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Preface

This report describes some experiences with the estimation of
parameters in nonlinear differential equations. The work was done
as part of work in a group on biomathematics and a group on stiff
differential equations. The program used is written in ALGOL 60 and
has been run on the EL X8 computer of the Mathematical Centre.
After an exposition of the method, a detailed description of the

procedure is given and a number of solved problems are shown in
detail.



1. Introduction

In this report we shall be concerned with a problem which arises
from experimental science. In order to predict the behaviour of
systems, an experimental scientist not only wants to describe
phenomena phenomenologically, but he also wants to construct a
model of the process under consideration. Often a mathematical
representation of the model will be given by a system of
differential equations in which a set of parameters is not known
a priori. These parameters have to be determined on the basis of

experiments.

Mathematically stated, the problem is this: A set of n

. . . *
differential equations is given

d

7 ¥ = flty,p) (1.1)

where Prepresents an m-vector of parameters. In the process
considered, p has the value p*, but p* is not known. Some
components of the vector y can be measured for different values
of t, but these measurements are affected by some random errors.
It is assumed that the form of f is known, together with some
statistical properties of the measurement errors. The problem

is to deduce an estimate p of the vector p .

With v (1 <1 < N) we denote the observed value of some
component y at time ti. Thus the index 1 identifies an
observation and also determines what component of y has been
observed. So we have a set of observations {yi}, a corresponding
set {ti} (t1 Sty S ... 8 tN) and, for some p, we can compute

a set of theoretical values y(ti,p) . The problem now seems

to be quite simple: we define the N-vector

Y(p) = (y(ti,p) - yi) 1€1i <N (1.2)

and we define

*
) We use vector notation throughout, so p € Rm,

yeRxR' >R, fe¢R xR x R® > R® ete..
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stp) = || ¥(®)[5=1 (vl op)r;)° (1.3)

the sum of the squares of the discrepancies. Using an integration
procedure to solve y(ti,p), we can solve the problem stated by
minimizing S(p) using standard techniques.Even when we assume
that the minimum is unique and that the function S(p) is the

best one to minimize (this can be justified under certain
conditions), the question still remains as to how badly

conditioned the problem is. I.e. how small a perturbation in

some values of y. will cause how large a variation in the
minimizing vector p. In relation to this question it is clear
that not only an estimate of p* has to be determined but also

an estimate of its reliability.

In this report we will assume that the measurement errors are
statistically independent and that they have a Gaussian
distribution with zero mean and variance 02. Thus the covariance

matrix of the vector of errors n is
= ¢°1 (1.1)
and the probability density of n is given by

p(n) = (2WO)—N/2 exp (- ||n|!2/202).

. The method

2.1. The dependence of Y(p) on p

The solution of the differential equation (1) can be
considered to be a function of t as well as a function of

p. We consider the difference between two adjacent solutions
y1(t,p) and y2(t,p+6) of equation (1), both starting at

y1(0,p) = ye(O,p+6) = ¢. We compute the perturbation due to
this small change in p.

d
T ¥y = £ty ,p) y,(0) = ¢ (2.1)




-5 -

a )

3¢ Vo = £lt,y,,P*8 y2(0) =c (2.2)

Expanding (2.2) in a Taylorseries and keeping only first

order terms in §, we obtain

d —
3t Vo = Tty Hp) + FY(y,-y,) + FP 8 (2.3)
where
3
FY = (a—y— £ (tQY1:p)) (2')4)

is an n X n matrix and

FP = (%Ef (t,y,>0)) (2.5)

is an n X p matrix, both matrices being functions of t,p

and Yqs but not of § or YoV

It would be expedient to know how the computable values
y(ti,p) depend upon small variations 6 around p. Since
equation (2.3) enables us to construct the differential

equation which defines

9
= 2 b ] -6
YP % y(t,p) (2.6)

we use (2.3) and write

3 4 _ )

3 at y(t,p) = FP + FY-§P y(t,p) (2.7)
or, in shorthand,

d—YP=FP+FY YP . (2.8)

dt :

This is a system of n x m differential equations. If we
solve this system together with system (1.1), we are able

to compute

Alp) = %y(t.,p), (2.9)
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an N X m matrix, giving the dependence of Y(p) (see

equation (1.2)) upon variations to p.

Minimizing S(p)

Consider the function S(p) defined by equation (1.3). The
value p that minimizes S(p) is an estimate of the true
value p*. In equation (1.3) y is a nonlinea: function of p.
Without some further assumptions the analysis would there-
fore be too involved to give hope of useful results. This
difficulty is dealt with by assuming that p is a
reasonably good approximation to p. Using a generalized
Newton-Raphson technique we linearize the nonlinearity for
small departures Sép from p.

Suppose that p is a trial vector and 8p is the required
correction (p+ép = p). The residual vector Y(p) is

approximated by a linear function of the parameter
Y(p) = Y(p-8p) = Y(p) - A 6p

and for the residual function

S(p) = s(p+sp) = || Y(p+8p) ‘|2

1| ¥(p) + a(p) og]|?

43

1Y) + 26pTATY + 6p ATAsp

The approximating function to S(p) has a minimum at the

point given by the normal equations
T T
A™(p)A(p)sp = - A (p) Y(p). (2.10)

If the matrix ATA is nonsingular, this equation determines

Sp from Y(p).

In the linear theory p+Sp so determined would be the required

solution and the minimum value of S attained there would

e



be
s8(5) = |1¥(»)|]® - 6o a asp (2.11)

In general, S(p+8p) will not be the minimal value of S and
the whole process 1s repeated using p+Sp as an approximation

to p for the next iteration.

The process we use has the same order of convergence as
quasilinearization has (see: Bellman and Kalaba [ 1965]). The
latter process often is called gquadratically convergent. In
fact, both processes have 2nd order convergence only in the
case that the observed values are exact in all decimal
places, otherwise they have 1st order convergence

(Willems £972]). So we prefer to speak of first order

convergence.

If it appears that S(p+Sp) > S(p), some other techniques

are applied. Firstly the method of steepest descent is used,
with p as a point of departure. For this purpose the gradient
vector r= -AT(p) Y(p) is calculated and a new trial step is

executed with
2 2
sp = [|r|]|/]]ar]]

If even with this 6p it appears that S(p+ép) > S(p), the
direction of the step is not changed, but a relaxation factor
is used, the step 8p is multiplied by S(p)/(S(p)+ S(p+sp))

and a new trial step is executed from p.

3. Statistics

Let p be the final estimate of p so that S(p) 2 S(p) for all p:
we assume that the linear theory holds in a sufficient large

neighbourhoud of p.

For the perturbations n; of the observed values y. we assume an

N(O,Ge) distribution and so it follows from equation (2.10) that
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the estimated value p will also be normally distributed. We define
§p = p - p* , hence the expectation of &p will be zero when

p = 5 . Ve are also interested in the covariance matrix of

8p, i.e. the expected value of GpépT.

T

E(spspr) = BE((AT4)7" aTy vTa (aTa)™") =

T

= (a T) 2 T >~1

771 AT B(vyT) & (aTa)! = 6° (a'a
From this covariance matrix we derive rij’ the correlations
between the estimates épi and dpj.
Q..
1 . T
r.. = with q.. = (A74)..
iJ 433953 ij ij (3.1)
By equation (2.10) 8p is a linear function of Y. Hence its
probability density will be Gaussian and will be given by

p(sp) = ((210)™ aet((a74)™"))"2 exp(-spTaTasp/202)

From (2.11) follows immediately

T

112 = s(p) + spr ATA §p.

| [x(p+sp)

TATA§2/02 and S(_ﬁ_)/o2 have

Now it is clear that ||¥l12/02, &p
a x2 distribution with N, m and N-m degrees of freedom,

respectively. An estimate of 02 is given by

2 = 8(3)/(-m) = || ¥(F)]]%/(@-m) (3.2)

The confidence region at level o is the ellipsoidal region

spT ATA Op < =

s(p) F (m,N-m), (3.3)

where Fa(n,N—m) is the a-point of the F-distribution with m and
N~m degrees of freedom.
The principal axes of the ellipsoidal region are given by the

1 .
eigenvectors of ATA and the length of the axes is ki- /2()%i is the

eigenvalue of the corresponding eigenvector).



-9 -

The confidence limits for each estimate, supposing that the

other estimates are exact, are

p; * o,

where

.l

6p. = J/ﬁ%a-s(i) Fa/(ATA)ii (3.4)

Other confidence limits for the individual estimates

(independently) are

where

AY

= /B _ /=
= //N~m s(p) Fa(ATA);; (3.5)

Spl

The geometrical interpretation is that the tangent planes

to the ellipsoId with normals to the direction i are at a
distance épi* from the centre of the ellipsolid and that the axis 1
intercepts the ellipsoId at points Gpi from the centre.

Clearly 6pi < dpi*.

Integration of the differential equations

©

The system of the differential equations which we have to
solve in each iteration step of the optimizing process is, in
general, a rather large one. In the system we distinguish two
parts

1. [see equation (1.1)]

a
= v(t.p) = £(t,y.p) (Lh.1)

a coupled system of n differential equations.
2. [see equation (2.8)]

d

= YP = FP + FY.YP . (L4.2)
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This is a set of m systems; each system consists of n

differential equations and is coupled with system (4.1).

The structure of the system (L4.1-4.2) as a whole can be clarified
by writing:
1) the system (k.1 - L.2) as

vy =f*
=f +f
o1 e T Ty ey (1.3)
: =f +f
Yom = fpu Ty Ypm
where ypi = ay/api, fpi = Bf/Bpi and

fy = 3f/dy the Jacobian matrix of the system (k.1).
and by writing

2) the Jacobian matrix of the system (L.1-L.2) as

£ 0 vieeu. O
N
J = f f 0 L. L
‘PY Y. ’ (b
0 J
T
pyn Y/
where fPyi = B(Bf/epi)/ay-

In this Jacobian matrix the one way coupling of the system is
clearly demonstrated. Besides we notice that the eigenvalues of
J are all the same as the eigenvalues of fy, and so the

stability behaviours of system (L.3) and system (4L.4) are similar.

In order to solve the system, linear multistep methods are used.
Essentially, the integrating procedure used ("multistep"), is the
came as the one described in Hemker [1971]. This procedure uses
variable steplength and variable order. In the case of stiff
differential equations the procedure switches from Adams-Moulton

to stiffly stable methods.

In order to solve (4.3) efficiently, we make use of the particular
structure mentioned. In each step of the integrating process,

equation (L.1) is solved as a independent system. When this part
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of the integration has been succesfully completed, the m systems

of equations (4.2) can be solved with only a little work. We

will show this in more detail.

Since we only use implicit linear multistep methods,the solution

of one integration step
vy = £(y)
corresponds to the solution-of the nonlinear equation

y_o= hR f(yn) + @n’ (h.ua)

n

where @n contains the information about a number of completed
steps. After the choice of a suitable starting value oI this

equation is solved with a modified Newton-Raphson method
= -1 G-
410 = o " (I—thy) (- 08ty )).  (k.5)
When we solve the system of differential equations

£(y)

.
n

e
]

+ f w
g(y) -

we make use of the one-wey coupling of the system. In each

step, we have to solve the nonlinear system

]
i

ng £(y ) + ¢ (4.6)

n

g
I

ne gly,) + 08 £y ) v (h.7)

We do not iterate this system simultaneously, but we solve the
nonlinear equation (4.6) by the iteration process (4.5), we
substitute the computed value of v, in (4.7), and we solve the
linear equation (4.7) directly. For the solution of this linear
equation one needs (I—thy(yn))—1: the same factor that will be
used in (L4.5).

The solution of the system (L4.3) is obtained in the same way. In
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each step of the integration process, the first system of n
equations (L4.1) is solved by iteration. When this iteration has
been completed, each of the msystems of the n equations (L.2)
is solved directly. Each one of these m systems needs the L-U-
decompsition of one and the same matrix I-thy(yn). Moreover,
this L-U-decomposition can be used again in the next modified
Newton-Raphson iteration. This implies that each step in the
solution of (4.3) only involves:

i) 1 or more (up to 3) evaluations of f.

ii) 1 evaluation of fpi’ for i = 1,8,000... ,m.

iii) 1 evaluation of fy'

Each evaluation of fy involves an L-U-decomposition of

I-—thy and each evaluation of f or fpi involves an execution of
the second stage of the Gaussian elimination.

When, during an integration step, it appears that the iteration
process (4.5) does not converge or that the local error bound
is exceeded, the step length is changed and the work mentioned
in 1) and iii) has to be repeated.

We notice that the possibility of coupling the integration of
(L.2) with the integration of (L.71) with this ease, depends
cruxially on the form of the linear integration formula (h.ha).

It cannot be done, for instance, with Runge-Kutta methods.

We use another feature of the integration method. On an interval
containing some meshpoints, the linear multistep methods
approximate the solution of the differential equation to a
polyncomial of a certain degree. As a consequence, there is no
need to take the meshpoints of our integrating procedure
together with the points {ti} where the solution is wanted. The
solution is obtained by interpolating the approximating

polynomial.

5. The procedure odeparest

5.1. General remarks, users manual

Although we know that the iteration process has first order
convergence, it is evident that in most practical (nonlinear)

problems, we cannot say anything about the a priori fitness




of a first estimate. This reason, and others that make

parareter estimation an art rather than only & computing

technigue, lead us o g

in printed form. This prevents the use, without
e

inspectation, of the results as & starting point for further

The inmput of the procedure can be divided into four parts:

1. The system of differential eguations which defines the

problem, together with its initial values.
- L]

2. The observations to which the parameters will be

adjusted.

”

3. A first estimate of the parameters, together with some

upper and lower bounds for them.

4. Some actual parameters of the procedure, by which the

optimizing and integration processes will be controlled
and one actual parameter which specifies the confidence

region desired.

Now we shall treat these four items in detail.

1) The system of differentisl equations defining the problem

hes to be supplied by the user as a set of sub-procedures
for the procedure odeparest. Four procedures are needed:
a) a procedure which identifies the function f (see

equation 1.1).

is is & procedure with the heading procedure call

{r); value r; real r;j.

T
By this procedure the values of the left hand part
of (1.1), multiplied by the real value r, will be
assigned to the array elements of fl1l:nl].

b) a procedure which identifies the Jacoblan matrix of the
vector-function f. (I.e. fy in the eguations 4.3 and L.L).
This is a procedure with the heading procedure call

fy(r); value r; real r;.

By this procedure the values of the partial derivatives
of fi with respect to Y multiplied by & real value r,
will be assigned to the array element fyli,jl.

¢) a procedure which identifies the partial derivatives of f

with respect to p.
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This is a procedure with the heading procedure call

fp(r); value r; real r;.

By this procedure the value of Bfi/apj * r will be
assigned to the array element fpl1,j].

& procedure by which the initial values of equation
(1.1) are supplied.

This is a procedure with the heading procedure call
ystart;

By this procedure the initial values of y are assigned
to the array elements y[0,i] (1 <1 < n). However, the
procedure has to do another job: some positive values
have to be assigned to the array elements ymax[1i]

(1 ¢ i <£n). The desired value of ymax[i] corresponds
to an estimate of the maximal absolute value of y on
the integration interval. If no estimate can be given,
the value 1 can be assigned. (For a detailed description
of the use of ymax see the manual for the ALGOL 60.
procedure MULTISTEP, Hemker [19711).

N.B. 1. Note that the structure of the system is
completely determined by f.fy and fp can be
derived from f. However, by supplying fy and fp
in an analytic form, we are able to solve our
problem efficiently.

N.B. 2. f, fy and fp are functions of £, y and p. These
values of t, ¥y and p can be obtained from the
identifiers (array elements) x, y[0,i] (1 < i < n)
and parl[i] (1 < i < m) respectively.

N.B. 3. The initial values may be functions of the para-
meters p. In that case the initial values of
3y/3p also have to be supplied; thus it is useful
to know that Byi/apj corresponds with
y[O,n*j+i].

N.B. 4. Since procedure call ystart is only called once
during the integration of an interval, and since
"eall f", "call fy" and "call fp" are used many
times, assignments of the constant wvalue zero to

an element of f, fy or fp will be placed in "call
ystart".
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2) The observations to be fitted to, and

3) the first estimate, upper- and lower-bounds of the

parameters, are ashed for by means of a call of the

procedure 'data' from the formal parameter list of

the procedure 'odeparest'.

The actual declaration of this procedure has the

heading

procedure data (nobs, tobs, cobs, obs, npar, parlbd,
par, parubd);

integer nobs, npar; integer array cobs;

array tobs, obs, parlbd, par, par ubd;.

nobs and npar are inputparameters, indicating the number

of parameters, m, respectively. For each observation a

value is assigned to

tobs[i], cobs[i] and obsl[i] (1 <€ i < nobs)

tobs[i] - the time of observation

cobs[i] - the component of y observed (1 < cobs[i] < n)

obs[i] - the observed value of the component cobs[i]

of y at the time tobs[ilJ.

If the time, corresponding to the starting values

(given in 'call ystart') does not equal zero, this time

has to be provided in tobs[Ol].

The observations have to be ordered such that tobs[i] <

tobs[J] if 1 < j.

For each parameter in the system (1.1), values are

assigned to

parlbdlil, par[i] and parubdlil] (1 £ i < npar)
par(i] - a first estimate of the i-th parameter.
parlba[i] and parubd[i] - lower- and upper-bounds,
respectively, for the parameter value.

N.B. 1. The procedure 'odeparest' only solves the un-
constrained optimization problem; parlbd and
parubd are provided only to prevent some
unwanted effects (e.g. f, fy and fp may be
undefined outside the indicated parameter
region.

N.B. 2. If the value of 'nobs' is decreased by the

procedure 'data', only the first 'nobs' (new

value) observations will be used during the calculation.
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If the value of 'npar' is decreased by the '
procedure 'data', only the first 'mpar' (new
value) parameters will be adjusted.

L) Before we explain the formal procedure parameters

of the procedure 'odeparest', by which the process is

controled, we give the heading of the procedure:

procedure odeparest (n, nobs, npar, data, itmax, converge,

eps, meshp, stiff, fa);

value n, nobs, npar, itmax, converge, eps, meshp, stiff,
fa);

integer n, nobs, npar, itmax, meshp; real converge, eps,

fa;

boolean stiff; procedure data;

The actual parameters corresponding to the formal para-
meters are:
n : < integer expression >;
the number of equations of system (1.1).
nobs : < integer expression >;
the number of observations: N.
npar : < integer expression >;
the number of parameters: m.
data : < procedure >;
this procedure is described in item 2 and 3.
itmax : < integer expression >;
the maximum number of iterations of the
optimization process.
converge : < real expression >}
The optimization process is deemed to have
converged if the final (estimated) |
improvement in S(p) (i.e. |S(p)-S(p+sp)|) is
less than ;
converge * S(p)
This test arises from the fact that the \
difference between S(p) and S(p), evaluated é

on the boundary of the confidence region, is |

m
T Fo(m, N-m) * 8 | ;
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It seems reasonable that some small function
fraction of this should be used as convergence
criterion.

< real expression >;

a parameter which controls the relative local
error bound during the integration process.
During the last iteration step of the

optimazing process eps is replaced by eps/10.

meshp : < integer expression >;

the maximal number of meshpoints that will
be used by the integrating procedure, between
two different observation times tobsli] and

tobsli+1].

stiff : < booclean expression >;

fa

As

In order to make efficient use of the
integrating procedure, 'stiff' can be set
true, if the user knows that stiff differential
equations will be integrated.

< real expression >;

F&(m, N-m), fa is the a-point of the
F-distribution with npar and nobs-npar degrees
of freedom. The confidence regions at level a

will be printed.

OUTPUT.,

we mentioned before, a call of procedure 'odeparest'

only results in some printed output.

This printout can be of three kinds.

1)

2)
3)

We

Results for each iteration, associated with the fitting
of the data.

Diagnostic printout.

Final results, which include parameter values,

confidence regions, correlation- and covariance-matrices.

describe the printout in more detail.

An iteration is called successful, if S(pnew) < s(p_,.)

old

holds for the new estimate p __ of D.

a) Each successful iteration results in the printout
'iteration number' and the number of the iteration

performed. The following additional results will be



2)

- 18 -

'computed residue': IIY(p)IIé (see equation (1.2))
' computed standard error': (!lY(p)|‘2/(N~m))%
'estimated residue' : || Y(p+6p)||2
'estimated standard error': (llY(p+5p)ll2/(N—m))%
'corrections for parameters': 8p. (1 <1 <m)
'parameter value': (p+6p)i (1 <1i<m)
These additional results will also be printed after
the messages:
b) 'boundary constraints jump':
the calculated new parameter value violates the
boundary constraints. Linear interpolation gives
the maximal permissible jump in the computed
direction.
c) 'plus ulta':
even on the boundaries of the permissible region the
minimizing vector p seems to be beyond these
boundaries.
d) 'steepest descent':
the last iteration step was not successful. The old
value of p is maintained and a step according to the
method of the steepest descent is executed.
e) 'relation par’:
even steepest descent was unsatisfactory; the last
jump is repeated with a relaxation factor
S(p)/(s(p)+s(p+sp)).
Diagnostic printouts are:
'strong nonlinearity'
The differential equation seems to be a very nonlinear
one. This may result in a long computing time, since
integration is continued with a smaller steplength than
specified by 'meshp'. This diagnostic can be avoided
by choosing a larger value for 'meshp'. However, this
will not avoid the evil. This diagnostic also can
appear when fy doesn't represent the Jacobian matrix
correctly.
'linear dependence in (dy/dp) [i]'
The matrix ATA seems to be singular. The initial
estimate or the set of sample-times {tobs[i]/1<i<N} are

not appropriate to solve the problem. This diagnostic
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may also occur if fp is not represented correctly.

