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AUTHORS C.G. VAN DER LAANe 

INSTITUTE: ~EKENC£NTRUM RIJKSUNIVERSITEIT G~DNINGEN. 

RECcIVL0% 741114. 

• 

BKIEF D~SCRIPTIONI 

THIS SE:TION CONTAINS THE P~OCEDURES POL, TAYPOL, NORuERPOL ANO 
OE RP:l Lo 

POL EVALJATES A POLYNOMI~L; 

DE~POL EVALUATES THE FIRST K DERIVATIVES OF A POLYNOMIAL; 

NORDERPOL EVALUATES THE FIRST K N3RHALIZEO DERIVATIVES OF A 
POLYNOMIAL (I.E. J-TH DE~IVATIVE/CJ FACTORIAL>,J=0,1, ••• ,K<=DEGREE; 

TAYPOL ~VALUATES x••J•(J-TH OERIVATIVE)/(J FACTORIAL), 
J=O,t, ••• ,K<=OEGREE. 

KEYWORDS I 

POLYNOMIAL EVALUATION, 
(NOkMALIZEDJ DER.IvATIVES, 
OcR.1\/ATIVc.S OF A FOLYNOMIAL. 

SUBSECTION: POL. 

GALLING SlQJENCEI 

THE HEADING OF THE PROCEDURE READS! 
•• RE. A L •••• P ~ 0 C E O UR E till P O L ( N , X , A ) ; 
•• V A Lu t: •• N f X ; IID I NT £GER •• N ; •• RE A L 1119 X ; •• AR~ A y .e A ; 

TH~ H~A~ING OF THE FORMAL P4RAMET~RS ISi 
NI <ARITHMETIC £XPRESSION>; 

ENTRY! THE DEGREE OF THE POLYNO~IAL; 
XI <ARITHMETIC EXPRESSION>; 

ENTRY& THE ARGUMENT OF THE POLYNOMIAL; 
Al <A~RAY IDENTIFIER>; 

•• AR.RA y •• A [ 0 1 N 1 ; 
ENTRY& THE COEFFICIENTS OF THE POLYNOMIAL 

AtOJ+AC1l•X+ ••• +A(Nl•X••N. 

PROCEDURES USED& NONE. 
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SECTION J 2.2.1.1 ,o:roBER 1975> PAGE 2 

RU~Jl4ING Tit1E.: PROPORTIONAL TON 
(N MULTIPLICATIONS AND ADDITIONS>. 

LA~iGUAGEZ ALGOL 60. 

M~THOO ANO ~E~FORMANCEI 
THE METrlOO USED FOR EVALUATION IS HORNER'S RULE (SYNTHETIC 
DIVISION). THE ERKOR GROWTH IS GIVEN av A LINEAK FUNCTION OF THE 
DEGREE JF THE POLYNOMIAL (SEE VAN DE~ LAAN, STD~R(1972) P. 23 (EX. 
11) OR WILKINSON(1963) P. 36,37). 

SUBS~CTIONI DE~POL. 

CALLING SEQUENCE! 

THE HEADING OF THE PROCEDURE READS: 
••PROCEDURE'• OERPOL(N,K,X,A); 
··v A LU E"·N, K, X; ··r NTEGER 1"N, K; ··REAL ··x; 011 ARRAY 10 A; 

THE MEA~ING OF THE FORMAL PARAHET£RS ISi 
NI <A~ITHHETIC EXPRESSION>; 

ENTRYI THE DEGREE OF THE POLYNOMIAL; 
Kl <A~IT~METIC EXPRESSION>; 

ENTRYI THE FIRST K DERIVATIVES ARE TO BE CALCULATED; 
XI <A~ITHMETIC EXPRESSION>; 

ENTRYI THE ARGUMENT OF THE POLYNOMIAL; 
Al <ARRAY IDENTIFIER>; 

•• ARRA y•• A { 0 IN J; 
ENTRY: THE COEFFICIENTS JF THE POLYNOMIAL 

A[O)+A(1J•x+ ••• +A(N]•x••N; 
EXITI THE J-TH DERIVATIVE IS DELIVERED IN AtJJ, J-0,1, ••• ,K<= 

DEGREE; THE OTHER ELEMENTS ARE GENERALLY ALTERED. 

PROCEDURES USED: 

NORJERPOL -- CP312t+2 

RUNNING TIMEI THE NUMBER OF ADDITIONS IS (K+1)•tN-K/2J AND 
THE NUMBER OF MULTIPLICATIONS IS N, IN FIRST ORDER. 

LANGUAGEI ALGOL 60. 

METHOD AND PERFORHANCEI SEE TAYPOL(THIS SECTI~N). 
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SU8S£CTIJN: NORDERPOL. 

CALL I tJ G S E Q J C: N CE. I 

THE HfADitJG OF THE PROCEDURE ~EADS! 

••PR.OC£DLJRE 11
• NORDERPOL (N, K, X, A); 

·• v AL u £ •• N 9 K , x ; •• I N r EGER·· N , K ; •• R EAL •• x ; e• A RR A v 11
• A ; 

THE MEA~ING OF THE FORMAL PARAMETERS rs: 

Ni <A~ITHHETIC EXPRESSION>; 
ENTRY! THE DEGREE OF THE POLYNOMIAL; 

Kl <A~ITHMETIC EXPRESSION>; 

MC 
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THE FIRST K NORMALIZED DERIVATIVES ARE TO BE CALCULATED 
(I.E. (J TH OERIVATIVE)/(J FACT3RIAL>, J=0,1, ••• ,K<-OEG~EEI. 

x: <A~ITHHETIC EXPRESSION>; 
ENTRYI THE ARGUMENT OF THE POLYNOMIAL; 

Al <ARRAY IDENTIFIER>; 
••ARR A Y •• A C O z N l ; 
ENTRY: THE COEFFICIENTS OF THE POLYNOMIAL 

A(O]+A(1J•x+ ••• +A(NJ¥x••N; 
EXITZ THE J-TH NORMALIZED DE<IVATIVE IS DELIVERE) IN A[Jl 

J=0,1, ••• ,K<=DEGREE; THE OTHER ELEHENTS AR~ GENE~ALLY 
ALTERED. 

PROCEDURES USEDI NONE. 

REQUIREQ CENTRAL MEMORYZ AN AUXILIARY ARRAY OF ORDER N + 1 IS DECLARED. 

RUNt4ING TIMl: THE NUMBE~ OF ADDITIONS IS (K+i)•CN-K/2) AN) 
THE NUMBER OF MULTIPLICATIONS/DIVISIONS IS 2 ~ N + K. 

LANGUAGEI ALGOL 60. 

HlTHOO ANO PE~FO~MANCEt SEE TAYPOL(THIS SECTI)N>. 
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SECT IO t1' I 2 e 2. 1. 1 (OCTOBER 1975) PAGE 4 

SUBSECTION: TAYPOL. 

CALLING SEQUiNCl: 

THE ioif.ADitJG OF THE P~OCE.JU~E ~EADS! 

••PR.OCECURE ~= TAVPOL ( N,K, X, Al; . 
'*VALUE 11·N, K, X; ··1NTEGER 1•N, K; 0-REAL ' 0 X; 00 ARRAv··A; 

THE MEANING OF THE FORHAL PARAMETERS ISi 

NI <ARITHMETIC EXPRESSION>; 
ENTRY: THE DEGREE OF THE POLYNOMIAL; 

Kl <ARITHMETIC EXPRESSION>; 
~NT~YJ THE FIRST K TERMS X•¥J¥(J-TH DERIVATIVE)/(J FACTORIAL), 

J=0,1~•••,K<=OEGREE, ARE TO B~ CALCULATED; 
XI <A~ITHMETIC EXPRESSION>; 

ENTRYI THE ARGUMENT OF THE P~LYNOMIAL; 
Al <ARRAY IDENTIFIER>; 

••AR. ~ A Y •• A [ 0 : N l ; 
ENTRYI THE COEFFICIENTS OF THE POLYNOMIAL 

ACOl+A[11•X+ ••• +ACNl•x•~N; 
EXITi THE J-TH TERM x••J•(J-TH )~RIVATIVE)/(J FA:TORIAL), IS 

DELIVERED IN A{JJ, J=0,1,.oe,K<=DEGREE; THE OTHER 
ELEMENTS ARE GENER~LLY ALTERED. 

PkOCEOURES USEu: NONE. 

RUNNit,G TIHEI THE NUMBER OF ADDITIONS IS (K+i)•(N-K/2)' AND 
THE NUMBER OF MULTIPLICATIONS IS 2 • N. 

LANGUAG~I ALGOL 60. 

METHOO AND PE~FORMANCES 
THE METHOD OF EVALUATION IS GIVEN BY TRAUB AND SHAW(1372,1974). 
LET x••J•(J-TH DERIVATIVE OF JHE POLYNOMIAL)/(J FACTORIAL>= 
(JOVER J>•A(J]•x••J+(J+1 OVER J)•A(J ♦ 1J•x•~(J+1)+ ••• +(N OVER J)• 
A{Nl•X••N,THEN THE J-TH DERIVATIVE (JP TO A FACTOR> CAN BE OBTAINED 
FROM THE BINOMIAL COEFFICIENTS FOLLOWED BY EVALUATION OF THE ABOVE 
INP~OOU~T. THE SHAW AND TRAJB ALGJRITHM P~RFJRMS THE 3UILDING UP OF 
THE BI~OMIAL COEFFICIENTS IMPLICITLY. 
WE HAVE NOT IMPLEMENTED THE MORE SOPHISTICATED ALGORifHM, BASED 
ON DIVISORS OF N+1, BECAUSE OF THE HORE COMPLEX APPEA~ANCE 
OF THE IMPLEMENTATION AND BE~A~S~ o= THE DIFFICULTY IN CHOSING 
THE HOST EFFICIENT DIVISOR. OUR <RESTRICTED) IMPLEMENTATION OF THE 
ONE-PARAMETER FAMILY OF ALGORITHMS P~ESERVES THE LINEAR NUMBER OF 
MULTIPLICATIONS (2•N (NORDERPOL, TAYPOL) ANO 3 4 N (DERPOL)). 
THE ABS3~UTE ERRJR IS OF O~DE~ MAK({~ OVE~ N»•At~1•x••tN-KJ, ••• , 
(N OVER KJ•ACKl>, FOR THE K-TH NORMALIZED DERIVATIVE (SEE VAN DER 
LAAN OR HOZNIAKOWSKI). , 
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{1J.SHAW,Me ANO J. TRAUB& 
ON THE NUMBER OF MULTIPLICATIONS FOR THE EVALUATION OF A 
POLYNOM AND SOME OF ITS DERIV~TIVES (21 P.). 
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DlP. COMPUTER SCIENCE, CARNEGIE-MELLON(1972); OR JOURN. ACM, 
197!+, VOL. 21, N:). 1, P. 161-1&7. 

{?loSTOEt\.,Je 3 

Eit~FUEHRUNG IN DIE NUMERISCHE MATHEMATIK 1. 
S PF .. I 'J G ~ R , 1 9 7 2 • 

{31.VAtJ DER LAAN C.G.1 
ORTHOGONAL POLYNOMIALS IN NUMERICAL ANALYSIS. 
1. ERROR ANALYSIS OF RE:URREN:E <ELATIONS IN FLOATING-POINT 
GOMPUTATI ON, (TO APPEAR)• 

[41.HILKINSON,J.H. I 
~OUNDING ERRORS IN ALGEBRAIC PRO:ESSES. 
HSO, NOTES ON APPLIED S~IENCES NO. 32, 1963. 

(51.WOZNIAKOWSKI,Hei 
~OUNDING ER~OR ANALYSIS FOR THE EVALUATION OF A POLYNOMIAL AND 
SOME OF ITS DERIVATIVES. 
SIAM J. OF NUM. AN. VOL 11, NO.~, Pe 780-787. 

EXAMPLE OF US~I 

AS A FORMAL TEST OF THE PROCEDURE OERPOl. THE OERIVATI~ES OF THE 
POLYNOMIAL 3•x••J-2•x••2•x-1 ARE ~ALCULATEO. 

•• B E G I t~ • • •• A ~RA Y ••A C O I 3 l ; 
••PRO C E OU RE•• DER POL ( N , K., X , A ) ; •• C OD E •• 31 2 4 3 ; 
A[3l:=3;A[2Jl=-2;AC1l1=1;At0]1=-1; 
OE.RP:ll(393,1,Ai; OUTPUT(61,••,•• 
··,··rHE o-TH UNTIL AND INCLUDING THE 3-TH OC:RI\IATIVES 1·•,··, 
Lt ( B ZD 8) ••)••,AC O l, A [ 1 l , A [ 21, AC 3 l) ; 

•• E t~ D •• l X A MP L E OF USE ; 

THL 0-TH UNTIL ANO INCLUDING THE 3 T~ D~RIVATIVES I 1 16 14 18 

SOURCE TEXT(S) & 

··cooE·· 31 o4u; 
•• RE.. A Lt. ttl p RO C ED u RE ae p O L ( N ' X , A ) ; 
Ill VAL l"J l '· N t X ; ··rt~ TE GER.. N; •• RE AL tt )( ; aa t, Rf~ A¥ -~ A ; 
••sE..Git;•• ••~E.AL 11

• R; 
Ri:.= O; 
•• FO ~ •• N : = N •• s r E P •• -1 •• u N r I L •• o .. c,\ o ·'!, 
R .. ~=R"'"X + A(NJ; 
POL .. 1= R 

. 

