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ABSTRACT

L-Systems are automatas theoretic developmental models for
filamenteous growth. In this report a subclass, the DOL-Systems, is
studied by considering a classification of letters with respect %o
their productions. The notion of a recursive complexity structure is
introduced, The properties derived are exploited, yielding a feasible
algorithm for the solution of a "word problem”" (i.e. the membership
question) for DOL-Systems. '

Necessary and sufficient conditions for the finiteness of
DOL~languages are stated, and the size of a DOL-language is fixed
within sharp bounds depending on the size of the alphabet and the size
of classes induced by an equivalence relation on this alphabet. An
ALGOL-60 implementation of the above mentioned algorithm, and a
program for generating the sequence of subsequent words, are provided,

both capably written by F.A.L.M. Goossens.
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1 INTRODUCTION
1.1 NOTATION AND PRELIMINARIES

Let ) be a finite set. Any sequence of elements of ) is called a word
or string over ). If o and B are two words over ), then their concate-
nation is written as oB. A denotes the empty word. If aez then a®
means aa, a3 means aaa, etc. ao = A, If L1 and L2 are two sets of
words over z then

Ly.L, = {aBIueL1 and BeLz}.

Y is the Kleenean closure of ), i.e. = v Zi where ZO = {A} and
- 1i=0

DR NN A VeV
If weE* then v : z* - 22 is defined by
y(w) = {ae)] In,ge)” [w=nagl}

]Zl denotes the number of elements of 2. |a| denotes the length of a
word . ‘

Let Seq = c,Cy5+-.,c, be a sequence of elements of ), then y(Seq) =

k

{CiEZlCi oceurs in Seq}, and |Seq| = k+1.
A language over'z is a set L & z*. Further notation will by and large

conform to the one usual in mathematical linguistics.

Logical quantifiers: V means "for all"

3 means "there exists at least one'.



1.2 LINDENMAYER SYSTEMS

Lindenmayer or L-Systems were proposed by Lindenmayer [6] as a
developmental model for filamenteous growth. They were studied
formally in e.g. [1, 4 and TJ.

We shall investigate some aspects of a subclass of the L-Systems: the

DOL-Systems or Deterministic O-Input Lindenmayer Systems.

Def. 1.1 A Semi-DOL-System (Semi DOL) is an ordered pair S = <z,5>

where ’

(i) Z'is a nonempty finite set, the alphabet of S, and an element of
Y is called a letter. |

(ii) 8 : z > E* is a total mapping, called the set of production rules,

and for 6(a) = o we also write a - a.

A Semi DOL generates words as follows:
et w=4a, a, ... a_¢ Z+ and
172 m

w‘ = 0, 0. sae O € Z* then
1 72 m ?

w produces or generates w' directly, written as w=yw',

iff Vie{1,2,...,m} [aj -> aj].

* - .
== denotes the transitive and reflexive closure of the relation ==,

* . '
and w =££g$w' denotes a chain of length k:

= PN o e = !
w wo w1==? ==#wk w

. . *
If wpuw' we say w produces, generates or derives w', and if w=£§lw',

. . . * . . .
then w' is derived in k steps from w, and w=;§2w' 1s a k-derivation of

%(k)

N /
w' from ¢. w=rw' means w==—== ' and k > 0.
We extend 6 in the obvious way to §' such that

6'(3.1 a, 2)...S(am)

o e am) = 6(a1) §(a

and omit for convenience sake the " ' " .



6O(w)
siw) = 6061 (w)); ive. wilddsi(u)

w'eG*(w) iff w=i§w',

w

v(6*(w) L v y(w)

w'es (w)
s3(]) 8Ly sl(a) ana v(s*(])) 2Ly y(si(a))
ae ' a¢€
§*(1) 2L | 6™(a) ana v(6¥(])) &L U v(s¥(a))

ac ae

Def. 1.2 A DOL-System (DOL) is an ordered triple

G = <2,6,0> where

(i) ) and § are as in def. 1.1
.. + .
(ii) oez is called the axiom of G.

Def. 1.3 The DOL-Language generated by a DOL G = <z,6,c>

is defined by

L(6) = {we]” | o => w}, i.e. L(C) = 6" (o).

L-Systems differ from traditional grammars in the following respects:

(i) All letters of a string are rewritten simultarneously at each
time step. This feature conforms to the state of affairs in
natural processes which are mostly parallel as opposed to the
sequential character of grammars.

(ii) Every string derived in this manner from ¢ belongs to L(G).

(iii) As a consequence of (i) and (ii) there is no distinction between
terminal and auxiliary letters (in a sense there are no

terminals).
Def. 1.4 The sequence £(G) of words generated by G = <z,6,o> i.e.
_ 2
£(G) = 0,8(0),6%(0),...

is called a propagation.



Example 1 G = <{a}, {a ~ aa}, a>

£(a)

a, 88, 8888, ...

t
{a° |t = o}

L(G)

Example 2 G = <{a,b},{a > aba, b+ A}, a>

It

£(a)

a, aba, abaaba, ....

L(G)

{(aba)zt]t > 0} U {a}

Example 3 G = <{a,b},{a > b, b > abl}, a>

£(a)

I}

a, b, ab, bab, abbab, ....

{a, b, ab, bab, abbab, ....}

L(G)
Note that the lengths of the consecutively generated words
lal, |v], |ab|, |bab|, |abbabl, ...

form the main Fibonacci sequence

Ty 15 25 353 55 s0es

Consider the DOL G = <{a,b,c}, {a + aa, b > bbl, a>

g(a)

8, 88, 8888, ...

{aetlt = 0}

L{G)

Clearly, the letter b is superfluous since it does not appear in the
sequence and language produced by G.

Following Rozenberg and Lindenmayer [81 we define

Def. 1.5 A DOL G = <),§,0> is

(i) Quagi-reduced iff tu'N v(6%(0)) = N
€l

(ii) Reduced iff VieN [ %NY(Gt(Sj(o))) =71
t ¢



2 THE GENERIC POWER OF LETTERS

What type of language a DOL G = <Z,6,0> generates depends on the
generic or productive qualities imbued to the letters by the semi DOL
S = <),8>.

Def. 2.1 Let S <),8> be a semi DOL, |)| = p.
A letter aez is

(i) Mortal iff a==A\. Zm = {a]a is mortall. p, = Izml,

(ii) vital iff aézm. Xv = Z\Zm - D Y
(a) Recursive iff a:zanaﬁ for some n,Eez*

zr = {ala is recursive}. P, = Er'

If a=;$na£ with n,&ez; then letter a is monorecursive.
Emr = {a]a is monorecursive}. Pop = IEmr]'
(b) Recurring iff aézr and there exists a letter bezr such that
* . . _
b=>nat. Ec = {aei\zmla is r?currlng}. P, = ]zcl.
(c¢) Initial iff a*ir and there does not exist a letter bezr such
* e e s _
that b=>nat. zi = {aGZ\zmla is initial}. p. = Izi"

NB. The distinction between recurring and initial can also be made in

the case of mortal letters. Here we need this distinction only for

vital letters, and we shall talk about recurring vital (agzc) and

initial vital (aezi) letters,

The inclusion relation induces a partial ordering on
{3, Zm, zva zra er, zc, zi} as follows:

z1’I].I‘

R
In the sequel we shall omit "for some n,éez*

1

when ever this 1is

obviously implied.



Clearly: (i) Zv v zm =73
(i) ). vl vl.=
(ii1) J n )] =]
(iv) p, <P3 Py <P, <P; P; <P P, <P; P, <P

(cf. proofs lemma's 2.1 - 2.4 and lemma 3.5).

When an arrow pointing from Zk to Zj’ k,je{m,r,c,i} means that (by
def. 2.1) a letter aezk may generate a letter bezj, we easlily see that

the diagram below holds:



A useful heuristic device in the investigation of aspects of the
generic power of a letter a€), S = <),8>, is the notion of the
propagation tree Ta of aj; related to the rule tree or derivation tree

as encountered in the theory of context free languages.

Def. 2.2. Let 8 = <),8> be a semi DOL.

The propagation tree Ta of'an'is a labeled directed tree of which
the labels attached to the nodes are elements of z. When we designate
the j-th node (from left to right starting with 1) at level k (from
top to bottom starting with 0) by (k,j) and bisz is attached to (k,j),

then node (k,j) is connected by edges with nodes

(k+1,1),...,(k+1,h+n) labelled CiseeesCs s respectively, iff
1 n

b, *c. ...c. € 8. The root of T is the single node (0,1) at level 0
1Ty a

labeled with a. A branch is a connected path in Ta' We shall identify

the labels with the nodes they label.

Example 1 8 = <{a},{a » aal> N

Example 2 s = <{a,b},{a > aba,b > A}>




Remark

For aezm the propagation tree Ta eventually terminates, for aezv never.,
anr occurs 1in Ta appart from the root. aezc occurs 1n Tb of some bezr.

aezi does not occur in T, of some bezr.

Def. 2.3 A pedigree of b is a sequence 1l(b) = gD, e e s b, such that

Vie{0,1,2,...,t}[bi+1ey(6(bi)) and bt = b].

Lemma 2.1 Let S = <),8> be a semi DOL and ac).

ac)  iff e U {s5(a)}
m O<k<p

i,e, iff a derives A in no more than P, productions.

Proof <. If a.§é§2> A, k 2P then'aezm.

~. Suppose A U {Gk(a)J
O<kipm

Then Vks{0,1,...,pm} [Y(ﬁk(a))nz¢ 91,

B |
Let bey(§ "(a))n), and let 1(b) = b

,b ,o-u,b Y
071 Py
bo =a and b =D, be a pedigree of b.
Pn
Case 1 ]Y(l(b))l = pm+1
But P, = lzml and therefore
Y(l(b))ﬂzv # 0.
Hence U v(s%(a))n]_ # 4.
O<k<p.
i.e. a derives a vital letter and hence is itself vital: ad) .

Case 2 |y(1(v))] = Py
But |1(b)] > p, and therefore
3i,je{0,1,...,pm} [i < j and b, = bj]'

Hence U y(6%(a))n]_ # 4,
Ofkipm

i.e. a derives a recursive letter and hence is vital: aézm 0



Remark
The proof is intuitively obvious when we envisualize the propagation

tree of a.

Lemma 2.2 Let S = <),8> be a semi DOL and a€).

aez iff A U '{Gk(a)}
M O<ksp_

Proof &) iff Ad v '{6k(a)}. Hence ac)\) =) [
—_ m 0<ks<p_ m v

Temma 2.3 Let 8 = <z,6> be a semi DOL and asz.

. k
aez iff ae u  y(8 (a))
r 0<ks<p_

Proof <« . If ae U y(ék(a)) then ac) .
O<ks<p,, o
- . IFf an then ae U y(6k(a))
r k=1

Let h be such that

(1) aey(6®(a)), and

(2) a¢ Y y(s%a)) -
O<k<h

Let 1(a) = ¢ be a pedigree of the occurence

02C13C02 50y _15Cy

of a in (1), ¢y = ¢, = a.

Clearly,  YO0<i<h [ciev(ah(ci))15 and therefore:

(3) y(1(a)) ¢ ]

Suppose h > pr.

Because of (1), (2) and (3) I{c1,c2,...,ch_1}‘ <P

Therefore di,je{1,2,...,h=1}[i<j and c. = cj],

and we have

aey(éh-a(c.)) = y(dh—J(ci)) < U Y(Sk(a)), contradicting (2).
J O<k<h-j+i

<
Hence h < p_ 0
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Corollary From the proof of lemma 2.3 follows that every aeir has a
pedigree

-1(a) = 8,C 500 such that

" R
v(1(a)) ¢ ). sad |y(l(a)] = k.

This means that every occurence of a in some propagation tree is
connected by & sequence of recursive letters without repetitions with
another occurence of a.

a connecting seguence

We call such a sequence C(a) = a, Craenes O o

of a. (Such a connecting sequence is a special case of a dependence

path as defined by Rozenberg & Lindenmayer [8]).

Def. 2.4 Let C(a) be a connecting sequence of a.
Then k = [C(a)l is called a period of a.

K, 2oL (xem |x is a period of a}.

Lemma 2.4 Let S = <] ,6> be a semi DOL and ae) .
aezc iff ae u y(Gk(zré) n Ev\zr

O<k<p

c

Proof Along lines similar to the proofs of lemma's 2.1-2.3 [J

Corollary aezi iff ad Y(Gk(zr)) n Zv\zr and ae) \)_.
0<k<p v iy
—e

Theorem 2.5 Let S = <),8> be a semi DOL. For every ae) we can
effectively determine

(i) Whether a is mortal, vital, or recursive, by examining

u {Gk(a)} and u o y(s
0<k<p 0<k<p

(ii) Whether a is recurring vital or initial vital by examining

v ()
0<k<p, P,

Proof By lemma's 2.1-2.4 and the corollary. [J
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Theorem 2.6 We can effectively determine whether a DOL G = <Z,6,o> is

(i) Quasi-reduced

(ii) Reduced.

