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C O N T R I 8 ~) T (.l R : .J • C • P , R l.l S A I~ D P • A ., H E E ~, T ._J E. S , 

INSTITUTL: ~AT~EMATICAL CE~TR~. 

RlCEIVED: 730830. 

BRIEF. DtSCRIPT!ON: 
T~iI5 S~CTJO~ CONTAINS SIX PROCEOLJRES: 
fJ f: C P E R F O R :,1 S A T R I A N G 1 .. J L A R D E C O MP O S I T I O N ~ I T H P A R T I A L F> I V lJ ·r I N G : 
G S S E:: L -~ P E R F O R ~ S A T J~ t A N G U L A R D E C O MP O S I T I Q.N ~ I T H A C (' M fj I N A T I O N 1J F:· 
PARTIAL AND COMPL.ETE PlVOTINGJ 
ONENqMINV OfLIVERS THE 1•NOR~ OF THE INVERSE OF A MATRIX W~➔ OSE 
TRIA~G!JLARLY D[COMPOSED FORM IS DELIVERD BY DEC OR GSSELMr 
ERBELM CALCULATES A ROUGH UPPERBOUND FOR THE SOLLJTION OF A LINEAR 
SVSTE~ NtiOSE t.ttATRIX ts TRIANGULARLV DECO~~POSED BY GSSELt➔ r 
GSSERB PERFORMS A TRIANGULAR DECOMPOSTIQN OF THE ~ATRIX OF A LINfAR 
SYSTEM A~D CA~CJLATES A~ UPPERBOUND FOR THE RELATIVf ERROR OF THE 
SO L t.J T I O \J O F T rl A-T S V S T E.. M J 
GSSNRI PERFORMS A TRIA~GULA~ DECOMPOSITION A~D CALCULATES THE 
1•NORM OF THE !~VtRSE MATRlXJ 

THE MET~OD LJSED IN DEC AND GSSELM YIELDS A LOWER•TRIANGULAR ~1ATRIX 
L A 'f D A \.J N I T l.l F' PER-. TR I ANG UL A R MA TR I X U SUCH THAT THE PROO ~JCT 
L t,_J E: c~ t.J A L S T H E G t \i E N ~ A T R I X 1Al I T H P E R M lJ T E D R O ~ltJ S C D E C ) t) R R O w S A '" D 
C O L LI M r~ S C G S S E L M ) J I i'-' () E C , 0 N l. Y P A R T I A L P t \/ 0 T I N G I S LJ S E D C t 3 l , 
(4, P, 1151, [5, P.201J); THE PI\/O'TING STRATEGY !N GSSE:LM IS 
A COMAI~ATIO~ OF PARTIAL ANO CO~PLETE PIVOTING Ct2J, (11); !'~ THIS 
STRATEGY TME PROCESS ~ILL SWITCH TO COMPLETE PIVOTING IF PARTIAL 
PIVOTING MIGHT NOT YIELD STABLE RESULTS; SO IN GSSELM THE 
EFFICIE~CY OF PARTIAL PIVOTING IS CO~BINED WITH THE STABILITY OF 
COMPLE.Tt PIVOTING; . 
SINCE, Ii EXCEPTIONAL CASES, PARTIAL PIVOTING MAY YIELD USELESS 
RESUL.TS, E~E~J FOR wELL•CONDITIONED ~ATRICE.S, THE USER IS ADVISED TO 
USE GSSEt~Mr HO~EV~:R, IF THE ~U~BER OF VARIABLES IS SMA~L RELAlIVE 
TO THE ~UMBER OF Bif\lARV DIGtTS IN T~1E ~UMBER REPRESENTATION, T"1r:N 
t,fc MAY -LSO BE tJSEDJ 

LLJ ()fCO~POSlTJON, 
TRIANGUL~R DFCO~POS!TJO~, 
GAUSSIA~l ELIMINATION, 
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Sl,185EC T 1 Ot\J: DEC, 

THE HEADING OF THIS PROCEDURE ISi 
'' P R () C E D LJ R E. '' D t. C ( A , i¾! , A lJ X , P ) J '' V A L lJ f •• N J 
'' I hJ T E G E R r, f'v J '' A R R A Y '' A , A l .t X ; " I N T E G E R '' '' A R R A V " P J 

THE:. 
A: 

AUX: 

~EA~I~G OF THE F"CRMAL PARA~ETERS IS: 
<ARRAY IDfNTIFIER>J 
''ARRAY'' A [1 :'J., 1 :NJ J 
ENTRV:T~( MATRIX: 
EXIT:THE CALCULATED LOWER-TRIANGULAR ~ATRIX ANO UNIT 
\J P P ( R T R I A ~JG t __ J L A R lli A T R I X W I T H I T S U N I T {) I A GO N A L D M l T T E D J 
<ARITHMETIC EXPRESSION>; , 
THE ORDER OF THE ~ATRIXJ 
<ARRAY IO~NTIFIER>; 
'' A R ~ A Y '' A U X ( 1 : 3 ] , 
ENTRY: 
AlJX[2J: A RELATIVE TOLERANCEJ A REASONABLE CHOICE FOR THIS 

VALtJE IS AN ESTIMATE OF THE RELATIVE PRECISION OF 
THE ~ATRIX ELE~ENTSs HOWEVER, lT SHOULD NOT BE 

· C ► i O S E ~-t S M A L L E R T H A N T H E M A C H I N E P R E C l S I O N ; 
EXIT: 
4 tJ X ( 1 l : I f R I S T HE. N t J M B E R O F E L I M I N A 'T l O f\J S T E P S 

C S f.: E A l~J X [ \ J ) , l H E ~ A U X [ 1 J E Q lJ A L S 1 
DETERMINANT OF THE PRINCIPAL SUSMATRIX Of 
IS POSITIVE,. ELSE AlJX[ll = •1J 

PE RF ORMr:D 
IF THE 

ORl)ER R 

A l.,J X t 3 l : T t-f E :\I U MA f R O F E L I M I ~ A T I O N S T E P S P E Rf O R ME D J I F 
A U X C 3 J < N T H E N T H E P R O C E S S I S B R O K E ~ 0 F F , 8 r" C A LJ S E 
THE SELECTED PIVOT IS TOO SMALL RELATIVE TO• 
tvt~TR!X NORMJ 

<ARRAY IDENTIFIER>J 
t@ 1 N T f: G E R '' 1' A R R A V •• P [ 1 i N l : 
EXIT:THE PlVOTA~ INDICES, 

• 



PRO C E D 1.J ~ E S 

'1AT\i\AT 
'1ATTA~ 
lCH40~ 

= C.P5Q01~, 
:: CP,3401~, 
: CP34032. 

DEC DECLARES 
REA~ ARRAY OF 

RUNNING TJ~EI PROPORTIONAL TON** 3, 

A ONE•DIM.F.NSIONAL 
JROER N, 

MC 

PAGf S 

THE TR!A~GULAR DECOMPOSITIO~ IS PERFOR~EO I~ AT MOST N STEPSJ T~E 
K•TH STEP, K: l, ,_ 1 • N, PRODUCES T~E K•TH COLU~N OF THE LOWER• 
TRlANGtlLt,R MATR·IX LJ StJBSEQtJENTLV, THE PIVOT IS SELECTED I~ THIS 
C O L ~ IM N ; I F. T H I S P I V O T I S LE S S TH A N A U X C 2 l T I Mt S Tri E M A X I ~ lJ M OF TH t 
El IC l, I O I A \t ~ 0 R-.., S OF TM E RO~ S , T t-1 f N THE PROCESS I S BROK t: N OFF , c: LS E 
THE PIVOTAL RO~ ANO T~iE K•T~ RO~ OF THE MATRIX ARE INTERCHANGED: 
F!~ALI_V THE K-T~ RO~ OF T~iE UNIT UPPER•TRIANGlJLAR MATRIX UIS 
PROJlJCED: THAT ELt~E~T Of THE K•TH COLJM~ Of LIS CHOSEN AS PIVOT 
, ~~OSf 4d50LJTE VALtJE :)IVIOEO AV THE EUCLlOIAN NORM OF THE 
CORR F:. SP 1:1 'J f) I ~ G R '.~) w OF THE NI A r RI X, IS MAX: IM AL J TH ~JS, THE MATRIX: IS 
EQ\.JILIR~~TED IN TriIS PIVOTI~G STRATEGY, SUCH THAT THE RQwS 
EFFt.tTIVELV OBTAIN UNIT EUCLIDIAN NORM, 
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SUBSECTION; GSSfl.~ 

CALLING S[QuENCE: 

THE HEADl~IG OF THIS PROCEDURE ISi 
" p R n C E ~ J q r " G s s E L~ M ( A , N , A lJ X , R I , C I ) , ti V A L IJ E " ~ J 
fl I 'J T E G E R tf ~ : •• A Q R A V " A , A u X ' " I ~, T E G E R " " A RR A V " ~ I - C I ' 

THE 
A: 

CI: 

M f,, A ._., I N G OF T ~ E F O R ~ A l P A R A ~ E T E RS I S t 
<A~RAV lDE~Tl~IEQ>1 
''ARRAV" Atl:N,t;N]J 
F~ $\: f R Y : T $➔ E. 'I • T ': t O R t) E R M A T R I X J 
~XJT:THE CALCULATED LOWER•TRIA~GU~AR 
UPPERTRIANGWLAR ~ATRIX ~ITH ITS U~IT 
<ARITH~ETIC t(PQESSION>t , 
THE ORDER nF TH~ ~ATRIXJ 
<~RRAY IOE~TIFlER>J 
••ARRAVrt AUX t \: 7] J 
ENTRV1 

~ATRI~ AND U~IT 
DIAGONAL OMITTEDJ 

AUX[21: A RELATIVE TOLERANCEJ A REASONABLE CHOIC~ FOR THIS 
VAL •J E I S AN E S T I MATE OF T ~ E REL A T I VE. PR f C I S IO•~ (l F 
THE: MATRIX ~LEMENTSs ~a~EVER, IT S~OULD NOT BE 

, CHOSE~ SMALLER THAN THE MACP~INE PRECISJONJ 
AUX[4J I A VALJE ~~ICH IS USED FOR CONTROLLING PIVOTJ~GJ 

tJ S U A I L Y , A 1.J X [ 4 l :: 8 w I L L G I V E G O OD R E S lJ L T S , 
EXIT: 
AUX [11 I lF R IS THE NUMBER OF ELI~I~ATIO~ STEPS P!-:~f.OR~E.D 

( SEE AUX [ 31 l, THEN AUX [ 1 l EQUALS 1 IF THE 
DETERMINANT OF THE PRINCIPAL SUBMATRIX OF ORDE~ R 
IS POSITIVE, ELSE AUX[ll : "17 

A U X t 3 J I l HE N u M 8 E R O F E L I ~ I N A T I O N S T E P S PE R F' 0 R ~1 e: 0 J I F 
AtJX[3J < N THEN THE PROCESS IS BRO~EN OFF, BECAtJSE 
THE SELECTED PIVOT IS TOO S~ALL RELATIVE TO A 
~ I\ T ..,. I X ~~ 0 R M J 

A ;J X [ 5 1 i T ►~ E M O D lJ L U S OF A ~ EL. E M f N T w H I C 14 I S O F "'1 A X I ~UM 
ABSOLUTE VALUE FOR TH( ~ATRIX GI~EN IN ARRAY AJ 

,LJX (7 l I AfJ 1JPPE Q BOlJ'!D FOR THE GROfliTH (I, E • THE MODULUS 01-· 
A ~ J f' LE ~ E N f ~ H I C H I S O F '4 A X I ~UM A R S {) L tJ T E V A L t.J E F OR 
T~◄ E MATRICES OCCURRING OURI~G ELIMINATION)f 

<A~RAV !DE~TIFIER>J 
t'I'ITEGE~""ARRAV'' RI tl :NJ J 
EX l T: TtiE PIVOTAL RQw.-I~~OICESJ 
<A~RAY IDE~TIFIER>J 
''INTEGEQ""ARRAV'' CI[llN]J 
EXIT; T~E PIVOTAL COLUMN lNOICESJ 
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PROCEDURf S 1JSc J: 

ROWCST 
ELMRON 
MAXEL~Rt)~ 
ICHCOL 
ICHRO~ 
HAXMAT 

: CP3113l, 
s CP3tJ'024, 
= CP34,j2~, 
:: CP34031, 
: CP3qQ;l, 
: CP3 14230, 

RUNNING TIME: PROPURTIO~AL rn N ** 3, 

LANGUAGE: ALGOL bO, 

MET~OO ANO PERFORMANCE: 
THE PROCESS OF GAlJSSIAN ELIMl~ATION IS PERFOR~ED IN AT MOST~ STEPS 
, w HERE P\t OEN OT E S TH f ORD E q OF THE MAT~ I X· J PART I AL PI VOTING "ILL BE: 
USED AS LO~G AS THE CALCLJL.ATED UPPER BOUND FOR THl GROWTH Ct2l, 
[ 1 l ) , 1 S L E S S T ~i A N A C R I T I C A L V AL U E TH A T f: Q UAL S A l_J X [ 2 l * N T I ME S 
THE MODULUS OF AN E~E~E~T ~HlCH IS OF ~AXI~UM ABSOLUTE VALUE FOR 
THE GIVEN MATRIX, It-I THE PARTIAL PIVOTl~G STRATEGY, THAT ELEMENT JS 
CHOSEN AS PIVOT IN THE ~-TH STEP, WHOSE ABSOLUTE VALUE IS MAXIMAL 
FOR TH~ K-TH COLUM~ OF THE LOWER~TRIA~GlJLAR MATRIX LJ MO~EVER, IF 
T HE t.J P P E R 6 0 U ND f O R T rl E G R O w T H E X C E E O S T t-4 I S C R t T I C A L V A L t J t I N T H E 
K•TM STEP, THE~ A PIVOT IS SELECTED IN THE J•TH STEP CJ: K, •• ~, Nl 
, IN S~CH A wAV, THAT ITS ABSOLUTE VALJE IS MAXIMAL FOR THl 
REMAINING SUBMATRIX OF ORDEA N • K + 1 (COMPLETE PIVOTI~G)J 
S]NCE I~ PRACTICE, IF ~E CHOOSE AUX[q] PROPERLY, THE UPPER BOUND 
FOR THE GROwTH RARELY EXCEEDS THIS CRITICAL VALUf Ct2l, (41), WE 
~ILL ,JSUALLY TAKE AD~ANTAGE OF THE GREATER SPEED OF PARTIAL 
P I V O T I ~ G ( 0 ROE R t~ • K + 1 I t J T t·i E K • T H S T E P ) , w H I LE I N A F E W 
DOUBTFUL CAStS ~UHERICAL DIFFICULTIES ~ILL BE RECOG~IZED AND THE 
PROCESS ~ILL S~ITCH TO COMPLETE PIVOTI~G (ORDER 
(N ~ K + 1) ** 2 IN THE K~TH STEP)J IJSl~G GSSELM, THt 
UPPER 801JNO FOR THE RELATIVE tRROR IN THE SOLUTION OF A LINEAR 
S Y S T t M ( C 4 l , t 5 l ) , w I LL BE A T ~ 0 S T A u X ( ~ l • N T I ME S T ti r: 
UPPER BUU~O lJSI~G GAl.JSSIAN ELIMINATION WITH COMPLETE PIVOTING O~LYJ 
USUALLY, HO~EvER, THIS ~ILL HE~ A CRUDE OVEQESTIMATEJ 
THl CHOICE AUX[U] < t / N ~ILL RESULT I~J CO~PLETE PIVOTING ONLY 
, ~HILE PARTIAL PlVOTt .. JG ~ILL BE USED IN EVERY STf:P IF WE CHOOSE 
AiJX t4l > 2 • (~ • 1) / tiJJ USUALLY, AUX (41 : A ~ ILL, GIVE 
GOO O RES I.IL TS ( { 2 l , [ 1 l ) J 
THE PROCESS WILL ALSO S~ITC~◄ TO COMPLETE PIVOTING I~ THE MODULUS OF 
THE PIVOT OBTAINED ~ITH PARTIAL P1VOTI~G IS LESS THAf~ A CERTAIN 
TOLERA~CE, ~HICH tQlJALS THE GIVEN RELATIVE TOLERANCE AUX[2l TIMES 
TME MODULUS OF AN ELEME"JT WHICH IS OF ~AXl~U~ A8S0LWTE VALUE FOR 
THE GlVE~ MATR!XJ IF ALL ELEMENTS IN TriE RE~AINING SUBMATRIX ARE 
S M A L LE: R I ~, AB Su L l.1 TE V A L i. J E T ,-◄ A N TH I 5 T O LE R A ~ C E T HE N THE PR (l C E S S I S 
BROKEN OFF ANO THE-4 PRF:vIOlJS STfP~UMBER TS DELIVERED l~I AUX t:3J J 
I N C O N T R A S T ~ l T ti T H E ME TM O O U S f. D I r'i :) EC ( T H l S SEC T l ON ) , N 0 
E~UIL.IB~ATING IS DO~E IN THIS PIVOTING SlRATEGYr THE 0S~R ~lMSELF 
HAS T(l TAKE CARE ~OR A QEASONABLE SCALING OF THE MATRIX ELEMENTS, 
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syesECTIONI ONENRMINV. 

CALLING SEQUENCE: 

T~E HEADING OF THIS PROCEDURE IS 
,, R E A l .. " It P R O C E D LJ R E ,, O '1 E N R M I r~ V ( A , N ) J '' V A L. U E ,, N r 
"INTEGER" NJ ''ARRAY" AJ 

0 N E N R M I f\J v : :: T H E 1 • r--J O R M OF 1· ~ E C A L C U L. A T E O I N \I E R S E O F T H E M A T R l X , 

THE 
Al 

WHOSE TRIANGU~ARLY DECO~POSEO FORM IS GIVEN IN ARRAY AJ 

M~ANING OF THE FORMAL PARAMETERS ISi 
<ARRAV IDENTIFIER>J 
"ARRAY'' A [1 IN, 1 :NJ 1 
ENTRY: · 
THE TRIANGULARLY DECOMPOSED FORM OF A MATRIX, AS DELIVERED 
BY GSSELM OR DEC (THIS SECTION)J 
<ARITHM~TICAL EXPRESSlON>J 
THE OROER OF THE MATRIX, WHOSE TRIANGULARLY DECOMPOSED 
F'ORM IS GIVEN IN ARRAY A, 

PROCEOURES USEDJ • 

~ATVEC : CP34011, 

REQUIRED CENTRAL MEMORYI • 

• 

EXECUTION FIELD LENGTH1 ONENRMINV DECLARES A ONE•DIMENSIONAL 
AUXILIARY REAL ARRAV OF ORDER N, 

RUNNI~~G TIME: PROPORTIONAL TON** 3, 
• 

• 

L,ANGUAGEI ALGOL bO, 

METHOD AND PERFORMANCES 
' 

THE INVERSE OF THE MATqIX ~HOSE TRIANGULARLY DECOMPOSED FORr◄, AS 
' 

DEl~IVEREO av GSSELM OR DEC, IS GIVEN IN ARRAV A, IS CALCULATED WITH 
F O R W A R O A N O 8 A C K S U 8 S T I T lJ T I O N ( C 3 l , [ ~ J , ( 5 l ) J O N L V T H E 1 •NO R M O F 
THJS INVERSE IS DELIVERED BV ONENRMINVJ THE ELEMENTS Of ARRAY A 
REMAIN UNALTERED, 
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C A L L l N G S E Q 1,J E I\! C f: : 

THE HEADING OF THIS PROCEDURE IS: 
''PRO CED i.J RE'' f. R 8 EL IV: Cf~, A 1.J X , i\J RM INV) J 19 VALUE'' N, N RM I f\J V J 
'' I N T E G E R '' N J '' R E A L '' fl.I R M I N V J 1• A R R A V '' A lJ X J 

TtiE Mf.A~ING OF THE FOR~Al. PARAMETERS IS: 
Na <ARITHMETICAL EXPRESSION>J 

AUX• • fl 

T~◄ E ORDER Of T~E LI~EAR SYSTEM IN 
<ARRAY IDENTlFIER>J 

CONSJDERATIONJ 

•
1 A R R A y '' A U X t O : 1 1 l J 
ENTRY: 
AUX Colt 
AUX (SJ: 

AUX Cbl z 

AUX t7J: 

EXIT1 

THE ~ACrlINE PRECISIONJ . 
THE MODULUS OF AN E~EMENT, WHICH 
ABSOLUTE VALUE FOR THE MATRIX OF THE 
T ~t I S V A I.. U E I S DEL l VE RE :> 8 Y G 5 SE L M 
SECT!ON)t 

I S CJ f~ M A X l M U M 
L~ I ~l ~: A R S Y S T E M J 

IN AlJX [5] ( THIS 

ArJ UPPlR BOUND FOR THE RELATIVE ERROR IN THE 
ELEMENTS OF THE MATRIX OF THE LINEAR SVSTtMJ 
At~ lJPPER SOUND FOR THE GRllWTt; DltRlNG GAUSSIAN 

. E L I ~'1 I N A T I () ~~ J TH I S V A ~ U E I S D E L I VE R ED I N A U X C 7 l 8 Y 
GSSEl~ (THIS SECTION)J 

l\lJX [qJ s THE VAt,.l.JE 0~ ~~RMINV; 
AUX Clll: A RQl_JGH tJPPER BOUND FOR THE RELATIVE:. ERROR IN THE 

S O L U T I O t~ 0 r A L I NE A R S Y S TE M ~ HE N GA lJ S S I A N 
ELI~1INATION IS USED FOR THE CA~CULATION Of' THIS 
SOLUTIDNr IF NO USE CA~ RE MADE OF THE FOR~lJLA FOR 
THE ERROR 80UND (SEEi METHOD AND PfRFORMANCE), 
BECAUSE OF A VERY BAD CONDITION OF THE ~ATRIX, THEN 
AUXt11l := •17 

<ARIT~~ETICAL EXPRESSIO~>J 
THE 1•NORM OF THE INVERSE OF THE MATRIX 0~ THE LINEAR 
SYSTE~ ~UST BE GIVEN IN NRMINV. • 

• 
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PROCEDURES USED; NONF. 

LANGUAGE.: .. 

METHOD AND PERFORMANCEI 

WHEN CALLED AFTER GSSELM, ERBELM WILL CALCULATE A ROUGH UPPER BOUND 
FOR THE RELATIVE ERROR IN THE SOLUTION CF THE LINEAR SYSTEM, WHOSE 
MATRIX IS DECOMPOSED INTO TRIANGULAR FORM BV GSSELM (THIS SfCTION)J 
THE FOR~ULA USED FOR CALCULATING THIS fRROR BOUND IS GIVEN av ([3] 
, (4], t5J): 

~OR~CDX) / NORM(Xl <= P / (1 • P), 
WHER~BYI Pe Q * NORM(C) / (1 ~ Q ~ NORM(C)), 

Q = G * ( 1 75 * N ** 3 + 4,5 * N ** 2) * EPS + EPSA, 
C IS THE CALCULATED INVERSE OF THE MATRIX, 
G THE UPPER BOUND FOR THE GROWTH DURING GAUSSIAN 
ELIMINATION, AS DELIVERED av GSSELM (THIS SECTION), 
N T~E ORDER OF THE MATRIX, 
EPS~ AN UPPER BOUND FOR 
ELEMENTS, 

THE REL~TIVE ERROR IN THE MATRlX 
• 

EPS TME MACHINE PRECISION AND 
NORM(,)· DENOTES THE 1•NORM, 

EXAMPLE OF. USE: SEE GSSSOL.,ERB (SECTION 31'1,t*l.t,1~3), 

• 

• 
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SUBSfCTIO~: ~SSERB 
• 

CALLING SE:QLlENCE; 

THE HEADING OF THIS PROCEDURE IS: 
11 P R o c E D 1.J R E '' c; s s F.: R 8 c A , N , A u x , R I , c I ) , " v A L u E ,, "' 1 
" I N T E G E R '' t~ J '' A R R A V tt A , A U X 1 •• l N T E G E R '' •• A R R A Y " R I , C I f 

T ;iE 
A: 

N: 

A tJ X: 

CIJ 

M[A~ING OF THE F'OR~AL PARAMETERS IS: 
<ARRAY IDE~TlFtER>r 

• 

'' A R R A Y '' A C 1 : ~! , 1 ; N l J 
ENTRV:THE ~ATRIX TO SE DECOMPOSEOs • 

Ex1·r1 T~E CALCU~ATED LOWER•TRIANGULAR MATRIX AND UNIT UPPER 
TRIANGULAR MATRlX,WlTH ITS UNIT DIAGONAL OMITTED: 
<AR!TH~ETIC EXPRESSION>J 
THE ORDER OF THE MATRIXJ 
<ARRAY IDENT!FIER>J 
11 AR~AV'' AUX[OJlll J 

• 

ENT~Y:CSEE ALSO GSSELM IN THIS SECTION)J 
AUXCOJ: THE MAC~tNE PRECJSIONJ 
AUX [2): A RE.'LAT IVE TOLERANCE I 
AUX[qJ: A VALUE WHICH IS USED FOR CONTROLLING PIVOTINGr 
AUX[oJ: AN UPPER SOUND FOR THE RELATIVE PRECISION OF 'TH 

· MATRIX ELEMENTSJ 
EXIT1 
AUX[t] I IF R IS 'THE NUMBER OF ELIMINATION STEPS PERFORMED, 

THEN AUX[ll EQUALS 1 IF THE DETERMINANT OF THE 
PRINCIPAL SUBMATRIX OF ORDER R IS POSITIVE, ELSE 
A U X [ 1 l : • 1 ;. 

AUXC31: THE NUMBER OF ELIMINATION STEPS PERFORMEDJ 
AUXC5l: THE MODULUS OF AN ELEME~T, WHICH IS OF MAXIMUM 

• • 

ABSOLlJTE VALlJE FOR THE ~ATRJX GIVEN IN ARRAY AJ 
AUX[7J: AN UPPER BOUND FOR THE GROWTHJ 
~ux [9J: IF AUX [3] = N, Tt-tEN AUX tq] WILL EQUAL THE~ 119,!JNORM OF 

T ►{E INVERSE MATRIX, ELSE ALJX(qJ WILL BE UNDEFINEOJ 
AUXC11l1 IF AUX[3l = N, THEN THE VALUE OF AUXtlll WILL. BE A 

ROUGH UPPER BOUND FOR TrlE RELATIVE ERROR IN THE 
SOLUTION OF LINEAR SYSTEMS WITH A MATRIX AS GIVEN 
IN ARRAV A, ELSE AUX[lll WILL BE UNDEfl~EDJ IF NO 
USE CAN BE MADE Of THE FORMULA F'OR THE ERROR BOl)ND 
AS GIVEN ABOVE (SUBSECTION ERBELM), BECAUSE OF A 
VERY BAO CONDITION OF THE MATRIX, THEN AUXtl1l s=~11 

<ARRAY IOENTirIER~, 
'' I N T E G E R '' •• A R R A V " R I [ 1 ; N l J 
EXIT: THE PIVOTA~ ROW INDICES, 
<ARRAY IDENTIFIER>J 
'' I N T E G E R '' '' A R R A V •• C I [ 1 t N l J 
EXIT: THE PIVOTAL COLUMN INDICES, 

PROCEDURES lJSED I 

GSSELM 
ONENRMINV 
ERBELM 

: CP34231, 
: CP34240, 
= CP342Li1, 
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LANGUAGc.1 

GSSERB 1JSES GSSEL~ (T~lS SECTION) TO 
DECOMPOSITIO~ □~- TrlE HATHIX GIVEN I~ 
ON~NH~IN~ (THIS S~CTtONJ TO CALCULATE 
RE L A T I V E E ~ R O R I r~ T HE S O L tJ r I O N O F L I N E A R 
G I V EN I N A R RA V A ; I F A t,J X ( 3 l < N , T H E N 
HERf~LY THAT OF GSSEL~, 

PERFOR~ THE TRIANGULAR 
A~RAY A A~O ERB~LM ~ND 

AN UPPER BOUND FOR THE 
SYSTEMS wITH 4 MATRIX AS 

T~E ~FFECT OF GSSFRB IS 

SUBSECTION: GSS~RI 

CALLING SEQ~ENCE: 

T H E H E A D I N G OF T I-~ 1 S P R O C E D U RE I S : 
"PROCf:DUR£'1 GSSI\JRI(A, N, A•JX, RI, CI)J 1•VALUE" NJ 
'' I r~ TE G E R " ·\I ; '' A ~ R A Y " A , A U X 1 " I N T E G E R " " A RR A Y " P I , C I J 

THE 
A• • 

Nt 

A lJ X: 

MEA~I~G OF THE FORMAL PARAMETERS IS: 
<ARRAY IDENTIFtER>J 
"ARRAY" A (11N, 11N) J 
ENTRY:T~E MATRIX TO BE DECOMPOSEDJ 
EXIT: THE CALCULATED LOWER•lRlA~CULAR MATRIX AND UNIT UPPE:R 
lijIANGULAR MATRIX,WITH ITS DIAGONAL O~ITTEOJ 
<ARITH~ETIC EXPRESSION>J 
TME ORDER OF THE MATRrx, 
<ARRAY IDE~TJFIER>J 
11 A~RAV" AUX [1 lqJ I 
ENTRYa(SEE ALSO GSSELM IN THIS SECTION)J 
AUX (2): A REl .. ATIVE TOLERA"JCE; 
AUX[4J: A ~ALUE USED FOR CONTROLLING PIVOTINGJ 
EXIT: 
AUX [1] I 

.t\Ut [3J: 
AUX[SJi 

AUX [71 s 
AU. X ( 0 1 • . ., . . 

IF R tS THE NiJMBER 
THEN AtJX [1l f::QUALS 
PRINCIPAL StJ6MATRIX 
AUXtll = •\J 

OF ELI~INATION STEPS PERFORMED, 
1 IF THE DETERMINANT OF THE 

OF ORDER R IS POSITIVE, ELSE 

THE NU~BER OF ELI~INATION STEPS PERFORMEDr 
THE MODULUS OF A~ ELEMENT, WHICH IS OF HAXI~UM 
ABSOLUTE VALUE FO~ THE MATRIX GIVEN IN 4RRAV AJ 
AN LIPPER BO•J~O FOR THE GR 0'4 TH J 
IF AU~tll = N, THEN AUX[9] WIL EQUAL THE t~NORM OF 
TriE INVERSE MATRIX, ELSE AUX(q) ~ILL BE UNDEFINEOJ 
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Ris <ARRAY IDENTifIER>J 
'' I N T E G F. R !t •• A R R A Y •• R I [ 1 : N l t 
EXIT: THE PIVOTAL ROW IN~ICES, 

CI: <ARRAY IDENTIFIER>; 
" I N T E G £ R '' '' A R R A Y •• C I [ 1 I N l 1 
EXIT:THE PIVOTAL COLUMN INDICES, 

PROCEDURES USED: 

GSSELM 
ONENR~INV 

: CP342:S1, 
: CP342'-'0 .. 

RUNNING lJMEt PROPORTIONAL TON** 3, 

LANGUAGE: AL..GOL bO, 

METHOD ANO PERFORMANCE: 

• 

GSSNRI ~JSES GSSELM (THIS SECTION) TO PERFORM THE TRIANGULAR 
DECOMPOSITION OF THE ~ATRIX GIVEN IN ARRAY A AND ONENRMINV (THIS 
SECTION) TO CALCULATE THE t~NORM OF THE INVERSE MATRIXJ IF 
AlJX [3J < N, THEN THE EFFECT OF GSSNRI IS MERELY THAT OF GSSELH 
(THIS SECTION)• 

• 

REFERENCE.SJ 

[1J BUS, J, C, P, 
L.INEAR SYSTEMS WITH CA~CULATlON nF ERROR aOUNOS •No ITERATIVE 
REFI~EMENT (DUTCH)~ 
MATHE~ATICAL CENTRE, AMSTERDAM, LR 3 9 4• 19 (lq72) 1 

[?l BvSI~GER, P. A1 

MONITORING ·r~iE ~JUMERICAL STABILITY OF GAUSSIAN ELIMINATION, 
NUMER, ~ATH, 16, 3b0~3b1 (1971), 

[31 DEKKER, T, J • 
ALGOL bO PROC~OlJRES IN NUMERICAL ALGEBRA, PART 1, 
M A T H E M A T I C A L C E i't T R E , A M S 1· E R D A M , T R A C T 2 2 ( l q b 8 ) • 

[41 wlLKINSON, J9 M, 
ROLINDING ERRORS I~J ALGEBRAIC PROCESSES, 
LONO(JN (1qb3), 

[51 IIVILKINSOI-J, J, H, 
THE ALGEBRAIC EIGENVA~UE PROBLEM. 
OXFORD (19b5), 
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SOURCE Tf.XT(S): 

'' C OD E '' 3 4 3 0 0 1 
' 

' ' P R o c E o u R E '' £) E c c A , r~ , A tJ x , P ) , •• v A L u f a, N 1 •• I N T E G t: R •• N , 
" A R R A Y 9• A , A 1J X : '' I N T E G E R '' '' A R R A Y •• P J 
" a E G I rJ ,, ,, I r~ T E G E R '' I , K , K 1 , P K , D J 

'1 REAL'1 R,, S, EPSJ 
" A R R A V ., V [ 1 : N J J 
It R E A L, '' •• P R O C E D U R E " M A T M A T C L , U , I , J , A , B ) J '' C O O E " 3 '1 0 1 3 1 
" R E A L •• '' P R O C E D U RE '' M A T T A f-1 ( L , U , I , J , A , B ) J '' C O OE ~ \ 4 0 1 5 J 
''PROCEDURE'' ICHRO~ CL, U, I, J, A) J ••r:ODE" 3Lt032J 
R:: •t: 
'~ F O R '' I : : 1 '' S T E P " 1 •• U ''-' T I L " ;\J •• 0 0 '' 
" 8 E G I N '' S s : 5 Q R T ( P"1 A T T A M ( 1 , N , I , I , A , ~ l ) J 

' 

'' l F '' S > R 1• T H E N " R I = S J V [ I 1 l : l / S 
••END ,, 1 . 
f.PS:= AUXt2l * RJ D1: 1; 
'' F o R ,. K : = 1 11 s ·r E P ., 1 '' u r-J T I L, " N •• o a '' 
'' 8 E G I t--~ '' R : : 4lllt 1 ; K 1 J :: K • 1 J 

'' f' 0 R 1• I : : K •• S T E P '' t " LJ N T I L '' N '' 0 0 '' 
'' 8 E G I N fl A C I , K l g : A [ I , K l "' M A. T M A T C l , K 1 , I , K , A , A ) r 

S : : A B S ( A [ I , K l ) * V [ I l J '' I F •• S > R 19 T H E N '' 
eq B E G I N '' R i = S 1 P K I = I " E N O •• 

'' E N D •• L O W E R J 
P [Kl:: PK, V tPKl 1: V (Kl J Sa;; A [PK 1 Kl J 
'' t f It A B s ( s ) < E p s '1 T HE N M ti GO T O '' E ND ' 
'' I F ,t S < 0 *' T H E N '' D : = llflll D J '' I f '' P K • : K '' T H E N '' 
'' R. E G l N " 0 i : • 0 ; I C J~ R O W C 1 , N , I( , P K , A ) '' E N D '' J 
,. F O R '' I : : K + 1 ,. S T E P ,, 1 fl U N T I L. ., N ,. D O ., 
ACK,Il :: (A(K,Il • t1ATMAT(1, K1, K, I, A, A)) / S 

''END'' LU; 
K:= 1'J + lt 

ENO: AlJX [ll i: D; AUX (3J 1: K • 1 
'' E N D " D E. C ; 

•• E OP'' 

"CODE" 342311 • 

" P R O C E D u R E '' G S S E L H ( A , N , A U X , R I , C I ) J 1' V A L U E: '' N J " I N T E GE R '1 N J 
" A. R R A Y '' A , A tJ X J 
"INTEGER" ''ARMAV" MI, CIJ 
'' A E G I N •• •1 I N T E GE R tt I , J , P I Q , R , R 1 , J ? I V , R A N K , S I G ND E T J 

"REA~•• CRIT, PIVOT, RGROW, MAX, AID, MAXl, EPSr 
11 8 0 CJ L E A ?l.J '' P A R T ! A L. J 
" P RO C f:. D tJ R E •• E ~ M R O ~ C L , U , I , J , A , 8 , X ) J " C O OE '' 3 q O 2 4 ; 
'' I !\J T E G E R '' '' P R O C E D U R E " M A XE L, M RO W C L , U , I , J • A , B , )( ) J 
•• C O D E 1' 3 4 0 2 S J 
•• P R O C E D tJ R E '' I C ~i C O L C L , U , I , J , A ) J '' C O O E '' 3 4 0 3 1 J 
'' P R O C E O tJ R E 11 I C H R O ~ C L , U , l , J , A ) r tt C O O E '' 3 4 0 3 2 J 
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MC 