~ 
' ,, 
' 

' ' 
' 
t 
;; ,. 
' 

,; 
' 
' 
• 

• ,, 
' ' ,. 
' ' 
i, 
;i 

. ii 
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SECTION I 2.2.1.1 <OCTOBER 1975) 

••c ODE•• 312Lt 1 ; 
0•PROCECJURE 10 TAYPOL(N,K,X,A); 
••VALUE•• N, K, X; 
•• I N T t G :.. R Ill& N , K; •• R E A L •• X ; ,. A RR A y aa A ; 
··rr·· X"'= 0 ··THEN 1111 

••BEG I r'4 •• ••INTEGER 1111 l , J, NM 1; 
•• kt. " L ,. X J , A A , H ; 
XJ:=1; 
··Fo<.·· Ji= 1_··srEp•• 1 ··uNTIL 11

• N ··Jo·· 
•• B t. ~ I N •• X J I - X J"" X ; A ( J l I = A ( J l • X J •• E: N O •• ; 
AAl=AINJ;NM11-N-1; 
•• F O =<. •• J a - 0 •• ST E P •• 1 •• U N TI L •• K •• ) 0 •• 
•• BE G I ~~ •• H I = A A ; 

•• F o R •• I 1 = NM 1 •• s r E P •• •1 1 •• u N rr L •• J •• o o •• 
Hi= A( IJl=A[Il+H 

••ENo•• 
•• E N D •• IJI E L s t::. •• 
•• F OR•• Kt = K •• S T E P •• - 1 •• UN T I L •• 1 •• 0 0 •• A [ K l I - 0 ; 

••t:oP •• 

··cooE·· 31242; 
••PROCEDURE 1

• NORDERPOL (N,K,X,A); 
••vALUE•• N,K,X; 
•• I ~~T EGER•• N, K; ••REAL•• X; ••ARRAY•• A; 
''IF•• X""= 0 ••THEN•• 
••BEG It-;•• ••INTEGER•• I, J, NH 1; 

••REA. L •• X J •AA, H; 
•• AR.~ AV•• XX ( 0 IN J ; 
XJ1=1; 
'• F O =-c_ • • J : = 1 •• S T E P •• 1 •• U N TI L •• N •• D O •• 
•• 8 E G I N • • X J I = X X ( J l I - X J • X ; A ( J l I = A { J 1 • X J •• EN o •• ; 
Hl-AA:=A[N];NM1l=N-1; 
•• F O R •• I I - NH 1 •• STEP •• -1 ••UN TI L •• 0 •• 0 0 •• HI - A ( I l I = A [ I l + H ; 
•• F O ~ •• J : = 1 •• ST E P •• 1 •• U N TI L •• K •• 0 0 •• 
'"BEGIN'• Hl=AA; 

•· F o R ·• I a = NH 1 •• s T E P •• -1 •• u N TI L •• J •• o o .. 
Ha- AC I]l=ACIJ+H; 
ACJJl=H/XX(JJ 

••END•• 
••ENo•• NORDERPOL ; 

•• EOP •• 

••c ODE •• 31 2 4 3 ; 
••PROCEDURE'• OERPOL (N,K,X,A); 
··vALUE. •• N, K, x; 
••INT E G c:. R •• N., K; ••REAL•• X ; ••ARRAY•• A; 
••BEG I t4 •• •• I NT EGER•• J ; ••RE AL•• FA C ; 

•• PRJCEDURE0
• NOROERPOL (N, K, X, A) ; ··co DE'" 31242; 

FAC.: 1; 
NORDERPOL (N,K,X,A>; 
•• F O ~ •• J s = 2 •• ST E P •• 1 •• U N TI L •• K •• 0 0 • • 
··aE:.~IN 1

• FACI-FAC•J;A(J)I A(J]•FA: ··ENo·· 
••c.:No•• DERPOL ; 

•• EO P •• 

MC 

• 
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C O ~ T R I B i_., T O R S : 
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RECEIVEO: 
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7b0201 

BR 1 E F DES CR IP T 10 tI I 

T H I S S E C T I O ~J C O ~ 1 T A I "·' S T H REE P R O C ED l,l ~ E S F DR TH E E V 4 L. U A T I O ~4 
or ORTHOGOtJAL POLYN0 ►1IALS,GlVErJ BY A SET OF RECURRENCE 
C O E ~ F I C l E ~J T S ; 
0 ~ T P O I. I E V A L U A T E S T HE O R T ff O G n ~~J A L P O L. Y ~·JO '1 I A I. , 
ALLORTPOL: EVALUATES ALL ORT~tOGO~AL POLVNO'~lALS LOWER THAN 

A GIVEN DEGREE, 
SERORTPOLa EVALlJATES A FI~ITE SERIES EXPRESSED IN ORTHOGONAL 

PQLY~JO~IALS. 
' 

KEYWORDS: 
ORTHOGONAL POLVNOMlAL, 
S!RIES Of JRTHOGO~AL POLYNOMIALS, 
LINEAR THREE TEP.M (IN)HOt10GftJEOL-1S REC~~RENCE RELATION, 

DATA ANO RtSULTS& · 

PAGF 1 

ORTHOGO~AL POLYNOMIALS F CAN BE CHARACTERIZED SY A RtCURRENCE 
RELATIO~ OF THE FOLLOWING FO~M 

' 

"1 (Kl • r tKt1 l CX) • (A2 tt<.l + >< * Al [Kl) • F CKJ CX) 
• A~ [Kl * F tK•ll CX), 

W4ERE AI tK.l ARE REAL NtJ~1BERS. SEE: rnR I"ISTAf~CE TABLE 22,7 IN 
A8RAt10~ITZ AtlD STEGLI;~ (19&4) fOR THE CL.ASS!CAL ORTHOGONAL 
POL. V r·J O ~ I AL • B V AN El E '1 c. r~ TA r~ Y TR A rJ SF C! R ~ A T l O ~J, THE COE FF IC IE ~J TS 
I t\J T ti E R EC J R R E r~ C E R f.' L A T I O ~., A B O V F C A tJ B E M A DE S UC r·i T H A T 
Al tkl • A3 tKJ a 1. If\J OUR ALGORITHl1S ~E LJSE THIS SIMPLIFIED 
FORM OF THE RECURRENCE RELATior,, ~t·itC~ IS ~,a~ GIVEN BY 

?tK+ll(Xl •ex• 8[K]) * Ptt<l(X) • C:tK] * ?[K•tl(Xl, 
• 

rtvl CX) :,; 1, Pt1l (X) ;; X • BCO] • It~ T~IS w.v, ~E OBTAIN A 
t J O R ~ A L I Z .a. T I O f J J F" T ~ ➔ E D R T ti O G l) l' J A L P O L V ~J O f,1 I AL S UC ~1 T H A T T HE 
LE AO ING COE Ff IC IE'' T I '-J T ti E EXP LI C I T REP RES Er~ TAT IO ~,i OF 
Pt~l (X) EQJALS 1. 
AS A CO ~.1 SE :;J 1 ... J e: '•.IC F T ! l E r (l l .. LO itt I ~1 G ~EL AT I O ~, ri O ~ D S 6 f! TWEE ~J THE VALUES 
CJ F P t ··~ l C X ) 0 B T A I t•! E D f:3 Y <J U R P R O C E D lJ R E S ( f • G , 0 R T P O L ) A ~~ D T H E 
VA l. t.J ES l) r F t ~ 1 J ( X) ()BT A 1 ~ ! E O BY r ~➔ E. q E PRES E f\l TAT ION It~ 
A B R A ~1 0 ~ ! T Z A ; J D S T E G 1 ... 1 ! 1 C 1 q 6 ,~ l 1 

, 

\I• 1 
J R T f.) 0 L t r,~ l ( X ) a r C r,J l C X ) : F [ N l C X ) * P t? 0 D C A 1 t K l / A 3 t K l ) 

-( :0 

• 
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WHERE A. 1 t Kl , A 3 t Kl , F [ t.1 l ARE DE TE: R "~ 1 ~~ E O B V TA.BL E 2 2 • 7 l N A 8 RAMO WI T Z 
A~O STEGUN (1964). WE WILL RE~ARK THAT OVERFLOW/UNDERFLOW MAY· 
OCCLJR FOR LOWER N•VALUES AS A CONSEQUENCE OF OU~ ~ORMALIZATtON. 
I~ ORDEq TO AVOID ~1ISTAKES BY OBTAtNI~G T ►iE RECURR[NCE COEFFICIENTS 
THE FO~LOWING TABLE GIV!S THE RECURRE~CE CO!FFICIE~TS FOR THE 
CLASSICA~ ORTHOGONAL POLYNO~IALS {NOTE THAT THE FIRST AND SECOND 
P O L, V i~J O .,_1 I AL. I S DE F l l J E D B Y T H E N c:J R M AL I Z A. T I ON. A N O B C O l ) I 

P O L, V ~J O M I AL K t N O . . I R ~ C UR R E ~JC E f O ! f:'" F l C ♦ E N T S . _ 
••~•••••-•••••••••••••I•••••••~•••••••••••••••••••••••~••••~-•~•••• 

I 8 [Kl I C [Kl 
• 

t•••~•••••••••••••••••••I•••••••••••••••••--•• 
CHEBYSfriEV C1•ST KirJD) 1 

I 
I 

C ~~EB VS t1 EV ( 2 • ~l D KI i-~ O ) I 
I 

0 

0 

LEGENDRE 

JACOBI 

I 0 
I 
I •CALPHA••2•BETA••Zl/ 
I (CZ•K+ALPHA+8ETA)• 
& (2*K+ALPHA+8EfA ♦ Z)) 
I 

I 
I 
a 
t 
I 
I 
I 
I 
I 
I 
I 

' 

• 

Z•K+ALP~iA+l 

I 
I 
I 
I 
I 
l 
' • 

1/2, 
114, 

1/4 

I 4•C1+ALPHA)• 
, 

I (1+BETA)/((ALPHAt 
g BETA ♦2)**2*CALPHA ♦ 
I BETAt3)) , K•1 
I 
I 
I 
I 

' I 
l 
I 
I 
I 

' : 
I 

LJ•K•(K+•LPHA)* 
(K+BETA)•CK+ALPHA ♦ 
BETA)/CCZ•K+A~PMA ♦ 
BETA)••2•(C2•K+ 
ALPHA+BcTAl••Z•tl) 

, K• 1 

KIZ 

l ~ G E t·J E R A L T ri E R E C U R R f N C E C O E F' f I C l E t.J T S ~1 A V B E O B T A I N E D 8 Y U S E O F 
T~E PROCEOJRE RECCOF. THE A80VE TABLE IS □ STAINED BY ADAPTION OF 
ABRAMOWITZ ANO STEGUN C1qb4) 1 TABLE 22 0 1, ,. 782 AS FDLLOWSa 
(~OTE T~iAT ~J>SlJ FOR ijso CONSULT 22.4) 

• 

B[Il s=•A2(l)/A3(1) , I=o,1, ••• ,~~-1 
C [ I l I• A. /J (I)/ CA 3 ( l) * A 3 (I• t)) • A 1 (I• 1 l , I:: 1, 2, • • •, ►~J• 1, 
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LANGUAGE1 ALGOLhO. 

MET ~OD At~ 0 PERFORMANCE I 

T~E O~THOGONAL POLYNO~IAL PtK+ll IS OEFI~ED BV 

P tKttJ CX)aCX•6 [Kl l •P tKl CX)•C [Kl •P t<•tl lX) , K•l,Z, 1 ,.,N•t 
' 

WHE~E scoaN•lJ, cr11N•tl CONTAI~J THE ~ECURRENCE COEFFtCilNTS AND 
P [1] (X)•X•B to], P to] (X)Ml. 
THEN CSEE STOER 1q72, ~. 11q) 

P tNJ CX) 
•C CKl \ 

] 
/ X•BCOl \ 

* t J 

FOR ~.J >• 1 , 
0 I \ 1 / 

FOR SERORTPOL WE USE THE ALGORITHM 

I R [Kl 
t 
\ S tKJ 

\ 
l C X) 
I 

/ 0 
t 
\ 1 

-c tt< J \ 
l 

X•B tKJ / 

/ RtK+ll \ 
* C J 

\ StK+1l / 

I A. tK•ll \ 
CX) + t l 

\ 0 / 

W I TH I N I T I A L. VA L Lt E S R t N l • A [ t~ • 1 J , S C t~ l f: A t N J , 
• 

SERORTPOL ( P[OJ (X) , Pttl CX) 

(SEE A~SO LUKE, 19oq, ~. 127). 

