, the 
-

block of differences A8Vn+r, 6,_s-Ivn+r, •.. , 11s-rvn+r, r = 0, 1, ... , k. 

A recursion formula involving a vertical line of differences, 
which is perhaps •easier to apply, may be derived as fallows~ Suppose 

--
that max(F = F, so that 6,_s-rvn+r is the lowest order difference 
in the double sum (2-5-3) withourt a zero coefficient. Then, by use 
of the result 

s-J1-t' 
A v,...,. 

(2. 5'. 3) Meoh'lu: 

f. 
J 

k t' • .- .s-ir ... t' t--~ ~ 
ll n+s-r+t' V ,..0 t'.o S- ~ + t' ,. 

h.i-JI' 

t.F ·.t' t' - =-f-t' . -, .s t' s-l" 
a:: '-~ V • • rao t'-• !.-F+8 j•O ' ll-tr'+l 

=0 (2.5.5") 

a recursion involving the line of differences ~s-rvn+r r ·· 0, 1, ... 

A further recursion which relate·s to a diagonal line of diff e-

rences, ~zvn l = s - o, s - o + 1, ... 
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111ay also be derived from equation (2-5-3). Using the relation 
,. 

r 
• 
l (2-5-6) 

the recursio-n (2-5-3) becomes 
• 
1 1' 

Ir 
{\ . tlt+iv_ = 0 l ~· 

t =t, i=O 

s 
t (2-5-7) 

which again may be us-ed to check the formation of the quantities 
L\8 Vn+r, or to provide a method for prolonging the computartion 
of the quantities tJ._svm alt-ernative to differenci,ng the. quanti1ties Dr. 

In the following sections a number of examples will be given 
which indicate how the Euler-Gudermann transformation copes with 
the different types of ·slow convergen-ce described in the intro-
duction. 

3. 1'he Case in which the Fundamental Series is a Hypergeoinetric 
Series. 

3-1. 'The se1"ies now being considered are of the form 
ab a(a+l)b(b+l) 

8(x) ,..,, v0 +--xv1 +------x2 v2 + ... (3-1-1) 
1 !c 2!c(c+l) 

where the fundamental ser.ies 
ab 

(3-1-2) 
1 !c 2 !c(c+ 1) 

satisfies the differential equation 
x(l - x)y'' + c - (a + b + l)x y' - aby = 0 (3-1-3) 

Thus 
(!I) (1) 

llu = 2F l (a,b ;c ;x) , llo 
ab 

(3-1-4) 
' 

C 
and furthermore 

0 
' 

- (3.1.5) 

• 4 reeu~s1.ott 15 : 

4 1 
.. ,..,. (M+~)! c(c+-t) .... (c.+m) 

• 
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♦. (le.): r(a.+M)r(b-t-m)r(c:.) F: c-. ... "',, .... ,-f;c.+1T1,-i+hl.x) 
• r(m+4}r(t.+tft) r(\,) I a (3.-1.T) 

.s"t"islies = 

(, .,, l, ,, 

(s+I) 
w..--.... 

(o.+m+ 2){\,+..,+2)-2 ~-(1..+c.)(a,,+~)+ s 2(CL1-b+2M+4)x- , ... 2n1-s-3 :,t,Jtt•> 
(s+3)(s+2) 

_ {"'-+lll~+wt) + s {4+m+2)(\,+rn+~)-2+(s-i)(Q.~b-+2tn-t4) 
(s+3)(~+2x, ... -1) 

(3.lf.9) 

Note that when 

the simpler recursion system 

c+m+s- L+~+2s+ --
'1-x)(s+2) 

3-2. The Generali·sed Euler Transformation. 

Since 

(3-1-10) 

(3-2-1) 

the generalised Euler transformation is subsumed within those 
being considered in this section. In the event, however, the recur­
sion sy.stems relating. to thi-s .. transformation are t·ar simpler . 

• 

Th.e general tern1 · u~~ may be written in· the simple closed form 

; ll ~:} = (- x)m+ 8(l + x)-·8- 1 (3-2-2) 
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which leads to the trivial recursions 

X 
u<s+ t) u~ m, s 0, 1, ... (3-2-3) 1n 

1+x 
and 

(s) 
Um+t X u<t/ m, s 0, 1, ... (3-2-4) 

3-3. The Logarithmic Series. 

Particular interest also attaches to the series (3-1-1) when 
a = b = 1, c = 2 and x is replaced by - x. Equations (3-1-4) then 
be•come 

= (1 + x)-1 . 2x 1log(l + x) (3-3-1) 

and ·the recursion (3-1-5) becomes 

s + 2 + (2s + 3)x z1~•+t) + (s+ 1) x ui8 ) 

(1 + x)(s + 2) 

Further111ore 
(-x)m 

u~~t -- u~1 
- ----- m = 0, 1, ... 

