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1 • Introduction 

Laguerre's formula is cubically convergent, provided one uses the 

right guess of the multiplicity of the zero. B. Parlett [2] assumes 

in his procedure for calculating the eigenvalues of a Hessenberg 

matrix that the multiplicity of the eigenvalue is either one or two, 

the latter in the case that convergence is slow. 

The purpose of this paper is to show how the multiplicity may be 

estimated by means of a Newton formula.. If this multiplicity, or 

rather the integer nearest to it, is used in Laguerre's f~rmula, 

we get cubic convergence for multiple zeros also. The author has 

done some experiments·with this formula and has the impression that 

the method is favourable if many zeros a.re multiple~or in clusters. 

In sections 2, 3 and 4, some formulas are derived and s~me theorems 

a.bout the order of convergence a.re proved. It is assumed that the 

given function f is sufficiently may times differentiable in a 

neighbourhood of a zero r off, so that it makes sense to speak 

a.bout the multiplicity of that zero and about Taylor expansion. As 

to convergence, only the local convergence, i.e. convergence in a 

sufficiently small neighbourhood of r is considered. 

Section 5 discusses the choice of the two parameters, p and q, in 

Laguerre's formula and section 6 gives some practical upper bounds 

for the error in the case that the function is a polynomial. 

Section 7 describes some features and results of an ALGOL 60 program 

for calculating the eigenvalues of a real matrix. 
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2. Laguerre's formula 

To derive this formula, we start from the interpolating function 

and choose, for given p and q, the parameters a, band c such that the 

values off* and its first and second derivative are equal to those 

of the given function f. Let 

2.2 s = f' (z)/f(z) , 1 

We then find 

S =..L+-9.... 
1 z-a z-b ' 

ds
1 

s =---= 
2 dz 

p + _ _.q __ _ 
2 2 • 

(z-a) (z-b) 

Putting s0 = p + q and eliminating b, we obtain Laguerre's formula 

for the next iterate a, which we call L(z): 

Herein, we choose the sign of the square root such that the absolute 

value of L(z) - z is minimal. 

We then have f'or the Laguerre iteration L, f.e. the iteration which 

in each step replaces z by L( z), the following 

2.5 Theorem. The Laguerre iteration L converges cubically in a 
!IP 

neighbourhood of a zero r off having multiplicity m, if p and q 

satisfy 

2 p = m + O(z - r) , q >constant> o. 

Proof. For convenience, we shift the root r to the origin. Then 

s 1 =:+a, where a tends to a finite value and s2 = (m + O(z~))/z2• 

The condition on p now reads p = m + O{z2 ) and we have 
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zv'<q/p)(s0s2 s~)· = vq/m)(s0m - m
2 

- 2mcrz) + O(z2)
1 

=V q(q - 2oz) + O(z
2

; = q - crz + O{z
2

). 

So we find for the Laguerre iterate (we have to take the+ sign, 

since m and q are both positive): 

2 L(z) = z - s
0

z/(m + crz :.!:. (q - crz) + O(z )) 

If the sign of the square root is chosen the other way, the same 

theorem holds but for the condition on q which has to be replaced 

by "q < constant <. O". 

If, however, the condition on pis replaced by p = m + O(z - r) 

the convergence is only quadratic. 

3. Newton' s formula 

Let now 

* in which a and care chosen such that f and f have equal function 

value-and derivative at z. Then we have 

s 1 = f'(z)/f(z) = p/(z - a) 

and we obtain Newton~s formula for the next iterate a, which we call 

N (z): 
p 

a= N (z) = z - p/s • p 1 

3.4 Theorem. The iteration N converges quadratically in a neighbour
p 

hood of an m-fold zero r of f if p = m + O(z - r). Moreover, if the 

Taylor series off is 
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f(z) 

and p satisfies 

3.4.2 
am+1 . 2 

p = m + - (z - r) + O(z - r) , 
a 

m 
then the convergence is cubic. 

Proof. We again shi:rt r to the origin. Then we have 

a 
: f ( Z ) / f I ( Z ) : ~ ( 1 - m+ 1 ~ + Q ( Z 

2 )) • 
m a m 

m 

2 Let p = m + µz + O(z ), then 

a 
N ( z ) = z - z ( 1 + µ ~ )( 1 - m+ 1 ~) + O ( z 3 ) 

p m a m 
m 

am+1 2 
O(z3 ). = ( --- µ) ~+ 

a m m 

So the is cubic, ifµ 
am+1 

otherwise quadratic. convergence =-and a , 
m 

4. Formula for the-multiplicity 

We again start from the interpolating function (3 .1), but we now 
* choose-the parameters a, c and p such that the values off and 

its first and second derivative are equal to those off. Then 

4. 1 s
1 

= p/(z - a) , 2 
s

2 
= p/ ( z - a) • 

Hence, we have for p and the next iterate a= M(z) (say): 

4.2 
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(This is, in fact, the ordinary Newton formula N1(z) for the 

function f(z)/f'(z).) 