I 
) * [ 

\ 

R [ 1 l \ 
l 

St 1 l / 
(X) 

T H E: '1 A G N I T UC E OF T t· ➔ E E r, R O R I S A L. l t~ E A R F U tJ C T I O ~~ 0 F T t I E DEG P. EE ~.J 
C S E E V A N O E P L A A ~J C T O A P P F A R ) l • 

REFERENC:ES1 

[ 1 l A 9 R A ~1 0 W I T Z , ~1 • & I • S T E G U r-~ C 1 q b 4 ) I 
f·i 4 ND 8 0 0 K OF MA THE MA T l CAL F Ur~ CT IO r f S • 
~, A T I O "ii ,A. La 8 U R E A tJ O F S T A t J O A R D S , ~~ A S -I I N G T O N O • C , 

t 2 J L A A :- J , C • G • VA '~I O E R ( T O A PP E A R ) : 
ORTMOGO~tAL POLYNOMIALS 1~' '~LJM!RIClL ANALYSIS I. 
ERROR ANALYSIS Of RECURRENCE RELATIONS, 

t3l LUKE, Y.L. C19oq)I 
T H E S P E C I A L F U r.J C T ! D ~ J S A N l) i t 1 E l R A Pl P ~ 0 X I .\of A T I O r,.J S I • 
A C A D E ~i I C P R E S S , L. 0 t, .• D O ' l I t J c· i~t Y O R K , 

C4l STOER, J. (1972): 
EINFUE~Ru~•.JG Il·J DIE f-,JU'1Ew1sc•~c ·~~THEt-1.A.TIK 1. 
SPRINGEP VEPLAG, ~E~LI'l• 
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SUSSECTIONI ORTPOL, 

CA~LING S!QLIE~CEI 
, 

THE DEC~ARATION OF THE PROCEDURE IN THE CALLING PROGRAM READS& 

" R E A L '' " PR O C E O lJ R E " 0 ~ T F O L ( t-.J , X , B , C ) J ··'' V 4 L U E n N , X f 
"INTEGER" NJ "REAL~ x, "ARRAY" e,c, 
ttCOr>E•• 3104Lf J 

THE 
NI 

XI 

DELIVERS THE VALUE Or T~E ORTHOGONA~ POLYNOMIAL 
Pt~J (X) OF DEGREE N FOR T~E ARGUMENT X AS 
OETERMI~JEO BY THE RECURRE~C! COEFFICIENTS 6 AND Ct 

~1 ! A. ~! l "l G OF T H E F O R M A L P A ~ A ~, E TE R $ I S i 
<ARITHMETIC EXPRESSION► J 
Et-jTRV1 THE DEGREE Of THf. POLYtJO~IAL; 
<ARI T ttME T 1 C EXPRESS I O~J> J 
E N TR V I T HE A R G U t 1 E ~I T O r T H E O r:t T ri O G O N A L ~ 0 L V NO M l A L t 
cARRAV lOENTtFitR>J 
"ARR4V" B CO:N•1l, C tt :N•ll 1 

, 

ENTRY: THE RECURRENCE COEFFICIENTS (SEE DATA AND RESULTS), 

SUSSECTIO~I ALLORTPOL, • 

CALLING SE~UE~CEa 

T~E DECLAR4TJnN OF THE PRncEPU~E IN TH~ CA~LI~G P~OGRAM READSI 

tt P R r:J C E O 1• J R E '' A L L. 0 R T P O L ( ~1 , X , B , C ) RE S U 1.v T 5 I C P ) J 
'' V A L U E '' '.J , X r '' l N T E G E R " N ; '' R E A L " )( J '' A. R R A Y " B , C , P s 
" C O O E ,_ 3 1 0 4 S J 

T ~ E ~,-1 EA f·l l ft G OF Tri E FORMAL r AR A ~1 ET ER S IS I 
r· J , X • 8 , C I S EE OR T P O L C T H I S S Et T I O f ~ l J 
~: <A~RAY IDENTIFIER.>s 

,, A R R A Y II P t O : ~~ l J 
E X I T I P t K l C O ~,; T A ! : J S I F O R T ~ ~ E A Q G l.J ~ E t~ T X , T ~1 E V A L l.J E O F' 

T r, E K • T ►➔ t·.1 R T ~ 0 G O ~' A L ~ 0 l. V "J O fw4 I A L P t K J ( X ) A S 
DErI~EO BY TME PECURRE~CE COEFFICIENTS, 
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• 

SECTION I z,2.2.1 

SUBSECTION& SERORTPOL. 

C A I.. L I NG S E Q t~J E N C E ! 

MC 

• 

' 

THE D!CLARATIO~t OF THE PROCEDURE Itl THE CA~LING PROGRAM READSI 

"REAL" ~PROCEDURE" SE~ORTPOL(N 1 X,B,C,A)t 
" V AL U E " N , X I " I N TE G E P " ~ I •• ~ E A L. " X ;· '' A RR A V " B , C , A J 
"CODE" 31041; 

SER~RTPOL~ DELIVERS TME VALUE PF POLV~OMlAL 
A t O J ♦ A t 1 l • P [ 1 l C X ) t • • • t A C ' ➔ J t P C ~l J C X ) 
WHERE PtKl (X) IS THE K•TM ORTHOGONAL POLYNOMIAL, 

T t-i E: t~1 E A \t l N G O P' T HE F O R M A L P A R A ME T E R S I S I 
N,X,6,C1 SEE ORTPOL (THIS StCTION)J 
Al CA~RAY IDENTIFIER>, 

"ARRAY" A[O&Nl1 
E t-l TRY I T HE C OE Fr I C I E: t .J TS OF' T ~ E SER I E S EXP A NS I ON 

A [ 0 1 t A t 1 l • P 11 l ( X ) + , • • ♦ A t 1\J ·3 * P t ~-~ l ( X ) 
W~~ERE PCKJ CX) IS T~iE keT~➔ O~THOGONAL POLYNOMIAL 
AS DEFI~JEO ev THE RECURRENCE COEFFIClENTS. 

EXAMPLE OF USEI · 
AS AN tXAMPLE THE FOLLOWI~G PROGRAM D[~IVERS THE VALUES OF THE 
L A G l.J E R R E P O L Y N O M 1 A L O, D E GR E E S O , 1 , 2 , 3 , 4 , 5 F O R )( • 0 B Y ME A '4J S OF T ti! 
PROCEDURE ALLORTPOL C8[t<J•2•K+1, CtKl•K•1'2)1 

' 

"BEGI~" "ARRAY" 6[0141, Ct114l, PC01SJ1 
'' I "J T E G E R tt I s 
" P R O C E O U R t " A L L O R T P O L C f·J , X , 6 , C , P ) J '' C O O E " 3 1 0 4 5 I 
3[01 IZlJ 
" F O R " l I I 1 " S T E P '' 1 *' U f•I T l L " 4 '' D O '• 
tt 9 E G l ~, " a [ I l g = , * I + 1 J 

Ctll;~I•t2; 
"ENO" 11 
ALLORTPOLCS,0,6,C,Pl, 
OUTPUT(&1,"(''~l",CP[Il,I1•01Sl)1 

11 Et~Dtt F'ROGRA~ s 

RESLJLTS C~OTE DIFFERENCE WIT:i rtGURE 22.9 IN ABRAMOWITZ ANO STEGUN 
(19~4) BECAUSE Of THE ~JORMALIZATlON)g 

SC1URCtTtXTSa 

'' C O O E '' ~ 1 ') '-1 iJ ; 
tt R [ A L If ,, P ~ 0 C E fJ u P E tt C R T P O l. ( "·: , X , B , C ) ; 
tt v A L t J E. " t,,,t , X 1 " I ~~· T E G E R " t,j J tt t< E A L " x ; ,, A F~ P A V ,, 8 , C r 
tt C O M ~' E f~ T " i. E T T t-1 E O R T H O G tJ \,, ,t,. L P ~~, L. Y t~ l) 1'A I A ~ t3 E O E P I ._ t E:. D [~ V 

P[K+ll (X): c,.~, tr'.] )P[Kl CX) • C [KJP[K•ll (X), K=1,2,.,..N•1 
• 



• 
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wHERE 8t01N•ll,Ctl1tJ•ll ARE Tt--l! RECU~R!:~lCE COEFFICIENTS 
A NO P t 1 l C X) • X • B [ O l , r [ 0 l ( X) a 1, 
CSEE STOER 1q12-PARJ.S P.11q), 
THE'l _,,, 

N•1 I X•B [Kl •C tKJ \ / X•B tol \ 
PtNJ ex, ·~ (1,0) * PROD t J * t l 

MB1 \ 1 0 / \ 1 / 
THE REC URRE~~c E COE Fr l CI E. fJT S MA V BE 08 TA I NED BY USE 
OF THE PROCEDURE RECCOF OR ADAPTI~G IN 

ABRAMOWITZ AND STEGU~·i,lqt,4 Tt·1E TABLE 22e7 P,76Z AS FOL.LOWS 
(NOTE THAT I~ THAT TABLE N> ■ l, FOR N~O CONSULT 22.4) 
Btil ll•AZCl)/A3(I) , I~o,1,2,.,.~J•l 
Ctll a•A~(t)/(A3CI>•A3<I•1l)*A1(I•1) , I•t,2, ••• N•l1 

"IF'' N~o "THEN" ORTPOL&Rl "ELSE~ 
"BEGl~" "INTEGER" K,~I "REAL" R,S,Ht 

R1aX•B COJ I S&ll t La•t~•1 I 
"FORH Kl31 "STEP" 1 "UNTIL" L "00ft 

tt B E G I ~ " ri 111 R J 
Rz=:(X•B [Kl l •R•C [Kl •SJ 
S1aHJ 

''ENO•• J 
ORTPOL;•Rt 

"ENO" OqTPOL; 
'' E OP" 

"CODE'' 31 OQSJ 

• 

"PROCEDl~JRE"A.LLORTPOL (-\J, x, B,C )RESUL. rs, (P) I 
'' V A L. U E " ~ J , X 1 •• I t-.J T E GE R " rJ J " R E A L " X J " A R ~ A V '' B , C , P I 
"CO~ ~-1 E NT " L. E T T t-t E QR THO GO NA L POLY NOMI AL BE DEF I~ E O BY 

PtL<ttl (X): ()(•Btt<J lPtKJ (X) • CtKJPtK•1l (X), K•1,2,.,.N•1 

• 

/'J ti E R E B t O ; tJ • 1 l , C t 1 i :\i • 1 J A RE~ T ri E R EC UR RE f~ C E C OE F r I C ! E NT S A N 0 
P t t l C X l = X • 8 C O J , P t O J ( X ) • 1 , T H E ~1 

N•l 
PCil CX) 1• Cl,Ol * PROO 

t(. 1 

FOR 1=2,3 •• ,N. · 

/ X•B(KJ 
[ 
\ 1 

•C tKl \ 
l 

0 / 

I X•BtOJ \ 
C l 
\ 1 / 

T r➔ E R E C l,J R R E ~ J C E C O E F f ! C 1 C N T S M A V B E O A T A I N E D B Y U S E O F T HE: 
PROCEDURE REccnF OR ADOAPTlflG I~J ABRAMOWITZ AND STEGUJ4,1q&q 
TrlE TABLE 22.7 P.762 AS FOLLOWS (~JOTE TMAT IN TAALE N>at, 
FO~ ~=O CONSUlT 22.4) 
9tIJ z=•A2(IJ/A3(I) 
C tIJ 1:; A4(l)/(A3(1)1tA3Cl•l))*Al CI•1l 

•• I f t• ~ ,J ~ (} '' T ~ E i J ,, P C v J ; 11 1 " E L S E tf 
•• 8 E G I •,~ '' '' t :~ T E:.. G E R t• K , K t ; " ~ E A L " ~ , S , H J 

R:=~ [tl ;:X•B [!)]: S;:r (C·l a•l sr-.. t~l; 
t• p a p ff K; 1 ' = 2 ., s T £ ? f~ 1 ., 1J : J T r L. ,, N 11 [1 0 '"' 

•• a E G I ~ •• r j I t= P ; r t ~ 1 l : = r : = c x • ~ t " J ) • r.; • c t K l * s , 
S1:: ► t; KJ:KlJ 

, tao,1,.,.N•1 
, Ist,2,,,,"1•1t 
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"COOEtt 110471 
"REbL" "PROCEDURE" SERORTPOL(t-J,x,e,C,A). 
" VAL lJ E " ~l , X I " I rJ TE GE. R " r•J I " ~ E AL " X J •t A RR A V " B , C , A r 
"COMMENT" SERORTPOL.11A co1 • tOJ (X) + A [1l P tll ()() t •, • t A (NJ P [NJ CX), 

WHERE Ptll (Xl, t•o,, •• N ARE ORT~tOGONAL POLY~OM?ALS DEFINED av 
THE RECURRENCE RELATION 

r:, CJ<t1l CX) • CX•B [Kl )P Ct<l CX) • C t~l P Cl<•ll (Xl, K•l,2, • • ,N•1 
ANO 6 [OIN•ll, C El 1N•1l ARE TtfE RECURRt~JCE COEFFICIENTS A~~o 
Ptll CX) a X • B[Ol, P[OJ (X) • 1 (SEE STOER, 1,2, PAR. 3.5, P 0 11'1), 
THE AL G O R I T ~i M r,1 A Y BE OE $ C R I BED 8 V 

I ~tKJ \ 
[ l (X) 
\ S tK J / 

I 0 
• [ 

\ 1 

•C t tf( l \ 
] 