''P~OCEOJRE" RO~CST(L, U, I, A, X)J "CODE" 311321 
'' R E A L " ,, P R O C E O UR E " M A X M A T C L R , l.J R , ~ C ,, Li C , I , J , A ) , 
'' C O O E: " 3 4 2 '3 O J 

• 

A U X t ';S l I ;: R G R O W I ; ,..1 A X 1'"1 A T ( 1 , ~, , 1 , t~ , I , J , A ) r 
C R I T I • ~ i • R G R O W • A LJ X t lf l ; E. P S I ;; R G RO W * .A U X t 2 J J ~1 A X I ~ 0 J 
RANK:: ~JJ SIGNOET1• ta PARTIA~I~ RGROW •= OJ 
•• F O R " i~ : = 1 " S T E: P '' 1 '' l'.J f ·.J T I L '' r:J t• 0 0 " " I F " Q • = J '' T H E N " 
"BEGIN-• AID&• ABSCAtI,QJ); 

'' l f " A I D > ~~ A X '' T !1 E f J " M A X ; m A I 0 
''END" 1 
RGRO~;: RGROW + MAXJ 
''FOR'' R;: 1 "STE:.Pw 1 "Uf:TIL" fl t•[)O" 
•• a E G I i: •• ~ 1 I = R t 1 f tt I F '1 I • • R '' T H E N " 

"BEGIN" SlGNDETa=. SIGNOETJ ICHROW(t, N, R, I, A) ''END"r 
"IF" J •: R ~THEN" 
" B E G I ~1 '' S I G t.J O E T I a • S I G ~ ~ 0 E T J I C r1 C O L. ( 1 , N , R , J , A ) '' E N O 11 , 

~l tRl 1= I; CI tRl i;;: JJ PIVOT;t: A tR,RJ I 
" I F •• P I VO T < o 1• T HE N " S I G N D E T I a • S I G NO E T J 
"IF'' P4RTIAL "T~EN" 
" B E G I r· l " ~4 A X i • '··1 A X l i a O J J : ;; R 1 I 

R O 1~ C S T ( R 1 , ~~ , R , A , 1 / P I \I O T ) J 
~rOR" P~a Rt "STEP'• 1 "U~JTIL" t~ "00" 
" B E G I ~J '' E l ~1 R a ;1

, C R 1 , ~·J , P , R , A , A , • A t P , ~ l J ; 
AI01= ABSCACP,Rll)J ''Ifft MAX c AIC ''THEN" 

• 

'' B ! G I ~J " t·1 A X I = .A I D ; I I " P " E ~·J O •• t 
"E ~JD" t 

''FOR" Qz= Rt + 1 "STEP'' 1 "WNTI~" N ''DO•• 
" s E G I r · '' A t o 1 = A u s c A t I , Q l l , 

,, I , " tA A X 1 < A I O " T H E ~-t tt ~, 4 X 1 I • A. I 0 
"E ,.,,JD " i 
AID1= RGROWJ RGROWt• RGROW + MAX1J 
'' I , " R G RO w > C R l T " 0 P. '' M A X < E P S '' T t1 E ~~ " 
''BEGIN" PARTIAL1= "rALSE••, RGRO~I= AI0t 

MAX~• HAX~AT(Rt, N, R1, N 1 I, J, A) 
"E ~-t D" 

" E; ... J O " P A R T I A L P I V O T I N G S TE P 
"EL SE'' 
" B E G I !•J " " I F '' ._, A X < = E r S '' T H E •-J tt 

• 
' 

'' B E: G I ~., •• ~ A ~ J K I = R • 1 I 
'' l rr •• PI L/ 0 T < 0 ,. Tri Erl '1 SIG ~JD ET I : • SIG ~-JD ET J ''GOTO'' 0 t IT 

., E ~.1 D ,, J 

r-◄ A X I := • 1 J 
R O ~ C S T ( f~ 1 , ~~ , ~ , A , 1 / P I V O T ) J 
" r O R '' ~ : • R 1 '' S T E P '' 1 ~• LJ "'! T I Ls '' t,.J " 0 0 '1 

'' e, E G I ~ J" JP IV t: r1 AXEL. \t RO ~4 ( R 1 , N, P, R, A, A , • A t P , R J ) J 
A I O : : A 9 S ( A [ P , J P l \/ J ) s '' I ~ " »i A X < A I D ., T ~ E t l '-' 
•• O E G I t '' ~-1 A X ; = A I r' ; I t s; P r J : = i,_l P I V •• E ~J O '' 

tt E ..... D " , J r . .. , 
,, r r •· R G f, c, !.~; < ~- i A x '' T r➔ t r -~ " ~ G R a ~ : = ~ A x 

It E ~-1 D ,. C CJ 1 ~ P ~ t. T ~ ~J I V O T l : 4 G S T E P 
,. E .,JO·~ EL.. I';' t ?-J AT! 0 r-: STEP; 

~-1 L,1 T : Au X t 1 l : : ~Ir;· JD t: T J .A LJ X [ 3 J : : RA ri\; K ; A. LJ X C 7 l I : RC f~ 0 ~\! 
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''CODE" 3tJZ40J 
tt R E AL " " p RO C E O u RE " 0 ~, E "R M l N V ( A , N ) ' '' V "L. u E '1 N J If I N TE GE R •• tJ ' 
''ARRAY" Aa 
"BEGI~t" "l~TEGER" I, Jt 

"REAL" NORM, MAX, AIDJ 
~ A R R A Y '' Y t 1 I ~J l I 
~R!A~" »PROCEDURE" MATVEC(L, u, I, A, a,, "cnDE" 3Q011t 
NORMil OJ 
"FOR" J~• 1 nsTEP" 1 "UNTIL" N "DO" 

MC 

•1 B E G l N " " F O R " I i • 1 " S T E P •1 1 91 lJ !·J T I L. '' N " 0 0 " V t I J I • " I F " I c J 
" T H E ~J tt O " E L S E 99 " 1 r '' I ~ J •• T ri E t\j " 1 / A t I , I J " ! L S E " 
• MATVECCJ, I• 1, l, A, V) / AtI,Ils 
MAX;• OJ 
"FOR" t1• N "STEP"• 1 "UNTlL" 1 "00'' 
"BEGIN" A1D1~ Ytil~• Vtll • MATV!CCl + 1, N, I, A, Y)J 

MAXI• MAX+ ASS(AID) 
"END"J 
"IF'' NOR•1 c MAX "THEN" NORH~• MAX 

"ENO"I 
0 N E N R M I N V I ,;: ~J OR M 

'' E N O '' 0 N E ~J R M I ~~ V J 
"E0P" 

'' C o D e· " 3 4 2 4 1 , 
"PROCEDURE•• ERBELM(tJ, AUX, NRMINV)I ''VALUE" N, NPMINVJ 
''INTEGE;R" N; "REAL" ~JRMI~JV1 -
'' A R R A V '1 A U X J 
''BEGIN" "REAL" AID, EPSt 

~PSa: AUXtOJ s ,10,. ci.o• • !PS t (,75 • N + a,5) * N ** 2 
• A U X t 7 l t A U X t 5 l * A U X t 61 l • t,J R M l N V 1 
AUXt11l:= "IF" 2 •AID>• (1 • EPS) "THEN"• 1 ''ELSE" 
AlO I (1 • 2 tc AID] I AIJX t~J gt= NRMlNV 

'' E ~ J O '' E R B E L. M t 
'' E OP" 

•• C O D E tt 31.l 2 4 a , 
1•PROCEDURE" GSSERBCA, ~, ALIX, RI, Cl)J MVALUE" NJ "INTEGER" N1 
''ARRAY" A, AUXJ 
''l~TEGE~" "ARRAY" Rt, Clr 
'' f.l e: G I ~J '' tt P R O C E D U RE " G S S E L r·1 ( A , ~J , A U X , R I , C I ) I '' C O D E '' 3 LI 2 3 1 J 

•• R E A l. '' " P R O c; e D L.J R E " 0 N E rJ R M I N V C A , ~· t ) J '' C O O E " 3 4 2 4 0 J 
''P~:lCEDURE-. ERBEL~1(~J, AUX, rtt:<Mit~V) J "CODE" 34241 J 
GSSELM(A, N, AUX. RI, Cl); 
tt I r '' A U X [ 3 J = N '' 1 H E ~J " E R O E I. ~1 ( ~✓ , A U X , C' ~ E ~J R M l ~~ V ( A , N ) ) 

'' E N D •• G S S E R B r 
•• E O? '' 

''CODE" 34i52t 
1' ~ R O C: E. D J R E 1• G S S \I R I ( A , ~~ , A t.J X , R 1 , C I ) J " V A L U E t~ r~ f " l ~~ T E GE R " N J 
'' A q R A Y " A , A l~J X r 
"I~JTEGER" ttARRAV" RI, CI, 
•• 6 E G I :~ '' " p ~ CJ C E i) l.J p E '1 G s s E L f,.i ( A , N ' A LJ X , '? I , C I ) J It C O D E ,. 3 4 2 3 1 ' 

'' R E A L " '' P R O C E D U R E: ., C) ;,J E ~-' R ,~ l N V ( A , ! J ) J " C O D E '' 3 4 2 4 O J 
GS SE: L f' C A , ~, , AUX , ? I , C I ) , 
,. l F '' A U X [ 3 l : ~iJ tt T H E ~-I " A lJ X t 9 1 I : (l ~J E ~J, R M I ~ V C A , t~ ) 

'' E N D '' G $ S N '1 I I 
"EOP .. 
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A U T HO R I J , C • P 1 8 lJ S , 

CONTRIBUTOR: J.C.?. BUS AND P. ~. BFENTJES, 

INSTITUTE: MATHE~ATICAL CENTRE. 

BRIEF DESCRIPTION: 
THIS SECTION CONTAINS A PROCEDURE FOR CALCULATING THE: 
DE~ T F.: RM I ~A~~ T OF A TR I A ~JG ! .. I~ AR DEC: 0 ~POSE O MA TR I X J 

• 

KEV WORDS: 

DETERMINANT. 

CALLING SEQUENCE: 
• 

THE HEADING OF THIS PROCEDURE ISi 
''REAL•• '1 PROCEOURE•• DETERM(A, N, SIGN)J "VALUE" N, SIGN, 
''I~TEGER" N, SlGNJ ''ARRAY 0 AP 

DETERMI DE~IVERS THE CALCULATED V~LUE OF TME DETERMINANT OF THE 
"'1ATRIXJ 

THE MEANING OF THE FORMAL PARAMETERS 1S: 
Al <ARRAY IOENTIFIER>J 

8 ARRAY" A. (1 :N, 1 aN] J 

MC 

ENTRYa THE DIAGONA~ ELEMENTS Or THE 
LOWER~TRlANGULAR MATRIX L, OBTAINED av TRIANGULAR 
OECOMPOSITION OF THE MATRIX, HAS.TO BE GIVEN IN 
A[I,Il, I=: 1, •• ,, Nr 

N1 <ARITHMETIC EXPRESSION>J 
THE ORDER OF THE MATRIX, ~HOSE DETERMINANT HAS TO BE 
CAL.CULATEDp 

SIGNI <ARITHMETIC EXPRESSION>J 
ENTRYt If THE DETERMINANT OF THE MATRIX IS POSITIVE THEN 

THE VALUE Of SIGN SHOU~D BE +1, E~SE ~11 THIS VALUE 
IS DELIVERED BY GSSELM OR DEC IN AUX[lJ, (SECTION 
3 , 1 • 1 , 1 , 1 1 1 , 1 ) • 

PROCEDURES lJSED I NONf, 
' 

• 
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R U N N I N G T I Vi F. : P R O P 8 R T I ~1 :._1 A L T O ~ 
411 

LANGUAGE: 

MET HOO ANL) PERF()R·'1A~~CE: 
A L O w E t~ • T R l A t-~ G l .. J L A R ;,1 A T R ! X L rt A S T () 0 f 
G I V E ~J , S tJ C rl T • i A T F C) R S O ~ E U l'J I T ! .. J? P E R -. T R I A NG UL A R M A T R I X U T H E 
P R O D UC 1 L LJ E fJ 1J A L S l r¾ E. M A T R I X ( W I T ri P E R t.4 U T E O R O w S A N D C O L l ,I ~ N S ) J 
T H t~ S I G '~ i) F T Hf D E T E R ,-, I :\f ~ ~, T A L 5 0 H A S T O A E G I v E i'1 J T H E S E D A T A A R E 
D E: L I V E R E O I ~'4 T rl f: M A T R I X A N D A U X t 1 l 8 Y T HE P R (1 C E D U RE S G S S E L M O R (> E. C 
(S~cr10~.j 3.1.1.1.1.1.11 AND TH~ PROC£0JRES GSSE~A, GSSNRI (SECTIOt~ 
3~1.l.1,1.1,1), DECSUL,, GSS$0L, GSSSOLE~B C~fCTIO~~ 3 9 1,1.1.1.1,31, 
GSSITIStJL ~~JD GSSITISOLERB (SECTION 3 1 1,t.1.t,l.S), WHIC ►i MAKE tJSf 
OF GSSELM OR OEC. · 
·r ~i E C t\ L C lJ l- A T I O •·t O F r H £ 0 E T E R M I "~ A rJ T I S D O ·.J E S T R A I G T H t:l N 
r. A. L C U L A ·r I N G T ,-t f ~ f) R t.l D l J C 'f O F T H E D I A G O N A L E L E M E: N T S ll F 
L O vi E Q • T R [ A \I r; t J L A R h-1 A T R I )( G 1 '\/ E N I ~J ~ R R A V A J T H E tJ S E R I S ~ A R N t O , 
0 V E ~ f L a .-., M A Y ,J C C U R I F' T ~i F.. 0 R D E. ~~ 0 F T HE t~ A T R I x I S L A ~ G [ , 

• 

f~ V 
""" 

THE 
T ►➔ AT 

T~iE DETE~MI~ANT OF THE FOURTH ORDER SEGMENT OF THE HILf3E:RT MATRIX 
HAY At OBTAINED BY THE FOLLO~ING PRnGRA~s 

•• B E. G I N '' " I \J T F: G E R ~1 I , J : '' R E A L •• t) , •• I N r E G E R •• '' A R ~ A v '' R 1 , c I C 1 : ,, l ; 
1
' A R R A Y '' A { 1 S Lt , 1 : 4 ] , A lJ X . { 1 : 7 ] ; 

1
• F" ~ () C E D U R E:. '' G S S [ L M ( A , N , A tJ X , R I , C I ) ; '' C O D E: '' 3 4 2 3 1 ; 
'' R E A ~ '' '' P R CJ C [ D J R E '' I) r-~ T E R fV1 ( A 1 \I , S I G N ) ; '' C O D E '' 3 4 ~5 0 3 ; 
., f O ~ ., I : - 1 ,. S T E: P ,, l 9' U f~ T I L 11 4 '' D O ,. 
•t F () R •• J : : 1 ft S TEP pl 1 ,. U f\.j T I L ti 4 '' f) 0 •• A t I , J l : = 1 I ( I + ._j • 1 ) ; 
A I ... , X [ ,?. ] : = 11 - 1 q 1 A. tJ X t 4 l : = 8 ; 
GSSELM(A, 4, Al.JX, RI, Ct); 
D : = '' I F •• A U X t 3 l : I~ '' T H E N '' D E T' E: R M C A , 4 , A U X [ 1 1 ) '' t:: L S E '' 0 ; 
CJ LJ T P :.J T C 7 1 , '' C •• '' C tt DE T f~ RM I "-' A N T :: '' ) '' 8 t , 1 5 D •• + .3 D '' ) .'' , D ) 

'' f_ f.i D •• 

SOURCE. TEXT(S): 
'' C O D E:. •• 3 4 5 0 3 J 

., R [ A. L ,, '' p K (.1 C E I) 1,J ~ c: ., () E~ T E R ~~ ( A t t~ 1 S l G ~ .. ) ; ff V A ~- 1.J f. ft ~j , 5 l G i'i i 
'' T. N T £ G E ~ '' ~~ , S I G ,..4 : •• A i~ R .n V •• A : 
ff 8 E r_; l j•.J ,. tf f ,'·,J r· EGE" R ,, I ; ., RE. Al ... ff DE f 1 

[> t: T : = l. ; 
,. F () R ., I : = 1 ,. S TE' ~, ,. 1 ,, !.,J t·J T' I '"" tt \I If D [J ., D E T : :: A C I , I J * () t. T ; 
D E T E R ~1 : = S I G N * A. t3 S ( D E T ) 

11 f ~ N D •• 0 E. T E-4 R ,1..1 : 

·~ f, (1 p lt 



' 
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C O N T R I 8 lJ T t1 R : J ., C • P • A t. J S A ;~ D P • A I B E E ~~ T .,J E S ., 

RECEIVED: 73091~. 

BRIEf DESCRIPTION: 

THIS sECrION CONTAINS FIVE PROCEDURES; 
SOLr SOLVES Ttif:: ~I~EAR SYSTEt-1 WHOSE MATRIX- HAS BEEt-.l TRIANGULARLY 
DECOMPOSED BV DEC; 
DECSOL SJLVES A LINEAR SYSTEM WHOSE O~DER IS S~A~L RELATIVE TO THE 
NUMBER OF BINARY DIGITS IN THE NUMBE:R REPRSE~TATION; 
SOLELM SOLVES A LINE'.AR SYSTEM WHOS~ MATRIX HAS 8EEN TRIANGULARLY 
DECOMPOSED BY GSSfLM OR GSSERB(SECTION 3 4 1,1 0 1,1,1,l~l, 
GSSSOL SOL.YES A LINEA~ SYSTEM; 
GSSSOLER8 SOLVES A LINEAR SYSTEM AND CALCULATES A ROUGH 
UPPERBOi __ J\ID FOR .THE RELATIVF.· ERROR I~ Ti-tE CALCULATED SOLUTION: 

fHE 
DIFFERE~CE BETWEEN OECSOL ON THE ONE SI~E AND GSSSO~ ANO GSSSOLERB 
ON THE OTHER SIDE LIES IN THE METHOD USED FOR TRIANGULAR 
OECnMPOStTION, PARTICULARLY IN THE Pl~OlING STRATEGVJ OECSOL USES 
DE C , G S S S U L A N D G S S S t:., L E R H U S E G S S E L 1\1 T O P f: ~ F O R M T HE T R I A ,-..1 G tJ L J\ R 
DECOMPOSITION (SECT!O~ 5~1.1,1.1.1.l)J SINCE, IN EXCEPTIONAL CASES, 
DEC MA Y Y I ELD l_J SELE S S RES U l. T 5 , 0 NE I S AD v ! SE D TO tJ SE GS S SOL OR 
GSSROLERf\J HOWEVER, JF· THE ORDER OF THE LINEAR SYSTE~ IS VERY SMALL 
RELATIVE TQ THE ~U~8ER OF 8INAqv DIGITS IN THE NUMBER 
REPRESE~TATION, THEN 0~CSOL ALSO MAY BE lJSED, 

t<E.YWOROS: 

ALGEARAIC EQUAT!Ot~S, 
LINt:AR SYSTE.~15., 

• 



·r H E H E A l) I r" c; O F-. T H I S P R O C E D t.J R E I S : 
'' P R CJ C t O l.J •~ f:~ '' S O L ( A. , ~-J , ~"' , t, ) J '' V A L U E •• N 1 
'' I ~~ T E (; E R •• l\f ; •• A ~ R A V '' A , B J " I "! T E G E R •• '' A R R A V •• P : 

THE 
A: 

M~A~ING OF T~iE FORMAL PARAM~TERS IS: 
<AR~AY IDE~TIFIER>J 
'' A R R A Y tt A [ 1 : I\J , 1 : ~ J J 
ENTRY: lHE TRIANGULARLY DECOMPOSED FQQM OF THE 

THE LINEAR SVSTEM AS PRODUCED RY DEC 

Pg 

B: 

3 • 1 • 1 • 1 • 1 • 1 • 1 ) J 
<ARITHMETIC EXPRESSION>J 
T H E O RD E R O r T t~ f. t1 A T R I X J 
<ARQAY JDENTIF'IER>J 
,, I r~ T E: r; E R tt •1 A R R A Y ,, p [ l I N l J 

' 

ENTRY:THf PIVOTAL l~JDlCES, AS PHODUCED BY OEC, 
<ARRAY IDENTIFIE~>J 
'' A ~ R A Y 11

' E1 [ 1 I N l ; 
ENTRY: THE RIG~T~HAND SIDE OF THE LINEAR SYSTE~J 
E X I 1· i . T HE S O L 1.J T I O N O F T HE l I N E A R $ Y S T E M , 

P R O C E. D lJ R E S l.J S l O : 

• 

RUNNING TI~E: PROPORTIONAL TON~• 2. 

LA"4GlJAGE t .ALGOL bn • 

• 

METHOD ANQ PERFOR~ANCE: 

MC 
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MATRIX OF 
(SECTION 

S () L S H n ~.J L L) B E C A L L E t) A F TE R D EC ( SE C T I O N 3 , 1 • 1 ,, 1 • 1 1 1 , 1 ) A N (> S O L. V E S 
THE LI~EAR SYSTEM ~1T,i A MATRIX, WHOSE TRIANGULARLY DECOMPOSED FORM 
AS PRODUCED BV nEC rs GIVEN IN ARRAY A, AND A RIGHT"HANO SIDE AS 
G I V E rJ 1 i~ A K R A Y 8 J S r) L L c: A \I E S A A N D P U N A L 1 E R E D , S O , A f T f' R O N E C A L ~ 
OF OfC, SEVERAL CALLS OF SOL MAY FOLLO~ FOR SOLVING SEVERAL SYSTEMS 
t1 A V I f~ G T t 1 ~ S A M E: M A T R I X a tJ T f) I F F E: RE N T R 1 G t~ T • H A N D S I D E: S , 

EXAMPLE tJF ~St: SEE DECSOL (THIS SECTION), 



MC 

S U B S E:. C T I (1 N : l) E C S O L 

CALLlNG SEQUENCE: 

T t◄ E t1 E- A D I J\i G (1 F 1· H I 5 P R O C f: D U RE I S I 
. '

1 P R (JC E: J 1J ~ [ 11 D E C S r) L ( A , N , A U X , B ) J '' V A L J E '' N J 
•• t 1\1 T 1:: GER'' !-...l: llf ARR A Y •• A , AUX t B 1 

T Hf. 
A; 

AIJ X: 

~f6~ING OF THE FO~MAL rARA~ETERS IS: 
<ARRAY I0ENTIFI£R>J 
'' A R R A V 1' .A [ 1 ; ~ , 1 I :~ l ; 
E ,J T R Y I T H E ~J • T H fJ R l) E R ~1 A T R l X J 
EXIT: THE CALCULATED LOWER~TR!ANGU~AR 
UPPERTRIANGULAR MATRIX ~ITH ITS U'~IT 
<ARITrlMlTIC EiPRESSION>J . 
T t➔ E C1 RD f R OF T H t M A T R I X J 
<ARRAY JOENTIF'TER>J 
'' A R R A Y '' A U X [ 1 i 3 ) : 
E r.J TRY: 

MATRIX AND UNIT 
DIAGONAL OMITTEDr 

ALJ)( t21: A RELATIVF TOLERANCEJ A HEASUNARLE C~OICE FOR THIS 
VALUf rs AN ESTIMATE OF THf RELATIVE PRlCISION OF 
TrlE ~ATRIX ELE~ENTS; HO~EVER, IT SHOLJLO NOT Bf 

. C~➔ OSEN SMALLER THAN THE MAC~INE PRECISION; 
EXIT: 
A LI X ( 1 l : I F' R I S T ~~ E N lJ M B E R O F EL. T. ~ I N A T I O N S T E P S P E ~ F O R M E D 

( SEE AUX t3l), THEN AUX t 1 l ErJUALS 1 IF T~➔ f 
0 E T E R NJ I N A r~ T O F T H E P R I \I C t P A L S U B M A T R I X O f;· D R D E R R 
IS POSITIVE, ELSE AUXC1J : ~1, 

AUX[3]1 T~➔ E NUMBER OF ELIMI~ATION STEPS PERFORMED: IF 
A lJ X t 3 J < N T H f: ~J T ►1 E P R O C E S S I S T E R M I N A T E D A N O N 0 
S O L lJ T I O ~ J ~ 1 LL 8 f: C A L C U I. A T E O : 

8: <ARRAY IOENTIFitR>J 
'' A R R A V '' f; [ 1 z N J J 
E P.~ T R Y : T H E R 1 G H T - H A I~ D S I D f,' 0 r· T H [ L l NE A R S Y S 1· E M 1 
EXIT: If AUXL3J : N, THEN THE CALCULATED SOLUTION OF THE 

~!NEAR SYSTEH 1$ OVERWRITTE~ ON B, ELSE B RF.~AlNS 
t.J r~ A l ... T E R E I) • 

Df~C = CP'34!00., 
SQL = CP~uos1. 

REQUIRED CE~t·RAL MEMORY: 

EXECi.JTIO~ fIElD L.ENGT~a DtCSOL DECLARES AN AUXILIARY ARRAY OF TYPE 
I i\J T f-: G E R A N O (l ~ D E: R l'ii • 

RUNNING TIME; PROPORTIOtJAL TON** 3 1 

L. A N G l.J A G E : 



• 
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MlTHOD A~JD PERFORMANCE: 

DfCSOL tJSES DfC Tel PERFORM THE TRIA~GlJLAR DECOMPOSITION OF THE 
M A ·r R I X A 1~ D S O L T O C A LC U ~ A T E T HE S O L, i.J T I O ~ w I 1· • ➔ F O R W A R O A N D B A C K 
SUB 5 T I T ~J T I O t~ : S I t~ Cr DE. C SOL MA V Y IE LO lJ SELE S S ~ES UL TS , E V f tJ FOR 
WELL~CO~DITIONED MATRICES (SEE o~c, SECTION 3,1.1,1.1,1.1), DECSOL 
SHOt.JLD ONt ... Y AE USED If' THE ORDER OF THE MATRIX IS SMALL RE.LATIVE TO 
THE NUMBER OF BINARY DIGITS lN THE NU~BER REPRESENTATIONJ IF 
AUX[31 < N, T•◄ E~ THE EFFECT OF DCCSOL IS MERELY THAl OF DtC, 

' ., 

E X A M P L E r J F t.J S f I 
• 

LET A ~ETHE FOURTH ORDER SEGMENT OF T~E HILBERT MATRIX AND B THE 
THIRD COLU~~l OF A, TH~N THE SOLUTION OF T~E LINEAR SYSTE~ 
AX=~ IS GlVEN av THE THIRD UNIT VECTOR AND MAV B~ CALCULATED BY 
THE FOLLOWING PROGRAMS 

'' 8 E G f ~J tf '' .l N T E G E R '' I , J 1 
~, A R R ~ y· '' A t 1 : 4 , l : 14 J , B C 1 ; 4 J , A U X t 1 : 3 ] 1 
II P R O C E O U R E Qt D E C S O L C A , N , A lJ X , B ) J ft C O OE ., 3 4 3 0 1 J 
'' f.> R () C E O U R £ '' l. I S T ( I T E M ) J '' P R O C E D tJ R E '' I T E M J 
t• B c. G 1 t·J '' '' I N l' EGER '' I I 

,. r! o R •• I : = 1 ,, s T E P •• 1 ., lJ N T I L ,, 4 ,. o o •1 I T E H c B c I l J r 
., r o R ,, r : = 1 •~ s T F: P ,, 2 " u N r I L. •• 3 ,. r, o •• I r E ~ c A u x c 1 1 ) 

'' E ~ [) '' L ! S T J 
'' P t< [~1 C E D U R E 1• L A Y () U 'T 1 
F Cl R M A T c '1 c ,, * , '' c '' s □ L tJ r I a t ~- : •• ) •• a + • 1 s o '' + 3 D , 1 , 3 c 1 o B + • 1 s D •• + 3 D , 1 > ., . ' 

•• ( '' S I G :\I ( D E T ) : '' ) '' + D , / , '' C '' N U M t3 E R O F E L I M I N A T I O N S T E P S = '' ) •• 
+o••,·•); 

•• f O R Pf I I = 1 91 s T ( f-" ., 1 tf LJ ~ T I L Jt l.l •• 0 (_) tt 
14 6 E G I t--J '' •• F O R •• J : : l '' S T E P '' 1 '' U N T I L ~, 4 •• 0 0 •• 

A C I , J l : :: 1 / ( I + ,J • 1 ) I B C T l : : A [ I , 3 J 
tt t.- "" · D •• ~ " ; 
A :.J X [ 2 J : : '' "" 1 l.l f 
[) E C S O l.. ( A , ii , A IJ X , B ) J 
OUTL1ST(71, LAYOUT, LIST) 

It EN() ft 

R(SIJL TS; 

SO~UTION: +,OOOOOOOOOQOOOOO••+OOO 
+ • 0 0 0 0 0 0 0 () ,) 0 0 1J O O (,) ,, + 0 0 0 
♦ , t O O o O O O O O O O O O O O ,, + 0 0 1 
+ , 0 0 0 0 0 0 0 0 0 IJ O O O O O ,, + 0 0 0 

S I G ~~ C t> E' 1· ) :: + 1 
NUMBER OF E~IMINATIONSTEPS ~ ♦ ij 

• 



SUBSECTION: SOLELM 

C A L L I N G S E rJ 1J E ~J C F~ : 

THE H~ADING OF Trl!S PROCfDtJRE 151 
'' P R O C E D U R E '' S 1) lr E L M ( A , rJ , R I , C I , 8 ) J '' V A L, U E '' N 1 
•1 I N T f~ G E ~ •• " ; ,, A R R A Y '' A , B , '' I r-~ T E G E R " '' A R R A v •• R I , c I , 

T t·I E 
A; 

N; 

M r: A N I !IJ G O F T ti E F=' 0 R ?--1 A L P A R A r-1 E ·r E R S I S ; 
<ARRAY ! ll E tJ TI f. IE R > J 
4' A R ~ A y •t A [ 1 : N , 1 I t ~ l J 
ENTRY: THE TRIANGULARLY DECOMPOSED FORM 

THE LINEAR SYSTEM AS PRODUCED BY 
3 • 1 • 1 , 1 • 1 ~ 1 • 1 ) : 

<ARITHMETIC EXPRESStON>J 
THE OROER OF THE MATR!XJ 
<ARRAY IDENTlfIER>J 

• 

Of THE 
GSSEL.M 

MC 
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MATRIX Of 
(SECTION 

'' J :'-' T F~ G E R '' '' A R ~ A V '' R I t. 1 : N l J 
ENTJ~Y:THE PIVOTAL Row INDICES, A S ? R O D l,.J C E D B Y GS SE L f'.1 J 

Ct: 

Ba 

<ARRAY IOENTIFI£R>J 
'' I \I T E G E R '' •• A R R A Y '' C I [ 1 : N l J 
tNTRV:THE PIVOTAL COLUMN INDICES, AS PRODUCED AY 
<ARRAY !DENTlf!ER ► J 
'' A R R A Y ''· ~ t 1 : N l ; 
ENTRY: T~iE RIG~iT•HAND SIDE OF THE LINEAR SYSTE~, 
EXIT: T:iE SOLlJTION OF THE LI~EAR SYSTEM, 

PROCEDURES USE.D: • 

SOL: CP5405t. 

RUNNING ·rlMEz PROPORTIONAL TON** 2 1 

L.ANGUAGt.: AL G 01_ · b O" • 

~ETHOD AND PERFORM4NCEt 

SOLE L. M SH O lJ L D BE C Al.Lt: ll AFTER GS SE L ~ 0 R GS SER 8 (SEC T ION 
3.1.1.1,t,1~1) AND SOLVES THE LINEAR SYSTEM WITH THE MATRIX, WHOSE 
TRlANGlJLAHLV DECOMPOSED FORM AS PRODUCED BY GSSELM IS GIVEN IN 
ARRAY A, A~D A RIGHT•~tANO SIDE AS GIVEN IN ARRAY BJ SOLELt-1 LEAVES 
A, RI AND Cl UNALTERED,· SO, AFTER O~E CALL OF GSSELM OR GSSER6, 
SE.VER AL CALLS OF SC) LE L M MAY f O LL OW f OR SO~ V I NG SE VE~ AL S VS TE MS 
HAVING T~E SAME ~A-TRIX BtJT DIFFERENT RIGHT~HANn SIDES. 

EXAMPLE OF LJSE: SEE GSSSOL OR GSSSOLERB (THIS SECTION), 



MC 

(MAY 1974) 

SUBSECTION: GSSSOL 
, 

CALLI~G SEQUENCE: 

THE HEADING OF THIS PROCEDURE ISi 
'' P R O C E O U H E '' G S S S O L ( A , t~ , A U X , B ) r '' VA L U E '' N J 
'' ! N ·r E G E R '' N 7 '' A R R A Y " A , A U X , B , 

THE HEA~ING Of THE fOR~AL PARAMETERS IS: 
Al <ARRAY IDENTIFIER>J 

•• A R k A Y '' A [ 1 : N , 1 : N l J 
ENTRYtTHE N•TH ORDER MATRIXJ 
EXIT: THE CALCULATED LOWER~TRIANGULAR MATRIX AND UNIT 
UPPER.TRIANGULAR MATRIX WITH ITS UNIT DIAGONAL OMITTED; 

N; <ARIT~METIC EXPRESSION>J . 
THE ORDER Of TrlE MATRIXJ 

A lJ X : < A RR A Y I DE N T ! F I ER> J 
'' A R R A Y '1 A t_J X [ t : 7 J J 
E~t TRY: 
AUXC2l t A RELATIVE TOLERANCEJ A REASO~ABLE CHOICE FOR THIS 

VALUE IS AN ESTIMATE OF THE RELATIVE PRECISION OF 
THE MATRIX ELEMENTSJ HOWEVER, IT SHOULD NOT BE 

. CHOSEN SMA~LER THAN TH~ ~ACHINE PRECISIONJ 
I\ ~J X [ 4 l : A V A L U E W H l C H I S US ED F O R C: 0 N T R fJ L L I ~J G P I V O T l N G C S E E 

GSSELM, SECTION 3.1,1,1.1~1.l)J 
EXIT: 
AUX[1J: IF R IS THE NUMBER OF ELIMINAT!O~ STEPS PERFORMED 

( SEE AUX C3J.), THEN AUX [ 1 l EQUALS 1 If-. THE 
DETERMINANT OF THE PRI~CtPAL SUBMATRIX OF ORDER R 
IS POSITIVE, ELSE AUX[ll : ~11 

AUXt31: THE NU~BER OF ELIMl~ATlON STEPS PERFOR~ED; IF 
AlJX[3J c N THEN THf PRnCESS IS TERMINATED ANO NO 
SOLUTION WILL HAVE BE.EN CALCULATEDF 

AlJX[S]: THE MODLJLUS OF AN E~EMENT WHICH IS OF ~AXIMUM 
AASOLUTE VALUE FOR THE MATRIX GIV[N IN ARRAY AJ 

A U X C 7 l : A 1', u PP E R 8 0 t,.J ND F O R THE G ROW TH ( SE E G S SE L ~1 , S E C T I O N 
3 • 1 • 1 • 1 • 1 , 1 • 1 ) 1 

8: <ARRAY IDENTIFIER>J 
,, A R R A v Pt B ( 1 : N l , 
t: t4J t R Y : Tri E R l G ~i T "t-1 A NO S I DE OF T rl E L J N E A R S Y S T E M J 
E X I T ; 1 f A tJ X [ _\ J = N , T H E N T ~ E C A L C U l ... A T E D 5 l1 L tJ T I O N O F T HE 

LINEAR SYSTEM IS OVER~RITTE~ ON B, ELSE B RE~AINS 
l.J N A L T E R E O , 

SOLE'L~1 ~ CP340b1, 
GS S E l.- M = C P 3 t~ 2 3 1 • 

REQUIRED CENTRAL ME~ORY: 

EXECl,TION FIELD LE:NGT~: GSSSC)L DECLARES 
TYPE INTE-'GER A '-ID 

r~o 
• A l.J X I l- l A R Y ARRAYS OF 

rJR[)ER ~,, 
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RUNNING TIME: PROPORTIONAL TON** 3, 

LANGUAGE: ALGOL 60, 

METHOD A~tD PERFORMANCE: 

GSSSOL LJSES GSS~·l,M CSECT!ON 3,1,1~1.1,1.1) TO PERFORM A 1"RIANGULAR 
D E C O M P O S I T I O ~, 0 F T H E ~ A f R I X A N O S O L E L ~ ( T H I S S £ C T I O N ) T O C A L. C U l~ A T E 
Tt1E SOLUTIO~, OF THE GIVEN LINEAR SVSTEM1 IF AUX[3J < N, THE.N THE 
EFFECT OF GSSSOL IS MERELY THAT ·OF GSSEL~, 

EXAMPLE OF7 LJSE::: 
• 

LET A BE THE FOURTH ORDER SEGMENT Of THE HILBERT MATRIX ANO B THE 
THIRD COLU~N OF A, Tt◄ EN THE SOLUTION OF THE LINEAR SYSTEM 
AX= BIS GIVEN BY THE THIRD UNIT VECTOR AND MAY BE CALCULATED av 
THE FOLLOWING PROGRA~: 

"BEGIN" "INTEGER'' I, JJ 
'' A R R A Y '' A t 1 : 4 , l I 4 l , B [ 1 a U l , A U X [ l ; 7 J J 
II PRO CEO URE ''· GS S SOL. C A , N , AUX , B ) J •• COO E " 3 4 2 3 2 J 
'' P R O C E D UR E '' L. I 5 T ( I T E M ) J 1

' P RO C E D UR E " I T E M J 
"BEGIN" "INTEGER" lJ 

It F O R '' I : = 1 '' s T E p ,. 1 .. u N T I L ff 4 4• 0 0 '' I T E M ( B [ I J ) ; 
., F O R It I : = 1 fl S T E P tt 2. " U N T I L ., 7 " D O II I T E M C A U X t I l ) 

••END" LISTJ . 
''PROCEDURE" LAYOUTJ 
F O R ~ A T ( '' C •• * , '' C '' S O L \J T I O N I '' ) '' 6 + , 1 5 0 '' + 3 D , / , 3 ( 1 0 B + 19 1 5 D •• ♦ 3 0 , / l , 
"('1 SIGN(DET) : '')"+0,/,''("NUMBEH OF ELIMINATJONSTEPS ~ '')'' 
+D,/," (''MAX (ABS(A tI,JJ) ): ") "+, 15D"+30,/, 
,. ( fl LJ P P E R 8 O LJ N D G R O W T H I •• l " + , 1 5 D '' + 3 0 " , " ) J 

'' ~. 0 R '' I I : 1 " S T E P '' 1 " U N T I L " Q '' D O •• 
,, B E G I ~ ,. '' F O R ,, J 3 : l ,, 5 T E P fl 1 '' U N T I L. It 4 " D O " . 