'the equation was found to be stiff at t='

This message isonly given if the formal parameter
stiff = false. If the equation appears to be stiff in
the greater part of the integration, it will be
efficient to set stiff = true.

'some little problems with stiffness < number '

This message is given if a stiff differential

equation is solved. The < number > indicates the number
of times that the relative local error bound eps is

exeeded. If it is a large number (™~ meshp) it may be

better to choose a larger number for meshp.
During the last two iterations, information about the
confidence region and the linear correlation between
the parameters is printed.
This information involves:
a) the conditional confidence interval:
the values Spi (see equation 3.k4).
b) the independent confidence interval:
the values ép; (see equation 3.5).
c) the correlation matrix,
d) the covariance matrix and
e) the principal axes of the confidence region.
For detailed information see section 3.
The last iteration 1s a special one. It computes
y(ti,p) with an accuracy eps/10 and it computes

p+6p even in the case S(p+ép) ¥ S(p).

The procedure text
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procedure odeparest(n,nobs,npar,data,itmax,converge,eps,meshp,stiff,fa);
value n,nobs,npar,itmax, converge,eps,meshp, stiff,fa;
integer n,nobs,npar,itmax,meshp; real converge,eps,fa; boolean stiff;
begin comment The procedures: call ystart,call f,call fy,call fp

define the problem supplied by the user.

The four procedures inserted here only are examples,

procedure call ystart;

begin y[0,1]):= ymax[1]:= ymax[2]:= 1; y[0,2]:= O end;

procedure call f(r); value r; real r;

begin fl1]:= —rx{({1=y[0,2])xy[0,7] — par([2]xy[0,2]);

f[2]:= rxpar[1]x((1-y[0,2])xy[0,1] -
(par[2]+par[3])xy[0,2])

]

end;

procedure call fy(r); value r; real r;

begin ty[1,1]:= —rx(1-y[0,2]);

fyl1,2):= rx(par[2]+y[0,11]);

fyl2,1]:= rxpar[1]x(1=y[0,2]);

fy[2,2] = —rxpar [ 1 Ix(par[2]+par[3]+y[0,1]);
end;

procedure call fp(r); value r; real r;
begin tp[1,1]:= 0; £p[T,2]:= rxy[0,2]; fp[1,3]:= 0;
£pl2,1]:= r( (1310, 2])xy[0,1] — (par(2]+par[31)xyl0,2]);
fp[2,2] :=rxpar[1]xy[0,2];
fp[2,3]:=—r><par[1]><y[0,2]
ggg last procedure declared by the user;

array y[0:7, 1:nX(npar+1) ],ymax,f[1:n],fy[1:n,1:n],fpl1:n, 1:npar];
proc pr(s); begin nlcr; printtext(s) end;
proc f E r); TIot(5,3,r);

proc pf(s,r); begin pr(s); tab; fl(r) end;

proc out(s,r); string s; real r;

begin int 1i; if linenumber>50 then new page else nler;
pr(s); print(r);
pf (¥computed residue (stand.dev.)},comp error);
f1(sqrt{comp error/(nobs—npar))),
pf (festimated residue (stand.dev.)},est error);
fl(sgrt(est error/(nobs-npar)));
pr(fcorrections for parameter}); tab;
for i:=1 step 1 until npar do fl(delta par[il); nlcr;
—~T%parameter valuer); tab; tab;
for i:= 1 step 1 until npar do f1(par[i]);

end;

boolean first,adams; integer k,kold,same,fails;

real x,xold,h,ch,hold tolconv,tolup,tol toldwn,ao,

array al0:7], dd[O 7,0:n],last deltal1:n], jac[1:n,1:n],const[1:L45],
tobs[0:nobs], obs[1:nobs], parl, par, parul 1:npar];

int array cobs[1:nobs},pp[1:n];
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procedure multistep(xend,hmin,hmax,eps);

value xend,hmin,hmax,eps; real xend,hmin,hmax, eps;

begin comment This sub—procedure ‘multistep' is essentially the same
as the procedure '*MULTISTEP' described in Hemker[1971];

boolean conv; integer 1i,J,1,knew,np;
real chnew,c,error,dfi; array delta,df,yO[1:n];

procedure method;
begin dd[0,0]:= if adams then — 600 else x; i:= ki= 1;
— if adams then - )
begin for const[il:= 1,1,12,2,1,.5,1,.5,24,12,1,5/12,1,.75,
— 1/6,37.89,2k4,2,.375,1,11/12,1/3,1/24,53.33,37.89, 1,
251/720,1,25/2k,35/72,5/48,1/120,70.08,53.33, .3158,
95/288,1,137/120, .625, 17/96, .025,1/720,0,70.08,
LO0TLOT do i:= 1 + 1
end else -
begin for const[il:= 1,1,3,2,1,2/3,1,1/3,6,k.5,1,6/11,1,
—  6/11,1/11,9.167,7.333,0.5, .48,1,.7,.2,.02,12.5,
10.42,.1667,120/27k,1,225/27kL,85/27k, 15/27h, 1/27k,
15.98,13.7, .0k167,180/4k1,1,58/63,5/12,25/252,
3/252,1/1764,0,17.15,.008333 do i:= 1 + 1
end
end method;

procedure order;
begin j:= (k=1) X (k+8) / 2 + 1;
for i:= 0 step 1 until k do al[il:= const[i+j]; a0:= a[0];

Tolup := (epsxconstlj+k+11)A2;
tol = (epsxconst[j+k+2])N2;
toldwn: = {epsxconst[j+k+3])N2;

tolconv: = eps/(2xnx(k+2));
same:= k+1
end order;

procedure evaluate jacobian;
begin call fy( —aOxh);
for i:= 1 step 1 until n do
For j:= 1 step 1 until n do jacli,jl:= fyli, 3]s
for i:= 1 step 1 wntil n do jac[i,i]:= Jac[i,1] + 1;
det(jac,n,pp)
end evaluate jacobian;

1

procedure calculate step and order;
begin real al,al,a3; same:= 10;

al:= 1f k<1 then O else
0. 75%(toldwn/ sum( 3, 1,n, (ylk,1]/ymax[11)A2) )N(0.5/k) 5
0.80x(tol  Jerror ) A (0.5/(k+1));
if failsfO then O else
0.70x(tolup /sum(i, 1, n, ((deltalil-last delta[i])/

ymex[11)A2))A(0.5/ (k+2) );

if al>a2 A al>a3 then begin knew:=k—1; chnew:=al ggg else
if a2>a3 then begin knew:=k ; chnew:=a2 ggg else
begin knew:=k+1; chnew:=a3 end
ggg calculate step and order;

az2:
al3:

I n
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procedure reset step;
begin real C3
IF ch < hmin/hold then ch:= hmin/hold else
if ch > hmax/hold then Then ch:= hmax/hold;”
X:= x0ld; h:= hold X "X ch; ci= 13
for j:=0 step 1 until k do
begin for i:=1 step 1 untll n do y[J,il:=adlj,1] x c;
Ti=cxchn

end;
evaluate jacobian;
same:= k + 1

359 reset step;

procedure begin;
begin hold:= hi= hmin; chi= 1; call f(h);
for i:= 1 step 1 until n do
begin dd[O il:= y{o 115 dadl1,i]:= y[1,1]1:= £[1] end;
Tails:= kold:= ki= 13 order, evaluate Jacobla_n
end begin;

if first then

begin first:= false, adams: = stiff; method;
x0ld:= x; begin; for i:=1,2,3 do dafi,0]:=

end;

for 1:= 0 while x<xend do
begln X:= X+h;

comment prediction;

for 1:=0 step 1 until k=1 do

Tor j:= k=1 =7 step —1 —1 until 1 do

elerW(1 n, 3,3+ 1,9, 103

for i:= 1 step 1 until n do deltali]:= 0;

e

comment correction and estimation local error;

for 1:=1,2,3 do

begin call T (n);
for i:r=1 step 1 until n do af[i]:= £[i] - yl1,1];
501( Jac,n, pp, df) 3

conv: true,
for i:= 1 step 1 until n do
begin dfl af(i];
y[0,i]:= y[0,i] + aOxafi;
yl1,i]:= y[1,i] + arfi;
delta[i]:= deltal[i] +dfi;
conv:= conv A abs(dfi) < tolconv X ymax[i]

end;
ii conv then

begin error:= sum(i,1,n, (deltal[i]/ymax[1]1)A2);
goto convergence

end

end;
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comment acceptance or rejection;
if Tlconv then no convergence:
begin if h<mminx1.0001 then
Pegin pr({ strong monlinearity$); hmin:= hmin/k end;
ch:= ch/l; reset step -
end else convergence:

if error>tol then error test not ok:
begin fails:= fails + 1;
if h>hminx1.0001 then
begln if fails>2 Then
begin k:= 0; reset step; begin end else
begin calculate step and order;
1f knew%k then begin k:= knew; order end;
CTh: = chxchnew/fails; reset step -

end

end else

if adams then

begin adams:= false; method;order;reset step end else

if kF1 then

begin k:=1; order; reset step end else

Pegin dd[2,0]:= dd[2,0] + 1; goto error test ok end
end else _——

error test ok:
begin fails:= Og
if k>2 then begin for i:=1 step 1 until n do
elmcolvec(2 K,1,y,a,deltali]) end;
for i:= 1 step 1 until n do if abs(yTﬁTi])>ymax[i]
then ymax[1iT:=abs(yl0,1]);
same: = same — 1;
1f same=1 then begin for i:=1 step 1 until n do
last deltali]:= delta[i] end else
if same=0 then
begin calculate step and order;
if chnew>1.1 then
begin same:= k + 1;
if knew{:k then
begln if knew>k then

begin for =1 step 1 until n do
vl knew, = deltali]xa[k]/knew
end;

k: = knew; order
end;
If chnew> hmax/h then chnew:= hmax/h;
hi=h X chnew; c:= 1;
for j:=1 step 1 until k do
begin c:= ¢ X chnew; -
for i:=1 step 1 until n do

yl3,1]:= y[3,1l%c

end

end
end;
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for i:= 1 step 1 until n do
Tor ji= O step 1 until k do dd[Jj,il:= y[Jj,1];

if hk hold then
Pegin ch:= n/hold; ci= 1;
for j:i= 1 step 1 until kold do
Tegin c:= cXch; -
" for i:= n+1 step 1 until nnp do
03, 1):= yl§,TT%e;
ggg; hold:= h;

end;

If k>kold then

For i:= n+1 step 1 until nnp do ylk,1i]:= 0;
Kold:= k; xold:= x; chi= 1;

evaluate jacobian; call fp(h);

for i:= O step 1 until k—1 do
Tor j:=k—1 “step —1 T until i do
elmrow(n+1, nnp,J,J+1,y,y,1),

for j:=1 step 1 until npar do

begln np:= T 3Xn;
for i:=1 step 1 until n do yO[il]:
For i:=1 step 1 until n do df[i]:
Fpli,j] — matvec(1,n,i,fy,y0)/a0
sol(Jjac,n,pp,df);
for i:=1 step 1 until n do
elmcolvec{0, k,np+1,y,a,df[1]);

y[0,np+i];

H II

y[1,np+i];

end;

end
end step
end multistep;

integer 1i,Jj,1,cobi,iteration,nnp; bool further;

real old comp error,comp error,est error,tobsdif,bound, b, r;

array aux[0:2], em[O 5],delta par,aid, val[1 npar], delta obs[1 nobs],
aa|1:nobs,]:npar],axa,q[1 npar,1: npar], int array ci, ich[1:npar];

aux[0]:= —10; em[O]:= =113 em[2]:= ~8; em[k]:= Sxnpar;
0ld comp error:= 600; further:= true; tobs[0]:= 0;
data(nobs,tobs,cobs obs, npar, parl, par, paru) ;

mnp:= n + nxnpar; b:= faanar/ (nobs—npar) ;
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for iteration:= 1,iteration+1 while further,iteration do

begin

if Tifurther then eps:= eps710;

comment integration of the differential equations;

for i:= n+1 step 1 until nnp do y[0,i]:= 0; x:= tobs[0];

call ystart; first:= true;

for i:= 1 step 1 until nobs do

begin tobsdif:= tobsli] — tobs[i~1]; if tobsdif>0 then
multistep(tobs[i], tobsdif/meshp, tobsdif,eps);
tobsdif:= (tobs[i] — x)/h; cobi:= cobs[i];
delta obs[i]:= obs[i] — sum(1,0,k,y[1, cobi]xtobsdifAL);
for j:= 1 step 1 until npar do
aali,j]:= sum(1,0,k,y[1,nxj+cobilxtobsdiffl);

end;

comment diagnostic printout;

if further then else

for i:= 1 step 1 until nobs do obs[i]:= delta obs[i];

if Istiff A dd[0,0]F—600 then

pf(fthe equation was found to be stiff at x =b,dd[0,0]);

if dd[2,0]+0 then

begin pf(¥some little problems with stiffness#,dd[a,o]);nlcrggé;

comment minimization;

comp error:= sum(i,1,nobs,delta obs[i]A2);

0ld comp error:= old comp errorx{l+eps);

if further V comp error<old comp error then

Eggin comment legst squares;
if npar% lsqdec(aa,nobs,npar,aux,aid,ci) then
Pegin pr({linear dependence in (dy/dp)[11%);

further: = false; goto end iteration

end;

Tsgsol(aa,nobs,npar,aid,ci,delta obs);

for i:= 1 step 1 until npar do

begin delta par[i]:= delta obs[i];
par[il:= par[i] + delta par[i]

end ;
est error:= sum(i,npar+1,nobs,delta obs[1ilA2);
out(fiteration number},iteration);
end else if est error%o then
begin comment steepest descent;
for i:= 1 step 1 until npar do
Pegin atalI,1]:= Tammat(1,i-1,1,1,aa,aa)+aid[11A2;
par[i]:= par[i]-deltapar[il;
for j:= i+1 step 1 until npar do atal[i,j]:=
atalj,i]:= tammat (1,11, 1, j,aa, aa)+aali, jIxaid[i];

end;
for i:= npar step —1 until 1 do if ci[i]#i then
begin ichcol(T,npar,i,cili],ata);
ichrow(1,npar,i,ci[i], ata)

end;
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for 1:= 1 step 1 until npar do
T vall[il:= matvec(1,npar, 1,ata,deltapar);
for i:= 1 step 1 until npar do
T aid[i]:= matvec(1,npar,i,ata,val);
r:= vecvec(1,npar,0,val,val)/vecvec(1,npar,0,val,aid);
for i:= 1 step 1 until npar do
Pegin deltapar[il:= bound:= T X vall[i];
par[i]:= par[i] + bound
end; est error:= 0;
out(dsteepest descentd,r
end else
begin r:= comp error/(old comp error + comp error);
if r > .99 then r:= .99;
for i:= 1 step 1 until npar do
Pegin par[il:= parli] — rxdeltapar[i];
T delta par[i]:= deltapar[ilx(1-r)
end; iteration:= iteration + 1;
eps:= eps/2; further:= iteration < itmax;
out(frelaxation pard,1-r);
goto end iteration

end;

comment constraints; ri= 1;

for i:=1 step 1 until npar do

begin 1f parlil<parlli] then bound:=parl[il-par[i] else
T par(il>paruli] Then bound:=parulil-par[i] else
goto through; bound:= 1+bound/deltapar[il;
if bound<r then r:= bound; through:

end,
1f 0<rAr <1 then
Pegin for i:= 1 step 1 untll npar do
-*Begin parlil:= 1] + (r=1)x delta par[il;
deltapar[i]:= deltapar[ilxr
end;
est error:= est error + rxrX(comp error — est error);
out(4boundary constraints. Jumph,r);
end else if r<O then
begin for i:= 1 step 1 until npar do
Tif par[l <parl[i] then parlil:= parl[i] else
If par[il>paru[i] Then par[il:= paruli];

out(4plus wltrakb,r);

end;

further:= further A iteration < itmax—1 A
comp error — est error > converge X est error;
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comment statistics;
if 71 further then
Pegin for i:= | step 1T until npar do

r(&principal

end;

begln ata[l il:=qldi,1]:=
tammat(] i-1,1,1i,aa,aa) + aid[ilxaid[i];
for j:= i+1 step 1 untll npar do
atali, jl:= atalj,i]%= ali,§l:=
tammat(1,i-1,1,j,aa,aa) + aali,jlxaid[i];

end,
1f qrisym(q,npar,val,em)+0 then
pr(fqrisym doesnot converge});
for 1°— npar step —1 until 1 do if c1[1]%1 then
begin ichcol(7,npar,i,cilil,ata);
ichrow(1,npar,i,cil[i],ata);
ichrow(1,npar,i,cili],q)

end;

comment output;

pr({confidence interval (cond.)}); tab;

for i:= 1 step 1 until npar do

TI(sqrt(bxest error/atali, il]));

detinv(ata,npar);

pr(fconfidence interval (indept.)}); tab;

for i:= 1 step 1 until npar do

Fl(sqrt(bxest errorxatali,il]));

if linenumber + 2xnpar>53 then new page else nlcr;

pr(<relationships between parameters#)

pr({correlation matrix}); space(22),

prlnttext {covarlance matri

for i:= 1 step 1 until npar do

begin nlcr; for ji=1 step 1 until npar do
begin if i=j then space(L0); fl(if i>j then

atali,jl/sart(atali, ilxataly;j]) else atali,j])

end;

end; nig?;

axes (direction cos and conf interval along each axis)});

for i:= 1 step 1 until npar do

begin nler; for ji= 1 step 1 until npar do fl(alJj,i]);
space(5); fl(sqrt{oxest error/val[i]))

end; new page;

old comp error:= comp error; end iteration:

end iteration;
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tobsdif:= tobs[0];
pr(fresiduals, specified for each observation,$);
for i:= 1 step 1 until nobs do
begin r:= tobs[i]; if r>tobsdif then nler else tab;
T tobsdif:= r; =absfixt(3,0,1); space(3); fl(obs[il])
end

end odeparest;

comment

Procedures used

In the body of procedure 'odeparest' a number of procedures
are not declared. These procedures (library routines of the
EL X8 system of the Mathematical Centre) are:

matvec, tammat, elmrow, elmcolvec, ichrow, ichcol,
det, sol, detinv, lsgdec, lsgsol, qrisym
(see: Dekker [1968] and Dekker and Hoffmann [1968] )

and:

nler, tab, space, print, printtext, absfixt, flot,
new page, linenumber, sum

(see: Grune[1972] ).
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Problems solved

The ESCEP problem

Our first example originstes from biochemistry.
A set of couples chemical reactions

k, k.,

— <~

E+ S o cC — E+P

el
is given : a catalyst E combines with a reactant S at one stage
and is regenerated 1n a subsequent stage of the reaction. The
problem is to find the rate constants k,, k_, and k2 from obser-
vations on the overall reaction rate (i.e. velocity of generation

of the product P).

Rescaling the problem in some convenient way (see Heineken
et al.[1967]), we obtain a description of the system as an initial

value problem:

ds/dt
dc/dt

]
1
-
1
[e]
p—
0
+
o)
0

il
=
—
—
1
0
w0
1
ko)
+
0
~—
0

s(o0) =1 , c(0) = 0.

Observations on s(t) and c(t) can be made and the unknown (posi-

tive) parameters M, p and g have to be determined.

In order to test our algorithm we generated some experimen-

tal values s(ti) and c(ti) (i=1,2,...,23) using the parameter

values
M = 1000 ,
= 0,99 Py
q = 0.01

These parameter values require that we are dealing with a stiff

system of diffential equations.
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We can distinguish a short initial period in which c(t) in-
creases rapidly and a period in which the steady state hypothesis
holds. This represents a common type of enzymatic reaction in
biochemistry : after a rapid generation of the complex C there

is a period in which the Michaelis - Menten approximation holds.

We made five different tests:

1) we used 23 observations on each of the two components of the
system, s(t) and c(t).
The observations were taken from the initial period as well
as from the pseudo-steady state period.

2) Only the 23 observations on the component c(t) were taken.

3) 12 observations were taken on the component c(t) (every ond
observation of test (2) was left out).

4)  Only the 12 last observations from test (2) were used. All
observations are in the pseudo-steady state region.

5) Only the 12 first observations from test (2) were used. Most

observations were taken from the initial period.

We note that in tests 1), 2) and 3) our algorithm works highly
accurate, since the quality of the observations was perfect : (a)
four digits are correct (b) the observations contain information
from the initial and from the pseudo-steady state period. In test
4) the parameter M is only approximately correct (1239 in stead
of 1000) since this parameter, which is responsible for the initial
period, is badly defined by the experimental observations.

In test 5) the parameter M is approximately correct but the other
parameters are not determined at all since not enough information

is available from the pseudo-steady state regionm.