(m + 1) 

and the recursion system for the z1 ~:1
1 become·s 

U
fs+2) 
ni =-

m + s + 2 + (2s + m +a)x u~+1> + 

(1 + x)(s + 2) 

3-4. Mestell's Integral. 

s = 0, 1, ... 

(3-3-2) 

(3-3-3) 

(3-3-4) 

An opportuni•ty for contrasting ·the numerical performances . of 
the two transformation jus•t described, is provided by th·e evaluation 
of the integral 

, • • 

00 

s=O 

00 t2dt 

(s + l)--3/2(-A)s (3-4-1) 

which occurs in the theory of the oonductivi·ty of dell!se stars [6]. 

Two obvious substitutions which can be made to transform the 
series (3-4-1) are 

Vn = (n + 1)-3/2 (3-4-2) 
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correspondi,ng to the gener.alised Euler transformation, and 

v.,,. = (n + 1 )-112 (3-4-3) 

corresponding to the fundamental series of (3-3-1). The 0-arrays 
for these two transformation·s when A= 10 are displayed in Tables 
I and II. Since a more accurate value of (5f"'\(3/2))-LG(10) is 0.3285 
it will be s•een that the latter transformation provides, in this case, 
the better result. (F'or rthe sake of comp·leteness it is remarked that 
Mestel was primarily interes1ed, not in the integra1l G(A.), but in 
the ratio F(l) / 1G(l) where 

00 AJtl/2 co 

F(A) = t2'log(l + 1i.e-t'J)dt ,._, -- (s+ 1)-5 1 2(-l)8 (3-4-4) 
o 4 

Fi(A.) may also be evaluated by recourse to the two transformations 
described. For this integral the fundamental ·series 

X x2 
'1>0 (X) = 1 - -- + -- - ··~ + ---- ;rr + ... 

1.2 2.3 r(r + 1) 
(3-4-5) 

=2-x 1 log(1 +x)-log(l +x) 

may al·so be used. It is not subsumed ·within those hitherto consi­

dered in this section; the functions u~sJ are given by 

(3. 4. 6) 

(3.4.8) 



-

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

• 

10 

11 • 

s 0 1 

o.o 
+0.091 

1.0 +0.144 

+0.679 

-2.536 _+Q.545 

-0 .. 786 

+16.709 -0.229 

+5.346 
. 

-108.291 ~2.407 
-26.979 . .. 

+786.137 -9.292 
+167.579 

. 

-6018.800 +51,492 

-1109.372 
+47976.923 -299,393 

+7800.402 

-393964.815 +1,885.412 
.-

-57264, )t78 

2 3 

+0.181 

+0.208 

+0.475 
+0.433 

+0.011 
• 

+0.132 

+1.344 
+0.879 

-3.766 
-1642 

+19.594 

+8.651 

-100. 771t 

-39,252 

+3309738.889 -i2518.524 
+si I 961+ 

+206.269 

+434941.016 -3490.620 

-28313037.713 +86787,762 

• -3394744.773 
+245788184.630 • 

4 5 6 7 8 9 10 

0.228 

+0.244 

+0.406 +0.257 

+0.387 +O. 268. 

+0.200 +0.374 +0.276 

+0.241 .264 +0.284 

+0.650 +0.267 .357 +0.290 

+O. 52r( .284 +0.351 

-0.707 +o.456 +0.296 

-0.252 +0.413 

+4.296 -0.014 

+2.366 

-16.932 

Table I 



s 0 1 2 

m 

0 o.o 
+0.240 

1 1.0 +0283 

+0.462 +0.301 

2 -2.536 +0.383 

-0.088 +0.357 

3 +16.709 +0.193 

+2.163 +0.270 
• 

4 -108.291 +0.818 

-9.498 +0.510 
. 

5 +786.137 -1.883 

+59,825 -0.380 
• 

6 -6018.800 
• +11.866 

-391.028 +3.582 
.. 

7 +47976.923 -66.265 

+2732.848 -16.419 

8 -393964.815 +414.)02 

9 +3309738.889 

10 -28313037.713 

11 +245788184.630 

-19954.672 

+150914.204 

-1273724,402 

+94.219 

-2723.:i.26 
-561.922 

+18735.504 

+0.310 

+0.345 

+0.299 

+0.409 

+0.051 

+1.468 

-4.969 

+27.388 

+0.316 

+ 0.319 

+0.339 +0.321 

.335 +0.323 
• 

+0.312 
• 

+0.368 

+0.205 

+0.790 

1.627 

.333 

.319 
.322 

.350 
.341 

.268 

+0.296 

+0,536 

Table II 

+ 0.324 

.332 
,331 

.324 
+ 0.326 

+0.336 

+0.325 

+0.326 

+0.330 

• 
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4. The Case in which the F'undamental Series is a Bessel Type Series. 