A [ I , J l I : l / C I + "r .- 1 ) J B [ J l I = • C I , 3 J 
"END•• J 
AUX C2l i= "•14 J AUX t~l 1= 8J 
GSSSOLCA, 4, AU~, R)t 
OUTLIST(71, ~AYOUT, LIST) 

''END'' 

RESUL.TS: 

SO~UTION: +,888178419700120"~01Q 
. .,a97379q1so1zo10••~013 

+.100000000000010 11 +001 
+,000000000000000•·•000 

SIGNCDET) - +1 
NUMBER OF E~IMINATIONSTEPS: +4 
M A X C A 8 S C A C I , J l ) ) = + , 1 O O O O O O O O O O O O O O '' + 0 0 1 
UPPER BOUND GROwTH1 +1 15961q047619050''+001 

• 

• 



MC 

SUBSECTION: GSSSOLERH. 

C A L L I N G S E Q ~J E "'-t C l: : 
T H E. HE. A D T N G C) F T H I S P R O C E D lJ RE:~ I S I 
'' P R O C E D iJ R E '' G S S S O L E RB ( A , N , A U X , B ) : '' V A ~ U E t, N 1 
'' l N T E G E R '' N J '' A R R ;._ Y 11 A , A LJ X , 8 r 

THE 
A: 

A t.J X ; 

B; 

ME. A 1\1 I N G OF r· HE F O R M' A L PA R A M E T r: R S I S g 
<ARRAY IDE~TIFtER>1 
•• A R R A Y 14 A C l. Z N , 1 I ~J l J 
ENTRY:TtiE N•TH ORDER MATRIX1 
E X l T : T H E C A L C lJ L A T f O L O ~ E R • T R I A N G tJ la, A R 
!.J P P f: R T R I A N G \ _J L A R M A T R I X W I T H I T S l.J N I T 
<ARITHMETIC EXPRESStON>J 

MATRIX 
DI AG Qi\J AL 

ANO lJNIT 
0 ~-1 ITT ED J 

TH~ CJRDER OF THE HATRIXJ 
<ARRAY lDENTirIER>J • 

'' AR f~ A Y '1 AUX CO : t 1 l J 
EN 1· ~ Y : 
AUX (O.l: 
A LI X ( 2) : 

T ~i £ ftl AC,➔ l t\J E PRE C I SI ON J 
A R F. I. A T I V E T O L E R A N C E J A, R E A S O N A 8 L f: C H O I C E F O R T H I S 
VALUE IS AN ESTir~ATE OF THE RELATIVE PREClSIOr~ OF 
THE ~ATRIX ELCMENTSr HO~EVER, IT SH()ULD NOT BE 
C H {) S E ~J .s HA L LE R T H A N T r~ E M A C ~ I NE P RE C .I S I O N ; 

AUX[4] :.A VALIJE w~tlC~ IS USED FOR CONTROLLING PIVOTING (SEE 
GSSEL 1>t1, SECTION 3.t.1.1,1 1 1,l)J 

AUXC6J: AN tJPPER BOLJND FOR THE RE~ATIVE PRECISICJN OF THE 
GIVEN M~TRIX ELtMENTS; 

ExlT: 
AUX[ll; If R IS T ►1.E NU~BER OF ELIMI~JATION STEPS PERFORMED 

( S f E. A \J X t :J l ) , T H t N A lJ X [ 1 J F. f) lJ A L S 1 I F' l H E 
f) l: T E ~ M I ~➔ A ~l T O f' T H E P R I N C I P A L S U 8 ~ A T R I X OF. 0 R D f. R R 
I S P O S I r l V E , E L S f A t.J X [ 1 l : .- 1 r 

A 1J X [ 3 ] : T ~i E :,J U "1 B E R O f f: L I M I N A T l O ~ S T E P S PE R F O R Nt f D ; I F 
AIJX[3l < N THEN THE PROCESS IS TERMI~ATED A~JD NO 
S O L lJ T I O t~ 0 R E R R O R B O t_J N O w I L L H A V E 8 E E N C A L C LI L A T E D J 

I\ U X t S ] : ·r H E M C'\ 0 U l~ U S O f A rJ E L E M E t\J T w H I C H I S O F M A X I Ml U "1 
ABSOLUTE VALUE FOQ THE MATRIX GIV.EN IN ARRAY A7 

AUX t 7 l : A ~J lJ PP E R 8 0 l IN O f OR THE GROWTH ( SE f GS SE L M , Sf: C 1· l ON 
3 ~ 1 • 1 , 1 , 1 , 1 , 1 l r 

AUX [9): IF Al.JX C3l : N, THEN AUX [QJ ~ILL EQUAL THE 1•NORM OF 
THE INVERSE MATRIX, E~SE A~X[9J wILL BE UNOEFINf:·O, 

A \J X [ 1 1 J I I F A LJ X t 3 J : N T H E N T H E V A L U E Of A lJ X C 1 1 ] W I L L 8 E~ A 
RCJUG~4 ~IPPER BOUND FOR THE RELATIVE ERROR IN THE 
CALCULATED SOLUTION OF T~E GIVEN LINEAR SYSTEM, 
ELSE A~JX[lll ~ILL BE LJNOEFINED1 IF NO USE CA\I BE 
M A D E O F T t..f E F ORM lJ L A F O R T H E E RR O R 8 0 l.J ND A S G I V E !'i.; I t\j 

S E C T I 0 N 3 , ,_ • 1 , 1 • 1 41 1 , 1 ( S lJ B S E C T I Q N E R B E L M ) , 8 E C A t J S E 
OF A VEijY BAP CONDITION OF THE MATRIX, THEN 
Ath<IX [11] t= •1' 

<ARRAY IDENTIFIER>1 
'' A. R R A Y '' 8 C l ; ~J l J 
ENTRY: THE R!G~T-~AND 
E.XIT: IF AUXt.3l = N, 

l.-INEAR SYSTE~, 

SIDE OF THE L!~EAR SYSTE~J 
T H E i'J T H E C A L C U L A T E O S O L t_J ·r I rJ t..; ()F r HE 

E L S E B R t: M A I N S lJ "t A L T E l ~ t' D • 
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PROCEDURES uSE:D; 

SOLELM : CP3ij061, 
GSSERB = CP34242• 

REQUIRED CE~TRAL ME~ORV: .. 

EXEClJTIO~ FIELD LENGTH; GSSSOLE~B DEC~ARtS TWO AUXILIARY ARRAYS Of 
TYPE INTEGER ANO ORDER N, 

RUNNING TI~E; PROPORTIONAL ·ro N ~* 3, 

L,ANGUAGE: ALGOL 60., 

METHOD AND PtRFORMANCE: 
• 

GSSSOLER8 USES GSSERB (S~CTION 3.1,1,1.1.1,1) TO PERFORM THE 
TRIANGULAR DECOMPOSITION QF THE MATRIX ANO TO CALCULATE AN UPPER 
BOUND FOR THE RELATIVE ERROR IN THE CALCULATED SOLUTION OF THE 
GIVEN LI~EAR SYSTEM, AND SOLELM (THIS SECTION) TO CALCLJLATE THIS 
SOLUTION, IF AUt[3J < N, THEN THE EFFECT OF GSSSOLERB IS MERELY 
THAT OF GSSELM (SECTION 3,l_t,1.1,1.1), 

E~AMPLE Of USEI · 
LET A BE THE FOLJRTH ORDER SEGMENT OF THE HILBERT MATRIX AND B THE 
THIRD COLUMN OF A, THEN THE SOLUTION OF THE LINEAR SYSTEM 
AX: BIS GIVEN av THE THIRD UNIT VECTOR AND THIS SOLUTION, AS 
WELL AS AN UPPER ~OUND FOR THE RELATIVE ERROR IN THE CALCULATED ONE 
, MAY BE OBTAINED BY THE FOLLOWING ~ROGRAMI 

1' B E G I N •• '' I ~ T E G E R '' I , J J 
''ARRAY'' A[t:4, t:~J, B[tll.ll, AUX[0111lJ 
" P R O C E D U R E '' G S S S O L E R B C A , N , A U X , B ) J •• C OD E ,. 3 4 2 u 3 J 
'' P R O C t. 0 U RE '' L I 5 T C I T E M ) J '' PR O C ED U R E '' I T E M J 
1
• f3 E G I ~ '' '' I N T E G E R •• I J 

91 f-~ 0 R ,, I : = l !' s TE p •• 1 If lJ NT IL fl L& ,, 0 0 ,. t TE~-,, ( 8 ( I l ) , 
'' F O R ,, I : : 1 ,, 5 T E P It 2 ~- U ~J T I L tt 1 1 " D O •• I T E ~j C A U X C I l ) 

tt E N D 11 L I S T J 
'' P R O C E O l.J Rf " L A V O lJ T J 
F o R ~ A T c 11

• c " * , ,, c ,, s o L i . .1 r r o N 1 •· , ,, a + , 1 s o •• + :J o , 1 , 3 c 1 o t1 + , 1 5 o '' + 3 o , 1 > , 
., ( ,, s I G N ( 0 E T ) = 11 ) tt ♦ 0 , / , 91 C ., N u M B E R O F E L l M I N A T I O N s T E p s = ,, ) 11 

♦ D , / , '' ( 1' ~ A X ( A B S ( A t I , J 1 ) ) = '' ) •• + • 1 S O '' + 3 D , I , 
•• ( ~• lJ P P E R 8 0 U N l) G R O w T H : •• ) 1• + , 1 5 0 '' + 3 0 , / , 
•• ( '' 1 • N CJ RM O F THE I N V E R S E M A TR I X I •• ) 1

• B t ., t 5 D " + 3 D , / , 
11 { '' lJ PP E R 8 0 U ~J D RE L I E R R ~ I N T HE C A I. C • S O L • '' ) t, 
B + 1 5 D '' + 3 D •• ) " ' • ' .. ', 
" r .. 0 R ,, I : = 1 '' S T f.: P tf l " lJ ►J T t L ., 4 •• D O '1 

'' ~ E G I "1 '' '' f'... o ~ •• J : = 1 '' s r E P t.t 1 •• u N T ! L 1• t.t " o a '' 
A ll,~1] :: 1 / CI + J .., l)J Btll 1= ACI,31 

'' E i\1 D '1 
; 

A l .. J X [ 0 l • = A u X [ 2 l : - '' - 1 4 f A u X t 4 ) : = 8 1 A u X [ 6 l I = If 811 1 Li J 
GSSSOLER8CA, 4, AUX, B)J 
OUTLtSTC/1, l.AVOLJT, LIST) 

••END'' 



RESULTS: 

SOLUTIO~: +,AA817H~1Ql00120"~014 
-,4~737qg1~~32070"•013 
+.100000000000010"•001 
+,000000000000000"+000 

SlGN(DET) = +1 
NU~BER OF ELIMlNATIClNSTEPS a +4 
MAX(ABS(A(I,JJ )): + 1 100000000000000"+001 
UPPER BnUNO GROWTH: +.1sqb1qoq1&1qoso"+OOI 
l•NORM OF THE lNVERS~ MATRIXI +,13&1qq9qqqqe7qo••+oos 
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lJ P P E. R B O t,J N O RE L • E:. R R • ! ~,~ THE C A L C , S O L • + , 2 71 8 q b c! b q 1 5 7 0 9 0 tt • O O 1 

REFERENCES: 

c 1 J a l~,1 s , J • c • µ , 
LINEAR SYSTEMS WIT~ CALCULATION OF ERROR BOIJNOS A~O ITERATIVE 
REF!NE~ENT (DUTCH)• 
MATME~ATICAL CENTRE, AMSTERDAM, LR 3, 4, lq Clq72), 

f2l Dfl<KER, T. J, 
ALGOL bO PROCEDURES IN NU~ERtCAL A~GEBRA, PART 1, 
MATHEMATICAL CENTRE, AMSTERDAM, TRACT 22 (19&8)* 

SOURCE TEXTCS)l 

"CODE" 34051: 
"PROCEDURE" SOLCA, ~, P, B)J "VALUE" NJ "INTEG~R" N; "ARRAY'' A, BJ 
'INTEGER" ''ARRAY" PJ 
"BEGIN" "INTEGER"~, PKJ 

"REAL'* R; 
"REAL" •1 PROCEOlJRE" ~ATVEC(L, u, I, A, B)r "CODE" 3qo11, 
"FOR~ Ki= 1 "STEP• 1 "UNTIL" N "DO" 
' 98E.GIN 1

• R1t: 8 [Kl J PK tm P [Kl J 
H tKl ::a CB (Pt<] • MATVEC(1, K • 1, K, A, B)) / A {K,KJ J 
t•IF•• PK :a..= ;<: "THEN" B[Pl<l ;: R 

••END"J 
MFOR" K:: N MSTEP" • 1 "UNTIL" 1 "00~ 
6 [Kl 1= 8 [Kl • MATVEC(K ♦ 1, N, K, A, B) 

"END'' SUL1 
ti f': op., 

• 



•t C O D E tt 3 4 :s O l ; 
., P R O C £ D U R t· !I D E C S O L C A , \I , A U X , B ) J •• V A L, iJ E ii ~ J If I N T E G E R ,. N f 
'' A R R A V '' A , A U X , 8 J 
'' R E G l N '' '' 1 t~ T t. G E R '' •• A R R ~ Y 1' P [ 1 g N J 1 

'
1 PROCEDURE 1

' SOLCA, N, P, B)J ''CODE" l40~1J 
'' P R O C E t) U R F.. ,~ 0 E C ( A , ,-. J , A U X , P ) J '' C O D E '' ~ 4 3 0 0 J 
[) E. C ( A I N , A l. J )( , P ) J 
'' I F '' A U X [ 3 l : ~~ tt T H E:: N '' S O L ( A , N , P , B ) 

'' E N D '' D E C S f) l ; 
"E OP'' 

ntOOE 11 3t&Oo1J 
•• P R O C E. D U R E '' S O L E L. M C A , N , R I , C t , B ) J '' V A L U E " N ; '' I N T E·: G E R '' N J 
'' A R R A V ,t A , B s 
91 I N T £ G E R '' '' A R R A V '' P I , C I r · 
•• [i E G I N '' '' I t~ T E G E R '' R , C I R J 

''RE AL•• w J 
., f'.J R O C t:: D L.J R f.: ,, S () L C A , f\J , P , B ) J 11 C O D E If 3 4 0 5 1 J 
SOL(A, N, RI, A): 
'' r. 0 R 1' R : = N '' S T E P '' • 1 '' U N T I L '' 1 •• D O '' 
'' f3 E G I r~ '' C I R : = C I C R l , •• I F " C I R _.. = ~ '' T H f.. N 11 

*' B E G I N " W : = ti t R l J B [ R J c : B t C I R J : 6 t C I R J l : W '' E N D •• 
,, E f\f D t• . 

" F: N D '' S O L E. L M J 
tt E OP'' 

•CODE" 34232p 
t• P R O C: E D IJ R F~ •1 G S S S O L ( A , N , A U X , 8 ) J '' V A L. U E '' N r '' I N T E G f R 11 N J 
"ARRAY'' A, AUX, BJ . 
11 B E G I r.J •• 11 I N l E c; E R '' •• A R R A Y •• R I , c I C 1 : N l ; 

'' P R O C E:~ D lJ R E ,. S O L E l, t·1 ( A , N , R I , C I , 6 ) ; '' C O D E '' 3 4 0 b 1 ; 
'' P R O C f. D U R t •• G S S E L. M ( A , N , A LJ X , R I , C I ) ; ~ C O D E '' 3 4 2 3 1 1 
GSSEL~CA, t'-1, AUX, Rl, CI)J 
11
' l F. •• A tJ X [ .S 1 = N •• T i-f E N '' S O L E L. M ( A , N , R I , C I , B ) 

'' F .. t,J D •• G S S S O L r 
'' E CJ P '' 

• 

P C OD E '' 3 a 2 4 3 J 
'' PR O C E D i..J RE •• G S S S O ~ F R B ( A , N , A U X , a ) 1 '' \I A L U E: '' ~J 1 '' I N T E G f R '' N J 
''ARRAY '' A, AU x, 8 ; 
'' 8 E G I r---1 '1 

'' I t'4 r E c; E R '' '' A ~ f~ A Y '1 R t , c I [ 1 s N l , 
'' P R O C E D u R c •• S O L E L t1 ( A , N , R I , C I , B ) ; '' C O O E '' 3 ~ 0 b 1 J 
1
• P k (.) C E D 1J R £ '1 G S S E R B ( A , N , A IJ X , R I , C I ) J '' C O D E •t 3 4 2 4 2 J 

GSSERB(A, N, AVX, RI, CI)1 
,, 1. F 1' A u x c 3 J = ~ ·• r ~1 E ~~ ., s o L E l M c A , N , R I , c 1 , A , 

•• EN t) '' G S S S O L E R B J 
,, £ 0 p ,, 
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AUTHORS: J.C. P. BUS AND T. J. DEKKE~. 

COt~TRIBUTOR: J.C.P. BUS ANO P.A. BE~NTJES. 

INSTITUT~: MATH~MATICAL CENTRE. 

KEC~IVlUI 730320. 

BRI~F D~SCRIP1IUN: 

THIS SE;TION CONTAINS FIVE PROCEDURES FOR INVERSION OF MATRICES: 
INV CAL~ULATES THE INVERSE JF A MATRIX THAT HAS BEEN TRIANGULARLY 

' 

DtCOHPOSED BY DEC; 
UEClNV :ALCULATES THE IN~ERSE OF~ MATRIX WHOSE ORDER IS SMALL 
~EL~TIV~ TO THE NUMBER OF BI~AkY DIGITS IN THE NUHB~R 
k~F~ESENTATION; 
INV1 C~LCJLATES THE INVERSE OF A ~AT~IX THAT HAS BEEN TRIANGULA,LY 
DECOMPOSED BY GSSELM OR GSSERB.THE 1-NORM OF TH~ INVERS~ MAT~IX 
MIGHT ALSO BE CALCULATED 
GSSINV ~ALCULATES THE INVERSE OF A MATRIX; 
SS~lNVE~B CALCULATES THE IN~ERSE )FA MATRIX AND ITS 1-NORM. 
A ROUGH UPPERBOUNO FOR THE RELATIVE ERROR IN THE GALCJL~TED INVERSE 
MATRIX IS ALSO GivEN; 

THE DIFFE~ENCE 
BETWEEtJ JECINV ON THE ONE SID~ AND GSSINV A~D GSSINVERB ON THE 
OTH~R SID~ LIES IN THE HtTHOO USED FJR TRIANGULAR JECOHPOSITION, 
PARTICULARLY ItJ THE PIVJTING STRATEGY; DECI~V USiS D~C, GSSINV AND 
GSSlNVE~B USE GSSELM TO PERFORM THc TRIANGULAR DECO~POSITION; THE 
UStk 15 ADVISED TO us~ GSSINV JR GSSINVERB (SEE SECTION 
3.1.1.1.1.1.1). 

MATkIX INVERSION. 
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• 

(MAY 197!+) 

SUBSECTIONa INV. 

CALLING SiQJENC~: 

THE H[AJING OF THIS PROCEDURE ISi 
II• p F ... u ~ ED u r(_ E •• I NV ( A 9 N t p ) ; 1111 V A Lu E. •• N ; 
•• I NT E GE ~ •• N; ••ARRAY •• A ; •• IN T EGER•• ••AR RAY•• P ; 

THE ~~ANING OF THE FOkHAL PARAMETERS ISi 
Al <ARRAY IDENTIFIER>; 

•• A RR A Y 1111 A { 1 I N , 1 I N l ; 

' • 

MC 
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ENTRY& THE TRIANGULARLY OE;OHPOSED FO~M OF THE MATRIX AS 
PRODUCED BY DEC (SECTION 3.1.1.1.1.1.1); 

EXIT: THE CALCULATED INVERSE MATRIX; 
NI <~RITHMETIC EXPRESSION>; 

TH~ ORDER OF THE MATRIX; 
Pa <ARi<.AY IDENTIFIER>; 

•• I NT EGER•••• A R RA Y P C 1 l NJ ; 
ENT~YITHE PIVOTAL INDICES, AS PRODUCED 3Y DEC; 

PROC~DUk.::S USEDJ 

MATHAI 
ICHGOL 
DUPCOLVEC 

= CP3lt013, 
= CP3'+031, 
= CP31034. 

REQUIRED CENT~AL MEMORY& 

~XlCUTlON FIELD LENGTHI INV DECLARES AN AUXILIARY ARRAY OF TYPE 
REAL AND ORDER N. 

RU~JNING TIMEa PROPORTIONAL TON•• 3. 

L A f'i G U A G t. t ALGOL 60. 

M~THOO AND PERFO~MANCEI 

INV SHOULD BE CALLEO AFTER DEC (~ECTION J.1.1.1.1.1.1) ANO 
CAL:ULATES THE INVERSE OF THE MAT~IX, WHJSE TRIANGULARLY DECOMPOS£0 
FORM AS PRODUCED BY DEC IS GIVEN IN ARRAY A; THE INVERSE MATRIX IS 
OVERHRITTEN ON A. 

EXAMPLE OF JSE& SEE OECIN~ (THIS SECTION). 



1-st REVISION, 197 5 

(DECEMBER 1975) 

SUBSECTION: DECINV 

CALLING SEQJE~C~I 

THE H~ADING OF THIS PROCEDURE ISi 
'

0 Pf.~CJCEDJR~ 1
• OECIN V( A, N, AUX); '*VALUE'• N; 

•• r t4 T £ GL ~ •• t~; ••ARRAY 0
• A, AUX ; 

• 

THE HEA~ING OF THE FORMAL PAR~HETERS ISi 
Al <ARRAY IDENTIFIER>; 

•• A RR A y•• A ( 1 I N , 11 N J ; 
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ENTRYI THE MATRIX, WHOSE IN~ERSE HAS TO BE CALCULATED; 
EXITI IF AUXC3J = N, T1EN THE CALCULATED INVERSE MATRIX; 

NI <AKITHMETIC EXPRESSION>; 
THE ORO~R OF THE MATRIX; 

AUX& <A~RAY IDENTIFIER>; 
••ARRAY•• AUX(1&3J; 
ENTRY I 

AUX[2JI A RELATIVE TOLERANCE; A REASONABLE CHOICE FOR THIS 
VALUE IS AN ESTIMATE OF THE R~LATIV~ PRECISION OF 
THE MAT~IX ELEMENTS; HOWEVER, IT SrlOULO NOT BE 
CHOSEN SMALLER THAN THE MACHINE PRECISION; 

EXITI 
AUX£1Jl IF R IS THE NUMBER OF ELIMINATION STEPS PERFORMED 

(SEE AUX[3l), THEN AUX(1l EQUALS 1 IF THE 
DETERMINANT OF THE PRINCIPAL SUBMATRIX OF ORDER R 
IS POSITIVE, ELSE AUX[il = -1; 

AUX[3JI THE NUMBER OF ELIMINATION STEPS PERFORMED; IF 
AUX£3l < N, THEN THE PROCESS IS TERMINATED AND NO 
INVERSE WILL HAVE BEEN CALCULATED. 

PROCEDU~~ES JSEOS 

DEC= CP3L+300y 
INV= CP3~033. 

REQUIREO CENTRAL MEMORY: 

EXECUTIJN FIELD LENGTHI DECINV DE~LARES AN AUXILIARY ARRAY OF TYPE 
INTEGER A~D J~OER N. 

RU~~NING TIH:.I PROPORTIONAL TON""• 3. 

·LANGUAG:.I ALGOL 60. 
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METHOD AND ?EKFORMANCEI 

DECl~V USES DEC (SECTION 3.1.1.1.1.1.1> TO PERFORM THE TRIANGULAR 
DECOMPOSITION OF A MATRIX ANO INV TO CALCULATE ITS INVERSE; OECINV 
SHOULD ONLY BE USED IF THE ORDER JF THE MATRIX IS SMALL RELATIVE TO 
THE NUMBER OF BINARY DIGITS IN THE NUHBER REPRESENTATION (SEE DEC>; 
IF AUX{3l < N, THEN THE EFFECT OF OECINV IS ~ER~LY THAT OF )EC. 

' 

EXAMPLE OF USE.: 

THE FOLLOWING PROGRAM CALCULATES TH~ INVERSE OF TH~ INPUT MATRIX 
~NO PRI~TS THE RESULTSa 

•• BEG I N11
• 

•• ARR A Y •• A C 1 t 4 , 11 41 , AU X l 1 I 3 J ; 
··PROCEDURf'· OECINV(A, N, AUX); ··cooE" 34302; 
••pR_JCEOURE'' LIST (ITEM); ••PROCEDURE•• ITEH; 
•• BE G I N •• •• I N T E GE R •• I , J ; 

··FoR·· I l= 1 ··sTEP 111 1 11111 UNTIL'41 4 ··oo·· 
.. F OR.. J I = 1 .. S TE P •• 1 •• UN TI L •• 4 •• D O •• I T EM ( A ( I , J l l 

••£Nu•• LIST; 
••PROCEOURE 11

~ LAYOUT; 
F OR H A T ( •• C •• 4 ( 4 B , 4 ( 8 + Z D B ) , / ) , / • ) •• ) ; 

INLIST (70, LAYOUT, LIST); AUXC2JI= ••-14; 
OUTPUT (71,••,••1,••«••cALCULATED INVERSE1 1•J••,1••>••»; 
DECINV(A, 4, AUX); 
OUTLIST(71, LAYOUT, LIST); 
0 UT P U T < 7 1 , •• ( •• •• ( •• A U X [ 1 l = •• ) •• 8 + u 1 / , •• ( •• A U X C 3 J = •• > •• B + D •• ) •• , 
t\UX[il, AUX(31) 

111 E.No•• 

INPUT& 

+ 4 + 2 
+30 +20 
+20 +15 
+35 +28 

RE SUL rs, 

CALGULATED 
+4 -2 

-30 +20 
+20 15 
-3~ +28 

AUXC1l= +1 
AUX[3]- +Lt 

+ 4 + 1 
+45 +12 
+36 +10 
+70 +20 

IN VERSE I 
+4 -1 

... 45 +12 
+36 -10 
-70 +20 
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SUBSECTION: INV1 

CALLltJG SEQUENCE: 

THE ~EA)ING OF THIS PROCEDURE ISi 
110 R.EAL 11

• '
0 PR.OCEDURE•• IN\/1(A, N, RI, CI, WITHNORH); 

••vALUc:.. 11
• N, WITHNORM; ••1NTEGER'11 N; •• 8 0 0 L E A ~~ •• W IT H N O RM ; 

• 

•• I t ~ T E GE ~ ae •• AR RA y •• R I , C I ; 

IF TH£ VALUE OF WITHNORM IS T~UE, THEN THE ~ALUE OF IN~1 
~ILL EQUAL THE 1-NORH a~ THE CALCULATED INVERSE HATRIX, 
ELSE INv1:- o; 

THE M~ANING OF THE FOkMAL PARAMETERS ISi 
Ai <AR~AY IOE:NTIFIER>; 

••ARRAv•• AC11N, 11Nl; 
ENTRY& THE TRIANGJLARLY OE:OMPOSED FORM OF THE MATRIX AS 

PRODUCED BY GSSELM (SECTION 3.1.1.1.1.1.1>; 
EXlTI THE CALCULATED INVE~SE ~ATRIX; 

NI <ARITHMETIC EXPRESSION>; 
THE ORDER OF THE MATRIX; 

RI: <A~RAY IDENTIFIER>; 
••rNTEGER'• 01 ARRAY 1

• RIC11Nl; 
ENTRYITHE PIVOTAL ROW INDICES, AS PRODUCED BY GSSELM; 

GI: <ARRAY IDENTIFIER>; 
•• 1 NT EGER•••• ARRAY•• CI C 11 N l ; 
ENTRV&THE PIVOTAL COLUMN INDICES, AS PRODUCED BY GSSELM; 

WITHNORMI <BOOLEAN EXPRESSION>; 
IF TH£ VALUE OF WlTHNORM IS TRUE, THEN THE 1-NORM OF THE 
INVERSE MATRIX HILL BE :ALCULATED ANO ASSIGNED TO INV1, 
ELSE INV1J- o; 

PkOCEOURES USC::01 

ICHKOW = CP34032, 
INV = CP3~053. 

RUtjNING TIMEI PROPORTIONAL TON•• 3. 

LA~JGUA Gt.: ALGOL 60. 

METHOD AND PE~FO~MANCEI 

INV1 SHOULD BE CALLED AFTER GSSELM OR GSSERB <SECTION 
3.1.1.1.1.1.1),WHICH DELIVERS THE TRIANGULARLY JECOHPOSED FORM OF A 
HATRIX; INV1 CALCULATES THE IN~ERSE MATRIX AND ALSO ITS 1 NO~M 
MIGHT BE CALCULATED; THE INVERSE HATRIX IS OVERWRITTEN ON A • 

. 

EXAMPLE OF USEI SEE GSSINV AND GSSINVERB (THIS SECTION). 



1-st REVISION, 1975 

• 

<DECEMBER 1975) 

SUBSECTlONI GSSINV 

C~LLING SEQUENCES 

THE HEADING OF THIS PROCEDURE ISi 
••PKO: £ U J ~ C: 88 G S SI N V ( A t N 9 AUX ) ; 118 V ALU::•• N ; 
• • I t~ T E G E R •• t~ ; •• A RR A Y •• A , A U X ; 

THE MEA~ING OF THE FOKMAL PARAMETERS ISi 
Ai <ARRAY IDENTIFIER>; 

•• A R KA Y •• A ( 1 a N , 1 J N l ; 
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ENTRYI THE MATRIX, WHOSE INVERSE HAS TO BE CALCULATED; 
EXITI IF AUXl3l = N, THEN THE CALCULATED INVERSE MATRIX; 

NI <ARITHMETIC EXPRESSION>; 
THE ORDER OF THE MATRIX; 

AUXJ <ARRAY IOENTIFIE~>; 
•• A R ~ A Y •• A UX C 1 I 9 l ; 
ENTRY I 
AUXI2JI A RELATI~E TOLERANCE; A REASONABLE CHOICE FOR THIS 

VALUE IS AN ESTIMATE OF THE RELATIV~ PRECISION OF 
THE HATRIX ELEMENTS; HOWEVER, IT SHOULD NOT BE 
CHOSEN SMALLER THAN THE MACHINE PRECISION; 

AUXC~JI A VALUE WHICH IS JSEJ FOR CONTROLLING PIVOTING (SEE 
GSSELM, SECTION J.1.1.1.1.1.1); 

EXITS 
AUXC1Ja IF R IS THE NUMBER OF ELIHINATION STEPS P~RFORHED 

AUX(3J: 

AUX{Sll 

AUX(7ll 

AUX(9]1 

(SEE AUX[Jl), THEN AUX(1.l EQUALS 1 IF THE 
R DETERMINANT OF THE PRINCIPAL SUBHATRIX OF ORDER 

IS POSITIVE, ELSE AUX(1l = -1; 
THE NUMBER OF ELI~INATION STEPS PERFORMED; IF 
AUX{3l < N THEN THE PROCESS IS TERMINATED ANO NO 
SOLUTION WILL BE CALCULATED; 

• 

THE MODULUS OF AN ELEMENT 
ABSOLUTE VALUE FO~ T1E MATRIX 
AN UPPER BOUND FO~ THE GROWTH 
3.1.1.1.1.1.1); 

WHICH IS OF MAXIMUM 
GIVEN IN ARRAY A; 
(SEE GSSELM, SECTION 

IF AUXC3l = N, THEN AUXC9l WILL EQUAL THE 1-NORM OF 
THE CALCULATED IN~ERSE MATRIX, ELSE AJX{9l WILL BE 
UNDEFINED. 

PROC:.OU~~S USEOI 

INV1 = CP3Lt-235, 
GSS~LM = CP34231. 

REQUIRED CENTRAL MEMORYI 
• 

EXECUTION FIELD LENGTH: GSSINV DECLARES TWO AUXILIARY ARRAYS OF 
TYPE INTEGER ANO ORDER Ne 

RUNl~ING TIHEi PROPORTIONAL TON•¥ 3. 

LANGUAGE.a ALGOL 60. 
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METHOD hND PE~FORHANCE& 

GSSlNV uSES GSSELM (SECTION 3.1.1.1.1.1.1) TO PERFORM A TRIANGULAR 
DECOMPOSITION OF THE MATRIX ANO INV1 <THIS SECTION) TO CALCULATE 
THE INV~RSE MATRIX; IF AUXC3l = N, THEN THE EFFECT JF GSSINV IS 
HER[LY THAT OF GSSELM. 

EXAMPLE. OF use::: 

THE FOLLOWING PROGRAM CALCULATES THE INVERSE OF THE INPUT MATRIX 
ANO PRINTS THE RESULTSJ 

••s EGI N'• 
••ARRAY•• A [ 1 I 4, 1 i 1+ l , AUX [ 11 9 l ; 
111 PROC£DURE·· GSSINV(A, N, AUX); ··GooE·· 34236; 
111 PR:JCcDUR£•• LIST (ITEM); 01 PROCEOURE•• ITEM; 
1111 BEGIN•• ••INTEGER•• I , J; 

•• f O R •• I s = 1 •• S T E P •• 1 •• U NT I L ... 4 •• 0 0 •• 
•• F O R •• J t - 1 •• S T E P •• 1 •• U NT I L •• 4 •• 0 0 •• I T E M < A ( I , J l > 

•• EN D •• L I S T ; 
111 PROCEDURE•• LAYOUT; 
F OR H A T ( •• ( •• 4 ( 4 B , 4 ( 8 + Z O 8 ) , / ) , , •• ) •• ) ; 

INLIST(70, LAYOUT, LIST); AUX(2ll= ••-14; AUX(4ll= a; 
aSSINV(A, 4, AUX); 
0 UT P UT ( 7 1 , •• < •• / , •• ( ee CA 1- CU LATED INV ERSE s •• ) •• , / •• l •• > ; 
JUTLIST(71, LAYOUT, LIST>; 
0 UT P U T ( 7 1 , •• ( •• ~ B •• ( •• A U X E. LEH E ~J T S I •• ) •• , / , 2 ( 4 8 + 0 , I ) , 
3 ( '+ B + • 1 5 0 •• + 3 0 , / ) •• > •• , A U X C 1 J , A U X ( 3 J , AU X ( 5 l , A U X [ 7 l , AU X C 9 l ) 

1
• l t..i O •• 

IN PUT: 

+ 4 + 2 
+30 +20 
+20 +15 
... 35 +28 

R.lSlJLTSl 

CALCULATED 
+4 •2 

-30 +20 
+20 -15 
-3~ +2 8 

+ 4 + 1 
+45 +12 
♦ 36 +10 
+ 7 0 + 20 

lNVERSEI 
+4 -1 

-45 ♦ 12 

+36 10 
-7 0 +20 

AUX C:Lt.MENTSI 
♦ 1 

+4 
+. 100000000000000··+002 
+.112528571426570 1 •+003 
+ .1si.99999999g730•·+00 3 



1-st REVISION, 1975 

' 

. 

(DEC~HBE~ 1975J 

SUBS~CTION: GSSINVERB. 