NOTE : A component of the correlation matrix which approximately
equals one, means that the algorithm cannot fix the para-

meter vector in some linear subspace of the parameter

space.
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B13681,138,PHEMKER,T150

1 BEGLN COMMENT THE ESCEP PROBLEM3 °
2
2 PSQC ODEPAREST(N,NCBS,NPAR,;DATA, | TMAX,CONVERGE ,EPS,MESHP,STIFF FA);
4 V&l N,NOBS,NPAR, ITVaX,CONVERGE,EPS,MESHP,ST|FF,FAS
3 LNT N,NOBS,NPAR, I TMaX,MESHP; REAL CONVERGE,EPS,FA} BQQL STIFF)
6 BEG!N GCMMENT THE PROCEDURES: CALL YSTART,CALL F,CALL FY,CALL PP
7 DEFINE THE PROBLEM SUPPLIED BY THE USER])
g
9 PRQE CALL YSTART)
1.0 SEGLN Y(0,1):= YMAX[1)tr YMAX([2)!= &; Y({0,2):= 0; OUTC
11 ENDS
L2 o30C CALL F(R)i ¥aAL R} BEAL R1
13 BEGLN CFiz CF+1;
14 Flali= =Re((1=Y(0,2))aYl0,1) = PAR([2)av([0,2]))}
15 F{2)i= R#PAR[1)#((1=Y[N,2))=Y(0,1) - (PAR[2])*PAR([3))sv(0,2))
16 ENDQ:
17 PRQOC CALL FY(R)}; VAL R} BEAL R}
18 BEGIN FY{1,1):= =R#(1-Y(0,2))} FY[1,2)i= R&(PAR(21+Y(0,1))3 )
1 . FY[2,1)i= RepAR[1])a(1-Y(0,2]); FYU2,2):2eR3PAR[1I4(PAR(2])+PARIZ]I+Y (0,11}
24 CPYiz CFY+1;
2% END;
22 PRQC CALL FP(R); YAL R} BEAL RJ
23 BEGIN FP{4,1)t= 05 FP{1,2)i= Rev([0,2)3 FP(1,3):= 0} .
24 FRP{2,1)4% Ra((1=-Y[0,2))8v10,1) = (PAR[2}4+PARI[3))aY(0,2))3 FP(2,2)!m ~RapAR{L]I2Y(0,2)}
25 FP({2,3):2-RaPAR[1)aY([0,2)3 CFPie CFP+1
26 END;
27
28 ABBAY Y[0:7,1:Ne(NPAR+L) ), YMAX,F{1:N),FY[LIN,LIN),FP{L:N,LINPAR])
29 EBQC PR(s); BEGLN NLCR; PRINTTEXT(S) END2}
30 BBRGC FL(R); FLOT(S,3,R);
31 BEQC PF(s,R); BEGLIN PR(S)) TABJ FL(R;, ENQJ
32
33 PEQC OUT(S,R); SIRLNG S; BEAL R}
34 BEGIN LNTI 13 LF LINENUMBER>50 IHEN New PAGE ELSE NLCR;
3 PR(S); PRINT(R)}
26 pPF (4COMPUTED RESIDUE (STAND.DEV,.)T,COMP ERROR)
37 . FL(SQRT(CQOMP ERROR/(NOBS=NRAR)))}
8 PF(LEST'MATED RESIDUE (STAND,DEV,)3,EST ERROR);
39 FLISORT(EST ERROR/(NOBS=NPAR)))}
40 PRULCORRECTIONS FOR PARAMETER$)! TAB;
41 FQR tt=1 STER 1 UNIJL NPAR QO FL(DELTA PAR[I)); NLCR}
42 PR(YPARAMETER VALUE$); TAB; TAB;
43 FQR It= 1 SIER 1 YNILL NPAR DQ FL(PAR({I1))}
44 ENDS
45
a6 BOQL FIRST,ADAMS; LINIEGER K,KOLD,SAME,FAILS)
47 REAL X,XOLD,H,CH,HOLD,TOLCONV, TOLUP,TOL,TOLDWN,AQ}
48 ABBAY A(0:7),0D000:7,0:N),LAST DELTA[1:N], JAC[1IN,1tN),CONST[L:43]),
49 TOBS(Q:NOBS],0BS[{LINOBS),PARL,PAR,PARU([1INPAR]
50 LNI aBBAY CCBS[L1INOBS),PP[1IN])
51
52 ERQC MULTISTEP(XEND,HMIN,HMAX,EPS )}
53 VALUE XEND,HMIN,HMAX,EPS: BEAL XEND,HMIN,HMAX,EPS)
54
55 BEGIN BQOLEAN CONv; INIEGER i,J,L,KNEW,NP}

56 REAL CHNEW,C,ERROR,DF13 ERBAY ULELTA,DF,YC[L1iIN);

00
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357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380
381
382
383
384
385
386
387
388
389
360

391
392
393
394
395
396

397

398

399
490

401
402
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404
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409
410
411
412
413
414
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TAMMAT(1,te1,1,1,AA,AA) + AlD[I]eA1D(1])])
FOQR Ji® 1+¢1 SIER 1 UNILL NPAR QQ. P —
ATA[1,d]12 ATAL[J,1)t8 Q[1,J)18
TAMMAY (1, 1ed, 1,J,AA,AA) & AA[I,J)eAlDlI])} - S
END) ’ ’
LE QRISYM(Q}NPAR,VAL,EM)#N THEN
PR($¢QRISYM DOESNUT CONVERGE})}
FQB 113 NPAR SIEE -1 UNILL 1 RQ LE c1l1)41! IHEN : .-
BEGLN I1CHCOL(1,NPAR,1,CI[1),ATA)} ICHROW(L1,NPAR,|,C1{I]),ATA);
JCHROW(1,NPAR, I,C101),0)
END}

COMMENT OUTPUT)
PR{{CONF IDENCE INTERVAL (COND,)$)J TAB; .
OB 't1= 1 SIEP 1 UNTILL NPAR RQ FL(SQRT(B#EST ERROR/ATA[I,1])))}
DETINV(ATA,NPAR)} PR(LCONFIDENCE |NTERVAL (INDEPT,)$); TaABI}
FOR Itz 1 SIEP 1 UNTLL NPAR RQ FL{SQRT(B#EST ERROR#ATA({!,11]1))}
LE LINENUMBER + 28NPAR>53 IHEN NEW PAGE ELSE NLCRS
PR(ERELATIONSHIPS BETWLEN PARAMETERS}):
PR(EKCORRELATION MATRIX$);SPACE(?2) sPRINTTEXT(4COVARIANCE MATRIX})}
FOR I31a 1 SIEP 1 UNTILL NPAR RQ
BEGIN NLCR) EQR Ji=1 SrEE 1 UNILL NPAR pp
BEGIN LE tsJ IHEwW SPACE(40)) FL(LF i>J IHEN
ATA(I,J)/SURTIATA(I,!1)8ATA[J,J)) ELSE ATALI,J))
ENQ}
ENR}J NLCR3
PR(E(PRINCIPAL AXES (DIRECTION COSINES AND CONFIDENCE {NTERVAL ALONG EACH -AX|S)3)J
EQR tis 1 SIER 1 UNIiL NPAR RQ .
BEGLN NLCR) EQBR Jis 1 SIER 1 UNILL NPAR pQ FL(QlU, 1))}
SPACE(5); FL(SQRT(B®EST ERROR/VAL[I1]))
ENDS NEW PAGE;
END;
OLD COMP ERROR:s COMP ERROR; ENO ITERATION:
ENR ITERATION;

TOBSDIF:= TOBS(0)) PR((RESIDUALS, SPECIFIED FOR EACH OBSERVATION,{)} . .

EQOB 1= 1 STEP 1 UNILL NOBS DQ

BEGLN Riz TOBS[I]j LE R>TOBSDIF IHEN NLCR ELSE. TAB; TOBSDIF:=. R}
ABSFIXT(3,0.1)) SPACE(3); FL(OBS[!])

END . JE

END ODEPAREST)

BBQL READ OBS AND #AR(Noas,TOBS,COBB.OBS.NPAR,PARL,PAR;PARU)3
BEGLIN LNI ! REAL R,S3 NLCR; PR($THE .OBSERVATIONS WERE:$); PR(¢- | - - - ‘ToBs({l] cossti} -OBSCI}3$)y
TOBS[0):= Sia READS NLCR; ABSFIXT(3,0,0)s5 SPACE(3)) FL(TOBS[0))}
FOR t:= 1 SIEPR 1 WUNILL NOBS LQ - :
BEGIN TOBS(|)t= Rim READ; COsS[i}tm READ; OBS[1]:s READJ LE R>§ IHEN NLCR ELSE TABj Si= R}
ABSF IXT(3,0,1)3 SPACE(3)Y} FL(R)) FIXT(5,0,CO0BS(1}); -SPACE(2); FL(OBS{|))}
ENQ; NLCR; NLCR} PR(¢THE PARAMETER ESTIMATES WERE:});
PR(& | PARLWBI[ 1) © PaR(1] PARUPB(113);
FOR 1= 1 SIEE 1 UNILL NPAR D)
BEGLIN PARLI[I)t= READ: PAR[!11:a READ} PARU[I]!B“READl NLCR} :
ABSFIXT(3,0,1)) EQR Ri= PARL[I),PARLI]),PARU[I] RQ BEGIN FL(R)} :SPACE(2) END}
ENDS NEW PAGE} -
ENR}

BPBOC PR(s); BEGLIN NLCR} PRINTTEXT(S) END}
PBRC P(S,R)} BEGLN PR(S); TAB} PRINT(R) ENQJ
BRQE FL(R)I FLOT(5,3,R)}

PBQC PF(s,R)J BEGIN PR(S)S TAB3 FL(R) ENDI

00
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417

418 LINT CF,CFY,.CFP;

419 BRQC OUTCH

420 BEGLN INT R: NLCRj; SPACE(100)) LE .CF=0 THEN

421 BEGIN SPACE(6)3 PRINTTEXT(4EVALUATIONS OF$)] NLCRJ SPACE(106)IPRINTTEXT(4F FY FP¥) END ELSE
422 FQR Ri= CF,CFY,CFP QO ABSFIXT(6,0,R)}

423 cFi= CFYi=z CFPi= 03

424 END}

425 . .

426 eRQC JOB(N,NOBS,NPAR, | TMAX,CONVERGE ,EPS,MESHP ,8TIFF ,FA)}

427 Y8k N,NOBS,NPAR, | TMAX,CONVERGE,MESHP,STIFF,FA}

428 LNI N/NOBS,NPAR, | TMAX,MESHP; BEAL CONVERGE,EPS,FA) BQQL STIFF}

429 BEGLN BEAL Tim)

430 PR(4PROCEDURE ODEPAREST WAS CALLED WITH THE PARAMETERS:3);

431 PN =3,N); P({NPAR 3},NPaR)! P({NOBS &3%,N0BS)) P(§ITMAX=}, | TMAX)S

432 p(¢{CONVERGE =3$,CONVERGE); P(<EPS =$,EPS)) P(4MESHpa3},MESHP)}

433 pRIESTIFFe $)3 TABY LE STIFF THEN PRINTTEXT(¢ TIRUE®) ELSE PRINTTEXT(4 EALSE$)Y

434 pP(&Fa a #,FA)] PR(YTHE CONFIDENCE REGION AT LEVEL A IS PRINTED$))

435 PR{EFA 1§ THE A=-POINT OF THE F=DISTiBUTION WITH NPAR AND NOBS-NPAR DEGREES OF FREEDOM$);
436 NLCR; CF!e CFY!m CFRi= 0; TiM!= TIME;

437 ODEPAREST(N,NOBS,NPAR,READ 0oBS AND PAR, | TMAX,CONVERGE,EPS,MESHR,STIFF,FA)}

438 TIMi= TIME=T{M} OUTC) NLCR}NLCR: NLCR}

439 . PR(ETHE ENTIRE CALCULATION CONSUMED$)) ABSFIXT(3,2,TIM); PRINTTEXT($SEC, ON THE EL X8.%):
440 END uOB) -

443

4432 JOB(2,READ,3,16,C0,01,,=4,100,EaL.56,4,28)1

443 COMMENT 4.28=F(0.01)(3,43);

444 END

445
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PROCEDURE OPEPAREST WAS CALLED WITH THE PARAMETERS!

N 2 +2

NPAR = +3

NOBS = 46

[TMAX= +16

CONVERGE = +,100000000000%w= 4
EPS = +.966999999999% e~ 4
MESHP = +100

STIFFs3 EALSE

FA 3 +.4279999999999,+ 1

THE CONFIDENCE REGION AT LEVEL A 1S PRINTED
FA |S THE A=POINT OF THE F-DISTIBUTION WITH NPAR AND NOBS=NPAR DEGREES

THE OBSERVATIONS WERE!
TOBS (1] cOBS{11] o8BS 1)

|

0 +,0)000u=-

1 +,290000~ +1 +,99980,= 2 +,20000~
3 +,4J0001~ “+q +,°9970u‘ 4 - +,40000u ="
5 +,6J0001= *1q +,999605u= ) ¢,60000n=-
7 «,81000m~ +1 +.999605- 8 +,80000u=
9 +,11000u= t+q +,99960,- 10 +,10000.=
11 +,320004~ +1 *.99950u- 12 ¢, 12000mn-
~3 +,14000:~ *q +,99950= 14 +,14000m-
“5 +,10000u~ 1 +,99950,= 16" 4,16000u-
27 «,1800010~ +1 +,99950 - 18 +,18000m=
19 +,21000;~ +1 +,99950 - 20 +,20000m=-

22 4 ,20000u-
¢,40000mn-
26 +,60000u=
28 +,80000:=
30 +.10000u~
.32 +,10000m+
34 +,20000u+
36 Q.SOODOu‘
38 +,10000um+
4n +,15000um¢+
42 +,20000u¢
44 +,25000um¢
46 +.,30000u+

21 +,2J0004~
23 #,41000.=
25 4+,67000~
27 +,810005w=
29 +#,1J00050=-
31 #,1J000uw+
33 +,2J000u+
35 4,5U000.+
37 +,1J000+
39 +.15000.+
41 4+,2)0005+
43 #,22000u+
45 +,31000u+

+4 +,99940=
€9 +,99930,=
+1 +,99920,«
+1 +,99910y-
+1 +,99900 =
9 +,99450,=
+1 +,98950,«
+q +,974704=
1 +,950204-
1 +,926004=
+1 +,9021 040
g +,878605,=
+1 +,85530u-

NV NVNNPR PP ORPEBER VNNV VNAUENANND
COOO0O0O0OO00O00DOOO0ODO0O0OO00O0ODOO0O
n
o

THE PARAMETER ESTIMATES WERE:
] PARLWB( 1) PAR( ) PARUPBII]
1 #,0000J=- 0 -+,160000+ 4 +,25000us+ -4
2 #,0000)w= O «.80000u- 0 +,200000¢ 1

3 +,0000Ju~ 0 #.12000.+ 1 +,200001L¢ 1% R

OF FREEDOM

+*2 +.16480k= 0
+2 +,27530w= 0
+2 +,34930u- O
+2 +:39900w= 0
+2 +.43220- 0
+2 +,454505~ 0
+2 +:46950~ 0
2 4, 47950, 0
+2 +.48620w~ 0
42 +,49070k~- O
+2 +,49990- 0
+2 +,49980 0~ 0 -
+2 +,49980uw~- O
+2 +,49980,~ 0
2 +,49980w~ 0 -
+2 +,49860w~ 0
+2 +,49730w=- 0
+2°  +,49360k~ O
+2 +,487201= 4]
-2 ¢,48080n~ O
+2 #,474300~ 0
+9 +,46770u~ O
+2 - +,46100w~- O

00
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THE EQUATION WAS FOUND To BE STI!FP AT X = +,115724=:
SOME LITTLE PROBLEMS WITH STIFFNESS 4510000+ 1
ITERATION NUMBER ]

COMPUTED RESIDUE (STAND,DEV,) +,74080+ 1 +.40649,.~- O
ESTIMATED RESIDUE (STAND DEV,) +,5607% ¢ 1 +.36113w= 0
CORRECTIONS FOR PARAMETER ®, 13012+ 4 +.,112220¢ 1
PARAMETER VALUE +,298830¢ J +,19222,4 1
BOUNDARY CONSTRAINTS, JuMP+,5100630429897u= 0

COMPUTED RESIDUE (8TAND,pDEV,) ¢.71080ue 1 #,40649.= 0
ESTIMATED RESIDUE (STAND,DEV,) +.,59974y+ 1 ¢,37346w= 0
CORRECTIONS FOR PARAMETER “,66368us I +,57238Bu= O
PARAMETER VALUE +,93632u+ 3 +.,13724.+ 1
THE EQUATION WAS FOUND TO BE STIFF AT X s +,16794.=
SOME LITTLE PROBLEMS WITH STIFFNESS ¢,100000+ 1
ITERATION NUMBER ’ +9

COMPUTED RESIDUE (BTAND,DEV.)  +,14767u= 0 +.58602.= 1
ESTIMATED RESIDUE (STAND DEV,) +,27718,« 3 +,25389,= 2
CORRECTIONS FOR PARAMETER +,3872%+ 2 =,44803,- 0
PARAMETER VALUE +,97505u¢ 3 ¢,92434,- O
THE EQUATION WAS FOUND To BE STIFF AT X = +,18U76: =
SOME LITTLE PROBLEMS WITH STIFFNESS +,10000,+ 1
ITERATION NUMBER +3

COMPUTED RESIDUE (STAND,DEV,) +,48038ke 2 +,10570u= 4
ESTIMATED RESIDUE (STAND ,DEV,) +,109034= 5 +,15924,.~- 3
CORREGCTIONS FQR PARAMETER ¢,284734% 2 ¢, 83419,= 4
PARAMETER VALUE 4,9085%2,4¢ 3 +,98776ue O
THE EQUATION WAS FOUND TO BE STIFF AT X = +,1300%,=
SOME LITTLE PROBLEMS WITH STIFFNESS +,10000+ 1
ITERATION NUMBER +4

COMPUTED RESIDUE (STAND,pDEV,) +,87965u 5 -+,45229k« 3
ESTIMATED RESIDUE (STAND ,DEV,) +,97692u= 7 +,47664u= 4
CORRECTIONS FOR PARAMETER +,1655245¢ 1 +,2198%9.= 2
PARAMETER VALUE +,10002u+ 4 +.989964= O
THE EQUATION waS FOUND TO BE STIFF AT X 8 +,12673u"

SOME LITTLE PROBLEMS WITH STIFFNESS +,10000m+ 1

oo

e e - . . EVALUATIONS OF

r Y Fo
0 - - _
.. 2352708 1
0 11527ué 1 o
-, 1200008 1
®,00000=- 0
328 162 149
0
+,935454~ 2
6.935480- 2
189 102 94
0
¢, 56804un- 3
+,99496un 2 i : -
189 99 92
1]
6678110 4
$,09874y= 2
162 .85 78

0
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I TERATION NUMBER +5 e e
COMPUTED RESIDUE (BTAND,.DEV,) +,17284ue 6 ¢.6339%- 4 :

ESTIMATED RESIDUE (STAND ,DEV,) +,78876u= 7 +,4282%.= 4 - e o
CORREGTIONS FOR PARAMETER +,7404%8> 1 +,%9388,,= B ¢,10688u~ 4

PARAMETER VALUE +,10002u+ 4 ¢,98997we 0 ¢,99981w= 2

THE EQUATION WAS FOUND TO BE STIFF AT X = +.12673n=- 0

SOME LITTLE PROBLEMS WITH STIFFNESS +.,10000.+ 1° e B e

I TERATION NUMBER +6

COMPUTED RESIDUE (STAND,DEV,) +,80423u= 7 +.,43247,= 4 - -
ESTIMATED RESIDUE (STAND.DEV,) +.7718lu= 7 +,42366u~ 4

CORRECTIONS FOR PARAMETER +,68692u= 2 =,42558u=~ 6-¢,1991%uw~ 5 - - T
PARAMETER VALUVE +,10003u+ 4 ¢,98997w= 0 ¢,100008- & -

THE EQUATION WAS FOUND TO BE STIFF AT X = #,12072w= 0 Ce e e =
SOME LITTLE PROSLEMS WITH STIFFNESS +,10000+ 1

ITERATION NUMBER 7

COMPUTED RESIDUE (STAND,DEV,) +,770279= 7 +,42324.- 4

ESTIMATED RESIDUE (STAND,DEV.) ¢,76914n= 7 +.42293,.=- 4 Co - S -
CORRECTIONS FOR PARAMETER +,74688ue I =,11067w= 6 *,37276n~ 6

PARAMETER VALUE 4,10003u+ 4 ¢,98997u= 0 ¢,10000w~ ¢

CONFIDENCE INTERVAL (COND,) ;3518244 0 +,14758u.= 3 #,53040w~ 5 - - - oo
CONF IDENCE INTERVAL (INDEPT,) +,37275u= 0 +,15651u- 3 ¢,53096u= 5

RELATIONSHIPS BETWEEN PARAMETERS

CORRELATION MATRIX COVARIANCE. MATRIX -

ev00497ur 7 ¢ ,B83833ut I =126443p~ .1
"‘10665n‘ i -|15708"' 7

4,12275,=- 2

+,33004= U
=.3068bw= 3 «,43414,~ 1

PRINCIPAL AXES (DIRECTION COSINES AND CONFIDENCE INTERVAL ALONG EACH AXIS)

».224446= 6 +,165124= 2 +,100008* 1 +,53040,- 5

+.13857we 8 a,10000u¢ 4 +,16812,,= 2 +,147744« 3

+,10000w¢ 1 +,13857,- 3 -,43711.- 8 4,37275uw= 0 S

00

160 84 77

160 84 77
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THE EQUATION wAS FOUND To BE STIFF AT X = +,113894,= 0
SOME LITTLE PROBLEMS WITH STIFFNESS $,10000,+ 1
I TERATION NUMBER +8
COMPUTED RESIDUE (STAND,pDEV.) #,57579%%w 7 +,36593.- 4 --
ESTIMATED RESIDUE (STAND.DEV,) +,3923%s= 7 +,30208u=- 4
CORRECTIONS FOR PARAMETER ©,287494= 0 +,30690u= 4 =,3892iw= 6
PARAMETER VALUE #,99997,4 3 ¢,99000use O +,10000w= 4
CONF IDENCE INTERVAL (COND,) +,256074= 0 +,10540,= 3 +,37908k~ 5
CONF IDENCE INTERVAL (INDEPT,) ¢,27126u= 0 +,11175,4= 3 +,37948k= 5
RELATIONSHIPS BETWEEN PARAMETERS
CORRELATION MATRIX COVARIANCE MATRIX