Proof Hint (i) U Y(Sk(o)) = z iff G is quasi-reduced.
' O<k<p
(1) u ¥ = v y(6%0)) =] iffa
O<k<p p-p,<k<2p-p

is reduced,



12
2.1 RECURSIVE COMPLEXITY

Consider a language like

t ,t ot
L(G) = {a° b° o |t = 0}

Clearly, a pattern like
aa...a bb...b cec...c

can only be produced by another such pattern if

8(a) € (a}*
§(b) e (p}"

s(e) e {c}”
And we eagily see that
¢ = <{a,b,c},{a > aa, b > bb, ¢ > cc}, abe>.

We can investigate DOL-langusges, as sets of patterns, and the semi
DOL's which give rise tothem, by studying relations between recursive
letters and developing a notion of recursive complexity. (This will be

the subject of a subsequent report).

Def. 2.5 Let 8§ = <z,6> be a semi DOL. The Recursive Complexity

Structure of S is a partially ordered set

RCS(8) = (], /%) such that
(1) Zr‘g )} is the set of recursive letters.
(i1) TLet a,be] . a < b iff acy(6"(b)).
(iii) Let a,bezr. an~biffa<bandbd < a.

Clearly, the relation ~ is an equivalence relation and induces a

partition on )  in blocks [al., i.e.
r i
Y = {[al.}, and we define [al. =< [al, iff
r/v i i Jj

¢ £ b for some ce[a]i and be[a]j.
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Lemma 2.7 [al > v {y(c(a))|c(a) is a connecting sequence of a}.

Proof vy(C(a)) E.Zr. (corollary lemma 2.3).
Let bey(C(a)). Then be U y(ék(a)) and ac U Y(Sk(b)).
Osk=p., OﬁkﬁPr

Hence b €< a and a < b [

That the converse of this lemma 1s not true follows from the counter
example
G = <{a,b,c},{a > ab, b > ac, ¢ > b}, a>
uly(c(a))} = {alu{a,b} = {a,b}.
But cey(de(a)) and aey(62(c)) and ceEr.
Hence ce[al and cé u{y(Cla))}.

Lemma 2.8 Let S = <),8> be a semi DOL. We can effectively determine

RCS(S) by examining u v(68(a)) for all ae) .
0<k<p

Proof We prove that for a,bezr (Xr determined by theorem 2.5):

a<b iff ac U v(8%(1p)).
O<ks<p -

U v(6%(b)) then a < b.
0<k=<p

+~. If a < b then there is a pedigree 1(a) = b,c1,...,ch_1,a.
Suppose h > p. Clearly 1(a) contains a repetition of letters and
there is an 1'(a) = bydiseessd v g8 with h'< h.

By iteration of this argument there is an

1'(a) = bye,pee.,e _q1»8 such that k < p.

1°° k

Hence ae u Y(ﬁk(b)) 0
0<k<p

In section 3.2 we shall prove that if L(G) is finite then for all a,bezr

if & < b then a ¥ b, i.e. the RCS consists of incomparable classes.



14
3 DOL LANGUAGES AND A WORD PROBLEM

Consider the following "word problem", given a semi DOL S = <),6>

and two words w, and w, over ). Does there exist an algorithm which

decides whether or not w1=:9w2

posed in [3] and called the membership question for DOL's: given a

. In another version the problem is

DOL G = <},8,0> and a word w_ is it decidable whether w eL(G).

Doucet [op. cit.] proves, independent and preliminary to the research

*)

showing that: !

reported here, that this question is decidable , essentially by

(i) It is decidable whether L(G) is finite or infinite.

(ii) If (@) is infinite then IGP(Gi(U))|> [6i(o)| and therefore we
can decide the question by generating finitély many successive
strings starting with o.

(iii) If L(G) is finite, the question is decided by writing out the
whole of L(G) where

(p=1)MKP+M

lL(G)I < 9p
where p =’|Z| ' -
K = max {|a| |a + o}
ae
M = max {lw]v | |w|v is the number of occurences of
weL{G)

vital letters in w}

(iii) suffers the same defect most decision procedures do, viz. it is
not feasible. The a priori bound on the computation length is not
proportionate to our present (and future) means of computation. Even

a very conservative estimate with p = 5, K =2 and M= 5 gives us

5hx5x25+5 _ 6b5

*L(G)' < 5 >

*)

The decidability of this word problem also is a corollary of the

inclusion of the DOL Languages in the context sensitive languages

L7l.

&
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which, for all practical purposes means the same as no a prieri bound.
There is a profound difference between most mathematical decision
procedures and feasible algorithms which can be executed on a computer
and answer reasonable questions in a reasonable time. Nobody is
satisfied by a Turing‘machine computation of 1010 + 1010 which teakes
0(1020) steps (when the TM has a one letter alphabet).

In section 3.2 we devige a feagible heuristic algorithm which has been
implemented in an ALGOL program and delivers answers (to reasonable

questions) in a matter of seconds.



16
3.1 FINITE AND INFINITE DOL LANGUAGES

We investigate some properties of DOL's which also form prerequisites
of the proposed algorithm.

Let ]w‘k denote the number of occurences in w of letters aezk where

ke{m,v,r,c,i,mr}.

lemms 3.1 Let S = <z,6> be a semi DOL and w1,w262*;

*
If»|w1!v > Iwziv then w1=+=b Wy

Proof Since y(&(a)) n zv # @ for aeiv.
. g
Vtem Lif l“)1lv >]“)2‘v then ]6 (w1)[v g le*V] O

It is easy to see that initial vital letters can only occur in

Pif1

g, 6(0),000, 8 (0); and recurring vital letters not derived from

recursive letters can only occur in

Pi+Pc“1

0, 8(0);00.,68 (o).

Lemma 3.2 Let G = <),8,0> be a DOL.

vt z p, +p, [if bey(s°(a)) n Zv then v(1(pb)) n Xr # 0l

% =D,

yhere 1(p) = DsbyseeesbL 45D s suchvthatibbey(c), b

(Every vital letter in Gt(o), t > p. + p_, has been derived
=i c

t
from a recursive letter in 6t (o), 0 <t' < Py + pc).

ggégg If beiv then yv(1(b)) < zv'

Suppose the lemma is not true, i.e. v(1(b)) < zi u zc.
But then |1(b)]| = t+1 >.p; +p, vhile |v(1(p))]| < p, + D,
Hence 1(b) contains a repetition of’a letter and

v(1(v)) n zr # @, which contradicts the assumption. 0
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Corollary For sll t 2 p; + P, holds:
if bey(ﬁt(o)) n zv then there is a cey(ﬁt(o)) n Zr such that

bey(8™(c)).
Or: Y(Gt(o)) n zv_g Y(S*(Y(ﬁt(c)) n zr))'

Hint: by lemma 3.2, repeated application of the corollary of
lemma 2.3 and by lemma 2.7,

Def. 3.1 A DOL G' = <J',8',0'> is the positive k-displacement of

G = <),8,0> if o' = 6%(0) and e, 5 < 6 such that G' is

quasi-reduced. G is a negative k~displacement of G .

lemma 3.3 The positive p-p displacement ¢' =<)',8",0'> of

G = <z,6,o> is reduced.

Proof By the corollary of lemme 3.2 and by lemma 2.1 O

lemma 3.4 ILet S = <),6> be a semi DOL. If aezmr then
[al = y(C(a)) < zmr’ where C(a) is the unique connecting

*
sequence of a. Moreover, § (a) < Z; [al Z;.

Proof Let C(a) = bo’b1""’bk—1 be a connectingAsequence of a,

bo = a, and let bk = a,

Suppose cey(S*(a)) n zv\y(c(a)).

1}

Then cey(&h(a)) and bpey(Sh(a)) for some h and p = h mod (k).
Therefore ]6h+k_p(a)]v = 2. But from def. 2.1 follows
6h+k_p(a) = nagez; zmr Z;, which contradicts the assumption.

Hence C(a) is the unique connecting sequence of a;
. * * * * *
v{c(a))2lal; and &6 (a) ¢ zm y{c(a)) zm = Zm Zmr Em'

By lemms 2.7 also y(C(a)) c [al and therefore y(C(a)) = [al [
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Lemma 3.5 Let S = <2,6> be & semi DOL.

(i) zIr aeEr then ae U Y(Sk(a)) n )

O<k5pr r
(ii) 1If asZ then U y(ék(a)) n Er + ¢
¢ O<kSpc
(iii) If aez. then U y(Gk(a)) n z E )
1 O<ksp, +p r

Proof (i) follows from lemma 2.3.

(ii) Let aﬁzc. Then there is a bezv such that

bEY(GPc(a)) ny

Let 1(b) = bo,b

v

1""’bp s bo = a, bp = b, be a pedigree
c c
of b.

Since asZc, y(1(v)) zc U zr'
Suppose y(1(v)) E.zc; then |y(1(p))]| = P,
But |1(b)| > P, and hence there is a repetition of a letter
in 1(b) which contradicts the assumption.
Hence y{(1(b)) n zr.# @ which gives us lemma 3.5 (ii).
(iii) Analogous to (ii) with zc U z_ and 1 substituted for
i
Ec and p, O

Remark Lemma 3.5 tells us that every vital letter derives a repetition

of a recursive letter within P, steps.

Lemma 3.6 Let S = <),8> be a semi DOL.

. . k .
(i) 1If aezr\zmr’ i.e. |6 (a)lv = x > 1 where k = min K,
then Ynell [lénk(a)‘v‘> nx-n]
. . X _ -
(ii) 1If aeimr, i.e. |6 (a)lv = 1 where K_ = {k},

then Vtel [|6%(a) |, = Idt(a)lr = 1]

Proof (i) By induction on n.

n= 0. ]Go(a)lv = Ialv = 1> 0.

Suppose the assumption is true for n.
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6 mF R ()] = |56 (a))] =

v v

|6 (a)| = 1+ |65(a)| >

nx-n-14+x= (n+t1)x - (n+1)

(ii) By lemma 3.4 O
Pi*Pe
Theorem 3.7 L(G) is finite iff (6 (g)) n ZV'E'Zmr'

Proof -, L(G) is finite.
pi+pc
Suppose (6 (o)) n zv\zmr + @.
Pi+pc '
Let &€ y(8 (g)) n zv\zmr'

k.
Case 1 a.ez \z , 1., ]6 l(a.)l = x. > 1, wvhere k. = min K .
S i by tyr ity i i a;

nxk

|6 i(ai)lv > nx.-n (lemma 3.6),

and for all bdN

|6b*ki(a.)l 2 lﬁb*ki(a.)l >b x.-b = b
i ity T2 o

Hence L(G) is infinite: contradiction.

Case 2 aieEC. Then by the corollary of lemma 3.2 there is a

P.+p
bey(s & %(o)) n Zr such that aiey(s*(b)).

By lemme 3.4 bezr\Zmr; and by case 1 L(G) is infinite which

contradicts the assumption.

PP
Case 3 a€Zi' By lemma 3.2 v(8 * (o)) n zi = ¢,

Pi+Pc
From case 1 - case 3 follows v(§ (6)) n Xv < zmr’

.+

. +P
«oy(e ™ o)) n [ € Ly

pi+pc
Let |6 (0)|._ = m. By lemma 3.k
mr
-+p p.+

P
vt = 0 []6%(s * ‘-‘(a))lv = |s%(s * Pc(o))lr = m].
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Denote the i-th occurence of a monorecursive letter in St(o),

. . . .
t 2 p.4p_, by ai(t) and its period by k;

Since

(1) ¥&,t" 2 p.+p_ vie{1,2,...,m} [if t = ¢! mod(k,) then

ai(t) = ai(t')]
we have

(2) a1(t)a2(t)...am(t) = a1(t+u)a2(t+u)...am(t+u) where
u = l'c'm'(kT’kZ""’km) and t 2 p.+p,_ -

By (2) and lemma 2.1, for all t > p;*p, and all

*
n.‘ ,nea' oo ,ﬂm_,_] 351 3&29' o . 3€m+.|ﬁzm holds:

P
m
§ “(n, a1(t) n, ae(t) Ngee Ny a (t) n

m+1) =
Py
8 (a1(t) ag(t) e am(t)).—
Pm -
S (a1(t+u) a2(t+u) e am(t+u)) =
Py
s (51 a1(t+u) £, a2(t+u) By oo By am(t+u) Em+1)
In particular:
p.+p_*p P.+p *p_*u
§T ¢ M) =61 (5) and hence
lL(e)] < p-p, + l.c.m.(k ky,. 00k ) 0

Corollary Let G be quasi-reduced. L(G) is finite iff ZV = zi u Zmr'

<, If zv = Zi U zmr’ by the previous arguments L(G) is finite.