CALLING SEQJENCE: 

THE HEkUlNG OF THIS PROCEuURE ISi 
••PROCEDUR.E:. 00 GSSINVERB(A, N, AUX); ••vALUE 111 N; 
111 I t~ T E G l ~ • • N ; •• A RR A y ,,. A , A u X ; 

TH~ MEA~ING OF THE FORMAL PARAMET~RS ISi 
Al <ARRAY IDENTIFIER>; 

••ARR A y•• A [ 1 : N, 11 N 1 ; 

MC 
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£NTRYl THE MATRIX, WHOSE INVERSE HAS TO BE CALCULAT~ □; 
EXITI IF AUXC3l = N, THEN THE CALCULATED INVERSE MATRIX; 

NI <ARITHMETIC EXPRESSION>; 
THE ORDER OF THE MATRIX; 

AUXI <A~RAY IDENTIFIER>; 
•• A RR A Y •• A u x ( O a 1.1 l ; 
t..NTR.YI 
AUX(OJ& THE MACHINE PRECISION; 
AUX£2lt A RELATIVE TOLERANCE; A REASONABLE CHOICE FOR THIS 

VALUE IS AN ESTIMATE OF THE RELATIV~ PRECISION OF 
THE MATRIX ELEMENTS; HOWEVER, IT SiOULD NOT BE 
CHOSEN SMALLER THAN THE MACHINE PRECISION; 

AUXC41t A VALUE WHICH IS JSED FJR CDNTRJLLING PIVOTI~G (SEE 
GSSELH, SECTION 3.1.1.1.1.1.1>; 

AUX[5ll AN UPPER BOUNJ FJR TH~ ~ELATI~E PRE;ISION OF THE 
GIVEN MATRIX ELEMENTS; 

EXITI 
AJX£1J: IF R IS THE NUMBER OF ELIMINATION STEPS PERFO~HEO 

(SEE AUXC3l>, THE~ AUXt1l EQUALS 1 IF THE 
DETERMINANT OF THE PRINCIPAL suaMATkIX OF ORDER R 
IS POSITIVE, ELSE AUXC11 = -1; 

AUX{3J: THE NUMBER OF ELIMINATION STEPS PERFORMED; IF 
AUXC31 < N THEN THE PROCESS IS TERHINATED ANU NO 
SOLUTION WILL HAVE BEEN CALCULATED; 

AUXCSJ& THE MODULUS OF AN ELE~ENT WHICH IS OF MAXIMUM 
ABSOLUTE VALUE FO~ THE MATRIX GIVEN IN ARRAY A; 

AUX(711 AN UPPER BOUND FO~ THE GROWTH (SE~ GSSELM, SECTION 
3.1.1.1.1.1.1); 

AUXC9ll IF AUXC3l = N, THEN AUX(9l WILL EQUAL THE 1-NORM OF 
THE INVERSE MATRIX, ELSE AUXC9l WILL 3E UNDEFINED; 

AUXC1111 IF AUXC3l = N THEN THE VALUE OF AUXC11l WILL BE A 
ROUGH UPPER BOUND FOR THE RELATIVE ERROR IN THE 
CALCULATED INVERSE ~AT~IX, ELSE AUXC111 WILL BE 
BE UNDEFINED; IF NO USE CAN BE MADE OF THE FORMULA 
FOR TH£ ERROR BOU~O AS GIVEN IN SECTION 
3.1.1.1.1.1.1 (SUBSECTION ERBELH), BECAUSE OF A 
VERY BAD CONDITION OF THE MATRIX, THEN AUXC11Jl=-1• 

• 



P R O C E D l,J R f.. S l.J S E D : 

INV1 
GSSELM 
ERBELt1 

: CP3~235, 
: CP34231, 
: CP~4241,. 

REQUIRED CE~TRA~ HEMORV: 

E X E C U T I O '·J F I E L D LE N G T ~1 : 

(MAY 1974) 

GSS!NVERB DEC~ARES TwO AUXILIARY 
' 

TYPE INTEGER A~D ORDER N, 

RUNNING TI~E: ?ROPORTIONAL TON** 3, 

LANGUAGE: "LGOL 60, • 

METHOD AND PERFORMA~CEI 

MC 
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ARR.AVS OF 

GSSINVERB USES GSSELM (SECTION 3,1.1.1.1.1~1) TO PERFORM THE: 
TRIANGULAR DECOMPOSITION OF THE MATRIX, INVl (THIS SECTION) TO 
CALCULATE T~E I~VERSE MATRIX AND ITS l~NOR~ AND ERBELM (SECTION 
3,1.1.1.1.1.1) fO CALCULATE AN UPPER BOUND FOR THE RELATIVE ERRO~ 
I N T H E C A L C l.J L A T E O I N V E R S E r I F A LJ X ( 3 l < N , T H E N T H E E f F E C T O F 
GSSlNVERij IS MERELY THAT OF GSSELM~ 

• 

THE FOLLOWING PROGRAM CALCULATES THE INVERSE OF THE INPUT MATRIX 
WI'T~ A~ UPPER BOUND FOR THE RE~ATIVE ERROR IN IT AND PRINTS THE 
RESlJL TS: 

''HE GI f .. J '' 
•
1 A R ~ A Y '' A [ 1 : 4 , 1 : LI J , A U X t O I 1 l l 1 
,t P R O C E D tJ RE " G S S I N V E R B C A , N , A U X ) J '-' C O O E " .3"' 2 4-4 J 
''PROCEDURE" LIST(ITEM)J "PROCEDURE" ITEM1 
'' J:3 E G ! N '' t• I N T E G ~: R •• I , J J 

'' F O R '' t i := l '' S T E P •• 1 '' U t~ T I L •• t~ •1 D O '' 
" F O R •• J : = 1 '' s T E p ., 1 " u ~i T I L tf 4 It O O '1 I T E M ( A [ I , J l ) 

'' f:. N :.> '' L I S T J 
'' P R O C E D t.J R E •• l9. A V O lJ T J 
f' l.) R '-1 A T ( '' ( ,, 4 ( q B , 4 ( B + Z O l3 ) , / ) , / fl ) •• ) J 

l ~, L I S r· ( 7 0 , L A Y OU T , L, I S T l 1 A U X t O l I = A U X [ 21 : = A tJ X ( b J t .: 
AUX[41 :: 8J GSSINVERBCA, 4, AUX)J 
0 ~J ·r ? J T ( 7 l , '' ( '' / , ., ( '' C A L C U LA T E D I N \/ E R S E s '' ) '' , / •• ) '' ) J 
OtJTLIST(71, LAYOUT, LIST)J 
ClUfPJT(71, ••("4B''('•AUX ELEMENTSJ")'',1,2(48+0,/), 
U ( !J 3 t • 1 S [) '' + 3 D , I ) •• ) '' , A tJ X [ 1 J , A JJ X [ 3 1 , A U X t 5 l , A. U X l 7 l , 
ALJX Ct ll) 

''END•• 



S ~ C T I O N : 3 ,,. 1 , 1 , 1 " 1 • l • i~ 

I NPtJT I 

+ 4 
+30 
+20 
+35 

♦ 2 
♦ 20 

+15 
• 2A 

RESJLTS: 

C A LC UL A ·r E {) 
+4 - 2 

... "S 0 +20 
it20 -15 
911'35 +28 

+ lJ ♦ 1 
't' ·~ 5 +12 
+36 +10 
t70 + 2<) 

l. NV ER SE. I 
+I.J -1 

•45 +12 
•36 • 1 0 
~'70 +20 • 

AUX ELE~ENTS: 
+1 
+4 
+,700000000000000•·+002 
+.1125285714285'70"+003 

• 

•.15qqqqqqqqqq73on+oo3 
•• 

+ , 2 2 2 9 4 b 3 4 1 3 6 91 g O '' ~ 0 0 7 
• 

REFERENCES: 

t1l aus, J, c, P, 

• 

• 

LINEAR SVSTEMS WITH CALCULATION OF ERROR BOUNDS 
REFI~EMENT (DUTCH), 

MC 
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• 

AND ITERA,TT.VE 

MATHEMATICAL CENTRE, AMSTERDAM, LR 3. 4, 19 (1q72)~ 
t2l D E. K f< E' R , T • J I 

ALGOL bO PROCEDURES lN NUMERICA~ ALGEBRA, PART 1, 
MATHEMATICAL CENTRE, AMSTERDAM, TRACT 22 (1968)~ 

• 

• 



SOURCE TEXT(S): 

" C O OE '' 3 Li O 5 3 J 

(MAV 1974) 

"PROCEDURE'' INV(A, N, P); "VALUEu NJ "INTEGER" NJ "ARRAV'' AJ 
" I N f E GE R '' t• A RR A y '' P J 
"BEGIN'' "INTEGER'' J, ~, K1J 

''RE A~'' R J 
•tARRAY'' V [1 JN] I 

MC 
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'' RE A L •·• •• PR O C E D U RE " M A T M A T ( L , U , I , J , A , 6 l J '' C OD E " 3 4 0 l 3 ; 
'' P R O C E D IJ RE tt I C H C O L ( L , U , I , J , A ) J '' C O O E " '3 4 0 3 1 J 
" P R o C E o U RE •• D UPC o L. V EC ( L , u , J , A , B ) , '' c o D E '' 3 1 o 3 a 1 
tt F O R '' K : : N '' S T E: P '' -.. 1 " U N T I L '' l 91 0 0 " 
''BEGIN'' K11= K + 1J 

''FOR" J:: N "STEP"• 1 "UNTIL" Kl "00" 
•• 8 E G I N '' A [ J , K 1 l I = V t J l , 

V CJ] 1= • t41ATMAT(K1 1 N, K, J, A, A) 
,, END,, r 

• 

R:: A CK,K], 
,, ~ .. 0 R ,. J : = ~ ,. S T E P ,, • 1 tt U N T I L. '' K 1 ., .D O It 
11 BEGIN'1 A tK,JJ s: V [Jl J 

V [ J J ; : • f~ A T M A T ( K 1 , N , J , t< , A , A ) / R 
''END" J 
V[KJ:: (1., MATM4T(K1, N, ~, K, A, A))/ R 

'' E ND '' 1 . 
DUPCOLVEC(i, N, 1, A, V)J 
" F O R 19 K S = N lW/fl l '' S T E P " • 1 •• UN T I L tt 1 " 0 O 11 

'' 8 t, G I N '' K 1 : : P [ K l ; '' I f " K l .- a K '' T H E N '' 
ICHCOL(l, N, K, Kl, A) 

''END'' . 
"ENO•• IN\/J 

,, F.: 0 p n 

•COOE•1 34302J 
" P R O C E. D Ll RE '' D E C I N V ( A , N , A LJ X ) J 1• V A L U E '' f\j J '' I N T E G E R •t N s 
,. A R RA V fl A , A u X , 
'' 8 E G I N ,., " I N T E GE R " If A R R A V ,. P t 1 1 N l , 

19 p R O C E O u R E '' D E C ( A , N , A l.,) X , p ) ' If C O D E " 3 u 3 0 0 1 . 
"PROCEDURE" !NV(A, N, P)p ''CODE" 34053r 
D E C ( A , N , A 1J X , P ) r " I F '' A U X [ 3 l : N '' T HE hl 1• I N V ( A , N , P ) 

'' E N D '' 0 E C I ~ V J 
"£OP•• 

• 
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"C.ODE" 34235J 
'' R E A L '' '' ? RO C E O U RE " I N V 1 ( A , N , R I , C I , W I T H N O R M ) J 
'' V A t"f lJ f: '' N I W I T H N O R M J " I N T E G E R '' N J '' B O O L. E A N '' W I T H NO R M J 
'' A R R A Y '1 A J '' I N T E GE R " " A RR A Y '' R I , C I J 
'' B E G I N '' '' I N T E G E R '' L , t< , K 1 J 

'' R E A L 11 A I D , N R M I N V ' 
••PROCEDURE'' ICHROW(L.., U, I, J, A)J "CODE" 34'0321 
"PROCEOURE" INVCA, N, P)J "CODE" 34053J 
lNV(A, N, RI)J NRMINVI~ OJ "IF" WITHNORM "THEN•• 
" F O R " L I : 1 " S TE P '' 1 " UN T I L " N '' DO " 
NRMINVg: NRMINV + ABS(AtL,Nl)J 
"FOH" Kt= N • 1 ~STEP"~ 1 "UNTIL'' l "00" 
••BEGIN'' ''IF'' WITHNORM "THEN" 

'' BE G 1 N " A I D I = 0 J 
''FOR" L1• 1 ''STEP" 1 "UNTl~" N "00" 
AID:= AlQ + ABS(AtL,Kl)J , 
urF'' NRMINV < AIO "THEN'' NRMINVgs AID 

•'ENO••, 
K 1 : ;.; C I C K l J " I F '' K 1 * • t< If T HE N " I C H RO W ( 1 , N , K , K 1 , A ) 

"END"J 
IN\Jla= NRMI~V 

,. E t~ D " I N V 1 J 
"E0P" 

• 

tttODE" 342los 
. "PROCEDURE•• GSSINVCA- N, AUX)J "VALUE•• NJ "INTEGER~ NJ 

'' A R R A V '' A , A U X J 
,, e E G I N •• .. I N r E G E R ,, ,, A R R A Y " R I , c 1 t 1 1 N 1 , 

"PROCEDURE" GSSE~MCA, N, AUX, RI, CI)p "CODE'' 342311 
"REAL" "PROCEDURE'' l~Vl(A, N, RI, CI, WITHNORM)J "CODE'' 34235J 
GSSEL.MCA, N, AUX, RI, CI); 
ttIF" AUX t5l : N "THEN" AUX [9] g:: INV1 CA, N, RI, CI, ''TRUE••) 

tt E N D •• G S S I N V J 
,, f OP,. 

"CODE•• 3424Ll 1 
' 

QPROCEDURE'' GSSINVERBCA, ~, AUX)J "VA~UE" NJ "INTEGER•• NJ 
If A R R A y II A , A u X ' 
tt 8 E G I N '' " I N T E G E R •• '' A ~ R A V '' R I , C I t 1 a N J J 

••PROCEDURE'' GSSELM(A, N, AUX, RI, Cl)J "CODE'' 34231J 
''REAL" •1 PROCEDURE'' INVlCA, N, RI, CI, ~ITHNORM); 11 COOE" 3U23SJ 
npRQCEOUHE'' ERBELMCN, AUX, NRMINV)J "CODE" 3U2q1J 
GSSELM(A, N, AUX, RI, Cl)J 
" I F '' A U X C 3 l : N '' T H E N '' 
ERBELM(N, AUX, INV1 CA, N, RI, CI, "TRUE'')) 

"ENO'' GSSINVERBJ 
"E OP•• 

• 
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CONTRIBUTOR; J.C.P. aus AND P, A, BEENTJES, 

INSTITUTE: MAT~EMATICAL CENTRE, 

REC~IVEO: 731008. 

8Rl~f DESCRlPTION: 

THIS SECTION CONTAINS FOUR PROCEDURES FOR CALCULATING AN 
ITERATIVELY IMPROVED SOLUTION OF A SVSTEM OF LINEAR EQUATIONSs 
ITISOL SOLVES A LINEAR SYSTEM WHOSE MATRIX HAS BEEN TRIANGULARLY 
DECOMPOSED BV GSSE~M OR GSSER8, T~IS SO~UTION IS IMPROVED 
ITERATIVELY: 
GSStTISOL SOLVES A LINEAR SYSTEM AND TMIS SOLUTION IS IMPROVED 
ITERATlVE~VJ 
ITISOLERB SOLVES A LINEAR SYSTEM WHOSE MATRIX HAS BEEN TRIANGULAR~Y 
DECOMPOSED BY GSSNRI,THlS SOLUTION IS IMPROVED ITERATIVELY,MOREOV£R 
A REALISTIC UPPERBOUNO FOR THE RELATIVE ERROR IN THE SOLUTION IS 
CALCULATED, 
GSSITISOLERB SOLVES A LINEAR SYSTEM,THIS SOLUTION IS !~PROVED 
I'fERAT.IVELY AND A REALISTIC UPPERBOUND FOR THE RELATIVE ERROR IN 
THE SO~UTION 1S CA~CULATEOs 

• 

KtYwOROSs 
• 

ALGEBRAIC EQUATIONS, 
Ll~EAR SYSTEMS, 
ITERATIVE REFINEt~E~T, 

• 
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SUBSECTIONI ITISOL 

CALLING SEQUENCE: 

THE HEADING OF THIS PROCEDURE ISi 
''PROCEDURE'' ITISDLCA, LU, ~, AUX, RI, CI, B)J ''VALUE" NJ 
•• I N T E G E R •• N J •• A R R A. Y '' A , L. U , A tJ X , ~ J •i I N T E GE R " "' A R R A V '' R I , C I J 

THE MEANING OF THE FORMAL PAR~METERS ISa 
Al <ARRAY IDENTIFIER>J 

" A R R A V 91 A. [ 1 ; N , 1 I N J J 
ENTRY:THE MATRIX OF THE LINEAR SVSTEMJ 

LU: <ARRAY IDE~TIFIER>J 
'' A R R A V '' L, U t 1 I N , 1 I N l I 
ENTRY:THE TRI~NGULARLY DECOMPOSED FORM OF Tt➔ E MATHIX GIVE~ 
IN A, AS DELIVERED BY GSSELM (SECTION 3,1.1a1,1,1.1)J 

N; <ARITHMETIC EXPRESSION>J 
THE ORDER OF THE MATRIXJ 

A lJ X : < A R R A Y I D E ~J T I F I E R > J 
"ARRAY'' AtJX [10 It 3] J 
Et'ITRY: 
AUXltOl: A RELATIVE TOLERANCE FOR THE SOLUTION VECTORJ IF 

THE l•NORM OF THE VECTOR OF CORRECTIONS TO THE 
. SOLUTION, DIV!DED BY THE t~NORM OF THE CALCULATED 

SOLl.JTION, IS SMALLER THAN AUX tlOJ, THEN THE PROCESS 
WIL~ STOP, THE USER SHOULD NOT CHOOSE THE VALUE OF 
AUXC10l SMALLER THAN THE RE~ATivE PRECISION OF THE 
ELEMENTS OF THE MATRtK ANO THE RIGHT~HANO SIDE: OF 
THE LINEAR SYSTEMp 

AUX[12l: THE MAXIMUM NUMBER OF ITERATIONS •LLOWED FOR THE 
REFI~EMENT OF THE SO~UTtONJ If T~E ~UMBER OF 
ITERATIONS EXCEEDS THE VALUE OF AUX[12l, THEN THE 
PROCESS WILL BE BROKEN OFFJ USUALLY AUXtl2l = 5 
~I~L GIVE GOOD RESULTS, 

EXIT: 
AUX[11l I THE l~NORM OF TME VECTOR OF CORRECTIONS TO THE 

S a L U T I O ~ I N T H E In A S T I T E R A T I O N S 1 E P , 0 l V I D E D 8 V T t~ E 
l•NORM OF THE CALCULATED SOLUTIONJ 
IF AUXtlll > AU~[10l, THEN THE PROCESS HAS AEEN 
TERMI~ATEO, BECAUSE THE NUMBER OF ITERATIONS 
EXCEEDED THE VALUE GIVEN lN AUX[12l r 

AUX[13l: THE l~NORM OF THE RESIDUAL VECTOR (SEE METHOD ANO 
PERFORMANCEJ 

RI: <ARRAY IDENTtFIER>r 
'' I N T E G E R '' " A R R A V •• R l t 1 I N J J 
ENTRY1THE PIVOTAL ROW INDICES, AS PRODLJCED BY GSSELMf 

Cll <ARRAY IDENTIF!ER>J 
•• I N T E G E R '' •• A R R A Y 1• C I [ 1 I N l , 
ENTRV:fHE PIVOTAL COLUMN INDICES, AS PRODUCED BY GSSELMJ 

Be <ARRAY IDENTIFIER>J 
It A R R A y " B [ l : N l J 
ENTRY: THE R!GHT~HAND SIDE OF THE LINEAR SYSTEMS 
EXIT; THE SOLUTION OF THE LINEAR SYSTEM, 
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SOli:.Lt1 
INlVEC 
DUP\/EC 
L t'iC, MAT V:. ~ 

= C P 3 40 51, 
= GP31010, 
= CP31030, 
= CP3 4411. 

REQUI~EG CtNTKAL MEMORY: 

MC 
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EXECUTION FIELD LENGTHI ITISOL D~CL~RES TWO AUXILIARY ARRAYS OF 
TYPE REAL AND ORDER N. 

kUNNING TIH~I T~E NUHBER OF ARITHHETICA~ OPERATIONS IN ~ACH ITERATION 
STEP IS PROPORTIONAL TON•• 2. 

LANGUAGc..J ALGOL 60. 

METHOD ANO PEKFORMANCEI 

ITISOL SHOULD BE CALLED AFTER GSSELM OR GSSERB !SECTION 
3.1.1.1.1.1.1> AND SOLVES T~E LINSA~ SYSTEM WITH A MATRIX, AS GIVEN 
IN ARRAY A ANO A RIGHT-HAND SIDE AS GIVEN IN ARRAY s; ONCE A 
SOLUTlON IS CALCULATED WITH SOLELM (SECTION 3.1.1.1.1.1.3>, THIS 
SOLUTION WILL BE REFINED ITERATIVELY UNTIL THE CALCULATED RELATIVE 
CORRECTION TO THIS SOLUTION WILL BE LESS THAN A ?R~SCRIB~O VALUE 
(SEE AUX[lOl); 
EACH ITERATION OF THE REFINEMENT PROCESS CONSISTS OF THE FOLLOWING 
TH F~:. ~ ST C: PS (SEE ( 1 l, [ 21 , [ 3 J) a 
1 CALCULATE, IN DOUBLE PRECISION, THE RESIDUAL VECTOR R, DEFINED 

BY: R = AX - B, 
WHEKE X DENOTES THE SOLUTION, OBTAINED IN THE PREVIOUS 
ITEKATION, 8 THE RIGHT-HANO SI)E 3F THE LINEAR SYSTEM, GlV~N 
IN 8[1:Nl, AND A THE MATRIX GlVEN IN A{11N, 1tNJ; 

2 CALCULATE THE SOLUTION C, SAY, OF THE LINEAR SYSTEM& AC= R, 
WITrl TrlE AID OF THE TRIANGULA~LY DECO~POSED MATRIX AS ~IVEN IN 
LU[11N, 1lN]; 

3 CALCULATE THE NEW SOLUTIONI XNEW = X - c; 
IF lHE PRECISION ASKED FOR IS P~OPERLY CHJSEN (SEE AUXC101) ANO THE 
CONDITIJN OF THE MATRIX IS NOT TOO BAD, THE~ THE PRECISION OF THE 
CALCULATED SOLUTION WILL BE OF TH~ ORDER OF THE PRECISION ASKED FJR 
IN AUX[10l; HOWEVER, IF TH~ CONDITION OF THE MATRIX IS V~RY BAO, 
THEN T~IS PROCESS WILL POSSIBLY NOT CONVERGE OR, IN EXCEPTIONAL 
CASES, GONVERGE TO A USELESS RESULT; IF THE USEk WANTS TO MAKE 
CEkTAIN ABOUT THE ?RECISION OF THE CALCULATED SOLJTION, THEN HE 
HAS TO JS~ ITISOLERB (THIS SECTION), WHICH NEEDS THE CALCULATION 
(OF ORDER N •• 3) OF THE INVERSE MATRIX TO GET AN UPPER BOUND FOR 
THE GONDITION NUMBER AND WHICH Gl~eS A REALISTIC UPPER BOUND FOR 
THE RELATIVE ERROR IN THE CALCULATED SOLUTIO~; 
ITISOL LEAVES A, LU~ RI AND :I UNALTERED, SO AFT~R ONE CALL OF 
GSSELM SEVERAL CALLS OF ITISOL HAV FJLLOW TO CALCULATE THE SOLUTION 
OF 5EVE~AL LINEAR SYSTEMS WITH T~E SlHE ~ATRIX BJT DIFFERENT RIGHT
HAND SIDES. 

EXAMPLE ~F JSEI SEE GSSITISOL <THIS S~CTION). 
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SUBSECTlON: GSSITISOL 

CALLING StQJENCEI 

TH£ HEADING OF THIS PROCEDURE ISi 
··PROCEGURc·· GSSITISOL(A, N, AUX, B); ··vALUE 1

• N; 
··1t~TEGER 1

• N; ··ARRAv·· A, AUX, s; 

· THE 
Al 

NI 

AUX a 

• 

MEANING OF THE FORMAL PARlMET~RS rsa 
<ARRAY IDENTIFIER>; 

• 

•• A RR A y•• A t 1 I N, 1 a N l ; 
ENTRYITHE N-TH ORDER MATRIX; 
EXITI THE CALCULATED LO~ER•TRIANGULAR 
UPP£RTRIANGULAR MATRIX WITH ITS UNIT 
<ARITHMETIC EXPRESSION>; 
THE ORDER OF THE MATRIX; 
<ARRAY IDENTIFIER>; 
••ARR A y•• AUX C 1 .t 1 3 l ; 

MATRIX ANu UNIT 
DIAGONAL O~ITTED; 

ENTRYI 
AUXC2ll 

• A RELATIVE TOLERANCE; A REASONABLE CHOICE FOR THIS 
VALUE IS AN ESTIMATE OF THE RELATIVE PRECISION OF 
THE MATRIX ELEMENTS; HOWEvER, IT SiOULO NOT BE 
CHOSEN S~ALLER THAN THE MACHINE PRECISION; 

AUX[4JI A VALUE WHICH IS JSED FOR CONTRJLLING PIVOTI~G <SEE 
GSSELH, SECTION 3.1.1.1.1.1.1>; 

AUX{10ll A RELATIVE TOLE~ANCE FO~ THE SOLUTION VECTOR; IF 
THE 1-NORM OF THE VECTOR JF CORRECTIONS TO THE 
SOLUTION, DIVIDED BY THE 1-NORM OF THE CALCULATED 
SOLUTION, IS SMALLER THAN AUXC10l, THEN THE PROCESS 
WILL STOP; THE US~R SHOULD NOT CHOOSE THE VALUE OF 
AUX!10l SMALLER THAN THE RELATIVE PRECISION OF THE 
ELEMENTS 3F THE MATRIX ANO THE RIGHT-HAND SIDE OF 
THE LINEAR SYSTEM; 

AUX[12ll THE MAXIMUM NUMBER JF ITERATIONS ALLOWED FOR THE 
REFINEMENT OF THE SOLUTION; IF THE NUMBER OF 
ITERATIO~S cXCEEDS THE VALUE JF AUXC12l, THEN THE 
PROCESS WILL BE BROKEN OFF; USUALLY AUX(12l = S 
WILL GIVE GOOD RESULTS; 

EXITI 
AUX11ll IF R IS THE NUMBER OF ELIMINATION STEPS PERFO~MEO 

(SEE AUXC3J), THE~ AUXI11 EQUALS 1 IF THE 
DETERMINANT OF TH~ PRINCIPAL SUBHATRIX OF ORDER R 
IS POSITI~E, ELSE AUX[il - 1; 

AUXC3ll THE NUMBER OF ELIMINATION STEPS PERFORMED; IF 
AUXC3l < N THEN THE PROCESS IS TERMINATED AND NO 
SOLUTION WILL HAVE BEEN CALCULATED; 

AUX(Sll THE MODULUS OF AN ELE~ENT WHICH IS OF MAXIMUM 
ABSOLUTE VALUE FOR THE MATRIX GIVEN IN ARRAY A; 

AUX(7Ja AN UPPER BOUND FO~ THE GROWTH (SEE GSSELH, SECTION 
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AUX[lll: IF AUXC3l < N, THEN AUXC1\l WILL BE UNDEFINED, 
ELSE AUXC11l EQUALS THE 1~NORM OF THE ve·croR OF 
CORRECTIONS TO THE so~UTION IN THE LAST STEP, 
DIVIDED BY THE l~NORM OF THE CALCU~ATED SOLUTIONJ 
IF AUX[11l > AUXtlOl, THEN THE PROCESS HAS BEEN 
TERMINATED, BECAUSE THE NUMBER OF ITERATIONS 
EXCEEDED THE VALUE GIVEN IN AUX[12l J 

AUXt13l: IF AUXt3l • N, THEN THE VALUE OF AUXt13l WIL~ 
EQUAL THE l~NORM OF THE RESIDUAL VECTOR (SEE IlISOL 
tN T~IS SECTION), E~SE AUXl13J WILL BE UNDEFINEDt 

~3 <ARRAY IDENTIFIER>J 
t•ARRAY" BtlzNlf 
ENTRY: THE RIGHT~HANO SIDE OF THE LINE~R SYSTEM: 
EX.IT: IF AUXt3l = N, THEN T~E CA~CU~ATEO SOLUTION OF THE 

LINE:AR SYSTEM IS OVERWRITTEN ON B, ELSE B REMAINS 
UNALTERED, . 

PROCEDURES USED: 

OUPMAT 
GSSELM 
ITISOL 

: CP34035, 
: CP3a?31, 
: CP34250, 

• 

REQUIRED CENTRA~ MEMORV: 

EXECUTION FIELD LENGTHS GSSITISOL DECLARES ONE AUXILIARY ARRAY OF 
TYPE. REAL AND ORDER N ** 2 ANO T~O OF TYPE 
INTEGER AND ORDER N, 

RUNNING TIME; PROPORTIONAL TON** 3 1 
• C 

LANGUAGE: 
• 

METHOO AND PERFORMANCE: 

GSSITISOL lJSES GSSELM (SECTION 3,1.1,1.1 4 1,1) TO PERFORM A 
TRI~NGULAR DECO~POSITION OF THE MATRIX ANO ITISOL (THIS SECTION) TO 
CALCU~ATE AN ITERATIVE~Y REFINED SO~UTION Of THE GIVEN ~INEAR 
SVSTEHJ IF AUXt3l < N, THEN THE EFFECT OF GSSITtSOl. IS MERELY THAT 
OF GSSELMJ IF THE CONDITION OF THE MATRIX IS VERY BAO, THEN, IN 
EXCEPTIO~AL CASES, THE CALCULATED SOLVTION MAY BE USE~ESS (SEE 
ITISOL IN T~➔ Is SECTio~,1~ 
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EXA~PL,E OF USE: 

LET A BE THE FOURTH ORDER SEGMENT OF THE HILBERT MATRIX, 
MULTIPLIED WITH 840 TO GET INTEGER ELE~ENTS, ANO 8 THE THIRD COLUMN 
OF A, THEN T~E SOLUTION Of THE LINEAR SYSTEM AX= BIS GIVEN BV 
THE THIRD UNIT VECTOR AND ~AV BE CALCU~ATED BV THE FOLLOWING 
PROGRAi'1: 

'' a E G t N '! ,, I N r E G E R 11 t , J , 
tt A R R A Y '4 A t 1 : ~ , 1 I 4 ) , B [ 1 J 4 ] , A U X [ 1 I 1 3 ) I 
''PROCEDURE'' GSSITISOL(A, N, AUX, B)J "CODE" 342511 
'' P R O C ED URE: .. L I S T ( I T E M ) , •• P R O C E O URE " I T E M J 
•• B E G I N •• '' I N T E G E R '1 t J 

'' F O R •• I : : 1 11 S T E P '' 1 '' U N T I L '' 4' •1 0 0 " I T E M ( 8 t I l ) J 
'' F O R •• I : : 1 91 S T E P '' 2 " U N T I L " 7 '' D O " I T E ~ ( A U X t l l ) J 
ITEM(AUX [11]) J ITEM(AUX [13]) 

'' E N D '' L I S T 1 
''PROCEDURE~ LAVOUTJ 

• 

FOR~AT(''(''*, ~(ffSQLUTIONl")"B+,1so•• ♦ \D,/,l(10B+,150·'+3D,/), 
~c•1 SIGN(OET) : '')"+D,/,''("NUMBER OF ELIMINATIONSTEPS: "l" 
+D,/,'1 (•t MAX(A8S(A[I,Jlll= ")"+ 1 150"+3D,/, 
'' C ~, UP PE R 8 0 UNO G R O W TH : '' ) " + 1 1 5 0 •• ♦ 3 0 , / , 
''("NOR~ LAST CORRECTION VECTORI '')"+,150''+3D,/, 
" ( •

1 NO R M RE S .I D U AL V E C TO~ I '' ) " + , l 5 0 " ♦ 3 D " ) " ) J 

fff0R'' I:= t R1 STEP 11 1 "UNTIL" 4 "D0 1t 

'' B E G I N 1' '' F O R 11 J I a 1 '' S T E P '' 1 •• U N T l L. •• LI '' 0 0 '' 
ACI,JJ;: 840 //(It J • 1)J B[Il:= A[I,31 

••END••; . 
A U X t 2 ) S :: 11 • l LJ p A U X [ 4 l : : 8 J ;\ U X t 1 0 J I :: " • t ~ J A U X [ 1 2 l : : 5 J 
GSSITISO~(A, 4, AUX, B)J 
OUTLIST(71, LAYOUT, LlST) 

''ENO'' 

RESULTS: 

SOLUTION: +,000000000000000"+000 
+,000000000000000"+000 
+,100000000000000»+001 
+~000000000000000 1'+000 

SIGN(DET) = +1 
NUMBER OF ELIMINATIONSTEPS • +4 
~AX(ABS(A[l,JJ ))= +.840000000000000''+003 
UPPER BO~NO GRO~TH: +,134080000000000''+00Q 

• 

NORM LAST CORRECTION VECTOR1 +1 000000000000000''+000 
NORM RESIDUAL VECTOR: +,000000000000000"+000 
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SUB5ECTlON: ITISOLERB. 

CALLING S~~JENCE3 

THE H~AwlNG OF THIS PROCEDU~E 151 
1111 P f.( :; C c. L J RE • • I TI S O L E R B ( A , l U , N , A ~ X , ~ I , C I , 8 ) ; •• V A L U E •• N ; 
··1tiT::GE.~·- N; ··ARRAv·· A, Lu, Aux, s; 11·~NTEGER.·· ··ARRAv·· RI, er; 

LU& 

Nl 

MEANING OF THE FORMAL PARAMETERS ISi 
<AR~AY IO~NTIFIER>; 
••ARR A y•• ( 1 i N 11 1 IN l ; -
ENT~YITHE MATRIX OF THE LINEAR SYSTEM; 
<AR~AY IDENTIFIER>; 
••ARR A y•• LUC 11 N, 11 N l ; 
ENT~YITHE TRIANGULARLY DE:OMPOSED FORH OF THE MATKIX GIVEN 
IN A AS DELIVERED BY GSSN~I (SECTION 3.1.1.1.1.1.1); 
<ARITHMETIC EXPRESSION>; 
THE ORDER OF TH~ MATRIX; 
<ARRAY IDENTIFIER>; 
•• A RR A Y •• A U X ( 0 I 1 3 l ; 
ENTRYJ 

THE MACHINE PRECISIO~; AUX[Oll 
AUX{5]1 THE MODULUS OF AN ELEMENT, WHICH IS OF MAXIMUM 

ABSOLUTE VALUE FO~ THE MATRIX OF THE LINEAR SYSTEM; 
THIS VALUE IS JELIVEREO BY GSSNRI (SECTION 
3.1.1.1.1.1.1) IN AUX(SJ; 

AUXColl AN UPPER BOUND FO< THE RELATIVE ERROR IN THE 
ELEMENTS OF THE MATRIX OF THE LINEAR SYSTEH; 

4UX{7ll AN UPPER BOUND FO~ THE G<OWTH JJ~ING ~AUS5IAN 
ELIMINATION; THIS VALUE IS DELIVE~ED BY GSSNRI IN 
AUX C 7 l; 

AUXC8JZ AN UPPER 
ELEM::NTS 
SYSTEM; 

aouND 
OF THE 

FO~ THE RELATIV~ 
RIGHT-HAND SIDE 

ERROR IN THE 
JF TH~ LINEAR 

AUX(9]1 THE 1-NORM OF THE INVERSE MAT~IX; THIS VALLI£ IS 
DELIVERED BV GSSN~I IN AUX{9l; 

AUXC10ll A RELATIVE TOLERANCE FOR THE SOLUTION VECTOR; IF 
THE 1-NORH OF THE VECTOR OF CORRECTIONS TO THE 
SOLUTION, DIVIDED BY THE 1-NORH OF TH~ GA~~UL~TEO 
SOLUTION, IS SMALLER THAN AUX[10l, THEN THE PROCESS 
WILL STOP; THE USER SHOULD NOT CHOOSE THE VALUE OF 
AUX[10l SMALLER THAN THE RELATI~E PRE~ISION OF THE 
ELEMENTS OF THE MATRIX ANO THE RIGHT-HANO SIDE OF 
THE LINEAR SYSTEM, GIVEN IN AUXC6l ANO AUXCBJ; 

AUX[12Jt THE MAXIMUM NUHB~R OF ITERATIONS ALLOWED FOR THE 
REFINEMENT OF T~E SOLUTION; IF T~E NUMBER OF 
ITERATIONS ~X:EEOS TiE VALUE OF AUXC12l, THEN THE 
PROCESS HILL BE BROKEN OFF; USUALLY AUXC12l = 5 
WILL GIVE GOOD RESULTS; 
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EXITI 
AUX[11l1A REALISTIC UPPERBOUND FOR THE RELATIVE ERROR IN 

THE CALCULATED SOLUTION; HOWEVER, IF NO USE CAN BE 
MADE OF THE ERROR-FO~MULA, THEN AUX(11l 1- -1; 

AUXC13ltTHE 1-NORM OF THE RESIDUAL VECTJR (SEE METHOD ~NO 
PERFORMANCE); 

Ria <ARRAY IDENTIFIER>; 
•• I N T E GE R •• •• A R RAY •• RI C 1 I N l ; 
El~T~Y:THE PIVOTAL ROH INDICES~ AS PRODUCED BY GSSNRI; 

~II <ARRAY IDENTIFIER>; 
•• I NT EGER•••• AR RAY•• CI [ 11 N J ; 
lXITITHE PIVOTAL COLUMN INDICES, AS PRODUCED 3Y GSSNRI; 

81 <ARRAY IDENTIFIER>; 
•• A RR A Y •• B [ 1 I N J ; 
ENTRYI THE RIGHT-HANO SIDE )F THE LINEAR SYSTEM; 
EXIT: THE SOLUTION OF THE LINEAR SYSTEH. 