4.4 Theorem. The iteration M converges quadratically in a neighbour

hood of a zero r off and the values p converge linearly to the 

multiplicity of r. 

Proof. Let f have the Taylor expansion (3.4.1). Then it easily 

follows that 

4 .4 .1 
2 am+l 2 

s
1
/s

2 
= m + 2 -a- (z - r) + O(z - r) • 

·m 

Thus, p converges linearly tom and, according to theorem (3.4), 
the convergence of the iteration Mis quadratic. 

5. Choice of p and q in Laguerre's formula 

We may choose p according to (4.2) and use this value in Laguerre's 

formula (2.4). Since condition (2.5.1) is not satisfied (cf. 4.4.1), 

we obtain not cubic, but only quadratic, convergence. In fact, the 

formula thus obtained is equivalent to Newton's formula (4.3). 

In order to obtain a cubically convergent process, we must therefore 

use a better estimate for the multiplicity. As the multiplicity is 

an integer, we may simply choose pas the integer which is nearest 

to s~/s2 • If we are sufficiently near the limit, this yields the 

correct value and we get cubic convergence. 

If, on the other hand, we are not near the limit, it may very well 

happen that this value for pis useless, either because it is 

negative or O (which happens often if f has non-real zeros) or because, 

in the case that f is a polynomial, it exceeds the degree. 

In these cases, the most obvious choices for p_seem to be p = 1 or 

p = degree, respectively. 

In this way, we may obtain a negative argument for the square root 

and thus a real start leads in a natural way to non-real iterates. 
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Of course, then s~/s2 will become non-real also, in which case we 

simply disregard its imaginary part for the determination of P• 

As to the choice of q, reasonable values seem p and m or, in case 

of polynomials, degree-p. In the latter case we should avoid the 

situation p = degree, q = o, since this formula would not converge 

cubically; so it is better to take p .::_ degree -1 and thus q~ 1 • 

Summarizing, we obtain the following choices for p and q: 

5 .1 if f is not a polynomial: 

2 p = the positive integer nearest to s
1
/s2 , 

or q = p; 

5.2 if f is a polynomial of degree n > 2: 

2 p = the positive integer smaller than n nearest to s
1
/s2, 

q = n - p or q = min(n-p,p). 

6. Upper bounds for the error of zeros of polynomials 

If the given f'unction f is a polynomial of degree n, we have the 

following upper bounds for the error z-r, where r is the nearest 

zero of f. 

a) expressed in the Newton step 61z = N1(z) - z (cf. 3.3): 

6. 1 

b) expressed in the Laguerre step 6z = L{z) - z (cf. 2.4), where p 

satisfies 1 .::. p < n: 

6.2 q = n-p ➔ lz - rl < c, + V2(n _ 1 > ) I 6z I , 

6.3 q = m ➔ lz - rl < \,h I 6z I, 

6.4 q = p ➔ lz - rl < n j6z j. 
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We prove only (6.2). 

I z - r I = ~ Is +' / s. ( ns - s 
2

; I I z - r I n 1 -V p 2 1 

These upper bounds are certainly not all best possible. 

In practice, however, they are good enough, especially (6.2 & 3). 

So the criterion "I t:.z I smaller than a desired tolerance" seems to 

be a good acceptance test for zeros of polynomials. If z is near 

the limit, we have I z - r I ~ I t:.z I and otherwise the error is at 

worst only a modest factor times lt:.zl. 

It should be borne in mind, however, that no rounding errors are 

considered here. Cancellation of figures may cause a much smaller 

lt:.zl and thus a far too optimistic error estimate. This may 

especially happen near already ~ccepted, and removed, zeros. 

Therefore, it is important to avoid circles around the accepted 

zeros during the iteration. This difficulty around the already 

accepted zeros is, in fact, the most serious drawback of any non

deflating method. 

7. Numerical experiments 

The author did some experiments with an ALGOL 60 program for calcula

ting the eigenvalues of a real matrix. The main features of the 

program are 

a) The matrix is first transformed to Hessenberg form by means of 

Householder's transformation. 

b} For calculating f, f' and f" Hyman's method is used. 

c) The iteration formula used is Laguerre's formula (2.4), where p 

and q are chosen according to (5.2). 

d) The iteration is continued until either lt:.zl < norm x eps, where 

eps is a given param.~ter and norm is the infinity norm of the 

matrix, or the number of iterations exceeds a given number. 
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Here, for the number of iterations, the program allows a higher 

maximum in case of convergence, i.e. in case l8zl is decreasing, 

then otherwise. (This strategy is inspired by J.W. Garwick's 

procedure "converge" [3] and an unpublished procedure for iteration 

control by R.J. De Vogelaere.) 

e) Iterates outside the ci~cle around the origin with radius the 

infinity norm of the matrix are rejected and replaced by a 

suitable number on the edge of the circle. (This often saves 

an iteration from divergence.) 

f) Accepted zeros r. are removed by subtracting l (z - r.)-k from sk 
1 1 

(k = 1, 2). Moreover circles around these zeros with radius norm ti-

mes given parameter, eta, are avoided during the iteration, as 

long as l~zl is greater than 4 times this radius. 

g) After accepting a zero (in fact either a real zero or a pair of 

complex conjugates), the program calculates a start from the next 

iteration by means of a Newton step (cf. Parlett [2J p.473). The 

first start is L(®) with p = 1 or, in an earlier version, L(O). 

h) After accepting a non-real zero, the program accepts its complex 

conjugate without any checking. 