‘?62801n* 7 *.85279u‘ 3 ':28560u' 1
+.329620= U +,10689,,¢ 1 =,15691u~ 2
“.32508u> 3 =,43352,- 1 +,12290u=- 2
PRINCIPAL AXES (DIRECTION COSINES AND CONFIDENCE INTERVAL ALONG EACH AXIS)
=,21946n- 6 +,16496,~" 2 +,10000,+ i 4,37908,~ 5
+,13579u= S «,10000,+ 1 +.16496k> 2 ¢,105516= 3

+.10000me L +.13579,= 3 -.454774~ 8 +,27126u= O

84

00

77
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RESIDUALS, SPECIFIED FOR EACH OBSERVATION,
1 ®,32018,= 2 «,48515,«

3 *.,24118u~ 4 =,28407 4=
5 “,49451 .= 6 «.846504=
7 *.,9L7304~ 8 ‘.14189u'
9 +.35006u~ 10 =,774904-

11 ‘.4;823n-
13 ©,22959u~
15 »,14997 4=
17 «7320050=
19 e, 18458,=
21 ©,2/8844-
23 «,28382u~
25 =, 28931~
27 «, 29617~
29 ©,3U339u=
31 «, 19363~
33 =, 40349=
35 +.2L362u=
37 ¢.3/013u-
39 +,3U840p=
41 “'l3'é316&"
43 +.44227 =
45 ©,49611n-

12 w«,66609,-
14 =,854304=
16 =,23427 =
18 ®,36063u=
20 ., 34154,
22 +.40917 =
24 =, 3567Lu-
26 =,12226k~-
28 +,20054u~
30 +,5081%«
32 2 ,32695u=
34 =, 80809~
36 +,323624u=
38 «,30868u=
49 13hazde-
42 4+,261331=
44 +,143884=
46 =, 26659

ARNAADADAUVIVIVIVIVIVIVIARADSDSO D SR
AADAPREBBDDLLELALADLDDDDD

THE ENTIRE CALCULATION .CONSUMED 131,72 sSEC, ON THE. EL X8,

155

79

00

74
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PROCEDURE OVDEPAREST wAS CALLED WITH THE RARAMETERS! - - S

N 3 +2

NPAR s «3

NOBS = +23

| TMAXE +16

CONVERGE = +,1000000000001w= 1
EPS ] +,999999999999%,~- 4
MESHP® ) +100

STIFFa EALSE

FA 3 +,49400000000020+ 1

THE CONFIDENCE REGION AT LEVEL A 1S PRINTED
FA IS THE A=POINT OF THE F=DISTIBUTION WITH NPAR AND NOBS«=NPAR DEGREES OF FREEDOM

THE OBSERVATIONS WERE!
TUBS[I) ¢OBS({I] O0BS[I)

|

0 #,0J000u~

1 *,29000u~ *2 +,16480u-
2 4,440000- +2 +.27530u'
3 4+,6J0000~ +2 +,34930,=
4 +,8J0001- +2 +,39900u-
5 +,110004~- *2 +,432204=
6 +,12000u-= . *2 +,45450,=
7 +,14000.= +2 +,469505,=
8 ©,160000k~ *2 4+,47950,=
9 +.180005~ 2 +,486200=~

10 +,29000:~
11 +,23000u-
12 +.4:1000u=~
13 +.6900050=
14 +,89000u~
15 +,1J000u~
16 +,1J000.0+
17 4:2100010+
18 4,590000+
19 ¢,19000m+
20 +,12000w+
21 +,29000u+
22 ,22000u+
23 +,37000u+

2 +,49070,=
*2 +,49990,
+2 +,49980,
+2 +,49980,=
+*P ’,49980u-
+2 +,49980,
2 +,49860p=
*D +.497304=
*2 4,49360u=
*2 +,. 487204~
*+2 +,480804=
+2 +,47430 =
+2 +.46770u-
+2 +,461004e

NN DRI ENNINANNONNWNEN WD
COO0OTODODODOOOOODODDODOOOODOOOC

THE PARAMETER ESTIMATES WERE!
| PARLWB([ 1] PAR( 1] RARUPBI[ 1]
1 +.00000w= 0 +,16000,+ 4 4,25000u+ 4
2 +,0000)w= 0 +.800006- O +,20000we+ 1
3 +,000000= O +.12000wL+ 1 ¢,20000+ 1 o -
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THE EQUATION. WAS FOUND TO BE STIFF AT X &
SOME | ITTLE PROBLEMS WITH STIFFNESS +

ITERATION NUMBER +1

COMPUTED RESIDUE (STAND,pEV,) +.,17718u+
ESTIMATED RESIDUE (STAND,DEV.,) +,11735,+
CORRECTIONS FOR PARAMETER . 12620+

PARAMETER VALUE +,33798u¢

#,11572x=

+10000k+ 1

+,29764u-
4,24223u=
+,18566.u+

+.26566u¢+

PRI G S

BOUNDARY CONSTRAINTS, JUMP+,3932632438264u~ 0

COMPUTED RESIDUE (STAND,pEV.) +,17718ue
EST!MATED RESIDUE (STAND ,DEV,) +,12660,+
CORRECTIONS FOR PARAMETER =,49631.,+

PARAMETER VALUE +,11037 5+
THE. EQUATION WAS FOUND To BE .BTIFF AT X =
SOME LITTLE PROBLEMS WITH STIFFNESS .

ITERATION NUMBER +2
COMPUTED RESIDUE (STAND,DEV.) +,16227u=
ESTIMATED RESIDUE (STAND DEV,) +,48594u~

CORRECTIONS FQR PARAMETER =,19588u¢
PARAMETER VALUE +,90782,+
THE EQUATION wAS FOUND TO BE STIFF AT X. =
SOME LITTLE PROBLEMS WITH STIFFNESS +
ITERATION NUMBER +3

COMPUTED RESIDUE (STAND,DEV,) +,14980u-

ESTIMATED RESIDUE (STAND DEV.,) +,44831,-
CORRECTIONS FOR PARAMETER 4,73926u+

PARAMETER. VALUE +,98174u+
THE EQUATION WAS FOUND TOo BE STIFF AT X =
SOME LITTLE PROBLEMS WITH STIFFNESS +

I TERATION- NUMBER +4

COMPUTED RESIDUE (8TAND,DEV,) +,67976u-
ESTIMATED RESIDUE (STAND DEV,) +,21267u=~
CORRECTIONS FOR PARAMETER +,16735u¢

PARAMETER VALVUE . +,998484u¢

THE EQUATION WAS FOUND TO BE STIFF AT X =
SOME LITTLE PROBLEMS WITH STIFFNESS *

1 +.29764u~
‘r25160n'

1
3 #,73018u=
4 +,15304u+

+.46713w=

«10000w+ 1

+,90078,=
+,49292u=
=,6602%0~

(2} [~ N7 R -]

+.,86986.u~

10

» OO

Lo 000

(-3 oN -

+.,69112s~

+100000+ 1

+,27368u=
"n47345u'
‘911379u-

<« SRV N o

+,98368,=

+,14132u=

«100000+ 1

+,18436u~
4,103124=
 4,62029,=

“w N

+.98988.,=

o [~N7 8 o

o N G800

+,129961=

+10000m+ 1

®,30514,% 4
=,18514ues- 1

*,12000me &’
+,18190n= 1%

0

+,96919%- 2

€,969190=~ 2

0

%,25278u= 3
¢,99447p= -2 .

0

‘.58868n- 4

+,100040=" 4

0

00

EVALUATIONS OF

r FY Fp
328 162 149
189 101 93
470 239 232
148 88 84
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I TERATION NUMBER +5
COMPUTED RESIDUE (STAND,pEV.)
ESTIMATED RESIDUE (STAND ,DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

B 13681.138 PHEMKER

+,5022%4
4,56618p=
+,16031u¢

+,10001ue

THE EQUATION WAS FOUND TO BE STIFF AT X &
SOME LITTLE PROBLEMS WITH STIFFNESS s

ITERATION NUMBER 6
COMPUTED RESIDUE (STAND,DEV,)
ESTIMATED RESIDUE (STAND,DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

4,63747 -
+,5989%-
+,15156u-

+,10002u¢

THE EQUATION WAS FOUND TO BE STIFF AT X =
SOME LITTLE PROBLEMS VWITH STIFFNESS +

I TERATION NUMBER ’ +7
COMPUTED RESIDUE (STAND,DEV.)

ESTIMATED RESIDUE (STAND,DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE
CONF IDENCE INTERVAL (COND.)
CONF IDENCE INTERVAL (INDEPT,)

+,60422u=
*.603a7u'
+,1388%u-

«,10002.,¢
*.49107uf
+,53434,-

RELATIONSHIPS BETWEEN PARAMETERS

CORRELAT|ON MATRIX

1] .
J =,64123,= 0

+,392321=-
=,2221%=

PRINCIPAL AXES (DIRECTION COSINES AND CONFIDENCE

11

6 +,15848,= 3.
7 +.53206u~ 4
1 +.89647.- 4
4 +,98994,~- 0

. +,120740">

100008+ 1

7 «,56456u- 4

7 +.,54726k~ 4

0 +.,12546u= 4
4 +.98996u-‘ 0
+,12673u=

10000+ 1
[

7 +,54964,- 4
7 +,54949,- 4
1 ¢,11800k=- B

4 +,98996u= 0

0 +.20799%,.= 3

0 ¢,28756u= 3

COVARIANCE MATRIX

63807+

=,23001w= 5 +,76114,,~ 1 +.99710,= 0
€,211570=  § =,99710,~ 0 +.76114,= 1
+,10000m¢

1 +,21113u=- 3 =,13810k~ 4

% ,53434,- 0

7 +.,13472,+
+,18479,¢

4,27840n"
+,10004u~

0

“,85614u=:
+,10003u"

0 -

®,23603u"
¢,100030=

®,25462u"
+,332116~

o o

4 =,8B117e 2
1 =,136B5,="
4,24649u=

INTERVAL ALONG EACH AXIS)
+,25380,- 4
‘|26526u" 3

162

160

85

84

00

78

77
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THE EQUATION WAS FOUND TO BE STIFF AT X & +,11393= 0

SOME LITTLE PROBLEMS WITH STIFFNESS +,100000+ 1

ITERATION NUMBER +8

COMPUTED RESIDUE (STAND,pDEV,) +,40737u~ 7 +.,45131~ 4

ESTIMATED RESIDUE (STAND ,DEV.,) +,22182ue 7 +,33303.=~ 4

CORRECTIONS FOR PARAMETER «, 274070~ 0 -+.,49294,~ 4 =,37172u~ B
PARAMETER VALUE +.,999974+ 3 +,990C1u~ 0 +,99990u~ 2
CONF IDENCE INTERVAL (COND,) +,3032% = 0 +,12604u~ 3 +,154394~ 4
CONF IDENCE INTERVAL (INDEPT,) +,32990e 0 +,174104= 3 +,20122u~ 4

RELATIONSHIPS BETWEEN PARAMETERS

CORRELATION MATRIX COVARIANCE MATRIX

2L 662160+ 7 +,13684,+ 4 =,80446,+

4.39160u- ) +.18440,¢ 1 =.13653u-
=,22146w= U =,64056u~ 0 ( *,24635,=
PRINCIPAL AXES (D!RECTION COSINES .AND CONFIDENCE INTERVAL ALONG EACH AX!S)
«.22557w= 5 4,76094,~ -1 ¢.99710,- O +.15394,- 4

+,20706uw= 3 =,997104,~ 0 +.76091u- 1 +,16065,~- 3

+,1U000w+ L +,20605,~ 3 ~-.13508.~- 4 *.32990n-‘ 0

»OonN

160

84

00

77




170772~
RESIDUYALS,
1 =, 4/636k-
2 ©,27446u=
3 =,83974,0=
4 =,15932,~
5 ©.7/666u=
6 =, 6/177u=
7 ©,94434,-
8 =,24595,-
9 ©,3/443,0=
1u = 32695,=
‘1 +,38925u=
i2 =, 3/6561n~
13 =.14209,-
i4 €,10067~
15 +.48861u~
16 =.3439%=
17 =,822174-
'8 +.2/244,-
19 «,29857u~
20 +,12995,,=
21 #,3J298u=
22 +,2)180:~ .
23 «.19205.-~

9 B 1368!.138 PHEMKER.

SPECIFIED FOR EACH OBSERVATION}

4

DA ADINDDEIDIDDEDBIDDDNLEDDDEL

13

THE ENTIRE CALCULATION CONSUMED 151,97 SEC, ON THE EL X8,

185

79

oo

74
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PROCEDURE. ODEPAREST WAS CALLED WiTH THE PHRRAMETERS:

N a +2

NPAR = *3

NOBS 3 +12

I TMAX® 16

CONVERGE = +,1000000000001= 4
EPS z +.9999906990999,= 4
MESHP S +100

STIFFz EALSE

FA a +,38600000000010+ 1

THE CONFIDENCE REGION AT LEVEL A 1S PRINTED

FA 1S THE A=POINT OF THE F-DISTIBUTION VWITH NPAR AND NOBS=NPAR DEGREES OF. FREEDOM

THE OBSERVATIONS WERE!
TOBS({ 1] coest!) OBS([1]

1
0 +,00000u= 0

i +,2J000u~ 3 +2 *.16460&' 0
2 +,6U000u= 3 #2  +,34930,~ 0
3 +,110005- 2 *2 +,43220- 0
4 +.,14000w= 2 +2  +,46950u= 0
5 +,18000w- 2 42  +,48620w= 0
L] €, 2J000~-. 1 *2 +,49990,= 0
7 4,6U000k=- 1 2 +,49980uL=- 0
8 4,11000= 0 42  +,49980m= 0
9 . +.2U000k+ 1 42  +,49730m- O
10 +,1J000w+ 2 42  +,48720,- 0
11 +.2U000u+ 2 %2  +,474304= 0
12 +,3J000u+ 2 42  +,46100u~- O

THE PARAMETER ESTIMATES wERE:
] PARLWB[ 1) PARI[ 1) PARUPB( |)
1 +.,0000)e- © +.160000+ 4 +,25000u+ 4
2 +.0000Jus~ 0 ° +,80000~- O #,200000+ 1
J +,0000)= O +,12000+ 1 +,20000w¢ 1

00
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THE EQUATION wAS FOUND To BE STIFF AT X. s
SOME LITTLE PROBLEMS WITH STIFFNESS

ITERATION NUMBER +1
COMPUTED RESIDUE (STAND,DEV.)

ESTIMATED RES|DUE (STAND,DEV,) +,659424~
CORRECTIONS FQR PARAMETER «,11607,+

PARAMETER VALUE +,439344+

+,92495,-

“w rOD

BOUNDARY CONSTRAINTS, JUMP+,4443101165480u~

COMPUTED RESIDUE (STAND,pDEV.) +.92495u=
ESTIMATED RESIDUE (STAND ,DEV.,). +,71184u-
CORRECTIONS FOR PARAMETER =,5156%.+
PARAMETER VALUE "+,10843u+
THE EQUATION wWAS FOUND To BE STIFF AT X =
SOME L!ITTLE PROBLEMS WITH STIFFNESS +

I TERATION NUMBER +2
COMPUTED RESIDUE (STAND,pEV.,)  +,58275.-
ESTIMATED RESIDUE (STAND,DEV,) +,18511,-
CORRECTIONS FOR PARAMETER =,14259+

PARAMETER VALUE +.,94172,+

THE EQUATION WAS FOUND TO BE STIFF AT X =

SOME LITTLE PROBLEMS WITH STIFFNESS .
ITERATION NUMBER +3
COMPUTED RESIDUE (STAND,pEV,) +,40825u~

ESTIMATED RESIDUE (STAND DEV,) +,2171ilw~
CORREGCTIONS FOR RARAMETER -4,48692u+
PARAMETER VALUE +.99041ue

THE EQUATION WAS FOUND To BE STIFF AT X.®
SOME LITTLE PROBLEMS WITH STIFFNESS +

ITERATION NUMBER 4

COMPUTED RESIDUE (STAND,DEV,) +,21798u=
ESTIMATED RESIDUE (STAND,DEV,) +,47063,=
CORRECTIONS FQR PARAMETER +.87943.,+

PARAMETER VALUE +,99921

THE EQUATION WAS FOUND To BE STIFF AT X &
SOME LITTLE PROBLEMS WITH STIFFNESS

0
0
3
4

4,22314,4

10

+.1096%u=

+,10000m+ 1

‘-32053n-
*r27068u‘
+,14314.,+

[ od - oo

0
+,32058u-
+,28124,~
+,63597 -

ooo

¢,14360,0+ 1

Co# 106200

+10000w+ 1

w [Z RN

+.80467u-
+,45352,=
~.52644.,-

o SN

+,.90953 4=

T4 1155250

10000+ 1

[~} LV V]

-4,76334u-

+,212981=
+.49115,.=

(=] [l B

+.98587 =

+,10938m=

+100000+ 1

[T IRV

+,72313 6=
#,4087 1=

$.15563u=-

o nan

+,98998u=-

+,10926:u"

+,10000w+ 1

«,27008u+ 1

«,15008w¢ 4

=,12000ks 1

=, 18190w= 11
0

+,836650= 2°
*,83665u~ 2
0

+,1288%uw~ 2
+,968554u=- 2

0

+,26642p~ 3
+,99245u~ 2

0

00

‘eVALUAT LONS OF

r FY Fp
316 157 144
127 .68 60
118 60 57
131 68 64
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ITERATION NUMBER +5

COMPUTED RESIDUE (8TAND,DEV,) +,30026un-
ESTIMATED RESIDUE (STAND,DEV,) ¢,121464=
CORRECTIONS FOR PARAMETER 4,93699~

PARAMETER VALVYE +,10001,+

SN o

E

THE EQUATION WAS FOUND TO BE STIFF AT X =-

SOME LITTLE PROBLEMS WITH STIFFNESS e

ITERATION NUMBER +6

COMPUTED RESIDUE (STAND,DEV,) +,249645-
ESTIMATED RESIDUE (STAND ,DEV,) +.124134«
CORRECTIONS FOR PARAMETER +.10410u-

PARAMETER VALUE ' +.10002.¢
THE EQUATION WAS FOUND To BE STIFF AT X =
SOME LITTLE PROBLEMS WITH STIFFNESS +

ITERATION NUMBER : +7

COMPUTED RESIDUE (STAND,pEV,) +,13178u=
ESTIMATED RESIDUE (STAND DEV,) «+,12430,~
CORRECTIONS FOR PARAMETER +.12096u-

PARAMETER VALUE . +,10003u

THE EQUATION WAS FOUND To BE STIFF AT X =«

SOME LITTLE PROBLEMS WITH STIFFNESS +

I TERATION NUMBER +8
COMPUTED RESIDUE (STAND,DEV,) +.12465.4=
ESTIMATED RESIDUE (STAND ,DEV,) +,12416,=-

CORRECTIONS FOR PARAMETER +,15564,-
PARAMETER. VALUE *.10b03u¢
CONF IDENCE INTERVAL (COND,) #,40706u=

CONFIDENCE INTERVAL (INDEPT,) +,437234=

RELATJONSHIPS BETWEEN PARAMETERS
CORRELAT|ON MATRIX '

+,36381n~ U :
=.20192u=" U-=,619294~ 0

.10

E O NN

010

S NN

.10

NN

oo N

’018265ﬂ-
*,36737 =
4+,10383u-

+.99006.,~

0

+,109205~

000w+ 1

+.,52667u=
¢.37135u-

+,63844,=

+,99008u=

o Ul

+.109201~

000+ 1

+,38260.=
'*.37163u-
'g49035n'

+.990G6m~

o O

+.1N91%~

000w+ 1

+.37216u~
+,37142,-
".36539&'

+,99006u-
*017383u'
4,23291 4=

4
4
6

0
3
3

COVARIANCE MaTRIX
+911967 ¢

+,58812u- 4
+,99803u= 2
0

+,146490- 4
4,999490= 2

0

337842~ 5.

+,99987n= 2°
0

+,993068n= 6.

$,99997u~ 2:

¢,17489u= 4.

4,22288u= 4.

.

8 +.23191u% 4 =,12316u+"
+.339574¢ 1 =,201214=

*,31088u~

PRINCIPAL AXES (DIRECTION COSINES AND CONFIDENCE INTERVAL ALONG EACH AX!S)
4.