© .k
. Suppose kgoy(ﬁ (g)) n (zcu zr\Emr) + ?.
case 1 For some t 2 0 “vbey(ét(c)) n zr\zmr' By the

previous arguments L(G) is infinite.
case 2 For some t = 0 bey(ét(o)) n Zc' Since G is quasi-

reduced, by the def. of ZC and lemma 3.4
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! ' .
y(8~ (o)) n zr\zmr £ ¢ for some t', which gives us
case 1.
Hence if L(G) is finite the assumption is false, i.e. Xc u zr \ zmr =

= @ 0

Clearly, if a,be]  and a < b then a ~ b.

Hence, if L(G) is finite then RCS(S) consists of pairwise incomparable
classes of monorecursive letters. The converse is trivially true.
Therefore, the family of finite DOL-languages is contained in the
family of DOL-languages of which the RCS consists of pairwise
incomparable elements.

G = <{a,b},{a > aa, b > b}, ab> yields

t
L(g) = (a2 b|t = 0} and the RCS consists of pairwise incomparable

elements. Hence the containment is proper.

P.+p
Lemma 3.8 L(G) is infinite iff v(8 = %(¢)) n zv \ zmr + ¢

Proof By theorem 3.7 O
p.+2p +p P.+p
Theorem 3.9 L(G) is finite iff |8 * -°© r(0)]v =]s* c(o)lv.

L ‘ P;*Pe
Proof +, L(G) is finite. S:'ane'zvln\(bS (a)) = zmr

p.+2p +p p.+p
i c *r - i-~e
|8 (), =18 % “(a)l,
p.+2p +p p.+p
« et € r(@)‘v = |6 C(o)lv,
Clearly, . .
Va.e) [if a.eb 17¢(5) then Iapc pr(a.); = 1]
i by i 1 ly
case 1 aiezr \ zmr'
D _+p .
s ¢ *(a.)]. 2|6 *(a.)]. > 1 vhere k, = min K_ :
1V 1 'V _1 - ai
contradiction.

cage 2 aiezc. By the corollary of lemma 3.2 and lemma 3.4 this

reduces to case 1.
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case 3 aiezi: contrary to lemma 3.2.

Since cases 1 - 3 cannot occur, aiezmr and the procf follows by

theorem 3.7 .0
C o . pi+2pc+pr pi+pc
Corollary L(G) is infinite iff |6 (o)]v> |6 (c)]v.

Remark Up to now we have given gseveral criteria for determining
whether L(G) is finite or infinite.

(i) 1Irf zc u zr \ zmr + f and G is quasi-reduced, then L(G) is infinite.
(i) 1£v(8%0) n ] ] .t 2 p.+p_, then L(G) is finite.

. t ! . . .
= o e P
(iii) 1£ |86 (c)]v |6 (c)]v, with t~t' 2 p +p and t'2 p.+p , then
L{G) is finite.

Relevant to the solution of the word problém are the following
observations.

Let L(G) be infinite.
P;*Pe nxky
Eaiey(é (0)) VneN [16 (ai)lv > n]

If we take n = IwT|V, then after pi+§c+n*ki productions, surely, we

know whether c=;éwT.

a.)| ).

(N.B. clearly, n is a very poor lower bound on Ién*ki(

i'ly
Let L(G) be finite.
+ .
Jx,uei [6%(0) = §* Yo)1, i.e.
L(e) = {%(0)]0 < t < x+u}.
*
If wT%L(G) then 0+—§w1.
Lemma 3.10 Let S = <),6> be a semi DOL and aezmr'
pm+t p +t'
8 (a) =8 ™ (a) for t' = t mod (k)
pm+t pm+t !
8 (a) % & (a) for t' ¥ t mod (k)
where t,t'elN and k is the period of a.
Proof Let C(a) = bo’b1""’bk—1’ b =a, be the unique connecting

sequence of a.
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t! .
v(8” (o)) n Zr\imr % @ for some t', which gives us
case 1.
Hence if L(G) is finite the assumption is false, i.e. EC u zr \ Zmr =

=g 0

Clearly, if a,beZmr and a < b then a ~ b,

Hence, if L(G) is finite then RCS(S) consists of pairwise incomparable
classes of menorecursive letters. The converse is trivially true.
Therefore, the family of finite DOL-languages is contained in the
family of DOL-languages of which the RCS consists of pairwise

incomparable elements.
G = <{a,b},{a > aa, b > b}, ab> yields

t
L(g) = {a? b|t = 0} and the RCS consists of pairwise incomparable

elements. Hence the containment is proper.

D.+p
Lemma 3.8 L(G) is infinite iff v(§ * S(0)) n zv \ zmr £ 0

Proof By theorem 3.7 0
. p.t2p +p P.+p
Theorem 3.9 L(G) is finite iff |§ * ~° r(o)lv =8 % o),
. , Pi P,
Proof +, L(G) is finite. Since’z‘v‘n“{(fS (o)) E-zmr
p.+2p +p p.+p
i Fe r _ i*e
s @1, =16 o],
p.+2p +p P.+p
i e 'r N i%e
<. |6 (c)lV = |6 (G)IV,
Clearly,

. i+pc pc+pr
Vaiezv [if ai56 (6) then |8 (ai)]v = 1]

case 1 aieir \ Emr'

pc+pr ki
| s (a:)]. 2|6 “(a,)|. > 1 where k. = min K_ :
ity 1ty i ey
contradiction.

case 2 aiezc. By the corollary of lemma 3.2 and lemma 3.4 this

reduces to case 1.
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case 3 aiezi: contrary to lemma 3.2.
Since cases 1 -~ 3 cannot occur, aiezmr and the proof follows by

theorem 3.7 .

p.+2p +p +

D, *p
Corollary L(G) is infinite iff |8 * °© r(o)[v> |8 % %o

Remark Up to now we have given several criteria for determining
whether L(G) is finite or infinite.

(1) 1f Zc U Zr \ Zmr + § and G is quasi-reduced, then L(G) is infinite.
(ii) 17 y(ét(o)) n zv~5 zmr’ t 2 p.+p_, then L(G) is finite.

.. t ! ‘
) =|8 ' 2 p + 'z p.
(iii) 17 | (c)lv | (0)]V, with t~t' 2 p +p and t' 2 p.+p , then
L(G) is finite.

Relevant to the solution of the word problém are the following

observations.
Let L(G) be infinite.
p.+p nxk.
Haiey(ﬁ 1 %6)) Vnew []6 l(ai)[v > n]
If we take n = le]V, then aftér pi+§c+n*ki productions, surely, we

know whether c=;%wT.
(N.B. clearly, n is a very poor lower bound on lén*ki(ai)lv,).
Let L(G) be finite. “

Jx,uelv [5%(0) = 659

i

o)l, i.e.

L(G) = {67(0)|0 < t < x+u}.

%
If w ¢L(G) then of=u .

Lemma 3.10 Let S = <),8> be a semi DOL and aezmr.

+ '
pm t pm+t

S (a) =6 (a) for t' = t mod (k)

p_+t p +t!
6™ (a)#6™ (a) for t' } t mod (k)

where t,t'elN and k is the period of a.

Proof Let C(a) = bo,b1,...,b bo=a, be the unique connecting

k-1?
sequence of a.
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(1) y(c(a)) ¢ Zmr (lemma 3.k4)
(2) 8%a) e I L D' (lemma 3.1)
(3) 1Inc(a), v, # b, for 0 < i< j<k (by definition).

(4) &%) = nﬁt mod(k)® € z; zmr z; (by definition of C(a) and
(1) and (2)).

!
By (1)-(4), Gt(a) ¢6t (a) for t % t' mod(k), t,t' > 0. More in particular:

p +t- p_+t'
(5) 6™ (a)#68™ (a) fort #t'mod(k), t,t' > O.

. Pm *
Since § "(n) = A for all n € Zm and (4) we have:

iy P

S m(ét(a’)) =8 m(nA bt mod(k) E) =
D | p t!

8 m(_n' bt' mod (k) g') =86 m(6 (a))

_ t! *
for t = t' mod(k), t,t' > 0, and § (a)=n'bvlmak)€ﬂ nUE'ﬁzm

Hence

+ +!
p +t P, *t

(6) 8™ (a) =35 (a) for t = t' mod(k), t,t' > O.

From (5) and (6) the lemma follows. [

Lemma 3.11 TLet 8 = <Z,86> be a semi DOL and a € zmr’

p_+t p_+t!
s (a) # & B (a)u  with u e 2+

for all t,t' ¢ M.

Proof By (1)-(4) and (6) of the previous proof. [
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3.2, THE WORD PROBLEM

The derived theorems yield an algorithm to decide the word problem.

.+
1

According to the proof of lemma 3.2 all vital a, € v(§ (o)) are

derived from previous occurrences of recursive letters and will recur

again.
.+ p.+2

. Pi™P, i c+Pr ,

By comparing |6 (o)lv and |6 (o)]v we know whether L(G)
is finite or infinite.(theorem 3.9). If L(G) is infinite we generate
along and compare St(c) and W until either St(c) =uw_or

t

8 > .
(65 >l |
If L{(G) is finite all vital a; € $

(theorem 3.7).
DP.+p *

1 C = ¥ : ;
Pet ) (o) Ny 8y My 8y we. B T With noseeesn o4 € Z

Pi+Pc
(o) are monorecursive

m

and a_g...,8 € .
12 m zmr

Pm %
Since § "(n) = A for all n € Em we have

P p.+p P P P P
(1) s§™s* %)) =6m(n1) 6_ m(a]) Gm('am) Gm(nm+1)=
5pm(a1) apm(az) spm(am).

By lemma 3.10 (let k, be the period of ai):

pm-Ff . pm+t',.
£ mod(-ki) then § (ai) S (ai)],

(2) Wa; e ] . ¥t,t' >0 [ift

and by lemma 3.11

+ +t!
p +t p,*t

(3) Va, e ]  Ve,t' 20 Vue s ™ (2,) # 6 (a;)u].

(1)=(3) reduces the problem, for finite L(G), to the following:

do there exist t.,t.,...,t € N such that
1772 m

p +t p +t p +t -
m 1 m 2 m n -
8 (a1) 8 (a2) cee 8 (am) = u_

and if so, does there exist a

&
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u =t mod(ki) T<iz<m (ef. (2)).

*(p-p,tu) |
If u exists then ¢ =======> o . Because of (3) tatss...,t are unique.

Theorem 3.14. (Generalized Chinese Remainder Theorem, cf. Dickson [2];
also Knuth [5, p. 256]).
Let k

qseeesk De positive integers and let tyseest be-any integers.

There ig exactly one integer u which satisfies the conditions
0<ucx l.c.m.(k1,...,km)
u = t. mod(k.) (1 <1i<m)
i i —_— -
iff t, = tj,mod (g.c.d (ki,kj)) (1 <1i<j<m.

Corollary. A solution for u = t. mod(ki) (1<iz<m) yields

u < l.c.m. (k1,...,km), when m denotes the number of monorecursive

' Pi+Pc
letters in $ (o).

‘ Clearly, k., = ][aijl and if a. € [ai]~ then k., = ki (cf. lemma 3.L4)

Hence u < l.c.m~(l[a]1],...,|[a]ql) where
{[a]1,...,[a]q} = zr/m' (G is quasi-reduced).

We conclude that, if we know that L(G) is finite, by examining the
propagations of the different letters in ¢ for maximal P + P, + P +
+ P, = p steps we know whether or not

-p +
p-p,u

w =8 (o)

T

where u < l.,c.m (k1,...,km) = l.c.m. (l[a]1l,...,l[a]q]).