4-1. The series now being considered are of the form 

X 

where the f undamen;tal series 

X 

x2 

x2 
<l>0 (X) = 1 + -- + ---- + ... 

1 !c 2 !c(c+l) 

= 0F 1(c; x) 

satisfies the differential equation 

xy'' - cy' - y = 0 
Thus 

Uo(O) F ( ) = o 1 c; X 

and thereafter 
X 

X 

= --0F1Cc + 1; x) 
C 

(s- c) 
u~s} -

(s+2) 

The recur·sion between the quantities u~) m = 0, 1, ... is 

(4-1-1) 

(4-1-2) 

(4-1-3) 

(4-1-4) 

(4-1-5) 

X m+1 

u1°1 = u~> - 1, U~+2 = lI~+t - ----------- m = 0, 1, .... 
(m+ 1) ! c Cc+ 1) ... (c+m) 

(4-1-6) 
In this caise 

r(c) 
(4-1-7) 

and satisfies ,the differential equation 

x2y'''+(c+2m+2)xy'' + (m+c)(m+t) -x y' -y = 0 (4-1-8) 

which leads to the recursion •system 

(A+3) 

-

S::c o,◄ , ..... 

(s+1) 

(4 .. i.9) 
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4-2. Example : 

A sin1ple example O•f the application of the transforn1ations of 
this section is provided by the transformation of the series 

00 
(z/2)2s 

s=IJ (s ! )2 

using as the fundamental series the expansion 

z-1sinh(z) = 
-- • ·l ! 
2 

4 + 3 

2 

Thi:s corresponds .to the sub·stitution 

I, 3 r m+·l 
2 

Vm 
I, 

2 

l 

5 9 ' • • - . 
~ -

m o, 

4 

1, ... 

The recursion sySitem between the quantities Vn is 

2r+ 1 
r = 1, 2, ... 

2r 

whils·t that between the functions ll~>, is 

(s+I) 
u.. 

, 

s+t) 

• • • 

C•> 
\4 

•• o,◄, ••. 
, -·· 

(4-2-1) 

(4-2-2) 

(4-2-3) 

(4-2-4) 

(4.2. S) 

(4.2.6) 

{4.2.7) 

(4.2.8) 

The 0-array for this example, whe·n z = 16, is displayed in Table 
III. It witl be recalled that l 0 (8) =-~ 428 . 

• 
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111 ~ S 0 1 2 3 

0 0 
186 

1 1 512 
279 358 

2 17 454 4.25 
344 406 

3 81 436 
388 

Table III 

5. The Case in which the Fundamental Series is a Confluent Hyper­
geometric Series. 

5-1. The series now being considered are of the form 

ax a(a+1)x2 

0(x) = Do + --Vi + ----- V2 + ... 
l!c 2! c(c+l) 

where the fundamental series 

a a(a+l)x2 

'1>0 (X) = 1 + --X +---- + ... 
1 !c 2 ! c (c+l) 

satisfies the differential equation 

Thus 

and furthermore 

xy'' + (c · x)y'- = 0 q_y 

C 

(a+s)x z1~) - (c+s-··x)(s+l) u~~+1
> /(s+1)(s+2) · 

s = 0, 1, ... 

The recursion between fhe quantities u~~> m = 0, 1, ... is 

(5-1-1) 

(5-1-2) 

• 

(5-1-3) 

(5-1-4) 

(5-1-5) 
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4,(ca..+1)... + ~ .. +'1 

+1 !c +1 ... + 

°' 11 d .s t:lfi sf i e..s : 

• giving rise to the recursion 

e~2tn+2s +2.-x. - (1+J) 

Note that when 

the simpler recurision system 

c .. 11 <•, 
U.:'-' XU.."' -

obtains. 

' 

5-2. The Exponential Series.· 

Since 

' 

a.+m+2 -

0 

,, ... ~-J\> ~-re,) 
rec.+•) 

1+2.)' 

5.IJ .6) 

• 

I 

(S.-1.8) 

(5.-1.9) 

(5-1-10) 

• 

(5-2-1) 
the •transf ormatiori ba·sed upon the u·se of the exponential series as 
fundamental series is subsumed wi·thin those considered in this 
section. In the •event, however, the recursion systems relating to thi1s 
transformation are far simpler. 

