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Introduction 

Numerical values of certain elementary runctions eog. 

exp x ~ sin x ,cos x ,ln x are made available to digital 

computer users by means of programmed subroutineso The tendency 

will be to extend this list or "elementary" functions, and 

considerable interest therefore attaches to general and e~ficient 

methods ror computing numerical values to great accuracy of the 

highe~ functions of Mathematical Physics.One such method is the 

application of the converging factor. 

The Converging Factor 

The converging factor is an important numerical device for 

hastening the convergence of slowly convergent series and 

increasing the accuracy obtainable by use or an aaymptotic 

series. If the series is 

and the partial remainder R is 
n 

the converging factor is 
ft 

defined by 

The converging ractor is most efficiently used, in the case of 

most applications to as ptotic series, with that value or n 

which corresponds to the term or smallest modulus in the series 
1 . 

Miller _1 has given a method for developing the converging 
factor either as series of the rorm 

00 

• 



ft.di) 2 _,. 

or as a series of the form 

rv 
t'--=0 

in whi.ch either the runction S ti .j:'C-i , " sa _ Si es a ~inear 
ri:~;..ff'e::r!l.:e:ntia:1 equation in z or the terms u..t- satisry a linear 

·:j .. i1,·ferer1ce equation in r o He illustrated his method by obta:1. n:1.·ng 

converging factors for asymptotic series associated with the 

Weber parabolic cylinder functionso 

In the paper referred to~ real values only of the a:rg,1.merlt 
,, 

are consideredo Here the computations are extended into the 

(r~l(oinr,,l.•eJ(; d.omaino Secondly a convenient recursive technique !~'o:r· 

obt)a:l.t11J .. ng the coefricients in the series ror the convergi.rig 

factor i.s describedo 

The series which is to be studied is 

♦ M 1~ 

,, .. 

It formally satisfies the difrerential equation 

2. 
..J- .... 0 

1 ra 

~ 

T·wo linearly independent situations of equation 8 are 

and 

• 
-·· 0..; LZ ., 

The terms~► of the series 6 satisfy the recursion 

• 
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We wish to determine that value n of r for which 

is a minimumo From 10 this is seen to occur when 

where 

In order to derive an easily usable approximation we ignore the 
term 

independent or n in 11, and obtain 

where 

15) 

or 

11 .... :m-
• 

where k is real and may always be chosen so that 

The integer n having been determined$ we define the 

J n- .Jf 

• 

:19 
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We shall obtain a series development of the form 

n f\J to 
-----,,~'2)' 

\". -0 4-
p« 4\, 

when $ first using the fact that t'\ satisfies a 

differential equation in z and secondly the fact that 

satisfies a recursion in no 

Differential Equation 

The converging factor satisfies the differential equa·t1.on 

+ OS'S 0 ,. Ir 

• 
21) 

This may quite crudely be verified by substituting the 

series 

- ~ + r1- ..... 
____________ _;__ ___ .:;_;_,.;_ __ --=::.. r»,:. I 

h+ll V\+ 

(22) 

in 21 o A constructive derivation» based on an idea which is 

clearly capable o~ general application to the construction of 

converging factors, has been given by Millero He writes 

a., 

so 

• 
, 

_,a a -=- - . 

CO\'\S O..V\ Xe 2 (23) 

24) 

• 



and further 

' 
' : ". \ i ,! 

• ·- , ,A 

' ' . 
' ' ' 

' 
' . . . 

' ' 
• . ta/ .',"" 

·u . ' 

but 

whence 
-2, 

• 

' 

+ V\ 

5 -

z2 

2. ...... v, CLJ.._, 

(27) 

Removing u and its derivatives from 27 by way of 24 n and 

In 
so that 

and 16 

arrive at 21 • 

this section we shall suppose that a and n are 

z and k vary together. We have rrom equations 
fixed$) 
12) 

By means or equations 12 1 16 and 28 we may remove n from 

equation 21 and transform the result into a differential 

equation with k as the independent variableo We obtain, after 
some rearrangement 

II 

h 

., 

+ + 

where 



and dashes 

From 
I 

and 
II II 

" 
nJ 0 

denote 

20 and 

I 

II 

- 6 

differentiation with respect to ka 

28 we have successively 
I 

II I ,, I 
' o a 

+ + +• • o·-1-
I\,· P·-,1 + 

2 2. 3 4 r+11 2.~ 
X. :L X 

Substituting the series 20 .31 and 32 in 29) and 

equating to zero the coefficients of the successive powers of 

x we obtain a recursion system between the functions 

We have 9 

and 
, ,2.r++ 

X • 
i' 

in succession, 
,, 

0 
,, 

Cl 

II 
r $•GI 

-

+ 

2 
+ 

+ 

I 

I 
+ 

I 

r 

+ 

+ = 1 

+ - qr 

r 

I 

I 

~~ 

.ad1 11111:•r• 

• 
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Inspection of equations 35 reveals that 

they are rormally satisfied by polynomials of the form 

Equation 33 indicates that., , 
• 

equation 34 yields 

tt:11Mt:3 
_______ , 

and 

. ...., 

<Wh t 

• 
awn Ell xn a 

-: ts k rs r: ; i r ,, . ;;;·~ 

+ 

~+ -
' I Ii --- ,nn rne·:sa ..,_. ---- ---

We wish~ however, to devise some recursive process for 

determing the coefficients "~o In principle this can be 
~ f. ,1 l!'\i , .,.,_ -m-

. ,\..li"J:, :l 
.,.!-~ -. "'!J' · h .:;, .(. 

' 

equation 35 o Let us examine how this "'- - .I, be accomplished in 

detailo Substituting polynomial expressions of the form 36) 
in -35 we obtain·.., after some rearrangement · 
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,,. r 
s 1•1• ... '"7 s ' ! 

·-1-1 s+ + r;s+1 
s 0 ~~o 

~,s , /4 5=0 

s 
~ rs .... ,., ' S' 

:.....i..w 

r "S-1 

s 
·= r ..... 

S•n o 

Equating to zero the coefricients of kin the order 

.. 

• 

+ 

+ 

·- V" -.,,;as 

-2.} $,,,,Ji 

2. r-~• I 1 

• 

;,S 
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• 

' 

''J3 + 

__, ~·--·•1 1 0 -+ -

-

+ 
• 

+ 

-··· + tt 

" 

Thus, if equations 37 9 38 and 42 -46 are used in that 

may always order the coerficients 

be expressed in terms of 

derivedo 

r-,~ 
quantities~which have previously been 

It will be observed, however~ that equations 42 - 46 
differ from one another according as to whether certain powers 

of k do or do not exist in the various sums in 41 • This fact .. • 

may also be expressed by the use of conditional statements~ and 

thus an expression :for ~,, which is generally true for r 7 2 
may , ~ 1.J1 .. ,,o 
may also be incorporated in this expression, and thus we have 

,) 

-1 

'S < ,. 

s < r-=­

~ '"" 

eva s+ 

sT d 

• 
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:a 

' "S ) ~al" 2 ,' s "'"" 2 
• 

s en "'"' . Y' + r ···•·2.J s 1 

' ' + \"« V ·r- r--1 t"r,<•2 J s s < \-·- €"1 I . 