The problem here is how to define non-reality. On the one hand, 

one has to prevent an accepted conjugate pair from causing a 

too-high multiplicity in a cluster of zeros, and on the other 

hand, one wants to deliver complex conjugates pair-wise. In this 

program the non-reality criterion is "Im(z) > norm x eta". 

i) In an earlier version not only the multiplicity p (cf. 5.2) was 

used in Laguerre's formula, but also the limit of z was accepted 

asap-tuple zero, where pis the last value used. This, however, 

yields difficulties, because, especially in the last step, cancellation 

of figures may cause a useless value of s~/s2 and thus yield a wrong 

multiplicity. If this multiplicity turns out too high, it ruins the 

whole subsequent calculation. A more fundamental objection is the 

following. Because of the cubic convergence one may use a rather 

modest tolerance and expect a much higher precision for the last 
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iterate. Thus one may accept the zero as a cluster of multiplicity 

pin the prescribed tolerance, but not in the higher precision 

expected. The newer version accepts each zero as a single one. 

In case of a multiple zero r the Newton step 61z (cf.(g)) usually 

vanishes and thus the next iterate starts outside a circle around 

r with radius norm x eta (cf.(f)). In case r is multiple, the next 

iteration will again enter the circil..e and converge to r (this may 

be considered a numerical definition of multiple zeros). 

The program was run on the Electrologica computers X1 and X8 

by means of the ALGOL systems of the Mathematical Centre, .Amster

dam, the X1-system written by Dijkstra and Zonneveld and the X8-

system by Kruseman Aretz. 

The test matrices used were,among others, Rosser's matrix of 

order 8, Frank's matrix of order 12, Eberlein's matrix of order 

16 (see Parlett [2]), and 5 tenth order matrices in Frobenius 

canonical form. The results were correct and the number of iterations 

was about the same as with Parlett's procedure Eig 3. A first impres

sion is that the program is favourable (as to the number of iterations 

required) for matrices with clusters of eigenvalues. For matrices 

with well separated eigenvalues, Muller's method, with its high 

efficiency rate of 1.84, will presumably do better than Laguerre, 

which has an efficiency rate of \3/3,;::. 1 .44. (Efficiency rate is the 

order of convergence for steps consisting of one function evaluation, 

more precisely: if the order of the process ism and the number of 

function evaluations per step is k, then the efficiency rate is 

defined as \;Yiii! ) 

Mathematical Centre, 

2e Boerhaavestraat 49, 

.Amsterdam. 
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begin 
comment R 1089, TJD 080866. Complex eigenvalues of real matrices. 
The method used is Newton - Laguerre iteration. 
Input: bigepa, amallepa, ma.xdiv, ma.xconv, then the matricel!I each pre
ceded by i ta order, and finally the end marker O. 
Output: bigepa, amallepa, maxdiv, ma.xconv, then for each matrix: 
if details then zreal, zimag, deltaz and parameter p of each iterate, 
moreover the order and the infinity norm of the matrix and the spur of 
the given matrix and the transformed one, subsequently real and imagi
nary part of each eigenvalue together with the error estimate and the 
number of iterations, and finally the sum of real and imaginary part 
of the eigenvalues and the total number of iterations; 

integer n, i, j; real spur; Boolean qeqm., transpose., details; 
array ea[1 :2]; in'rege'r ~ msC, :2]; 

comment NI.CR causes new line carriage return, 
PRfNirrEXT(a) ~rints the text between the outer quotes of the strings, 
ABSFIXT{n,m,x) prints x as un unsigned fixed point number having at 
moat n digits before and m digits behind the decimal point, 
print {x) prints x as a decimal floating number having a 1 3 - digit 
fraction and an exponent of at moat 3 digits; 

real procedure SUM(i,a,b.,x); value b; integer i,a.,b; real x; 
oeg!n real a; s:= o; -

1'o'r9i:= a step 1 until b do. s:= s + x; SUM:= a 
end 'SUR; -- - -

real procedure INPROD(i.,a,b.,x.,y); value b; integer i.,a.,b; real x,y; 
oegiri real a; s:= o; 