PROL.EOUR:.S USEDt 

ITISOL = CP342SO. 

RUNNING TIMEI THE NUMBER OF ARITHMETICAL OPERATIONS IN ~ACH ITERATION 
STEP OF THE REFINEMENT PROCESS IS PROPORTIONAL TON•• 2. 

LANGUAGE I ALGOL 60. 

METHOD AND PERFORMANCEI 

ITISOLE~B SHOULD BE CALLED AFTER ~SSNRI (SECTION 3.1.1.1.1.1.1>, 
WHICH DELIVERS THE TRIANGULARLY DECOMPOSED FORM OF THE MATRIX ANO 
THE PROPER ~ALLIES FOR THE 000 ELEMENTS OF ARRAY Aux; ITISOLE~B 
CALCULATES, WITH THE USE OF ITISOL (THIS SECTION>, AN ITERATIVELY 
IMP~OVEJ SOLUTION OF THE LINEAR SYST~M WITH A MATRIX AS ~IVEN IN 
ARRAY A ANO A RIGHT-HANO SIDE AS GIVEN IN a; MOREOVER, ITISOLERB 
CAL~ULATES A REALISTIC UPPER BOUND FOR THE RELATIVE ERROR IN THE 
CALCULATED SOLUTION; THIS UPPER BOUND IS CALCULATED WITH THE 
FOLLOWING FORMULA (SEE C1l,[2J)a 

N OR.M (DX) / NO RM ( X) < = P / C 1 • P) , 
WHEREBY& P = ( NORM<R> / NORH(X) + NJ~M(OB) / NJRH(X) + NORM(OA> ) 

• NORM(C) I (1 - Q • NORHCC) ) 
~OR Q SEE SECTION 3.1.1.1.1.1.1 (SUBSECTI3N ERBEL~), 
R IS THE RESIDUAL VECTOR lSEE ITISOL IN THlS SECTIONlt 
XIS THE CALCULATED SOLUTION, 
OB rs THE UPPER BOUND FOR THE RELATIVE ERROR IN THE RIGHT-HAND 
SIDE, 
DA IS THE UPPER BOUND FOR THE RELATIVE ERROR IN THE MATRIX, 
: IS THE CALCULATED INVERSE HATRIX, 
AND THE 1-NORM OF A VECTOR OR A MATRIX IS DENOTED av, NORM(.) 

• 



I f 1 -. P < A tJ )( t O J , T H E N T H E V A L tJ E .., 1 I S DE L- I V E R E D 
ITISOLER8 ~EAVES A, LU, RI ANO CI UNA~TERED, SO 
GSSNRI SEVERAL CAI-LS OF ITISOLERB MAV FOLLOW, 
SOLUTION OF SEVERA~ LINEAR SYSTEMS wtTH THE 
OIFFERENT RIGHT•HAND SIDES, 

EXAMPLE Of USE: S~E GSSITISOLERB (THIS SECTION). 

SUBSECTICl~: GSSITISOLERB~ 
' 

CALLING SE~UENCE1 

THE HEADING OF THIS PROCEDURE ISi 
'•PROCEDURE'' GSSlTISOLERBCA, N, AUX, 
•1 tNTEGER'' ~J "ARRAV 11 A, AUX, BJ 

' 

a ) J '' V A L U E '' N J 

THE MEA~tNG OF THE FORMAL PARAMETERS ISa 
A: <ARRAY lOENTiftER>J 

'' A R R A Y '' A C 1 : N I l : N l J 
lNTRV:THE NwTH ORDER MATRIXJ 

MC 

PA.GE q 

I N A lJ X ( 1 1 l J 
AFTE:R ONE CALL OF 
TO CAbCULATE THE 
SAME ~ATRIX BUT 

EXITt l~E CALCULATED LOWER•TRIANGULAR MATRIX AND l.JNIT 
UPPER-TRIANGULAR MATRIX WITH ITS UNIT DIAGONAlw OMITTEDJ 

N: <ARITHMETIC fXPRESSION>, 
Tr~E ORDER OF THE MATRIXJ 

AIJX; <ARRAY lDE~TIFIER>r 
•• A t-< R A V '' A U X t O : 1 3 l J . 
ENTRY; 
AUX[Ol: THE MACHINE PREClSlONJ 
AUX[2J I A RELATIVE TOLERANCEJ A REASONABLE CHOICE FOR TMIS 

VALUE IS AN ESTIMATE OF THE RELATIVE PRLCISION OF 
THE MATRIX ELEMENTSJ ~OWEVER, IT SHOULD NOT BE 
CHOSEN SMALLER THAN THE MACHINE PREClSIONJ 

AUX[4J: A VALUE WHICH IS USED FOR CONTROLLING PIVOTING (SEE 
G5SEL~1, SECTION 3,1,1,1t111,l~l)J . 

AUX[bl: AN UPPER BOUND FOR THE RELATIVE ERROR IN THE MATRIK 
ELEMENTS OF THE LINEAR SYSTEMJ 

AUXt8l: AN UPPER BOUND FOR THE RELATIVE ERROR IN THE 
ELEMENTS OF THE RIGHT•~ANO SIDEJ 

AVX[lOl I A RELATIVE TO~ERANCE FOR THE SOLUTION VECTOR, If 
THE 1~NORM OF THE VECTOR OF CORRECTIONS TO THE 
SOLUTION, OIVIOEO BY THE 1•NOR~ OF THE CALCULATED 
SOLUTION, IS SMALLER THAN AUX[10J, THEN THE PROCESS 
WILL STOP; THE USER 5HOULO ~OT CHOOSE THE VALUE OF 
AUXtlOl SMALLER THAN THE RELATIVE PRECISION OF THE 
ELEMENTS OF THE MATRIX ANO THE RIGHT•HANO SIDE OF 
THE LINEAR SYSTEMS 

AUX[l2l J THE MAXIMUM NUMBER OF ITERATIONS ALLOWED FOR THE 
REFINEMENT OF THE SOLUTIONJ IF THE NUMBER OF 
ITERATIONS EXCEEDS THE VALUE OP AUX[12J, THEN TH£ 
PROCESS WILL BE BROKEN OFFJ USUALLY AUXC12l = 5 
WILL GIVE GOOD RESULTSJ 
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EXIT: 
AUX[tJ: IF R IS THE NUMBER OF ELI~INATION STEPS PERfORMEO 

(SEE ALJX[3l), THEN AUX[ll EQUALS 1 IF T~E 
DETERMINANT OF THE PRI~CIPAL SUBMATRIX OF ORDER R 
IS POSITIVE, ELSE AUX[ll : -..1; 

AUXC3l: THE NUMBER OF ELIMI~ATION STEPS PERFORM[DJ IF 
AUX[3l < N THEN THE PROCESS IS TERMINATED AND NO 
SOLUTIO~ WILL HAVE BEE~ CALCULATEDJ 

A IJ X C '":i 1 1 T HE M n D lJ L. U S O F' A N E L. E ME N T W H I C t ➔ I S O F M A X I M U M 
ARSO~UTE VALUE FOR THE ~ATRIX GIVEN IN ARRAY A: 

A u X [ 7 l : A ~- lt P P E R 8 0 U ND F O R TM E GR O ,.; T H C S E E. G S S f~ L M , 5 E. C T I O f\A 
3,1.1.1.1,1,t)J 

A. IJ X t 9 l : l F A LJ X [ 3 l : N T HE l\i A U X [ q l E Q lJ A L S T HE 1 ~ N O R M Or T HE 
CA~CULATED INVERSE MATRIX, ELSE AUX[9l WILL BE 
l.J~~DEf t NED J 

AUX tt.1. l: IF AUX [3] < N, THEN AUX [111 WILL BE UNOEF Il\tEO, 
ELSE THE VALUE OF AUX[tll EQUALS A REALISTIC UPPER 
BOUND FOR THE RELATIVE ERROR IN THE CALCULATED 
SOLuTtONJ HOWEVER, IF NO USE CAN 8E HADE OF T~E 
ERROR FOR~ULA (SEE ITISOLERB IN THIS SECTION), THEN 
AUXC11l :: •lJ 

.A V X C 1 3 J : I F A tJ X [ 3 l : N , T H E N A I.J X C 1 :~ J E Q LJ A L S T H ~: 1 -. N O R ~1 0 F 
THE RESIDUAL VECTOR (SEE !TISOL IN THIS SECTION), 

· ELSE AUXt13J WILL BE UNOEFINEDJ 
B: <ARRAY IDENTIFIER>, 

''ARRAY'' B (1 :Nl 1 
ENTRY: THE RIGHT~HAND SIDE OF THE LINEAR SYSTEMJ 
EXIT: IF AUX[3l : ~, THEN THE CALCULATED SOLUTION OF THE 

LINEAR SYSTEM IS OVERWRITTEN ON B, ELSE B RE~AINS 
UNALTERED, 

PROCEDURES uSEDs 

DUPMAT 
GSSNRI 
ITISOL..ERB 

= CP3403S, 
: CP34252, 
: CP3t➔ 253. 

RE Q U I RE D C E ~J T 1< AL ME MOR V t 
• 

e:xECUTION FIELD LENGTH: GSSITISOLERB D~CLARES ONE AUXILIARY ARRAY 
0 F TY PE RE Al. A ND O ROE R N * • 2 A ND T ~ 0 0 F 
TYPE INTEGER ANO ORDER N, 

RUNNING TIME: PROPOHTIOr~AL TON•• 3 1 

LANGlJAGf: ALGOL bO. 

MlTHOO •ND PERFORMANCE: 

GSStTISOL£R8 USES GSSNRI (SECTION 3,1.1-t.1,1,1) TO PERFOR~ A 
TRIANGULAR DECOMPOSITION OF THE MATRIX AND !TISOLERB (THIS SECTION) 
TO CALCULATE AN ITERATIVELY REFINED SOLlJTlON OF THE GIVEN LINEAR 
SYSTfM ANO A REALISTIC 0PPER BOLJND FOP THE RELATIVE ERROR IN THIS 
SO~UTJONJ If AUX[3l < N, THEN THE EFFECT OF GSSITISOLERB IS MERELY 
THAT OF GSSELM (SECTION 3,1.1,1 1 1 1 1,1), 
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E X A M P L r: 0 F. l,J S E : 

LET AB~ THE FOURTH ORDER SEGMENT OF THE HILBERT MATRIX, 
MULTIPLIED WITH 840 TO GET INTEGER ELEMENTS, AND 8 THE THIRD COLUMN 
OF A, THEN THE SOLUTION OF THE LINEAR SYSTEM AX= 8 IS GIVEN BY 
THE THIRD U~IT VECTOR AND THIS SOLUTION, AS WELL AS A REALISTIC 
UPPER BOUND ~- 0 R THE REL AT IVE ERROR I N ! T , MAY BE CAL CU~ A TED B V T ~i E 
FOLLO~lNG PROGRAM: 

II 8 E G I t~ ., '' I N T E G E R " I , .J J 
'' A R R A Y •• A [ 1 I 4 , 1 ; £1 l , 8 ( 1 I '~ l , A U X [ 0 J 1 3 l J 
'' P R O C E D UR E " GS S I T I S O L ER B ( A , N , A U X , 8 ) J 4' C O D E '' 3 /J 2 5 4 , 
'' P R O C E O l.J R E '' L I S T ( I TE M ) I '' P RO C E O U R E •• I T E M r 
•• B E: G I ~ '' •• I f\l T E G E R " I J 

1
• F O R •• I ; .: 1 '' S T E P '' 1 •~ U N T I L '' ti '' D O '1 I T E M C 8 C I l ) r 
'' F O R •• I g = 1 '' S T E P '' 2 " U N T I L '' 1 3 '' O O " I T E M ( A LJ X [ I J ) 

'' E N D •• ~ I 5 T J 
''PROCEDURE" LAYOUT J 
FOR~AT(''(''*, "("SOLUTlONl")"B+,15DP+3D,/,3(10B+.15DP+3D,/), 
"C"SIGN(OET) : '')"+0,/,''("NUMBER OF ELIMINATIONSTEPS = '') 1• 

+D,l,''C''MAXCABS(Afl,J])): '')"+,1SD"+3D,/, 
'' C •• U P P E R 8 0 tJ N D G R O w T H I '' ) •• + , 1 5 0 '' + 3 0 , / , 
nc••NORM CALCU~ATED "NVERSE MATRIX& '')"+,150''+3D,/, 
'' C '' U PP E R B O ~J ND F O R T HE: RE LA T I VE E R R OR : " ) '' + , 1 5 0 '' ♦ 3 D , / , 
1'(''NOR~ RESIDUAL VECTOR: "l"+,150''+3D"l")f 

It f O R ,. I : = 1 " S T E P ,. 1 tt U N T I L ti q ., D O II 
'' a E G I N JI " r· o R •• J : = 1 •• s r E P •• 1 '' u N T I L ,. t+ " o o " 

A [ I , J J I : 8 4 0 / / ( I +. J • \ l J B t I l ; = A t I , 3 l 
••END'' ; 
A U X t O l ; = A IJ X ( 2 J 2 r: " ffl 1 4 J A U X [ 4 l I :: 8 J A U X C b ) : : A tJ X [ 8 J : = 0 J 
AUX[10l ::: "•141 AUXt12l :: SJ 
GSSITISOLERBCA, 4, AUX, B)r 
OUT~lST(71, LAYOUT, LIST) 

1
' END'' 

SOLUTIO~: +.000000000000000,•+ooo 
+.000000000000000 1•+000 
t,100000000000000•'+001 
+.000000000000000"+000 

• 

SlGNCDET) = +1 
N t.J M B E R O F E L. I M I N A T I O N S T E P S : + 4 
MAX(ABS(A[I,JJ )l= +,840000000000000''+003 
UPPER BOUND GROWTH: +,134080000000000"•004 
NORM CALCULATED INVERSE MATRIXs +,1&2142857143540''+002 
UPPER Rou~D FOR THE RELATIVE ERROR: +.000000000000000"+000 
NOH "'1 R E S I O U A l, V E C f O R I + • 0 0 0 0 0 0 O O O O O O O O O '' + 0 0 0 
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SOURCE T·E.XT(S): 

"CODE." ~4250: 

• 

fl P R O C E D W R E ., I T I S l1 L C A , L. U , N , A U X , R I , C I , B ) J '~ V A L.. U E '' N 1 
•
1 tNTf.GER'' ~, 
'' A R R A Y •• 4 , L lJ , A. U X , 8 J •• I N T E G E R ., •• A R R A V •• R I , C I J 
'' 8 E G l N '1 

" 1 r~ T E G E R '' I , 1 T E R , M A X I T E R r fJ 

,, R E A L It ~ A X E R X , £ R X , N R IYI RE S , N RM SO L , R , RR ; 
•• A R R A Y '' R E S , S O L ( l : ~~ l J 
"PROCEDURE'' SOLELMCA, N, RI, CI, B)J "CODE" 34061; 
t• P R O C E D UR E If I t~ I V E C C L. , lJ , A , X ) J ,. C O D E " 3 1 0 1 0 1 
'' P K O C E O tJ R E 91 DU P V E C C L.. , u , S H I F T , A , 8 ) J '' C OD E '' 3 1 0 3 0 f 
" P R O C E O UR E '' L N G M A T V E C ( A , B , C , D , E , r , G , rt , I ) J 
''CODE 11 34Q11J . 
MAXERX:: ERXI.- AUX [101 J MAXITER::. AUX [12l J 
INIVECC1, N, SOL, Olr DUPVECC1, N, O, RES, BlJ 
'' r· 0 R '' IT ER:: l , IT ER + 1 '' val HI L. E '' l TE R <:: MAX IT f~ R & 
M A X C: R X < E R )( '' D O '' 
•• F~ E. G I ,,J '' S O L E L M ( LU , N , R I , C I , R E~ S ) J E R X : = rJ RM S O L : = N RM R E S : : l1 J 

,. f O R •• I : : 1 ,. s T E p ., 1 ,. u f\J T I L. '1 N If D O •• 
"BEGIN'' Ra~ RES(!]' ERia= ERX ♦ ABS(R)J RR;: SOL(Il + R: 

SnL [IJ :: RRJ NRMSOL,:: NRMSOL + ABS(RR) 
1

' END'' J 
ERX:: ERX / NRMSOL1 
" F U R ,. l : = 1 •• S T E P ,, 1 •• U N T I l.,. It N ,, D O ,. 
t1 BEGINt' Lf\JGt~ATVEC(l, N, I, A, SOL, • 8 CI), o, R, RR) s 

R:~ • (R + RR)J RESCIJ :: RJ NRMRES:: NRMRES + ABS(R) 
fl E "JO ,. 

''f::ND•• ITE.RA T IOY\J.: 
DUPVEC(l, N, o, a, SOL)s 
AU>C C11J :: ERXJ AUX: [1311: NRP-1RES 

'' E N O " I T' l S O L J 
' 

'
1 E OP'' 



SECTION: 3,1.1.1.1.t~S (MAY 1974) 
-

"CODE" 342511 
'' P R O C E D U RE '' G S S I T I S O L C A , 1\J , A U X , B ) J '' V A L U E •• N 1 '' I N T E GE R '' N J 
'' A R R A Y '' A , A U X , B J 
"BEGIN•• ''INTEGER'' I, J, 

" A R R A Y '' A A t 1 I N , 1 I N J , 
''INTEGER'' 1'ARRAV'' RI, CI[11Nl J 
»PROCEDURE" GSSELMCA, N, AUX, RI, CI)J "CODE'' 34231J 
"PROCEDURE•• ITISOLCA, LU, N, AUX, RI, CI, B)J "CODE'' 342501 
"PROCEDURE" OUPMATCL, ~, I, J, A, B)J "CODE" l1035J 
OUPMAT(1, N, 1, N, AA, A)J 
GSSELMCA, N, AUX, Rl, Cl)J 
" t F '' A U X C 3 l : N '' T H EN '' I T I SOL ( A A , A , N , A U X , R I , C I , B ) 

'' E ND '' c; S S I T I SO L J 
''EOP•• 

• 

"CODE" 3~253J 
•• P R O C E D U R E •• I T I S O L E R 8 ( A , LU , N , A U X , R I , C I , 6 ) J '' V A L, U E •• N I 
'' I N T E G E R " N J 
'' A R R A Y 11 A , L U , A U X , B ; '' I N T E GE R " " A RR A Y '' R I , C I J 
ff B E G I N fl ., I N T E G f R " I J 

''REAL" NRMSOL, NRMINV, NRMB, ALFA, TOLA, EPSJ 
"PROCEDURE" ITISOL(A, LU, N, AUX, RI, CJ, B)s "CODE•• 3U250J 
EPSs: AUX[OlJ 
NRMlNV;: AUX [91 J TOLAi:n AUX [Sl • AUX [6l J NRMB1= NRMSOL1;: OJ 
'' ~, 0 R •• I : e 1 " S T E P " 1 '' UN T I L • N •• DO " N RM B I :a N RM B + A B S ( B [ I l ) J 
ITISDL(A, LU, N, AUX, RI, CI, B)t 
''FOR" I:= 1 ''STEP" 1 "UNTIL" N "00'' 
NR~SOL:= NR~SOL + ABS(Btll)J 
ALFAs= 1-. (1,06 • EPS ~ AUXt7l * (,75 • N ♦ 4,5) * N ** 2 

+ TOLA) * NRMINVJ 
'' I F •• A L. F A < E P S '' T H E N '' A U X t 1 1 l g m -. 1 " E L S E " 

MC 

" B ~ .. G l N 1• A L F A : :: ( ( A U X l 1 3 l t A U X [ 8 l • ~ R M B ) / N R M S O L t T O L A ) • 
NRMINV / ALFAr 

A U X C 11 l i = '' I F ., 1 • A L F A c E P S ,. T H E N •9 • 1 ,, E ~ S E " 

,, Et~ o ,, 
'' E. N O '' I T I S O L E R 8 ; 

"E r,p" 

A~FA / (1 • 4~FA) 
• 

"CODE" 3~2SQ1 
' 

" P R O C E D U R E '' G S S l T I SOL E R B C A , N , A U X , 8 ) J •• V A L U E " N J '' I N T E GE R '' N 1 
''ARRAY'' A, AUX, 8; 
' 1BEGIN'' •INTEGER'' I, JJ 

«ARRAY" AA[1:N,1aNl J 
• 

" I N T E G E R '' '' A R R A V '' R I , C I [ l t N l J 
••PROCEDURE'' GSSNRI(A, N, AUX, Rl, CI)J ••CODE" 34252p 
'' P R O C e O U RE '' I T I S O L E R 8 ( A , L U , N , A U X , R I , C I , B ) J •• C O O E " 3 i.i 2 5 l I 
"PROCEDURE'' OUPMATCL, U, l, J, A, B)r ''COOE 1

' 310351 
Ot.JPMAT(1, N, 1, N, AA, A)J 
GSSNRI(A, N, AUX, RI, CI); 
'' I F ,. A tJ X [ 3 l : N '' T HE N " I T I SOLE R B C A A , A , N , A U X , R I , C I , 8 ) 

''END" GSSITISOLERBJ 
"E0P" 



(MAY 197U) 

INSTITUTE: MATHEMATICAL CENTRE, 

RECEIVED& 751015. 

BRIEF DESCRIPTION: 

THIS SECTION CONTAINS TWO PROCEOURESI 

MC 

PAGE 1 

A) CHLDEC2 CALCULAT~S THE CtiOLESKY DECOMPOSITION OF A POSITIVE 
DEFINITE SVMME'TRIC MATRIX ~HOSE UPPER TRIANGLE IS GIVEN IN A Two~ 
DIMENSIONAL ARRAY; , 
B) CHLDEC1 CALCULATES THE CHOLESKY DECOMPOSITION OF A POSITIVE 
DEFINITE SYMMETRIC MATRIX WHOSE UPPER. TRIANGLE IS GIVEN COLUMNWISE 
IN A O~E-OIMENSIONAL ARRAY, 

t<EYWORDS: 

LINEAR EQUATIONS, 
POSITIVE DEfl~ITE SVM~ETRIC ~ATRIX, 
CHOLESKY DECOMPOSITION, 

SUBSECTION: CHLDEC2, 
• 

CALLING SEQUENCE: 

THE HEADI~G OF THE PROCEDURE !SI 
•• P R D C £ D tJ R E '' C H L D E C 2 C A , ~J , A lJ X ) , '' V A I. U E '' N J '' I N T E GE R '1 N I 
91 A R R A V 11 A , A tJ x J 

AUX: 

MEANING OF THE FORMAL PARAMETERS IS1 
<ARRAY IDENTIFIER>s 
'' A R R A V n A [ 1 I N , 1 a N l J 

• 

ENTRY: THt UPPER TRIANGLE OF THE POSITIVE DEFINITE MATRIX 
MUST BE GIVEN IN T~E UPPER•TRIANGULAR PA~T OF A (THE 
ELEMENTS ACI,JJ, I<= J)J 

EX!Tt THE CHOLESKV DECOMPOSITION OF THE MATRIX IS 
OELIVEREO IN THE UPPER TRIANGLE OF AJ 

<ARITHMETIC EXPRESSION>r 
THE ORDER OF THE MATRIXJ 
<ARRAY IOENTIFIER>J 
'' A R R A y 11 A lJ X t 2 : 3 J J 
ENTRY1 AUX[2Jt A RELATIVE TOLERANCE USED TO CONTROL THE 

CALCULATION OF THE DIAGONAL ELEMENTS, 
NORMAL EXIT; AUXt3lt• NJ 
ABNORMAL EXITI lF THE DECOMPOSITION CANNOT BE CARRilD OUT 

BECAUSE THE MATRIX IS (NUMERICALLY) NOT POSITIVE 
DEFINITE, AUX[3l:= K • 1, ~HEREK IS THE LAST STAGE, 
NUMBtR, t 



MC 

SECTION: 3,1.1,1.1.2.1 
' ' 

PAGE 2 
' 

PROCEDURES USEDI TAMMAT: CP34014, 

RUNNING TIME: ROUGHLY PROPORTION•L TON CUBED, 

LANGUAGES AL,GOL bO, 

METHOD AND P~RFOR~ANCE: 

CH~DEC2 PERFORMS THE CHOLfSKY DECOMPOSITION Of A SYMMETRIC 
POSITIVE DEFINITE MATRIX, 
THE METHOD USED IS CHOLESKYtS SQUARE ROOT METHOD WITHOUT 
f»l\lOTI ►~G (SEE REF[1l ANO t2l)e IF THE GIVEN SYMMETRIC MATRIX IS 
POSITIVE DEFINITE, THE ~ETHOD YIELDS A~ URPER~TRIANGULAR MATRIX U 
SUCH T~AT u•u EQUALS THE GIVEN MATRIX, 
THE PROCESS IS TERMINATED AT STAGE K, If THE K•TH DIAGONAL ELEMENT 
OF T~➔ E GtVEN ~ATRIX MINUS THE SUM Of THE SQUARED E~EMENTS OF THE 
t<.-TH COL.UM~ Of LI IS LESS THAN A TO~ERA~CE TIMES THE MAXIMtJM 
DIAGONAL ELEME~IT OF THE GIVE~ MATRIX, IN THIS CASE THE MATRIX, 
POSSIB~Y ~ODIFIED BY ROUNDING ERRORS, IS NOT POSITIVE DEFINITE, 

• 

REFERE.NCt:S: 

C1l • T .J. DE~KER, 
ALGO~ 60 PROCEDURES IN NUMERICAL A~GE8RA, PART 1, 
MC TRACT 22, 1968, MATH 1 CENTR,, 4MSTERDAM, 

t2J • J,H, N!LK!~S0~ 19 

T~iE ALGEBRAIC EIGENVALUE PROBLEM 4 
C~ARE~DON PRESS, OXFORD, 19b5 1 

• 
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SU8ScCTlONI CrlLDEC1. 

CALLING StQU~NCEI 

TH~ HEAUI~G OF THE PROCEDURE ISi 
••Pf:~ 0 C EC JR:. 11° CH L DEC 1 < A , N , A U X) ; ••VALUE•• N ; ••INTEGER 1• N ; 

THl MEANING OF THE FORMAL PARAMETERS ISi 
A: <ARRAY IDENTIFIER>; 

•• A RR A Y •• A C 1 I ( N ♦ 1 ) • N / / 2 l ; 
ENTRY& THE UPPER-TRIANGULAR ?ART OF THE POSITIVE DEFINITE 

SYMMET~IC MATRIX HUST BE GIVEN COLUHNHISE IN ARRAY A 
(THE (I,J)-TH ELEH~NT OF THE MATRIX MUST BE GIVEN IN 
At<J 1) • J // 2 + Il FOR 1 <=I<= J <- N); 

EXITI THE CHOLESKY DECJMPJSITION )F THE MATRIK IS 
DELIVERED COLUMNWISE IN A. 

N: <ARITHMETIC EXPRESSION>; 
TrlE ORDER OF THE MATRIX; 

AUX: <AR~AY IDENTIFIE~>; 
•• A R i(. A Y ... A U X C 2 a 3 l ; 
ENTRY& AUX[2ll A RELATIVE TJLERANCE USED TO CONTROL THE 

CALCULATION OF THE DIAGONAL ELEMENTS; 
NORMAL EXITI AUX{3JI= N; 
ABNORMAL EXITZ IF TrlE D£:OMPOSITION CANNOT B~ CARRIED OUT 

BECAUSE THE MATRIX IS (NUMERICALLY) NOT POSITIVE 
• 

DEFINITE, AUX[3ll= K - 1, WHERE K IS THE LAST STAGE 
NUMBER. 

PROCEOUR~S US~D& VECVEC = CP34010. 

RUf'jt~l:NG TIME:: ~JUGHLY PROPORTIONAL TON CUBED. 

LANGUAG~i ALGOL &O. 

METHOD ~ND ?~~FO~MANCEa 

:HLUECl PERFORMS THt CHOLESKY DECOHPJSITION OF A SYMMETRIC 
POSlTIVE DEFINITE MATRIX, WHOSE UPPER T~IANGLE IS STO~ED IN A ONE
DIMENSIJNAL ARRAY, BY CHJLESKY•S SQUA~E ROOT HETHOO WITHOUT 
PIVOTING. 
SEE ALSO H~THOO ANO PERFORHANCE o= CHLDEC2, (THIS SECTION>. 

EXAMPLE.. OF JSEI 

SEE ~XAMPL~ OF USE OF CHLIN~1, SE~TION 3.1.1.1.1.2.4. 
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SOURCE Tt:.XT<S> : 

•• C O G E •• 3 4 3 i O ; 
1•PkOCt:OJRE 1

• CHLOEC2(A, N, AUX); 1"VALUE 1
• N; ••1NTEGER1

• N; 
••ARRA y•• A, AUX; 
•• s E G r N • • •• r N r EGE R •• K , J ; •• R. E AL·· R, E P s No RM ; 

··k.E~L·· ••pRQCEOURE 1111 TAMMAT(L, u, I, J, A, B); ··coo~·· 34014; 

RI= O; 
... F O ~ •• Ka = 1 ••STEP•• 1 •• u NT I L •• N •• 0 0 •• 
•• IF.. A [ K' K l > R Ml THEN.. RI= A [ K' K] ; 
r-PSNORMI= AUX[21 • R; 
•• F O ~ •• K s - 1 ••ST E P •• 1 •• U N TI L •• N •• 0 0 •• 
•• BE:; IN•• RI= ACK, K 1 - TA H HAT ( 1, K - 1, K, K, A, A) ; 

••rF" R <= EPSNORH ••THEN•• 
•• B E GI N•• A U X ( 3 l a = K 1• 1 ; •• GOT J •• E. N O ••ENO .. ; 
ACK,Kll= RI= SQRT(RJ; 
··FoR·· JI= K + 1 ··src:p•• 1 ··uNTIL'· N ··oo·· 
ACK,JJI= (ACK,JJ - TAMHAT(1, K - 1, J, K, A, A)) / R 

••EN □••; 

AUX( 31 I= N; 
ENOI 
•• t: NU•• C -i L D £ C 2 ; 

••Ea?•• 

•• C O CJ E •• 3 4 311 ; 
••PROCEOUR.E 111 CHLOEC1 (A, N, AUX); ••vALUE•• N; ••INTEGER•• N; 
··ARRA y•• A, ~ux; 
··s£GIN 1

• ··1NTEGER 011 J, K, KK, KJ, LOW, up; ··REAL·· R,_EPSNORH; 
··REAL·· ··PROCEOURE 1111 VECVEC(L, u, SHIFT, A, B); ··cooE·· 34010; 

R.:= o; KKI= o; 
•• F O ~ •• K a = 1 • • S T E P •• 1 •• U NT I L •• N •• D O •• 
••BEGIN'• KK&= KK + K; 10 IF•• A(KKJ > R ••THEN'• RI= ACKKJ ••END••; 
EPSNORHI= AUXC2J • R; KKI= O; 
•• F O ~ •• K I = 1 •• S TEP •• 1 •• U N TI L •• N •• D O •• 
••aEGIN 11 KKI= KK + K; LOWI- KK K + 1; UPI- KK - 1; 

Rt= ACKKJ - VECVEC(LOW, UP, D, A, A); 
••1F•• R < EPSNORH ••THEN•• 
•• B E GI N•• AUX C 3 l s = K ... 1 ; •• ~ 0 T l •• E N D ••ENO•• ; 
ACKKll= RI= SQRT(R); KJa- KK + K; 
··FoR·· Jl""" K + 1 ··srEP·· 1 ··uNTIL 1

• N ··oo·· 
•• B E. G I N1

• A [ K J l I = ( A C K J l -
VECVEC(LOH, UP, KJ - KK, A, A>) / R; 

KJI = KJ • J 
••-No••· t::.. . 

••END••; 
AUX{3JJ- N; 

ENO& 
1 'EN0•• CHLDEC1; 

•• E.op•• ' 



1-st REVISION, 197 5 MC 
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COtJTkIBUTOR .. 5: S.P.N. \/AN KAMPcN, J. KOK. 

INSTITUTE: MATH~MATICAL CENTRE. 

RE. C :. I V l. J s 7 3 1 0 13 • 

THIS SECTION CONTAINS TWO PROCEDURES& 
A) CHLD~TERM2, FOR THE CALCULATION OF THE DETERMINANT OF A 
SYMMETRIC POSITIVE DEFINITE MATRIX WHOSE CHOLESKY MATRIX IS GIVEN 
IN A ON~-DIMENSIONAL ARRAY; 
8) CHLDETcRM1, FOR THE CALCULATION OF THE OETERHINANT OF A 
SYMMETRIC POSITIVE DEFINITE MATRIX WHOSE ~HOLESKY MAT~IX IS GivEN 
COLuMNWISE lN A ONE-DIMENSIONAL ARRAY. 

Kt.. YWOROSI 

0 ET E:. RM! NAN T , 
POSITIVE DEFINITE SYHMETRIC MATRIX, 
CHOLESKY DECOMPOSITION. 

SUBSECTiONz CHLOETERH2. 

CALLING ScQJEN~cl 

THl HtAuING OF THE PROCEDURE ISi 
•• R £AL •• •• ? R. 0 CEO URE 11

" CH L DE TE r<. M 2 < A , ~ ) ; •• V ALU E •• N ; •• I NT EGER•• N ; 
••ARR~ Y •• A ; 

CHLDETE~M2 OELIV~RS THE OET~RHINANT OF THE SYMMET<IC POSITIV~ 
DEFINIT~ MATRIX OF WHICH THE CHOL~SKY MATRIX IS STORED IN A; 

THE MEANING OF THE FORMAL PARAMETERS ISi 
Al <ARRAY IDENTIFIER>; 

••ARR A y•• A C 11 N , 1 : N l ; 
ENT~Y: THE UPPER-TRIANGULAR PART OF THE CHOLESKY MATRIX 

AS PRODUCED BY CHLOEC2, SECTION 3.1.1.1.1.2.1., OR 
CHLDECSOL2, SECTI)N 3.1.1.1.1.2.3 •• 1UST aE GIVEN 
IN THE UPPER TRIAN~LE OF A; 

EXITS THE CONTENTS OF A ARE ~OT CHA~GEJ; 
NI <A~ITHMETIC EXPRESSION>; 

THE ORDER OF THE MATRIX. 
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PROCcOUkES USED& NONE. 

RUNNING TIME& PROPORTIONAL TON. 

LANGUAGcl ALGOL 60. 

METHOD ANO ?ERFORHANCEI 

THE PRO:£DURE CHLDETERH2 SHOULD BE CALLED AFTE~ A SJCCESSFJL CALL 
OF CHLOEC2 OR CHLDECSOL2, I.E. IF AUXC3l = N; 
CHLDETE~~2 SHOULD NOT 8E CALLED IF OVERFLOW IS TO BE EXPECTED. 

EXAMPLE OF USEI 

SEE EXAHPLE OF USE OF CHLDECINV2, SE~TION 3.1.1.1.1.2.4. 

SUBSECTlONJ CHLDETERH1. 

CALLING SEQJENCEI 

THE HEADING OF THE PROCEDURE ISa 
••REAL•• ••PROCEDURE•• CHLOETERH1(A, N); ••vALUE'• Ni ••INTEGER'• N; 
••AR.RAY•• A; 

CHLDETE~M1 DELI~ERS THE DETERMINANT OF THE SYMMET~IC POSITIVE 
DEFINITE MATRIX OF WHICH THE ~HOLESKY MAT~IX IS STORE) IN A; 

THE MtA~ING OF THE FORMAL PARAHET~RS ISi 
Al <ARRAY IOENTIFIE~>; 

••ARRAY•• A C 1 I ( N + 1 J • N ✓ / 2 l ; 
ENTRYI THE UPPER-TRIANGULAR PART OF TH~ CHOLESKY MATRIX 

AS PRODUCED BY CHLOEC1, SECTION 3.1.1.1.1.2.1., OR 
CHLDECSOL1, SECTIJN 3.1.1.1.1.2.3., MUST BE GIVEN 
COLUMNWISE IN ARRAY A; 

£XITI THE CONTENTS OF A ~RE NOT CHANGED; 
NZ <ARITHMETIC EXPRESSION>; 

THE ORDER OF THE MATRIX. 