• 

This definition is uniformly valid for r Oa1, ••• and 
, 

s r,r-1~ooos0o Its derivation does nots of course, represent 

an attempt at elegance for its own sakeo It will be realised 

that there is considerab e duplication in formulae 42 - 46 ~ 

algorithmic lan~ age for a digital computer based on formulae 

42 - 46, we would in effect be wasting a large number of 

instructions in needless repetiono Use of formula 47 avoids 

this at the cost of a rew conditional statements. which in 

comparison with the complexity of the ~ormulae used is 
• 

negligible 

Difference Equations 

In the notation of 
• 

equation ·· ) we have 

. Yl-1 

V\--f L't..n-. 

and since 

V\ 

we have 
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,rs + 
, rm r 'A H1i1 a .. I a 

.::.rj thl:i,s section we shall suppose that a and x are :fixed., so 

rnat when n decreases to n-1 1 k becomes k+2; thus if 

+ 

0 
:z. 2 

X 

2 

:c, 

In equation 51 we 
1n terms of x and k, and 

r~na1 1y obtaining 

2. . 
write X substitute for 2n 

52 and 53, 

<I',, .• , c. ! ..J.. <::., 

2 X _ .. 

By equating 
C +"'Ii ··<P i n 5 4 ~itJL, ~ ' . ~ 

insert the series 

g 11 I I 

• 

to zero the coefficients o:r the suocess:1.ve powers 

we shall again obtain a system of recursions 

between the functions r .. ··O., 1 ~ o o o o o We have: 

+ • • 
) 

.. 
) 

•• t, 

0 
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X. 

• p 

2 ,,,,,. + 

• 

Before proceeding 

of the form 

further we introduce factorial functions 

II II Iii 

" 

These quite clearly satisfy a recursion of the form 
• 
45 

2 

and thus 

Furthermore • ~ s+~ 
a a + 

2 

S+2 +-

+ s+ • SF 

2 ~ 
• 

If the di£ference and displacement operators 

are defined by 

$1 ill , 

then 

2 2. 

and 

2 

s) 

+ 

) 

2 • 

2. 

2. 

s) 
61 ,, 

2. 

• 
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Equipped with these formulae, we see that equations 55 

57 are rormally satisfied by expressions or the form 

and 

0 I 

~ 

From 55 and 56 we have successively 

57 

+ 

may 
t' 

S·•O 

r a 

be rearranged 
s 

·+ 

to give 
V°-1 

r¢ ,1~-s•1 ~ 
r. · fl. 

S=O 

r or r= o., 1 , . . • . ~ 

uniformly valid 

S=r~r-1 •• o.,o; may be given: 

"' ' 

$ < V" s+ rs - ~S+-4 J 
• 

• S:>0 + \ 
t---1) 'S 

+ 

t ESP 

Ill 

I 
• r-2,s 
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' 
~ i · ~ ,,,,. 0 

, 

Comparison with the work of Miller and Aireyo 
As mentioned at the beginning of this paper, Miller has 

derived relationships similar to equations 33 - 35 and 
55 - 5· ror the case in which z is realo Allowing for the 

difference in notation Miller uses an au..x.ilary variable b 
•• 

defined by b=a-2 as opposed to ., a·- -1 ~ and derives sets 

of' equations in which the un own function is .. . and not 

~ equations 33 - 35 and 55 - 57 reduce to Miller's 

equations when =1o Miller derives explicit formulae for the 

derived expressions for . s t::L',,1..i2 for the purpose of 

checking 9 we remark in passing that these expression reduce 

to those or Miller when 1o 

We now recall the work of Airey 

with the as ptotic series 

I .. 
.!I MSP ,t"R 1nr••1111•e + c P II l!i J!Jt "'I @ d 

z' 

where 

and writes 
00 

where 

.. ,_, 2 
.t:. 

70 as 

• 

t1 ~ -1 

f\J ~ t,\p + IA"' '&1 

"'.4 

Ct. VI 

, 

2 o He is concerned 
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He makes an aux.iliary substitution 

I x.eL 
·1,:r I 

z - e 1 rt-+ 74 t1 . t , , J 

whi.ch is similar to our 16 , and obtains 
~ 

., : .... ~•- I 

. : ' X·. ..... 

By formal expansion or each term o~ 75 in inverse powers 

of' x.•~ and regroupment., he obtains the expansion 
2 . 

1, , , :re tf <+ ' 4W► 

Mt t 5 +_ 0

Ts , 

x' 

4 5 3 4 
+ + + 

•. a:, 

1, • + , 

+ " 

.... s 
Airey tabulated values or the coefficients or x 

w "" a-­
noted that 

=1 and h, -1. Miller 

Ate constant terms or the pol omial coefficients 

which he derived ror the expansion of~, were the same as 
Aireyus numberso We shall later see that~ allowing for the 

in 76 are tn a eement with those given by 37 - 40 • 
• 

At ~irst sight this should seem to be more a cause for 

bewilderment than reassurance, ror 

tm::> + 

with which the Weber function 

manifestly does no./t reduce to 
1 

may 

70 

in some 

• 

• •• 
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and when a 

In order to explain this curious agreement we must :Cirst 
establish the true significance o~ Airey's converging ractoro 

We consider the as ·nptotic series development 

which may be associated 

We write this as 
with the incomplete + ■ runotion 

GtJ vt 4 

where 

and the converging ractor may be expanded as 

+ 

where n is so chosen that ir 

I v t6 
-- < 117 """-e watc ~ 

and 

• 
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then 

Now satisfies the dirferential equation 

• z:r ::s;rs 

z 
We may change the independent 

equation by 

variable to h, and 

eliminate n form this means of 85 ~ and obtain 

I 

b • I lb,. --rt n + X. + 

We may substitute a series development of the form 

in 87 and obtain a recursion system among the $ 

as done earlier in this paperG The point to notice 

system of recursions is that the functions . s 

• 

N n $;-o 
S=O-> .>••• 

about this 

produced via equation 87, are independent of the parameter 

as so that Airey's converging factor 75 is not only the 

converging factor ror the exponential inte al, but also for 

the incomplete functiono 

But the series 78 and 79 are special cases of 80. 
The only outstanding point is that the relationship between z' 
and 

given by 16, was derived under the assumption that given 
2. 

by 13 was negligible compared with n. But when a 1 2 or 3 2 

is not on,ly negligible but zero, and so the correspondertce is 

complete., and the agreement rererred to ooours. 

It only remains to show how 37 - 40 reduces to 

:::'=Oo Replacing by the complementary a.r..,.. ment h' 

we obtain 
I 

13 . 12. 3 
'i ; • 

+ 

I 

ill IL 

2 
+ 
7 

h-1 in 

I 
+ 

when 

76 

s 
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' I '2. t 
Ir, in 88 ~ we put ~· and x.~· ~ we 

~ 

coe~ricients 37 - 40 , and thus again Airey's 

a certain extent, to check our owno 

Singular Case 

arrive at the 
' 

work s~rves .9 to 

2 
When 'Z 1s real and negative, 

preceding two sections 

problem a:fresh. 
breaks down 

=-1 ; the :formalism of the 

completely; we examine the 

In the case being 

become 

considered, equations 

. II I 

Qi◄ :r, ,t .,,. 
· w r 

II l 
◄ • 

0 

,..,, ... ,0 

Inspection of 

possibility exists 

rorm 

~ 

.,.,. 

• 

Cl 5 Ji-

equations 

that they 

I 

,, rm 

+ 

+ 0 

94 reveals that at least the 

are satisfied by polynomials or the 

2 h:t 



• 

- 19 -

But i.t is quite certain., at least 1 that equations (91) and 

, are de t e rm 1 n e ,r::'» +"' ·r'• .,~.m rr. \t'>'L ,.~ .. - tu# 1, A.i. 

. J 

Let us, however, proceed upon the assumption that 
everything is known on the right hand sides of equat:1or1,s 1(:•r:p,>1! ·,/1 

and 94 ~ Equations (80·) 
'~ ·""' u ~ ~() 

and (92 give to begin with 

·-
• 

Equation 
2r .... 1 

91 may be rearranged as 

di :st 
T I 

• 11. + 

Thi.s leads to 

:Ai·-

e,•o ~ .J, 

s 
,..t tr 7 

s 2~ 
' •• 7 

I "'1tti 

'S+ 

s 

s 

2~; "1,·- 2 

:1 gi~~i 

a., s 
' 
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a relationship 

Equation 

which may be used without dirficultyo 

94 may be rearranged to give 

S+ 

W llt.11 

•n • 

~) 

2r-,;•1 
7 

Sa-2 
• C 

s•Z Q 

2 

2.,S· 

This leads to 

¥1 

'il • 

aiP 1■ 

•• «> ..,, . 