1'o'r9i:= a step 1 until b do a:= a + x X y; INPROD:"" s 
end !ffi'ROD; --

procedure comeigval(a, n, e, m, re, im, er., c, out., aux); 
value n; integer n; array a., e, re., im., er, aux; integer array m., c; 
procedure out; 
begiri integer k; real norm; array b[ 1 :n]; 

tf'mreahesta;'"'"n, e[2] ,f. 3., norm, b); aux[17]: ... norm; 
for k:"" 1 step 1 until n do 
"oegin coIJI'llalJiea(a, n., b, e1 m, k., re, im., out, aux); 

er[k]:= aux[13]; elk]: ... aux[14] 
end ~ comeigval; 
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procedure comvalhes(a, n, b, e, m, k, re, im, out, d); 
value n, k; integer n, k; array a, b, e, re, im, d; integer array mi 
procedure out; 
begin integer j; real norm, spur., w; array u, v[ 1 :n] ; 

procedure'cie!taz; 
begin if d[13] > e[1] then 

end 

-cregion(d[6], a!7]', k, re, im1 norm, e[1]X.25); 
chyma.n(a, n, b, d[6], d[7], dL7l + O, 2, u, v, d); 
laguerre(n--k.+1 k, re, im d); 
d[13]:= sqrt(d[8] i 2 + d[9] ,1\ 2)/norm; out 

end deltaz; 
a[T5]:= k; norm:= d[17]; 
if k = 1 then 
oegin d[16]:= spur:= SUM{j., 1, n, a[j,j]); 

w:= (n-1) X (n X (SUM(J, 1., :o-1., a[j,j] ,1\ 2 

end; 

+ 2 X a[j,j+1] X blj]) + a[n,n] i 2) - spur i 2); 
if w > 0 then 
begin-d[6] := (spur 
- + (if spur> 0 then 1 else -1) X sqrt{w) )/n; 

d[1IT= 0 - -
end else 
begincit6] := spur/n; d[7] := sqrt(-w)/n end ; 
go to newroot --

"'ff'"" abs( im[k-1]) > e[ 1] X norm/\ d[ 14] > • 5 then 
oegin re[k] := re[k-1]; im[k] := -im[k-1]; d[WIT= o; 

d[ 3] := --d.[3]; d[ 5] := =-d[ 5]; d[ 7] := --d[ 7] 
end else -
oegina:["O]:= d[2]X2; d[1]:= d[3]X2; d[2]:= d[4]; d[3]:= d[5]; 

l~erre(1 1 k-1, re, im, d); . 
newroot: dl13]:= el1] x 2; d[14]:= o; out; 

iter(deltaz,e[2].,m,13,d); re[k]:= d[6]; im[k]:= d[7] 
end comvalhes; 

procedure iter(step, eps, max, n, X); value n, eps; 
integer n; real eps; integer array max; array X; procedure step; 
begin Integer'J, count; Boolean conv; array OLDX[O:n]; 

next: 
count:= o; 
count:= count+1; X[n+1]:= count; step; 
conv:= if count= 1 then true else X[n] < .99 X OLDX[n]; 
if convthen for j:=Ostep f u'rrt!l n do-□LDX[j]:= X[j]; 
TI' X[ n] > eps-,;,-count < max[ if conv then 2 else 1 ] then 
- go to next; - - - -
if OLDX[nT'"<:X[ n] then 

end iter; 
~ j := 0 ~tep 1 until n ~ X[j] := OLDX[j] 
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procedure laguerre(degree,k,RE,IM,F); 
value degree,k; :Integer degree,k; array RE,IM,F; 
begin integer j,m; real a,b,d,s1,t1,s2,t2,dx,dy,p,x,y,w; 

x:= F[6]; y:= FL7]; s1:= F[2]; t1:= F[3]; 
s2:= s1 ~ 2 .... t1 ~ 2 .... (F[O] X F[4] - F[1] X F[5]); 
t2:= 2 X B1 X t1 .... (F[O] X F[5] + F[1] X F[4]); 
for j:= 1 step 1 until k-1 do 
'6egin a:= 'i:RE[j]; b:= y-IM['j]; d:= ~+b.4,2; 

w:= (a X F[O] + b X F[l])/d; 
b:= (a X F[1] - b X F[O])/d; a:= w; 
s1:= s1-a; t1:= t1-b; s2:= s2-(a,1'2-bk,2); t2:= t2--2Xaxb 

end; 
a:= s1 ~ 2 - t1 ~ 2; b:= 2 x s1 x t1; 
p:= (ax s2 +bx t2)/(s2 ~ 2 + t2 ~ 2); 
m:= if p > degree-1 then (if degree > 1 then degree-1 ~ 1) 