In this special case 
' ' ''' ,. · ·· fO) ' 

(5-2-2) ' ' e"x,p(x) Uo 
' ' ,,, ' 

. " -· / ' ., __ , 0 • 

,, ' 

I 8) X 
uis 1) s 1, 2, (5-2-3) Uo ••• s 

' ,, 
' ' ,n 'i ·- ·(· .. (O} 

ll~· 
X (5-2-4) 0, 1, m Um+1 ••• 

n1! 



198 P. WYNN 

Ftirtherttll)re 
(5-2-5) 

and tt1us tl1e reet1rsion system obtaining betwee11 the functions 
<•) . 

ll it, lS 

l•+!J •*""- \ . ~-, ( , , ) 
1S-t-i) /(•+2'.) llm ,_.,,_ ~ x UtA - $+m-x+ 1 llm "" s """'" 0, 1, ... (5-2-6) 

in agree1nent with (5-1-11). 

Kt1mmer's Transfo,rmation 
If 

r(a+r)rt:c) 

then, a, is ea1cily verified 
r(c, a+s)r(c) 

A•o. W'O,. ·(-1)' -•--··-----­
rcc+s) f'(C· ·· a) 

Kummer's transformation Thus 

(5-2-7) 

(5-2-8) 

(5-2-9) 

is a special case of the Euler-Gudermann transformation in which 
the f undamenta.l series is the exponential series. 

As a simJlle example of the above transfo,r:metion there follows 

~-

.& i .... 

( 'X' _, ' .,. 
' ·.t .,.4, ~· 

' ' ' . -, ' ' \ 

' + ,· ' '·• + - ' + ··~ 
~ . .f! 5'. 2! . 

' 

'·•· 2·' ' '' 
' ' 

- ,· 

4. 3 
which will be of use later. 

o-3. Wilson's Integral. 

A practical example o,f the manner in which the transforniations 
being discussed in this section may be employed is provided b,y the 
co111putation of the integral 

(5-3-1) 
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which has been investigated by Goodwin and Olver. Subseqt1ently 
integrals of the more general form 

(5-3-2) 

were studied and computed for extensive values of a and ~ by 
Wilson [ 7]. Integra1ls of this form qui·te clearly satisfy p.artial 
di·fferen·tial equations of 1he form 

--------=0 (5-3-3) 
o(a2 ) o()2 

and occur in problems concerned with surf ace wave·s. 

Expanding the term cos(~s.ec0) in powers of fl, and noting the 
result 

1 
?. e-a.'!/2 K 0 (a2 /2) = 

,-;J~ "' " a - -a.· sec· 
sec0e d0 

-
it follows that 

where 

0 

00 

n=O 

~2n 

(2n) ! 

1 d ~+1 
An(a2) = -- -- (---) e-at/<1. Ko 

2 d(a2) 

For ·large values of n 

A1i(a2) ,. • const (-1)" n !o:-2n 

2 

(5-3-4) 

(5-3-5) 

(5-3-6) 

(5-3-7) 

and h.ence it follows that the series (5-3-5) is ultimately convergent. 
However, for large values of f32 /a2 ,the initi.al terms increase rapidly 
in magnitude, an.d summation is accompanied by considerable 
cancella1:ion of figures. This iis illustrated in Table IV which gives 
certain of the· terms in the series (5-3-5) when ~ •·. 1. 7, a = 0.25. 

n 

0 
1 
2 

1.0758186 
-23.9185633 

+181.1074373 

n 

11 
12 
13 

-73590.7192816 
+ 739·57 .. 0,426119 
- 168381.·6·9034 7 6 

Table IV 

n 

43 
44 
45 

-0.0000·098 
+ 0•.0'00·0026 
-'O. 0000·0·0 7 

-0.1239364 
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As a first attempt to transform this series the subsititution 
~2n Xff 

--- An(a2) = -- Dn (5-3-8) 
(2n) ! 

is made, where 
~2 

--=4x 
a,2 

n! 

(5-3-9) 

The fundamental series is thus exp(- x), and the recursion ,systems 

prevailing between the functions u~~1 have already been given. 

The quantities Vn are given by 

"-2 
«'--y r:J..l 

~ .,, e + (5.3.-10) 
2. 4 l 2 

04& 
V .. 

4 - d.t "1 + c(I. . (S.3.11) + - 2 I!. 1 • 

and, by manipulating the differential equation sati,sfied by K 0 (x) 

Dn=------------ (5-3-12) 
2n-1 2n-3 

The E>-array for this choice of fundamental series is displayed in 
Table V. 

A somewhat more sensitive choice of fundamental 
yielding better results, is obtained by writi·ng 

An(o.2) = (- a2)nn !vn 

The fundamental series is then 

4 

• ·senes, 

(5-3-13) 

(o) 
Lto = ••• 0 

(see (5-2-10)), where 
y=~/a 

Numerical valu,es of (5-3-14). may. be extracted from [8]. 