:1 I 

2 2. 

The coefficients or 

in 99 respectively give 

a:: • 

+ • 7 ~•ato 

· r•-1 _,s .. -• -1 z 

2,r .. --2 

ft a s 

,S·-4 
s+ 

'S·+ t,i ..... g s 
J 

1-,ro '2) 'S- 3 
-

s 

0 

) 

2 
.. 

and in 97 and 

-t' ,m:r·1; 2. 

~.., 

and 

o;,;r' I 

-2,s-1 

2 
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.,,, p «: iO 

Jnt tH 

102 

tS'."1 77:t 

103 

104 
.. 

Now so rar we have used the facts that h satisries a 

differential equation and a dirference equation quite seperately 

and developed ~ as a polynomial and as a series of factorial 

:functions quite independently. Now we must use these facts in 

conjunctiono 

Firstly 

105 

and secondly, as _may easily be veriried Cofo equation 112 
below 

+ 

Equations 101, 102 ~ 104, 105 and 106 may thus be 

derive \11..-1;o -·· · r-t,o :, and these may be substituted in 

determined without 

Writing 

• 

106 

used to 

101 $ 



and 

and using 106 we have 

t : ft 

Subsequently 
• • 

• 
, ,, 

• 

• 
' I. 

+ 

is by 

o~ rQ Use or conditional 

equations 89, 90, 92 
general scheme. 

Checking 

- 22 -

tt II t • 

,za 

110 

ft 

"'"'
t 1)0 , 

111 

to the next value 

statements enables the 

and 93 to be brought 

anomalous 

into this 

Since the expressions f1 , whether derived as a 

polynomial or as a series or ractorials, represent the same 

runction, there exists the possibility of expressing one set 

of coefficients in terms of the other, and this may be used as 
• 

a check. 

In the non-singular case we have the matrix equations 

' 112 

10 ~~ ,o -1)1 113 
. ' 'tt 'i 0 

r;s - ' I 

0 ~ 2. . 2,0 ~1 . 2,2.. 

" • 



• 

' 

and 

0 1 

0 2 1 

0 1 

0 1 
.. • 

t • • ' 

If the elements 

as 

~,def 9 L , .... ;;iii) .,, 

- 23 -

0 

.a /4 0 ·2. 

-/. > 

' -

0 s«1'6 ' 

• 
fJ /1, 

in Lare referred to as 

then r,s 0.,1, ••• 

·-11 

,-; t. 

Use of these formulae as we shall see in the ALGOL 

114 

programme to be given enables the matrix multiplications. 112 

to be replaced by a system of a gebraic relationshipso 

Application of the E -algorithmo 

We have now shown how the converging factor h may be 

expressed formally as the sum of a serieso But it is a matter 

of numerical experience that in many cases a continued rraction 

which may in a certain sense be associated with a given power 

series converges far more rapidly than the serieso We wish, 

therefore, to transform the series for~ into such a continued 

fractiono- This may conveniently be done by application or the 

,,,,. 

E -algorithm _3_ the theory of which has been described elsewhere 

4 ; it will sufrice have to state that if from the initial values 

(o) 
€ 

0 
q ,,., 

I 
t mar WI 115 

r-o 
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116 

(~') 
further quantities are constr'ttcted by 

means of the relationship 
~+I\ 

+ 117 
S·-• /4 s-- '1 

-) 
then the quantities continued • 

• 

formal 

(•) 
the partial 

0 

I) ~ 
0 ('1') 

' 
(i) (4 

€ 
(2. 0 

0 

Table Io 

and it can be seen that the quantities in 117 occur at the 

vertices of a lozenge in this arrayo The various numbers of this 

array are most economically with regard to storage space 

computed by retaining a vector which at a given stage contains 
- 4,t,\-~ (p) 

~. ,t ) 

This corresponds to what, in a table of a function and its 

dif:rerences., would be a line or bac ·. ard differences • We arri v·e 
. . <~+~) 

with a new partial sum ~ and replace in succession · 
0 



• 

,. and add 

The •rormation of these quantities is carried out by means of 

117 and. uses one working space and two auxiliary storage 
' 

locations() In certain singular cases, as occur . · . example when 

ks This 
"' . l, • 

di.ff iculty may be overc~tt11e by certain s4ngular ~Urles .....,7 .. it 

An ALGOL Programme 

We now summarise ,the rormalism which has been developed~ 

.in the form or an ALGOL programme. It must be borne in mind~ 

however9 that application of the converging factor to an 

as ptotic series is but one of a number of methods by means 

of which the Weber ~unction may be computedo Thus this programme 

is not to be regarded as any sort of fool-proo~ procedure by 

means of which the Weber function may be computed for any value 

of argument and parameter. It should be regarded as a basis 

from which the interested reader if he so desires may 1 at the 

the 
author's provisional inquiry into the numerical behaviour of the 
converging factor◊ 

Before giving the programme it _1s necessary to make a few 

remarks. The algorithmic language _5 in which this programme 

is written 9 does not immediately cater for arithmetic operations 

upon complex n11.mbers o It is therefore necessary to constI11i1ct an 

arsenal or procedures ror doing this~ and to devise a convention 

which governs their use o We therefore stipulate that all complex 

numbers are to be represented by arrays containing at least two 

memberso There is an integer 1 which is defined globally throughout 

the block in which the complex arithmetic takes place, and all 

r., recognised throughout the 

programme by virtue or the fact that they contain the index 1 

to the 

z _1 ~ p 

real part and unity 
' 

corresponding to the imaginary part. The integer 1 may not, 

therefore, except in circumstances which are dirficult to 
\ 
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envisage be used for any other purposeo 

Referring to the A OL programme, there is a procedure 
eogo one, other which carries out an instruction analogous to 

the operation••-one: other-for real numbers o Similarly se .. · third,. 

second., first carries out an assi ment similar to third: .... second: 

first. The procedure cm res,one,other carries out an assignment 
similar to teS : oneX' other, and ad res, one, other one similar to 

res: one other. It is however necessary to ensure that numbers 
which occur in the arithmetic as real numbers are treated as 

' 
such ioe. with their imaginary parts put equal to zero, and 
for this purpose the procedure real variable is used. The 

function or further proceduresa such as mod it, is obvious. 
The input to all these procedures can either take the form- of 
a comple:X.. number, or a linear combination of complex numbers 
in which the coefficients are real. rther details are to be found 

0 • 

It will be recalled that )% is determined from 
and r- ~ thus we need only store in the machine two 

of coef£icients, since when. r has been computed its 
may·be written upon the space occupied by those of 

~-4 

vectors 
coefficients 

since the latter are no longer neededo But we also wish to make 

the programme as comprehensible at a glance as possible. We 
there · introduce integers R1 . inus 1, inus 2 which take on 

the values 0,1~0 when r is even and 1,0~1 when r is oddo In 

this way the mathematical fo~mt1lae and the algorithmic formulae 
preserve a close similarity, and the required economy in the 
use of storage space is achievedo 

Having evaluated by a Horner process in both the cases 
in which . 1111 is expressed as a pol . omial and as a series or 

.- r-1 ~ 

ractorial runction the series ~ ~ 
r~o 

as far as a given upper bound 1rtnaxs or 
... l.t.=-2 2."'°• n U"" ,..:> u - .;;;:;» & 

:x: 

until 
- t9 •• -'1 - 2~ 

4 

is summed either 

X. 118 

• 
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when it is assumed that the converging factor series has itself 

an as ptotic character and has be n to divergeo 
1 

•J:> {r , . .,. &ff ~- arr ~ 

As the terms .. ~ X. are produced the€ -algorit 
• 

is applied immediatelye It will be 
,~1 

recalled that only the quantities 

As t_hese are produced they are mapped onto a 

present application. 

display vector 

printed in a table . 

with the columns of. 