- e!se if p > -r=Enen p else 1 ; -
comment temporary amendment; -
if qeqm/\ 2Xm < degree then degree:= 2Xm; 
w:= (de~ree-m)/m; -
comsqrt{w X (degree X s2 - a), w X (degree X t2 - b), a, b); 
if s1 X a+ t1 X b < 0 then begin a:= -a; b:= -bend; 
a:= sl+a; b:= t1+b; d:=~ 2 + b ~ 2; 
dx:= - degree X (aXF[O] + bXF[1])/d; 
dy:= - degree X (axF[1] - bXF[O])/d; 
F[6]:= x+dx; F[7]:= y+dy; F[8]:= dx; F[9]:= dy; 
F[ 1 o] := p; F[ 11] := m; F[ 12].:= degree 

end laguerre; 

procedure cregion(x, y, k, RE, rn, norm, eps); 
value k, norm, eps; :Integer k; real x, y, norm, eps; array RE, rn; 
begin integer j; real ratio neps; 

ratio:=sqr't(Tx/norm~ ~ 2 + (y/norm) ~ 2),; 
if ratio > 1+4Xeps then begin x:= x/ratio; y:= y/ratio ~ ; 
neps := eps X norm; -

again: for j:= 1 step 1 until k-1 do 
'6egin if ('i:RE[ j ]TP + (y::::n,,:[ j]) ~ 2 < neps ~ 2 then 

begin x:= x + 2 x neps; go to aga:ln end -
end ~ cregion; -
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procedure chy:rnan(A,n,B,x,y,complex,m,u,v,F); value n,x,y,complex,m; 
Boolean complex; integer n,m; real x,y; array--:i\,Ir,u,v,F; 
begin integer i,k; real f,g; --

procedure element(uv,fg); real fg; array uv; 
begin real a; integer j; a:= if k = 0 then O else k X uv[i]; 

--;I:i;[ i] := if i + n then7'g/B[ i] else fg;-
fg:= x Xuv[i] + a::-INPROD(j,i,n,A[i,j],uv[j]) 

end element; 
for k: = 0 step 1 until m do 
oegin f:= 1J'K = 'omen 1else O; g:= O; 

for i:;;-n step -1 unt1rrdo 
begin element(u,f); if conipl'ex then 

begin element(v,g}; f:= f-YXv[i]; g:= g+yXu[i] end 
end -r--
~]:= f; F[2Xk+1]:= g 

end ~ chyman; 

procedure comsqrt(a, b, rp, ip); value a, b; real a, b, rp, ip; 
begin rp:= sqrt((abs(a) + sqrt(a x a+ bx 'bJT/ 2); 

ip:= b:= if rp + O then b / rp / 2 else o; 
ifa<O'tfien - -
oegin ip:= if b > 0 then rp ~ ....r:p; rp:= abs(b) end 

end comsqrt; - - --

procedure tfmreahes(A, n, eps, norm, B); 
value n., eps; integer n; real eps, norm; array A, B; 
begin integer i, j, k, k1; real w, alfa, to!, tol2; array P[1:n]; 

norm:= o; -
for i:= .1 step 1 until n do 
begin w:= -sm:rtj,1,n,abs(ATI,j])); if w > norm then norm:= wend; 
tol:= eps X norm; tol2:= tol ,+, 2; - · - -
for k:= 1 step 1 until n-1 do 
oegin k1:="1c+f; w:= INPROD(T;k+2,n,A[i,k],A[i,k]); 

if w > tol2 then 
oegin B[k] := sqrt(w + A[k1 .,k] ,1\ 2); 

if A[kl,k] > 0 then B[k]:= - B[k]; 
°A[k1,k]:= A[k1,IT'= B[k]; w:= A[k1,k] X B[k]; 
for i:= 1 step 1 until n do 
- :[i]:=~OD(j,k1,~,A['i,j~jA~j,k])/w; 
alfa.= INPRDD(1,k1,n,A[1.,k].,P[1 )., 
for j := k1 :R5nt 1 until n do 
'B[J]:= (INP i,ki,n,A[i,U,A[i,j]) + alfa x A[j,k])/w; 
for j := k1 step 1 until n do 
oegin for i:= 1 step 1 unt1:I k do 

A[i,j]:='t5TT] x A[j,k] +A[i,j]; 
for i:= k1 step 1 until n do 
- A[i,j]:~i,k] X B[j]+ P[i] X A[j,k] + A[i,jl 

end end else 
'oegiii"'B[k]:= if abs(A[k1,k]) > tol then A[k1,k] else to1xo.5; 

A[k1 .,U:= 0 - -
end end; 

, i:ITTi] : = tol 
end tfmreahes; 
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start: 
qeqm:= 7 true; comment temporary amendment; 
transpose:= 1 true; details:= 7 true; 
PRINTTEXT( -
.j:: bigeps smaJ.leps maxdiv maxconv';}); 
NI.CR; 
for i:= 1, 2 do begin es[i]:= read; print(es[i]) end; 
for i:= 1 , 2 ao oegm ms[ i] := read; ABSFIXT( 8 ,O, ms[ i]) ~ ; NLCR; 
for n: = read whilei:l =I= 0 do 
'Eegin array matrlx[1 :n, 1:n], re, im, erva.1[1 :n], aux[o:17]; 