• 
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PROCEDURES USED: NONE~ 

RUNNING TIME: PROPORTIONAL TO N1 

~ANGUAGE: ALGOL &O, 

METHOD ~ND PERFORMANCEI 

THE PROCEDURE CHLOETERM1 SHOULD BE CAL~ED AFTER A SUtCESSFUL CALL 
Of CtiLDECl OR CHLDECSOL.1, I 11 E 1 IF AUXtll • NJ 
CHL..DETERNll SHOIJLD NOT BE CAt..LED IF OVERFLOW IS TO BE EXPECTED, 

• 

EXAMPLE OF USEI 

SOURCE TEXTCS) g 
• 

"CODE'' 34312; 
• 

"REAL" "PROCEDURE" CHLDETERH2(A, N)J "VALUE" NJ "INTEGER'' N1 
I! A R R A V ·~ A , 
'
1 B E G I N '' " I N T E G E R •• K J " R E A L ti O J 

D:= t; · 
"FOR•• Kt: 1 ''STEP" 1 "UNTIL~ N "DO'' Da• AtK,Kl • DJ 

• 

CHLDETERM2:= D • D 
''ENO•• CHLDETERM2J 

,, E op,, 

" c; 0 D E '' 3 '~ 3 1 3 i 
'·
1 REAL" ••PROCEDURE'" CHLDETERM1 (A, N) J "VALUE" NJ "INTEGER" NJ 
''ARRAY'' Ar 
,. B E G l N fl " I N T E G E R " K , K K ' It R E A L " D , 

D:= 1S KKs= Os 
" F O R II K : 11 1 " S T E P IJ 1 tt UN T I L " N ,, 0 0 ., 
t, 8 E G I N 1• K K 1 : K K + K J O I • A [ K ~ l • D '' E ND •• J 
CrlLDETERM11: D • D 

'
1 E N D t• C H Lr D E T E R M 1 J 

t•f~OP•• 

• 
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AUTHOR& T,,J~ DEKKER~ 

INSTITUTE: MATHEMATICA~ CENTRE, 

RECEIVED: 731015, 

BRIEF. DESCRIPTION1 

THIS SECTION CONTAINS FOUR PROCEOURES1 
A) CHL50L2, fOR THE SO~UTION OF A SYSTEM OF LI~EAR EQUATIONS IF THE'. 

' 

COEFFICIENT MATRIX HAS BEEN DECOMPOSED BV A CALL OF THE PROCEDURE 
CHLOEC2, SECTION 3,1,1.1.1.2,1., OR C~LDECSOL2J 
8) CHLSOLl, FOR THE SOLUTION OF A SYSTEM OF ~INEAR EQUATIO~S IF THE 
COEFFICIENT MATRIX HAS BEEN DECOMPOSED BY A CALL OF THE PROCEDtJRE 
CHLOECl, SECTION 3.1.1.1,1,2~1., OR C~~DECS □ L11 
CJ CHLDECSOL2, FOR THE SOLUTION OF A SYSTEM OF LINEAR EQUATIONS BY 
CHOLESKY 1 5 SQU~RE ROOT METHOOJ 
THE COEFFICIENT. MATRIX HAS TO Bf SYMMETRtC ~OSIT!Vf DEFINITE ANO 
~UST BE GIVcN IN THE UPPER TRIANGLE OF A TWO•DIMENSIONA~ ARRAYJ 
D) CHt.DECS0~1, FOR THE SOLUTION OF A SYSTEM OF LINEAR EQUATIONS BV 
CHOLESKV 9 S SQUARE ROOT ~ETHODJ 
THE COEFFICIENT MATRIX rlAS TO 8E SYMMETRIC POSITIVE DEFINITE AND 
~UST BE GIVEN CO~UMt~WISE !N .A ONEwDIME~SIONAL ARRAY, 

KtYWORDS: 

LINEAR EQUATIONS, 
POSITIVE DEFINITE SYMMETRIC MATRIX, 
CHOL.ESKY DECOMPOSITION, 
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SUBSECTION: CHLSOL2, 

• 

THE ;4 EADING OF THE PROCEDURE ISi 
1
' P R O C E O U R E •• C H L SO L 2 ( A , N , 8 ) J " V A L. U E '' 1\1 J •• I P\J T E G E R '' N J " A R R A. V '1 A , f3 J 

ME'ANING OF THE FORMAL PARAMETERS 151 
<ARRAY !DENTIFIER>J 
., A R R A V '' A t 1 I N , 1 : N J J 
E~T~Y: THE UPPER~TRIANGULAR P4RT OF THE 

AS PRODUCED av CHLOEC2, SECTION 
CHLOECSOL2 (THIS SECTION), MUST 
LJPPER TRIANGLE OF AJ 

EXIT: lHE CONTENTS Of A ARE NOT CHANGEOJ 
<ARITHMETIC EXPRESSION>J , 
THE ORDER OF THE MATRIXJ 
<AR~AV IDENTIFIER>; 
" A R R A V '' B [ 1 : N J I 
ENTRY: THE RIGHT HAND SIDE OF THE 

EQUATIONSr 
, 

EXIT: THE SOLWTION OF THE SYSTEM, 

P R O C E O ~.J R F. S U $ E O ; • 

MATVEC = CP3~011, 
TAMVEC = CP340l2. 

RUNNING TlME: ROUG~LY PROPORTIONAL TON SQUARED, 

L. A NG iJ A G f. : A l G O L 6 O , 

M~THOO ANO PERFORMANCE! 

CHOLESKY f1ATRIX 
3,1,1,1,1,2,1,, OR 

~E GIVEN IN THE 

SYSTEM OF LINEAR 

T~IE PROCEDJRE CHLSOL2 CALCULATES THE SOLUTION OF A SYSTEM OF LINEAR 
EQU4TIONS, PROVIDED THAT THE COEFFICIENT MATRIX HAS BEEN DECOMPOSED 
SY A SuCCESSFUL CALL OF CHLDEC2 OR CHLOECS0~2J . 
Tt~E SOL~TION IS OBTAINED BY CARRYING OUT THE FORWARD AND BACK 
SiJBSTITUTION ~ITH THE CHOLESKY ~ATRIX AND THE RIGHT HANO SIDE~ 
THE RIGHT HAND SIDE IS OVERWRITTEN BY THE SOLUTION BUT THE 
El.EME~TS OF THE CHOLESKY MATRIX ARE NOT CHANGED, THUS SEVERAL 
SYSTE~S OF LINEAR EQUATIONS wITH THE SAME COEFFICIENT MATRIX BUT 
DlFfERE:NT RIGHT HAND SIDES CAN BE SOLVED BV SUCCESSIV~ CALLS OF 
C Ht. SOL 2 ,, SE E A L S O R E F [ 1 l , 

[tl, T4tJ, OEKi<ER. 
ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART 1, 
MC TRACT 22, 1968, MATH, CENTR,, 4MSTERDAM, 

EXAMPLE nr· USE: 
• 
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SUBSECTION& CHLSOL1. 

CALLING S~QUENCEI 

THE HEAUI~G OF THE PROCEDURE ISi 
••pf-.O:E.OJRE 1

' CHLSOL1 (A, N, 8); 011 \/AL..UE"' N; ••INTEGER"a N; ••ARRAY'"' A, B; 

-
THE MEANING OF THE FORMAL PARAHET~RS IS: 
Al <AR.RAY IDENTIFIER>; 

lfl A RR A Y •• A ( 1 I ( N + 1 ) • N / / 2 l ; 
ENTRY& THE UPPER-TRIANGULAR PART OF THE CHO~ESKY HATRIX 

AS PRODUCED BY CHLDE~1, SECTION 3.1.1.1.1.2.1., OR 
CHLOECSOL1 (THIS S~CTION), MUST 8~ GIVEN COLUHNWISE 
IN ARRAY A; 

EXITI THE CONTENTS OF A ARE ~OT CHANGED; 
NZ <A~ITHMETIC EXPRESSION>; 

THE ORDER OF THE MATRIX; 
Bi <ARRAY IDENTIFIE~>; 

•• A RR A Y •• 8 ( 1 I N 1 ; 
ENT~YI THE RIGHT HAND SIDE OF THE SVSTfH OF LINEAR 

EQUATIONS; 
EXIT: THE SOLUTION OF THE SYSTEM. 

PKOC::DUrc..ES JSED& 

VECvEL = CP34010, 
S~QVEC = CP34016. 

RUNNING TIME& ~OUGHLY PROPORTIONAL TON SQUARED. 

LA~IGUAGEI ALGOL 60. 

McTHDO ANO PERFORMANCES 

TH[ PRO:EDUkE CHLSOL1 CALCULATES THE SOLUTION OF A SYSTEH OF LINEAR 
~QUATIONS, PROVIDED THAT THE COEF~ICIENT 1ATRIX HAS B~EN DECOMPOSED 
BY A SUCCESSFUL CALL OF CHLOEC1 OR CHLOECSOL1; 
SEV~~AL SYSTEMS WITH THE SAHE COEFFI=IENT MATRIX BUT JIFFER~NT 
RIGHT HAND SIDES CAN BE SOLVED BY SUCCESSIVE CALLS OF CHLSOL1. 
SEE ALSO METHOD AND PERFORMANCE OF C~LS~L2 (THIS SECTION). 

EXAMPLE Of USEi 

SE£ EXAMPLE OF USE OF CHLINVi, SECTION J.1.1.1.1.2.4. 
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<DECEMBE~ 1975) 

SUBSECTION: CHLDECSOL2e 

CALLING S~QUENCEi 

THt HEADING OF THc PROCEDURE ISi 
•• PF .. 0 : Eu U R E •• C H L OE CS O L 2 ( A , N , AU X , 8 ) ; •• V A L U E •• N ; •• I N T ~ GE R •• N ; 

TH£ HEANING OF THE FORMAL PARAMETERS ISi 
A: <ARRAY IDENTIFIER>; . 

•• A RR A Y •• A I 1 I N , 1 a N l ; 

MC 
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ENTRYI THE UPPER TRIANGLE o= THE POSITIVE DEFINITE HATRIX 
MUST BE GIVEN IN THE JPPER-TRIANGULAR ?ART OF A (THE 
ELEMENTS ACI,JJ, I<= J); 

EXITI THE CHOLESKY DECOMPOSITION OF THE MATRIX IS 
DELIVERED IN THE UPPER TRIANGLE OF A; 

N: <ARITHMETIC EXPRESSION>; 
T~E ORDER OF THE MATRIX; 

AUXI <ARRAY IDENTIFIER>; 
''ARKAv•• AUX{2l3]; 
ENTRY& AUXC211 A RELATIVE TJLERANCE USED TO CONTROL THE 

CALCULATION OF THE DIAGONAL ELEMENTS; (SEE METHOD 
AND PERFORMANCE OF CHLDEC2, SECTION 3.1.1.1.1.2.1); 

NORMAL EXITI AJX[3]J- N; 
ABNORMAL EXITJ IF THE DECOMPOSITION CANNOT BE CARRIED OUT 

8ECAUS~ THE MATRIX IS (NUHERICALLY) NOT POSITIVE 
DEFINITE, AUXC3ll= K - 1, WHERE K IS THE LAST STAGE 
NUMBER. 

Bl <ARRAY IDENTIFIER>; 
•• A RR A y•• B [ 1 & N l ; 
ENTRYI THE RIGHT HAND SIDE OF THE SYSTEM OF LINEAR 

EQUATIONS; 
EXITa THE SOLUTION OF THE SYSTEM. 

PROCE..DURES USED& 
CHLOEC2 = CP34310, 
CHLSOL2 - CP34390. 

RUNNING TIME& ROUGHLY PROPORTIONAL TON CUBED. 

LANGUAG~I ALGOL 60. 

H~THOO ~NO P£RFORMANCEI 

THE PRO:EDURE CHLOECSOL2 SOLVES A SYSTEH OF LINEAR EQUATIONS WITH 
A SVMHtTRIC POSITIVE DEFINITE COEFFI~IENT ~ATRIX BY CALLING 
CHLDFC2, SECTION 3.1.1.1.1.2.1., ANO, IF THIS CALL WAS 
suc~~SSFu~, CHLSOL2 (THIS SECTION). 
SEE ALSO CHLOEC2, SECTION 3.1.1.1.1.2.1. 

t::XAHPLE OF JSE.& 

SEE EXAMPLE OF USE OF CHLDECINV2, SECTION 3.1.1.1.1.2.4. 
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SUBS~CTlOti& CHLDECSOL1. 

GALLING SlQJENCEZ 

(DECEHBE=< 1975) 

THt HEADING OF THE PROCEDURE ISi 
• • Ph~ u 8 E. D U R :. 1 ~ C H L O E G S O L 1 ( A , N , A U X , B) ; •• \/ A L U E •• N ; •• I N T E GE R •• N ; 
•• A. R ~:. A y •· A 7 AUX, B; 

THf.:. 
A: 

• 

M~ANING OF THE FORMAL PARAM~TERS ISi 
<ARKAY IDENTIFIER>; 
118 A RR A y aa A [ 1 I ( N + 1 J • N / / 2 l ; 

MC 
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ENTRYI THE UPPER-TRIANGULAR PART OF THE POSITIVE O~FINITE 
SYMMETkIC MATRIX HJST BE GIVEN COLUMNWISE IN ARRAY A 
(THE (I,J)-TH ELEM~NT OF THE MATRIX MUST BE GIVEN IN 
A((J - 1) • J // 2 + Il FOR 1 < I<= J <- N); 

EXITt THE CHOLESKY DEC3MPJSITION OF THE MAT~IX IS 

AUX: 

DELIVERED :OLUMNWISE IN Aa 
<ARITHMETIC EXPRESSION>; 
THE ORDER OF THE M~TRIX; 
<ARRAY IOENTIFIE~>; 
••ARRAY•• AUX [ 2 : 3 1 ; 
ENTRY& AUXC2JI A RELATIVE TJLE~ANCE USED TO CONTROL THE 

CALCULATION OF THE DIAGONAL ELEMENTS; 
NOR~AL EXIT: AUX[l)l= N; 
ABNORMAL EXITI IF THE DE:OMPOSITION CANNOT 8~ CARRIED OUT 

BECAUS~ THE MATRIX IS (NUMERICALLY) NOT POSITIVE 
DEFINITE, AJXC3ll= K - 19 WHERE K IS THE LAST STAGE 
NUMBER.. 

<A~RAY IOENTIFIE~>; 
11 ARKA y•• BC 1: Nl; 
ENTRVI THE RIGHT HAND 

EQUATIONS; 
SID~ OF 

EXIT& THE SOLUTION OF TH~ SYSTEH. 

PR.OGE.DUR.ES USE[,1 

CHLDEC1 = CP34311, 
CHL53L1 = CP34391. 

kU~JNING TIM~I ROUGHLY PROPORTIONAL TON ~UBEO. 

LANGUAG~I ALGOL oO. 

M~THOu AND PERFORMANCES 

SYSTEM OF LINEAR 

TH~ PRO~EDURE CHLOECSOL1 SOLVES A SYSTEM OF LINEAR EQJATIONS WITH 
A SYMMETRIC POSITIVE DEFINITE COEFFICIENT MATRIX BY CALLING 
CHLDEC1, SECTION 3.1.1.1.1.2.1., AND, IF THIS CALL HAS 
SUCCESSFUL~ CHLSOL1 (THIS SECTION). 
THE UPP~R TRIANGLE OF THE ;aEFFICIENT MATRIX MUST BE STORcD COLUMN
WISE IN A ONE DIMENSIONAL ARRAY. 
SEE ALSO CHLDEC1, SECTION 3.1.1.1.1.2.1. 

· EXAHPLE OF :.JS~t 
SE£ EXAMPLE OF USE OF CHLDECINV1 

. ' 
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SOUR.CE TEXT ( S) a 

••c ODE•• 3 4 3 SO ; 
··PROCEDURE.' 11 CHLSOL2 CA, N, 8); ··vALUE 111 N; 1"INTEGER111 N; 111 ARRAv·· A, a; 
··sE..GIN°· ··1NTEGER 011 I; 

··REAL 11
• ··PROCEDURE·· MATVEC(L, u, I, A, 8); ··cooE·· 34011; 

••RE A L •• ••PRO C E DUR. E •• TA H V EC ( L , U , I , A , 8 ) ; ••COD E •• 3 4 0 12 ; 

•• F Ok•• I : = 1 •• STE P •• 1 •• U N TI L •• N •• J O •• 
B[IJ:= (B(IJ - TAM\IEC(1, I - 1, I, A, B)) / ACI,IJ; 
•• FOR•• I t = N •• STE P •• - 1 •• UN TI L •• 1 •• 0 0 •• 
BClll= (B[Il - MATVEC(I + 1, N, I, A, 8)) / ACI,IJ 

•• E t~ 0 •• CH L S O L 2 ; 
••EoP •• 

••CO G E. aa 3 4 3 91 ; 
•• Pk O ~ ED U RE •• C H L SO L 1 ( A , N , B ) ; •• VA l U E "' N ; •• I NT E GE: R •• N ; •• A RR A Y •• A , B ; 
•• B E G I t~ •• •• I N T E GE R •• I , I I ; 

•• RE A L •• •• P RO CE OU RE•• V E C \I E C ( L , U , S H I F T , A , B) ; •• C OJ E •• 3 4 0 1 0 ; 
•• RE A L •• •• PRO CE DURE•• SEQ V E C ( L , U , I 1 , S H I FT , A , 8 l ; •• C O DE•• 3 4 0 1 6 ; 

III= o; 
•• FOR.. I I = 1 Ott STEP •• 
•• BE. G I N II I I I I = I I + 

B[Ill= (B{Il 
11 Et~o••; 

1 II u N TI L 8111 N •• 0 0 •• 
I; 

VECVEC<1, I - 1, II 

•• F O R •• I 1 = N •• ST E P •• - 1 u UN TI L .,. 1 •• 0 0 •• 
•• BE G I N •• B C I J J = ( B ( I l -

I, B, A)) / A{IIl 

SEQVEC(I + 1, N, II+ I, 0, A, Bl) / Allil; 
II&= II - I 

•-iE..No•• 
•• E t J [; •• CH L S O L 1 ; 

··t:op•• 
•• C OD E •• 3 4 3 9 2 ; 

'
11 PR.O:E.OU~c:.•• CHLOECSOL2(A• N, AUX, 8); 11 VALUE• N; ••1NTEGER 111 N; 

10 ARF<.Av•• A9 AUX9 B; 
10 BEGI N•• 

··PROCcOURE11 CHLOEC2(A, N, AUX); ··cooE·· 34310; 
··PROCE:.DURE·· CHLSOL2(A, N, B); ··co □ E·· 34390; 

CHLDEC2(A, N, AUX); 
•• I F •• A U X C 3 l N •• T H E N •• C H L S O L 2 ( A , N , B ) 

•• t. N D •• C H L D E C S OL 2 ; 
••f:.op•• 

•• C O D E •• 3 4 3 9 3 ; 
1•PROGEOUR~•• CHLDECSOL1(A, N, AUX, 8); ••vALUE'• N; "INTEGE.R 111 N; 
··ARR.Av·· A, AUX9 a; 
••BEGIN•• 

··PROCE:DURE'· CHLDEC1(A, N, AUX); ··cooE·· 34311; 
··PROCEDURE 1° CHLSOL1 (A, N, 8); ··caoE·· 34,391; 

:HLOEC1(A, N, AUX); 
••1F .. AUXC3J = N ••rHEN•• · CHLSOL1 (A, N, 8) 

••ENu•• CHLDECSOL1; 
••Eop•• 

, 
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AUTHOR 

INSTITUTE: MATHEMATICAL CENTRE, 

RECEIVED: 731015~ 

BRIEF DESCRIPTION: 

THIS SECTION CONTAINS FOUR PROCEDURES; 
A) C~LINV2, FOR THE INVERSION OF A SYMMETRIC POSITIVE DEFINITE 
MATRIX, IF THE MATRIX HAS BEEN DECOMPOSED ev A CA~L OF THE 
PROCEDURE CHLOEC2, SECTION 3,1.1,1,1..2,1,, OR CHLOECSOl2, 
SECTION 3,1,1,1.1,2,3,J 
8) CHLI~Vl, FOR THE INVERSION OF A SYMMETRIC POSITIVE DEFINITE 
MATRIX, IF THE ~ATRIX HAS BEEN DECOMPOSED ev A CALL OF THE 
PROCEDURE CHLDECl, SECTION 3,1·.1,1 1 1,2.1 1 , OR CHLDECSOL1, 
SECTIO~ 3,1,1.1.1.2,3.; 
C) CHLDEClNV2, FOR THE INVERSION OF A MATRIX av CHOLESKV'S SQUARE 
ROOT METHODJ 
THE COEFFICIENT MATRIX HAS TO BE SYMMETRIC POSITIVE DEFINITE ANO 
MlJST BE GIVEN IN THE UPPER TRIANG~E OF A TWO•OIMENSIONAL ARRAY1 
D) CHLDECINV1, FOR THE INVERSION OF A MATRIX BY CHOLESKY•S SQUARE 
ROOT MET~oo, . 
THE COEFFICIENT MATRIX ►◄ AS TO BE SYMMETRIC POSITIVE DEFINIT~ AND 
MUST BE GIVEN COLUMN~ISE IN A ONE~DIMENSIONAL ARRAV, 

KEYWORDS: 

MATRIX I~VERSION, 
POSITI~E DEFINITE SYMMETRIC MATRIX, 
CHOLE:SKY DECOMPOSITIO~, 

• 
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S U 8 S E C T I O ~J : C H L I N V 2 " 

CALLING SEQUENCEi 

THE HEADING OF THE PROCEDURE Isa 
''PROCEDURl'' CHLINV2CA, N)J "VALUE" NJ "I~TEGER'' NJ "ARRAV'0 AJ 

THE MEANING OF THE FORMAL P4RAMETERS IS1 
A: <ARRAY IOENTIFIER>J 

'' A R R A V '' A t 1 I N , 1 : N J J 
ENTRY: THE UPPER•TRIANGULAR PART OF THE CHO~ESKY MATRIX 

AS PRODUCED BY CHLOlC2, SECTION 3 1 1 1 1.1.1,2,1,, OR 
CHLOECS0~2, SECTION l,1.1.1,1,2.3,, MUST BE GIVEN 
IN THE UPPER TRIANGLE OF •r 

EXIT: THE UPPER~TRIANGULAR PART, OF TME INVERSE ~ATRIX IS 
OELIVERED IN THE UPPER TRIANGLE OF AJ 

N: <ARITHMETIC EXPRESSION>J 
THE ORDER OF THE MATRIX, 

PROCEDURES USEDz 

MA TVEC 
TAMVEC 
DUPVECROW 

: CP34011, 
= CP34012, 
: CP31031, 

REQUlREO CENTRAL MEMORYI 

EXECUTION FIELD LENGTHS N, 
• 

RUNNING TI~EI ROUGHLY PROPORTIONAL TON CUBED, 

~ANGUAGE: ALGOL bO, 

MtTHOD AND PERfORMANCEJ 
• 

THE PROCEDURE C~LlNV2 CALCULATES THE INVERSE Of A MATRIX, PROVIDED 
THAT THE MATRIX HAS BEEN DECOMPOSED BY A SUCCESSFUL CALL OF CHLDEC2 
OR CHLDECSOL.2 r 
T~E INVERSE, x, OF u•u, WHERE u IS THE CHOLESKV MATRIX, 
IS OBTAINED FROM THE CONDITIONS THAT X BE SYMMETRIC AND UX BE 
A LOWER•TRIANGULAR MATRIX WHOSE MAIN DIAGONAL ELEMENTS ARE THE 
RECIPROC4LS OF THE DIAGONAL ELEMENTS OF U, HEREWITH THE UPPER~ 
TRIANGULAR ELEMENTS OF X ARE CALCULATED BY BAC~ SUBSTITUTION, 
THE UPPER TRIANGLE OF THE INVERSE MATRIX lS DELIVERED IN THE UPPER 
TRIANGLE OF THE GIVEN ARRAY, SEE ALSO REFt1l 1 

REfE.RENCES: 

C1l, T.J, DEKKER, 
ALGOL bO PROCEDURES IN NUMERICAL ALGEBRA, PART 1 1 
~C TRACT 22, 1968, MATH, CENTR,, AMSTERDAM, 

• 
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£)(AMPLE OF i4JSE: 

THE SY~METRIC POSITIVE DEFINITE 
MATRIX OF ORDER~) OF THE SYSTEM 

Xl + X2 + X3 + 
Xt ♦ 2 * X2 + 3 • X3 + 4 * 
Xl + 3 * X2 + 6 * X3 + 10 • 
Xl + ~ * X2 + 10 * X3 + 20 • 

IS STORED IN THE TWO•DI~ENSIONAL 
THE I~VERSE OF THE COEFFICIENT 
LlNEAR SYSTEM ARE CALCULATED BY 

COEFFICIENT MATRIX (THE 
OF EQU~TIONS 
X4 :1 2 
X4 = q, 
X4 m 8 
X4 a lb 
ARRAY P45CAL2, 
MATRIX AND THE SOLUTION 

THE FOLLOWI~G PROGRAMa 

'' 8 E G I i\J '' '' C O ~ ME N T " T E: S T C t4 L DE C 2 , C H L S O L., 2 A N D C H L I N V 2 J 
'' I \J T E GE R '' I , J r 
'' A R R A Y '' P A S C A L 2 t 1 ; ij , 1 : '-' J , B t 1 I 4 J , A U X C 2 : 3 J J 
''PROCEDURE'' CHLDEC2(A, N, Aux,, "CODE~ 30310, 
''PROCEDURE'' CHLSOL2(A, N, B)r "CODE•• 343901 
"PROCEDURE" CHLINV2(A, N)J ''CODE" 34400J 
'' f O R " J : = 1 " S T E P •• 1 ts U ~J T I L '' 4 " D O " 
'• B E G I N '' P A S C A L 2 [ 1 , J l I :: 1 J 

''FOR'' Is= 2 '1 STEP" 1 "UNTIL'' J "00" 

MC 
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PASCAL 

OF THE 

p A s C A L 2 [ I , J l I = II I F " I • J II THE " H p A s C A Li, 2 [ I • 1 , J l * 2 '' E L s E 11 

ecJJ:= a** J 
''ENO" J 

PASCAL2[I,J•1l + PASCAL2[t-.t,JJJ 

AUX C2l ;: '9•11 J 
CH~DEC2(PASCAL2, 4, Aux,, 
'' I F If A U X t 3 J = 4 " T H E N ti 
"BEGIN'* CHLS0L2(PASCA~2, .4, 8)7 CHLINV2(PA5CAL2, 4) ''END'' 
'' E L SE ,t OU T P U T ( f> 1 ,, " ( " " ( " MA T R I X ~J OT PO S I T I VE O E F I N I T E rt ) " , / " ) •• ) ; 

OUTPUT(bl, ••C 11 4B"l")J 
OUTPUT(bl, "(""("SOLUTION WITH CH~OEC2 AND CHLSOL21"l", /~J'')J 
lt F O R tt I : : 1 '' S T E P .. 1 II U ~J T I L ~ 4 " 0 0 " 
0 IJ T F> U T ( 6 1 , It ( ,, 4 B + 0 , S O '' ) " , B t I J ) J 
OUTPUT(bl, nc~11, 4B''l"lf 
OUTPUT(b1, ''("''C'1 INVERSE MATRIX WITH CHLINV21'')'', 1 1 UB")'')J 
" F O R ., I 3 : 1 '' S T E P " 1 " U N T I L •• 4 '' D O '' 

• 

,. B E G t N " tt F O R " J I = 1 ., S T E P " l ,. U N T I L " 4 ,, D O ll 
'' I F '' J < I '' T H E N '' 0 U T P U T ( b 1 , '' ( " 1 2 B '' ) " ) '' E l 5 E 1• 
OUTPUT(bl, •1 (''+ZD,SDlB"l", PASCAL2tI,Jl)J 
OUTPUT(bl, ''("/, 48 1')"] 

,1Ei\lD" 
''END" 

THIS PROGRAM DELIVERS: 

SOLUTION WITH CHLOEC2 AND CHLSOL21 
•0-00000 +4.00000 •4,00000 

INVERSE ~ATRIX ~ITH CHLINV2s 
♦ 4.00000 ~b,00000 +4 1 00000 

+tq,00000 •11,00000 
+10,00000 

+2-,00000 

•1,.00000 
+3 1 00000 
-3,00000 
+1,.00000 
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S~BSECTIONI CH~INV1, 

CALLING SEQUENCEr 

THE HEADING OF THE PROCEDURE ISi 
"PROCEDURE" CHLJNV1(A 1 N)1 nVALUE" NJ "INTEGER" NJ "ARRAY" Al 

THE MEANING OF THE FORMA~ PARAMETERS ISi 
Ag <ARRAY IDENTIFIER~J 

''ARRAY" A[1:(N + 1) *NII 2]J 
ENTRY1 THE UPPER~TRIANGULAR PART OF THE CHOLESKY MATRIX 

AS PRODUCED BV CHLDEC1, SECTION 3,1.1,1,1,2,1,, OR 
CHLDECSOL1, SfCTtON 3,1,1,1 1 1,2,3 9 , ~UST BE GIVEN 
COLUMNWISE IN ARRAY AJ 

EXITt THE UPPER•TRIANGULAR PAR~ OF THE INVERSE MATRIX IS 
DELIVERED COLUMNWISE IN ARRAV Ar 

NI <ARITHMETIC EXPRESSION>J 
THE ORDER OF THE MATRIX, 

PROCEDURES USED: 

SEQVEC = CP34016, 
SYM~ATVEC • CP34018, 

REQUIRED CENTRAL MEMORYI 

• EXECUTION FIELD LENGTH1 N, 
• 

RUNNING TIME; ROUGHLY PROPORTIONAL TON CUBED, 

LANGUAGEa •~GOL bO, 

METHOD AND PERFORMANCE1 
• 

THE PROCEDURE CHLINV1 CALCULATES THE l~VERSE OF A MATRIX, PROVIDED 
THAT THE MATRIX MAS BEEN DECOMPOSED BY A SUCCESSFUL CALL OF CHLDEC1 
OR CHLDECSOL11 
THE UPPER TRIANGLE OF T~E INVERSE MATRIX IS DELIVERED COLU~NwISE 
IN TH~ ONE•OIMENSIONAL ARRAY, 
SEE ALSO METHOD ANO PER,oR~ANCE OF .CHLlNV2 (THIS SECTION), 

EXAMPLE OF USEg 

• THE SYMMETRIC POSITIVE DEFINITE COEFFICIENT MATRIX (THE PASCAL 
MATRIX OF ORDER 4) OF THE SYSTEM OF EQUATIONS 

Xl + X2 + X3 + X4 • 2 
Xl + 2 * X2 + 3 * X3 + 4 • X~ • 4 
Xl + 3 * X2 + & ~ X3 + 10 * X4 • B 
Xl ♦ 4 * X2 + 10 • X3 + 20 * XQ • lb 

IS STORED IN THE ONE~DIMENSIONAL ARRAY PASCAL1 1 
THE INVERSE OF THE COEFFICIENT MATRIX ANO THE SOLUTION OF THE 
LINEAR SYSTEM ARE CALCULATED av THE FOLLOWING PROGRAM; 

. ' 
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''6EGI~•• "C0~MENT 19 TEST CHLDEC1, CHLSOL1 ANO CHLIN\llJ 
'' I ~ T E G E R '' I , J , J J , 
"ARRAY" PASCAL1 [1 r (4 + l) * ij // 21, B [134], AUX [2a3J J 

• 

~PROCEDURE" CHLDECl(A, N, AUX)J ''CODE" 34311J 
''PROCEDURE" CHLSOLl(A, N, BJ, "CODE•• 3q3q1r 
"PROCEDURE'' CHLINVlCA, N)J "CODE" 34401J 

JJ:a 1, 
QFOR" J1~ 1 ''STEP" 1 "UNTIL" 4 "00" 
''BEGIN" PASCAL1 [JJ] :• 1 J 

"FOR'' Is• 2 "STEP" 1 "UNTIL" J "DO" 
PASCAL1tJJ +I• 11:• "IF" l; J "THEN" 
PASCALi tJJ ♦ I • 2l * 2 "ELSE" 
PASCAL! [JJ + I et 21 + PASCAL1 tJJ + I • Jl J 
8tJJ1a 2 •• J1 
JJr= JJ + J 

1•E~JD"J 

AUX [2) Ii: 11 ... 11, 
CHLDEC1CPASCAL1, 4, Aux,, 
'' I F " A U X [ l l a 4 " T HEN n 

• 

"BEGIN" CHLSOL1(PASCALI, 4, B)J CHLINVICPASCAL1, 4) "END'' 
"ELSE'' OUTPUT(b1, "(""(~MATRIX NOT POSITIVE DEFINITE")", l"l 1')J 

OUTPUTC&l,"(~qB")~)J 
OUTPUT(bl, "(""("SOLUTION WITH CHLDEC1 AND CHLSOLlt")", l")")J 
"FOR" Ii= 1 "STEP" 1 "UNTIL" 4 "D0" 
OUT~UT(61, "("48+0,50 1')", Btll)J 
OUTPUT(&t, "("2/, 4B")")J 
0 U T PU T ( 6 1 , "- ( " " ( •• I N VE R SE M A TR l X W I T H C H L I N V 1 I " ) " , / , 4 B " ) •1 ) 1 
''FOR" It= 1 "STEP" 1 "UNTIL~ 4 "00" 
"BEGIN" "FOR" J1• 1 "STEP• 1 "UNTI~M 4 "00" 

"IF•• Jc I "THEN" OUTPUT(bl, "("128")") ••ELSE" 
OUTPUT(b1, "("+ZD,5038")", PASCAL1 t(J • 1) * J II 2 + !] )J 
OUTPUT(&1, "("/, 48")") 

"Et\10" 
''END'' 

THIS PROGRAM DELIVERS: 

SOLUTION WITH CHLOEC1 AND CHLSOL11 
+0,00000 +4,00000 •4,00000 

!~VERSE MATRIX WITH CHLINY11 
+4,00000 •6,00000 +4,00000 

+14,00000 ~11.00000 
♦ 10,00000 

+z.00000 

•1,00000 
+3,00000 
-.3,00000 
+1.00000 

• 
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syBSECTIONa CHLDECINV2. 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE ISi 
II PR O C E D URE It C H L DE C I N \I 2 C A , N , A U X ) J •• V A L, U E " N , " I N T E GE R '' N ; 
•• A R R A Y '' A , A U X J 

THE ~EA~ING OF THE FORMAL PARA~ETERS IS1 
At <ARRAY IDENTIFIER>J 

"ARRAVt9 A [11N, 1 INJ J 
E~TRV: THE UPPER TRIANGLE OF THE POSITIVf DEFINITE MATRIX 

MUST BE GIVEN IN THE UPPER TRIANGLE OF A (THE 
ELEMENTS ACI,JJ, I <a J)J 

EXIT: THE UPPER•TRIANGULAR PART OF THE INVERSE MATRIX IS 
OE~IVERED IN THE UPPER TRIANGLE OF A 1 

Na <ARITHMETIC EXPRESSION>J 
THE ORDER OF THE MATRIXJ 

AUX: <ARRAY IDENTlfIER>J 
'' A R R A Y '' A U X [ 2 I 3 J J 
ENTRYz AUX [2l a A RELATIVE TOLERANCE USED TO CONTROL THE 

CALCULATION OF THE DIAGONAL ELEMENTS; 
NOR~AL EXIt1 AUXt3Ja: NJ 
ABNORMAL EXITI IF THE DECOMPOSITION CANNOT BE CARRIED ou·r 

BECAUSE THE MATRIX IS (NUMERICALLY) NOT POSITIVE 
DEFINITE, AUXt3J1: k ~ 1, ~HEREK IS THE LAST STAGE 
NUMBER, 

• 

PROCEDURES USE01 

CtiLDEC2: CP34310, 
CHLINV2: CP34400 1 

RUNNING TIME: ~OUGH~V PROPORTIONAL TON CUBED, • 

~ETHOD ANO PERFORMANCE: 
• 

THE PROCEDURE CHLDECINV2 CALCULATES THE INVERSE OF A SYMMETRIC 
POSITIVE DEFINITE MATRIX BY CALLING CH~OEC2 ANO, IF THIS CALL WAS 
SUCCESSFUL, CHLINV2, 
THE lJPPER TRIANGLE OF T~E INVERSE MATRIX IS DELIVERED IN THE UPPER 
TRIA~GLE OF THE GIVEN 4RRAY, 
SEE ALSO ~ETHOO ANO PERFORMANCE OF CHLINV2 (THIS SECTION) ANO 
CHLOEC2, SECTION 3.1~1.1.1.2 1 1, 
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EXAMPLE OF USE: 

THE SYMMETRIC POSITIVE DEFINITE COEFFICIENT MATRIX (THE PASCAL 
MATRIX QF ORDER 4) OF TH~ SYSTEM OF EQUATIONS 

X1 + 
Xi• 
X 1 + 
Xi+ 

X2 + 
X2 + 
X2 + 
X2 + 

3 • 
6 • 

10 • 

X3 + 
X3 + 4 
X3 + 10 
X3 + 20 

= 2 
= 4 
= B -
= 16 

IS STOR~O IN THE TWO-DIMENSIONAL ARRAY PASCAL2s 
THE DETERMINANT ANO THE INVERSE OF THE COEFFICIENT MATRIX ANO THE 
SOLUTION OF THE LINEAR SYSTEM A<E CALCULATED BY THE FOLLOWING 
PROGRAt1 I 

··sEGIN'' ··coMMENr·~ TEST CHLDECSOL2, CHLOETERH2 ANO CHLDECINV2; 
•- I NT E G £ R •• I t J ; 
.. ARRAv·· PASCAL2t1a4,1a41, ac1141, Auxc2131; 
••RE4L 1

• DETERMINANT; 
1 'PROCEOURE 111 CHLOECSOL2 (A, N, AUX, 8); ··cooE·· 34392; 
111 R.£AL 11 ··PROCEDURE·· CHLDETERH2 (A, N); ··cooE·· 3/+312; 
•• PR D C E DU RE•• C H L D E CI NV 2 ( A -. N , AU X ) ; •• C O OE•• 3 l+ 4 0 2 ; 
ll.11 F O ~ •• J : = 1 •• s T E p 1841 1 •• u N T I L •• It •• D O •• 
•• BE :; I N •• P AS C A L 2 [ 1 , J l I = 1 ; 

•• F O R •• I I ., 2 N S T E P •• 1 •• U NT I L •• J •• 0 0 •• 
PA SC A L 2 [ I , J l I - •• I F •• I = J •• T H EN •• P A SC A L 2 ( I -1 , J l • 2 ea E LS E aa 

PASCAL2CI,J,,,.1J + PASCAL2CI-1,Jl; 
B{Jla= 2 •• J 

•• E.t-~D ••; 
AUX { 2 1 : = ••-11 ; 
:HLDEGSOL2(PASCAL2, 4, AUX, 8); 
••1F•• AUX(3l - 4 •111 THEN 1

• OETERMINA\1T a= CHL0£TERM2(?ASCAL2, Lt-) 

•• E L S E •• 0 U TP UT ( 6 1 , •• ( •• •• ( •• MA T RI X N O T P O SI T I v E D E FI N I T E •• ) •• , / •• > •• > ; 
OUTPUT(b1, ••,••49••>••>; 
0 UT P U T ( 6 1 ., ... C •• •• ( ••SD L U TI ON W I T H C H L D E C S O L 2 : •4 > •• , / •• ) •• > ; 
•• F O R •• I t = 1 •• S T E P •• 1 •• U N TI L •• 4 •• il O •• 
Q UT P U T ( 0 1 t •• ( •• 4 8 + 0 8 5 0 811 

) 
118 t 8 ( I J ) ; 

0 u T p u T ( 6 1 , •• ( •• / / ' Lt 8 t 141 
( aG DE TE RM I N A NT w I TH C H L O E T E ~ M 2 I •• ) N t 

+ D • 5 0 , 2 / , i+ Bu ) II , D E T E RM I N A N T > ; 
... FOR.. J a = 1 !Iii STE p•• 1 Ill UNTIL.. Lt- •• 0 0 Ill 

•• BE. G I N •• P AS CA L 2 C 1 , J l I = 1 ; 
•• FOR.. I a - 2 •• STEP.. 1 •• UNTIL.. J .. Do·· 
PASCAL2[I"Jll= ••1F•• I = J ' 0 THEN 11

• PASCALZ[I-1,JJ • 2 ••ELSE'• 
PASCAL2CI,J-1l + PASCAL2CI-1,Jl 

••£NJ••; 
CHLDECINV2(PASCAL2, 4, AUX); 
0 UT P UT ( 0 1 9 •• ( 

111 
•• ( 

111 IN VE P(. S E MAT~ I X fl I T H C H LU EC I N \I 2 I •• ) N , / t It B ••) •• ) ; 
•• F u R IIG I a = 1 •• S T E P •• 1 •• U N T I L •• Lt. •• ::l O •• 
•• BE G I N •• •• FO R •• J : = 1 •• S T E P •• 1 AIAI UN T I L •• 4 •• D O •• 

•• I F •• J < I •• THEN.. 0 UT PUT ( 61., llll ( •• 12 8 •• > •• > •• ELS E •• 
0 U T PU T ( 6 1 , •• ( •• + 2 D • 5 0 3 B •• ) •• 9 . P AS CA L 2 L I , J J > ; 
0 UT PU T l 61 , •• ( •• / , 48 •• ) •• > 

••£NJ•• 
.''E No•• 



1-st REVISION, 1975 

<DECEHBE< 1975) 

THIS PROGRAM OELI~ERSI 

SOLUTION WITH CHLOECSOL21 
+0.00000 •4.00000 -4.00000 •2.00000 

OET~~MINANT WITH CHLDETERM2Z +1.00000 

ItJViRSE MATRIX WITH CHLOECINV21 
+4. 0 000 0 -&. 0 0000 +t+. 00000 

+14.00000 ~11.00000 
+10. 00000 

SUBSECTIONJ CHLDECINV1. 