If we have to decide first whether L(G) is finite or not we need

+p - + ions.
P P, pr generations
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3.2.1. THE ALGORITHM

We present the algorithm written in pseudo ALGOL so as to make it at

once more unambiguous and comprehensible.
¢ Algorithm solves the word problem for DOL's ¢

begin procedure compare (G’wr);

begin ii.lclv > thlv then
begin print ({no solutiont); goto exit end

else if ¢ = w_ then .

begin print ($solution found}); goto exit end;

end

phase 0: ¢ clasiify all a; € z; by examining O<ﬁ$p y(@k(ai)) and’
- u &8 (a.), whether th ‘ oy, T
o<bsp (al), ether’ they belong to zm’ zr’ or; Zc u 21

If ‘B e Zf then determine its smallest period k. ¢
phase 1: compare (o,wT);

phase 2: . for i:= 1 step 1 until p do

begin o:= §(0); compare (o,wT)

end; vital b:= |o|v;

Phase 3: for i:= 1 step 1 until p do
begin o:= &(0); compare (o,wT)
end; vital end:= |o|v;

if vital end = vital b then goto phase 5;

phase L4: ¢ L(G) is infinite ¢
o:= §(o); compare (c,wT);

goto phase k;

phase 5: ¢ L(G) is finite ¢

ii= 1,

next: for j:= 1 step 1 until k. do

¢ k. is the period of &, ¢
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if w = 8%(s m(ai))n then

begin ti:= 3 w =N 1= i+1;
ig.mT # X A 1 < m then goto next else
if w_ =X A i =m+1 then goto phase 6

print (fno solution}); goto exit;

phase 6: for i:= 1 step 1 until m-1 do

begin for j:= i+1 step 1,until m do
if ¢, 3 t, mod (g.c.d. (ki,k.))
then begin print (fno solution}); goto exit end

print (fsolution found});
exit:

end

Def. 3.2. Let G = <],8,0> be a DOL. The growth function F: N + N is
defined by F(t) = Iét(o)].~[Szilard, 1971; paper by

Salomaa & Paz in preparation].

The following speed up of the algorithm, especially when L(G) is infinite,
was suggested by A. Paz. “

Use the growth function of the DOL to determine the indexes of the
(finitely many if L(G) is infinite) words in £(G) which have a length

equal to |wT|. Then approach these words rapidly by generating

Ya e ) : 62(a) =b, ... b
Gh(a) = 62(b1) - 62(bm)
£
§° (a) = Cposev

In this fashion we approach with exponential speed a word of large index

without having to generate the intermediate words.
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3.3. THE SIZE OF FINITE DOL LANGUAGES

Lemma 3.15. Let L(G) be a finite DOL language generated by G = <Z,6,0>.,
¥j > p.+p [max {léi(c)l } = !Gj(c)l = lGj(c)I 1.
—7i%e Ly v v Tr

Proof By lemma 3.4 and theorem 3.7. O

Theorem 3.16. Let L(G) be a finite DOL language generated by G = <),8,0>.

u < L(G) < utp-p,
vhere u = l.c.m. (k_,k .,k ) and k,,k.,...,k  are the périods of the
1 m D.+p 1772 m

. . 1 Cy.
monorecursive a,,a,,...,a in 8 (o).

PLAE

Proof Denote the i-th occurrence of a monorecursive letter in~6t(o),

t - .
t 2 pi*p s by ai(t). Let |6 (o)lmr =m and k. be the period of a..

(1) ¥, > p;¥p, ¥ie {1,2,...,m} [if t = t‘~mod(ki) then
_ : ) '
ai(t) ai(t ) else
! p
ai(t) # ai(t )1

Therefore:

(2) ¥t Z_pi+pc. v < l.c.ma(kT,...,km) [a1(t) az(t) v am(t) #
a, (t+j) a,(t+j) ... a (£+§)]

Hence

(3) |u(e)| > 1.c.m. (k1,k2,.,.,km) = u.

By the proof of theorem 3.7

k ).

(%) |n(a)] < p-p,*l.c.m. (k1,k2,..., L

From (3) and (4) the lemma follows. [J
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Corollary. Since k, = ][aijl,for'ai € zmr’

u=l.cm. (k k %)=me(MﬂJJh¥L””HﬂJ)

2,.-.,

where {[a]1,[a] .,[a]q} = Zr/m if G is guasi~-reduced.

2"’
Remark. |L(G)]| < p - p, + l.c.m. (k1,...,ks)

s
Sp-p,.*p,
n~1
<p(i+p )
m-1
<p(i+p )

where s is the number of monorecursive letters with different periods

.+p :
in 8§ ¥ %(o) (in ). if.G is quasi-reduced), n is the number of different
ST bmr +p
i
pi+Pc
monorecursive letters in § ~ (o).

monorecursive letters in § (0), and m is the number of occurrences of

For the numeric example given in the introduction to section 3 we find:

(m=59 P=5, k=2) -

(@) | 5_5(1+5h) = 3130

which upper bound may be minimized by taking the different periods of

apa,.“,%lhmoammmm.

2

The reduction on the size of upper bound on |L(G)| we have reached:

p(p’—1)MK.P+M P(p—1)MKZp+M

2
=2
~~
-
1
=
ce

m
p+p p+p

Strangely enough, it appears that K, i.e. the max. length of &§(a), has

no influence on the size of L(G).

We are now in the position to tackle the following problems. Let

G = <},8,0> be a DOL

£



(i)
(ii)
(iii)

(iv)

Let
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What is the minimal size of ) such that |L(G)| = n
What is the minimal size of 2 such that ‘L(G)I > n

What is the maximal size of L(G) when |}| = n.

What is the maximal size of L(G) when |}| < n.

£158,,8

3,fh:.W >N

be functiens which map n onto the asked

£,(n) =

£ {n)

f_(n)

fh(n)

m .

min{ ] k.+d
. i
1=]

m
min{ ) k.+d
. 1
i=1

m
max{ I k.+d
i=1 1

m
max{ I k.+d |
i=1 2

Open problems: investigate f1, f2,

me IN; k1,..l;km

d € N and

me MWy k, 5600,k

1 m
d € N and
m e WN; k1,...,km
d € N and
me N; k1,...,k

m

d € N and

3

sizes in (i)=(iv).

€ N are pairwise prime;

€ N are pairwise prime;
m

I k.+d > n}.

i=1 %

€ N are pairwise prime;

€ N are pairwise prime;

m
) k.+d < n}.
. i -
1=1

f_ and fh'
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APPENDIX

The programs are used in batch processing mode., Input to the program
is presented on the same medium as the program itself. Output appears

on the assigned peripheral.

PROGRAM #1
ARCHITECTURE

Description of input format: syntax

¢ spaces, tabulations, and carriage returns are skipped ¢

<letter>::= ¢ all characters available except "=" and "/" ¢
<nonzero string>::= <letter> <letter><nonzero string>
<string>::= <empty>|<nonzero string>

<production rule>::= <letter> => <string>

<grammar>::= <production rule>/|<production rule>/<grammar>
<gragmar declaration>::= g/<grammar>/

<beginword declaration>::= b/<ndnzer0‘string>/

e/<string>/

<endword declarstion>::

b/<beginword declaration>|

<follow up job>::= job

job = e/<endword declaration>}
job = be/<beginword declaration><endword declaration>
<job>::= job = g/<grammar declaration><beginword declaration>

<endword declaration>
<long job>::= <job>|<long job><follow up job>
<multiple Job>::= <long job> job = /|<long job><multiple job>

Description of input format: semantics

\‘v

To begin with, information concerning the nature of the input is

" signifies: "a new set of production rules (grammar),

presented. "job = g
a new axiom (beginword) and a new targetword (endword) follow".

"g/" identifies the subsequent grammar, written in the obvious way with
"=" followed by ">" acting as a production arrow. The grammar is ter-

minated by an additional "/". "b/" identifies the subsequent beginword,

.
i.e. a <nonzero string> terminated by an additional "/".
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"e/" identifiés the subsequent endword, i.e. a string terminated by

an additional "/".

When we use the same grammar to test several beginwords and enwords

the <long job> job = / 1is appropriate, e.g.:

job = g/ ¢ expect a grammar, beginword and endword ¢
g/<grammar>/
b/<beginword>/

e/<endword>/

job = b/ ¢ expect a new beginword ¢
b/<beginword>/
job = e/ ¢ expect a new endword ¢

e/<endword>/

job = be/ ¢ expect a new beginword and endword ¢
b/<beginword>/
e/<endword>/

/

Job

When several grammars have to be tested in the same run the
<multiple job> is used: when one <long job> is finished, "Jjob = g/"
is encountered and the program is ready for a new grammar, beginword
and endword. The end of the fodder is indicated by "job = /",

Example. 8, = <{a,b},{a>ab,b>bb}>

* *
a == abbbbb ? a == abbbb ?

5, = <{a} ,{a>aal}>

* X
ag == agaa 7 a = gaaaa 7

*
a == )\ ?
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Input:
job = g/
g/a => ab/b => bb//
b/a/ '
e/abbbbb/
job = e/
‘e/abbbb/
job = g/
gla => aa//
b/aa/
e/aaaa/y;
job = be/
b/a/
e/aanaa/
job = e/
e//
job =/

Description of the output format

The program processes one <Jjob> or <fellow up job> at a time. First the
corresponding input is printed, then the jobnumber, .the number of
generations which were needed to reach a conclusion, the phase of the
algorithm in which the conclusion was reached (cf. 3.3) and the

conclusion itself. More precisely:

<idgit>::= 1]2|3]| k4| 5|6]7|8]|9
<digit>::= 0|<idgit>
<number>::= <idgit> |<number><digit>

<phase number>::= 1|2|3|4|5|6| S<digit><digit><digit><digit><idgit>

<solution>::= solution found | no solution
<print input>::= <job>|<follow up job>
<job output>::= <print input>

Jobnumber: <number>
number of generations: <number>
phase! <phase number>
<golution>
<multiple job output>::= <job output> job = /|
<job output><multiple job output>
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The <jobnumber> is numbered consecutively from 1 to n (when the

<multiple job> contains n <job>'s and <follow up jeb>'s).

phase number: i signifies "in phase i (of algorithm 3.3) a conclusion
was reached".

phase number: 5 ... i signifies "in the finite case (phase 5) the i-th
monorecursive letter of Gp(o) did not produce a prefix of the (reduced)
endword wT".

number of generations: n indicates & (o) = w_ or ‘5n(0)‘v > ]wT|v or,
only in the finite case, n = 2p—pm.

. . . . * . . *
<solution> is "solution found" if o=— 0 and "no solutien'" if o= W,

Example. (output of first input <job> example)

job = g/

g/a => ab/b => bb//
b/a/

e/abbbbb/

Jobnumber: 1 £

number of generations: 3
phase: 3

no solution

Error messages

¥
error job control input <+ subsequent to "job =" one of the
following symbels is missing: "g", "b",

"e" y or H/" .

error in input < (i) input format incorrect, e.g. greammar
inputted after begin- or endword.
(ii) insufficient input, e.g. no grammar,
begin-—er éndword.
(iii) the identification symbol
in front of grammar, begin- and endword

is not a "g", "b" and "e".

ne transition sign + a productien rule without "=" has been

£

encountered,



symbol in grammar not
defined

symbol in weord not in

grammar

array memory overflow

program error

program end

ORGANIZATION

-
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a symbol occurs in the righthandside
of a production rule for which no
production rule is given, i.e. § is
not total.

a symbol occurs in the begin- or end-
word, for which no production rule is

given,

the production being executed overwrites
indispensable memory, e.g. production

rules,

either program or algorithm (or computer)

is defective.

normal program termination.

The program is written for use on the EL-X8 at the Mathematical Centre.

The characterset used is that of the MC-flexowritercode. Transput is

according to the ALGOL-60 compiler of the MC and only two procedures

make use of it: proceduré error and proceduie nextsymbol.
C.f.: D. Grune, Handleiding Milli systeem voor de EL-X8, LR 1.1,

Mathematisch Centrum, 1971,

To promote efficient use of memory, the production rules, beginword,

endword, the concurrently produced word, the previously produced word,

and, if necessary, information for applicatien of the Chinese Remainder

Theorem are stored in one array called "array" (see figure).

production endword memory used for beginword
rules word generation
Low core high core

narrayn
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The production rules are stored as follows (the figure depicts the

storage of a - §(a))

Information furnished
by proc classify
Entry of production

rule proper

|

If a € zr cycle:= min K.

FoN

/111111

class L
cycle A -
-8 n- o

INRRLE RN

a is mortal, vital, recursive
depending on class of a.
n = ]S(a)].

one location for each
letter in 6&(a).

If a € zm cycle:= number of generations needed to derive A,

If a ¢ Zv cycle:

121

To construct the correct pointers between the different entries in the

table of production rules an additional array "addresskey" is used.

"addresskey" has one location for each character in the characterset

(in our case 127), and only uses those which are defined in the

production rules.

Example. G = <{a,c},{a>ac,c>cc},a>

/)

U=

Ha"E—]O
"-b"51 1
"é"— »i2

K

WA

"addresskey"

. L/
C (] - C (o] ;
11y 11y 7
alc|l2olioliz]lalec]|2 |12 |12 ?
A sl 1s |1 7
s e s e /
o 1 2 3 Lk 5 6 T 8 9
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Subsequent to the reading of the production rules, the pointers in
"array" to "addresskey" are replaced by corresponding pointers to "array"

itself (assemblage).