:i.n:teger array cvaJ.[1:n]; 

end 
end 

procedure outline; 
if details then 
oegin integercount; 

count:= aux[14]; print(aux[6]); print(aux[7]); 
if count> 0 then 
oegin print(aux[13]); print(aux[lo]) end; 
~ -

end outline; 
for i:= 1 step 1 until n do for j := 1 step 1 until n do 
i:r--transpos'ethen matrix[j,il:= read el:sematrix[i,j]T,; read; 
Tr details th~ -
begin NLCR; 75m:NT:rE:xT ( 

z real z imag error p:j> 
) ; NI.CR; NI.CR 

end; 
spur:= SUM(i,1,n, matrix[i,i]); 
comeigvaJ.(matrix,n,es,ms,re,im,ervaJ.,cvaJ.,outline,aux); 
NI.CR; PRINTTE:xT( 

norm spur spur transformea;l,-); 
NI.CR; ABSFI:xT(4,0,n); print(aux[17]); 
print(spur); print(aux[16]); NI.CR; NI.CR; 
PRINTTE:xT( . 

real part imaginary part 
) ; NI.CR; NI.CR; 

error 

for j := 1 step 1 until n do 
oegin print("re[j] ); printt'"im[j] ); print(erva.l[j] ); 

ABSFI:xT(4, O, cvaJ.[j]); NI.CR 
end; 

countl-

NU!R; print(SUM(j, 1, n, re[j])); print(SUM(j, 1, n, im[j])); 
PRINTTE:xT( .J::<- sums ~ :j,); 
ABSFI:xT(4, o, SUM(j, 1, n, cvaJ.[j])); NI.CR 



' bigeps = 1 

1 maxdiv = • 
ir3 
10 

16 

1 smaJ.leps = 1 

• maxconv = 

' matrix of Eberlein of order 16 

1,-6 
30 

-1 o+l o+1 o+1 o+ 2- a... a... 2-2o+2o+2o+2o+ 4- 4- 4- 4 
-1 5+ 1 5+ 1 o+ 1 o+ 3- 3- 2- a...3o+ 3o+2o+2o+ 6-- 6-- 4- 4 
- 1 0 0+2o+ 1 o+ 2 0- 4- 2-20 o+4o+2o+ 4 0- 8- 4 
- 5 0 o+25+ 1 0 0- 5-1 0 0 o+5o+ 2 0 0-10 
-1o+1o+1o+10- 2+ 2+ 2+ 2-2o+2o+2o+20- 4+ 4+ 4+ 4 
-1 5+ 1 5+ 1 0+ 1 0- 3+ 3+ 2+ 2-30-I-30-l-20-l-20- 6+ 6+ 4+ 4 
-10 o+2o+ 10- 2 o+ 4+ 2-20 o+4o+20- 4 o+ 8+ 4 
- 5 0 0-1-25- 1 0 o+ 5-10 0 o+50- 2 0 0-1-10 
...J.i.o+4o+4o+4o+ 8- 8- 8- 8-3o+3o+3o+3o+ 6-- 6-- 6-- 6 
--6o+6o+4o+4o+1 a...1 a... 8- 8-45+45+3o+3o+ 9- 9- 6-- 6 
...J.i.o o+8o+4o+ 8 0-16- 8-30 o+6o+3o+ 6 0-12- 6 
-20. 0 0-1-102+ 4 0 0-20-1 5 0 o+75+ 3 0 0-1 5 
...J.i.o+4o+4o+40- 8+ 8+ 8+ 8-3o+3o+3o+30- 6+ 6+ 6+ 6 
--6o+6o+4o+40-12+12+ 8+ 8-45+45+3o+30- 9+ 9+ 6+ 6 
...J.i.o o+8o+40- 8 o+ 16+ 8-30 o+6o+ 30- 6 o+ 12+ 6 
-20 0 0-1-102- 4 0 o+20-15 0 o+75- 3 0 0-1-15 

1 matrix of Eberlein of order • 5 

+15+11+ 6- 9-15 
+ 1+ 3+ 9- 3- 8 
+ 7+ 6+ 6- 3-11 
+ 7+ 7+ 5- 3-11 
+17+12+ 5-10-16 