=,144736e 5 +,60476,= 1 ¢,998174~ 0
+,19407w= S «,99817,= 0 +.60476u~ 1
+.100U0w* 1 +,19380,- 3 -.10292,- 4

0.17457u-
+,217344-
+, 4372340

3
0

3
0
1

131

131

134

68

68

68

00

61

61

64
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170772~ 10 .12
THE EQUATION WAS FOUND TO BE STIFF AT X = +,11763= 0
SOME LITTLE PROBLEMS WITH STIFFNESS +,100004,+ 1
ITERATION NUMBER +9
COMPUTED RESIDUE (STAND,DEV,) +,27909e 7 +.55687s~ 4
ESTIMATED RESIDUE (STAND . DEV,) +,141874= 7 +.39703w= 4
CORRECT!ONS FOR PARAMETER “,40836u= 0 =.92822,4= 4 +,36451n=
PARAMETER VALUE +,999854¢ 3 +,98997p~ 0 +,10003u~
CONF IDENCE INTERVAL (COND.) +.441796= 0 +,18544,= 3 ¢,20321n"
CONF IDENCE INTERVAL (INDEPT.) +.47480u~ 0 +,25066= 3 +,26121u=
RELATIONSHIPS BETWEEN PARAMETERS
CORRELATION MATRIX COVARIANCE MATR!IX

+,123504+ 8 +,23794,+
+.20495= ) +,34419,.+

*,20387k= U =,627745~ O

PRINCIPAL AXES (DIRECTION COSINES AND CONFIDENCE
+,202764~
+,23389,~
*,47480,~

=,16944u=" 5 +,6688N,- 1 +.,99776,~ 0
+,19298u= 3 =,99776,- 0 +,668804~ 1
+,10000w¢ 1 +,192664~ 3 -.11216u=- 4

sar W

4 '¢13852u*
1 =,22516u~
*'37379u'

INTERVAL ALONG EACH AXIS)

3
0
1

131

68

00

61




170772« 10 B 13681.138 PHEMKER ,13

RESIDUALS, SPECIFIED FOR EACH OBSERVATION,
®,48093,=
=, 78147~
©, 64658~
¢.8/4884=
=,16034u=~
+,68975,-
+, 19068“'
¢,7L642,=
=5 {228»-‘
10 =,19386yu=~
11 +.49301 0
12 *.749475-

VBN D LN
VHhbD2DAEDIDAVIE DN

THE ENTIRE CALCULATION CONSUMED 115,92 8S£C, ON THE £L X8,

147

0o

75 72
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PROCEDURE ODEPAREST WAS CALLED WITH THE PARAMETERS! : ) S e =

N 2 +2 '

NPAR = -+3

NOBS = +12

I TMAXE +16

CONVERGE = +,1000000000001= 1

EPS : +.9999999999999,,~ 4

MESHP = #100

STIFFa EALSE . :

FA = +,3860000000001uw+ 1 ' ’

THE CONFIDENCE REGION AT LEVEL A 1S PRINTED .
FA 1S THE A=POINT OF THE F-DiSTIBUTION WITH NPAR AND NOBS<NPAR DEGREES OF FREEDOM

THE OBSERVATIONS WERE!

1 TUBS[ 1) cOBS{[ 1) o8BS 1}

0 ¢, 00000k- ©

1 +.47000uw~ 1 +2 +,49980,- 0

2 4.690005p~ 1 +2 +,49980k= 0

3 +.8J0000= 1 *2 +,49980k= 0

4 4.11000w= O *2 +,49980,- 0 :
5 ".19000;.4'. 1 +2 +,408604= 0

6 +,29000w+ 1 +2 4+,49730,= O R
7 +,50000w+ 1 +2 +,49360w> 0

8 $,1J000,0+ 2 *2 +,48720,= 0

9 +,12000u¢ 2 +2 +,48080.~ O
0 *.2”000”4 2. +2 4+,47430= 0
1 €,22000uw+ 2 *2 +,46770= 0
‘2 +.3J000u+ 2 *2 +,46100~ 0

THE PARAMETER ESTIMATES wERE:
! PARLWB( 1) PARL[ 1] PARUPBII]
1 +.0000J)w= 0 «,100000+ 2 +,20000u+ 4
2 +,0000)u= 0 +.50000u- 0 +,20000m¢ 1%
3 ¢,0000)u= 0 -+.50000k~ 0 -4,20000w+ 1
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ITERATION NUMBER +1

COMPUTED RESIDUE (STAND,DEV.) +,13332.¢
ESTIMATED RESIDUE (STAND,DEV,) +,93934u-
CORRECTIONS FOR PARAMETER #,102404u¢

PARAMETER VALUE +.20240,+

i *.38488n-
0 +,32307u=
2 +.10058.+
2

4,15058,4+-

BOUNDARY CONSTRAINTS, JUMP+,7936380460351n=- 0

COMPUTED RESIDUE (STAND,pEV,) +,133324+
ESTIMATED RESIDUE (STAND ,DEV,) +,11874un+

CORRECTIONS FOR PARAMETER . 4,81267u+
PARAMETER VALUE +,18127u+
ITERATION NUMBER «2

COMPUTED RESIDUE (STAND,DEV.) +,711465=
ESTIMATED RES|DUE (STAND,DEV,) +,3694%u~
CORRECTIONS FOR PARAMETER . +.13619%.¢

PARAMETER VALUE ) +.31746u«

THE EQUATION waAS FOUND To BE STIFF AT X =
SOME LITTLE PROBLEMS WITH STIFFNESS -

ITERATION NUMBER . © 3

COMPUTED RESIDUE (STAND,DEV.) +,14864u=
ESTIMATED RESIDUE (STAND ,DEV,) +,20890,=
CORRECTIONS FOR PARAMETER #,11780.+

PARAMETER VALUE 4 ,43526u+
THE EQUATION WAS FOUND TO BE STIFF AT X. =
SOME LITTLE PROBLEMS WITH STIFFNESS *

ITERATION NUMBER +4

COMPUTED RESIDUE (STAND,DEV,) +,32891u-
ESTIMATED RESIDUE (STAND,DEV,) +.70040,-
CORRECTIONS FOR PARAMETER *«, 13151«

PARAMETER VALUE +.56677u4

THE EQUATION WAS FOUND To BE STIFF AT X =
SOME LITTLE PROBLEMS WITH STIFFNESS +

1 +,384884,-
1 -+,36323u=
1 +,79823u=
2

+,12982u+

4 +,88911u=

3 +,64074u-
2 =.34389,»

2 +.95434.-

10

- oo

[ o oo

1
2
0
0

+,400000~

+20000n+ 1

+,12851 4=
+,15235u’
#¢31567 0=

(SN S

#,98590u=

o rPe

*.4000010~

720000+ 1

3 +.6U483 =

6 +.27897u=

2 'r.19592u-
2 +,98394.,-

o MNUN

+, 400000~

120000+ 1

«,63001in= 0
©,13004u=- 0

=3,50000u~ 0

1 ®,22737u= 12

+,10734ur 4
+,1073%um 4

3

®,92586un=~ 3

+,980500= 2

3

+,628560~ 4

+,98678u= 2
3

a0

EVALUAT | ONS OF

r FY re
188 89 84
477 239 214
154 79 76 ¢
144 75 . 73
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ITERATION NUMBER .45
COMPUTED RESIDUE (BTAND,DEV,) +,37965,=
ESTIMATED RESIDUE (STAND,DEV,) +,45848,-

CORRECTIONS FOR PARAMETER +,13034ue
PARAMETER VALUE ., 69711+
THE EQUATION wAS FOUND T0 BE STIFF AT X. 8
SOME LITTLE PROBLEMS WITH STIFFNESS +
ITERATION NUMBER +6

COMPUTED RESIDUE (STAND,DEV,) «,47230,=
ESTIMATED RESIDUE (STAND,DEV,) ¢,15631lu=
CORRECTIONS FOR PARAMETER +,15652.¢
PARAMETER VALUE +,88363u¢
THE EQUATION waS FOUND To BE STIFF AT X &
SOME LITTLE PROBLEMS WITH STIFFNESS .
ITERATION NUMBER *7

COMPUTED RESIDUE (STAND,DEV,) +,4831%u=
ESTIMATED RESIDUE (STAND ,DEV,) +,103834-
CORRECTIONS FOR PARAMETER +,15148,¢

PARAMETER VALYE €,10051u¢
THE EQUATION WAS FOUND To BE STIFF AT X =
SOME LITTLE PROBLEMS WITH STIFFNESS .

I TERATION NUMBER ) +8
COMPUTED RESIDUE (STAND,DEV.,) +,647224«=
ESTIMATED RESIDUE (STAND,DEV,) +,15466,-

CORRECTIONS FOR PARAMETER +,10587.+
PARAMETER. VALUE +,11110u+
THE EQUATION WAS FOUND To BE STIFF AT X =
SOME LITTLE PROBLEMS WITH STIFFNESS N
ITERAT | ON. NUMBER 9

COMPUTED RESIDUE (STAND,pEV,) +,183504=

ESTIMATED RESIDUE (STAND ,DEV,) +,14919,=
CORRECTIONS FOR PARAMETER . +.55563u«

PARAMETER VALUE +,11665u¢

THE EQUATION WAS FQUND TO BE STIFF AT X =
SOME LITTLE PROBLEMS WITH STIFPNESS +

11

4 +,20839%4~ 2

7 +.713746~ 4

2 +.26811u= 3

2 +.98421u= 0

+,40000:=
+120004+ 2

5 +,724424= 3

7 «,81674,= 4

2 +,91192,= 3

2 +,988124= 0

+,40000:"
.12000w+ 2

6 +.23171w= 3

7 +.33966u=- 4

2 +,68799,.~ 3

3 +,98581u= 0

+.40000"
1220000+ 2

7 +.84801u~ 4

7 +.,41454,- 4

2 *132942u' 3

3 +,98614u~ O

+.40000"
122000+ 2

7 +.4515%,= 4

7 +,407154= 4

1 +,16825,= 3

3 *c98631\l" °

4 ,40000~
220000+ 2

€,68927 4>

+,99368u=
3

+,28762u="

*099655N9
3

4,756654=-

+,99731u-
3

¢]39064nr'

+,99770n=
3

+,107484u~
+,99781u=
3

148

140

169

138

155

77

72

87

81

80

00

73

70

79

76

76




.
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ITERAT ION NUMBER +10 ' : 1 o

COMPUTED ‘RESIDUE (STAND,DEV,) ¢,14873u= 7 +,40240u~ 4

ESTIMATED RESIDUE (STAND ,DEV,) +¢,14462u= 7 ¢,40086u=~ 4

CORRECTIONS FOR PARAMETER «.11656u ‘0 ©,18476u= 4 ¢,226021= 6

PARAMETER VALUE +.11654u¢ 3 ¢,98629,~ 0 +,99783u~ 2

CONF IDENCE INTERVAL (COND.) . ¢,42130p¢ 1 +,16229u~ 3 ¢,16857,~ -4

CONF IDENCE INTERVAL (INDEPT,) +,54661u+ 2 +,214016k= 2 +,23138n~ 4

RELATIONSHIPS BETWEEN PARAMETERS

CORRELATION MATRIX COVARIANCE ‘MATRIX : -
: +016057,+ 12 +.64377,+ 7 +,422634+ 4

+.99418n=- 0 _ . +.23737,% 3 =4,34272u= 1

+,621820= 1 =,13115,~ 1 . #,28770k~ 1 .

PRINCIPAL AXES (DIRECTION COSINES AND CONFIDENCE INTERVAL ALONG EACH AXIS)

=.27824u0 5 +,71319,~- 1 +.99745,~ 0 +,16515,- 4 :

4,38126mn 4 =~,99745,- 0 +,713194 1’ 4,22693,,- 3

+,10000mw+ 1 +,38225,- 4 +,2632%u~ 7 +.54661,¢+ 2

. . .
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THE EQUATION WAS FOUND TO BE STIFF AT X & +,400004~
SOME LITTLE PROBLEMS WITH STIFFNESS +,52000,+ 2
ITERATION NUMBER +11

COMPUTED RESIDUE (STAND,DEV.) +,12301e= 7 ¢.36970u~- 4
ESTIMATED RESIDUE (STAND ,DEV.,) #,11350,= 7 +,35513.4= 4
CORRECTIONS FOR PARAMETER +,73885u+ 1 +.250304= 3
PARAMETER VALUE +,12393+ 3 +,98654,- 0
CONF IDENCE INTERVAL (COND.) +,37436,+ 1 +,143874~ 3
CONF |DENCE INTERVAL (INDEPT,) +,38757u¢ 2 +,15053u~ 2

RELATIONSHIPS BETWEEN PARAMETERS

CORRELATION MATRIX COVARIANCE MATRIX

3

+,22481w= &
+,99806u= 2.
+,144464~ 4
+,20256k= 4

47102854+ 12 +,39590,4¢ 7 =.35743,¢

+.99102u- U
=, 66491u= 1 =,15921,~ 0

PRINCIRAL AXES (DIRECTION COSINES AND CONFIDENCE INTERVAL
-,26757w= 9 +,70414,=* {1 +.99752,= O 4,1441Uw= 4
+,.38399%= 4 =,99752,= 0 +.70414p~ 1 +,20178,= 3
+..0000uwe L +,38492,- 4 -.34752,~ 7 *338757ut 2

+,155164¢ 3 =,33241n-

*,26096u~

ALONG EACH AXIS)

| ol == 2 N

-1

80

00

76
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+,29508u~
#.38775m=
+,28449,~
+.59371u-
=.242351=
=, 661021~
+.12118p-~
®, 20777~
+,10383u~
*,282190~
#,142230-
=.32582u=

SPECIFIED FOR EACH OBSERVATION}

4

DB DDBBEDIPWM

14

THE ENTIRE GALCULATION CONSUMED 171.93 SEC, ON THE - EL X8,

211

110

00

108
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PROCEDURE ODEPAREST WAS CALLED WITH THE PARAMETERS!

N ] +2

NPAR = 3

‘NOBS =B +12 )

| TMAX 2 +9 i
CONVERGE & +.1000000000001= 1

EPS = +,99099900999990,= 4

MESHP=® +100

STIFFs EALSE

FA 8 +,3860000000001u¢ 1

THE CONFIDENCE REGION AT LEVEL A IS PRINTED
FA |5 THE A=POINT OF THE F=DISTIBUTION WITH NPAR AND NOBS=NPAR DEGREES OrF: FREEDOM

THE OBSERVATIONS WERE:
TOBS (1] cOBSt 1] o8BSI}

]

0 +,000006~- O

1 4,2U0000~ 3 +2 +,16480p- O
2 +,4J000u- 3 +2  +,27330x~ O
3 #,6J000w= 3 +2  +,34930p= O
4 +,80000k= 3 42 +,39900u- O
5 +,140000w~- 2 -+2  +,43220k- O
6 ¢,120000- 2 *2 +,454504=- 0
7 ¢,14000u= 2 42  +,46950u~ O .
8 4,10000k= 2 *2  +,479504 O
9 ¢,18000u- 2 +2 +,48620,= 0
10 +,2J000u= 2 42 +,49070w~ 0
11 4,20000u- 1 +2  +,49990u< O
12 1 42 +,499804,= 0

4#,4J000u=~

THE PARAMETER ESTIMATES WERE:
1 PARLWB! ) PAR( 1) PARUPBI( 1)
1 ¢,000040= 0 -+,10000.+ +,200000+ 4
2 +.0000Jw= O +.,50000.- +,200000+ 1
3 +.0000)u= O +.500005- +,20000u+ 1

oonN

L]
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I TERATION NUMBER +1
COMPUTED RESIDUE (STAND,pEV,)
ESTIMATED RESIDUE (STAND,DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

B 13681.138 PHEMKER

+,17749,4
+,55124«
+,31497 49

«,32497 ¢

[~ (7] o g

BOUNDARY CONSTRAINTS, JUMP+,2477474026810u~

COMPUTED RESIDUE (STAND,pEV,)
ESTIMATED RESIDUE (STAND,DEV.)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

ITERATION NUMBER +2
COMPUTED RESIDUE (STAND,DEV,)
ESTIMATED RESIDUVE (STAND, DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

PLUS ULTRA =0
COMPUTED RESIDUE (STAND,BEV,)
ESTIMATED RESIDUE (STAND _DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

ITERATION NUMBER +3
COMPUTED RESIDUE (STAND,pEV.)
ESTIMATED RESIDUE (STAND DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

PLUS ULTRA =0
COMPUTED RESIDUE (STAND,DEV.)
ESTIMATED RESIDUE (STAND DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALVE

ITERATION NUMBER *4
COMPUTED RESIDUE (STAND,pDEV,)
ESTIMATED RESIDUE (STAND DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

+,17749%+-
+,55124u-
+,78033u-

+,10008.¢

+.1774%¢
+.55107 =
+,31500,+

+,32501+
+,1774%ue
+.5%5107 0=
+,315004+
+,32501 ¢

+, 46667~
+,6779% -
+,43920,+

+l7b4210¢
+,46667u=
+,67799%-
+,43920,+

+,76421u4

4+,22241u-
+,121144-
*,171564,+

4 ,93577 ue.

1
1
2
2

“u wuwo “ HeOo o G W Gl s

[~} L7 B

+.44400,-
"0782613'
+.20610,¢

+,20611ue¢
4
+,44409,~
+,78261u=
+,51061u~

+,10106u+

+,4440%u-
+,78250u=
+,20596.+

+,20597.u+
+,4440% =
4+,78250.=
+,205964¢+

#,20000u%

+,2277 1=
+,86794,-
”.31988u‘

+,1019%¢
+,22774u~=
+,867944~
+,819688u+

+,20000u+

4.,156720u=
4.11602u=
=.12622u+

+,73783u=

10

L ol » N o n - No [ R O A" | V- o Lo oro ] |- o

[~] oo

=,20182u+

©,20181u*

=,50000u"~
=,00000%-

©,20168u+
«,201684¢

®,201684%

+,00000u~

=,03965u¢

®,93965u%

*, 93965+

+,00000n="

" ®, 23002k~
®,23002u~=

EVALUATIONS OF
FY

r

33

33

70

24

24

37

00

Fe

23

23

36




.

170772= % = B 13681.138 PHEMKER _ L1l

PLUS ULTRA -0
COMPUTED RESIDUE (STAND,pEV,) +,22241u= 0 ¢,15720u= 0
ESTIMATED RESIDUE (STAND ,DEV,) +,12114u= 4 ¢,11602u= 2
CORRECTIONS FOR PARAMETER +,171564+ 3 =,12622,¢ 1
PARAMETER VALUE ¢, 93577u+¢ 3 +,73783u= O
I TERATION NUMBER +5
COMPUTED RESIDUE (STAND,pDEV,) «,26571ue 1 +.54336k= 1
ESTIMATED RESIDUE (STAND,DEV,) +,B83682u= 5 +,96426u= 3
CORRECTIONS FOR PARAMETER +.52095,+ 2 +.81563.=- 0
PARAMETER VALUE +,98786us 3 +,15535.+ 1
PLUS ULTRA o -0 -
COMPUTED RESIDUE (STAND,DEV,)  +,26571luw= 1 +,54336u= 1
ESTIMATED RESIDUE (STAND DEV,) +,83682u= 5 +.96426u~ 3
CORRECTIONS FOR PARAMETER +,52098u+ 2 +,B1563%- 0
PARAMETER VALUE ‘ ¢,98786u¢ 3 +,15535.¢ 1
) s
STEEPEST DESCENT+,1724278651036n+ 1
COMPUTED RESIDUE (STAND,DEV,) 4,78790k= 1 +.,9356%u= 1
ESTIMATED RESIDUE (STAND,DEV,) ¢,00000k= 0 +.00000u= O
CORRECTIONS FOR PARAMETER ©,22507u> 0 +,32972u- 2
PARAMETER VALUE +,9359%+ 3 +.,74113w~ 0
BOUNDARY CONSTRAINTS, JUMP4+,3617034401022u~ 0
COMPUTED RES|DUE (STAND,DEV.) +,7879040e 1 +,93565.= 1
ESTIMATED RESIDUE (STAND,DEV,) #,10308,= 1 ¢,33843.= 1
CORRECTIONS FOR PARAMETER «,8140%= 1 +,11926u~ 2
PARAMETER VALUE +,93585u+¢ 3 +.73902u~ O
ITERATION NUMBER +7 ’
COMPUTED RESIDUE (STAND,pDEV,) +,262904« 4 +,54048u= 1
ESTIMATED RESIDUE (STAND,PEV,) +,82542u= 5 4,95767w= 3
CORRECTIONE FOR- PARAMETER +,52066u+ 2 +.80885.- 0
PARAMETER VALUE ’ +.98791u+ 3 ¢,15479.+ 1
PLUS ULTRA -
COMPUTED RESIDUE (STAND,DEV,) +,26290u= 1 +,54048.- 1
ESTIMATED RESIDUE (STAND ,DEV,) +,825424~= 5 +,95767u~ 3
CORRECTIONS FOR PARAMETER +,52066w+ 2 +,80888,.- O
PARAMETER VALUE +,98791u+ 3 +.,15479,¢ 1

«,23002u6~
4¢,00000m=

©,5772%u=.
=,87725n~

«.87725u=

4,000001=

=,15989u+
= 10487u%

= ,57725u»
=4,00000u="

- 571454~

=,37145u~

« 571450
+,00000w0

71

83

107

37

43

B4

43

0o

36

42

51

42
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STEEPEST DESCENT+,1728280197774k¢ 1

COMPUTED RESIDUE (STAND,DEV.) +,775136= 1 +,92804,=
ESTIMATED RESIDUE (STAND,DEV,) +,00000u= 0 +.00000u=
CORRECTIONS FOR PARAMETER +,22614p= 0 +,3185%,~
PARAMETER VALUE +, 93607+ 3 ¢,74221u=
BOUNDARY CONSTRAINTS, JUMP+.38590277875213u= 0 -

COMPUTED RESIDUE (STAND ,DEV,) ©,77513u> 1 +,92804.-~
ESTIMATED RESIDUE (STAND,DEV.,) +,999154= 2 +,3331%~
CQRRECTIONS FOR PARAMETER +,8118%= 1 +.11438u=
PARAMETER VALUE ¢,935934¢ J +.74017u=
CONF IDENCE INTERVAL (CONp,) 4,20830u= 0 +.64131u+
CONF IDENCE INTERVAL (INDEPT,) ,20915ue 0 +,11173we¢

RELATIONSHIPS BETWEEN PARAMETERS
CORRELAT|ON MATRIX

© 1594 7ur- 4

0 =,10202p% 1

1 o

1

2 *,571458= 0

0 =,00000u> O .
1 4,107874¢ 2

2 +,18793us 2

COVARIANCE MATRIX
*/340260+ 1 ¢,

15611, 2 *,26143u+ 2

+.85885m- L +,97106,% 4 #,133724¢ 3
+,85504m=" 1 +,8187%u= 0 , - _ +,27473us+ 5
PRINCIPAL AXES (DIRECTION COSINES AND CONFIDENCE JNTERYAL ALLONG EACH. Ax1S)
+.55306u= $ +,88127,~ 0 -.47262u- O +0571300e 1

+.878050= 3 +,47262,- 0 +.881274= 0 +.21104,¢ 2

+,.0000w¢ L =,90237,~ 3 -.51241u~ 3 +,208304= 0

0o
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ITERATION NUMBER +9
COMPUTED RESIDUE (STAND,pEV.)
ESTIMATED RES|DUE (STAND, DEV.)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

PLUS ULTRA =0
COMPUTED RESIDUE (STAND,DEV,)
ESTIMATED RESIDUE (STAND DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE
CONF IDENCE INTERVAL (COND,)
CONFIDENCE INTERVAL (INDEPT.)