X•O [KJ / 

I Rtt<t1l \ / A CK•11 \ 
[ l C X) + t ] 
\ St~tll / \ 0 / 

• 

FOR K•N•1,N•2, ••• t, WITH ltJITlAL VALUES RtNJ;A[N•1l,StNJaA[Nl 1 
THfN 

I R t 1 l \ 
S~RORTPOL • ( P [OJ CX) , P ttl (X] ) • t J (X) 

\ S £1l / 

(SEE ALSO I.UK[, 19b9, PAR. 8.7, P·. 327)., 
THE RECURRENCE COEFFICIENTS HAY BE 0BTAit4ED av USE OF THE 
PROCEOURE RECCOF OR ADA~TING If~ ABRAMOWITZ AND STEGUN, 19&4, 
TlaBLf Z2,7, P. 162 •s F'OLLOW.S1 (NOTE Tt1AT lN TtiAT T•BLE N~m1, 
roR N•o ~0NSULT Z2,4) 

Btll 1••AZ(l)/A3CI) , I10,1,2, ••• N•l 
C t 11 I •A" Cl ) / CA 3 CI ) * 4 3 ( I• 1 ) ) • A 1 ( I• 1 ) , I a 1 , 2, • • • ~, • 1 t 

tt I F •1 N ,; 0 " T 11 E N '' SE RO R T POL I • A t O J 
"El..SE" 
"BEGIN" "lNTEGEP" Kt ''REAL" H,R,S, 

R1a4tt+.J•tl1 S&•AtNlJ 
"F0Rtt Kl&N•l "STEP~ •1 "UNTIL" 1 "00" 
"8EGlN'' 

Ha1RJ 
• 

RI 21 A t K • 1 l •C £Kl •SJ 
Sls.H+CX•B [Kl l•S 

"E ~JO" I 
SERORTP0~1•R+CX•BtOl)*S 

"END•• SERORTPOL,J 
''EOP" 

• 
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SECTION: 2.2.2.2 (OCTOBER 1975) 

AUTHOR : C.~. VANDERLAAN. 

INSTITUT~ : ~IJKSUNIVERSITEIT GRONIN~EN. 

RlCLIVLO : 7~0131. 
• 

BRilF DiSCF_IPTION I 
THIS SECTION CONTAINS THREE PROCEOUR~S; 
CHEPDLSER EVALUATES A CHEBYSHEV SERIES; 
CHEPOL EVALUATES A CHEBYSHEV POLYNOMIAL; 
ALL:HEPOL EVALUATES ALL CHEBYSHEV POLYNOMIALS LOWER THAN A 
CERTAIN O::GREE. 

Kl YWOP .. OS J 

CHEBYSHEV SERIES EVALUATION, 
GOEkTZ[L,WATT,CLENSHAW ALGORITHM. 
CHEBYSHEV POLYNOMIAL EVALUATION, 
Lit.!E..AR THRE.E TERM RECURRENCE RELATION. 

SU85~CT10NJ CHEPOLSER. 

CALLING S£QJENCE I 

THE HEADING OF THE PROCEDURE READS : 
''RE AL ••••PROCEOURE•°CHEPOLSER ( N, X, A); 
•• v ALU E •• t4 , X ; •• r NT EGER •• N ; •• RE AL •• X; •• AR< A Y •• A ; 

CHEPOLSER:=THE VALUE OF THE CHEBYSHEV SERIES 
AC01+AC1J•T1(X)+ ••• +ACNl•TN(~), 
WHERE T1(X>7•••tTN(X> ARE CHEBYSHEV POLYNOHIALS 
OF THE FIRST KINO,OF DEGREE 1t•••9N,RESPECTIVELY. 

TH£ MEANING OF THE FORMAL PARAMETERS IS a 
Nl <ARITHMETIC EXPRESSION>; 

ENTRYI 
THE DEGREE OF THE POLYNOMIAL REPRESENTED BY THE CHEBYSHEV 
SERIES; 

xz <ARITHMETIC EXPRESSION>; 
ENTRVI 
TH~ AR;UMENT OF TH~ CHEBVSHEu POLYNOMIALS; 

At <ARRAY IOENT IF IER>; 
111 A RR A Y DB A C O I N l ; 
ENTRY: 
THE :o~FFICIENTS OF THE CHEBYSHEV SERIES MUST BE GIVEN IN 

MC 

PAGE 1 

ARRA~ A,WHERE ACll IS COEFFICIENT OF THE CHEBYSHEV POLYNOMIAL OF 
DEGRE£ I, 0 <=I<= N. 

PROCEDURES JSEOI NONE. 
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(OCTOBER 197:i) 

RUNNING TlM~ : PROPORTIONAL TON. 

LANGUAGE lALGOL 60. 

METHOD ANO PE~FORMANCE Z 

FOR A OESCkIPTION OF THE ALGORITHH SEE STOER,1972,P.62. 

MC 

PAGE 2 

AN UPPE~ BOUND FOR THE (~BSOLUTE) ER~OR IS A QUAuRATI: FUNCTION OF 
THE DEG~EE OF THE POLYNOMIAL REPRESE~TEO BY THE CHEBY5H£V SE~IES. 
(VAN 0£r<. LAAN). 
THIS UPPE~ BOUND IS A ROUGH OVER-ESTIMATE FOR THE SPECIAL CASES 
ABS(X)<.5 AND/OR A DESCENDING S~RIES. (VA~ DER LAAN). 

REFERENCES z SEE ALLCHEPOL (THIS SECTION). 

EXAMPLE OF USE I 
AS A FO~MAL TEST OF THE PROCEDURE THE POLYNOMIAL 
1+1/2•T1(X)+1/4•T2(X) IS EVALUATEu FOR X=-1,0,1, WHERE T1(X> ANO 
T2(X) ARE CHEBYSHEV POLYNOMIALS OF T~E FIRST AND SECOND DEGREE, 
R.lSPECTIVc.LY. 

••stGI N 11
••• ARRAY 11

1A [ 0 I 21; 
• • R ~ A L ••••PRO CE OU RE ••CHE POL S ER ( N , X , A ) ; ••COO E •• 31 0 4 6 ; 
A(2]Z=e25;AC1Jl=.5;ACOJl=1; 
0 U T P UT C o 1 , •• ( •• 3 ( 8 Z • DO > •• > •• , C HEP O L S E R ( 2 , - 1 , A ) , CH E ? 0 L S ER ( 2 , 0 , A > , 
~HEPOLSER<2,1,A)) 

••E Nu•• 

.75 .75 1.75 

SUBSECTION I CHEPOL. 

CALLING S~QUENCE t 

THl HEA □ I~G OF THE PROCEDURE READSa 
••REAL ••••PROCt:.DURE' 11 CHEPOL (N, X); 
··v ALUt:··N, X; •·r NTEGER·•N; 111 REAL •• x; 

' 

CHLP □ L:=THE VALUE OF THE CHEBYSHEV POLYNOMIAL OF THE FIRST KIND OF 
t£GREE N FOR THE ARGUMENT X. 

THl MEANING OF THE FORMAL P,RAMETERS IS! 
NJ <ARITHMETIC EXPRESSION>; 

ENT~YI 
THE DEGREE OF TH£ POLYNOMIAL(>=O>; 

X a <AR.ITHHETIC EXPRESSION>; 
ENT~Ya 
THE ARGUMENT OF THE CHEBYSHEV POLYNOMIAL. 

• 
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COCTJBE:( 1975} 

PROCEDU~ES USED: NONE. 

RU N t·~ I t J G T 1 t·t E. l P R OP O RT I O N A L T O N • 

M~THOO ~NC PE~FURHANCE: SEE ALLC~EPOL (T~IS SECTION). 

REFiRENCES: SEE ALLCHEPOL (THIS SECTION). 

EXAMPL[ OF USE : 

SUBSECTlON i ALLCHEPOL. 

CALLING S~QJENCE I 

THE HE~OING OF THE PROCEDURE READS! 
211 PRuCt.DURE 1 .ALLCHEPOL <N,X, T); 
··v ALuE··N, x; ··r NT EGER'·N; ··REAL·· x; ··~EAL .... ARRAv··r; 

THE HEANING OF THE FORMAL PARAMETERS ISi 
Ni <ARITHMETIC EXPRESSION>; 

ENTRYI 
THE DEGREE OF TH£ LAST POLYNOMIAL(>=Ot; 

X i <ARITHMETIC EXPRESSION>; 
ENT~YZ 
THE ARGUMENT OF THE CHEBYSH~V POLYN3MIALS. 

T I <AkRAY IDENTIFIER>; 
••AR~ A Y •• T [ 0 IN l ; 
E )l TI 

MC 
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THE VALUES OF THE CHEBYSH~V POLYNOMIALS OF THE FI~ST KIND 
OF JEGREES 0,1, ••• ,N ,FOR THE AKJUMENT X, ARE OELIVERcO IN 
T [ 0 J , T ( 1 l , ••• , TC N l , RE SP E. CT IVEL Y. 

PROGEOUkES ~SEOI NONE. 

RUNNitJG Tit'1E : PROPORTIONAL TO Ne 

LANGUAGE: ALGOL 60. 
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(OCTOBER 1975) 

METHOD A~IO PERFORMANCE& 

FOk A [iESCRIPTION OF THE ALGORITHM SEE STOER,1972,P.21. 
USE ~fA~ B~[N MADE OF THE FOLLOWING NO~MALIZATIONI THE MAXIMUM 
(ABSOLUTE} VALUE OF THE CHc8YSHEV PO~YNO~IAL EQUALS 1. 

PAGE 4 

{The: i-tORMALIZATION 'LEADING COEFFICIENT=1' WOULD LEAJ TO UNDERFLOW 
FO~ ~1=974{APPROXIMATELY,DEPENOING ON X) ON THE CDC 6000 SYSTEMS>. 
AN 0PPL~ 80UNO FOR THE <ABSOLUTE) EkRDR IS A QUAO~ATI~ FUNCTION 
CF 1~~ )EGkEE CF THE CHEBYSHEV POLYt~OHIAL.THIS UPP£~ BOUND IS A 
ROUG~ OVL~-ESTIMATE FOR THE SPECIAL CASE ABS(X)<.5 (STOER,1972, 
P.21-24 l VANDERLAAN). 

REFE.r<ENCES l 

LAAN,C.i.VAN OER(TO APPE~R)I 
ORTHOGONAL POLYNOMIALS IN NUMERICAL ANALYSIS 1. 
ERf.:J~ ANALYSIS OF LINEAR TWO TERM ANO THREE TERM RECU~RENCE 
RELATIONS. 

STOt.~,J. (1972) l 

cit4fUEHRUNG IN DIE NUMERISCHE MATHEMATIK 1. 
HEluELBcRGER TASCHENBUECHER 1os~SPRI~GER-VERLAG. 

E X A l'1 P L f.:. 0 F U S E I 

AS A FG~MAL TEST OF THE PROCEDURE ALL;HEPOL THE CHEBYSHEV 
POLYNOMIALS OF THE FIRST KIND OF JEG~EES 0,1,2 ARE E~ALUATED FOR 
THE ARGUMENTS -1,0,1. 

••BE GI t1 •• •• ARR A Y ••r [ 0 s 2 l ; ••PRO CE. 0 URE ••ALL C HEP O L ( N , X , T) ; •• CO O ~ •• 31 0 4 3 ; 
ALL:HEPOL (2,-1,T) ;ouTPUT(61, 11·(··1,3(-DB)·····,rco1,rc 11 ,T(2]); 
A LL C HEP O L ( 2 , 0 , T) ; 0 UT PUT ( b 1 , •• ( •• / , 3 ( DB ) •• ) •• , TC O l , TC 1 l , T C 2 l ) ; 
A LL : HE POL < 2 , 1 , T ) ; 0 UT PU T ( 61 , •• ( •• / , 3 ( - 0 B ) •• ) •• , T C O l , T C 1 l , T C 2 l > ; 

•• E:. t~ [.. •• 

1 -1 1 
1 0 -1 
1 1 1 
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SECTION I 2.2.2.2 (OCTOBER 1975> 

SOURCE TEXT(S)I 
' 

··cooE••310 4&; 
••REAL•• ••PROCEDURE•• CHEPOLSER«N,X,A); 
··vALUE" N,x;-INTEGER·· N; 18 REAL· x; .. ARRAY 1

• A; 
0111IF 1

• N=O ••THEN•• CHEPOLSERl=A( Ol "ELSE• 
' 

"IF" N 1 •0 THEN 1
• CHEPOLSERl=ACOJ+AliJ•X NELSE• 

00 BEGIN" •INTEGERN K;"REAL" H,R,S,TX; 
TXJ=X+X;R&=ACNJ; 
HI-A(N-1l+R•rx; 
•• F o R •• K a = N -- 2 •• s r E P •• * 3 1 "u N r I L •• 1 • o o •• 
•• BE GI N •• S I = R ; R I H ; 