;) 

which corresponds to the 
odd order missing. 

-arrays. Table I 

W.Ath t·hese remarks in mind and 

the following ALGOL programme may be 

the comments to guide him 

read without difficulty. 

' 

It reads, as data, a,x, and 9 , and immediately prints out 

a,x, 8 , k and n. It then computes and prints out the terms 

real and imaginary parts 

seperately the coerficients ~,, the coefficients ~s derived 
from them· .. by -means of' equation 112 , the value of the polynomial 

real part, imaginary part, modulus nd of the term 
- ~--4 ,_. 2.fto Nii 

.. 
in to the converging factor sum._J. Application of the e·-a1gori thm 

-~·-◄ -~ 
~ 0 

the product U.n~ ~ and the modiried sum 
UTO Wt'-o 

+ 
' are printed out in turn real part, imaginary part, and modulus. 

Next the trian lar even column € -array resulting from the 
application or the t -algorithm to the convergi _ factor are 

printed real and imaginary parts seperately and two further 

trian lar arrays which correspond to the application or the 
transf'ormed converging :factor are also printed. The whole process 
is then repeated with the computation or ri-' • 

In this way one is able to observe the numerical behaviour 

check these; one is able to observe how rapidly the converging 

• 
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factor series converges, the e.ffect of' applying the € -algorithm 

to it 9 and the improvement which is to be obtained by applying it. 

A seperate programme has been made ror the singular case 

in which coz. = ,r • Its construction is as above with 

the exception that all the quantities involved are real~ and the 

«"'i proceeds simultaneously. 
I 

• 
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comm.ent Converging factor for Weber ------- """""ction of complex a1:ug1l111ent J 

inte.f:'ler rmax ---'W-.,. . ; rmax : =reed ; • 

~~~~~ ~~ a,x,nnJJ.ti:ple of pi,xsquared,lmnbda,mu,Jk, theta.,power of' x ; 
;I ,I W ~ 1' .t • ' llf' I W , 

!E-~~~:r_- 1, r, s, n, j, twormax, se.nf · . , rs, col,R, 
' . 

boolee,11 po. . omial, still convergin.g, diapley converging factor al.one -----•::,, .. • .. • • 

!!:!!l au.xO,aux1 ,aux2,phi, z, zsquared~u, sum, converging :factor[ O :1], . 
- ... .. ' fli " • -

:pq[ 0 :1, 0 ::r-msx, O :1], be _...., te11nr[-2 :O, 0 :1] ,modte11111·[-2 :O], :f[ O :rnie .. x], 
•• .. , ♦ 

check[ O :1wrtiex, 0 :1], l[ 0 :1,re.ic+1, O :1], di [ o :1 , 1 :( ( :c-mex+1 )x( 1:1nex+5)) :4, o :1] J . . -

• • 

for i:u0,1 do third..:=second:=first; --- --
• • • ' . . 

. ' 

~~ei!~ re_e.!, Reone, Imone, Reother, Imother J 

1:•0 ;Reone:•one ;Reother:=other ;1:=1 ;Imone:=one ;Imother:=other J 

res :=Reonextmother+ImoneXReother ;i :=O ;res :-ReonexReother ·Imonextmother end ; ---.. ' 

:procedure cd(res,one,other) ;real res,one,other J ----- ·-- ----.. , ' ' 

~~~!!!: :r·ee.l __ Reone,Imone,Reother,Imother,denom ; 

i :=O J Reone ~=one ; Reother :=other ;1 :l~.:1 ;Imone :=one ;Imother :=other J 

denom~=Reothe2rxReother+Imotherximother J 

res :=(Imonex."Reother-Reoneximother) denom ; 

i :=O ;res:, ... Reonex.."Reother+Imonex[mother) denom end ; ---' ' ! • 

real variable) ; :reel ve.ri1,able ; ----
real.:==( if i-0 then variab1e else o.o) ; loloi- ----- ......... -- ' 

• • . ' . 

mod( it) ; real 1 t Jbe~in r 1eel --~- --~-- ---- Rei t,Imi t 

i:•O JReit:-it ;i:=1 ;Imit:=it ;mod:~sqrt(Rei 
• 

i t+Imi t n1:i.t) end J ---
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arg(it) ;real it ----
i:=O ;Reit:-it Ji:=1 Jimit:=it J 

arg :•( if Rei t>O.O then arcta.n(Imi t Rei t) else -- - ---- ----
sign(Imit)x1.57079 63267 949-arctan(Reit Imit) ) end; --- • 

' • 

~rocedu!~ polar form(res,r,theta) J~~ r,theta Jbegin real_ r1,thete.1 J 
----- --- IIIA 

r1:=r ;theta1:=theta ;1:=0 ;rcs:-,,r1xcos(theta1); 

i:=1 Jres:~r1xsin theta1) end; ---' 

., 
.. 

' 

res,it) ;real res,it -----
aux :•ln(mod(i t)) ;1: O ;res :,,,,aux ;aux :=,*e.:rg( it) Ji :==1 Jres :=aux ~E-~ J 

• • 

i ••O •n•:ux1 • exp{it) •1•-1 ,• 8 ·,~lX~!=it % • , a, •• ' , • - 0..-----C:: .. , 

res:•aux1xsin(aux2) ;i:•O ;res:=e.ux1xcos(aux2) . .. end; ·-- .., 

• , I 

·, 

compexp(res,aux1[1]) end; ---• ' 

• 

E~i2e~~~ compreci:p(res,it) ;~~! res,it J2~~!n ~~+Reit,Imit,d.enom J 

1:=0 JReit: 2 =it ;1:=1 ;Imit:=it ;denom:=ReitxReit+ImitXC:mit J 
' . 

• res : = -Imi t denom ; i :=O ; res :==Rei t. denom end J __ ..,. 
' . ' 

.print it) Jre_alit Jfori:=0,1 do print it) J - -- --- -- • 

• 

E~ce~~ ;print(mod{it)) end J ---. ' . ' 

J 
' ' . ' ' ' . ' ' 

!~~§~! j,h,k,col J~!! it J£~~!~ !~!~~=:a jenfang J 
• 

' ' ' 

• • . ' 

1 until jenfeng+col-1 do if j < k then print(it) ----- -- -- - -~-- end end; --- ---
' ' • 

"E~·9.t~e~. E~~e~u::~ even( integer) ;integer integer ; -- ·----' . 

even: .... ( integer=.11(integer12)x2 ) ; 
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' 