' 

' 

' ' ,, 
,,,,,,,,,,, 

(5-3-15) 
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The subsequent functio1ns f si 
Urn are obtained from 

,~, y 
~t tl -e. 4 e u;. 

f • l 
& (s) -t (s+-4) (J+t) u. u.... 

More generally 

_( l 

• • • t-o '1Vlttj t-\ se.. 

v.= 

m! 
~i=: 

-1 ,, A 
,h\+t; 

(t111)! 
1-ht • r£e1Ars,oh: 

• ore. now 31vth 

J..I.. 
2. + 

,. K 
°' 0 2 

(5.3.16) 

s+~) (S.3.-11) 
.S•0.,-4, ••• 

(5.3.~8) 

r.s + 2 ) ( s . 3 . ~ 9 ) 
,.o,-t, ... 

(5".3.2.0) 

(5.3.21) 

(5.3.22) 

rrhe 8-array for this choice of funda1nental series is displayed in 
Table VI. 

(The ,transformations illustrated here .are useful but their effect 
is not parti·culary ,striking. It is not dif fi.cul t to choose a more 
favorable example, but that given was drawn to the author's 
attention by Dr F. W~ J. O·lver a-s having arisen as a source of 
difficulty in a practical computation and has therefore the merit of 
au·thenticity in contrast with a carefully contrived, totally convin­
cing but, in the light of subs-equent application, mi,sleading display. 
The en·tries in Table IV were computed by Dr Olver and subse­
quently recomputed by the author.) 



m 
0 

$ 

0.0 
0 1 

0.000 

2 3 4 5 6 7 8 

1 +1.0758 -0.0001 

-0.9932 -0.0003 

2 -22.8427 -0.3519 -0.0009 

+5,7802 -0.2342 -0.0022 

3 +158.2647 +0.7741 -0.1882 -0.0049 

-23.6788 +0.1607 .1650 -0.0097 

4 -674,4261 -2.5713 -0.0105 .1515 -0.0171 
• +67.2710 -0,7028 ,0740 .1430 -0.0273 

5 +2068. 3845 +4. 9990 -0. 3057 . 1,010 .1373 

-151.5158 +0.8091 .1895 .1133 .1334 

6 -4966,3127 -8.9829 +0.1096 .1495 .1190 

+280.6251 -1.4081 ,5496 ,1343 .1218 

7 +9803.6684 +12,9938 -0.3860 

9 10 11 12 13 14 

-0.0399 
-0.0541 

.1306 -0.0686 
· .1285 -0.0822 

.1230 .1270 -0.0940 

- 444.1808 +1.4309 

.1015 

,1882 

.1282 

;1162 .12S7 .1236 .1260 -0.1035 

8 

9 

10 
• 

11 

12 

13 

14 

15 

-16444;,608 -1 7 . 1468 +O. 1402 ··· 

+612.8662 -1.8094 
+23989.7695 +;1.9,5644 -0.3665 

-751.3996 +1.5324 
' . 

-30976,5512 -20.6813 +0.0810 
+828.2586 .· -1.6142 

.1416 

.0692· 
.1111 

.1670 

.1212 
• 

.1291 

.1255 

. 1207 

.. 1327 , .1231 
- .,. -

' '.,-

.0924 .1i59 
. 

a .. 

. 1247 

.1229 .1242 

.1236 

.1244 -0.123c 

-0.1241 

-0.1237 

+35885.3647 +19.4526 .02843· .1183 -0.1244 

.. ~830.6170 · +1.1132 .1456 -0.1228 
' 

.37705.3546 ---- ' 

-11.2679 -0.0069 
. " 

"-'..,ri 
V'• ~• 

-1.0778 . sI' f 763 • 4631 
"<"·-,,.-~ ' 
""" . ~ ~ 

'.";;:f.,,,,:.,,'<:t ·_ 
't'C.- ~ '.. ' 

+36251.~fo ,, ··· +13,7783 
. - -1Yi\- . -i"'. ·.' 

-0.2039 
,#P , .. ' 

{'1¥'{ .:· · ·. 648 6284 '\"/44'.t ... · -,· · - • • · 
•,_,sr,c!;:;•v•·· •, 
'.{"C~~• -.· ';'C-l,y,-­·'\:;·c·· - - ,.- -_ 

er::·,;:. · · · 

... 32130 .oo~i, 
,,>:<'._:.;,_ . 