{'-}.t_flflfoLt? ......... —
////// )bl 3\ lr
10 2 1 c c c | ¢c
| 1 v 1 Yy
11 | a c 2 2 T a c 2 T T
I s | 1 s |1
12 7 T T s | e s | e
BN o 1 2 3 4 5 6 T 8 9
"addresskeyﬁ "array"

All words are stored in a similar way. The entry point contains the
word length. Subsequent elements of the array contain pointers to the
corresponding production rule. When the word is stored at high core,
the word length is taken negative otherwise positive.

Let the beginword be "a" and the endword "acccce".

endword beginword
,AVAATA-r

/

e ettt 7|T 2 |-1
ye

/ .. ..

— YV v v P .
Low core high core
"array"

Productions are executed as follows. The first production will trans-
form the beginword ¢ into the next word §(c) stored at low core from
the endword upwards. 62(0) will be stored at high core from the begine

word downwards. 63(05 overwrites 8(o) at low core etc.
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State of "arresy" after five productions.

AAAL
*NVNVY V
production | endword beginword
' ' 5”(o) §*(o)
rules 'wT o]
> > AAaL
VY

"array"

Productions from individual letters, are, if needed, executed in a

similar fashion.



L1
PROGRAM #2

The program generates a finite propagation of a given DOL G = <i,68,0>
e.g. ‘

2

£(G) = 0,6(0),6%(0),...,86%(a).

Only theose 61(6) (0<i<k) are printed which are specified in the input.

ARCHITECTURE

The input format is similar to that of program #1 with the following

alterations:

job = gp/ ¢ "p" stands for "print generated words as specified in
print command". When "p" is omitted, no word except the

beginword is printed. ¢

e/<number>/ ¢ <number> replaces <string> in <endword declaration> of
program #1, and determines the number of productions the

program executes, ¢

¢ followed by the printcommand ¢
p/f<number>l<number>s<number>/

which means:

for i:= 0 step 1 until F-1, F step S until k-L-1,
k-L step 1 until k do print (6 (o));

where F = <number> following T
L
S

<number> following 1

<number> following s

f<number> omitted: . F:= 0
l<number> omitted: IL:= O

s<number>  omitted: S:= 1

Error messages. Similar to ptogram #1, but for "program error", and

in addition:
no,separator after countcommand < "/" omitted after "e/k/"
error in printspecification < "p/f<number>l<number>s<number>/"

is not correct.



PROGRAM #1

A2317R,$2,PAUL VITANY!

M N WA WNF

YBEGiIN®

»

"COMMENT s 2347R, AUGUST 1971, PAUL ViTANY! AND FRANK GQOSSENSS
YINTEGERY BEGIN OF MEMORY,END OF MEMORY,FIRSTKEY,LASTKEY;
BEGIN OF MEMORY:=1;
END oF MEMORY:=230000;
FIRSTKEY:=0}
LASTKEY: 181273
*BEGIN' ¢*INTEGER' 'ARRAY? ADDRESSKEY(FIRSTKEY:!LASTKEY)

2ARRAYIBEGIN OF MEMORY ! END OF MEMORY)

’
"INTEGER' SEPARATOR,EQUALSIGN, TAB, TWNR,SPACE
3 8,6,€
»CYCLE, CLASS, INFOGRAM
»JOB, COUNT , PHASE
,P,PM,PVR,VITALP,VITALBW, V| TALEND
»BW,EW,EWNOS, BOM, EOM
yMORTAL ,RECURSIVE, VviTAL
» ) NEW,EWN,EWHELP ,BEGINPAIR, LWy LETTER, J,PL,M, BOMMIN,D
’
'"BOOLEANY SOLUTION,GRAM,BEGIN,END

'"PROCEDURE® [INITIALIZE}
"BEGIN' J0B:=MORTAL!=203
SEPARATOR:=67;EQUALS IGN:E70:TAB!=118; TWNR:=119;
SPACE:=93; *
B:=11;6:516 ;Ei=143
CYCLE:==13CLASS1=52; INFOGRAM: =2}
" RECURSIVEI=1;ViTAL==]}
YENDY INITIALIZES

YPROCEDURE' ERROR(STRING)J'STRING' STRING}

"BEG|N' CARRIAGE(2);PRINTTEXT(STRING) INLCR}
PRINTTEXT('('JOBNUMBER:L'" )" )1 aBSFIXT(2,0,J08);EX!IT

TEND' ERROR;

'PROCEDURE' READ INPUT}

YBEGIN' +INTEGER! CODE.,DUMMY;
'FOR' CODEt= NEXTSYMBOL 'WHILE! CODE % EQUALSIGN 'DO';
*FOR+ CODEtz NEXTSYMBOL 'WHILE' CODE ¢ SEPARATOR 'DOY
1IFY CODExG 1 THENY GRAMI=BEG N!=ENDi='FALSE' 'gLSE?

. vIFY CODExB YTHENS BEGIN;=tFaLSEY 'ELSE?

viFY coDeE=E YTHENY ENDI='FALSEY TELSE?
ERROR('('ERROR JOB CONTROL NPUT') ')}
VIF' GRAM ~ BEGIN A END 'THEN®' ERROR('('PROGRAM END')')3 ~
tFORY DUMMY 20 'WHILE' =GRAM + =BEGIN v «END 'pO?
tBEGIN' CODE :=NEXTSYMBOL;
t1IF!' ~GRAM » CODE2G 'THEN?
'BEGIN' READ GRAMMAR;;GRAM:='TRUE® 'YEND' VELSE!
tIF! «BEGIN A CODE=B ~ GRAM ¢THFN?
tBEGIN' GENERATE BEGINWORD;BEGINI='TRUE' 'END* 'ELSE®
t1Ft ~END »~ CODE=E A GRAM 1THEN'
*BEGIN' GENERATE ENDWORD;END;e=?TRUE! 'END' VE|SE?
ERROR{'('ERROR IN INPUT*)'):
TEND!

*ENDv READ INPUT;

61

ol
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56
57
58
59
60
61
- T4
63
64
65
66
67
68
69
70
71
72
73
74"
75
76
77
78
79
80
83
a2
83
84
331
36
87
88
89
QU
91
92
93
94
.95
96
97
98
99
iv0
in1
192
1u3
104
10%
1ué
17
108
1ne
1.0
111
112
113
114
115

A 2317R.32 PAULVITANY] ' 2

'PROCEDURE' READ GRAMMAR}
*BEGIN' ¢ INTEGER' SYMBOL,SYM,HELP,1,J}
tFORY 1 3aFIRSTKEY 'STEP' 4 'UNT!L' LASTKEY 'DO'ADDRESSKEY((l:=0}
BOMI=BEGIN OF MEMORY3; EONM:= END OF MEMORY]
pi=0; NEXTSYMBOLS
YCOMMENT' SEPARATOR OF CONTROLWORD 1S READ;
*FOR' SYMBOL ;=NEXTSYMBOL 'WH LE' SYMBOL$SEPARATOR'DO?
¢BEGIN®' t|F' NEXTSYMBOL¥EQUALSIGN 'THEN' ERROR('{'NO TRANS{TION SILGN')?);
NEXTSYMBOL}
1COMMENT' ARROWSIGN QF TRANSITIONSIGN |S READS
BOMt=BOM+ INFOGRAN
ARRAY (BOM*CYCLE) i =ARRAYIBOM+CLASS ) ! =ARRAY[BOM] =0}
HELP:=ADDRESSKEY[SYMBOL 1! =BOM; BOM! =BOM+1;
tFORY SYM!e=NEXTSYMBNL tWHILEY SYM % SEPARATOR DO?
"BEGIN' ARRAY[BOM):=5YM:BOMI=BOM4d 'END';
ARRAY [HELR):=BOM=HEL Pwl?
Pi=P+l1;
'*COMMENT' GRAMMARRULE COUNTER;
YENDY 3
EWizgOM}
Jsels '
tFOR' t3m1 'STEP' 1 'UNTIL' » 'DO!
YBEGIN' JiEJs INFOGRAM;
HELP :SARRAY[J)}
tFORY SyMiey 'STEP' 1 'UNTIL' HELP ‘DO
*BEGIN' SYMBOL :=ADDRESSKEY [ARRAY[J+SYM)];
vIFY SYMBOL=y 'THEN' ERROR('{'sYMBOL IN GRAMMAR NOT DEFINED') ")
'ELSET ARRAY{J+SYM]!=SYMBOL
LEND
JisJ+HELP#L
TEND Y
CLASSIFY(P,PM)
*ENDY READ GRAMMARS

'PROCEDURE' READ WORD (BADDRESS,DIRECTION,EADDRESS)
*VALUE! DIRECTION; " INTEGER' BaDDRESS,DIRECTION,EADDRESS; . X
1BEGIN® +INTEGERY SYM,HELP;
‘ BADDRESS :=EADDRESS}
EADDRESS i sEADDRESS+*DIRECT ION;
NEXTSYMBOL; .
1COMMENT' SEPARATOR OF CONTRULWORD IS READ;
tFOR'Y SYMI=ZNEXTSYMBOL '"WHILE' SYM $ SEPARATOR 1DO!
tBEGIN' HELP:2ADDRESSKEY[SYM}1 -
YIFY HELPS0 'THEN' ERROR('('SYMBOL IN yORDNOT IN GRAMMAR'Y)') 'ELSE!
ARRAY[EADDRESS) ! =HELP} 3
. EADURESS ! #EADDRESS+D | RECTION
vEnD
ARRAY [ BADDRESS) } =EADORESS~BAUDRESS=DIRECTION
'ENDv READ WORD; )

'PROCEDURE' GENERATE BEGINWORD;
tBEGIN' EOMI=END OF MEMORY}

: ~ READ WORD(BwW,=1,EO0M);
'END* GENERATE BEGINWORD;

"PROCEDURE' GENERATE ENDWORD;
'BEG|N' BOM:cEW:
READ WORD(EW,1,B80M);
EWNOS:zARRAY[EW);
TENDY GENERATE ENDWORD;

61

ef _
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1186

117 VINTEGERs *PROCEODURE!' NEXTSYMBOL;

118 'BEGINY 1 INTEGER' SYM}

119 NEXT3 SYM!=RESYM;PRSYM(SYM)

120 . t1FY SYM=SPACE v SYM=TAB v SYMTWNR 'THEN' 'GOTO' NEXT

121 JNEXTSYMpCL P =2SYM

122 = YEND' NExTSYMBOL}

123

124 *INTEGERY 'PROCEDURE!' CLASS SYMBOLS(ADDRESS,KIND);

125 YVALUEY ADDRESS,KIND;'INTEGER' ADDRESS,XIND;

126 '"BEGINY "I'NTEGER' 1 ,N,HELP}

127 Ni=ARRAY[ADDRESS)}

128 HELP:=03

129 tFOR' 1:=1 'STEP' 41 'UNTIL' N,=1 'STEP' =1 'UNTIL' N 'DO?

130 vIFY ARRAY[ARRAY[ADDRESS«+!)+CLASS]I=KI{ND *THEN!

131 HELP i =HELP*4}

132 CLASS SYMBOLS?!=HELP .
133 YEND* CLASS SYMBOLSY

134 -

135 ' INTEGER"Y 'YPROCEDURE' GCD(A,B)3'VALUE!' A,B} VINTEGER' A,B;

136 IBEGINY ¢ INTEGER! W;

137 AGAIN: ¢IF' BE { 'THEN?

138 *BEGIN' WizA<ALB#B}

139 : ' A$=B; Bi=zW; '60TO' AGAIN

149 TEND :

141 GCDi= ABS(A)

142 ' YENDY GCDS

143

144 *BOOLEANY 'PROCEDURE! COMPPREFIX(WORD,EW,EWN); 'VALUE' WORD,EW,EWN; ' INTEGER® WORD,EW,EWN}
145 YBEGIN®' INTEGER' 1,M} !

14¢ ¢cOMPPREF | X¢=*FALSE";

147 M:SARRAY([WORD]S

148 VIF?' EWN < ABS(M) 'THEN' 'GOVO! READY}

149 tFOR'Y 1321 18TERPY 1 'UNTIL' M,=1 'STEP' i 'UNTIL'M Do?

150 : VIF' ARRAY[WORD+1%% ARRAY[EwW+ ABS(!)] 'THEN' 1gOTO' READY}

151 COMPPREF IX:2'TRUE"} . .
152 - READY! _

153 *END? COMPPREF 1X}

154

155 *PROCEDURE' CLASSIFY(P,PMyJ'VALUE"Y P; ' INTEGER' P, PM;

156 *BEGINY +INTEGER' 1,JsNI,ADDRESS,SYMUOL,CIRCLE,KIND,N;

157 pMi=0;

158 'FOR' Jt=FIRSTKEY 'STER' 1 SUNTIL' LASTKEY 'DO?