;reel one 1 other; 
\.,i,llCI i..'111 a,.;:aa WIii 

~~~!E- ~!!!l e:t1x3 ( O ~1 ] ; cm( au.x3 [ i] si otie, otrier) J 
' , " 

eq( aux1 ( i] , a:1L"'C1 [ :!.. ] +e.-;n3 [ i) ) end. ; ----

~!~~~~~~ s1L.~ end display converging factor; 
• 

- ,.. ck bete..r[-~, i] ) ; dri.1.ck( termr[ 2, i] ) J , 
• • 

eq(converging factor[i],converging factor[i]+te1~nr[-2,i]); 
• ' . • 

for s: --
eq( te11nr[ s, i], te1mr[ s+1,i]) ;modtermr( s] :~Lrnodteimr[ s+1] end end J --- ---

• • 

comment Introduction ; --- --
a : ..... :r0ead ;x :-ree.d ;mul t.iple of pi :=l"Ce.d ; col :==read ; 

xsqt18.red :rn:. . ; J,,a:mbd.a :--2X( e.-1 ) ;mu:=( a-0. 5)x( a-1 • 5) ; 

n:=(entier(xsquared-le.mbde.)) :2; -
if' n<O then begin n::JQ ;k :=xaque.red-J-embda end else -- ---- ----- --- ----

' 

~:~!:!- k:=xsquared-lembde-2Xr1 ;ff k.~1 .o !!:~~ ~~~!:: k:=k-2.0 ;n:=r1+1 ~~~ ~!:~ J 

NLCR ;print(a) ;print x) ;print multiple of pi) ;print(n ;print k) J 

tvlO?T!lSX =··•2Xr111SX J theta :•=•t!!UJ ti:ple of pix3 .14159 265:;5 8979 J 

po1e.r f'orm(phi[i], 1 .o, 2.,:- heta) ;polar fo1ni( z[i] ,x, theta) ; 

eq zsquared[i],xsquare i[i]) J 

comment EveJ.ue.tion o:f teims end partial sum of asymptotic series ; ------ ' ' 

eq(su.m[i],O.O) Jcompexp(aux1[i],-zsquered[i] 4.o 

onehochother aux2[i],z[i],ree.1(-a-0.5)) ;cm(u[i],aux1[1],aux2[i]) J 

ck ( u [ i ] ) J eq stitn[ i] , t,t1m[ i] +u [ 1] ) J 

cd u[i],-(a+2X:r-0.5)x(a+2X:t~-1 .5 xu[i],2>a,czsquared[1]) end• 
--- I 

NLCR ;NLCR; ck sum(i]) JNLCR ;NLCR ;-. ck(u[i]) J 
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comment Computation of converging factor; - ---
pol3r"'!'lomia.l. ~ _,;;.;.true ; 

----- • 

COFIP'F0lCIENTS: eq(l[O,i],o.o) ;power of x:=2.0 ;still converging:=!~~ J 
• 

eq( converging fe.ct-or[ i], 0 .o) 
• • 

for r :=0 S!~~ 1 ~~!! ?'?OOX 9-~ ~!;~!:: 
• • • 

!2! s:=r !:?~i -1 ~~!! 0 ~~ ~~§i!: 
• 

co1nment Dete:t-rni ne. tion of polynom:l.el coefficients ; - ----- ' • 

eq(aux1[i],(if r O then -- ---- ...-"""'hi[i] else 0) ------, 
if r-... , /\ s=O 
-- then 4xJ,embdexphi[i] else if r 1 /\ s-1 --.-- ----- -- then 4xphi(i] else 0) -~-- ----• • 

-(if° - s<r /\ s>O then 8xsxpq[Rmjn1,s,i] else 0) --era- ----, , , 

-(if s<r•1 then 4x s+2)x(s+1) 
-- -•sa .... [R,s+2,1] else 0) 

- -- J 
, 

+(if s<r-1 -- !h~E: 4x( 4xr•lembda-2) x( s+ 1 ) x,pq[ Ptn:i.n 1 , s+ 1 , i] 
" . else 0) ----

(if s>1 then 4xpq[!hj,n2,s-2 9 i] else 0) 
a ---•n• ... is::a-.. ... • 

••(if' s>O A s<r then 4x(lembde.-4 ... ~ 4)x_pq[Rmin2,s 1,i] else 0) - ---- -··· • . 
-(if s<r ,1 then 4x(mu+2X r-1 )x(2x(r--1 )-lembde.}) 

Zld -----
~[Fm1,n2, e, 1] else 0) ) J --­• ' ' ' ' ' 

if s<r then be n add.in 2X s+1)x phi[i]+ree.1(2.0)),pq[R,s+1,1]) J --- ---- --- - • 

add.in( ( phi [ i] +I'eal( 1 .o) )x'l ambda+Pxphi [ i ]-2Xlx( phi [ i J +real 2 .o ) ) , pq[ 

end J ---
' 

if s>O then. e.ddin(2x phi[i]+real(2.o)),pq[Rn1:in1,s-1,1]) J - ~-~-. . , 

cd(pq[R,s,i],aux1[i],(phi[i]+real(1 .0))) ~n2- ~±!~ E~i!~ 

n1,s,1] 
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comment Deten:i1j.111atior1 of factoria1. coefficients J ---aa- --
eq aux1 [ i] , 2X ( if r,,,,O then phi ( i] else O) ~- ~-~~ -~-~ 

' 

- i:f ~1 /\ s~ then 2YJ.embdex,phi [ i] else if r==1 /\ s-1 then -- ---- ---- -- ----' 

hi[i] else 0) ----
-(if' s>1 then ...... q[Rm1n2,s-2,i] else 0) ----
-(if s<r A s>O then 2x 4xa+larnbde.-2)xpq[Rrnin2,s-1,i] else 0) 

-- tz•----- --- .. . ' 

-(i:f s<r-1 then 2X(2Xax 2xs+le.mbda)+nn..1)xPq(Rrnin2,s,1) else 0) -- ----- ------ ) ) J 
• . ., 

addin(2X(4xs+le1i1bda)x(phi[i]+real(1 .o)) ,pq[_~~ n1 ,s,1]) ~!!~ ; 
' 

' 
' 

i .,t, s < J. -- r-1 then add.in( 4x( s+ 1 )x( larabde.+2xs )XPhi [ 1], pq[ RmJ n1 , s+1, i] ) ; ----- - . 
if' s>O -- then addin(2X{phi[i]+real(2.0)),pq[ ~.n1,s-1,i]) ; 

.,. -mp Jllll ,, 

cd(pq[R,s,i],aux1[i],phi[i]+ree.1(1 .O)) end; ---, 

eq check[s,i],o.o) ;~[s] :~o.o ~~~; 

corriment Print:Lng out coefficients ; -- ---·- • .. . .. 

printcompvect(pq[R,s,i],s,O,r,col); 

conl!nent Eve.lue.tion o:f f'actorie.l coefficients in terms of polynomial -------
coefficients e.nd conversely; 

• • • 

eq(check[O,i],pq[R,O,i]) ;f[1] :-1 .o; 

if s>1 then f[j] :=:r[j-1]+(if po -- ------ . ... .. • • 
omiel. then 2xj else -2x s-1 ) ) xf [ j] ; . ~-~~ ~---

eq(check[j,i],check[j,i)+f(j) . [ R, s, i] ) end ; ---
printcompvect(check[s,i],s,O,r,col); 

• 

connnent Evalua.tion of' betar k) and corresponding te11n in converging factor -------
series ; 

' 

r1 :=(if r>2 then O else r-2); -- - ---- ----• • 

• 

eq(betar[r1 ,.i] ,o.o) ;f~! s:-~r ~~~E -1 . . ' 
until Odo ----- --' . ' ' 

eq(betar[r1 ,i] ,pq[R,s,i]+( if polynomial then k else k-2Xs -- ---- -------.. 
)xbetar[.rl, i]) ; 

eq teI-xnr[ r1, i] , be-t.e.:r:"[ r1, i] power of x) ;modte1'lllr[ r1] : .... n1od( termr[ r1, i] ) J 
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C<:>!fiment Add in converging factor terrn if series still converging J 

if r>2 A still converging then be in if - --
modtcrmr[-2] > modterm:r[-1] A modtt:I'tl'Ar[-1] > nsodtennrlO] 

then s11m and d.ispl.e.y converging factor else still converging: •false end J 

cornment App11cation of epsilon algorithm to converging factor series J 

eq aux1(1],tern1r[r1.,i]+l[O.,i] J 

for s:•O ate 1 until r do 

be in con1prec1p aux0[1], if s-0 then tennr[r1,1] else auxl[i]-l[s,1] 

eq aux2[i],aux1[1] ;eq aux1[i],auxO[i] • , 

J 

:4+r+1 ;eq di[O,rs,1],aux2[1] J 

c1n di[ 1, rs, 1], u[ 1] ,e.11x2[ 1] end ; 

eq di[O,ra,1],auxl[i] ;c1n d1[1.,rs,1],u[1],aux1[1] end end J 

eq 1 [ r, 1] , a. t>X2 [ i ] ; eq 1 [ r+ 1 , 1] , a. ux 1 [ 1] 

power of x: squaredXpower of x end; 

if atil.1 converging /\ modterm1·[ 1 ] < m.odter,111•[-2] then --
be in s1un a.nd display converging factor ; 

s1J1ll a.nd display converging factor end ; 

cartment Print converging factor I product of converging factor and un, 

and modified s1Jm J 

NT ;druck converging :factor[i] ;c:::m aux1[1],u[1],converging fe.ctor[i] J 

NT Jdruck auxl [i] JNT Jdruck stim[i]+a11·x:1 [1] J 

• 
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cornm~nt Displ.ay application of epsilon algorithm to converging factor 

and the corresponding modified s,irns J 

display converging factor alone:=true; 

DISPLAY: for i:•0,1 do be in 

for 

for r:•1 ste 1 until rmax+1 sanfang-.:2 do be in NLCR -
for s:nsa.nfang ate 2 until sanfa.ng+2X co1-1 do if s : 2<1:- I\ 1•<:1,nax+ 1 . s : 2 --- - -
then be in rs:• sX twCJrmax t,11 a : 4+r J -
print if disp 

end end end end J 

converging factor a.lone then di[O,rs,1] else sum[1]+di[1,rs,i] 

if display converging factor al.one then be in ._ 

display converging factor al.one:•fa.lse J otQ TR DISPI.AY end J 

if po ._ ornia1 then be in po ania.l:•fal.se J oto co·&:FP'ICIH:NTS end end end -

• 
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begin int-et?er r~11ex, t,:oni1ex ; :r"IDBx: =read ; t".-rormex :=2Xltnex J -~--- ~~~~~~~ . . . • • 
.. 

~:e;!~ ~~~! a» k, x,xaquared, J.ambde., mu, po~-,er of x, s1.1rc1, u, auxs\1.m, 11n.i n1, 
• • • I i,J ;, 

coe'f:ftof::p ~n2smin1 jauxO,e..ux:1 ,e.ux2,Pr2,Pr1 ,qR1 ,converging fe.ctor J 
~ .. .,' _, . '.. -

!n!~~~! n, s., r, 1, rs, sa.Y1:fa...11.g, r1, col, R, Rtnin1, Rmj n2, t,-ror J 
• 

• 

!zo~!~~E- polynomj.e.l, still converging, displ~r converging fe.ctor eJ.one J 
., • 

!!!!l check, :f[ 0 :t,"'onnax+3], betar, terrnr[-2 :O], l[ 0 ::r,nax+1], . ' 

di [, : I'l1lBX+1 )x 1-rnax+5)) :4] ':P, q[ 0:, '0 :tt•TO?'ftJSX+;] J -• • 

boolean -------
even:==( integer,,•(integer:2)X2 ) ; 

',, 7 