;. --· •,• .. -. '. -·- ' 

'"'::,:f/_:;,;;°' 
" --';\t·i<:~ -
' _,,, ·;!-..• - ' ,- ' ~· ,. 
. ;iL?'.{" 
,:r,,0.',f.· 

. '"' 
+26414 .87,Y:\ 

+511.7122 

•'• "'' -'<'-· ·-· ,.,, ...... ·;•'c,>,e_;'·"i{/~':'.;:""/"'."•')"' 

. +0,5629 

-10.6238 
• 

-0.1273 

-J,1099 

'T'ab.l.,o V 
- ' .. -- .· 

.. 

.1238 -0.1253 

-0.1239 

-0.1241 

. ' -·' 



m 
0 

1 

2 

3 

s 0 1 2 3 4 5 6 

0. 
-0.0546 

r1. 075·8 -0.0571 
-0.0112 -0.0589 

-0.0314 -0.0600 
-0.4107 -0.04604 -0.0602 

-22. 842,./ 

+158. 264 7 -o. 2899 . 0580 -O. c593 
+0,4893 -0.2300 · .0685 -0.0575 

7 8 9 10 11 12 13 

4 

5 

6 

-674. lf26:t . +O .1194 .1948 .0780 -0. 0553 

7 

8 

9 

10 

11 

12 

7.. 1.,.J 

14 

-1 . 3 384 -0 . 0102 . 1721 . 086 7 
+2068 .3845 -0 .1~791 ' .0662 .1568 

. +1.971i5 ~0.2510 .09321 .. Ir 1"'1 • .L -,-o 

-4966.3127 +0.3522 ,1747 .1072 
-3.2920 +0.0118 .1456 .1148 

+980316684 -0~7015 .0798 .1335 
+4.1055 -0.2589 .1024 .1283 

-16444.3608 +0.5117 ,1604 
.. 

. ~L182 

5 .. r-;r>3 · o 0001' ... . l.,f; + .. "'t .131i 7 ~A.I'.,-.. 

• .1cld 

+23989. 7695 -0. 762·5 .0954 .1273 
+5.3371, -0.2303 t 116r( .1250 

-30976.5512 !. +Q,4657 .i449 .1220 
-5 ■ 5 I 101 -0 I O 392 . 1285 .1234 

+35885.3647 -0.6273 .1091+ .1250 
+4.7612 -0.1871 .1211 -0 .1242 

-31105.3516 +c.2·755 .1335 -0.1233 
-4.2251 -0.0798 -0.1256 . 

-t 36251. 6[;80 -0,4201 -0.1180 
+3.0809 -0.~530 

-32130,0023 +0.8215 
-2.4664 

15 +2641~.6771 

-0.0537 
. 09){6 -o. 05Jio 

.,. o-· 7 o o,.. 7 0 ...... l. - • :.); 

.1388 
.1336 

.1078 -0.0631 
.1l27 -0.0716 

,.. 
.11?59 .1301 .1165 -0.0815 

.1212 .1277 .. 19-1. • J. ;; 

.1259 ,.2,,-..-
• .i. -~J .1262 -0,1212 

· .1248 .1232 -0.125~ 
.• 0 31 • l.c... .1243 -0.12)5 

.1236 -0.1241 
' 

.1243 -0.1238 
-0.1241 

-0.1238 

Table VI 

14 
-

-0.0915 
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6. The Case in which the F11ndamental Series is a Certain Arsy111ptotic 

Series. 

6-1. The series now being considered ar·e of the form 

abx a(a+ 1)b(b+ 1) 
0(x) = v0 + -- v1 + ------ x 2v 2 + ... (6-1-1) 

1 ! 2! 

where the fundamental series 

abx a(a+l)b(b+1) 
cl>0 (x) = 1 + -- X + ------ x 2 + ... (6-1-2) 

1 ! 2! 

satisfies the ditf erential equation 

x 2y'' + (a + b + l)x - 1 y' + aby = O· (6-1-3) 

• 

Thus 

(6-1-4) 

and f 11rth·ern1ore 

(s+l) _4' (a.+'L+25+..f x-1 <•+1)' 
~-=-~ ------~ (6.~.6) 

(•) 
u.. ... = 

a.(a.+-1) ... ( ct+ m)·b(b +~)t .. a (L ♦'M 

J.,, rhis c.Q.se. : 

•• = l7 "-+wt) r(L+th 
r(t.1+1)r(a.) r (It) 

Qttcil sari.sfi~.s rh~ e.~1,4atior1 

h1+'1 • 

• • 

Sa 0,.-1, ••• 
• ..,. 0 IS! ,..:a I 1• •• 

• 

' 

( 6. ~. ~.) 
' ;, 

x3 w+ (o..+b+2m+4 ~-1 (a.+ht+2 (b+tn+2 -2 X.-h\-1 1 

(6.1.9) 
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~ \'6C>m wh i c.h Yr\!>. y be d~r i ve ~ \-he. t'~Cc.At".S i Oh .sy.sre.m : 

(s+s) -£.._ (a.+ t +t~ +3.s+4)~- .f (s+tl 
u,,"" = - (.s.• 3) u.:"' 

+ttt+2)- X-m-1 
(s+3 s+2.) 