RELATIONSHIPS BETWEEN PARAMETERS

CORRELAT|ON MATRIX

+,50019= U
=, 49631u= J =,999907,- D

PRINCIPAL AXES (DIRECTION COSINES AND CONFIDENCE
+,2353840~

B 13681.138 PHEMKER

+,260381 =
+.501025=
+,50012u¢

+,985945,+

+,26038u-

+,50102u"

+.50012n*

+,98594,+
+,44407 o+
+,62234u+

o« Ny W8

Ll ] N \R

18

4¢.53788u=

¢, 74612,

4,73464,=

+,14748,¢

+,53788u=
+,746124=
+,73664,-

+,14748.u¢
+,33383=
4,51518u=

> Gh >

(=70 ]

oON

COVARIANCE MATRIX

60081~

=.30110w= $ +,70507,~ 0 +.70914u=- O
+,58788u= L «,70790,= 0 +.70386k- O
+.99827w=" U +,41901,- 1 =,41236u~ 1

+,6280U =
+,6238405%

7 +,24877u*
*, 41173 u¢

=,50023u=
«,50023u>

®,50023u=

¢, 000004~
,33192y=

¢,51090u=

oMo o

6 .324479n*“
5 =,40828u¢
*,40490m+

INTERVAL ALONG EACH Ax1S)

[CRUY.N

95

48

00

468
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RESIDUALS, SPECIFIED FOR EACH OBSERVATION{
"50671N'
*.2?413n'
«., 90022~
=.,19413,-
=,29608.u~
=, 386394~
'046255u‘
=.5¢587u=
=.5/679=
®, 616924~
«,749608~
=.74706:="

NHOOVONGWDGNF
IR N T T T PR SRR )

-

14

THE ENTIRE CALCULATION CONSUMED 63,87 SEC., ON THE EL X8,

107

84

oo

53




6.2.

- 61 -

Bellman's problem

This test problem is taken from an example given in an
article by Bellman c.s. [1967]. It originates from a chemical

experiment on the reaction

—_—
A

2 NO + O2 2N02
reported by Bodonstein [19227.
The differential equation reads
2 2
dy/dat = p(126.2-y) (91.9-y)" - qy .

The parameters p and q have to be determined from 14 given ob-

servations.

Bellman reports as parameter values and computed residue

(apart from a printing error in his article)

p = LSTT. -5

q = .2193,, - 5

s 22.7

We note that the 1% confidence regions are

Sp = 31, - 6 and 8q = .h810 - 3.
Our algorithm finds respectively

p = 'hMTO -5 §p = 30,4 - 6

q=.23,, -3 ép = .h3,5 - 3

s = 25,12

The computed residue is slightly greater but the difference is

by no means important.
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BEGLN COMMENT BELLMAN'S PROBLEM, SEE: MATH,B,0SC, 1(67)71 i

BPRQC ODEPAREST(N,NOBS,NPAR,DATA, | TMAX,CONVERGE ,EPS,MESHP,STIFF,FA)}

VAL N,NOBS,NPAR, I TMAX,CONVERGE ,EPS,MESHP ,STIFF,PA}

LNI N,NOBS,NPAR, | TMAX,MESHP; BEAL CONVERGE,EPS,FA) BoOL STIFF;

BEG!N COMMENTI THE PROCEDURES: CALL YSTART,CALL F,CALL FY,CALL FP
DEFINE THE PROBLEM SUPPLIED dY THE USER} )

pROC CALL YSTART; .
BEGIN Y[0,1):= 03 YMAX[1l]l:= 503 OUTC
ENDR

PBQEC CALL F(R)} YBL R; BEAL R}

BEGIN CFim CF+l) Fl1l):ie R-(PAR(1)~(126 2=Y[0,41) ® (91.9~Y(0,1])42

SPAR[21#Y([0,1)42 )

ENDS

pRQE CcALL FY(R); YAL R} BEAL R}

BEGIN FY[1,1):i= R#( . . .
-PAR[11#(~91,98344.3 + 620,08Y([0,4) -3aY(0,1)42)
«pAR([21aY[0,1142 1} ’ -

CFYiz CFY+1; ' *

ENDS

PBOC CALL FP(R); VAL R} REAL R}

BEGIN FP(1,11%:= R#(4126,2~Y(0,1))#(91, 1-¥10,11)42 ;

FP(1,2):==RaY(0,1142; CFP!=z CFPei

ENQ

ABBAY Y[0:7,1:Ne(NPAR+L) ], YMAX,F 1IN, FY[LIN,LIN),FP[11N,1INPAR]}
PROC PR(S): BEGLN NLCR} PRINTTEXT(S) END}

PRQC FL(R)} FLOT(5,3,R})}

BBQS PF(s,R); BEGLIN PR(S)} TAB; FL(R) ENR}

BRQC OUT(S,R); SIRING Si1 BEAL R;

BEGIN INT 1) LE LINENUMBER>50 IHEN Mtw PAGE ELSE NLCRj
PR(S); PRINT(R)} .
PF({COMPUTED RESIDUE (STAND . UEV,)?,COMP ERROR);
FL(SQRT(COMP ERROR/(NOBS-NPAR)))}
pF(4ESTIMATED RESIDUE (STAND,DEV, )$,EST ERROR);

_FL(SQRT(EST ERROR/(NOBS=NPAR))): ,
. PR{{CORRECT!ONS FOR PARAMETER}): TAB;

FOR 1:=1 SIER 1 UNILL NPAR DO PL(DELTA PAR(1)); NLER}
PR(4PARAMETER VALUE}); TAB; ‘7AB}
EOR 1t= 1 SIER 1 UNILL NPAR LQ FL(PAR([I]))

END:

BeoL F.IRST,ADAMS; LNIEGER K,KOLD,SAME,FAILS)

BEAL X,XOLO,H,CH, HOLD.TOLCONV TOLUP, 7OL, TOLDWN,AQ}

ARRAY A[0:7),0D0[0:7,Q:N),LAST DELTA[1:N1, JAC[LiN,1:N], CQNsTti 451,
TOBS{0:NOBS),085(1¢NOBS),PARL,PAR,PARU(L! NPAR)-

INT ARBAY €0BS(1!NOEBS],PPIl1:IN]}

BRQC MULTISTEP(XEND,HMIN,HMAX,EPS)}
YALUE XEND,HMIN,HMAX,EPS; REAL XEND,HMIN,HMAX,EPS]

BEG.N BOOLEAN CONv; iNIEGER !,J,L,KNEW,NP}
REal CHNEW,C,ERROR,DF1; ABRAY UELTA,DF,Y0({1:N);

00
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PROCEDURE ODEPAREST WAS CALLED WITH THE PARAMETERS!

N z +1

NPAR = +2

NOBS = . +14

| TMAX = +14

CONVERGE = +.1009999999999,= 2

EPS H +.9909999999996,=- 5

MESHP = +100

STIFFs EALSE

FA s +.6930000000000w+ 1 . e e

THE CONFIDENCE REGION AT LEVEL A IS PRINTED
FA IS THE A=PQINT OF THE F-DISTIBUTION WiTH NPAR AND NOBS=NPAR DEGREES OF 'REEDQM

THE OBSERVATIONS WERE: L. :
ToBS (1] coesi] oas(1) e

i

0 * +.11000um+ 3

1 +.,290000+ 1 +1 +,14000+ 1

2 +.31000w+ 1 +q +,63000,¢ 1

3 #.4)000u+ 1 *1 - +,10400u+ 2 . - .
4 +.51000uw+ . 1 +1 €,142004+ 2

5 +,65000.0+ 1 +1 +,17600u+ 2 .
6 +.710000+ 1 1 +.21400.,+ 2 *
7 +.,81000w+ 1 +1 +,23000+ 2

8 +,110000+ 2 +q +,27000,+ 2

9 €,12000+ 2 *1 +.30400¢ 2

-4 ®,1°5000u+ 2 +4 +,34400+ 2
11 +,210000+ 2 +1 +.38800,,¢ 2

t2 +,25000+ 2 +1 +,41600+ 2

.3 #.3’00011# 2 1 -‘,43500n+ 2
i4 +,41000uw+ 2 +q +,45300,+ 2

THE PARAMETER ESTIMATES WERE:
{ PARLWB([ 1) PAR( ] - PARUPBI[1]
41 +.00000u= 0 +.10000u~ 5  +,100000= 2 o .
2 +.0000%w=- 0 +.10000u= 3  +.10000w- 1 o
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ITERATION NUMBER ’ +1
COMPUTED RESIDUE (STAND,DEV,)
ESTIMATED RESIDUE (STAND DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

ITERATION NUMBER +2
COMPUTED RESIDUE (STAND,DEV,)
ESTIMATED RESIDUE (STAND,DEV.)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

+,40843,¢
+,13275u+
+.14831u~

+,24831y-

+,21964u¢
+,10301u+
=,69354,~

+,24138u-

wn (V7 N

4
3
7
S

BOUNDARY CONSTRAINTS, JUMP+,6455684411230u=

COMPUTEO RESIDUE (STAND,DEV,)
ESTIMATED RESIDUE (STAND DEV.)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

ITERATION NUMBER +3
COMPUTED RESIDUE (STAND,DEV,)
ESTIMATED RESIDUE (STAND, DEV.)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

ITERATION NUMBER ’ +4
COMPUTED RESIDUE (STAND,pEV,)
ESTIMATED RESIDUE (STAND,DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

+,21964,+
+,11174.,+
~,44773u=

v+,24756u‘

+.70601u+
+,60001,+
+.7068%~

+,.31855u-

+,65954,+
+,179284+
+,21550m=

- +,340104~

4
3
8
5

W O N

n N LW

BOUNDARY CONSTRAINTS, JuMP+,1180947078510u~

COMPUTED RESIDUE (STAND,DEV,)
ESTIMATED RESIDUE (STAND,DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

ITERAT|ON NUMBER +5
COMPUTED RESIDUE (STAND,DEV,)
ESTIMATED RESIDUE (STAND,DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

+,65954,¢
+,26876u+
&,25450»-

+,32110u=

.*.22422n‘
+,32133u+
+,41967 4~

+,36307u~

3.

2
7
5

u oN ™

~10

+,18449,+
+,3326%
+.18734u-=

+,19734.e~

+,1352%u+
+.29299.,4+
=.30568.=

- ,285951=
b
+.1352%.+
+.30515.,.+
-,197344=
N .

=.000CNm~

+.76704u+
+,22361u+
+,70937% -

*-20937u'

+.74136.+
+,12223 10+
'.60065u“

-,52974u-
0
+,74136m¢
+.14966.u+
«,70937.~

'.DOOUnuf

+.,43226u+
+,16364u+
*.37065u'

+,37065u~

N NN

[SYTYXY

(£] R

[\V] N+

Gl s

(=

(<) [Z R ol o

00

EVALUATIONS OF

F FY Fp
43 24 23
133 78 64
68 30 29
100 53 48

76 31 30
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I TERATION NUMBER +6
COMPUTED RESIDUE (STAND,pEV,)
ESTIMATED RESIDUE (STAND,DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

B 1368!1.138 PHEMKER

+,2056%¢
+,12692u+
+.25951,-

¢, 38902,-

W o N

BOUNDARY CONSTRAINTS, JUMP+,2404997579242u~

COMPUTED RESIDUE (STAND,.DEV.)
ESTIMATED RESIDUE (STAND DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

ITERAT ION NUMBER +7

COMPUTEL RESIDUE (STAND,pEV,)
ESTIMATED RESIDUE (STAND DEV.)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

ITERATION NUMBER +8
COMPUTED RES'!DUE (STAND,DEV,)
ESTIMATED RESIDUE (STAND, DEV,)
CORRECTIONS FQR PARAMETER

PARAMETER VALUE

*.20569u*
+,25855,,+
+,62412:-

+.36931n-

+,10666u+

- +,21888u+

*.25365"'

+,39467 4=

’4,67584»¢
+.18095u+
+.23093u~

+.41776u~

» O

vt onN N

BOUNDARY CONSTRAINTS, JUMP+,7007490319338u~

COMPUTED RESIDUE (STAND,pDEV,)
ESTIMATED RESIDUE (STAND DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

+,67884,+
+,42544,+
¢,16183u«

+,41085u-

STEEPEST DESCENT+,286B668658626.,= 14

COMPUTED RESIDUE (8TAND,pDEV.)
ESTIMATED RESIDUE (STAND,DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

ITERATION NUMBER +10
COMPUTED RESIDUE (STAND,DEV,)
ESTIMATED RESIDUE (STAND DEV,)
CORRECTIONS FQR PARAMETER

PARAMETER VALUE

+,93932u+
‘.OUOOOu’

+,16175u~

+.41085,~

¢.44502u‘
+.19447 4
+,166124=

.+.42746u'

W on N

w ocom

11

+,4140 10+
+.10284u+
=:15412,=

=,11705u=
0"

+,4140 10+
+.14099.+
'-37065u'

=.,00000m%-

+,29813u+
+,13561+
+,23346,~

+,233461=

+.,23785.,+
+,122804+
= 33316u=
--9969°n'
0

+,2378%5,5+
+.18829.u+
'-23346u-

+,11102,-

+,2797Bu¢

+.00000= |

- 64924~

+,23346u-~

+,19257,+
+,12730we
-, 23518u=

~117164u-

[ N

(RS

E-N

w (22 o o

[~ d

w

w (7Rl

- 105

a2

98

84

57

32

48

33

0o

50 .

31

44

32
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BOUNDARY CONSTRAINTS, JuMP+,9927016284564u~

COMPUTED RESIDUE (STAND,DEV,)  +,445024+
ESTIMATED RESIDUE (STAND ,DEV.) +,44138u+
CORRECTIONS FOR PARAMETER +,16491y~

PARAMETER VALVE +,42734u~
STEEPEST DESCENT+,3050702941380,~ 14

COMPUTED RESIDUE (STAND,DEV,) #,1071%0+
ESTIMATED RESIDUE (STAND DEV,) +,00000u=

CORRECTIONS FOR PARAMETER +.16482u-
PARAMETER VALUE +.,42733u-
ITERATION NUMBER +12

COMPUTED RES!DUE (STAND,.DEV.) +.29872u+
ESTIMATED RESIDUE (STAND DEV,) +,21001u+
CORRECTIONS FOR PARAMETER +,1015%9-

PARAMETER VALUE +,43749=
STEEPEST DESCENT+.3166938513554,= 14

COMPUTED RESIDUE (STAND,DEV.) +.5307%.+
ESTIMATED RESIDUE (STAND ,DEV,) +,00000u-

CORRECTIONS FOR PARAMETER +.101540-~
PARAMETER VALUE +,43748u~
CONF IDENCE INTERVAL (COND,) +«.00000m0=

CONF IDENCE INTERVAL (!NDEPT,) +.00000.-

RELATIONSHIPS BETWEEN PARAMETERS
CORRELATION MATRIX

+, 7598w= 14

2
2
6
5

wi oow

w NN

ocoowWwm O N

12

0
+,192574+ 1
+.19178u+ 1
=,23346u~ 3
6

+,7112446= 1

«,29876u¢+ i
+,000C%~- O
“.710604= 10

+,23346w= 3 _ .

+.15778u+ i
+41322%.+ 1
~.13714,.~- 3

4

+,96321 0=~

+.,210320+ 1
+.00000w=- 0
-.44067.~ 10

+.23346u~
+.,00000u=
*-OOOUOu‘

oou

COVARIANCE MATRIX .
1975651~ 44 +,42403,~ 52

+.59778,=- 31

PRINCIPAL AXES (DIRECTION COSINES AND CONFIDENCE INTERVAL ALONG EACH AX1S)

+,70000w+ L +,0000n,,~ 0 +,00000m-
+.000000= ) #,1000N,+ 1 +.00000~

0
Y

93

84

94

41

33

42

00

38

32

39
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ITERATION NUMBER . +14

COMPUTED RESIDUE (STAND,pEV,) +.251240+ 2 +,14469,+ 1

ESTIMATED RESIDUE (STAND,DEV,) +,21983u+ 2 +.1353%.+ 1

CORRECTIONS FOR PARAMETER +,68717u= 7 =.72843u= 4

PARAMETER VALUE +,44435p= 5 +.,16062u= 3

CONF IDENCE INTERVAL (COND,) +,296354~ 6 +,43013u= 3

CONF IDENCE INTERVAL (INDEPT,) +,34822u~ 6 +.505410= 3

RELATIONSHIPS BETWEEN PARAMETERS

CORRELATION MATRIX COVARIANCE MATRIX
+v477570- 14 +.363% - 11

+,52508m= ) +.,10060,= 7

PRINCIPAL AXES (DI'RECTION COSINES AND CONFIDENCE INTERVAL ALONG EACH AXVIS)
4+, 00000¢ 1 =,36177.~ 3 +,29635u- 6 .
+,36177w= 3 +,10000,+ 1 +,505416- 3

85

35

00

33
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RESIDUALS, SPECIFIED FOR EACH OBSERVATION,

1 ., 29614u+
-.18947u#
A 01 L908”+
». 42015~
+.26207u~
+.15116u+
+,992530~
+.1135%9,+
+.131018+
¢.13794u+
+.963081~
+.4.,278u-
«, 670070~
=,12272u+

DLUNFHELTB NV DWN

e D D AO R D D

THE ENTIRE CALCULATION CONSUMED 65,05 SEC, ON THE EL X8,

138

64

00

58
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Gear's problem

This test originates from a problem in Gear [ 1971, p.229-230].

The system of differential equations is

% /at

dz/

-k, ¥y t+tk,z (b-z-2y)

2

at = - ky 2 + X, (b-2-2y) (s-z-y) - Y/ at

y(0) = 0.25 , z(0) = 0.5 .

Apparently this system originates from the chemical reactions

K,
-
3

Ko

AB + B <—— ABB
ky

with z = [AB] and y = [ABBI.