1 end marker • 0 



17 

bigeps sm&lleps ma.xdiv maxconv 
+.9999999999994ir 3 +.9999999999993ir 6 10 30 

order 
16 

norm 
+420 

spur 
+240 

spur traneformed 
+. 239999999999810+ 3 

real part imaginary part error count 

-.300000000074610+ 1 +.9999999979009ir O +.6753525089633ir 6 8 
-.3000000000746ro+ 1 -.9999999979009;.. 0 +.6753525089633ir 6 0 
-.5999999999105ro+ 1 -.2000000004009ro+ 1 +.5650517028877ir 6 4 
-.5999999999105ro+ 1 +.2oooooooo400910+ 1 +.5650517028877ir 6 o 
-. 9000000000509ll+ 1 +. 2999999998709ro+ 1 +. 23421 380341 03r 7 3 
-• 9000000000509ro+ 1 -• 2999999998709m+ 1 + • 23421 38Q341 03 Jr 7 0 
-.1199999999985ro+ 2 -.3999999999800ro+ 1 +.1874531488239r 13 4 
-. 119999999998510+ 2 +. 399999999980010+ 1 +. 1874531488239r 1 3 O 
+. 300000000005210+ 2 -. 1 0000000001 Soro+ 2 +. 966701 0237706ir 1 0 5 
+. 3000000000052 ro+ 2 +. 1 0000000001 8o10+ 2 +. 966701 02377o6 r 1 0 0 
+. 4499999999971 ro+ 2 -. 1 500000000026ro+ 2 +. 1 08o814464134r 1 2 8 
+.4499999999971 10+ 2 +.1500000000026ro+ 2 +. 1080814464134ir 12 0 
+.600000000000610+ 2 -.1999999999983m+ 2 +.205562051410210""' 7 3 
+.600000000000610+ 2 +.1999999999983ro+ 2 +.2055620514102r 7 0 
+. 1 500000000001 ro+ 2 + .4999999998327 ro+ 1 +. 7078564979711 r 10 2 
+.1500000000001ro+ 2 -.499999999832710+ 1 +.707856497971110""' 10 0 

order 
5 

+240 

norm 
+60 

-0 

spur 
+5 

SUlJJS 37 

spur transformed 
+.5000000000015ro+ 1 

real part imaginary part error count 

+.1500019082881 10+ 1 +.3570720966396ro+ 1 +.244838070638910""' 6 5 
+.1500019082881ro+ 1 -.3570720966396ro+ 1 +.24483807o6389r 6 0 
+.149998196778710+ 1 -.357070763431710+ 1 +.163303400058710""' 7 2 
+.1499981967787ro+ 1 +.3570707634317ro+ 1 +.1633034000587r 7 0 
-. 1000000000075ro+ 1 -.4235164736271 r 21 +. 1074449963813r 11 . 3 

SUlJJS _.;,. 10 
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'bigeps = 
' maxdiv = 

1(1""'3 

10 
• sma.l.leps = 
• maxconv = ' 

• matrix of order 10 

o,o,o,o,-120,0,0,o,o,o, 
1,0,0,0,-274,o,o,o,o,o, 
0,1,0,0,-225,o,o,o,o,o, 
0,0,1,0, -85,0,0,0,0,0, 
0,0,0,1, -15,0,0,0,0,0, 
o,o,o,o, o,-15,-85,-225,-274,-120, 
o,o,o,o, 0,1,0,0,0,0, 
o,o,o,o, 0,0,1,0,0,0, 
o,o,o,o, 0,0,0,1,0,0, 
o,o,o,o, 0,0,0,0,1,0 

• matrix of order 10 

0,0,0,---24,o,o, o ,o, o ,o, 
1,o,o,+50,0,0, o ,o, o ,o, 
0,1,0,-35,0,0, o ,o, o ,o, 
o,o,1,+10,0,0, o ,o, o ,o, 
o,o,o, o ,o,o,+6 ,o, o ,o, 
o,o,o, 0 ,1,0,-11,0, 0 ,o, 
o,o,o, 0 ,0,1,+6 ,o, 0 ,o, 
o,o,o, 0 ,o,o, 0 ,0,---2 ,o, 
o,o,o, O ,o,o, O ,1,+3 ,o, 
o,o,o, 0 ,o,o, 0 ,o, 0 ,, 

• end marker • 0 

rr,-6 
30 
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bigeps smaJ.leps maxdiv ma.xconv 
+. 9999999999994 ir 3 +. 9999999999993 itr 6 10 30 

order 
10 

norm 
+719 

spur 
-30 

spur transformed 
-30 

real part imaginary part 

-.4000000001 14210+ 1 --0 
-.29999999927610+ 1 --0 
-.300000000058610+ 1 --0 
-. 20000000001 5610+ 1 --0 
-.199999999919410+ 1 --0 
-.100000000000910+ 1 --0 
-. 9999999999873r 0 --0 
-.400000000197910+ 1 +.3853820784243r 
-.49999998o993710+ 1 +.3196600908417ur 
-.500000006309010+ 1 -.1067892507578ur 

error 

+.44108244237961tr 6 
+.3028075981486r 1 o 
+. 5682899702787 r 1 2 
+.2635621555oo4r 9 
+.4646842353033r 6 
+. 1621 21 54 303381ir- 7 
+.1132137445867r 7 

8 +.5473232283765r 11 
6 +.711153870024or 6 
6 +.3452325040621r 9 

-.2999999987541 10+ 2 +.2167246608681r 6 <- Sumf3 

count 

3 
5 
4 
4 
3 
3 
3 
3 
2 
2 

32 

order nonn spur spur transformed 
10 +51 +20 +20 

real part imaginary part error count 

+.299999999982210+ 1 --0 +.8851244955744r 6 3 
+.299999999997510+ 1 --0 +.4885304315094r 6 2 
+.199999999988910+ 1 --0 +.1576667007328r 6 4 
+.200000000004010+ 1 --0 +.1453166015508r 6 2 
+.200000000036710+ 1 --0 +.2902244399922r 6 2 
+.9999999999918r 0 -0 + .4801869767664r 13 3 
+.100000000000210+ 1 --0 +0 2 
+.100000000002910+ 1 --0 +.286010007141-5r 12 2 
+.9999999999764r 0 --0 +.3597118479324r 11 2 
+.399999999990910+ 1 --0 +.7370651060735r 8 2 