+ 
+m)(I,+ -t-.S (a.+hl+2)(t.+m+2)-2.+(s-"1) Q.+b+2wa+s+2. 

(s+ ~)(s+Z.)(s+-i) 
Note that when 

<l>0 (x) = 2F1(1,b;x) 

the simpler recursion system 

(s+IJ u.: 
"" 

x.• · &+111. 
rb 

b+rn+2s+2. x. ... '1 

6-2. The Integral of Goodwin and Staton [9]. 

(6-1-11) 

(6.-1.-12.) 

The preceding theory 
the integral 

n1ay be illustrated by the evaluation of 
• 

00 • ' ,. t2 s + t . 00 e ' 

d t· ? r • - , - •) z' 
Fa 

+ t 0 -... s=U 

(This may be shown [10] to· be equal to 
• 

i 

(\ 

Tl1e fundamental series is taken· to be 

2
F

1
(1,l;x) •·····-ze~Ei( z) 

where 
Z=. -X 1 

This corresponds to the substitutions 

m+t 

( z"J 

' 
2m-t r . • 2 

I,( ·+") Vm = , X = ( . 2z') 1 

-·m. 1 

• 

$-1 (6-2-1) 

(6-2-2) 

., . ,· 

.; ' 
(6-2-4) 
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The recursion system between these quantities i,s 

1 

2 

v1 = 1.0 

2 
Vm+2 = --- Vm 

m+2 
m = 0, 1, ... 

The recursions among the functions u~ are 

(s-.2.) x. 

(6-2-5) 

(6.2.6) 

(6.2.7) 

(6.2.8) 

(6.2.9) 

The 0-array for this example, when x = - 0.5, is displ1ayed in Tab·le 
VII. (The results along the line m = 0 have already been produced 
by van Wijngaarden [11].) 

6-3. Wilson's Integr.al. 

A second example is provided by the ·transf ormati·on of the asymp­
toti•c series !for the integral (5-3-1). The series is derived by expan-

ding the tern1 e-aisec16 in ascending powers of a2 and noting the 
result 

sec8cos(~sec0)d0 (6-3-1) 

there follows 

'Jt 
F 8(a,~) ,._, 

2 (6-3-2) 
n=O 

Since 

(n +2) y~n+2) (~) + ~ y~n+t) ( ~) + (n+ i) y~nJ (fl)= 0 

it follows that for large ~ 
(6-3-3) 

Y0 (n)(~) • _, const(- l)n(n -1) !~-n (6-3-4) 
• a " 

and further that the series (6-3-2) diverges. 
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The transformation of the asymptotic series i1s bas,ed on relation 
(6-3-4); the substitution 

2 
r = 0, 1, ... (6-3-5) 

is made and the quantities Vr computed by means of (6-3-3). 

The corresponding fundamental series is 

(o) 
~· 0 

-t 

-- (6.3.6) 

(6. 3.1) 

The functions u<::/ m,s = 1, 2, .... 
are computed by means of the recursions 

C•l 

u+t> 
LA, 

"" 

(6.3.8) 

(a+f) (~) 
2s+ttt-+ x.- _ + x +s+ · u _ (6. 3. 9) 

(s+2)x 1111,s:o,◄ , .•• 

(6.3.-to) 

--- -
0 

The 0~array._for this e:x,runple whe·n a= 0.2, {3 = 1.0 are displayed 
.· 

in Table Vlll. 
• 
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0 ,_,. Ji O l "7 A ·7 + . e,.., q .)}j .) 

0.8862269 +r'\ ,::,, 

0 f. 

• ✓ t"1 ./ 1 ~ •' .... -,._ ,.....,,· ,. ,r + ri ,.. - .... j •' t"·· 
.~JOt,~.;1- ,-/V 

--: ·~--

,,,.. l_,, ~ ,•"' - +n 0<..1" ·799 ·~ ·~ 
sJ• ;..,.Yf -.,,I/ 

0.3862693 

• 

+0. 59(;4 407 . +O. 6049193 
0 .. , r:3•,.. 5 ,.. . . +O 604. 4. 8 ..,., k_ .., 1 •• . .,, . p : . , •':' _. - . . ¥ . 