159 tBEGIN' ADDRESSI=SYMBOL ! sADDRESSKEY{J);CIRCLE+=0;

160 YIF SYMBOL #0 'THEN : .
161 1BEGIN?

162° YFORY |3s% 'STEP' 1 ryunNTIL! P 'DO?

163 tBEGIN' FIFY 1 > 4 'THEN' GENERATE(ADDRESS)S

164 : NIBARRAY [ADDRESS]);

165 VIFY Nul YTHEN?

166 YBEGINY KIND;=0tPMI=PMel; 'GOTO! READY'END' 'ELSE?
167 TFORY Nili=ml fSTRPY 1 TUNTIL' MN,=1 'STEP' =4 'UNTIL' N DO
168 : ) '*{F? ARRAY[ADDRESS®N!]3SYMBOL 'THEN'

169 FBEGIN' KIND:=13CIRCLE! =1} 'GOTO' READY YEND!

170 ’ VENDY

171 KIND;z=1}

172 READY: ARRAY[SYMBOL+CYCLE]:=CIRCLE}

173 ARRAY[SYMBOL+CLASS) :=KIND

174 TEND !

17% ¢ tEND?

T
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176 YENDY CLASSIFY; ®

177

178 1PROCEDURE' GENERATE (ADDRESS); " INTEGER® ADDRESS}S

179 TBEGIN' +INTEGER" N,STEP,NEW,K,!,;R,M,J1

180 N:=ARRAY[ADDRESS )}

181 L *IFY N € 0 'THEN?

182 'BEGIN' STER:=213NEW:3BOM 'END' *ELSE"

183 tBEGINY STEP:;=={;NEWI=EOM 'END'}

184 K+=20;

185 tFOR? 1331 1STEP' 1 TUNTIL' N,el 'STEP' =1 'yUNTIL® N 'DO?
186 YBEGIN® Ri=ARRAY{ADDRESS+1]);

187 M:=ARRAY[R]}

148 'FORY Jial 'STEP!' 1 TyUNTILY M 'DO’

1389 '8EGIN' KIwK+STEP}

190 ARRAY[NEW+K1:=ARRAY[R+J)

191 tEND !

192 tEND Y .
193 1IF!' NEWeK < BOM v NEW+K > EOM 'THEN' ERROR(Y('ARRAY MEMORY OVERPLOW')t);
194 ARRAYINEW) ieK}

195 ADDRESS : =NEW

196 TEND+ GENERATE: S

197 ) ’

198 ‘PROCEDURE® COMPARE (ADDRESS) ) 'VALUE' ADDRESS; ' INTEGER® ADDRESS;
199 © SBEG!N' +INTEGER' N, |,STEP}

2i10 N:=ARRAY (ADDRESS )}

201 VITALBWIzABS(N)=CLASS SYMUBOLS(BW,MORTAL)}

~it2 ' VIFY VITALEND < VITALBW 'THEN' 1GOTO' END OF JoB

243 H

2u4 YIFY EWNOS= ABS(NY 'THEN' '
205 *BEGIN' STERP:='IF, N <« 0 'YTHEN' =1 'ELSE" 13

296 TFORY 1i=1 'STEP' 1 'yNTIL' EWNOS 'DO!

2u7 YiF' ARRAY[EW+11l3% ARRAY!ADDRESS+STEP#(] "THEN'
208 'GOTO!' READY:

209 SOLUTIONIS'TRUE'; "GOO END OF vOB

210 TEND

211 READY?
S 212 YEND' COMPARE;

213

214 * s

215 INVTYALI2E

2.6 START: PHASE!3l; SOLUTION:=z*FALSE';J0B:=J0B+1}

217 READ INPYT;

218 COUNT =203

219 VITALEND : =EWNOS< CLASS SYMBOLS(EW,MORTAL); :
220 COMPARE (BW) .
221 PHASE:=2;

222 ° YFORY 1%=1 '"STEP' 1 'UNTILY P *DO?

223 "BEGIN' GENERATE(BW);

224 COUNT:=COUNT=11

225 . COMPARE (BW)

226 YEND

297 PrASE:=3;

28 VITALP =V ITALBWS

229 . PVR!=P=PM}

230 ‘*FOR' !zl 'STEP' 1 'WNTIL' PVR 'DOY

231 *BEGIN' GENERATE(BVW);

232 COUNT:=COUNT+1}

233 . COMPARE (3W)

234 YEND '}

235 NBW:=ARRAY[BwW};

St
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PRINTTEXT('(?

NO SQLUTION,

040872-172
236 TIFY VITALPSVITALBW'THEN' 'GOTO' VARYING 'ELSE? . *
237 TIFY VITALP » VITaLBW! THENY ERROR('(VPROGRAM ERROR')'),
238 PHASE =24
239  PRODUCE: ] .
240 GENERATE(BW);
241 COUNT!=COUNT+1:
242 ~COMPARE (BW)}
243 'GOTO ' PRODUCES ,
244 VARY ING!PHASE ! =53 )
245 EWHELPI=EWIEWN St =EWNOS; ‘
2486 VIFY NBW < 0 'THEN' EOMI=EOMeNBW=1 'ELSEY
247 BOM:=BOMLNBW+1 3
248 BEGINPAIR!=BOM}
249 YFORY 1321 'STEPY 1 WYUNTILY NBW ,=1 tSTEPY =4 tUNTIL' NBW "DO*
2540 YBEGIN' LWI=LETTER!=ARRAY(BY»1];
251 tIF?' ARRAY[LETTER+CLASS]® RECURSIVE *THEN!
252 *BEGIN' PHASE:=50000+ ABS(1);
253 TFORY Jtm$ 'STEP' 1 +uNTIL' PM DO
254 GENERATE(LW)}
255 PLI=ARRAY[LETTER+CYCLE])!
256 TFORY Jixi STEP!' 1 +UNTIL® PL *DO?
257 'BEGIN' GENERATE(LW);
258 . ViFY COMPPREF I X({LW,EWHELP,EWN) °THEN?
209 tBEGIN' Mi= aBS{ARRAYILW))S
260 EWHELP I =EWHELPeM;
261 EWNIZEWH=M}
262 ARRAY[BOM]2=COUNT¢PM+J,
263 ARRAY (BOM+1]:aPl;
264 BOM:=B80M+2}
265 "GOTUY NEXTLETTER !
266 : TEND?
267 YEND '}
268 tGOTO' END OF JOB
269 VEND
270 NEXTLETTER:
271 YENDYS - -
272 PHASE 263
273 BCMM | NizpOM=2} ) .
274 *FORY 112BEGINPA;R FSTEPY 2 'UNTIL' BOMMIN DO
275 YFORY Jtet+2 SSTERY 2 TUNTIL' BOMMIN DO
276 'BEGIN' D= GCD(ARRAY[I+1)sARRAY{U+1 )4
277 PIF' REMAINDER(ARRAY({11,D) = REMAINDER(ARRAY{U],D) 'THEN' tELSE® 'GOTO*
278 TEND ¢}
279 SOLUTION"'TRuE';
280 END OF JOB: NLCR; PRINTTEXT('('JOBNUMBER")').ABSF|XT(2 0,J08);
281 NLCRIPRINTTEXT( ' ( 'NUMBER OF GENERATIONS!')');ABSFIXT(5,0, CDUNT):
282 NLCP;PRINTTERT(*(TPRASES Y)Y ) JABSFIXT(5,Nn,PHASE ) JNLCR;
283 1P SOLUTION *THEN® PRINTTEXT('(Y SOLUTION FOUND,')') 'ELSE!
284 Bw::END OF MEMORY:
285 EOM:=END OF MEMORY+ARRAY[END OF MEMORY)=l;
286 BOM =EW+ARRAY (EW]+1}
287 CARRIAGE(10); .
288 160TO' START
289 TENDY
290 YEND!

END OF JOB8

Yy

61
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. B

JOB=G/ : . ‘
G/ S=>PQ/ Pe>Vave/ VedTYGER/ s=>,/ 0=>¥WX/ Wa>BURNING/ Xa»BRIGHT/ U=>12/ 173345/
2=>64Y7 J=>IN/ 4=>3THE/ S52>FORESTS/ 6a>0F/ Ba>NIGH/ Ha»(0/0=2>9/ 9>T /

y=> / A3> /Bz> yCe> /D=> /E®> /F=> /G=> /42> /L=> /W=> JN=> 703> /Re=> /T=>. /
Ys> /78> / /7
B/S/

4 TYGER, TYGER, BURNING BRIGHT /
JOBNUMBER: 1

NUMBER OF GENERATIONS? 3

PHASE: 2

SOLUTION FOUND,

kd

Job 1-3. The Tyger

Tyger! Tyger! burning bright
in the forests of the night

JOB=zE/ ) . o . ) what immortal hand or eye
E/ IN THE FORESTS OF THE NIGHT /
JOBNUMBER: 2 : :
NUMBER OF GENERATIONS! ()
PHASE? 2

SOLUT!ION FOUND,

. could frame thy fearful symmetry?
. . . . _ : William Bleke in: Songs of Experience.

Presumably, the produced solutions
reflect the intention of the poet.

Jos=g/

£/ WHAT IMMORTAL WAND OR EYE
COULD FRAME, THY FEARFUL SYMMETRY 9% /
JOBNUMBER: 3

NUMBER OF GENERATIONS! 18

PHASE ¢ 2

NO SOLUTION,

N.B. Program #2 has a printout of consecutively

JOB=G/ ‘ . . . generated strings for all DOL's used as an
G/ AZ>B/ Bz=>AB // : . ¢

B/ A/ example in Program ¥1.

E/ BAB/

JOBNUMBER: 4 : ) '

Ln
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NUMBER OF GENERATIOMG! 3 . ®
PHASE 3

SOLUTION FOUND,

Job L6,
JOBsE/
E/ BABBAB/
JOBNUMBER: 5
NUMBER OF GENERATIOMS! B3
PHASE 4 |
. NO SOLUTION,
JOB=E/. i
E/ ABBABBABABBAB/
JOBNUMBER: 6 .
NUMBER OF GENERATIONS: -8
PHASE: 4 .
SOLUT1ON FOUND,
Job T-9.

JOB=G/ :

:;AA=$BC( Ba2>KD/ C=> EK/ D=>GB/ Ea>CF/ Fs>IH/ Ga>H)/ HaSDE/ 1=>K/ Ka>Ky /
/

E/ KHIKDEKIHKY/

JOBNUMBER: 7

NUMBER OF GENERATIONS! 4

PHASE 2

_ SOLUTION FOUND, -

61

The lengths of the consecutively

generated words

o, §(o), 62(0), .y
form the main Fibonacci series i.e.
15152,3,5,8,54 0

(ef. 1.2 example 3).

The DOL generﬁtes a sequeﬁce which

can be interpreted as the development

of the marginal meristem of a corpound
leaf. The system generates longer an
longer strings on the leaf margin, with
portions corresponding to lobes, and
each lobe eventually splitting into
three new lobes. We interpret the string
by assigning cells in state k to non-
growing portions (notches) on the leaf
margin occupying positions between
adjacent lobes or leaflets and assigning
cells in all other states to growing
portions of the margin.

(Rozenberg & Lindenmayer [87)

8Y
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x . g &

1oB=E/ _ (o) be

I/ KHIKDEDKIHK/ §2(s) kdek

JOBNUMBER: 8 . 3

IUMBER OF GENERAT:MONS: 5 §7(o) kgbefk

YHASE : 2 » §*(0) khikdekihk

NO SOLUTION, 5 i
87(a) Xkdek  kgbefk kdek see fig. 1.
56(0) kgbefk  khikdekihk Xkgbefk see fig. 2.

67(0) Xkhikdekihk kdekkgbefkidek khikdekihk see fig. 3.

108=€E/ :

i/ KHIKDEK IMKKDEKKGBCFKKDEKKH | KDEK i HK/

JOBNUMBER: 9

IUMBER OF GENERATIONS? 7

'MASE: 2 *

SOLUTION FQOUND,

108B=G/

i/AZ>BAC/ C=>CC/ BS>pB/ 7

y/a/ )
'/BBBBBBBBBBIBBEBREBBBEBBEBRBBBBACCLCECCLCCLCLCLLCCCLCCCCCELCCLCLCCL/
JOBNUMBER: 10

IUMBER OF GENERATIOMS! 5 -

PASE S 3

NO SOLUTION,

Job 10-12. The semi DOL has the following RCS:

: /\“’”
] {e]

hence L(G) is infinite (theorem 3.7

and sequel).
10B=E/
:/BBBBBB5BBSBBBBBBBBBBBBBBEBBBBBBACCCCCCCCCCCCCCC;CCCCCCCCCCCCCCC(
IOBNUMBER: 11
IWWMBER OF GENERATIOMS! 5
'HASE 3
SOLUTION FOUND.