~~~~2-~~ s1.1m and display converging factor ; 

!:~~!~ NLCR ;print bete.r[-2]) ;:print( t.e1mr[-2]) J 

converging factor:-converging £actor+termr[-2] ; 
• 

;tennr[s] :=termr[s+1] end end J --- ---
a:=r·ee.d ;x:= 1•ree.d ;col:=ree.d ;xsque.:red:= • I 

l embda : • 2 • Ox( e.-1 • 0 ) ; mu : -0 e.-0 o 5) X e.-1 • 5) ;n:=(entier(xsquared-lembda)):2; -
• • 

' 

n :=O ;k :=xsq1..1e.red-lernbda. end else --- ----
' . 

~!:~!~ k :•xsq1..1.e.red 1 a.,nbda-?Xn ;!f k'>1 .O ~!:~!!- ~~~!~ k :=k-2 .O J'n: 1+1 ~E,~ ~!!2- J 

NLCR ;print(e.) ;print(x) ;print(n) ;prlnt(k) J 

conm1ent~ E,reJ:t.1e.tion of terrr1S and pe..rtie.J.. sum of asymptotic series ; - ____ .... _ 

' ' . 

squared) end J ---
NLCR ;NLCR ;print ailm) ;NLCR ;NLCR ;print( u) J 
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co!mnent E _____ ...,. _uation of converging factor coefficients; .. 
' 

.. 

p(0,1] ~•q[0,1) :=1.0 ,;R: :Rmin2:=1 ;Rmin1 ~aO JI>O\•rer of x:•2.0 J 

:cl&on~1ergi:ng f'act-or ~ ..... 1[ O] :~o .o ; still converging :=-true ; 
----

r1 :- ,,, if ~,2 then O else r-3 ) ;po~rnomial :=true ;a.uxs11m:•O .o ; -- ---- ---- ----

. ' 

COF:FFI CIENTS : f ~! s :=t,-,ror+ 1 !!!~~ - 1 ~!:~~± 

~=~~~ if polynomial~~~~~~~!~ 

p[R, s] : p[ Rm1 n1, s-2] 

do --

+2.0x ( if s<t,\'or then sx s+1 )xp[R,s+1 ]+(r+2Xs-1 )xp[lm,jn1 ,s-1 ]+:p[Rrrdn~,s-3] -- ----
else o.o) ---- ' 

+ if s<tv!or-1 then sx 4x.,, ,larnbda-2)x-p[ltrn:in1,s] --- -- --- • 

- lembd.e.-4xr+4)xp[Rrrdn2,s-2] else o.o ) 
, ----

-- "' 
then coefftofpRmjn2smin1xp[Hmin2,s-1] else o.o) ) ) s J --~~ ---~ 

aux:s1J1n :=p[ R, s] +2 .oxauxsu.m end - -
else .. ... • 

q[ R, s] :, .. , • q[ Rmin1, s-2] 
' 

• 

-•!=?.oOx i:f s<t,.ror then q[~:fr12,s-3] else o.o ) .... - ----- ----- .., 

+(_ if s<t,.,or-1 -- - then sx(Jembde+2xs-2)xq[Hm1n1,s], 
--~- - ' 

+ J embde.+~ exs-3) )xq[ Rmj n.?, s 

+ if' s<·t,.;ror "2 then ( s-1 )x( 4x( s-1) +2><7 ambda)+nri.1)xq[ Rm1 n2, s-1] -- - ----
else o.o) ) ) send; .. ..,. ... _ ----

if -- --- • -• 
Pr2 °··12 . 0 ~~\,t.l • [R,3]-2.0x ( if' :r>1 then 2.ox(4.0)a'-J<embda-2.0)XP[Fn11n1 ,2] ...,_ -••t--- ,>-• 

-coeff'tofpRmin2smin1X.P[ Fm:in2, 1 ]- l.embda-4. 4.0)x;p[Rm1.n2, O] 

else 1 .o) ----' 

-( r+3)xP[lmd.n1, 1] ) ; 
• 
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.. 

Pr1 :=.;2.0x( !! r>1 !!!::!: coefftofp 1.1.i..i..i..n~smin1xp[l@i.n2,0] !:!:!~ -lambda ) 
.. 