Q l + • .,,i-., ;J • '"' .. . - :Q • 601811:, . . . ,,;f, • ·.·.··. 7 ij. 

0, v293404 +O. 60t4~49 ,½O .6051lt'4 .. · +0. 6049303 
-tO. 6·t 44 4'..)2 +O. 6o84249 ::; .6oSi834 +O. 6050643 

+O 3297..!t 04 r, (~r,~77/98 ·'·· ··o· t:.A--1!'1.1·· J"\~ 60·52655 +O 6(5 1 ""!14 • ..,,r-r + ,J • , .. ii,,~} i _i c- \. . , _ -~~ _ - • vvv ,1- ~ .v,c • .. • - · ...4, .::: 

0 ~·· ,1. r,1r • ~ . 6 ··•.t .. , t:..t"\l!:ll~1 ~214 h Q 60t::.,, ~Q1 , -t • ) .J j :_ 1 c: +0 . 0 .. ·· : . • vv~~v . vv;,; . · 't + .. · , ·. J J. .,1v . 

+0,9940106 +0.5932)28 · ,+0.6o}6616 • .. ·. .6051209 .6o51673 +0.6051397 
,.. ,.. , +(). 7200525 -tO .60;~)55 . . . ~60tJ357 . 6050757 .6o514JO +O. 6051376 

.. 0.00,9094 +0.6345494 ~;.•606·' - "·:: ,6o4975J .6o50921 .6051335 +0.6051356 
-t0.3961593 +·0.610211-0 •·· ·, .60'°'488 .6051309 .6051133 .6051313 +0.6051344 

+1.6556861 +o.539467J ... #et.6046~6 ..... · -, .605529; .6051645 .6051264 .6051317 +0.6051338 
+1.0059838 +0.5875913 · .. . '•1 .®\P527 .6052541 · .6051594 .6051324 .6051325+0.60513)6 

-1. 341t)l39 +O. 7498456 ',,.'"+o .6o:21~24 ,~.' : · .QQ4441l . 6051455 .6051482 . 6051344 +O. 6051331 
-o. 2052296 +0. 6;.: ~~·.: ~· fJ)t"",, • ·:: :1s69 :· , . 6o48133 • 605115:9 · . 6051400 +o. 605134 7 

+4 .4715503 +0.281131.i · .••+0.6184~10 x :, .~064,8 .6050226 ·.· .6051154 +0.6051355 
+2. 3271720 +O. 4827,23 ··.. [t ..• 60t~46 .. • · .. · .. 6057472 ·. . 60511,;7 +O. 6051219 

-7 ,52~Lt49'( +1,)50348.o . +0._$628111 ,,,··.::••:c ,'1,4545Q ,60!,4376 . +0.6051434 

0 

,.. -3.2295279 +0.915:;:1)5 · :,; .59iS261 _, .6042370 +0.6052521 
+le· L4 ~9392 -1 .1632462 . . +O. 7272527 . ·.;. ,.,,6Qi{t.237'0 . +O. 6045160 

+9,5257795 -'0.1875615 ·.. }' ,6492002 +0.6057169 
-41.35?0G03 +4.9404207 +0.2,629630 , +o.'5i8665·4 

-21.0120)22 +2. 6670625 . .. +O. 4650734" .. ,, 
+102, 5:,55 7.: ~ -10 .3745889 +1. ;594184 

+55 ,0290920 . ·_4. 8779756 
-257,41442:9 +29,3120941 

-:41.410201'6, . Table VII 
67Q ? ◄?•77-~ +iv•-~-/-~ 



s 0 

m 

0 0.0 

-1.97043 

1 -1.36576 

1.723 05 

2 1.55944 
1.74776 

3 1.64862 
1,74851 

4 1.69893 

1.74875 

5 1.73533 
1.74878 

6 1.76744 

1.74875 

7 1.80088 

1,74871 
8 1.84103 

1,74866 

9 1.89568 

-1.74861 
10 -1.97876 

1 2 3 4 5 6 7 8 

., 

-1.63552 
' 

-1.46136 

1,74258 -1.91133 

1.74746 

1.74784 

1.74830 

1,74851 

1.74860 

1,74864 

-1,74865 

• 

1.79001 

1.77289 
1. 7481t0 

1.74846 

-2.27267 

-2.01739 

-1.71122 -1.35586 

-1.67727 -0.89120 

1.74835 1.74882 1.70991 -1.05088 

1.74894 1.75006 -1.78709 

1, 74832 · 1.74903 1,75096 -1.85212 

1.74854 1.74872 -1,75004 

1.74842 1.74869 -1.74833 

1,74847 -1.74870 
1.74850 -1.74856 

-1.74849 
-1.74856 

Table VIII 

9 

-1.79073 
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