6
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JOB=E/
£/BBB5BBBRBBBRBEBB58B6BBBEBABEBABACCCCCLCCLLLCCCCECCCLCCRCLCCCCLCEce/
JOBNUMBER: 12

NUMBER OF GENERATIONS: 6

PHASE : 3

NO SOLUTIONS

JOB=G/
G/ A=>ABCD/ B=>BD/ €=>CDy D=>D//

B/AY/
E/7ABCOBOCDDBDODCODDBODDCODDDEDDDOCOLDDBBEDDDDCODDOLDDBLDDNDDCDODDDDODDBDDDODDNECDDDDD
0OOBPDOODDDOCDDODDOLDDBLODDDODDDOCHDDDODDDDDBODDDLDONDODEDDDODDDDDODDBDDOODDDDDDOD
DCDhDDDDDDDDDDDBDDDDDDDDDDDODCDDDDDDDDDDDDDD/

JOBNUMBER: 13

NUMBER OF GENERATIONS: 14

PHASE

NO SOLUTION,

J0B=2Gy

6/ Kz>dlL/ Ls>My M=>K/ 1=>2/ 2=>37 3=>4/ 4535/ 5226/ 6=>7/ 7=>1/ *B>=/ =>4/

A=>B/ B=>C/ Cu>dDy D=>E/ E3>Ay7 /

B/L3+A4/E/K2«DT/

JOBNUMBER: 14

NUMBER OF GENERATIONS! 34

PHASE 6 ’
NO SOLUTION. :

JOB=E/E/M3I+D2/
JOBNUMBER: 15
NUMBER OF GENERATIOMG! 34
PHASE: &
NO SOLUTION,

Job 13.

-Job 1h=20.

61

The semi DOL has the following RCS:

[al
bl Lel

fal

hence L(G) is infinite (theorem 3.7

and sequel).

B

The semi DOL and an axiom determine

a finite languege of well formed
arithmeticel expressions.
The RCS consists of:
[x] [1] [+] [al
o

© ° ©

0S
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JOB=E/E/K17D=/
JOBNUMBER! 16
NUMBER OF GENERATIONS:
PHASE: 50008

NO SQLUTION,

JOB=BE/B/K7+E6/E/M6~D5/

JOBNUMBER: 17
NUMBER OF GENERATIONS:
PHASE 6

SOLUTION FOUND,

JOB=E/E/K1=D77/
JOBNUMBER:. 18
NUMBER OF GENERATIONS!
PHASE ; -]

SOLUTION FOUND,

JOBzE/E/K1=0D/
JOBNUMBER: 19
NUMBER OF GEZNERATIONS!
PHMASE: 50005

NO SOLUTION,

34

34

34

34 )

64

Since L(G) is finite and | = [,

2 % |J] = 34 generations are

executed if w is not encountered

in the meantime. Then the Chinese
Remainder theorem is applied to

obtain a solution. (cf. algorithm 3.3),.
Note that

JL(G)]| = 1.c.ms (Jxaf, [011],10+30, [Lad))
Lie.m. (2,3,5,7)

210.

LG
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L

JOB=G /G/1=>2~4/2=>2/4ﬂ>2~5/5:)6#5/61>7/7l>8183>9(1)/9=>9[(=>(/)=>)/ se>a/

#adR//8/1/ . .
E/2%269(1) 808278605/ : . Job 20-21, This DOL simulates the development of
JOBNUMBER: %0 : Callithamnion Roseum {a red slga),
NUMBER OF GENERATIONS! (-] . =
PHASE : 2 ) ef. A. Lindenmayer, Developmental
SOLUTION FOUND, . systems without cellular interactioms,
their lenguages and grammars, J. Theoret.
Biol. 30 (1971), 455-k8k.
The DOL tekes into account the progression
from transverse to oblique cell walls which
is so characteristic for this system. 1-9
. (except 3) symbolize cells in diverse
JOB=E/ . e e as '
E/20209(20200( 1) #BETHOH5 19 (2020847 HEHD ) HO (20287 46#5) #O(20206#5) #9(206265) #9(2%4) states, left and right parenthesis indicate
#O(L)uBR7R6AS5/ ’ ' : . branches, and the two additional symbols »
:3::2:85:'6535RA710N52 12 and # indicate the presence of transverse
PHASE : 2 e ' "end oblique cell walls between cells, ¢ = 1.

5 ION F .
soLuTIO ouNo, E.g. 8 » 9(1) means that a cell in state 8

1
divides and gives rise to a basal cell in i
state 9.and a branch cell in state 1.
1+ 2 * L4 means that a cell in state 1 under-
~goes division and gives rise to two new cells

in state 2 and LI separsted by & transverse wall.

JO8z/ ’ , . N

PROGRAM END
JOBNUMBER: 22

. o) =2%2xs5 . 2l2]5 )
. o) =2%2%6#5 2126
6h(c)=2*2*7#6#5 ‘ 21217/6\5 )
. o) =2+x248HT7HEHS 21278/1\6/5)
p //D .
§(o)=2x2+9(1) #BHTH6HS 2J2]9 /BN\T/6\5)



PROGRAM #2

A2317R.83,PAUL VITANY!

BGINY B

W~ O

"BEGIN?

*COMMENT 2317R, AUGUST 1974, PAUL VIiTANY| AND FRANK GOOSSENS;
VINTEGER! BEGIN OF MEMORY,END OF MEMORY,FIRSTKEY,LASTKEY;

BEGIN OF MEMORY:si;

END OF MEMORY 230800+

FIRSTKEY!=0;

LASTKEY 2127}
'*BEGIN' 1 INTEGER' 'ARRAY'! ADDRESSKEY({FIRSTKEY!LASTKEY)
,ARRAY[BEGIN OF MEMORY 3 END OF MEMORY]

r]
"INTEGERY SEPARATOR,EQUALSIGN,TAB, TWUNR,SPACE
s KEY
+S,STEP
2B, G, E
+P,F, L, FROM,FIRST,LAST, JOR,COUNT, BW,BOM,EOM, |
s INFOGRAM . -

. H
FBOOLEAN' PRINTER,BEGIN,END,GRAM;

"PROCEDURE' iNITIALIZES

VBEGIN' JOBi=z=0}
SEPARATOR:I=673EQUALSIBNIR703TABI =118 TWNRI=110;
SPACE:=93; . .
8iz11:G:=16 ;E:=14}
pi1225;F =153 L!=2213 .
§:=28; - : ;

. INFQGRAM: =1 KEYI=B1 }FIRST = AST 20}

TEND Y INJTIALIZES | :

'PROCEDURE' ERROR(STRING)}'STRING' STRING}

'BEGIN' CARRIAGE(2)3PRINTTEXT(STRING) ;EXIT

TEND' ERROR:; :

*PROCEDURE' READ INPUTS

'*BEGIN' +INTEGER' CQDE}

YFOQRY CODEI® NEXTSYMBOL 'wWHiLE' CORE % EQUALSIGN 'pO'}’
tFORY CODEIe NEXTSYMBOL 'wMiLet CODE & SEPARATOR 1DO!
VIFY CODE=G 'THEN' GRAMI=BEGINI=ENDI= *'FALSE" 'ELSE"
vIF' CODE=2B fTHEN’ BEGINi='FaALSE' 'ELSE!

tIF' CODE=E tTHEN? END!S'FALSE' 'ELSE!

tIF' CODE=P 'THEN/ PRINTERS=+FALSE' 'ELSE"
ERROR('('ERROR JOB .CONTROL INPUT')");

s1F' GRAM ~» BEGIN a END ~» PRINTER 'THEN'

" ERROR('('PROGRAM END'})?!); : .
1FORY CODE:!=CODE "WHILE' =~GRAM v =BEGIN v =END v ~PRINTER
'BEGIN' CODE:=NEXTSYMBOL; '
tiF' ~GRAM ~ CODE=G *THEN' : '
1BEGIN' READ GRAMMAR; GRAMIz'TRUE' 'END' "ELSE!Y
t1F' ~BEGIN Ao CODE=ZB A GRAM (THEN' .
tBEGIN' GENERATE BEGINWORD;BEGIN!='TRUE! 'END' 'E|LSE"
t1F' WEND -~ CODESE a4 GRAM 'THEN' :
tBEGIN' READ COUNTIEND:I=!TRUE+ 'END' tELSE!

VIF' wPRINTER ~ CODE= P 'THENY : .

+*BEGIN' READ PRINTCOMMANDS;PRINTERI='TRUE' 'END' 'ELSE?

ERROR( ' ('ERROR IN INPUT')');

1END? ) .
TEND*¢ READ INPUT; '

N!DQ!

' 34

€s
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56
57 "PROCEDURE ' READ GRAMMAR}
58 YBEGIN' + INTEGER' SYMBOL,SYM,HELP, ! ,4,P}
59 sFOR?Y | i1zFIRSTKEY 'STEP' 1 *UNT!L' LASTKEY 'DOtADDRESSKEY()}:=0}
6U BOM:=BEGIN OF MEMORY; EOM:= END OF MEMORY} :
61 - pi=0; NEXTSYMBOLS .
62 +COMMENT!' SEPARATOR OF CONTROLWORD |'s READ:;
63 tFOR' SYMBOL :=NEXTSYMBOL 'WMILE' SYMBOL$SEPARATOR'DO’
64 +BEGIN'Y 'IFt' NEXTSYMBOL$EQUALSIGN 'THEN' ERROR('('NO .TRANSITION SIGNv)?)}
65 NEXTSYMBOL} “ .
60 '*COMMENT? ARROWSIGN OF TRANSITIONSIGN |S READ]
67 BOM: =BOM+ | NFOGRAM}
66 ARRAY([BOM]!i=0;
69 . ARRAY [BOM+KEY] :=85YMBOL}
7V HMELP:=ADORESSKEY[SYMBOL ] :=2BOM; BOMI=BOMa1;
71 1FORY SYMISNEXTSYMBOL 'WHILE' SYM § SEPARATOR +DO?
72 ‘BEGIN' ARRAY[BOM):=SyM;BOM:=BOM+1 'END';
73 . ARRAYIHELP) ! =BOM=HELP=1}
74 PizP+ls
75 tCOMMENTY GRAMMARRULE COUNTER}
76 VEND S
77 o Jiely
78 ¢eFORY |:mq 'STEP? 1 TUNTIL® P 1DO?
79 ' ‘OBEG|N| J12Je+ INFOGRAM;
8¢ " HELP:=ARRAY{J): !
81 . 'FOR' SyMmisl 'STEP' 3 'UNTIL' MELP 'DO!
82 o 'BEGIN' SYMBOL:!=ADDRESSKEY{ARRAY[J+SYM]])} ‘
83 TP SYMBOL=) 'THEN' ERROR('('SYMBOL IN GRAMMAR NOT DEFINEDY)t)
84 TELSE' ARRAY([J+SYM):=SYMBOL /
85 . . TEND '}
86 ] : JisJeHELP®YL
87 TEND Y
88 YEND? READ GRAMMAR}
89
9u . "PROCEDURE' READ WORD(BADDRESS,DIRECTION,EADDRESS) S
91 YWALUE! DIRECTION;/ INTEGER' BADDRESS,DIRECTION,EADDRESS;
92 YBEGIN' 1 INTEGER' SYM,MELP; -
93 BADDRESS:zEADDRESS}
94 ) EADDRESS i xEADDRESS+DIRECTION;
1} NEXTSYMBOL]
96 . 1COMMENT' SERARATOR OF CONTROLWORD 1S READ?
97 1FOR?Y SYMI=NEXTSYMBOL 'WHILE' SYM ¥ SEPARATOR DO
98 'BEGIN' HELP!=ADDRESSKEY[SYM]: ] o .
99 'IFY HELP=0 'THEN' ERROR('('SYMBOL IN WORDNOT IN GRAMMAR')') 'ELSE?
v ARRAY(EADDRESS ]! =HELP; : .
191 EADDRESS{eEADDRESS+DIRECTION
102 tEND v 3 R
1098 : ARRAY [BADDRESS ) sEADDRESS~BADDRESS=DIRECT 1 ON
104 'END* READ WORD; - S e
108 : R
106 *PROCEDURE! GENERATE BEGINWORD;
107 1BEGIN' EOMizEND OF MEMORY}
108 READ WORD(BW,=1,EO0M);
o109 'ENDY GENERATE BEGINWORD;
116
111 VINTEGER' 'PROCEDURE' NEXTSYMBOL;
112 *BEGIN' 1 INTEGER' SYM;}
113 NEXT: SYMI=RESYM; PRSYM(SYM);
114 VIF' SYMzSPACE v SYM=TAB + SYM=TWNR FTHEN' 'GOTO' NEXT .