Hl=AC l(]+R•Tx-s 
•

11EN0 1•K; 
CHEPOLSE~l=ACOl-R+H•X 

••ENO" CHE POL. SER; 
··£op•• 

"COOE•11 31042; · 
··REAL ····PROC EOURE··cHEPOL ( N t )() ; ·v A LUEg·N 9 x; NI NT EGER· N; 19 REAL Nx; 
••1F•• N = 0 .. THEN• CHE POL &=1 ,,.ELSE•• 
•• I F•• N = 1 •• TH EN•• C HE POL a = X • E L SE 11

• 

··aEGIN .. ··r NT E GER 111 I ;··REAL ··r 1, T2, H, X2; 
121 x·11a=1·x21-x+x· 

' , , ' 
••FOR•• I I = 2 •• S TEP•• 1 •• U NT I L •• N11

• 0 o • 
00 BEGIN··t1 I x2• T2-- T 1; T1 l=T2; T2 .... H··ENo··; 
CHEPOLl=H 

"CODE••31043; 
"PROCEOURE••ALLCHEPOL(N9X ,TJ; 
··v ALUE •• N t X ; •• INTEGER- N; ··REAL ·x ; ··RE AL .... ARRA YN T; 
"IF1

• N - 0 ••THEN• TtOJ t=1 "ELSE" 
, 

·1F·~ N = 1 -rHEN· 10 BEGI NUI T [ 0 l I 1; T [ 1] I= X "ENO .. ·ELSE" 
"BEGIN••••1 NT EGER•• I;" REAL ••r 1, T2, H, X2; 

T[O]l=T11=1;T[1]1=T21=X;x21=x+x; 
111 FOR111 l a= 2 "ST EP••1 ••uNTI L 1"N 1•00 .. 
··eEGIN"T{ I J I= HI= x2•r 2-T 1; T 11 =T2; T 21 ~H-END,M 

'*Et-1o••ALLCHEPOL; 
••Eop•• 

MC 
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BRIEF DEStRIPTIONa 

THIS SECTION CONTAINS TH! PROCEDUR!S1 
SINSER FOR EVALUATING A SINE 8ERIES1 
COSSER FOR EVALUTING A COSINE SERJESJ 
FOUS!R,FOUSER1,~0USER2 ~OR EVALUATING A FOURIER SERIES 
(IN FOUSER THE SERI~S IS RESTRICTED TO A S!RIES WITH SINE 
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COEFFICIENTS EQUAL TO COSINE CO!F,ICI!NTS>, 
CoM,oUSER,COMFOUSER1,COMFOUSER2 ~OA EVALUATING 4 COMPLEX FOURIER 
&!RIES 
CIN COMFOUSER THE SERIES IS RESTRICTED TO A SERIES WITH REAL 
COEFFICIENTS), 

KEYWORDS I 

I 

FINITE FOURIER SERIES EVALUATION, 
TRIGONOMETRIC POLYNOMIA~ fVALUATJON, 
GOERTZEL,WATT,CLENSHAW,REINSCH ALGORITHM, 
LINEAR THREE•T!RM lNMOMOGENfOUS RECURRENCE RELATION, 



SUBSECTION I SINSER, 

CALLING SEQUENCE1 

THE HEADING OF THE PROCEDURE R!ADSI 
"REAL"''PROCEDURE"SINSER(N,THETA,8)1 
''VALUE"N,THETAt"INTEGER••Nr"REAL"TH!TAr"ARRAV"B, 

SINSER11 THE VALUE 0~ THE SINE SERIES 
Bt1J•SINCTHETA)+ea,+BtNJ•SlN(N•THETA), 

THE MEANING OF THE FORM~L PARAMETERS I81 
N1 cARITHMETIC EXPRE8SION~J 

ENTRV1 THE NUMBER OF TERMS IN THE SINE SERIESJ 
THETAI cARITMM(TIC EXPAESSION~J 

ENTRV1 THE ARGUMENT o, THE SINE SERIESr 
81 cARRAY IDENTirIER>J 

"ARRAY"Bt11NJ J 
ENTRY1 THE COEFFICIENTS OF THE SINE SERIES. 

PROCEDURES USEDI NONE, 
• 

RUNNING TIM~1 PROPORTIONAL TON 
ClN FJRST OROER1 N MULTIPL?C4TIONSJ 3N ADOITIONSr 
3 SINE/COSINE EVALUATIONS), 

LANGUAGES ALGOL &O, 

METHOD ANO PERFORMANCE I SEE COMF0US!R2 (THIS SECTION), 

' 
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(OCTOBER 197~> 

S~BSECTION I COSSfR 1 

CALLING SEQUENCE1 • 

THE HEADING 0~ THE PROCEDURE READSs 
"REAL""PROCEDURE"COSSERCN,THETA,Al, 
"V•LUf"N,THETAt"INTEGER"Nt"R!AL"TH!TAJ"ARRAY"As 

COSSER1a THE VALUE OF TH! COSINE S!RIES 
AtOl+AttltCOS(TMETA)+,,,+AtNJ•COS(N•TMETA), 

THE MEANING o, THE ~OAMAL PARAM!TERS 191 
N1 «ARITHMETIC EXPRESSION>, 

ENTRV1 THE DEGREE OF THE TRIGO~OMETAIC POLYNOMIAL, 
THETAI «ARITHMETIC EXPRESSION~, 

ENTRV1 TME ARGUMENT OF TME COSINE SERIES, 
Al cARRAY IDENTIFIER~, 

"ARRAV"AtOINJ J 
ENTRY1 THE COE~FICIENTS OF THE COSINE SERIES, 

PROCEDURES USEDI NONE, 
• 

RUNNING TIME1 PROPORTIONAL TON 
(IN FIRST ORDERI N MULTIPLICATIONSa 3N ADDITIONSJ 

l COSINE/SINE !VALUATIONS), 

LANGUAGE1 ALGOL bO, 

' 

METHOD AND PERFORMANCE I SEE COMFOUSER2 (THIS SECTION), 
• 
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• (OCTOBER 1q74) 

SUBSECTION I FOUS!R, 

CALLING SEQUENCE1 

THE HEADING o, THE PROCEDURE R!ADS1 
''RfAL""PROCEDUR! 8 FOUS£A CN,THETA,A)J 
"VALUE"N,THETAt"INTEGER"N1"R[AL 1 TH!TA1"ARRAY"A' 

FOUSER I• THE VALUE 0~ THE ,ouRl!R S!RIES 

MC 
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AtOJ ♦ ACll•CCOS(THETA)+SlN(THETA))+,,.+ACNJ•(COSCN•THETA) 
+SINCN•TH!TA]l, 

THE ~EANING OF THE ~ORMAL PARAMETERS IS1 
Na cARITHM!TIC EXPRESSION~, 

ENTRY1 THE DEGRE! OF THE TRIGONOMETRIC POLYNOMIAL, 
THETAI cARITHMETIC EX,A!SSION~f 

ENTRY1 THE ARGUMENT OF THE FOURIER SERIESJ 
A1 cARRAV lDENTI,IEA•J 

•ARRAY"AEOINJJ 
ENTRY1 THE co!,FICI!NTS OF THE (FINITE) FOURIER SERIES, 

• 

PROCEDURES USEDI NONE, 

RUNNING TIM!1 PROPORTIONA~ TON 
(IN ,1AST ORDfRI N MULTIPL?CATIONSJ lN ADDITIONSJ 

3 COSINE/SINE EVALUATIONS), 
• 

LANGUAGE1 ALGOL &O. 

METHOD AND PER,ORMANCE I SEE COMFOUS!R2 CT~IS S!CTION), 



(OCTOBER 1q74) 

S~BSECTION I ,ouSER1, 

CALLING SEQU!NCE1 
' TH! HEADING OF THE PROCEDURE READS1 

"RfAL""PROCEDUR£"FOUSERl(N,THETA,A,B)1 
"VALUE"N,THETAt"INTEGER"NJ"R!AL"THETAJ"ARRAY"•,e, 

FOUSER11• THE VALUE OF THE ,ouRI!R SERIES 

THE 
Na 

• 

A[OJ+AtlJ•COS(THETAl+BE1ltSIN(THET4)+,,. 
♦ A[NJ•COS(N•THETA)+BtNJ•SIN(N•THETA), 

MEANING OF THE ,oRM4L PARAMETERS IS1 
cARITHM!TIC EXPR!SSION>J 
ENTRY1 THE DEGREE OF THE TRIGONOMETRIC POLYNOMIALr 

TH!TAI cARITHM!TIC !XPR!SSION•J 
ENTRY1 THE ARGUMENT OF THE FOURIER SERIES, 
cARR•V IDENTI~IER>p 

MC 
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"ARRAV"A [OINJ ,9 tl INJ J . 
ENTRV1 TH! co[,,tcI!NTS 0~ THE (FINITE) FOURIER SERIES, 

WITH AEKJ COE,FIC?ENT o, COS(K•THETA), CK•O,,,,,Nl 
AND BtKJ COEFFICIENT o, SIN(KtTHETAl, CK•1,,,,,N) • • 

PROCEDURES USEDI NONE. 

RUNNING TlME1 
• 

' 

PROPORTIONA~ TON 
(IN ,1RST OADERI 4N MULTIPLICATIONSJ 

2 COSIN!/SINE EVALUATIONS>, 

LANGUAGE1 ALGOL 60, 

I.IN ADDITIONSJ 

METHOD AND P!AFORMANCE I SE! COMrOUSER2 CTMIS SECTION), 



SUBSECTION I FOU8ER2. 

CALLING SEQUENCE1 

THE HEADING or THE PROCEDURE READSI 
"REAL""PRDCEDUR!"FOUSERi(N,THETA,A,B)J 
''VALUE"N,THETAs"INTEGER"N1"R!AL"THETA1"ARRAY"A,a, 

FOUSERZ1• THE VALUE OF THE ,ouRIER SERIES 
AtOJ+At1JtC08(TH!TA)+BE1J•SIN(TH!T•l+,., 
♦ AtNJ•COS(NtTHfTA)+BENJ•SINCN•THETA). 

THE MEANING OF THE ,oRMAL PARAMETERS ISi 
N1 cARITHM!TlC EXPRESSION~, 

ENTRV1 THE DEGREE OF THE TRIGO~OMETRIC POLYNOMIALr 
THETA.I cARITHMETIC !XPRESS?ON~J 

ENTRYI THE ARGUMENT 0~ THE FOU~IER SERIES, 
A,B1 cARRAY IDENTIFIER~, 

"ARRAY"A[01NJ,SE11NJ J 

MC 
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ENTRV1 THE coE,FIClENTS OF THE CFI~ITE) FOURIER SERIES, 
WITH AtKl COEFFICIENT OF cos,~•THETA), (K ■ O,,,,,N) 
AND BtKJ COEFFICIENT 0~ SINC~•THETA), CK•l,,,,,N), 

• 

PROCEDURES USEDI SINSE~ • CPl1090, 
COSSER • CPJ1091 1 

RUNNING TIME1 PROPORTIONAL TON 
(IN ~IRST ORDEAi 2N MULT?PLICATIONSJ &N AODITIONS1 

b COSIN!/SINE EVALUATIONS) • 
• 

LANGUAGE I ALGOL ~O, 

METHOD AND PERFORMANCE I SEE CO~FOUS[RZ (TMIS SECTION)• 

• 



(OCTOBER 197~) 

SUBSECTION I COMFOUSER 1 

CAL~ING SEQUENCE1 

THE HEADING OF THE PROCEDURE REAOS1 
''PROCEOURE''COMFOUSER CN,THETA,A,RR,RI)J 
''VA~UE''N,THETAt"lNTEGER''NJ"REAL"THETA,~R,Rls"ARRAY''AJ 

THE MEANING OF THE FORMAL PARAMETERS IS1 
Na <ARITHM!TIC EXPRESSION~, 

ENTRY1 THE DEGREE OF TME POLYNOMIAL IN EXPCI•THETA)J 
THETA& cARITHMETIC EXPRESSION~, 

ENTRY& THE ARGUMENT OF THE FOU~IER SERIESJ 
At cARRAY IDENTIFIER>, 

"ARRAY''AtOtNJ, 

MC 
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ENTRY1 THE REAL COEFFICIENTS •tKl CK ■ 0, 11 .,N) IN THE SERIES 
FN(THETA) ■ AtOl ♦ At1l•EXPCI•THETA)+, 01 +AtNl•EXPCI• 
THETA)••N, MUST BE GIVEN IN ARRAY AJ 

RR,RII cVARI•BLE>s 
EXIT: THE REAL PART ANO THE IMAGINARY PART OF FN(THETA) 

ARE DELIVERED IN RR ANO RI, RESPECTIVELY, 

PROCEDURES USEDI NONE, 

RUNNING TIME1 PROPORTIONAL TON 
(IN ,1RST OROERI N MULTIPLICATlONSJ 3N ~DDITIONSJ 
3 COSINE/SINE EVALUATIONS), 

LANGUAGE1 A~GOL &O. 