CALLING SEQJENCE: 

THl HEAOIN~ OF THE PROCEDURE ISi 

.;1.00000 
+3.00000 
-3.00000 
+1.00000 

··PROCEOURE 11 CHLOECINV1 ( A, N, AUX); 0 'VALUE 110 N; ··rNTEGER·· N; 
••ARRAY•• A, AUX; 

THE HEANING OF THE FORMAL PARAMET:RS ISi 
Al <ARRAY IDENTIFIER>; 

••ARRAY" A(1J (N + 1) 4 N II 21; 

MC 

PAGE 8 

E~TRYI THE UPPER-TRIANGULAR PART OF THE SYMH~TRIC POSITIVE 
DEFINITE MATRIX HUST BE GIVEN COLUHNWISE IN ARRAY A 
(THE (I,J)-TH ELEMENT OF THE MATRIX MUST BE GIVEN IN 
AC (J - 1) • J // 2 + Il FOR 1 <=I<= J <= N>; 

EXIT& THE UPPER-TRIANGU~AR PART OF THE INV~RSE MATRIX IS 
DELIVERED COLUHNHISE IN ARRAY A; 

NJ <A~ITHMETIC EXPRESSION>; 
TH~ ORDER OF THE MATRIX; 

AUX: <ARRAY IDENTIFIER>; 
••ARR A y•• AUX [ 2 I 3 l ; 
ENT~Yl AUX(2ll A RELATIVE TJLERANCE USED TO CONTROL THE 

CALCULATION JF THE DIAGONAL ELEMENTS; (SEE HETHOO 
AND.PERFORM~NCE_OF CH.OEC27 SECTION 3.1.1.1.1.2.1); 

NO~HAL EXITl AUX[3J&- N; 
ABNORMAL EXITa IF THE DECOMPOSITION CANNOT BE CARRIED OUT 

BECAUSE T~E MATRIX IS (NUMERICALLY) NOT POSITIVE 
DEFINITE, AUXC3ll= K - 1, WHERE K IS THE LAST STAGE 
NUMBER. 

' 



1-st REVISION, 1975 MC 

(MAY 1971+) PA~E 9 

PR.OCC:OUR~S USED: 

CHLLEL1 = CP34311, 
:HLINV1 = CP34401. 

RUNNING Tlf1~: ROUGHLY PROPORTIONAL TON ~UBED. 

LANGUAGES ALGOL 60. 

METHOD ANO PERFORMANCES 

TH£ PRO~EDURE CHLDECINV1 CALCULAT~S THE INVERSE OF A SYMMETRIC 
POSITIVE □ ~FINITE MATRIX BY CALLING ~HLDEC1 ANO, IF THIS CALL WAS 
suc:ESSFUL, CHLINV1. 
THE UPPER TRIANGLE OF THE INVERSE MAT~IX IS DELIVERED COLUMNWISE IN 
THE GIVEN ONE-DIMENSIONAL ARRAY. 
SE£ ALSO METHOD ANO PERFORMANCE OF CHLINV2, (THIS SECTION) AND 
CHLDEC1, SECTION 3.1.1.1.1.2.1. 

EXAMPLE OF JSC:: 

THL SYMMETRIC POSITIVE DEFINITE :oEFFICIENT MATRIX (THE PASCAL 
MATRIX JF 3RDER 4> OF THE SYSTEM JF EQUATIONS 

X1 + 
X 1 t

X 1 + 
X 1 + 

X2 + 
X2 + 
X2 + 
X2 + 

3 .. 
6 .. 

10 • 

X3 + 
X3 + 4 
X3 + 10 
X3 + 20 

XL+= 
4 X4 = 
• X4 = 

2 
4 
8 

• X4 = 16 

rs STORE) IN THE ONE-DIMENSIONAL ARRAY PASCAL!. 

J 
' 

THE 0£T~RMINANT AND THE INVERSE OF THE COEFFICIENT MATRIX ANO THE 
SOLUTION OF THE LINEAR SYSTEM A~E CALCULATED BY THE FOLLOWING 
PROGRAM, 
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1111

BEGIN·" ··cuMMENT 11
• TEST CHLOECSOL1, CHLOETERM1 ANO CHLJECINV1; 

• • I tJ T E G £ R 11
• I , J , J J ; 

••ARRAY'" PASCAL1(11(4 + 1) • '+ // 21, 8[1141, AUX{2&3l; 
••REA L •• D ET E RM IN ANT ; 

'• PRO C E D U RE•• C H L O E C S O L 1 ( A , N , A U X , B) ; ••CJ OE •• 3 l+ 3 9 3 ; 
•• R £ A L •• •• P RO C E DU RE.. C H L D E T ER M 1 ( A , N ) ; •• CO O E 111 3 4 31 3 ; 
•• P~ .. 0 CED URE•• CHLOE CI N \11 ( A , N , AUX ) ; ••COO E •• 3 '+ 4 0 3 ; 

' 

JJI= 1; 
... F O R •• J : = 1 111

" ST E P •• 1 •• U N T I L •• 4 •• D O •• 
•• B £ G l N •• P AS CA L 1 ( J J 1 I :. 1 ; 

··FoR·· I 1- 2 ' 11 STEP'0 1 ··uNTIL·· J ··oo·· 
P AS C A L 1 [ J J + l - 1 l I = •• I F .. I = J •• THEN •• 
P A S C A L 1 C J J + I - 2 J • 2 .. E L S E •• 
PASCAL1(JJ + I - 21 + PAS:AL1CJJ + I - Jl; 
B{J]I- 2 •• J; 
JJa= JJ + J 

••ENJ••; 

AUX [ 2 l I= ••-11; 
~HLDECSOL1(PASCAL1, 4, AUX, B); 
••rf•• AUX(3l = 4 ••THEN•4 DETERMINA"TI= CHLDETERM1(PASCAL1, 4) 
•• EL S E •• 0 U TP UT ( 6 1 , •• ( " .. ( •• MA T RI X N OT PO S I T I VE D E FI N I T E. •• ) •• , / •• > •• > ; 

OUTPUT(61, ••«••49••,••>; 
0 UT P U T ( 0 1 , •• ( •• •• ( •• SO LU TI O N W I T H C H L O E C S O L 1 I •• ) •• , / .. ) •• > ; 
•• F O =<. •• I 1 = 1 •• STEP•• 1 •• U N TI L •• ft •• D O •• 
OUTPUT(61, ··,••4a+o.so··)··, B[I]); 
0 UT? UT ( 61 , •• ( •• / /, 4 B, •• ( ••o ET ER. HI NAN T WITH CH L DETER M 11 •• > •• , 

+o.so, 21, 4a•·) ··, DETERMINANT); 

JJ:= 1; 
'" F O < •• J i = 1 •• S T E P •• 1 •• U N T I L •• 4 •• J ::l •• 
•• 8 E G I N •• P AS CA L 1 [ J J l i .. · 1 ; 

•• FOR.. I I= 2 •• s TE. p 1111 1 •• u NT IL.. J •• o O •• 
PA SC A L 1 [ J J + I - 1 l I - ••IF •• I = J •• T HEN•• 
PASCAL1CJJ + I - 21 • 2 ••ELSE'• 
PASCAL1£JJ + I - 21 + PAS~AL1(JJ + I - JJ; 
JJI= JJ + J 

••END••; 

~HLDECINV1(PASCAL1, 4, AUX); 

0 UT P UT ( 61 , •• ( •• •• ( ••IN VER S E H A T RI X W I T H CH L DE CI NV 11 •• l •• , / , 4 B •• > •• ) ; 
•• F O R • • I I - 1 •• ST E P •• 1 •• U N TI L •• l+ •• J O •• 
••sEGIN•• uFoR•• J J= 1 ••srEp•• 1 ... UNTIL•• 4 ••oo•• 

•• I F •• J < I •• T HE N •• 0 U T PU T ( o 1 , •• ( •• 1 2 8 •• ) •• ) •• E L S E •• 
ouTPUT<G1, ··,··+zo.so3s•·,··, PASCAL1c <J •1 11 • J 11 2 + r1 >; 
OUTPUT(61, ••,•• ✓, 4-.s••J••) 

••ENJ •• 
••E ~..Jo•• 

• 
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THIS PROGRAM DELIVERS: 

SOL U T I O N W I T t- ➔ C H L OE C S O L. 1 ~ 
+0.00000 +ij.QQOOO •4 1 00000 +2,.00000 

DE T E R ~'! l ~-J A N T W I ·r H C H L DE T E R M 1 I + 1 1 0 0 0 0 0 

INVERSE ~ATRIX wITH CHLOECINV11 
+a.00000 •b,00000 +Q,00000 

SOURCE TEXTCSJ : 

ft C OD E " 3 I! L4 0 0 ; 

♦ 14,00000 -11,00000 
+10~00000 

~1,00000 
+3,00000 
•3.00000 
+1,00000 

• 

'
1 P R O C E D '~.J R l ti C H L I ~J V 2 ( A I N ) J " \I A L U E ~, N J '' I N T E GE R " N 1 •• A R R A Y '' A , 
'' B E G I N '' •• R E A L •• R J '' I N T E GE R '' I , J , I 1 J 

'' A R R A Y •• l) t 1 : N J J 
'' P R a c E D u RE •t D u P v E c R o w c L , u , I , A , B ) , '' c a D E •• 3 1 o 3 1 , 
''REAL" '1 PROCEouqE'' MATVEC(L, u, I, A, s,, "CODE'' 34011r 
•• RE A L •• •• P R O C E D U RE " T A M V E C ( L , U , I , A , B ) J '' C OD€~ '' 3 4 0 1 2 J 

' 

'' F O R '' I g : N '' S T E P '' • 1 " U t.J T I L •• 1 " D O •• 
,. 8 E G I N II R 1 = 1 / A t I , I l r I 1 I = I ♦ 1 J 

DUPVECRQ\IJ(ll, N, I, U, A)B 
" F O R '' J i : N '1 S T E P '' 11M 1 " U N T I l .. '' I 1 '' D O '' A [ I , J l : : 
• CTAMVEC(Il, J, J, A, U) + MATVECCJ + 1, N, J, A, U)) * R1 
AlI,Il := (R-, M~TVECCI1, N, I, A., U)) * R 

"END" 
'' E ND '' C H L I N V 2 J 

"E:OP'' 

ttCODE" 34401: 
It P R O C E. D I J R E tt C rt L. 1 N V l ( A , N ) , ., V A L U E ,. N J " I N T E G E R ti N J ,, A R R A V ,, A J 
'' 8 E G I N •4 

'' I t\4. T E G E R '' I , I I , I 1 , J , l J f '' R E A L '' R J . 
'' A R R .A V '' U [ l t N l J 
'' R E A L '' '' PR O C f DU RE " SE Q VE C C L , U , I 1 , S H I F T , A , 8 ) J ~ C O l) E '' 3 4 0 1 6 J 
" R E A L •• 1

' PR O C E D U RE " S Y MM A T \IE C ( L, , U , I , A , B ) J '' C ODE " 3 4 0 1 A J 

II:= (N + 1) * N // 2r 
•• r· 0 R '' I t : '1 '' S T E P •• -. l '' U N T I L '' 1 •• D O '' 
•• B E G I N '' R : : t / A [ I I l I 11 a • I + 1 J I J : :: I I + t J 

''FOR'' J1= It ''STEP" 1 "UNTIL'' N »oon 
'' 8 E G ! N •~ U [ J J r = A t I J J J I J I = I J + J '' E N D '' J 
t• F a R ,, J : = N ,, s r E P •• .. 1 ,, u N T I L ,, I ,. ,, D o ,, 
ttBEGIN" IJ1= IJ"" JJ AtIJJ1: "'SYMMATVECCil, N, J, A, U) * R 
'' E !\ID " J 
A tlll 1: CR • SEQVEC(ll, N, I! + I, O, A, l.J)) * RJ 
t I : = I I "' I 

,, E ~~ o ,r 
'' f: ~ D 1~ C t-t ~ I t,J V 1 J , 

•• E Op•• 



(MAY 1974) 
' 

'' C O O E •• 3 4 4 O 2 r 
•• P R O C E D U R E '' C H L D E C I N V 2 ( A , N , A U X ) J •• V A L.. U E '' ~ J '' I N T E GE F~ '' N ; 
'' A R R A V '' A , A l.J X J 
''BEG 1 N '' 

''PROCEDURE'' CHLDEC2(A, N, AUX)J ''CODE" 34310J 
•• P R O C E D U R E '' C H L I N V 2 ( A , r.J ) 1 " C ODE '' 3 ,~ 4 0 0 J 

C H l,. 0 E C 2 ( A , N , A IJ X ) J 
'' I F '1 A U X C 3 J :: r~ '' T H E N t, C H L I N V 2 ( A , ~ ) 

It E N D ti C H L O E C I N V 2 J 
"E0P" 

"CODE" 34403s 
,. PRO C ( D lJ RE '' CH L DEC INV 1 ( A , N, AUX) J ''VAL. U E '' NJ '' T. NT F GER •1 f\1 J 
'' A R R A. Y '' A , A U X r ' 
''BEGIN•• , 

II P R O C E O LJ R E " C H L D E C 1 ( A , N , A U X ) J ti C OD E .., 3 4 3 1 l. 1 
''PROCEDURE'' CHLINVt(A, N)r "CODE•• 34U01J 

C H L D E C 1 ( A , N , A l._, X ) J 
'' I F '' A l J X [ 3 l : N '' T H E N '1 C H L, I N V 1 C A , N ) 

•• F~ N D '' C H L D E C 1 N V 1 J 
'' E OP'' 

• 

• 

• 

MC 



2-nd REVISION, 1977 

(JANUARY 197b) 

AUTHOR& J, KOK. 

BRIEF DESCRIPTION; 

THIS SECTIO~~ CONTAI~iS T\41 0 PROCEOLJRES FOR THE SYMMETRIC: 
DECO~POSITION (THE U9 DU• DECO~POSIT!ON) OF A SYM~ETRIC 
CPOSSIB~Y DEFI~ITE) MATRIX 1 

MC 

PAGt. 1 

A) SVMOECZ CALCULATES THE SYMM!TAIC DECOMPOSITIOt·I Or 4 ~·1ATRIX 
rl~OSE UPPER T~lANGLe 18 GIVEtJ I~t A TWO•OIMENSIONAL ARRAY; 

8) SVHDEC1 CALCULATES THE SYMMETRIC DECOMPOSITIO~ OF 4 MATRIX 
~HOSE UPPER TRIANGLE IS GIVE~J COLU~~WISE I~I A ONE•OIME~ISIONAL 
A~RAY. 

KEYWORD St 

ll~EAR t9U4TICNS, 
') E F I N I T e. S Y M ME T R I C ~1 A T R I X , 
SY~HETRIC DECCMPOSITIO~, 

' 

• 

• 
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• 

SECTION I 3.1.1,1.1.3.t (JANUARY 1C11o) PAGE 
' 

SUBSECTION& SYMDEC2. 
• 

CAL~ING SEQuE~CEa 

THE HEADI~G OF THE ~~OCEDURE IS; 
''Prat O CEO URE" SY~ DE: C 2 ( A , tJ , AUX) , " \/AL lt E '' N , " I NT EGER•• r4 J • 

'' A R R A Y '' A , 4 LJ X J 
''CODE" 3'4700J 

MfANit~G OF THE fOR~AL PAAA~ETERS ISa 
• 

cARRAY IDENTIFIER> J "ARRAY'' At 1 I tiJ, 1 I ~ll J 
ENTRVa THE UPPER TRIANGLE OF T~iE OErINITE SYMMETRIC MAT~IX 

~UST 8E GIVEt~ IN THE UPFER ■TR!ANGULAR PART OF A (THE 
ELEMENTS Atl,Jl, l c; JlJ 

EXITI THE SY~METRIC DECOMPOSITIO~ OF THE MATRIX IS 
OE~IYERED IN THE UPPER TRIANGLE or A, THE SUPER• 
DIAGOt~AL, EL.E~iEtJTS OF THE UPPER•TRIAt~GUL.AR tJNIT• 
DIAGONAL ~ATRIX U ARE OELlVEREO IrJ AtI,JJ, I< Jt 
T~E DIAGONAL ELEMENTS Of THE DIAGONAL MATRIX AR! 
DE~ I VE ~ED I tJ A Ct, I l , I • 1 , • •, , N; 

<AR1Tt4~ETIC EXPRESSION>J 
THE OROtR OF T~E MATRlXJ 
•ARRAY IDE~T!FIER>J "ARRAY" AUit2 I llJ 
ENTRY& . 
AUX[2J I ENTRYs A RE~ATIVE TOLERANCE USEO TO CONTROL THE 

CALCULATIOt,J o, ,THE DIAGO~AL, ELEPi4E~TS or THE 
DECO~POSITION (AUXt2l > TH~ ~ACHINE PRECISION ANO 
AUX[Zl ~ RELATIVE PRECISION OF THE MAT~IX ELEMENTS, 
SEE f1ET4QO A~.;O PERFOR'~A~CE) J 

' 

EXIT I 
4UXC3l a 
· ~ 0 R ~1 A L E X l T : A B o C A U X C 3 l ) = t·4 r 

AUXtll • N, IF THE ~ATRIX IS [POSITIVE OR NEGATIVE) 
DEFINITEr · 
AUXtJl m • N, IF THE DECO~~OStTION IS CARRIED OUT, BIJT 
T ~~ E ~1 AT RI )( Apr t AR s TO a E ~J CJ N •DEF I ;~IT E C s EE r·1 ETH OD A t·i D 
PE RF OR ~, A ~JC I! l I 

F A I L. URE E X I T : O < = A U x t 3 l < ~J t 
I F T ~◄ E DE C O t->t PO S I T l O r·J C A ~~ N O T B E C ARR ! ED OU T BE C A l.J SE 
SOME DIAG0f'1AL. ELEr·1EtJTS ARE: roo SMAL.L, AUX [3l • K • 1, 
~~➔ ER£ K IS THE LAST STAGE ~UMBER OF THE DECOMPOSITION 
CS!E '4ETHOD A~J~ PCRFORMA'JC!), 

I 
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PROCEDURES USED& T~M~1AT • CP3Q014e 

' LANGUAGEt A~GOL 60. 

~ETHOO AND PERFORMANCEI 

SY~ 0 EC ~ PE RF O ~ ~1 S THE SY H r1 ET R I C DEC ~ ~1 PO S l T I O ~~ 0 F A S Y ~1 ME TR I C 
(POSITIVE OR NEGATIVE DEFINITE) MATRIX. THE METHno USED IS u• Du. 
DECOMPOSITIO•~ WITHOUT PIVOTING CSEE RE' t1J, SECTION l / 1), IF THE 
G l v EN $ Y t--1 HE TR IC MAT RI X IS DEF I t·t l TE , THE t~ ETH O O Y l EL OS AN UPPER• 
TRIANGU~AR MATRIX WITH UNIT DIAGONA~ AND A DIAGONAL MATRIX C•LL 
DIAGOrJA~ ELEMENTS HAVING THE SA ►1E SIG~) SUCH THAT U1 DU EQUALS TH! 
GIVEN ~ATRIX. THE PROCESS IS TER~lNATED AT STAGE K, IF THE ABSOLUTE 
VA~UE OP THt K•TH OlAGONAL ELEMENT OF THE DIAGONAL MATRIX IS LESS 
T H A \i A TO L. E R A "-JC E ( A U X t 2 J ) T I t1 E S T 1.; E 41 A X l M AL E LE ~1 E N T OF T i1 E G l V E N 
MATRIX. Tr1lS TOLERANCE AUXtZJ MUST BE CHOSE~J LARGER TrtAN THE 
ft.1ACHINE PRECISION ANO THE PREClSIO~J Of' THE ELEMEtJTS OF THE MATRIX, 
IF T~E MATRIX CAN BE DECOMPOSED, 6UT WtTH DIAGONAL ELE~ENTS HAVING 
OtFFERE~T SlGt,S CT~E M4TR1X IS ~JOt1•0EfitJITE), THE SYMH!TRlC 
OECO~P0$ITI0tf IS ALSO PERFORMED ANb ~UXtll ASSUMES THE VALUE.~. 

REFERENCES I 
[1l., J.ti. WILKINSON ANO Ce REINSCH I 

HA~OBOOK FOR AUTO~ATlC CO~PUTATIO~. VOL. 2. LINEAR ALGEBRA. 
S P R I tt,J GE ~ \I E ~ L AG , BE R L I t·~ , C 1 9 7 1 ) • 

~XAMPL.E OF USEa 
• 

SEE EX~'1PLE OF USE OF SYMir-!\/2, SECTIQ;,4 3.1.1.1.l.3e'4, 

• 
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SUBSECTION I SVMDECle 
• 

CALLING SEQUENCEI 

THE HEAOING or THE PROCEDURE ISi 
11 P ~ 0 C t O JR E " S Y ~ DE C 1 ( A , N , A U X ) J " \I A L lt E n N J ft I ~~J TE GE R 11 ~J J 
'' A f? R A Y 1• A , A 1J X I 
''CODE" 3l.l701 t 

THE ~EANl~G Of THE FOR~AL ~ARAMETERS ISi 
Al cARRlY IDENTIFIER>t "ARRAY" ACl 8 CN + ll *NII 2lJ 

E~TRV; TME UP~EReTRlANGULAR PART OF THE OEFlNITE 
SYMMETRIC MATRIX MUST BE GIVEN COLUMNWll~ lN ARRAY A 
C T r·f E ( I , J ) • T :·t EL E ~ E f\J T O, THE MAT RI X MUST BE GI VEN IN 
At(J • tl * J II Z + Il FOR 1 CII I ca J (; N)r 

EXIT& THE SYMMETRIC DECOMPOSITION OF THE MATRIX · IS 
DELlVER!O COLUP1NW!SE IN Ae 

N I c AR l T ti ~ E T I C E X tt R ES S l O t·J > J 
THE OROER OF THE f1ATRIXJ 

AlJXg cARRAY IDENTIFIER>J "ARF?AV" AUX t2 I ll J 
AUXt2l I ENTRVt A RELATIVE TOLERANCE USED TO CONTROL T~iE 

CAL.CUL AT I Of·J OF THE DI A GON AL ELEMENTS OF THE 
OEC0~1PO$ITIOtJ (AUX t.21 > THE ~ACHINE PRECISIOt-J AND 
AUXt21 ~ RELATIVE PRECISION OF THE MATRIX ELEMENTS, 
SEE ~fETriOD A!JO PERFORM4NCE) J 

AUX tll t 
EXIT I 
~ORMAL EXlTI AB$(AUX(3J) - N1 

AUXCll • N, IF THE MATRlX IS (POSITIVE OR NEGATIVE) 
OEFINlTEt 
AU)! tll 1 • N, Ir Tt-iE OECOMF-tOSITIO~J I$ CARRIED OUT, BlJT 
T HE •~ A TR I X A PP EA R S TO 8 E NO t-··I • DE F I I',! I TE ( SE E ME THO D A ND 
~E~FORMANC!)1 

F A I I. LI R £ E X I T I O < , A U X t l l < r J f 
IF THE DECO~POSITIOrJ CAN",OT BE CARRIED OUT BECAUSE 
S0'4E DIAGO~AL ELEf~ENTS ARE TOO S~ALL, AUXt3l • K • 1, 
WHERE K IS THE LAST STAGE ~UMBER OF THE DECOMPOSITION 
C S EE i1 E T H O O A f i D PER F OR M A ~-IC E ) • 

?ROCEDURfS JSED: VECVEC z CP34010. 

• 
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LAN~UAG~I A~GOL &O. 

~1ETHOD AND PERFORMANCE& 

SVMOECl PERFORMS THE SYMMETRIC DECOMPOSITION OF A SYMHETRIC 
DEFINITE MAT~IX, ~JMOSt UPPER TRIANGL·E IS STOREO tr~ A O~E• 
DIMENSIONAL ARRAY, av PERFORMING THE U' Du. O~COMPOSITION, 
SEE ALSO METHOO AND PERFORMANCE OF SYMOEC2, (THIS SECTION), 

EXAMPLE OF USE; 

SEE EXA~PLE OF USE OF SVMINVt, SECTION 3.1.1.111,3.4 • 

• 

SO lJ RC E TE X T ( S ) & 

''CODEn 347001 
"PROCEDURE t, SY ~1 DEC 2 CA , N, 4 U X) J " VAL Lt E" N J " I NT EGER'' t·J s 
''ARRAY'' 4, AUXJ 
"BEGIN" "INTEGER" I, JJ "REAL"~, H, R, EPSNORMJ 

PAGE 5 

• 

''REAL." "PROCEDURE'' TA~1t~AT(~, V, t, J, t., B)J ''CODEn 34014'1 

• 

R1a OJ . 
'' F O R tt J I • 1 " S T E P " 1 '' U f J T I· L '' '~ tt O O '' 
" I F 1• A 8 S ( A t J , J l l > R " T ~ i E t· J '' R I • A B S ( A C J , J l l f 
EPSNORM1= AUX[2l • RJ AU~t3J~I NJ 
•• F O R " I ; a 1 ~ S T E P " 1 " U ~ ! T I L '' r~ '' D O " 
''BEGI~~" ''COM~1E~.JT'" C• COLUt1N WISE COMPUTATIOi'J OF' 

Ra• AtI,IlJ "FOR" J1~ 1 "STEP~ I "UNTIL" I• 
It B E G I ~l " H : • A [ J ' I l ' w : • A t J , I J I • H / A [ J , J l ' 
"END" 
C• :)tll&• *lJ AtI Ila•~; 

" I F '' A 8 S ( R ) c • . E P S ~~ n R t 1 '1 T H E ~--J ' ' 
• 

" 8 E G l ~ l " A U X t 3 l I • 1 • 1 J I I '1ft ~I " E N O ., " EL SE '' 
'' F"' 0 R '' J I = 1 t 1 ''STEP" 1 •• l.J rJ TI L." \J "{) 0" 

A C I , J l 1 • A [ I , J l • T 4 ~1 M A T C 1 , l • 1 , J , I , 
" C O -1,, M E ~- 1 T ,. C • • D ll t I , J l • l ; 

''E~D~ C• U' ~ U • DECOMPOSITION •l 
"E'4D" SV~OEC2J 

••EOP" 

u *)t 
1 "DO" 
Rs;; R • 

A, A); 

H * W 
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PAGE 

'' C O OE '' 3 4 7 O 1 t ' 

• 

«PROCEDURE" SYMOECl(A, N, AUX)i "VALUE" NJ "INTEGER" NJ 
''ARRAY" A, 4UXt 
•1 B E G I N " '' ! t,J T E G E R " 1 , J , 

''REAL" "PROCEDURE" 
II, JJ, Jt, LOW, UP1"REAL" R, EPSNORM, H, WJ 
VECVE.C(L, U, SHIFT, A, B)t "COO!" 340101 

Ra• OS II111 OJ 
' ' 

"FOR" II• 1 "STEP" 1 "UNTIL" N "00" 
• 

"6EGlN" Ila• II+ r, "Ir" ABS(At?lJ) >~"THEN" R1• ABS(Atill) 
"ENO"J 
EPSNORMJ• AUXt2J * Rt AUXtJJ~I Nt II~• 01 -

"FORn II• 1 "STEPff 1 "UNTIL" N ~DO" 
''BEGIN" LOW1 ■ II+ 1r III• It ♦ I1 UP1• II• lt 

R1, A tII~ J JJ11 J1• OJ 
"FOR" JI1 ■ LOW "STEP•. 1 "UNTIL" UP "00" . . . 

"BEGtNr Ja• J + 1J JJa• JJ + Jt H1• AtJilJ 
' 

W1~ AtJll1• H / AtJJlJ R1• R • H • W 
• 

"END"J 
A t I I l I • R J " I ff " S I Gr~ C A l l l ) • I S l G N C R l " THEN " AUX t 3 l I • · • N J 
"lF" ABS(Rl •• EPSNORM "THEN" 
"BEGIN~ AUXt3l i• I• 11 11• N "ENO" ~ELSE" 
"BEGIN" Jl~I II+ I1"FDR" J1• I+ 1 ~STEP" 1 "UNTIL" N "DO" 

"BEGIN" A tJll 111 A CJIJ • V[CVEC(L.Oltif, UP, JI • II, A, Al, 
• 

Jii• JI+ J . 
"Ef\JO" 

"ENO" 
"ENO" 

••t.ND" S VMDC:C 1 J 
''E:0?" 
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INSTITUTE: ~AT~EMATICAL CENTRE • 

• 

RECEIVE01 

BRIEF OESCRlPTlON1 

TH I S SEC TIO ~-J C ONT A I t~ S TWO PROCEDURES I 
A) SVM0ETER~2 CALCULATES THE DETER~1?t~ANT OF A SYMMETRIC 

(OEFINITE) MATRIX I' THE SYMMETRIC DECC~POSITION IS PERFORMED av 
5Vt10fC2 J 

8) SVMOfTE:RMl CALCl.JLATES THE DETERMit~ANT OF A SYMMETRIC: 
(DEFI~JlTE) fi-1ATRIX I' TrfE SYMMETRIC OECOMPOS!TION. IS PERFORMED av 
SYMOECl. 

' KEV~ORDS1 

D E T E R t-•1 t N A r J T , 
DEFINITE SVMMETR!C MATRIX, 

• 

• 

SUBSECTlO~Jg SVMDETERHZ 1 

C A L L I :-i G 5 E Q U E ~1 C E I 

T~E HEADl~G OF· THE PROCEDUPE ISi 
''REAL" ~PROCEDURE" sv~DETERM2CA, N>, ,.VALUE'' Ns "INTEGER~ NJ 
'' A R R A Y '' A J 
••cocE'' 34102, 

S Y M OE T E R ~1 Z D E L I VER S T r:i E OE TE R f.i I ~~ A ~ t T OF T HE S Y MME T R I C 
OEFINITa MATRIX WHICH HAS SEEN DECOMPOSED BY A SUCCESSFUL CALL o, 
SYYDEC2; 

T t1 E •-1 E A \I l t,t G OF T ~~ E r OR~ AL PAR A r-t ET e; RS I S I 
A: <ARRAY lDE~TIFIER>J "ARRAY~ Atl IN, 1 I ~JJJ 

ENTRY: THE RESULTS or THE u• 0 U • DECOMPOSITION AS 
PERFO~~EO. BY SV10ECZ (SECTION 3.1.1.1,1.3.1) OR 
SV~OECSOL2 (SECTION 3.1.1.1.1.3.3) SHOULD BE GIVEN 
1 t l T t l E U ~PE. R TR I A ~J r,; L. E OF A J 

EX I T : T ~-t E CO r,J TE:~~ TS Dr A A Q E. r-.J:, T CH Ar.JG EL~ 1 
N: <ARITHMETIC ExPqESSION>; 

T ,i ~ 0 RC E P. 0 t THE ~AT RIX , 
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PROCEDURES JSED I 
DETCR~1 = CP34303. 

• 

LANGUAGEt A~GOL 60. 