No solution was given for this problem.
At any rate, the solution found by our algorithm is a sufficient
one since the residuals for each observation are less than the

experimental error (3 digit accuracy)
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BEGLN CQMMENI'GEAR'S PROBLEM , SEE! GEAR(1971)P

BROC ODEPAREST(N,NOBS,NPAR,DATA, ITMAX,CONVERGE,EPS,MESHP,STIFF,FA)) -

.230 3

VAL N,NOBS,NPAR, I TMaxX,CONVERGE ,EPS,MeSHP,STIFF,FA}

BEGIN SOMMENI THE PROCEDURES! CALL YSTART,CALL F,CALL FY,CALL PP
DEFINE THE PROBLEM SUPPLIED BY THE USER)

1
2
3
4
5 INT N,NOBS,NPAR, ITMAX,MESHP; BEAL CONVERGE,EPS,FA} BOQL STIFF;
6
7
8
9

PRQC CALL YSTART;

10 BEGLN

11 . Y(0,2)i= YMAX[1]:= ymAX(2)i= 0,5; Y[0,1):= 0.25;
12 FPl1,31:z FP(1,4]1:= U} OUTG

13 gNDS ,
14 pPROS CALL F(R); VAL R; BEAL K} '
15 BEG.IN REAL ©,Z,¥; COMMENI ; CFt=s CFe+1}

16 SOMMENT ael, B= 23

17 . Q:= Y[(0,1)) 2= Y[C,2)3 Wit 2=QuQ=Z}

18 F[l]'- Re(=PAR{1]#Q + PAR[2]u#WsZ)}

19 F{2):a Re(=PAR(3]8Z + PAR{4)aWa(1=Q~2)) = F[1];
20 o ’ ENOD;

21 PRQC CALL FY(R); YaL R; BEAL R:

22 BEGIN REAL ©,Z,W,V,F1,F2;

23 Q= Y(0,1)3 2tz Y(0,2)8 Wis 2«QuQ=Z; Viz {w@=Z;
24 Fyl1,1)t= F1i= Re(=-PAR(1} = 2#PAR[2]%2)}

25 Fyl1,2)t= F2i= Ra( PaR[2)a(Ww=2));

26 Fyf2,1):= R#(-PAR[4)8(VsVeW)) = F1}

27 : Fyle,2)i= R#(=PaR(3] = PAR[4)#(Vew)) = F2}
28 CPYi= CFY+i}

29 ENDS

30 PROG CALL FP(R)3 VAL R: BEAL R}

31 BEGIN REAL Q,Z,w,F1,F2;

32 Q:= Y(0,118 2= Y(C.,2)3 Wis 2=Q=Q=Z;

33 Flis FP{1j1)t= =-QuR; F2i= FP[1,2])tr WaZsR;

34 FPlz,1)t= =F1; FP{2,2]11= =F2;

35 FP(2,3)t= =Z#R} FP{2,4)1= We(1-Q-2Z)4R}
36 _ CFPi= CFP + 1}

37 ENQ;

38

39 ARRAY Y[0:7,1:Na(NPAR+L) ), YMAX,F1IN),PY[L1IN,LIN], FP[1 N,1tNPAR];
40 PRQC PR(s); REGLIN NLCR; PRINTTEXT(S) END}

41 PBQC FL(R): FLOT(5,3,R)}

42 PRQC PF(S,R); BEGIN PR(S); TAB; FL(R) END}

43 )

44 EROC OUT(S,R): SIRING S) REAL R;

45 BEGIN LNT 13 'LF LINENUMBER>S5(0 IHEN NEW PAGE ELSE NLCR;

46 PR(S); PRINT(R)}

47 pF({COMPUTED RESIDUE (STAND,DEV.)},COMP ERROR);

48 FL(SQRT(COMP ERROR/(NOBS=NPAR)))}

49 : . PF({ESTIMATED RESIDUE (STAND.DEV.)$,EST ERROR);

50 FL(SQRT(EST ERROR/(NOBS-NPAR)))

51 . PR({CORRECT ! ONS FOR PARAMETEK$)$ TAB;

5¢ FOR I1:=1 SIER 1 UNILL NPAR QU FL(DELTA PAR[1]); NLCR}

53 PR({PARAMETER VALUE}); TAB; TAB!

54 FOR 1:= 1 SIEP 1 UNILL NPAR LQ FL(PAR(I])}

55 ENQD;

00
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PROCEDURE ODEPAREST WAS CALLED WiTH THE PARAMETERS:

B 13681.138 PHEMKER’

N = +2

NPAR = +4

NOBS = +8

I TMAX= +24

CONVERGE = +.1000000000001uw= 31
EPS 2 +.90909909999999,,~ 4
MESHP= +100

STIFF= EALSE

FA = +.6680000000000+ 1

THE CONFIDENCE REGION AT LEVEL A 1S PRINTED
FA 1S5 THE A<=POINT OF THE F-DISTIBUTION WiTH NPAR AND NOBS~NPAR DEGREES OF PREEDOM

THE OBSERVATIONS WERE:

|
)

N

THE PARAMETER ESTIMATES WwERE:
1 PARLWB([ 1)
1 #.0000 )=
2 *.0000 )~
3 +,0000 )=
4 4,0000 )=

TOBS (1)
+,0!000u~
+,353004-
+.672000=
+,1 1120+
+.11000.+

cococo

Gl D OO

cOBS[ 1)

*1
*1
.
+1

PARI[ !}
+.10000m+
+.10000um+
+,10000u+
+,10000+

0BS({ 1)

+,30100,~-
+,.324004=
+.33500u«
4+.345004=

ocoooo

PARUPBI( ]
¢,10000.+
+,10000um+
+,10000u+
+,10000m¢

[T T,

NN N

@D N

+,33300~
+,672001-~
*, 101200+
«;100000+

W OO

+2
+2
+2
+2

+.40300m-
+.36200u~
+:34500~
+.332000~

(=N =N N ]
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ITERATION NUMBER | +1 o .

COMPUTED RESIDUE (STAND.DEV,) +.29886u~ I +,86438u- 2 .

ESTIMATED RESIDUE (STAND,DEV,) +,29652u~ 5 +,86098u= 3 | s i .
CORRECTIONS FOR PARAMETER =  «,24647u= 0 -.18866w= 0 =,76952u= 1 «,23282,~ 1
PARAMETER VALUE +.75353m~ 0 +,811344= 0 +,92305w= 0 +,97672,.= 0
ITERAT|ON NUMBER +2 A s . S -
COMPUTED RESIDUE (STAND,DEV,) +,74640= 5 +,13660=- 2 :
ESTIMATED RESIDUE (STAND.DEV.) +.,24398u= 6 +,2469740= 3 . ' . : .
CORRECTIONS FOR PARAMETER . .+.38606u=- 1 +.30865.- 1 =,2776B8k- 1 =,33981l.~- 1
PARAMETER VALUE ©.79213u= 0 +.84220w~ 0 +,89528= 0 +,94274,~ 0
ITERATION NUMBER +3 . .
COMPUTED RESIDUE (STAND,DEV,) +,2540%« 6 +,252044,- 3 -

ESTIMATED RESIDUE (STAND,DEV,) +,21613u= 6 +.23245,~ 3 . o o
CORRECTIONS FOR PARAMETER +,33519u- 2 +.29448,-% 2 ~,16623u~- 2 =,17801,.- 2
PARAMETER VALUE 4,79549= 0 +.84515.~ 0 +,89362w= 0 +,94096,= 0
ITERATION NUMBER +4

COMPUTEO RESIDUE (STAND,DEV,) +,23171- 6 +,24068,- 3

ESTIMATED RESIDUE (STAND ,DEV,) +,2304% = 6 +.24005.~ 3

CORREGCTIONS FOR PARAMETER =,146164p= 3I ~.,6632%u~= 4 =,50710u~ I =.64300,~ 3
PARAMETER VALUE #,79534u= 0 +.,845G8u= 0 +,8931iw=~ 0 +,94031l.~ O
CONF IDENCE INTERVAL (COND.) +.33666u 2 +,29626u= 2 +,48223w~ 2 +,59231.- 2
CONFIDENCE INTERVAL (INDEPT,) +.21008,= 1 +.19434,= 1 +,39016w~ 1 +,47636.~ 1

RELATIONSHIPS BETWEEN PARAMETERS
CORRELATION MATRIX COVARIANCE MATRIX

4311630+ 3 +.27263u¢ .3 =,20151we I =,23865u.+

+.98606w~ ) +,24530,,¢ 3 =,18052.¢ I =,20853.¢
=, 36304n=- ) =,36657,- .0 ) . . “.98869u+ 3 +,11959,+
=,35215u= J «,34682,- . 0 +.99074,~ O . +,14738.,¢

PRINCIPAL AXES (DIRECTION COSINES AND CONFIDENCE INTERVAL ALONG EACH AxIS)
+.6264%0= ) «=,71559,~ 0 -.23960,- 0 +.19502.-- U +.,21543.~> 2 :
+.218340- ) «,21937,- 0 +.73818,= 0 -.59941w- 0 +,422810= 2
+,732230= 1 +,64910,~ 0 +.,11517~ 0 +,327101w~- L ,  +,26782,= 1
+.,15887we ) +,13594,,-. 0 =,62001= 0 =,75725w- O +,02523~ 1

E R 7 N7

EVALUATIONS OF

F

145

90

117

FY

73

45

59

00

Fp

65

42

52
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115

THE EQUATION wAS FOUND To BE STIFF AT X = +.335001= - 2

SOME LITTLE PROBLEMS WITH STIFFNESS +.20000,+ - 1

ITERATION NUMBER +5

COMPUTED RESIDUE (STAND,DEV,) +,22630us 6 +,23785u= 3

ESTIMATED RESIDUE (STAND DEV,) +,223724= "6 +.,25649,= 3 . )
CORRECTIONS FOR PARAMETER =,2606Lu= 3 -,30077u= I =,27050w= I =,20842,~ 3 .
PARAMETER VALUE +,79508u= 0 +,84478u= 0 ¢,89284n= (0 +,94011,,~ O
CONFIDENCE INTERVAL (COND,) +.35630u= 2 +,29853u~ 2 +,48538u~ 2 +.59251,.~ 2
CONF IDENCE INTERVAL (INDEPT,) +,222314- 1 +.19927.= 1 ¢,39679k= 1 +,48069,.,~ 1
RELATIONSHIPS BETWEFN PARAMETERS

CORRELATION MATRIX ' COVARIANCE MATRIX .

: €. 330710t 3 +,29242,% I =,22553,% I =,26467,+ I
+,9864%w- ) : ) +,26570u¢ 3 =,20503us I =,235164,+ 3
=, 38209 1} =,38753,~ 0 : +,10535,% 4 +,12646,+ 4
=:37013u=  J =,3669N,~ 0 +,99088,- O LI . +,15461.¢ 4

PRINCIPAL AXES (DIRFCTION COSINES AND CONFIDENCE INTERVAL ALONG EACH AXIS)

+,62932u- ) «,71268,= 0 =-,24003,= 0 +,19606k=- ¢ ' +,21588,- 2
+.221080e ) =,21815,- 0 +.,73575,,- 0 -,60184,- 0 +.42503 2
+.,7272%0~- ) +,65077,~ 0 +.12218,= 0 +,18064w~ 0 +,270264, 1
+,°6167w= ) +,14495,~ 0 =,62139,~ 0 -=,75281u- O +,63429,= 1
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RESIDUALS, SPECIFIED FOR EACH OBSERVATION,;

1 +.28751.~- 4 2 =,13850u= 3
3 =.17981u~ 3 4 +,8910%~ - 4
5 ‘-19571»-. 3 ' é 4-,2909310' 3
7 “.791380- 4 8 ~-,191866- 3

THE ENTIRE CALCULATION CONSUMED &§7,28 SEC, ON THE EL X8. . _._ . ... . .

) ) )

I

138

70

0o

67
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Barnes' problem

This problem was suggested during the FEBS summerschool on
computing technigues in biochemistry (Edinburgh 1968). The system
of differential equations

dx

/at =k x - k,xy

I/ at

kW - kyy

originates from the chemical reactions
k

A —l A+ A
k2
A+B— B+ B

k

B 3 C

This is an oscillating system of the Lotka-Volterra type (see
Lotka [1956], Volterra [1931]), which also has many applications

in theoretical biology.

As approximate results for a set of given observations, it is

known that

k, = 0.867 + 0.1k
k, = 2.080 + 0.39
ky = 1,816 + 0.k2

confidence interval 1%.

These values agree fairly well with our results.
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B 1368'.138 PHEMKER . . §

B1368!,138,PHEMKER,T150

BEGLN COMMENT BARNES' PROBLEM] .

PROC ODEPAREST(N,NOBS,NPAR,DATA, TMAX,CONVERGE ,EPS,MESHP,STIFF,FAY}

Yél N.Noas.NpAR,:TMAx,c°~V§RGE,ﬁPs,MESHP.ST|rF;rA; :
INI N,NOBS,NPAR, I TMAX,MESHP; BEAL CONVERGE,EPS,FA; ROQL STIFF}
BEGIU COMMENI THE PROCEDURES: CALL YSTART,CALL F,CALL FY,CALL FP

DEF INE THE PROBLEM SUPPLIER By THE USER)

pBQC CALL YSTARTS ) ‘ ’
BEGIN YV[0,1)t= YMAX[1)1= 1} v[0,2)i= 0,3; YMAX(2)im 0.5
FPl1,3)t= FPL2,1]):= U1 OUTC o :
ENDG | . .
PROG CALL F(R); ¥YAL R; BEAL R}
BEGLIN CFix CF+1}

S F{1):= Re¥(0,1)#(PAR[1)=PAR[2)sY(0,2]))}

F[2):i2 =RaY([0,2)#(PAR[31=PAR[2)8Y[0,1))}
END: .
pBQ& CALL FY(R)) VAL Ri REAL R}
.BEGIN REAL F12; CFYi= CFY+1;

Fy{1,1):e Ra(PAR[1]=pAR[2)®Y[0,2])))

Fyl1,2)1s F12i= ~R#PAR[214Y[0,2); FY[2,1)1=% =F123
: Fyl2,2):z Ra(PAR[2])#Y(0.1)=PAR(3]);
ENDS :
pPBOS CALL FP(R); Y¥&L R} KEAL R!
BEGIN REAL F12; CFPi= CFPe+1;

FPI1,1):3 Y[0,1)=R;

Fi21= FP[1,2)i= =Y([0,1)#Y[0,2])#R}

FPI2,2)t=2 =F12}

Fpl2,3)t=z =Y[0,2])#R;
ENDJ

ARBAY Y(o:7:1:N-(NPmR+1)1.YMAx.Fl1=N1.FVtitN.ixNJ.FPti:N.itNPAnl:
PRQC PR(s); BEGLN NLCR; PRINTTEXT(S) END;

BRQC FL(R): FLOT(S,3,R)}

BRQC PF(s,R); BEGLIN PR(S)} TAB} FL(R) ENQS

BBQG OUT(S,R); SIRLNG Si REAL Ri
BEGIN LNT 13 LE LINENUMBER>50 IHEN NEWw PAGE ELSE NLCR;

_ PR(S)3 PRINT(R)} - )
pF(4COMPUTED RESIDUE (STAND,UDEV.)?,COMP ERROR);
FL(SQRT(COMP ERROR/(NOBS=NPAR)))}
pF(4ESTIMATED RESIDUE (STAND.DEV,)},EST ERROR);
FL(SQRT(EST ERROR7(NOBS=NPAR)))!? :
PR(YCORRECTIONS FOR PARAMETER}): TABj

. EQR 1:=1 SIEe 1 UNILL NPAR DO FL(DELTA PaR[1]}); NLCER}
PR{{PARAMETER VALUE}); TAB} TAB:

FOR 1:¢= 1 STER 1 UNTLL NPAR LQ FL(PAR([I])}
END: .

BOOL FIRST,ADAMS; LNIEGEB K,KOLD,SAME,FAILS]

BREAL X,XOLD,H,CH,HOLD, TOLCONV,TOLUP, vOL.TOLOWN,AD; .

ABRAY Aln:7),0D(ut7,0tN},LAST DELTA[1:NT, JAC[1IN,1!N],CONST(4:43),
TOBS[0:NOBS),0BS[1I1NOBS],PARL,PAR,PARU(1INPAR];

INT- ARRAY COBS[1:NOBS),PP[1:N]}

BRQC MULTISTEP(XEND ,HMIN,HMAX,EPS) ]

00
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N =
NPAR =
NOBS =

I TMAX 3
CONVERGE
EPS
MESHP=
STIFFs
FA H

FA 1S THE A=POINT OF THE F-DiSTIBUTION WITH NPAR AND NORS=NPAR DEGREES

68 8 1368!

" ow

Ld
-+

+1

+2
+3
20
24

00

EaLSk
+.5180000000000u+ 1
THE CONFIDENCE REGIOM AT LEVEL A 1S PRINTED

THE OBSERVATIONS WERE:

ONV WA ON NN -

ToBS (1)

c+v.01000w~

+.51000:-
+.1)0004+
+,15000m+
«.2)000u+

#.25000u{

+.31000.+
¢.35000u¢
*.41000u0+
+,45000.0+
+.51000u+

T T T )

,138 PHEMKER

+.1000000000001~ 1
+.9999999999999,= 4

THE PARAMETER ESTIMATES WwERE:

| P
1 +.0
2 +.0
3 +.u

ARLWB[ 1)

UUO]u' 0
0001w=- 0
000Ju=- 0

COBS[1] oBS([ 1)

+19 *.11000u+ i

+1 +,13000 e+ i

+1 +,11000w+ 1

+1 +,900004- 0

+1 +,70000~ O

+1 +,500004- 0 .

+1 +,60000,~ 0

+1 +,70000,~ 0

+1 +,80000L- 0

+1 +.10000,0+ 1

PARI[ 1) PARUPB( 1] .
+.10000u+ 1 +,30000+
+.10n00w+ 1 +,30000.+
+.13000w+ 1

+,30000u+

1
1
1

1o

PROCEDURE ODEPAREST WAS CALLED WITH THE PARAMETERS:

DN

14
16
18
20

‘u50000“'

+,10000u+
+.15000u+
+,20000u+
+,25000u0+
+,30000uw+
+,35000u+
+,40000m0+
+,45000.+
+,500001+

e i el el k=

OF FREEDOM '

+2
+2
+2
+2
+2
+2
+2
+2
+2
+2

+,35000mn~
+.40000.-

ﬁ.BUOOOn“

+,50000m-
+,40000:-
+.30300w~
+,25200.e~
‘-QSUUOM‘
+.30000m~
+,350001~

COO0OODDO0OO0OO0ODOOO
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ITERATION NUMBER ’ +1
COMPUTED RESIDUE (STAND,DEV.)
ESTIMATED RESIDUE (STAND,DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

ITERATION NUMBER +2
COMPUTED RESIDUE (STAND,DEV.)
ESTIMATED RESIDUE (STAND,DEV.)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

ITERATION NUMBER +3
COMPUTED RESIDUE (STAND,DEV,)
ESTIMATED RESIDUE (STAND,DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

ITERATION NUMBER +4
COMPUTED RESIDUE (STAND,DEV.)
ESTIMATED RESIDUE (STAND.DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

ITERATION NUMBER +5
COMPUTED RESIDUE (STAND,DEV,)
ESTIMATED RESIDUE (STAND,DEV.,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

B 1368!.138 PHEMKER

+,20345u+
+, 507950+
«, 63413~

+,9365% =

+.31463u+
+.3704%n~-
?.26418n‘

v.91017u-

+,4354%u~
+.,13641u-
=, 00317 u-

+.90414,-

+.1804%u-
’.15356u'
'.14002u9

+,89014ue

.

+,16852u=
+,18509.=
=,12529,~

‘+,87761n-

STEEPEST DESCENT+.6783314817062u= 1

COMPUTED RESIDUE (STAND,DEV.)
ESTIMATED RESIDUE (STAND DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

+,16865m=
«,00000u~
«,12279-

+,877864-

o OO [~} rOoO (=1 nNo o O o N

o -»oo

10

*.10940u+
+,54662u-
+.{5862u-

+,145864+

4,43020u=

+,14763u=
+,386461~

+,18451u+

+,160C5,=
+,89579%u~
+,22838u-

+.20735u+

+,10303m~
+.95042,~
+,57202u~

“21307u+

+.99565=
+,98545u-
-.23028,~

+,21304u+

+,9960%,-
+,0000NwL=
--17576Df

+,21289,.

oo oo S oOr

o

fors

[

[N

nNo -

+.29026u"

+,13818u~
+,17284u+

+,12969u

‘.15531»‘

+,87401 0~
+,18669u+

=,20624u~

#1184630+

=,10166u~

+,18659,44+

+,15903u¢

EVALUATIONS OF

F

117

127

111

97

91

93

FY

45

49

41

38

36

- 37

oo

43

43

37

35

33

33
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ITERATION NUMBER ) +7 .

COMPUTED RESIDUE (STAND,DEV.) +.16779%s= 0 +.,99349,= 1

ESTIMATED RESIDUE (STAND ,DEV,) +¢,16507u= -0 +,98539,= 1

CORRECTIONS FOR PARAMETER =,80093w~> I +.14125u.= 1 =,55416u- 2
PARAMETER VALUE +,877054= 0 +.2143N04¢ 1 0.18§03n‘ 1
STEEPEST DESCENT+.1364513087151u~ 0

COMPUTED RESIDUE (STAND,DEV,) +,1703%= 0 +,10012%= 0

ESTIMATED RESIDUE (STAND,DEV,) +,00000w= 0 +.00000u~ O

CORRECTIONS FOR PARAMETER +,44054,= 3 +,13373u= 1 ¢,51776uw= 3 _ _
PARAMETER VALUE , +,87830,= 0 +,21423u+ 1 +,186064u+ 1
ITERATION NUMBER +9 .

COMPUTED RESIDUE (STAND,DEV,) ~¢,16984u= 0 +.99954,=- 1

ESTIMATED RESIDUE (STAND,DEV,) +,168454~ 0 +,99542,~- 1 :
CORRECTIONS FOR PARAMETER ©,68080,= 2 -:89510,= 2 =,22265u- 1
PARAMETER VALUE . +,8714%= 0 +,2133%,+ 1 +,18441n+
CONFIDENCE INTERVAL (COND,) +,10461u= 0 +,14431u="'0 +,13694u- 0
CONF IDENCE INTERVAL (INDEPT,) +,23298u- 0 +,4740Bw= 0 +,47495,~ 0

RELATIONSHIPS BETWEER PARAMETERS
CORRELATION MATRIX COVARIANCE MaATR!X
+13525046~ N +,62722u~ 0 +,63825u=

+,87443u= ) +,145%6u+ 1 +.,13895me
+.88817u ) ¢,95023,.~ 0 +.14650u
PRINCIPAL AXES (DIRECTION COSINES AND CONFIDENCE INTERVAL ALONG EACH AXIS)
=.30574- ) =-,672104~ 0 -.67439,- O +,69525,- 0

=,476020= 3 +,72133,~ 0 =,50308.~- O 4+.10859,~ 0

=,824580~ | »,167224= 0 +,540474=" 0 +.97191w- 1

PO

93

94

37

37

00

33

34
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.ITERATION NUMBER +10

COMPUTED RESIDUE (STAND,DEV,)
ESTIMATED RESIDUE (STAND,DEV.)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE
CONF IDENCE INTERVAL (COND.)
CONF IDENCE INTERVAL (INDEPT,)

RELATIONSHIPS BETWEFN PARAMETERS
CORRELATION MATRIX

+.87775m0=

)
+.88512w= ) +.,95148,~- 0

ER

+,16984,~
+,16967 -
+.747204~

+.87228u=
+.10956u=
+.243040~

[~N-X-] oo

+.99953 4~

+,99903,-
+,29422u~

+,21363u4
+,145364=
+,48772u~

12 ' 00.

94 37 34

=,19381ln=~

*,18422u¢+
+,13861n~
+,47880u~

oo nN P
oo n

COVARIANCE MATRIX

+v38085~

0+,
‘.