-( 4,cr-1,ambda-2 .o )XP[ -·· nl, 1] ) ; 
-

q!~1 ~:~:~.~:Jx(lambde.xq[Ftm.:in1, 1 ]+( if r:-,1 then rm,1.xq[.Rrr1:In2,0) else -lernbda ) ) ; -~ ---- ----
p [ lmrl n 1 , 0] : =q_ ( :Rmin 1 , 0 J : .. -( qR1 - 3xPr2-Pr1 -4. Oxauxs1.11.n) ( _ --1 ) ; 

• .. • 

p[R,2) ~-.(Pr2-:p[l{taj,n1 ,o]) 2.0 jp[R, 1] :=4-~ ... "'"'[R, 2]+Pr1+2-.0x(r+1 )XP[ .... n1, O] 
• • 

qfR,2] :-( -q[Rmin1,0] 

+( if r > 1 then 2 .Ox ( le.mbda+2 .o)x( q[ .u. ........ n2, 0) +~.v .. 
-- ------ • 

+(mu.+2. .......ambda+4)xq(Rmj,n2, 1]) else ---- -2.0)) 2.0 J 
• 

q( R, 1 ] : ., .. :qR1 ; 

cormnent Print p[ r • 1 , 0] • -~----- , ,, 

NLCR ;print( p[ !~111 n1 , O]) ; 

comra.ent Add in converging factor te1m if series st.ill converging • - ----- , 

be tar[ r1] :-- -0 .o ; 

Odo betar[r1] :=kXbetar[r1]+p[Rmin1,s] J 
--

te11nr[ r1 ] :-=be tar[ r1 ] po,-?er of x ; 
• • 

!! r:;3 /\ sti11 converging ~h~~ ~~~!~ 

' 

if abs( t.e1·1n1 1[-2]) ~ e.bs( te1,nr·[-1]) A abs( te2tn7.""[-1]) > e.bs tennr[O]) then -- ----
s11n1 e.nd display converging fact.or else sti11 converging :=='false end ; --~~ ----- ---

comment Print Converging factor coefficients; 
-------
:poJ.y1:1omie.l. :=t.rue ; --13111 

CC1F;F'FT PRINT: NLCR ;f2! s :=O ~~~ 1 ~~!!, twor+1 2-~ E!:~!E: 

if (s ~col)xcoi ...... s then NLCR ; --- .. ----
, 

• 

~! su=O !;!:;;!: TA:B ~!:!~ :pr1.nt( !f polynoznje.l !£~!} p[R,s] ~~==~ q[R,s] ) ~E-~ J 

!! polynomial !,!:~:: ~! -~ po... omie.l :=:f~:?~ ;~~!:~ CC1E~F'F
1I' PFINT ~E-2- ; 

• 
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CO!!:Inent E"'.ralua.tion of polynomial coefficients in te1-ms of factorial ____ Nit ____ __ 

coe:fficient,,s and conversely ; 

po~ynorr..i.al. := :true ; -- -
CHECK~ for s:~.::1 ~~~ 1 ~-!:~!~ tvror+1 ~~ f[s]:=check[s]:=O.O; 

:f[ 1] ~-, .o ; 

if s>1 then f[i] :=.f[i-1]+ -- ---- 1-f polynomial -- t,hen 2X( s-1 ) _.,. __ 
• 

else 2x:t. )xf[i] ; 
----' 

check[i] :=check[i]+f[i]x( if po_ omie.l then q[R,s] else p[R,s] ) end J -- ---~ --~- ~-

if s-.. o then ~rAB else print( check[ a] ) end J -- ---- ---- ---

!f polynomial !!:~:: ~~~!!!- pol:>rnomie.l ;=f!-!:!~ J~~t2 CHECK ~~2- J 
• 

cortnrtent Application of epsilon algorithm to converging :factor series ; -------
e.ux1: tennr[r1 ]+l[O] ; 

• 

for --- s :•O sten 1 1.1nti1 r-1 --· --- - • 

-.. ·""" :=1 .o ( i:f s=O then texmr[ r1] else aux1-l[ O] ) J -- ---- ----
if s -- then begin aux0:::'f3,uxo+l[s-1] Jl[s-1] :1=a11x2 end J ---- ----- ---• 

aux2:=a.ux1 ;e.ux1 :1,axauxo ; 

if evens) then di[(sx(tv;ezmex+~s)) :4+r] :=aux2; -- -- - -
' 

if 5 .. ,,.r-1 A even r) then di[ rx(t,.ro1Tnax-r+6)) :4] :==aux1 -- ---- -
l[!' 1] :=aux2 Jl.[r]: eux1 Jpower o:f x:==2. 

Rm1n1 :=R JR:=Fmin2:=1-PJn1n1 end j ---

' 

end J ---' 

if still converging A e.bs(tet"!nr[-1]) < abs(te11:nr[-2]) then -- - ----
£~§!!!- smn end display converging factor J 

sum and display conve ~ns factor end J ---

• 
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• 

cornr11ent Prlrit co:-..1.verging fe.ctor,product of convergirlg factor end un, ----
a,1 1.d modified s\1m J 

NLCR ;NLCR ;print converging factor) ;auxO :=\1xconverging factor J 

MLCR ;NLCR ;prlnt(auxO) ;NLCR ;N1..CR .;prlnt(sum4•aux0) ; 
, . 

cor:r:rrnent Display application of epsilon ----
e1:1d the corresponding mo0~1.fied stuns J 

dis:i;,le.y converging factor alone :=true ; ----

orithm to converging factor 

•·1:•·1~:1·: GUIAR DISPIAY: f£!' senfe.ng :=O !!~~ 2Xcol ~~~±! I'll1S.X+1 2,~ ~~~!!: NLCR J 

for r:=1 aten 1 until n1JBx+1-senf'ang:2 do beP-'.in NLCR J 
-I -- • ----- - -- --W--

fo"P- s :--se.n'f'ang ~~~~ 2 ~~!~ senfeng_+2x( col-1 do if -- -..-

( • ., 

p1:··1 nt( if displey converging factor alone then di[rs] else sum1.\1xd:t-[rs] ) -- ---- -----
end end end J - --- ---
i ! disp1e.y converging factor a.lone ~h:::: £~§!!!-

, 

d1 a:play converging factor el.one :•fe.lae ;.aoto 'lW' ----- 5i--- I .. A.R DISPLAY end ---

end end ---

• 
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Numerical Results 

The Non-singular Case 

Some numerical results which have been produced by means 

or the preceding ALGOL programmes are summartsed in the following 
• 

tables which relate to the choice of argument 

, a O o O i . e o n 7., k,. ... Q o 2 5 
' Table I gives the terms real part~ imagiwti"Y part and 

) 

modulu.s and the partial sum o:r the asymptotic seraes 

~ ~ _vvi ~~ 

O -0.50845 2329 + 0.16489 5465 

1 -0000504 7820 - 0.01556 4867 
2 +0.00277 9441 - 0.00090 1396 

3 +0.00030 3531 + 0000093 5934 

4 -0.00046 5579 + 0.00015 0991 

5 -0.00009 9531 - 0000030 6902 

6 +0000025 2098 - 0000008 1758 

• 

• 

\l\.r 

0.53452 2484 

0.01636 2933 

0.00292 1952 

0.00098 3923 
0.00048 9451 
0.00032 2638 
0000026 5024 

.. '· ' . 
t' '-o ---· ----

0053205 6696 

0.00026 0775 ' ·i+o. 00008 044 7 + o. 0002 4 8056 

Table I 

Tal;)les II and III give the pol .. om1al coefficients 

and factorial coefficients 

• 

' 

• 



• 

' 

s r 

0 

1 

2 

3 

4 

s r 

0 

1 

2 

3 

4 

0 

+ 1oO 

+ 1.0i 
• 

- 2oO 

- 2. 01 

+ 1.0 

+ 12.01 

+ 60.0 

- 98oOi 

-1175.5 

+ 747 .51 

+ 
+ 
-
-
+ 

+ 
+ • 

0 

1.0 

1.01 

2.0 

2.01 

1o0 

12.01 

60o0 

98001 

1175.5 

+747051 

1 

+ 2oO 

+ 0.01 

- 12.0 

+ OoOi 

+ 76.0 

+ 38.0i 

+ 480.0 

- 872.01 

1 

+ 2.0 

+ 0.01 

- 8.0 

- 4.0i 

+ 28.0 

+ 70001 

+ 160.0 
• 

' 

924001 
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2 3 

• 

+ 2.0 

2.0i 

- 24.o + o.o 
+ 24.0i - 4.01 

+ 33600 - o.o 
• , 7 170.01 + 80.01 

Table II 

2 3 

+ 2.0 • • 

2.0i 

- 24.o 0 C, 0 

+ 0.01 4.01 -' 