15 SNEXTSYMBOL =5vYM
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116 YENDY NEXTSYMBOL;
117 :
118 *PROCEDURE' GENERATE (ADDRESS);*INTEGER' ADDRESS}
119 - "BEGIN' ' INTEGER' N,STEP,NEW,K, ! ,R,M,J} :
120 N$=ARRAY[ADDRESS} B
121, YIFY N < 0 'THEN!
122 1BEGIN' STEP:=1;NEWI=BOM 'END' 'ELSE?
129 'BEGIN'Y STEP:i=s=~13NEWI=EOM 'END'S
124 Ke=s03s .
125 tFORY (t=1 *STEPY 4 TUNTIL' N,=i "8TEP' «1 TUNTILY N 'DO?
1,6 . 1BEGIN' R:=ARRAY[ADDRESS+1])}
127 M:=ARRAY([R];
108 tFORY Ji=] *STEP' 1 syNTIL' M DO’
129 TBEGIN' KIgK+STEPS
130 ARRAY[NEW#+K]1:gARRAY[R+J]
131 YEND?
132 tEND
133 VIFY NEW+#K < BOM v NEW+K » EOM 'THEN' ERROR('('ARRAY MEMORY OVERFLOW')')}
134 ARRAY[NEW) t=K3}
135 ADDRESS { aNEW
13¢ *END' GENERATE}
137 .
138 '*PROCEDUREY PRINT WORD(BW]J VALUE"'Y Bw;'INTEGER! BW;
13y 'BEGIN' +INTEGER' |,N3}
14U NI=ARRAY(BVW);
141 NLCR; : :
142 tFOR! (321 'STEPT & TUNTIL! N,={ 'STEP' =% 'UNTIL'N 'Do*’
143 PRSYM{ARRAY [ARRAY[BW« | Y+KEY])} .
144 NLCR; i
145 YENDIPRINT WORD}
146 X
147 *PROCEDURE' READ COUNT;
148 *BEGIN' YV INTEGER!' SYM}
149 NEXTSYMBOL }
150 . COUNT:=READ(SYM); -
151 tiF!' SYM ¢ SEPARATOR *THEN' ERROR('('NO SEPARATOR AFTER COUNTCOMMAND®)')
152 tEND? READ COUNTS
1598 .
154 TPROCEDURE' READ PRINTCOMMANDS )
1%% ) YBEGIN' 1 INTEGER' SYM} ’ . . -
156 . NEXTSYMBOL :
157 SYMI=NEXTSYMBOL}
, 158 tFORY SyMi=SYM '"WHILE' SYM ¢ SEPARATOR 'DO!
. 159 tIFY SymsF 'THEN' FIRSTI=READ(SYM) 'ELSE!
160 tiF' SyMzS 'THEN! STEP!SREAD(SYM) 'ELSE'
161 . VIFY SYM=zL 'THEN' LAST!=READ(SYM) 'ELSE!
162 ERRCR{"{'ERROR IN PRINTSPECIFICATION®) ') B
160 TEND* READ PRINTCOMMANDS
164 '
167 VINTEGERY *PROCEDUREY READ(X);'INTEGER' X;
166 'BEGIN' " INTEGER' SYM}
167 sYMi=(; . .
160 1FOR' X!sNEXTSYMBOL 'WHILE' DIGIT(X) 'DO?
169 sYMiz=SYM#®10 « X3}
17v READ:=SYM
171 *ENDY READ; . ' .
172
17$ : *BOCLEAN' 'PROCEDURE' DIGIT(X)3 'VALUE'X: 'INTEGER'X;

174 DIGITI=E X > =1 ~ X < 103 . .

17

99
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176
177
17¢
179
180
181
182
189
184
185
186
ig7
188
189
190
191
192
1938
194
19>

START:

YENDY
'END'

A 2317R.33 PAULVITANY| ) .4

INTTYAL12ES
JOB:=JOB+1PRINTERI 2 TRUEZ
FIRST:=2LAST =03
STEP:=03
PRINTTEXT('{(+ JOBNUMBER: ')');ABSFIXT(2,0,J0B)}
NLCR
READ INPUT;

" CARRIAGE(3);

FROM:=COUNT~LAST;
*FOR?Y 13=1 'STEP' 1 'UNTIL' COUNT *'DO?
'BEGIN' GENERATE(BVW);

tIF' [<FiRST+«1 v [>FROM v i=COUNT v REMAINDER(|~=FIRST,sTEP)=0

1 THEN' PRINT WORD(BW)
YENDY

*CARRIAGE(10);

EOM:=END OF MEMORY «+ ARRAW[END OF MEMORY] = 1;
'GOTo' START

34

94
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JOBNUMBER 1
JOB=G6P/
G/ S=>PQ/ PE>Veve/ V=>TYGER/ w23,/ Qa>Wx/ W2>BURNING/ X=>BRIGHT/ U=>12/ 1->345/
23>648¢ 3=>IN/ 4=>THE/ S5=>FORESTS/ 6=>0F/ 8=>NIGH/ H=30/0=>9%/ 9=>T /
»a> / As> /Bz> /C=> sDs» /E=> /Fz> /Gs> /18> /Lz=> /M > /N=> /08> /R=> /T=> /
Y=> /s> / /
B/S/

E/9/
P/F9/

PQ

Vevaewx )

TYGER, TYGER, BURNINGBR | GHT
120

3456489
INTHEFORESTSOFTHEN | GHT
0PGPOUD

FVRVRUXVEVEWXDD ' .

TTYGER, TYGER, BURNINGRRIGHTTYGER, TYGER, BURNINGBRIGHTTT

JOBNUMBER? 2
JOB=GP/
G/ A=>B/ B=>AB //
B/ A/ '

£/10/,
P/ F1 S10 L4/

B

BABABBABABBABBABABBAB
ABBABBABABDABBABABBABABBABBABABBASB
BABABBABABBABBABASBABABBABBABABBABBABABEABABBABBABABBASB

ABSAagAaAaaAsaAsAasAaAaaAaaABAaeABBABABBABABBAaBABABBABABBABBABABBABBABABBABABBABBAEABBAB

LS
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JOBNUMBER: 3

JOB=GP/

G/ A=>BC/ Ba>KD/ Ca> EK/ D=>GB/ E=>CF/ F=>IH/ Gs>HI/ Hz>DE/ 1=K/ KadKy /

8/7A/

E/11/
P/L1l/

8¢

KDEK

KGBCFK

KH1KDEK | HK

KDEKKGBCFKKDEK

KGBCFKKHRIKDEK | HKKGBCFK

KHIKDEK | HKKDEKKGBCFKKDEKKH I KDEK I HK
KDEKKGBCFKKDEKKGBCFKKH I KDEK THKKGBCFKKDEKKGBCFKKOEK
KGSCFKKN:KDEQlHKKGBCFKKHuKDEK|HKKDEKKGBCFKKDEKKH|KDEKnHKKGBCFKKHIkDEK|HKKGBCFK
KHIKDEK | HKKDEKKGBCFKKDEKKH I KDEK I HKKDEKKGBCFKKDEKKGBCFKKH I KDEK IHKKGBCFKKDEKKGBCFKKDEKKH | KDEK |MKKDEKKGBCPKKDEKKH I KDEK | HK

KDEKKGBCFKKDEKKGBCFKKHIKDEK'HKKGBCFKKDEKKGBCFKKDEKKGBCFKKH|KDEK|HKKGBCFKKHIKDEK]HKKDEKKGBCFKKDEKKHIKDEKIHKKGBCFKKH!KDEK|HKKGBCPKKDEKKGECFKKDEKKG
BCFRKKHIKDEK I HKKGBCFRKDEKKGBCFKKDEK

JOBNUMBER: 4

JOB=GP/ S
G/AZ>BAC/ C=>CC/ B=>BB/ 7 ’

B/A/

E/B/

P/

B5BBABRBBBBABRBADEBAEBBBREAERBRE3EBEBB6EEBBEBBBRAERLE8RBBBE8B888REB8R3E85REBBBRARBABRBREEBER6R5PBEBABBRPRAOBRBRERE5888BRRRS8BEERERBREEEEBEBEDER
BBBBFBBBBBBBBBBBBBBBBBBBBBBEBBBBBEBBBBBBHBBBSBBBaBBBH8BEBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBHBBBBBBBBBBBBBBBBaBBBBBBBACCCCCCCCFC(CCCFCCCCCCCCCCCCCCCCC
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC(?CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC(CCCCCCrCCCCCCCCCCCCCCCCCCC(CCCCCCCCCCCCCCCCCCC(C
cceeecceecceecceeceececegeececeeeececececeececeeecgcceccececeeeceeceeceeecceccecce

19
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JOBNUMBER 5

JOBzGR/

G/ Az>ABCD/ B=>BD/ C=>CDy D=>D//

B/A/,

E/L0/
P/ FI 877/

ABCD
ABCDBDCHD
ABCDBOCHDBDDCDDD

ABCDBDCDDBDDCODDBDDDCDDODEDDDODCODODDBDOONDCODDOODOBDDLDDDCODPODDDBODDDDPDCODDDODDOBDODOODDOCODODODDODDBDDOODDODDCODDDDDDODD

JOBNUMBER: 6 ‘ Co
JOB=GP/
G/ K=>L/ L= >M/ ME>K, 1=32/7 2353/ 3224/ 4=>5/7 5236/ 6227/ 75>1/ +52=/ azd+/
Az>B/ Bz>C/ C=>D/ D=>E/ E=>A/ /
B/L3I+AY/
E/f21u/
P/ F4 S101 L5/

MA=B5
K5+Ce
L6=D7
M7+E1
L3=A%4
Ko+87
L7=-¢ct
M14Du
K2=£3

L3+AS

64
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JOBNUMBER? 7 ‘

JOBZGP /G/1%>204/2252/42>205/52>645/63>7/7228/8229(1)/9%>9/ (23 (/)4>)/ az>w/

#=z >#//B/1/

€/18/
P/ F12 83 L1/,

204

28225

2224645

28227 RE6RS

282287 RERS

22289 (L) RBHIHEHD

20289 (284) Y1) #BETRERE

29285 (20285049 (2%4) 9 (1) #B#7 #6 45

2#2s5 (26206#5)#9(24205) #0 (244 ) #9 (1) #BATHEHS

29285 (20247 R6H5)#9 (w0645 )49 (2025) 49 (204 #9 (1) #BHT7#EHS

29205 (202087 H6H5) 40 (202 THEH5 RO (2020645 ) O (2e205) 4y (2#4) #O(1) HBETHORS
29259(2%209 (1) #BHTH645)#0 (20248 HTHOH5 ) AD(DR20THORS) #Y (2420645) 49 (26285) 9 (244) 9 (1) HBHTHGHS

2'9&9(2'2*9(2*2*6#5)#9(2»2*5)#9(2»4)#9(1)#8#7#6#5)#9(?*7*9(2%2*5)#9(2»4)#9(1)#8ﬁ7#6#5)#9(2#2*9(2*4)#9(1)#8#7#6#5)#9(2'2*9(1)#8#7#6#5)#9(2’2*8#/#
6B5)IFO (2428 7H6HSIHD (242064549 (26245)#9(2#4) 29 (L) 2BR7HOHS

2*2*9(202i9(2~2#9(1)#8#7#6#5)#9(2#2*8#7#6#5)#9(2*2“7#6#5)#9(2*2“6#5)#9(2*2*5)#9(2“4)#9(1)#8#7#5#5)#9(2*2*9(2*2'8#7#6#5)#9(2*2*7#6#5)#9(2'2'6#5)#

9(2a285)H9(204) 89 (1) #BHTH645) 29 (20289 (20287 H6#S)HO (2224 A RSV E9(2#205)#Q (244 #9 (1) HBHTHEAT ) HG(2#2#0 (2020 6#5 ) #T(2W2#5) 49 (244 O (1) #BRTHEHS)IH9 (24249
(20242)R9(244) 89 (1) LBRTHARSIHG (20209 (244 )R (LI #BRTHE#S)I#I (20220 (1) HBATHO#EIHO(2n2aBRTHEHS ) #9 (222478645189 ( 2025645 )49(2625149(204)#9( 1) #B1THES

JOBNUMBER: 8
JOB=z /

PROGKAM END

09