670B4u= 0 +.66409u~ 0 S
15337+ 1 +.143264¢ 1
+,147810¢ 1

PRINCIPAL AXES (DIRECTION COSINES AND CONF!DENCE INTERVAL ALONG EACH Ax!S)

=.31258x.~ ) =.67786,- 0 -.6654
+.771510- ) +,22750,- 0 -.5941
+,55414- ) =,69914,-. 0 +.4518

4u- O
b= 0
bu= 0

+,70991,~
+,10212,~
+,10859,~

]
N
0
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RESIDUALS, SPECIFIED FOR EACH OBSERVATION,

4, 1.570w=
*,2.867 10~
+.13641w=~
+.913030~
=-.22814,~
=,16528u~
=.9i16231=
. 635997 4=-
=.775601~
-, 75487~

O NUL R O~ U

THE ENTIRE CALCULAT!ION CONSUMED

I Hh 212 O '+ D D

2
4
6
8
10
12
14
16
18
20

« 15551
=, 6738%=
©=,57497 -
L 70121,
=,10476u=
., 11376k~
=, B87445,-
«,40703u-
+,22896u-
’.49724u'

78,20 SEC,

O OR

13

ON THE EL X8,

132

51

00

47




it
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Analyzing a sum of exponentials

As another example of parameter estimation we report some
experiences with linear differential equations. Analysing a sum
of exponentials can be considered as the estimation of parameters
in a linear initial value problem. Here the parameters appear as
well in the differential equations as in the initial values.
Since the parameters appear in a nonlinear way,our estimation
problem is a nonlinear one. However, the linearity of the diffe-
rential equation causes a rather efficient use of the integration
method.

We consider the sum of exponentials

v(t) = a + bett 4 ce't .

To this function y(t) we associate a system of linear differential

equations

N

—

ct

~
i

= -y + (A+u)z + Apa .
This system has the general solution

(Y\= c, R e>\t t ey /1\ ety a\ .
. o]

\2/ A \H/ 0
With initial conditions

y(0) =a+b +c
z(0)

Ab + uc

this system has the particular solution

y(t) = a + 'be>\t + ceUt

z(t) = bekt + ceut
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It appears from the general solution that it will be difficult

to determine the parameters in the case that A ® u., In order to
be able to determine the complete set of parameters, it is evident
that the observations should contain information about both ex-
ponentials: some observations have to represent ext (sample times
t, with the order of magnitude 1/)A) and some observations have

to represent eut. The example shown below satisfies these condi-

tions.

In order to make intelligible the details of the example we
give the initial values and functions as they are used in the

program.

Notation y1 =y(t) ; y2 = z(t) ; £1 = y(t) ; f2 = z(t)

Initial wvalues (t=0):

vy =a+b+ec ye = Ab + uc

3f1/%a = 1 3f2/%a = 0

9f1/%b = 1 9f2/%b = A

3f1/3c = 1 3f2/3c = u

af1/3 A = 0 af2/o\ = b

df1/9u = 0 d3f2/ou = c
Functions

f1 = y2

f2 = (Ap) y2 + Ap(a=y1)

3f1/3y1 = 0 9F1/5y2 = 1

3f2/3y1 = ~Au of2/3y2 A+

9f1/%a = 3f1/9b = 3f1/3c = 3f1/3A = 3f1/%u =0

3f2/9%b = 3f2/%c =0

9f2/%a = A\u

af2/ax = y2 + ula-y1)

af2/ou = y2 + A(a-y1)
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B13681.138,PHEMKER, T150

1 BEGLN CQMMENT ANALIZING A SUM OF EXPONENTIALS}
> .
3 BBOL ODEPAREST(N,NOBS,NPAR,DATA, | TMAX,CONVERGE ,EPS,MESHP,STIFF,FA);
4 VAL N,NOBS,NPAR, | TMAX,CONVERGE ,EPS,MESHP,STIFF,FA}
5 LNT N,NOBS,NPAR, I TMAX,MESHP} BEAL CONVERGE,EPS,FA} BOQL STIFF} BRQEC DATA}
6 BEGIN GOMMENI ylu, 1
7 PAR[1]= C 3 4
8 PAR([2)= MU 5 6
9 PAR[31= B 7 8
10 PAR[4)= LAMBDA 9 10
11 PAR([5]= A 11 12 . 1i. e o N
12
13 pPRQC CALL YSTART; : -
14 BEGLN YMAX[1):= SUM(1,0,2, ABS(PAR[14141))); .
15 YMAX[2)t= ABS(PAR[1)#PaR[2)) + ABS(PAR[3)1#PAR[4]))}
16 Y{0,1)t=s SUM(!1,0,2,PaR[1+1+11]);
17 . Y{0,2]1:= PAR{1]14PAR[Z) + PAR([3)#PAR([4];
18 Y(0,3)ie Y{0,7)i= Y(u,18)58 13
19 Y(0,4)%= PAR([2]); VY(9,61:= PAR[1])}
20 . - v(0,8):2 PAR[4]}; Y([D,101:= PAR(3))
21 EQR := 132,%,4,5 RQ FP1,1}):= U;
22 FPl2,1)t= FP{2,3)t= rY[1,13t= 0} OUTC
23" " ENQ;
24 :
25 PBOS CALL F(R); YAL R; BEAL R}
26 BEGIN Frl):= RsY([0,2); CFir CF + 1}
27 F{2):=2 Re((PAR[2)+PAR[41)aY[0,2]
28 + PAR[2)#PAR 418 (PAR[5)=Y[0,1)));
29 gD
30
51 - . pRQC CALL FY(R)} YAL R; BREAL R}
32 BEGIN Fyl1,2)3= R} CFYt=z CFY + 13
33 Fy[(2,1)t=z =R#PAR(2)sPAR(4]}
34 Fy(2,2)ts Re(PAR(2]+PAR[4]))}
35 END
36
37 PROC CALL FP(R)} XAL R1 REAL R}
38 : BEGLN FPI{2,5)ix RsPAR[2)#PaR[4])} CFpie CFp + 1!
39 FPl2,2)ts Ra(Y[0,2) + PAR{4)a(PAR(5)-Y(0,1]))
40 FP(2,4)t= Re(Y{0,2) + PAR(2)#(PAR{S5])-v(0,1)))}
41 ENDS .
42
43 ARBAY Y(0:!7,1:Na(NPAR+L)],YMAX,F{L1iN; ,FY{LIN,LIN],FP[L:N,1INPAR];
44 BBQC PR(S); BEGLN NLCR; PRINTTEXT(S) ENDJ
45 BEQC FL(R); FLOT(5,3,R)}
46 BBQC PF(s,R); BEGLIN PR(S)} TaBs FL(R) END:
47
48 BRQC OUT(S,R): SIRLNG S3 REAL R}
49 : BEGIN LNT '3 LE LINENUMBER>50 THLN NEw PAGE ELSE NLCR}
50 PR(S); PRINT(R)}
51 . PF(JCOMPUTED RESIDUE (STAND,DEV,)},COMP ERROR);
52 FL(SQRT{COMP ERROR/(NOBS~-NPAR)))}
53 pF({ESTIMATED RESIDUE (STAND.DEV.)$,EST ERROR);
54 FL(SORT(EST ERROR/(NOBS-NPAR)))!
55 PR(4CORRECT i ONS FOR PARAMETEK$)t TAB;

56 EQR 1:=1 SIEE 1 UNILL NPAR Du FL(DELTA PAR[1]); NLCR;
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417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
457

END

.

B 13681.138 PHEMKER . . 8 ' o : 00
PRQC PF(S,R); BEGLN PR(S)J TABJ FL(R) ENQJ ‘

LNI CF,CFY,CFP; . ‘

BBQE OUTc; :
BEGLN LNI R: NLCR; SPACE(100); LE CF=0 IHEN ’
BEGLIN SPACE(6); PRINTTEXT(LEVALUATIONS OF#$)} NLCR} SPACE(106);PRINTTEXT(¢F . Fv FP$) END ELSE

FOQR R:!= CF,CFY,CFP DQ ABSFIXT(6,0,R);
cFt= CFYt= CFPiz 0}
ENQS )

BRQC EXP DATA(N,T,CT,0,NP,PL,P,PU); Lo
BEGIN BEaAL A,B.C,L,M,TOBS,TT) LINI i,NOBS,NPAR}
TT:= TIMES o ] .
Al= P[5)i= READ} Bi= P{3):= READ} Ci= P{1)ix READ] Li=s P[4):3 READ; Mi= P[2)ix READ}
NLCR; NLCR; PRINTTEXT(4THE PROGRAM TRIES TO F|{T THE SUM OF EXPONENTIALS$);
NLCRIFIXT(3,2,C)3 PRINTTEXT (¢ & EXP( $)) FIXT(3,2,M)} PRINTTEXT($ # T) 3);
FIXT(3,2,8); PRINTTEXT(¢ # EXP( 3)} FIXT(3,2,L); PRINTTEXT(¢ # T) $); FIXT(3,2,A)1 NLCR} NLCR;

NLCR; NLCR:TOBS$= T[0]1t= 0} Wiz NOBS:= READ;
PRINTTEXT(4THE FUNCTION WAS SAMPLED AT T=3); NLCR?
EQR t:= 1 SIEP 1 UNT!L NOBS Q@

BEGLN TOBS:® T[1)i= READ; CT,|)t= 13 FL(TOBS);
Of1]i= A + BREXP(L®#TOBS) + C#EXP(TOBS#M);
LE PRINTPOS>70 JHEN NLCR RLSE TAB)

ENDS NLCR . :
NP:= NPAR!= READ! NLCR; PRINTVTEXT({THE PARAMETER ESTIMATES WERg:!}):
pR(¢ { PARLWBI( ) PAR, 1] PARUPB([113%)

EOR 1:= 1 SIER 1 UNILL NPAR LQ

BEGLN NLCR; ABSFIXT(3,0,1); wi=PL[1):a READ; FL(A)} Ai= P[|)i= READ} FL(A); Ar= Pull):ia READ} FL(A) ENDJ
NEW PAGE; TIMi= TIM ¢ TT = T ME ’

END; .

REAL Tim;

BRQEC EXP JOB(N,NOBS,NPAR,ITMAX,CONVERGE,EPS,MESHP,STIFF,FA)}
YAL N,NOBS,NPAR, ITMAX,CONVERGE ,MESHP ,STI!FF,FA}
INT N,NOBS,NPAR, i TMAX,MESHP; REAL CONVERGE,EPS,FA} BOQL STIFF}
BEGLN PR(4PROCEDURE ODEPAREST WAS CALLED WITH THE PARAMETERS:3%)}
p(¢N =3,N); P(ENPAR =3},NPaR): P(¢NOBS =3,NOBS); P(EiITMAX=$, |TMAX);
P(¢CONVERGE =%,CONVERGE); P(<EPS =3,EPS)} P(¢MESHP=%,MESHR)}
PR(&STIFF= )3 TAB} LE STIFF IHEN PRINTTEXT(¢ IRWE?P) ELSE PRINTTEXT(¢ EALSE$)S
P(4FA = $,FA)) PR(§THE CONF'DENCE REGION AT LEVEL A IS PRINTED});
PR(4FA IS THE A=POINT OF THE F=NISTIBUTION WITH NPAR AND NOBS=WNPAR DEGREES OF FREEDOM})!
NLCR; CFi= CFYix CFPi= 0; Time= TIME;
. ODEPAREST(N,NOBS,NPAR,EXP DATA, ! TMAX, CONVERGE,EPS,MESHR,STIFF,FA)}
TiMi= TIME-~TIM; OUTC; NLCR;NLCR! NLCR}
PR{STHE ENTIRE CALCULATION CONS'IMED})} ABSFIXT(3,2,TIM)} PRINTTEXT(¢SEC, ON THE EL X8,%):

END u0B;

EXP JOB(20READ;5:1650.010;0“4»1005IRUE!s.Ué)’ .
COMMENTI 5.06= F(0.011(5,12)} i .

.
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PROCEDURE ODEPAREST WAS CALLED WiITH THE PARAMETERS!

N = +2

NPAR = +5

‘NOBS = +17

| TMAX = +16

CONVERGE = +.1000000000001u~- 1

EPS = +.990090999999%u= 4

MESHP= +100 N

STIFF= IRUE

FA = +.5059996999998u+ 1 —— Lo

THE CONFIDENCE REGION AT LEVEL A 1S PR!NTEDV
FA 1S THE A=POINT OF THE F-DISTIBUTION WiTH NPAR AND NORS=NPAR. DEGREES QF.

THE PROGRAM TRIES TO FIT THE SUM OF EXPONENTIALS
-3.00 # EXP( <=20,00 # T) +2,00 # EXP( =1,00 # T)  +1.00

THE FUNCTION WAS SAMPLED AT T=

+.200005= 1 +,40000- 1 +,60000p 1 +,80000w~ 1 +,10000u~
+,20000u~ ) +.,40000w- O +,60000=- 0 +.80U00Kw= O +,10000m+
+.,20000w+ L +.300004+ 1 +,40000+ 1 = +.50u00+ 1 +.10000m+
+,!15000u+ 2 +,200000+ 2 .
THE PARAMETER ESTIMATES WERE:

| PARLWBI([ 1) PAR([ 1] PARUPB( 1]

1 =.1000)w+ 2 =.50000w+ 1 +.10000w+ 2

2 =,4000)w+ 2 =,10000w+ 2 -«,10000%- 1

3 «.5000 1w+ 1 +,500000+ 1 +,500008+ 1

4 =,5000%0u+ 1 =.50000- 0 =.,100008= 0O

5 «.5000)e+ 1 +,50000w= 0 +.,50000w+ 1

FREEDOM

N o

00

60

F
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ITERATION NUMBER +1
COMPUTED RESIDUE (STAND,pEV,)
ESTIMATED RESIDUE (STAND,DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

ITERATIUN NUMBER +2
COMPUTEL RESIDUE (STAND,pEV,)
ESTIMATED RESIDUE (STAND,DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

ITERATION NUMBER +3
COMPUTED RESIDUE (STANQ,DEV.)
ESTIMATED RESIDUE (STAND,DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

I TERATION NUMBER +4
COMPUTED RESIDUE (STAND,DEV.)
ESTIMATED RESIDUE (STAND,DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

ITERATION NUMBER +5
COMPUTED RESIDUE (STAND,DEV,)
ESTIMATED REStDUE (STAND,DEV,)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

ITERATION NUMBER +6
COMPUTED RESIDUE (STAND,.pEV.)
ESTIMATED RESIDUE (STAND,DEV.)
CORRECTIONS FOR PARAMETER

PARAMETER VALUE

B 1368!.,138 PHEMKER

+,23845u¢
+,165454~
+,22491u+

=,27509,+

+.,750520~
¢.23014u‘

«, 25946,

30104+

+*

.76284u-
. 229784
590714~

+

301630+

+

., 228914
. 12321 4=
.16256u=

+ +

. 30001u+

+,80985u=
237090~
012845u'

+ 4

129999+

+.23464u'
+,22232u-
-,67500n'

=.30000.+

[Z N AN § [ = Un N > oo - N

[y

D OO~

+,14097ue
+,371324=
-, 42683+

-.14268.,+

+

250009~
13849~
502964+

+

< 19298+

+

79731 0=
.13838.-
-69262u'

+

119991 .,+

+

138124
:32042u-
|59411u'

+

19996+

+,82151 4~
+,14056.~
+|27472u'

=.19994.,+

.13983u-
+.136110u"-
-.58372u-

+

=:19994u¢

10

N N N n NG O N - o -

E N N

<, 307284+
‘;19272u*

+,63934un"-

¢u1991lﬂ*

+,158344u~

+,20070%*

'v57463u'
+,20012u¢+

®,976120=

+,20002u+

+,158981~

€,20003u+

1
1

1
1

1

2

3
1

1

.|1°424D-
'-60424u'

=, 24332,

=,84756.,~

-.13000,-

=,97756,~

=,22140,~
'c99970u-

'.66138u‘

-.10004,+

+,54143,,-
'.10003u*

+,31105u-

+.10111.¢

+.10982u-~

+.,10122u+

=.10842y,=

+.10013ue

=.13863u~

+.909992u=

+.12205u=

+.10000.+

+,32554 -

+.10000u+

EVALUATIONS OF

| 4

165

152

159

162

162

162

FY

84

78

81

82

82

82

00

82

76

79

80

80

ac




1

=.30724.,-
+-22636u’
‘-59142n-
=, 32541-
+.20162u'
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ITERATION NUMBER Yy
COMPUTED RESIDUE (STAND,DEV,) +.22367u= 6 +,13653u= 3
ESTIMATED RESIDUE (STAND ,DEV.) +.22362u~ 6 +.13651u- 3
CORRECTIONS FOR PARAMETER +.19926u= 5 ~,2688%.- 4 +,16144u- 5 +,46270.- 6 =.39176u= 6
PARAMETER VALUE «,30000+ 1 =.19994u+ 2 ¢,20003*+ 1 =.10003.+ 1 #.10000w+ 1
CONF IDENCE 'NTERVAL (COND,) ¢,84794,- 3 +,68985u= 2 +,28098n~ 3.4,42610,,= 3 +.16653u- 3
CONF IDENCE INTERVAL (INDEPT,) +.1B8685,- 2 +.18B46u= 1 +,78593w~ .3 +,93961,~ 3 +.30832u=- 3
RELATIONSHIPS BETWEEN PARAMETERS
CORRELAT{ON MATRIX COVARIANCE MATRIX

+.74056u+ 1 +.39859.+ 2 =.68451n- 0 +,12606,- O
+.,853365u=- ) +.75334,,4 3 +,17964,¢ 2 =,23259,+ 2
«,21975m= ) +,57179,- 0 +,131024+ 1 =,99803= O
+,338%20= | =,61924,- 0 ~.63718,~ 0 +,18726,+ 1
“.25144u= L 4,18367,= 0 =.11507m= 0 =.52958u- 0
PRINCIPAL AXES (DIRECTION COSINES AND CONFIDENCE INTLRVAL ALONG EACH AXIS)
+.935840- L -,99677,- 2 +.43473,= 0 +.256Blw- O +,85802n- 0 +,14804n- 3
+.322430= ) =,43710,- 1 +.82575.= 0 «.24470w~ 0 =,38190L- 0 +,437956- 3
“,21247w= 1 ¢,35278,- 1 +.19399,- O +,89379- 0 -,34222,- O +,626530- 3
c.91256m= ) +,32850,- 1 +,3016Uu= 0 ®,R726%9- O +,2R7254w=- 1 +.17445u- 2
+.53060w- L +.99783,- 0 +.23724,- 1 «.30773w= 1 +,29953u=- 2 +.18887w- 1

OO

00
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ITERATION NUMBER +8 . )

COMPUTED RESIDUE (STAND,pEV,) +.6508Llu= 7 +.73644u- 4

ESTIMATED RESIDUE (STAND,DEV,) +,34802u= 8 +.,17030u= 4 ) "

CORRECTIONS FOR PARAMETER =,70770u~ 4 -,52746w= 2 =,15823u= 3 +,30427.- I -,43664u- 4

PARAMETER VALUE ©.3000%w+ "1 ~.19990,¢ 2 #,20001u* 1 =,10000.+ 1 +.10000u+ 1

CONF IDENCE !NTERVAL (COND.) +,10607uw= 3 +.851824= I +,34906w- 4 +,53470,,~ 4 +.20775,.~ 4

CONFIDENCE INTERVAL (INDEPT,) +,23551u= 3 +.23471w= 2 *,9937Luw~ 4 +,12023,~ 3 +,38646n- 4

RELATIONSHIPS BETWEFN PARAMETERS

CORRELATION MATRIX COVARIANCE MaTRIX : .
+.75589,+ 1 +.39869,+ 2 =.71520u~ 0 +,16214,- 0 =-,33804.,~

+.52925u0- 1 . +,75076u+ 3 +.,18270u¢ 2 ~,24004,+ 2 +,23198.+

=,224244- ) +,574709,~ 0 ¢,134584¢ 1 --,10593,+ 1 =,55403,~

+.420150m= L «,62415,- 0 ~.65057,- O +,19702,+ 1 «,33403s~=

~.27253w= | +,18766,~ 0 =.105864= 0 =,52747.~- U +,20355:=

PRINCIPAL AXES (DIRECTION COSINES AND CONFIDENCE . INTERVAL ALONG EACH AX!S) .

#,935580= 17 =,10092,- 1 +,43782,- 0 +,25578u~ & +,85676w 0 +,1806%u= 4

+,33183n- } ©,44053,- 4 +,82569,,- 0 =,23500.~ ¢ =-,38854,- 0 +,54925,- -4

“.22276u= ) +,36559,= § +,187064,= 0 +,89436u=" U =-,33784u- 0 +.786821u- 4

=,91032w= ) +,32233,~ 1 +.30162u= 0 =,2800%u~= 0 +,29269u= 1 +,217300- 3

+.532%6m= 1 4,99777,~ 0 +.24211,~ 1 =,31868u- 1 »,30802n- 2 +,238230=- 2

OO

162

82

0o

80
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RESIDUALS, SPECIFIED FOR EACH OBSERVATION,
=,443300u~-
+.31172%%~
+,81554 4~
+.51513u~
+.14461.=
*,66740u~
=,48047,~
+,16470k~
¢.61385u~
+,96188u~
+.9424650-
#.69905:=
+.97097 -
= . 29693u-
=.56893u~

= 45462m=
=.65404:-

NHZCONOU AW

o
BADBND LB ADLIDDLEDLDLUWUW

Oy
NOUV D

THE ENTIRE CALCULATION CONSUMED 153.13 SEC, ON THE EL %3,

225

00

114 109
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