+ 224.o -48.o 
+ 198001 +32.01 

Table III 

5 

- 4.0 

- 4.01 
• 

4 

4.o 
., 4.01 

Table IV gives the values of the coefficients · p k 
.. _., .. g,.-

and the terms " X I the ·numerical sum of the 
conver ing factors series, the product·Utn "' and the modified 

n 

• 

• 

• 
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' l 
l 

-0•030 12' 
-0 • 1 Sb'Z 

~ 2 ....,.35 

0715 0 • 

-o,ooro 

Table IV 

$& 0 " 04089~(:, 
. 'l 

.,, 0 • 

'I 

o. " 

o-o 020 
0,01001 
of) 3 · 

o ,cx:>19-'1 o 

5c8 

Tables V and VI give the real and imaginary parts 

respectively of those modified sums which are to be derived 

by applying the E-algorithm to the converging factor series~ 

and using the members of' the resulting even columnE-array as 

approximations to the converging factor 

~ s 0 

1 -0.51081 3995 
2 051080 6332 
3 .51080 8912 

4 051080 7966 
~ .. o-s10~0 -g2.s 

s 0 

2 4 

-0051080 6941 

051080 8523 -0051080 8194 
051080 8171 -0.51080 8220 

-0051080 8223 

Table V 
2. 4 

1 

2 

+ o. 14929 1718 + 
• 14928 0841 

0.14928 1499 
014928 1472 +0.14928 1461 
.14928 1442 +0014928 1440 

0.14928 1438 
3 
4 

5 

0 14928 1250 
.' 0 14928 1665 + 

+ 0 0 14928 1284 

Table VI .. 
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series and converging factor may be checked 

of the 

by use 

asymptot,1.c 

of the 

119 

An ALGOL programme which computes the function 
by means of the series 119 is given in _6.,.. • 

~,r/4 

computed by means of formula 119 
' 

0051080 8214 + 10014928 14490 

of 

is 

;z 

e·n ,, -:0 \-1\J - . 

In Tables VII and VIII respectively are given the 
-

I J 

It 
are 1 a·.: entical with a sequence of numbers computed by Airey 

and mentioned by Miller 

0 + 1 
1 1 + 1 

2 + 1 3 + 1 

3 + 1 + 7 - 6 + 1 

4 13 - 5 + 25 10 + 1 

5 + 47 83 - 60 + 65 15 .. + 1 

6 + 73 + 637 203 ...... 280 + 140 - 21 + 2 

7 2447 1425 + 3710 + 77 910 + 266 28 + 1 

8 +16811 - 22341 21347 + 13146 + 2667 -2394 + 462 -36 

Table VII 

+ 1 



0 1 2 

0 + 1 

1 - 1 + 1 
2 + 1 1 + 1 
3 + 1 1 0 
4 - 13 + 13 - 7 
5 + 47 47 + 30 

• 

6 + 73 73 + 13 
7 - 2447 2447 -1260 

, 

8 +16811 16811 +9629 

+ 

+ 

+ 
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3 

1 

2 + 

15 + 
20 -

+ 413 -

4 

1 

5 
20 

70 
-4074 +1323 

Table VIII 

+ 

+ 

5 6 7 8 

• 

' • 

1 

9 + 1 

14 + 14 + 1 

294 + 14 + 20 + 1 

Numerical experiments indicate that the rate of convergence 
of the converging factor series is not greatly influenced by the 

value of a. This is illustrated in Table IX which gives the 
values or 

a 0 
~2 

0 1041421 

1.5 1041421 

3o0 1.41421 

when 

• 

1376056 

1403.36 

1378071 

Table IX 

In contrast with this~ the efrect of upon the rate 

of convergence of the converging factor series appears to be very 

great; the rate of oonvergenqe decreases markedly as Z 
increases from O to "Ir. ·. • This is illustrated in Table X which 

and when 

and 



0 

8 
1T 4 

8 

~ 

1oO 

1 o 08239 

1041421 

2.61313 

- 46 -

' 

~ Op'ZS 

73012109 

131064265 

1376055506 

511290210 

Table X 

The numerical results produced by the preceding ALGOL 

programmes ror the case in which the argument is pure 

1m nary may be illustrated by the following Tables which 

relate to the case = ::I,.. - .. , O• 26 u 
) 

Table XI gives the terms and partial sum of the 

as ptotio series 

r 

0 + 7404748 3638 
1 1.3791 6364 
2 01489 8373 

3 00303 4854 
4 00091 3266 

5 00036 4179 
6 00018 0965 

7 00010 7718 
8 00007 4721 

9 00005 9192 • 
' 

10 + 000005 2725 •• 

\ (A;" + 76.0508 5994 
I' .... o 

\ 

+ 000005 2163 

Table XI 
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' 

Tables XII and XIII give the pol omial and factorial 

'S ~ 0 

0 - 006666 6667 

1 + 1 oO 

2 

3 
4 

5 
6 

7 

f 
0 

1 

2 

3 
4 

5 
6 

Q 

o.6666 6667 

+ 1.0 

and 
1 2 3 

- 102629 6296 + 12.0902 9982 - 113.7407 9955 

103333 3333 - 3.0518 5185 + 30.6473 5449 

+ 10333303333 - 1.2851 8519 - 19.2007 0547 

- 0.3333.3333 + 2.2222 2222 - o.8864 1975 

- o.6666 6667 + 3.5296 2963 

+ 0 0 0666 6667 .,, 1 • 2444 4444' 

Table XII 

- 1.2629 6296 + 12.0902 9982 
0 - 1.0 

- 006666 6667 + 1.3814 8148 

0.3333 3333 + o.8888 8889 

+ 0.1777 7778 
- 0.0095 2381 

3 

- 113.7407 9955 
+ 2 .1055 5556 

6.0451 4991 

o.8419 7531 

+ 006666 6667 -

+ 0.0666 6667 -
1.8037 0370 

1.2444 4444 

Table.XIII 

0.2222 2222 

0.0095 2381 

Table XIV gives the values of the coeffioients ~ 
. . -.--◄ ---2.~ 

and the terms te .. X. , the numerical sum or the . 

conver ing factor series, the product l.A.n t,\ • and the modi~ied 
n-

s um _ (A,.t' ·+ l.A..tr, h 
ye ·::.O 



r 
0 

~ 

004166 6667 

1 - 1.5181 7130 

2 + 11.2791 96 
3 - 107.2802 4 

4 + 1510.9878 

5 - 27825.923 

- 48 -

- 0.2083 3333 
000187 4286 

+ 0.0034 3826 
0.0008 0747 

+ 0. 0002 8081 

0.0001 2769 

- 0.2242·9228 
-

+76.0507 4294 

Table XIV 

Table 

derived by 

gives the 

applying the 

modified sums which are to be 
€ algorithm to the converging 

factor series~ and using the members of the resulting 

even column €-array as approximations to the converging 

factor. 

IYI S 

1 

2 

3 
4 

5 
6 

0 

+ 76.0507 

76.0507 

76.0507 

76.0507 

76.0507 
+ 76.0507 

5127 
4149 

4329 
4286 

4301 

4294 

+ 76.0507 

76.0507 

76.0507 

76.0507 

+ 76.0507 

4154 
4328 
4286 

4301 

4294 

4 

+ 76.0507 4328 

76.0507 4286 + 76.0507 4286 

+ 76.0507 4301 

the modulus of expression 
~ .· . ')I.V 

is 76.0507 4302. ·119 

It would appear that 
effected by applyi .• the 

series is not so marked. 

in the sin lar case the improvement 

(£ -algorithm to the converging 

The effect of the parameter a upon the rate of 
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convergence of the converging factor 

Table I which gives the values of 

• 

OQ4166 6667 
,Oo4166 6667 
004166 6667 

" 

107 02802 4017 

5.0140 1211 

151.9949 9718 

ec b \ hoV\ ..... ze"4o 
' 

when 

• 
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