+20 --0 <i- Sumf3 ._.;> 24 
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' bigeps <= 
1 iu-1~ 1 smalleps = 'ia-6 

• maxdiv = • 1 O ' ma.xconv = I 30 

1 matrix with double eigenvalues -5(1)-1, the order is I 10 

0 0 0 0 - 360 0 0 0 0 120 
3 0 0 0 - 822 -1 0 0 0 Z74 
0 3 0 0 - 675 0 _, 0 0 225 
0 0 3 0 - 255 0 0 -1 0 85 
0 0 0 3 - 45 0 0 0 -1 15 
0 0 0 0 - 48o 0 0 0 0 120 
4 p 0 0 -1096 -1 0 0 0 Z74 
0 4 0 0 - 900 0 -1 0 0 225 
0 0 4 0 - 340 0 0 -1 0 85 
0 0 0 4 - 60 0 0 0 -1 15 

' matrix from a 5-th order matrix of Eberlein, the order is t 10 

30 22 12 -18 -30 -15 _, 1 -6 9 15 
2 6 18 -6 -16 _, 

-3 -9 3 8 
14 12 12 -6 -22 -7 -6 -6 3 11 
14 14 10 -6 -22 -7 -7 -5 3 11 
34 24 10 -20 -32 -17 -12 -5 10 16 
15 11 6 -9 -15 0 0 0 Q 0 

1 3 9 -3 -8 0 0 0 0 0 
7 6 6 -3 -11 0 0 0 0 0 
7 7 5 -3 _, 1 0 0 0 0 0 

17 12 5 -10 ... ,6 0 0 0 0 0 

1 end marker 1 0 
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bigeps smaJ.leps maxdiv ma.xconv 
+.9999999999999r 4 +.9999999999993ia- 6 10 30 

order 
10 

norm 
+1375 

spur 
-30 

spur transformed 
-.299999999998310+ 2 

reaJ. part imaginary part 

-.3999899733910ro+ 1 +0 
-.400000525903310+ 1 +0 
-.3000027706683ro+ 1 -.7296685768499ia-
-.2999984608o75ro+ 1 +.5491460202955ia-
-.200001459281710+ 1 .:...2302103213440ia-
-. 1999983257934ro+ 1 +.1703961456778ia-
-.9999999589027ia- 0 -.4762801672581ia-
-.9999999957927ia- 0 +.7523237179584r 
-.5000000003070ro+ 1 -.1419928190858r 
-.4999999995700ro+ 1 +.1345993837996ia-

error 

+.1580279266116ia- 6 
+.41720925634221!1""" 6 

4 +.53439255708651!1""" 7 
4 +.29396391976881!1""" 6 
6 +.8979248888795111""" 8 
6 +.2222638813894r 6 
5 +.34448o4070472r 8 
5 +.2007604636096r 8 
3 +.75070350665221!1""" 8 
3 +.54033734344171!1""" 8 

-.2999991511193ro+ 2 -.22745069610421!1""" 4 <- sums 

count 

3 
2 
4 
2 
4 
2 
3 
2 
4 
2 

28 

order 
10 

norm 
+180 

spur 
+10 

spur transformed 
+.1000000000007ro+ 2 

reaJ. part imaginary parl error count 

+.1500002361647ro+ 1 +.3570709487936ro+ 1 +.1828237746628r 7 6 
+.1500002361647ro+ 1 -.3570709487936ro+ 1 +.18282377466281!1""" 7 0 
+.1500016387492ro+ 1 -.3570737931019»+ 1 +.58991388715831!1""" 6 4 
+.1500016387492ro+ 1 +.3570737931019ro+ 1 +.58991388715831!1""" 6 0 
+.1499824760253ro+ 1 +.3570814503051ro+ 1 +.57084459621601!1""" 6 2 
+.1499824760253ro+ 1 -.3570814503051ro+ 1 +.57084459621601!1""" 6 0 
+.1500013385417m+ 1 -.3570508o61923ro+ 1 +.6120317852755r 6 2 
+.1500013385417ro+ 1 +.3570508o61923ro+ 1 +.61203178527551!1""" 6 0 
-. 9999840087548r 0 +. 6331372925938r 11 +. 9083298989051 r 7 6 
-.1000014427047ro+ 1 -.15827659849391!1""" 12 +.88554558015511!1""" 8 2 

sums 22 

b11,1.1vlhi:c.11. MAI HEMAl ISCH CENT RUM 

AMSTERDAM 