METHOD ANO PERFORMANCE I SEE COMFOUSER2 (T~IS SECTION), 



SUBSECTION I COMFOUSER1, 

CALLING SEQUENCE1 

THE HEADING OF THE PROCEDURE READSI 
''PROCE0UREaCoMFOUSER1CN,THETA,AR,~I,RR,RI)J 
"VALUE"N,THETA1"INTEGER"NJ"REAL"THETA,~R,Rit"ARRAY'1AR,Air 

THE MEANING OF THE FORMAL PARAMETERS IS1 
N1 cARIT~M!TIC EXPRESSION ►, 

ENTRV1 THE DEGREE OF THE POLYNOMIAL IN EXPCI•THETA)J 
THETAa cARITMMETlC EXPRESSION>, 

ENTRYa THE ARGUMENT 0~ THE FOURIER SERIESJ 
AR,AII cARRAY IOENTIFIER>s 

' 

"ARRAY"AR,AI[OaNJ p 

MC 
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ENTRY1 THE REAL PART AND THE IMAGINARY PART OF THE COMPLEX 
COEFFICIENTS CtKl CK•O,.,.,N) IN THE SERIES 
FN(THETA)•CEOJ ♦ Ctll•EXPCI•THETA)+,. 1 +CtNJ•EXPCI• 

THETA)••N 
MUST BE GIVEN IN ARRAV AR ANO AI, RESPECTIVELYr 

RR,RII cVARIABLE~f 
EXITI THE REAL PART AND THE IMAGINARY PART OF FNCTHETA) 

ARE DELIVERED IN RR ANO RI, RESPECTIVELY, 

PROCEDURES USEDI NONE. 

RUNNING TIME1 PROPORTIONAL TON 
(IN FIRST ORD!R1 ijN MULTIPLICATIONS, 4N ADDITIONS, 

Z COSINE/SINE EVALUATIONS), 

METHOD ANO PER,ORMANCE I SEE COMFOUSERZ CT~IS SECTION), 
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S~BSECTION I COM,OUSER2, 

CALLING SEQUENCEi 
• 

TH! HEADING OF THE PROCEDURE REAOSI 
''PR0CEDURE"COMFOUS!R2CN,THETA,AR,AI,RR,Rilt 
"VALUE''N,THETAf"!NTEGER"NJ"AEAL"THETA,~R,Rl1"ARRAV''AR,Ait 

THE MEANING 0~ THE FORMAL PARAMETERS ISi 
N1 cARITHMETIC !XPR!SSION•1 

ENTRY1 THE D!QRE! 0~ THE POLYNOMIAL IN EXPCI•THETA>, 
TMETAI cARITHMETIC !XPR!SSION~J 

ENTRYa THE ARGUMENT OF TME ~OURIER SERIESJ 
AR,AII cARRAY IDENTIFI!R~1 

"ARRAY"AR,AIEOINJ J . 
!NTRYa THE R!AL PART ANO THE IMAGINARY PART OF THE COMPLEX 

C0E~F!CI!NT8 CEKJ (~ ■ O,,,,,N) IN THE SERIES 
FN(TH!TA)•CEOJ ♦C[1J•EXP(I•THETA)+, •• +CtNJ•EXPCI* 

THETA>••N 
MUST BE GlV!N IN ARRAY AR AND Al, R!SPECTIVfLV1 

RR,RII cVARIABLf>J 
EXITt THE REAL PART AND THE IMAGIN•RY PART OF FNCTHETA) 

• 

ARE DELIVERED IN RR AND RI, RESPECTIVELY. 

PROCEDURES USED1 COMFOUSER• CPJtoqs, 

• 

RUNNING TIME1 PROPORTIONAL TON 
(IN ~I~ST ORDEAi ZN MULTIPLlCATIONSJ bN ADDITIONS, 
6 COSINE/SINE EVALUATIONS), 

LANGUAGE1 ALGOL 60, 

METHOD AND PERFORANCE1 

FOR TH! EVALUATION 0~ A FINITE FOURIER SERIES 
(sTRIGONOM!TRIC POLYNOMIAL OF DEGREE N SEE ~OLVA AND SZEGOE, 1q71, 
P. 7b) 
~N(THETA)aAtOl+At1J•COSCTHETA)+Bt1l•SIN(THETA)+,.,+ 

AtNJ•COS(NtTHETA)+BCNl•SIN(N•TMETA), 
TWO ALGORITHMS ARE US!DI 



1, HORNER SCH!ME 
LET CtKJ•AtKl+I•BtKJ, K ■ o, ••• ,N 
AND Z•EXPC•I•THETAJ 
THEN 

FNCTH!TA) ■ RE(CtOJ+Ctll•Z+.,,+CtNJ•Z••N>. 
TH! ALGORITHM IS GIVEN BV1 

Pa•CtNJ . 
P1•P•Z+C[KJ, K•N•l,.,.,O 
,N(THETA)1•RE(P) 8 

(~OUSER1) 
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c, A COM81NATION OF THE CL!N8MA~ ALGORITHM (SIE GfNTLEMAN(1qb9,II) 
, VAN D[R LlAN, LUK!C196,, P,321•3Z9l OR STO!RC1•72, P,&l,63)) 
AND THE MOOI,lCATION o, R!INICH (81! REIN8CH(t9•7>, VAN DER 
LAAN, STO!A(191Z, P,,4,65)), 
(SINSER,COSSER,,ous1R,FOU8!R2J 

A MODIFICATION OF THE IO!A OF N!WB!RV IS NOT IMPLEMENTED BECAUSE 
OF THE INTRODUCTION OF SIN! (COSINtl T!RMS IN A COSINE (SINE) 
SERIES AND THE THE INEF~ICIENCV OF TH! ALGORITHM (SEE VAN DER 
LAAN OR NEWBERYCt,13)) 1 

FOR TH! !VALUATION OF A 'lNITE COMPLEX ~DURIER SERIES 
'N(THETAl•AREOJtl•AltOl ♦ (ARC1J+I•AltlJ)•EXP(I•THETA)+,,. 

♦ (AA[NJ+I•AitNJl•!XPfl•THETA>••N, 
TWO ALGORlTMMS, IN REA~ ARITHMETIC, AR! USEDI 
1, HORNfR 8CH!M! 

L!T CtKJ•ARtKl ♦ I•AitKJ, K•O,,,,,N 
AND Z•EXP<I•TM!TA) 
THEN 

'N(TH!TA)•CtOJ+CtlJ•Z+,.,+crNJ•Z••N, 
THE ALGORITHM IS GIVEN BY 

P1•CtNJ 
P1•P•Z+C[KJ, K ■ N•l,N•Z,., 1 ,0 
FNCTH!TA)l ■P. 

(COMrouSER1) 
2, A COMBINATION 0~ TH! CLENSHAW ALGORITHM AND THE MODIFICATION 0~ 

REINSCH, 
LET CAR•ARtOJ+ARtll•COS(THETAl+,,.+AR[Nl•COSCN•THETA), 

SAI• Altll•IINCTHETAl+,,,+AIENl•SIN<N•THETA), 
SAR• ARE1l•IIN(TH!TAl+,, 1 +AR£NJ•SINCN•THETA), · 
CAl•AitOJ+Ait1J•COl(T.HETA)+,,,+AI[Nl•COS(N•THETA). 

THEN ,N(TH!TA) ■CAR•SAI+I•CIAR+CAI>, . 
ccoM,oUSER,COMFOUSEA2] 

THE HORNER SCHEME IS IM,L!MENT!D BECAUS! 0~ THE SIMPLICITY OF 
TH£ ALGORITH~ (ALTHOUGH THIS ALGORITHM IS LESS EF~ICIENT THAN THE 
GOERTZ[L/WATT/CLENIHAWIA!lNSCH ALGORITHM) AND THE STABLE NATURE 
OF ORTHOGONAL TRAN&,ORMATIONS, 
A COMBINATION OF THE ALGORITHM o, GO!RTZEL/WATT/CL!NSHAW ANO THE 
MODIFICATION o, REINSCH IS IMPLEMENTED BECAUSE OF TH! EFFICIENCY 
OF TH! awe ALGORITHM AND THE STABlLlTY a, THE MODI~ICATlON o, 
REINSCH, ESPEC!ALLY ,oR SHALL VALU!S 0~ THE ARGUMENT (MOD, Pl), 
AN UPP[R BOUND ,oR THE EAROR GROWTH II GIVEN BY A LINEAR FUNCTION 
OF THE D!QREE FOR BOTH (IMPLEMENTED) ALGORITHMS (SEE VANDERLAAN), 
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GENTLEMAN,W,M,(1.69)1 

(OCTOBER 1914) 

AN ERROR ANALYSIS OF GO!RTZEL'S(WATTVS) METHOD roR COMPUTING 
FOURIER coE,rICI!NTS. 
COMP.J.,VOL,12,P,160•165, 

LAAN,C 1 G,VAN DER(TO APP!AR>i 
ORTHOGONAL POLYNOMIALS IN NUMERICAL ANALYSIS 1, 
ERROR ANALYSIS o, LINEAR T~O•TERM AND THREE•TERM RECURRENCE 
RELATIONS, 

LUt<!,Y,L,<1•69)1 
TH£ SPECIAL ,UNCTIONS AND THEIR APPROXIMATIONS,VOL,1, 
ACADEMIC PRESS. 

' 

NEWBERY,A,C,R 1 (197l)I 
ERROR 4NALVSI8 FOR FOURI[R SERIES !VALUATION, 
MATH.COMP,,VOL 1 26,P,92J•ql4, 

' 

PDLYA,G, AND G.8Z!Q0!(1971)1 
AUFGAB!N UND L!HASAETZ! •us DER ANALYSIS II, 
HfID!LSERGER TASCH!NSU~CM!R 1Q. SPRING!R, . ' 

REIN!CH,C,(1967)1 
A NOTE ON TRIGONOMETRIC INTERPOLATION, 
BERICHT NR, &10,, 
ABTEILUNG MATHEMATIK D!R TECHNISCHEN UNIVERSITAET MUENCHEN, 

STOER,J,(191Z)I 
EIN,UEHRUNG IN DIE NUM!RISCHE MATHEMATIK 1. 
HEIDELBERGER TA8CH!NBUECHfR 105, SPRINGER, 

EXAMPLE OF USEI 

TH! FOURI!A SERIES ,S ♦COSCTHETA)+SIN(T~ETA) 
IS EVALUATED ,oR THE ARGUM!NTS O,PI/2,'I, BY MEANS OF FOUSER 

"BEGIN""REAL"TH!TA,PIJ~ARRAV"At011l, 
"REAL""PROC!DUR!"FOUS!RCN,TM[TA,A >r"C0DE" 3109ZJ 
Pll•ARCTAN(1)*4JAtOJ 1•.!1AC1l 1•11 
"FOR"TH!TA1 ■ 0,Pl/2,PI"D0" 
OUTPUT(61,"("/,B•D,DD">",F0USERC1,THET•,A>l 

''ENO'' 
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• 

' 

SECTION I 2,2.l,1 

SOURCE TEXTSI 

''COD!" 31090, 
"REAL""PRDC!DURE"SINIE~(N,THETA,1)1 
"VALUE"N,THETA1"INTEGER"N1"A!AL•TH!TAs"ARRAY"B• 
"8EGIN""INT!GER"K1"R!AL"C,CC,LAMIDA,H,DUN,UN,UNlJ 

Ci•COS(THETA)J 
"IF "Cc•, 5 "TH!Nt• 
"BEGIN"~AMBOAi• Q•COS(TMETAlcl••ZtUN1 ■ DUN1 ■ 0, 

"'OR"K1•N"ST!P"•l"UNTtL"t"00" 
"BEGIN"DUNl•LAMBDA•UN•DUN+BtKJ , 

UN1•0UN•UNJ 
"END•• 

"END""!LIE""IF"C• ,!"THEN" 
"BEGIN"LAMBDA1••4•SIN(TMETA/Z)••2,UN1 ■ DUN1 ■ 0, 

''FOR"K1 ■ N"STEP"•l"UNTIL•1•DD'' 
"BfGIN"OUNl ■LAMBOA•UN+DUN+BtKl , 

UN1•DUN+UNJ 
''END" 

"END""ELSE'' 
"BEGIN"CC1aC+C1UN1•UNt1•01 

' 

"FOR"~1•N"IT!P"•l"UNTIL"l•DO" 
"8EGIN"M1 ■ CC•UN•UNl ♦ IEKJ I UNI 1• UNt UN 1• Ht ''END'' 

' 

"END"t 
SINS!Ra ■UN•SIN(TMETA> 

ne;ND"SINSERJ 
''ED~" 

••CODE" 310911 
nRE•~""PROCEDURE"COS8ER(N,TH!TA,A)9 
"~ALUE"N,THETA1•JNTEGER•N,"R!AL"TH!TA1"ARRAY"A1 
"BEGlN""INT£G!R"K,"REAL"C,CC,LAMBDA,M,DUN,UN,UN1, 

Cl ■COS(TH!TAlt 
"IF"Cc•,5MTHEN" 
"8EGIN"LAMB0Aie 4tC08CTHETAl2)••2JUN1•DUN1•01 

"FOR"K1 ■ N 1 ST!P"•l"UNTIL•o•DD" 
"BfGIN"UN1•DUN•UN1 

DUNl•LAMBOA•UN•DUN ♦ AtKJ 
''!N0~1CDIS!R1 ■0UN•LAM8DAIZ•UN 

"END""ELl!""lF"C» ,!"THEN" 
• • 

"BEGIN"~AMBDA1••4•SlNCTMfTAl2)*•21UN1•DUN1•0, 
1 FOR"K1 ■ N"IT!P"•t•UNTIL"0"00" 
"BEGIN" ·N o· u,~ ~uN .... uam .. ·,i-•·~ 1-•~s 

DUN1 ■LAM8DA•UN+DUN+AtKJ 
"£NDN1COSS!A1 ■DUN•LAMBDAIZ•UN 

"END""EL8E'' 
"BEGIN"CC1•C+C1UNl ■ UNl1 ■ 01 

"FOR"K1 ■ N 1 1TEP"•1"UNTIL"t•D0" 
"8!GlN"H1aCC•UN•UNl+AtMJ1 

' 

UN1111UN,UN1•H 
"END"1COIS!R1 ■ AtOJ ♦ UNtC•UN1 

"ENO" 
"END"COSS[RJ 

'' E OP" 
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(OCTOBER 1'174) 

"COOEtt lt0C12J 
"REAL""PROC!DURE"FOUSER CN,THETA,A>, 
''VALUE"N,THETAJ"INTEGER"N,"REAL"THETAJ"ARRAY"A, 
"BEGIN""INTEGER"Ks"REAL"C,CC,LAMBDA,H,DUN,UN,UN1,c2,s2, 

C111COS(THETA)1 
"IF 19 Cc•,5"TrtEN•• 
"BEGIN"Ci1•COS(THETA/2)J~AMBDAl•4•C2••2sUN1•DUN1ao, 

11 ,0R"K1•N"STEP"•l"UNTIL"O"D0" 
''BEGIN"UN1•DUN•UN1 

DUNl•LAMBOAtUN•DUN+AtKJ 
''END"sFOUSER 1•DU~ ♦ 2•C2•CSINCTHETA/2)•C2)•UN 

"EN0""EL8E""IFflC> ,S"THEN" 
"BEGIN"SZ1•SIN(TH!TA/Z)JLAM8DA1••4•S2•S2JUN1aDUN1•0, 

., F OR '' K 1 • N " S T E P " • 1 " UN T I L " O " 0 0 It 
''BEGIN"UN1•DUN+UN1 

DUNl•LAMBDA•UN+DUN+ACKJ 
''END"JFOUSER 1•DUN+2•S2•C82+COS(THETA/2))•UN 

"EN0""ELSE" 
"BEGIN"CC1•C+c,uN1•UN11•0, 

•
1 FOR"K1aN•1STEP"•1''UNTIL"1''D0 1' 

"BEGIN"Mi•CC•UN•UN1+AtKJ, 
UN11•UNtUNt•H 

"ENO"JFOUSER 1•AtOJ•UN1+CC+SIN(T~ETA))•UN 
' 

"ENO•• 
••END"F'OUSER I 

'' E OP" 

HCODf" 3tOCJ3J 
"REAL""PROCEDURE" FOUSERtCN,THETA,A,B)t 
"VALUE "N , THETA J '' INTEGER" N J '' RE AL " THETA I ''ARR 4 Y "A , B , 
"BEGIN""INTEGER"lr"REAL"R,S,H,CO,SI1 

R1•S1•01C01•COSCTHETA)1SI1•SIN(THETA)t 
"FOR~Ia•N"STEP"•1"UNTIL"1"00" 
"BEGIN" H1•CO•R+SI•S+Atil p 

S1•CO•S•SitR+B tll P 
R1•H 

"EN0"t~OUSER11•CO•R+SI•S+AtOl 
" E N 0 '' F OU SE R 1 1 

"E0P" 

st CODE" 3109'4 t 
nREAL""PROCEDURE"F0USER2(N,THETA,A,B)J 
''VALUE"N,THETAt"!NTEGER"Ns"REAL"THETAJ"ARRAY''A,BJ 
"BEGIN" 

"REAL''"PROCEOURE"SINSERCN,TMETA,B)J''CODE'' 310901 
"RE4L""PROCEOURE"COS$ERCN,THETA,A),"CODE'' 31091J 
FOUSER21•COSSERCN,THETA,A)+SINSER(N,THETA,B)J 

''END'' FOUSE Ri 1 
'' E OP" 

MC 
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(OCTOBER 1974) 

•CODE• J1o•s, 
1 PROCEDUR!•toM,0UIERCN,TH!TA,A,RR,"l)J 
•VALUf"N,THETA,•INT!GEA•N1•RIAL•TH[TA,RR,RI, 1 ARRAY·1 AJ 
•8!GIN••JNTEG!A•K1•REAL•C,CC,LAMID&,H,DUN,UN,UNlJ 

C1aCQ8(TH!TA)t 
•1,•cc•,S•TH£N• 
"8EGIN•LAM8DA1• 1•C08CTMETAIZJ••Z,UN1•DUN1•0t 

•,0A•K1•N•IT!P••1 1 UNTIL•o•00• 
"IEGIN•UN1•DUN•UN1 

DUNl•LAHBDA•UN•DUN+AtKJ 
"!ND 1 1RR 1•DUN•LAM8DAIZ•UN 

1 [ND••ELl!••1,•C• .5•THEN 1 

•BEGIN"LAM8DA1••l•l!N(TH!TA/ZJ••ZtUN1•DUN1•09 
1 ,o~•K1•N•ITEP 1 •1 1 UNTIL 1 01 DO• 
"8!G!N 1 UN1 ■DUN ♦ UN1 

DUNl ■LAMSDA•UN ♦DUN+AtKJ 
•EN0 1 JRA l ■DUN•LAM8DAl2•UN 

MfNDN•fLlt• 
"8EGlN"CC1•C+C1UN1 ■UNt1•0t 

•,0R•K1•N•8T£P"•l"UNTJL•1•00• 
1 8!QIN•H~•CCtUN•UNl+ACKlt 

UNl1•UN1UN1•H 
•END•JRR l ■ AtOJtUN•C•UNt 

•[ND•1RI1•UN•8IN(TH!TA) 
•£NO•coM,oU8ERt 

' 

•EDP• 

•COO[• Jto••s 
•PROC!OUR£•coM,ous!Al(N,TH[TA,AR,AI,RR,RI)J 
1 ¥ALUE•~,THtTA1"INTEGER•N1•REAL 1 TH[TA,RA,Air"ARRAY•AR,AIJ 
•&EGIN""?NT!QER•K,•~EAL•H,HR,Hl,CO,IIJ 

HR1•H!1•0,c01 ■coscTH!TA)J8I1•IIN(THETA)1 
•FoA•~1•N•IT!P••1•UNTIL"l 1 DO• 
•B[GIN•H1•CO•HR•8I•HI+ARtKJ I 

Hll•CO•HI+Sl•HR+AltKl J 
HAl ■ H 

•END•r 
RR1•CO•HR•Sl•HI+ARtOJt 
RI1•CO•HJ+Sl•HA+AitOJ 

"fND"COMF0U8fR1J 
"fOP• 

1c00E• 310911 
•PR0CEDUR£•coHFOUSERZ(N,THETA,AR,AI,RR,Rl)J 
•YA~U!•N,THETA,•INT!GER•Nr•REAL•TH!TA,RR,Rtr•AARAY"AR,AIJ 
•8!GIN"•REAL 1 CAR,CAl,SAR,IAit 

~PROC!DURt•coM,DUIER(N,TH!Tl,A,~R,RI)t•CoDE• 31095J 
COMFOUIERCN,THETA,AR,CAR,IAR)I 
COH,OUSIR(N,THITA,Al,CAI,IAl)I 
RA1•CAR•IAIJ 
Rl1•CAI+IAR 

"£Mo•coM,ous1~2, 
•EOP• 

MC 
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S~CTIONs 2,3 
• • 

(MAY 1974) PAGE 1 

AUTHOR 

INSTITUTE1 ~ATHEMATICAL CENTRE, 
• 

RECEIVE01 731105 1 • 

BRIEF DESCRIPTlON: .. 

JFRAC CALCULATES A TERMINATING CONTINUED F~ACTION 9 

K£VWOROS1 .. 

CONTlNUEO F~ACTION, 
TERMINATING CONTINUED FRACTION, 

CAL~lNG SEQUENCE1 
THE HEADING Of THE PROCEDURE READS1 
"REAL" "PROCEDURE" JFRAC(N,A,B)J 
'VALUE" NJ"lNTEGER" NJ"ARRAY'' A,BJ 

JFRAC DELIVERS THE VALUE OF THE TERMINATING CONTtNUED FRACTIDNI 
8tOJ+At1J/(8[1J+At2J/(8[2J ♦A[3]/(8[3]+,,, ♦ A[NJ/B[NJ)))-.,,)) 

TH~ ~EANING Of THE FORMAL PARAMETERS IS1 
NJ <ARITHMETIC EXPRESSION>t 

THE UPPER INDEX OF THE ARRAVS A AND BJ 
A,B• <ARRAY lOENTIFIER>J 

11 ARRAY" A (11Nl I 
"ARRAY" B [O l~l J 
T~E ELfMENTS OF THE CONTINUED F~ACTlONa 
BtOl-trAt1l/(B[1l+A[2l/(BC2J+ACll1(8(3l+, 1 , + 
+ A [NJ /B tNl))), • •)), 

~~OCE0URES USEOI NONE• 

RUNNlNG TlME1 PROPORTIONAL TON, 
",•'\"' 

• 

~ANGUAGEt A~GOL &O, 
• 

• 



• 

SECTIONS 2,3 (MAY 1974) 

EXAMPLE Of USE: 

"SE GIN'' 
" R E A L " '' ? R O C E D lJ R E '' J F R A C C "J , A , B ) J '' C O O E '' 3 5 0 8 :S J 
'' RE A L " '' A R R A. V " P t 1 s 1 0 l , GI [ 0 I 1 0 l J 
"INTEGER" !1 
"FOR~ I1:1 "STEP" 1 ''UNTIL'' 10 "00" 
" 8 E G I N '' P t I l I : 1 J Q C I l I :: 2 " E N D " J 
QtOl 1st, 
"FOR" Ig:7 ••STEP" 1 "UNTIL'' 10 "00M 
OUTPUTC&t,'•(''N/")",JFRAC(I,P,G)) 
"ENO" 

DELIVERS1 

♦ 1 1 4 1 ij 2 1 Sb 8 b 214 5 '' + 0 0 0 
+1,4142131979&95"+000 
+l.414213&2Q8qu9"+000 
+1,4l421l5S164bt"+OOO 

SOURCE TEXT& 

"tOOE" 35083J 
-~ "REAL" "PROCEOURE" JFRACCN,A,B)J 

•VALUE" NJ"INTEGER" NJ"ARRAV'' A,BJ 
"BEGIN" "REAL•' Dr"INTEGER" IJ 

01•0, ' 

"FDR" I::N "STEP" •l '*UNfILff 1 '900" oa=A[Il/(B[ll+O)J 
JfRACt•O+BtOJ 

"ENO" JFRACp 
"EOP" 

• 

MC 
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A~THORI C,G, VAN DER L4AN 1 

INSTITUTE~ MATHEMATICAL CtNTRE, 

RECElVEOa 730&18. 

BRIEF OESCRIPTION1 
' 

NEwGRN TRANSFORMS A PO~YNOMI4L FROM THE NEWTON FORM INTO THE 
GRUNERT FORM, 

KEVWO~OSI 
' 

TRANSFOR"'1AT!ON, 
PO~YNOM14L REPRESENTATION, 
NEWTON, 
GRUNERT. 

CALLING SEQUENCEI 

' 

THE HEADING OF T ►◄ E PROCEDURE REAOS1 
"PROCEDURE" NEWGRNCN,X,ClJ 
• V A L. U E •• N J " l N T E G E R •• N J '' A R R A. Y '' X , C J 

THE MEA~ING OF TH~ PORMAL PARAMETERS lS1 
N1 <ARlTHMETXC EXPRESSION>JTHE DEGREE OF THE POLYNOMIALJ 
Xt cARRAY lDENTIFIER>t 

"ARRAV•t X[01Nl J 
THE INTERPOLATING POINTS1 (SEE METMOO AND PERFORMANCE)J 

Ca <ARR•Y IDENTIFIER~, 
." A R R A Y '' C C O I N l J 
ENTRY: THE COEFFICIENTS OF THE NE~TON POLYNOMIAL FORMJ 

' 

EXlT1 THE COEFFICIENTS OF THE GRUNERT PO~YNOMIA~ FORM, 

PROCEDURES JSED1 ELMVEC • CP34020J 
' '' 

RUNNING TlMEJ T~E NUMBER OF MU~TIPLICATIO~S !S N(N+1), . ·' 

~AN&VAGEa ALGOL bO• 
" 

MC 
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MC 

'" SECTIONS 2,4 PAGE 2 

MtTHOD AND PERFORMANCE: 
I N A R R A V X , C [ 0 a N l ON E '1 l.J S T G I \/ E THE V A L. U E S 
X t I J , I: 0, .,. • , N • 1 , A ND C t I 1 , I: 0, , -. 1 N 
Of THE POLYNOMIAL Or (GIVEN) DEGREE NI P(V) ■ C(Ol+Ctll•CY •XtOl)+ 
t ~ • + C t NJ t ( Y t111 X [ 0 J ) * ., • , ( V "X t N• 1 l ) 111 

THE COEFFICIENTS ,Stil,I ■ O, •• ,N OF THE POLVijOMIAL IN THE 
REPRESENT~TION P(Yl•BtOJ+BCiJ~v+.,~+8(~l•Y••N, 
ARE DELlVEREO tN 4RRAY C[01NJ, 

!XAMPLf o, USE1 

"8EG1N" "ARRAY'' X,F [012J J 
•PROCEOUREqNEWGRNCN,X,C)J ''CODE" 3toso, 
x toJ sso;x ttl 1•,s,x t2J 1=1, 
F tOl t•t JF [ll l••t?tF C2l 1=21 
NEWGRN(2,JC,F)J 
0 U T PU T ( b 1 , '' C " / , " ( •• T HE G R U NE RT C OE f' F , A RE 1• ) " , 

/,3(N)•')",FtOJ ,Ftil ,F [2] ); 
•f.NO"TSTNEWGRNJ 

•• 

THE GRUNERT COEFF, ARE 
+1,0000000000000"+000 .3,0000000000000 11 +000 +2 1 ooooooooooooon+ooo 

SOURCE TEXTCS)I 

"C00E"31050J 
"PROCEDURE'' NEWGRNCN,X,C)J 
•VALUE• N1 "INTEGER" Nr "ARRAY'' x,c; 
ff8£,IN• "INTEGER~ J,k,KM1J ~REAL" XKM1,XXJ,XXJMtJ 
•ARRAY" XX [O I NJ J 
"PROCEDURE" EL~VECCL,U,SHIPT,A,B,X)r 
"CODE" 3"020, 
xx,oJ,,- 1, KM11• o, 
"FOR" ~I• 1 "STEP" 1 ••UNTIL'' N "00• 
"8tGlN" )(X CKl 1: 11 XKMl 1• X tKMtJ J 

. ' 

•e:NOtt 

XXJl•XX [KM1] J 
"FOR" Js• KM1 "STEP" •1 "UNTIL" 1 °00" 
"8EGlN 11 XXJM11:XX tJ•ll I 

XX tJJ 1•XXJ~l • )(XJ• Xt<M1 I 
XXJ1sXXJM1J 

"ENO"J 
)()([OJI• -,XX [OJ * XKM 1 J 
ELM V E.C CO, KM 1 , 0 , C, XX, C t Kl ) I 
t( M 1 w· . I• n 

1t£ND" NEwGRN1 
,., 

19 EOP" 

• 



1-st REVISION, 1975 

(DcCEHBE~ 1975> 

AUTHO~z C.G. VAN DER LAAN. 

l t~ S T j_ T LJ T :. t M A T H i:. H AT I C A L C E.: N T RE • 

KEC~IVEOI 730618. 

BRicF LLSGRIPTlONI 
• 

NlWo~N TRANSFORMS A POLYNOMIAL FROM THE NEWTON FORM INTO TH~ 
GRUt~E: RT FORM. 

• 

Kt:.YWORCJS: 

TRANSFOF<.MATION, 
POLYNOMIAL REPRESENTATION, 
NE WI Ot'i, 
GRUNE RT• 

GALLING SEQJEN~E: 

THE HEADING OF THE PROCEDURE READSI 
••p ROG ta (JU RE•• NEW GR N ( N t X, C) ; 
··vALUE:." 11 N; ··rNTEGER 0 •N; ··ARRAY·· X ,c; 

TH~ MtANING OF THE FORMAL PARAMETERS rs: 
NI <ARITHMETIC EXPRESSION>; 

THE DE~REE OF THE POLYNOMIAL; 
XI <ARRAY IDENTIFIER>; 

•• A k ~ A Y aa X ( 0 I N l ; 
THE INTERPOLATING POINTS: (SE~ METHOD AND PERFORHANCE); 

Cl <.ARF<AY IDENTIFIER>; 
•• AR~ A Y •• C { 0 a N l ; 
ENT~YI THE COEFFICIENTS OF THE NEWTON POLYNOMIAL FORM; 
EXIT& THE COEFFICIENTS OF THE JRUNE~T POLYNOMIAL FORM. 

PROCEDURES JSEDI ELMV~C = CP34020; 

RUNNING TIME& THE NUMBER OF HULTIPLICATIJNS IS N(N+1J. 

LAt·IGUAG~I ALGOL 60. 

MC 
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(0EClH8£~ 1975) 

Ml THOO ~~tu ?Ei<FORHANC:E1 
lN kRR~Y X,C[OINJ ONE HUST GIVE T~E VALUES 
XCIJ,I=D, ••• N-1, ANO CCIJ,I=O, ••• N 

MC 

OF THt POLYNOMIAL OF CGlVENI DEGREE NI PCYJ=C[OJ•CC1J•(Y -~[OJJ+ 
• • • +Cl t~ l • ( Y- X ( 0 J ) • • • • ( V- X ( N-1 l ) • 
THl C~~FFI:IENTS ,BCil,I•D, ••• N OF THE POLYNOMIAL IN THE 
kEPRES[NTATION P(Y)=8(0J+8[1J•Y+ ••• +BCNJ•y••ij, 
A~E DtLIVERfO IN ARRAY C[OINJ. 

t:.XAMPLE OF JSEa 

•·•E, E GIN•• 111 At...~ A Y •~ X • F C O I 2 l ; 
"PROC£0URE"NEWGRNCN,X,C>; "CODE•• 31050; 
X(o. 11-o•vc11·- 5•vc2··]•-1· . -· til\· ........ '"" ·.·••- t 

F( n11-1•Fc1· 11- 2•F(ZJ•-2• . u . - . • . .. -- . '. • - . t 

NEHG~N(2,X,F); 
OUTPUTC&1,··,··1,"c··rHE GRUNERT COEFF. ARE-)", 

/,3CNJ")~•,F[DJ,F[1J,F[2J); 
•• lNu'··rsr~.t.HGR.N; 

THE GRUNERT COEFF. ARE 
• 18 0 () 0 0 0 0 0 0 io O O O O It@ ♦ 0 0 0 - J e O O O O O O O O O O O O O I& + 0 0 0 ♦ 2 e O O O O O O O O O O O O O iYII + 0 0 0 

SOUR.CE. TEXT ( S) a 

··cooE••31oso; 
.,. PP. r. C t. 0 UR c.. •• N ;: MG R N ( N X C ) • . .. u .;:;.. . . .... t ' t 
1111 VA L u L tt • N ; .,. I t~ T t. GER ... N ; tit ARR A y N X J C ; 
•• a E G I N •• •• 1 N t £ G ER N J , K , K M 1 ; •• ~ EA L •• x KH 1 , x x J , x x J H 1 ; 
•• A R K A Y 1 

• X X { 0 1 N J ; 
•·• PF~ DC E OUR E •• EL H \I EC ( L , U , SH I F T , A t B , X: ) ; 
··cooE·· 3402·0; 
XX[Dll- 1; KH11= O; 
"FO~" Kl= 1 "STEP~ 1 ~UNTIL" N "oo·· 
"BEGIN•• XX(Kll= 1; XKH11= X(KH1J; 

XXJl=XX(KH1J; 
··FoR·· Ja= KH1 ··stEP· -1 "UNTIL" 1 ··Jo·· 
•• BE ~ It~•• X X J H 11 = X X ( J • 1 l ; 

XX[J]l=XXJH1 - XXJ• XKH1; 
X X J • -- X x· J·Ja.l 1 • .• . • - · .. ·n , 

•• t.· ,.i O· •• • L.111 I 

XX[Olt= -XXCOJ • XKH1; 
lLHVECfO,KH1,0,C,XX,CCKJ>I 

. . . ' . 

KH1t=K 



COCTOB!R 1974) 

AUTHOR I C,G, VANDERLAAN. 

INSTITUTE I RIJKSUNIVERS?TEIT GRONINGEN 1 

RECEIVED I 740131, 

BRI[F O!SCRIPTION 1 

INTCHS COM~UTES THE INDEFINITE INT!GRAL OF A G?VEN CHEBYSHEV 
SERIES, 

KEYWORDS I 

INDEFINITE INTEGRATION, 
CHESYSMEV SERIES. 

CALLING SEQU!NCE I 

THE HEADING OF THE PROCEDURE R!ADS I 
"PROCEDURE"INTCHS(N,A,B)r 
"VALUE"N1"INTEGER"N1"ARRAY"A,BJ 

TH! MEANING OF THE ~ORMAL PARAMETERS IS I 
N I cARITHMETIC EXPRESSION>J 

ENTRYI 

MC 

PAGE 1 

THE DEGREE 0~ THE POLYNOMIAL REPRESENTED BY THE CHEBYSHEV 
S!RIES1 

A,81 cARRAY IDENTIFI!R>J 
"ARRAY" A[01NJ,Btt1N+lJJ 
ENTRYI 
THE COEFFICIENTS OF THE CHEBYSHEV SERIES,At0l+A[1l•T1CX)+,,,+ 
tAtNl•TN(X),SHOULD BE GIVEN IN ARRAV A1 
EXITI 
THf CO!F,ICIENTS OF THE INTEGRAL CHEBYSHEV SERIES, 
Btll•T1(X)+ 811 +BtN+1J•TN+1(Xl, ARE OELIVEREO IN ARRAY B, 
(T1CX), 1 •• TN+1(X) DENOTE CHEBYSHEV POLYNOMIALS OF THE FIRST 
KIND,0~ DEGREE 1,,,,N+1,RESPECTIV!LV) • 

• 

' 



• 

METHOD AND P!RFOAMANCf I 

FOR A OfSCR!PTION o, TH£ ALGORITHM 8!! AMONG OTHERS I 
CL!N8HAw,1,,z,P,11,0R ,ox AND PARK!A,19.e,P.59, 

RE,ERENCES I 

BROUCK!,A,(1~71)1 
T[N SUBROUTINES ,oR TH! MANIPULATION OF CHEBVSHEV SERIES, 
ALGORITHM 44.,(,0RTRAN), 
COMM.ACM,VOL,1i,1,P,i54•25•, 

CLENSHAw,c.w.c1••2>1 
CH!SVSHEV l!Rl!I FOR MATHEMATICAL FUNCTIONS, 
MATH.TA8 1 NAT.PHVS,LAB, 5,LONDONe 
H.M, STATIONARY o,,IC[, 

FOX,L 1 1la9 1 PARK!R(l'68)1 
CH£BY8HEV 'OLYNOMIALS IN NUMERICAL ANALYSIS 1 

ox,oRD UNIVfRSITY ,R!SS, 

EXAMPLE OF USE I 

MC 

PAGE 

AS A FORMAL T!ST o, TH! PROCEDURE INTC~S TH! CHE9YSHEV SERIES I 
1+112•T1(X)+115•TZCX) ♦ l/lO•T3(XJ 18 TRANSFORMED INTO ITS INTEGRAL, 

"BEGIN""ARAAY"At01JJ,S[l14lJ 
•PROC!DUREnINTCHSCN,A,BJ1"CODE"31ZQSs 
A (OJ 1•1 JA EtJ 1• 1 !JA t2J 1 ■ ,ZtA t3J 1•"•1, 
INTCHS.(l,A,9) r 
OUTPUT(61,"(•/,4(BZ,Q0)"l",Bt1J ,Bt2J ,Bt3J ,BC4l )J 

"END" 



SOURCE TEXT(S)I 

••CODE••l1248J 
•1 PROCEDURE''INTCHSCN,A,B)r 
''YALUE"Ns''INTEGER"NJ"ARRAY"A,BJ 
"COMMENT'' 

' 

MC 
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INTCHS DELIVERS TH! COEr,?CIENTS B[IJ,Iat, ••• N+1, OF THE INTEGRAL 
CHEBYSHEV SERIES B[1J•Tt(X)+,,.+8tNJ•TNCX) ♦ S[N+ll•TN+1CX). 
THESE COEr,ICIENTS ARE OBTAINED BY MEA~S OF INDEFINITE INTEGRATION 
OF THE CHEBYSHEV SERIES A[OJ+A[1l•T1C~)+,,,+AtN]•TN(X), 
T1CX),,,.TNt1(X) DENOTE CH!BVSHEV POLYNOMIALS OF THE FIRST KIND, 
OF DEGREE 1,.,.N+1,RESPECTIVELYJ 

'' lF''N•O"THEN"B t1 J 111A [OJ 
" E L S E " " I F " Na 1 " T HE N " " BE G I N " B t 2 l I a A t 1 l / 4 J B [ 1 l I :a A t O l •• E ND '' 

~ELSf''"BEGIN""INTEGER"Is"REAL'1 H,L,DUMJ 
H&•AtNJ JOUM1aAtN•lJ JB[N+1J :•H/((N+1l•2)JB[Nl 1•0UM/(N•2)J 
" F OR " I I • N • 1 " S T E P " • 1 " U N T I L '' Z " 0 0 1• 
" S E G I N '' L 1 • A [ 1 • 1 l J B t I l I • ( L • H l / ( 2 * I ) J t1 I : 0 U M J D U M I : L 
"fND"JBttJ 11:A[OJ•H/2 

"ENOt1 INTCHS1 
''EOP" 

• 