• 

~ETHOD AND PERFJR•1ANCEI 

(JANUARY 197b) PAGE 2 

• 

Trf E PHO CED URE SY MD E TE R ~2 St·lOUL D BE CALLEO AFTER A sue CE SSFlJL CA LL 
OF SV~10ECZ OP SY~DECSOt,,.2, I.E. IF A6$(AJX t3l) , N, 

• 

EXAMPLr OF USEt 

SEE EXAMPLE OF USE OF SVMDEC1NV2, SECTION 3,1.1.1.1,3,4 1 

• 

T ~➔ E ~i E, A D I r~ G O r T •➔ C F' R O C E O UR E I S I 
,, R E 4 L. ft tt P RO C E D URE " S Y t.J: 0 E TE R f·11 ( A 1 ~i ) J 11 VAL U E " ') J tt I N TE GE R t! N ; 
'' A ~ R A Y '' A 1 
,, C O O E '' 3 IJ 7 O 3 s 

S Y M DE T E R .~ l D E L I iv' E RS T H E OE T ER ~1 ? ~4 A ~-J T OF' T ~ E SY ~1 ME T R I C 

• 

(1 E F' l 1-J l T E -.,~ A T R l X W Y I C H ~i A S B EE tJ OE CO ~~ P O SEO B Y A 5 UC C E S SF UL C A L L. 0 F 
SV~DE"C1, 

t ( E. A ~~ I '! G □ r T t➔ E F O ~ ~ A L PA RAM E T E R S I S : 
c ARR A Y IO E ~J TI F' ! ER> I "ARR AV'' A t 1 I ( ~J + 1 ) • "1 I I 2 l I 

• 

E f-: T ~ V : T r ~ E R E S UL T S OF T HE l-1 t O U • DE C OM P O S I T I O t-J A $ 
PERFQRME? BY SYMOECt (SECTION 3 8 1,1.1 1 1.3,1) OR 
sv,.,~,ECSOLt CSECT!O~J J.1.1 .• 1.1,3.3) SHOULD BE GIVf;N 
1:J ARPAV A; 

E x I T ; T f ·4 E: C O N TE ~·l T S OF A A RE ~-J OT C H A N GE O r 
<AP. IT i ! ' 1 ET l C e X P ~ES S l O t~,. I 
TYE Q~~ER Of THE: f 1iATRIX, 

! 

i P f~ r C: E Cl IJ R E S ·J S E D : 
GI 4 ,,.; T -: C P 3 (: O O /J, 
OVE~FLJ~: C~3oooa • 

• 
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•• 

LANGUAGE1 ALGOL 60. 

METHOD ANO PERFOR~1ANCEI 

TtiE PROCEDURE SYMOETER~1 SHOULD 6! CALLED AFTER A SUCCESSFLIL CALL 
OF SV~DEC1 0~ sv~DECSO~l, I.E. IF AB8ClUXC3J) • N. 

EXAMPLE OF USE: 

SEE EXA~PLE OF USE OF SVMDEC1NV1, SECTION J,1.1.1,1.3 1 4, 

SOURCE T!:XT(SJ I 

"CODE" 317oz, . 
"REAL'' "PROCEDURE" SVMOETERMi(A, N)J "VALUE" ~1, "INTEGER" NJ 
"ARRAY" AJ 
"BEGIN" "INTEGER" K, OJ 

''REAL"flP~OCEOUREtt O!TERMCA, N, SGNJJ "COD£" 34303J 
naw 1J 

• 

"FOR" Kg•! "STEP" 1 HUNTIL" N "00" 
"l'• A[K,Kl c O "T~EN" D11 • Dr 
SY'iDETERMZIW O!TERM(A, ~:, 0) 

ttE~D" SY~OETER~ll 
''EOP'1 

'' C O OE '' l 4 7 0 3 I 
''REAL" "PROCEDURE" SVMOETER~11(A 1 NlJ "VALUE, NJ "INTEGER" NJ 
' 1 A ~ R A Y '' A ; 
"BEGIN"•INTEGER'' K, KK, SJ "RtAL" D; 

''REAL" 1'PROCED~JRE" GIANTJ ''C00[" 300041 
tt B O O L EA ~,1 '' '' P RO C EDU RE " 0 VER FLO ~1 ( X l J ,. C O OE " 3 0 O O 8 J 
S;• 1; KKg:J OJ 
"FOR" K:• 1 ''STEP" 1 ''UNTIL" N "00" 
~aEGif~" KK~I KK ♦ KJ "lPfl AtKKl c O "THEN" Si•• S "END"1 
D;a 1; Kt<a• o, 

• 

• , F' 0 R " K ; : 1 " S TEP " 1 " U t4 T 1 L " N 
1
• 9 E G I N '' t< K g • K K ♦ t< J D i l!J A t K K J 

"6EG!t4" D:• GIANT* SJ K13 
"E\JD"J 
S Y ~, 0 E TE R t,11 I s 0 

•• E ~ I D '' S V ~-1 0 E T E ~ ~◄ 1 I 
'' E O?" 

••oa n 
* 0 I ''IF ,t 
i 1 ,t END" 
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' 

AUTr10RI J. KOK. 

RECEIVED I 

BRIEF DESCRIPTION& 

THIS SECTlO~ CONTAINS FOUR PROCEDURES& 
A) SVMSOL2 CALCULATES THE SOLIJTION OF A SY$T[~ or LINEAR ECUATIO~JS 

lF THE COEFFICIENT MATRIX HAS BEE~J DECOMPOSED BY A CALL OF 
THE PROCEDU~E SY~DEt2, SECTION 311e1s1,1,l,1., OR SYMDECSOL2s 

8) SVMSOLl CALCULATES THE SOLUTION OF l SYSTEM OF LINEAR EQUATIONS 
lF THE CDEFFICI~NT MATRIX HAS BEEN DECOMPOSfD BY A CALL - OF 
THE pqocEDURE SYMOECt, SECTION 3.1.1.1.1,l.1., OR SY~DECSOL1t 

C) SV~DtCSOL2 C4LCULATES THE SOLUTION OF A SYSTEM OF LINEAR 
EOUATIONS. THE COEFFICIENT ~ATRlX HAS TO BE SYMMETRIC ANO 
~UST BE GIVEN I~ THE LJPPER T~IANGLE OF A TWO.DIMENSIONAL ARRAVJ 

DJ SVM0tCSOL1 CALCULATES T~IE SOLUTION OF A SYSTEM OF LINEAR 
EQUATIONS. THE: COEFfICIENT 11 4TRlX r-fAS TO BE SYMMETRIC AND 
~UST BE GIVEN COLUM~~ISE ItJ A ONE•DIHE~SIONA~ ARR•Y• 

• 

t<EV..JORDS1 

Ll~EAR EQU•TIONS, 
0 E F l 'i I T E S V ~, tA E T R I C ~1 A T R I )( , 
SY~MET~IC CECOMPOSITIO~. 
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• 

SECTION I 3.1.1.1.1.3.3 ( J ANtJA RV t tl1b l PA.GE 2 
• 

SU9SECTIO~~I sv,~snL.2. 

CAL~ING SEQUE~CEI 

THE HEADING OF THE PROCEDURE IS& 
" P ~ 0 C E O UR E " S Y ~ S O L 2 ( A , t~ , B ) J " V A LU E,'' t.J J " I 't T E GE R '~ "-l J •• A RR A Y " A , B t 
'' C O D E " 3 ti 7 0 4 J 

T HE '"4 E A N I NG OF T ~➔ E f O R l,~, 4 L P A RA M E T E R S l S I 
A I c A R R A Y t D E ~J T I F I E R > I tt A ~ R A Y '' A t 1 I t,J , 1 I ~l l J 

ENTRY: THE RESULTS OF T~E DECO~POSITION OF THE GIVEN MATRIX 
AS PRO?UCED BY SYMOECZ, SECTION 3,1.1.1.1.3.1., OR 
SY~1DECSOL2 (T~tIS SECTIO~), SHOULO BE GIVEN IN THE 
APRAV AJ 

EXIT& THE ELEMENTS Of A ARE NOT CHA~IGEDJ 
N1 cARlTHMETIC EXPRESSION>J 

Tti! ORDER OF THE MATRIXJ 
Bl <ARRAY IDE~JTIFIER>J "ARRAV" 6 t1 I ~11 t 

Et~ T RV I T ~i E R I G ~i T HAND S I OE OF THE S V STE~ 0 F L I NE. AR 
EQUA TI tii.Js J 

EXIT~ THE SOLUTION or THE SYSTEM • 

• 

PROCEDURES USED& 

i1ATVEC; CP34011, 
TAMVfC ~ CP34012, 

, 

~ANGUAGE1 A~GOL bO. 

• 

• 

Tt~E PROCEDURE SYHSOL2 CALCULATES THE SO~UTIOt~ or A SYSTEM or LINEAR 
Ei~uATIONS, PROVIDED TYAT THt CO~FrICIE~T H~TRIX HAS BEEN DECOMPOSED 
BY A SLlCCESSFUL CALL OP SYMDEC2 OR SV~OECS0~2J 
TttE SO~JTIO~~ 1s OBTAINED 6Y PERFORMING THE ,oRWARO 
S1!SSTI TWTIO~~S,. 
THE RIGrlT HAND SIDE IS OVERWRITTE~ BY THE SOLUTION BUT THE 
CO~TErJTS OF THE ~ATRIX STORAGE A~RAY ARE ~OT C4A~GED, THUS SEVER~L 
SYSTE.~,s Of L,If·JEAR EOl~IATt0'·1S ~ITf·i THE s,~11E COEFFIClE:~lT MATRIX Bl,JT 
() I ~ r· E f~ E ~·J T R I C r, T H A ~ l D S I DE S C •· t ~ 8 f. S O L V E D 6 Y S UC C E S S I VE C A L L S o F 
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• 

SECTIO~ I 3,1.1.1,t.3.3 CJANUARY 1tl1bl PAGE l 
• 

SUBSECTIOtJI SVMSOl.1 11 

CALLING SEQUENCES 

T~iE HEAOI~G OF THE PROCEDURE ISi 
"PROCEDURE" SYMSOLl(A, N, B)t "VALUE". NJ ~t~TEGER" NJ "ARRAY 1' A, BJ 

• 

"CODE" 3u10s, 

THE 
Ag 

THE roRMAL PARAMETERS IS1 
IDENTIFIER>J "ARRAYu At1 ~ (~ + 1) * N // 2lJ 

~1EA~ING OF 
<ARRAY 
ENTRV1 THE RESULTS OF THE DECOMPOSITION Or THE GIVEN MATRIX 

AS PROOUCtO BY SYMDECl, SECTION 3.1.1e1a1o3~1., OR 
SYMOECSOL1 CTHIS SECTION), MUST BE GIVEN IN ARRAY 
At 

EXIT& THE ELE~ENTS OF A ARE NOT CHAl~GEDs 
cARITHMETIC EX~RESSION>J 
THE ORDER OF THE MATRIX; 

• 

<ARRAY IDENTIFIER>t 81 ARRAY" B t1 I NJ J 

• 

E:tJT~Va THE RIGHT HANO SID£ OF THE 
EQUATIONS, 

OF LINEAR 

EX?Jt THE SOLUTION OF THE SYSTEM• 

PROCEDURES JSE:01 

VECVEC • CP34010, 
''CODE•• 3Ll710r 
SEQVEC ~ CP340lbe 

tr.1 E T H O [J A "J D P E R F "0 R f ~ A N C C l 

THE PROCEDURE SY~1SOL1 CALCIJLATES THE SOLI.JT IO~J OF A SYSTEM OF L,I~lEAR 
E QUA TI O ;JS, ? RO V l OED THAT THE CO t FF IC l E \IT MA T ~ I X r-t AS BEE~ J DECOMPOSED 
BY A SUCCESSFUL CALL OF SYMDEC1 OR SYMOECSOLlJ 
SEVERA~ SYSTEtvi$ W!Tr1 THE SA'·1E COEFFICIENT MATRIX BUT D!FFEREP..JT 
RIGr···lT --iA:JD SIOES CArJ SE SOL.VED ev SUCCESSIVE CALLS OF SVMSOL1. 
S EE A l.. S O ~,➔ E T t~ 0 0 A f·,'.l O ? E ~ F O R ~ A NC E OF S V ~, S Q L Z ( T H I S S E C T I O N ) , 

• 
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SUBSECTIONI SYMOECSOL2. 

CALLING SEQUENCEI 

T ~i E ~; E A D I r-l G O r T f-~ E P R O C E O UR E l S : 
'' P R O t E O U ~ E ~ S V M O £ C 8 0 L 2 ( A. , N , AU X , B l .t " \I A I. LI E: '' N J '' I N TE GE R '' ti f 
''ARRAY" A, AUX, B; 
''CODE'' .3470or 

THE ~E4NING OF THE rORMAL PARAMETERS 1s, 
Al <A~RAY IOENTIFIER>t "ARRAY" At1 IN, 1 I NlJ 

PAGE a 

ENTRY1 THE UPPER TRIANGLE OF THE DEFINITE SYM~ETRIC MATRIX 
MUST BE GIVEN lN THE UPPER•TRIANGULAR PART OF A (THE 
ELE~ENTS Atl,JJ, I~• J)J 

EXITI THE SYMMETRIC DECOMPOSITION OF THE MATRIX XS 
DELIVERED lN THE UPPER TRIA~1GLE OF A1 THE S·UPER• 
DIAGONAL ELEHEt~TS OF THE UPPER•TRIANGULAR UNIT• 
DIAGONAL MATRIX U ARE OELIVEPED IN AtI,JJ, 1 c Js 
THE DIAGONAL ELE~iff'1TS OF TH!: OIAGOt<JAL MATRIX ARE 
DELIVERED IN AtI,Il, t • 1 , ••• , NJ 

Nt <ARITHMETIC !XPRESSION>J 
THE ORDER OF T~E MAT~lXJ 

A IJ X I <ARRAY IO ENT IF IE R > t. "ARRAY " AUX t 2 I 3 J J 
AUX t2l I ENTRY I A RELATIVE TOLERANCE USED TO CO~JTROL Tt,,E 

· CALCULAT10t4 OF TriE DIAGO~JAL. ELEME~JTS OF THE 
DECO~POSITIO~J (,AUX C2l > THE '1ACHI~JE PRECISION A~·JO 
AUXtZJ > RELATlYE PRECISION OF THE MATRIX ELEMENTS, 
SEE ~1ETHDO ANO PERFORMANCE)f 

AUX t3J I 
EXIT I 
~CQMAL EXIT CABS(AUXt3l) I ~J) I THE SOLUTION IS DELlVEREOJ 

AUXt3l ~ N, IF THE MATRIX IS (POSITIVE OR NEGATIVE) 
DEF Ir--11 TE r 
A t_t X [ 3 J 1: • N , I F T t-t E DEC O M ~ a S I T I C tJ I S C A RR I E: D OU T , B l.1 T 
THE MATRIX _APPEARS TO BE NON•OEFINtTE (SEE ~ET~OO AND 
PERrORHANCE)1 

~AILURE EXIT (0 c• AUXl3J c N) ; NO SOLUTION IS OELIV!REDJ 
I F' Tri E OE C a M "0 5 I T I O ;-i.j C: A ~J i-J O T B E C A RR I E D O lJ T e E C Aus E 
SOME DIAGO~AL ELEMENTS ARE TOO SP4ALL, AUXt3l • K • 1, 
Wr~ERE K IS THE LAST STAG~ '-'U~16E~ OF THE DECO~f'OSIT!ON 
C S E E M E T H O O A tl D P E R F O R ~ A f ~ C E ) , 

9 I < A R R A V I O E N T I F I E R > J '' A ~ RA Y '' ~ t 1 I ~,1 J t 
E r-J T RV I T '1 E R I G ~ T HA ~~ D S I DE' 0 F T HE $ Y S T E ~, 0 r L I !,,J E A R 

E 1 l.J A T ! O ~J $ t 
EXITI THE SOLUTION OF THE SYSTEM. 

P R () C E D J R f S ;J S E D : 
sv~otc2 = CP347oo, 
SYMSOL2 ~ CP347oa, 

.. 
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METHOD At~O PERFQRr·1A.NCE1 
THE PROCEDURE SYMDECSOL2 SOLVES A SYSTEM OF LINEAR EQUATIONS WITH 
A sv~METRIC OEFI~IJTE COEFFICIENT MATRI~ BY CALLING 
SV~OEC2, SECTION 3.1.1~1~1.3.1., AND, IF THIS CALL WAS 
SUCCESSFlJL, sv~SOLZ (THIS SECTION). 
SEE ALSO SY'1DECi, SECTION 3.1.1.1.1.J.1. 

EXAMPLE OF USE~ SEE EXAMPLE OF USE OF SVt10!CINVZ, SECTION J,1,1,1.1,3,4 

SUBSECTION& SYMOECSOL1. 

CALL I r·J G s E Q u E NC E a 

THE HEAOI~G OF THE PROCEDURE 181 
''PROCEDURE" SV~DECSOLtCA, N, A~X, 8)J "VALUt" NJ ''INTEGER" NJ · 
''ARRAY'' A, AUX, BJ 
'' C O D f " 3 4 7 O 7 J 

• 

:.fEANING OF THE roR~AL PARAMETERS IS1 
< A R R A Y I D E r-J T I F t ER> t " A RR A Y " A t 1 t ( ~~ + 1 ) • ~J / / Z l J 
ENTRY: THE u,P!RwTRIANGULAR PART OF TH! (DEFJNITE) 

SYMMETRIC MATRlX MLIST BE GIVEN COLUMNWtSE: lN ARRAY A 
( T tf E ( I , J ) • T l·i EL E tA ENT OF THE MAT R l X MUST BE GI VEN IN 
A[CJ • 1) * J // 2 + Il FOR 1 c1 I <a J <• N)J 

E X I T I T H E R E S U L T S OF, TH E LJ t D U • 0 E C O '·1 P t) S I T I O t,1 0 F T H E 
MATRIX ARE DELlYERED IN THIS ARRAYJ 

4 A R I T t ➔ ~ E T I C E x P q E S S I O t~ 1t ; 
THE ORDER OF THE l~ATRlXJ 
<ARRAY IOENTlF!ER>J "ARRAY" AUXt2 t 33 t 
A U X C 2 l I E f\J TR V t A RE L. A T l \I E T O L. ! RA ~t C E USE O TO C O f,,J T RO L. T t•-1 E 

CALCULATION OF THE DlAGONA~ ELEMENTS OF THE 
oe:co~1POSITlOt! (.AUX t2J • THE ~ACHI~JE PPECtSlON ANO 
AUX[2l > RELATIVE PRECISION OF THE MATRIX ELEMENTS, 
SEE METHOD At~D PERFOR~A~CE)s 

AUX t3l I 
EXIT i 
~-J O R :-, A L E X l T ( A B S C A U X I 3 l ) • r·•I l I T HE SOL. tJ T 1 0 N 1 S OE L I VE RED J 

AU}( t 3 l ;; tJ , I F THE t·1 A TR I X I S ( PO 5 I T t VE OR ~EGA T l VE l 
D E F I t-1 I TE t 
AUXt3l = • N, If THE DECO~POS,ITIO•~ IS CARRIED our, BUT 
T HE M A T R l X A PP E A RS T O BE \J () r·4 • O E F I t·J I T E C S E E. f1 E T ~~ 0 0 A •·JD 
Pt:~FOR~1A"ICEl I 

FAILURE EXIT CO c: AUX[3l < ~) I ~O SOLLJTION IS DELIVERED: 
I F T H E r1 E c o i-1 P o s 1 T 1 o r, 1 c A hl ~.J o r s E c A RR I E o au T BE c A tJ s E 
SO '1 E D I AGO ~1 At" EL e f.1 E ',!TS A~ E TOO S '11 AL. L, Ai,~ X t 3 l s K w 1 , 
.~J t~ t: RE ~ l S T ~f f L. A S l 5 T A GE \~ U ~ B E R OF T r1 E D EC O MP O S l T I (1 N 
c s £ E ~t E T ~~ o o i. ~.i P P E R r· n R M -~ ~j c E ) , 

c A R RA Y l D E ~J T ! F ! E R > I " A R R A V '' 9 [ 1 I .,J l J 
F. ;t..,i T ? V I T ~• E R l G HT H A N D S I D E OF T t1 E S V S T E: M OF L I ~1 E A R 

E fJ U A T I O t,J S t 
E x 1 r I r i 1 E: s o L J r I or~ of r ~ ➔ E s v s T E ~ , 
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?RQt;EDWRES USED: 

SY~DECt • CP 34701, 
SV~S0~1 • CP 3a1os. 

ME.THO D A •-JD F' ER FOR :1 A t,! CE I 

' 

MC 

PAGE b 

THE PROCED 1JRE SYMDECSOL1 SOLVES A SYST!~ OF LINEAR EQLJATIONS WITH 
A SYM~ETRIC DEFINITE COEFFICIENT ~1ATR1X BY CALLING 
3Y"10EC1, SECTIOrJ 3.1.1.1.1.3.1., AND, IF THJS CALL WAS 
SUCCESSFUL, SY'4SOL1 (T~lS SECTION). 
THE UPPER TRIANGLE OF THE COEFFICIE~IT ~~ATRIX S~40ULD BE STORED 
C t.J l. J ~A ~·.J • W I S E I ~,J A O ~J C • D I M E l ~ S I O ~-! A L A R R A V , 
SEE ALSO sv~1DEC2, SECTION 3.1.1.1.1,3,1. 

' 

E X A ~1 P L, E OF 1J 5 E I 
• 

SOURCE TEXT($) 

••cooE" 3q7oq, 
"PROCEDURE'' SYMSOL2(A, N, B)t ''VALUE"~; "l~TEGER 1' NJ "ARRAY'' A, Br 
t, D E G I (' l ., '' l r ·J T E G E R '' l : 

''RE AL'' "PRO CED"' RE " 1 1 ATV EC CL , U, I , A, B) J ''COO E" 3 4 0 11 J 
'1 RE4L" »PROCEDURE" TAMVECCL, U, I, A, A)J ''CODE" 34012J 

"C0~4E~T" C* U' v ~ B •Jr 
'' F a ~ " I I • 1 '' S T E P " 1 " U t J T I L " 'l '' 0 0 " 

' 
A[Il 1: Btil • TA'4 VEC(1, I • 1, I, A, BlJ 
"CO~~EMT" C• 0 lJ X • Y •lJ 
'' F· J R " I I a :\J " S T t P '' • 1 '' LI ~ J T l L '' 1 ,. 0 0 •• 
A[IJ1: Dtll / At!,Il • f1ATVEC(I t 1, f~, I, A, B) 

!' r.:· !-J r-: •· ·s v ~•1 ~ ~ , ~ : '-•1.a,;.: + ,.,,. ""c.:-P" 
,, En P ,, 
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MC 

(JANlJARV 191t,) PAGE 1 

'' C O OE ., 3 Lt 7 O S J · 
'' P ~ 0 C E D U ~ E tt S Y ll-1 S O l.. 1 ( A , '·J , B J I '' V A L, Li E " N J " I \.J T E GE R '' N J " A RR A Y '' A , 8 J 
"BEGIN'• "INTEGER" I, IIs 

"REAL" ••PROCEDURE" VECVECCL, U, SHIFT, A, B)t "CODE'' 340101 
"REAL" "PROCEDURE" SEQVEC(L, U, 11, SHIFT, A, B)f "CODE~ J4016J 

IllS 01 . -
"FOR" 111 l "STEP" 1 "U~JTlLh ~ "00ft 
''6EGIN" IJ11 It+ t, 

BtIJ111 Btil • VECVECC1, t • 1, It• I, B, A) 
t•tN0 11 I 
'' F O R " I I • ~ " S T E P " • 1 " U ~ ,J T I L •• 1 '' 0 0 '' 
"BEGtNtt BtIJt~ Btil I Atlll • SEQVECCI ♦ 1, N, ?I+ I, O, A, 

S)r II11 II• I 
''ENO" 

"ENO'' SYMSOL.11 
,, E. 0 p" 

'1 COOE" 547001 
''PROCEDURE" SYMOECSOLZCA, N, AUX, BJs ttVALLIE" NJ "INTEGER" t~, 
"ARRAY'' 4, AUX, BJ 
fl BEGIN,. 

• 

" P R O C E O UR E '1 S V t•1 D E C 2 ( A , ~ J. , A t~J X ) t '' C O O E " 3 " 1 0 0 J 
'' P RO C E OU~ E " S V ~ SOL 2 C A , t--J , 8 ) r " C O O £ '' 3 4 7 0 4 J 

!iY~DEC2(A, N, AUX)t 
''IF" ABSCAUXt3ll • ~J "THEN" SYMSOL2CA, ~, B) 

'' E 'I D 1' S Y t-1 D e: C S O L 2 t 
,, Ea P" 

,, C O DE " 3 l.l 7 O 7 , 
''PROCEDURE" 5VMOECSOL1CA, N, ALJX, BlJ "VALL'!" NJ "INTEGER" Nr 
'' A ? R A Y '' A , A U X , 8 ; 
••Re GI r-J" 

tt P R O C E 0 ~RE " S Y MOE C 1 C A , ~ I , A ! J X ) J '' C O DE " l 4 1 0 1 f 
t• P q O C E O J ~ E " S V ~-• S O L 1 C A , ► J , 8 ) J '' C O D E '' 3 4 7 o 5 s 

SY 4 0EC1(A, N, AUX)J 
''IF'' ABS(AUXC3l) • N nfHEN•• SYMSOLtCA, '~, B) 

~END'' sv~~DECSOL1, 
"E □ P" 
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MC 

• 

S E C T t O ·\I I 3 , 1 • l • 1 • 1 • 3 • ~ (JANUARY 1976) PAGE 1 

AUTHOR 

I ~JS T I TU TE I MA T HE MA T l C AL C E N T RE , 

' 

BRIEF OESC~lPTIONg 
. 

Tt·iIS SECTION CONTAitlS FOUR PROCEOURE81 
A) SYHIN\12 CALCULATES THE l?·JVERSE OF A SYMMETRIC MATRIX, 

l F' T rl E M A TR I X l·i A S 6 EE N DEC OM POSED 6 V A C ALL OF TH! P RO C EDU RE 
S V I-1 0 e: C 2 , SE C T I O ~J l • 1 • J • 1 • 1 • 3 • 1 • , 0 R S Y MD EC S O L Z , 
SECTION 3,1.1.1.1.3.3.J 

8) SY~1l~V1 CALCULATES THE INVE~SE or A SYMM!TRlC MATRIX, 
lF THE MATRIX HAS BEEN DECO~POS~O BY A CALL OF THE PROCEDURE 
SVMOEC1, SECTION l.1.1.i.1 0 3,1 8 , OR SVMDEC$0L1, 
SECTION 3.1.1.1.1.l.3.J 

C) SYMOECINVZ CALCULATES THt INVERSE o, A MATRIX USitJG SYMHETRtC 
0 ECO r-1 POSIT l O ~~, 
r~➔ E COEFFICIE~JT t,1ATRIX HAS TO BE SY~METRlC At~D 
~1lJST BE GIVEN ZN THE UPPER TRIA~GLE OF A TWO•Dl~ENStONAL ARRAYJ 

D) sv~1oeclNV1 CALCULATES THE INVERSE OF A MATRIX USir·JG SYMMETRIC 
OEC;OMPOSlTION, 
T ~~ E C tJ E: r F I C I e: "J T 1·1 A T R l X t1 AS T O 6 E S Y >-1 ~ E TR I C A ~JD 
~·1 t. 1 S T 9 e: G l VE 'J C O L U M N W l SE I t·J A O ~l E • 0 I "1 E NS I Ori A L A? RA V • 

• 

KE.VWORDS1 

~i A TR I X l t,i v ER S I O ~ , 
r) E F l ► ,J l T E S V M M E T R I C ~1 A T R I X , 
S V ~ ~1 E T R I C D EC O ~ P O S I T l rJ ~.~ • 



• 
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MC 

SUBSECTIONJ SYMI~V2 8 

C A L ~ I P.J G s E Q u E i'' C E I 

THE HEADING OF THE PROCEDURE ISi 
" PR O C E O U ~ E tt S Y M I N V 2 ( A , ~-1 l J " \I A L.. U E '' t j s . " l N TE G F R " N J " ARR A V " A 1 
19 C O D E " 3 4 7 0 8 J 

THE 
A I 

t-4f 4Nl~IG OF 
<ARRAY 

Tt1E FORMAL PARAMETERS lSa 
I O E N T I f I E R > I " A R R A V '' A [ 1 I ~t , 1 I t,J l J 

PAGE 2 

ENT~Y& THE RESULTS OF THE DECO~POSITION OF THE GIVEN MATRIX 
AS PROO~CED av SYMDEC2, S~CTIQN 3.1.1.1.1.3.1., OR 
SV~10ECSOL2, SECTIO~~ 3.1~1.1.1,l·,3., MUST BE GIVEN 
IN T~·iE U0 PER TRIANGLE o, As 

EXITI THE UPPER-TRIANGULAR PlRT or THE INVERSE MATRIX IS 
DELIVERED lN THE UPPER TRIANGLE OF A; 

c AR I T r"·i ~-1 ET l C EXPRESS 10 t4 > J 
T~·tE ORDER or T~E ~1AT~Ix. 

PROCEDURES USED: 

!'t!ATVEC 
TA~VEC 
DtJPVECRO~ 

a CP34011, 
• CP34012 1 
a CP310l1. 

REQUIRE, CENTR•~ l1EMORY1 

A~ ARRAY OF N REA~S 1S DECLARED. 

• 

• 

T~E ~ROCEDURE SVMINV2 CA~CULATES THE I~~ERSE Of A MATRIX, PROVIDED 
T 1· f 4 T T ~ E ..,1 A T ~ I t r·~ A S B t E N O E C O t1 P n S E D 8 V A SU C C E S SF 1 ! l C AL L. 0 F" S v MD E C 2 
OR SVMDECSOL,2J 
T H E I ''"I v E 0 S E , X • 0 F LJ ' rJ U , l'.! r1 E R E l .. l A ~JD O A R E T HE R E: S U L T S O F T ~-f E 
DEC:Oi1POSITION, 
I S · 0 8 T A l · ~ E O F R O f~ T HE .c O ~~, D I T I O t,J S T ri A T X I S S Y M ~~ E T R I C A ~ J D D lf X t S 
A L. 0 ~, E q • T R I A ~J G tJ L 4 R t . .,~ A T ~ I X W I T ~-i U ~·J I T O I A+ G O N A L. f. L E ~ E t~l T S e T r1 E U P P E R • 
TRIA~GU~AR ELEME~TS aF X AQE CALCULATEO BY SACK SUBSTITUTIOr:. 
T r1 E 1 .. t P P E R T ~ I A ~"JG L E OF T HE I t-4 V E f.< SE J.1 A T R I X I S DE L I V ER E D I ~ T HE UP F E R 
T R I A r✓ G L E ~) F T i i E G I v E "J A R ~ A V • 
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' EXAMPLE or USE:1 

THE UPPf~ TRIANGLE OF THE SYMMETRIC POSITIVE DEFINITE COEFFICIENT 
MATRIX (THE PASCAL M4TRlX OF O~OER 4l OF THE SYSTEM OF EQUATIONS 

x1 t 
Xl ♦ Z 
Xl ♦ 3 
X 1 t 4 

Xl + 
-.t X2 + 
• X2 + 
* X2 + 

Xl + X4, 2 
3 * X3 + ~ * X4 • 4 
b • X3 + 10 * X4 • 8 

10 * Xl t 20 • xa • 1b 

IS STORED IN THE TWO•OtMENSIONAL ARRAY PASCAL2 1 

THE INVERSE OF THE COEFFICIENT MATRIX ANO THE SOLUTION OF 
LI~EAR SYSTEM ARE CALCULATED BY THE ~OL~OW!~G PROGRAMJ 

THE 

"BEGIN" "COHMENT" TEST sv;•t0EC2, SYMSOL~ ANO SVMI~V2r 
"INTEGER" I, J, 
''ARRAY" PASC•L2 tt 11.t, 1 ittl, 8 Ct 1a3, AUX ti1ll t 

" P RO C E DU~ E " S Y ~DEC 2 C A , tJ , A. lJ X ) s " C O OE " 3 4 7 0 O J 
''PROCEOJRE'' SYMSOLZCA, N, Blt "COO~~ 34704J 
"PROCED~.JPE" SYMINV~CA, t•;); "COr,E" 34708; 

''FOR" Jai 1 "STEP~ 1 "UNTIL" 4 "DO" 
~BEGIN" PASCAL2tl,JJi• 1S 

• 

"FOR" Ia• 2 "STEP" 1 "UNTIL'' J "00" 

' 

P A S C AL 2 t I , J l I • " I F '' l • J '' T r~ E N ., PA SC A L 2 [ I • 1 , J l • 2 ''ELSE'' 
' 

8tJJ1• Z ** J 
PA$CALZ•tI,J•1l + PASCAL2tl•1,Jlt 

•• E ~ D '' J 

A1J)( t2l 1: ''•1 t I 
SYMOEC2(PASCAL2, 4, AUX)t 
~ I F '' A l_J X [ 3 1 c U " T ~i E N " 

0 U T P l I T ( b 1 , '' C '' " C " ;r1 A T R 1 X N OT OE F l N l T E " ) " , / " ) • ) '' E LS E 1' 
tt 8 E G I ~ l " S Y '~ SO L 2 ( P A SC A L 2 , 4 , B ) J S V ~ l "4 V 2 ( P A SC A L 2 1 '-t ) J 

o lJ T P J T c & 1 , " ( " a B , 11 c " s o L u T I o r J u s I N G S Y M o E c z •• ) '' , 
" ( " A r~ D S Y ~~ S O L 2 i " l '' , / " l '' ) ; 

''FOR'' II* 1 "STEP 1' 1 "UNTIL'' 4 "DO" 
OUTPJT(&1, "C"aB+D,50")", 9Cil)r 
O~TPJTC•l, "C"II, 48, 

'' ( " I f-~ V E R 5 E t~1 A T R I X U $ I ~~ G S Y r·1 l t· f V Z 1 " ) '' , / , ~ R •• ) tt ) 1 
'' F J R '' I & ~ 1 '' S T E P " 1 •• UN T l L, '' Li " D n " 
''8EGIN" •FOR'' Jt= 1 ''STEP~ 1 "U~TIL'i 4 "00'' 

••1F~ Jc I "THEN'' OUTPUT(b1, "C"l28"J"l ''ELSE" 
1JlJTPUT(bl, "C''+ZD,5036'')'', PASCA~2[I,Jl)J 
OUT 0 UT(61, '~(''/, "B"J") 

tt E .,ID '' 
., L ~ J @1 

t• E "'4:, ,, 
' 

• 

' 
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• 

SECTION t J,t.1,1,1.3.4 (JANLJARV 1Cl7c) 
' 

THIS PROGR•~1 DE~IVERSI 

SO~UTION USING SVMDEC2 ANO SYMSOL21 
+0.00000 +u.00000 •4.ooooo +2.00000 

INVERSE MATRIX USING SVMINV21 
+~.00000 •b,00000 t~.00000 

+1a.ooooo -11.00000 
' +10,00000 

-

SU8SECTIONI SYMINV1 0 

CALLING SEQUENCE~ 

TH! HEAOING OF THE PROCEDURE ISi 

.,. 1 , 0 0 0 0 0 
+J,00000 
-:s.00000 
+1.00000 

'' P q O C E D U RE '' S Y ~ I N \/ 1 C A , r-J l J " V A L. tJ E " ~.J J '' I t.J T F GE R " ~4 I '' A RR A V '' A r 
''CODE" 34709J 

T H E ~1 e: A ~ I ;~ G OF T H E F O R M A L P A. R A M E T E R S l S I 
Al <ARRAY IDE~TlFieR>J "ARRAY" A Cl I CN + 1) *NII Zl; 

PAGE 4 

• 

ENTRY: THE RESULTS OF THE DECOMPOSITION OF THE GtVEN MATRIX 
AS P~OOUCED BY SY~~EC1, SECTION 3.1.1.1.1.l.1., OR 
SYMDECSOL1, SECTION 3.1.1,1.1,3.3 11 MUST BE GIVEN 
IN 4RRAV AJ . 

EXIT: THE UPPER•TRIANGULAR PART OF THE INVERSE MATRIX lS 
DELIVERED COLUHNWISE tN ARRAY AJ 

N: <ARITriMETIC E)(F'RESSlO~J»J 
TtfE ORDER OF T4E MATRIX, 

PROCE:OJRES JSEDJ 

SE~VEC = CPl401&, 
sy~~4TVEC s CP34018. 

R E Q U 1 R E D C E \I T R 4 L. r•1 E • 1 o R V ; 

A~ ARR•Y OF r~ qEALS JS OECLA~ED • 

• 
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' 

METHOD ANO PERFOR~1Ar,ce: g 

T~fE PROCEDURE SY~lNVI CALCULATES THE INVERSE OF A MATRIX, PROVIDED 
T~iAT T~t MATRIX HAS BE!N DECOMPOSED BY A SUCCESSFUL CALL OF SVMDECl 
OR SYMOECSOl.1J 
THE UPPER TRIANGLE OF THE INVERSE ~ATRIX IS DELIVERED COLUMNWISE 
I N THE O ~ E • D I MENS l ON AL A RR A V • ·, 
SEE ALSO METHOD ANO PERFORMANCE OF SYMINVZ (THIS SECTION). 

' EXAMPL!: OF USE1 

T~iE UPPER TRIA~GLE OF THE SYM~ETRIC POSITIVE DEFINITE COEFFIClENT 
MATRIX (THE PASCAL MATAlX or ORDER 4) OF THE SYSTEM Or EQUATIONS 

X1 + X2 t 
X1 + Z * X2 + 
Xl t 3 * X2 + 
X1 t 4 * X2 ♦ 

X3 t X4 a Z 
3 • X3 + 4 * X4 • Q 
b • X3 + 10 * XQ • 8 

10 * X3 ♦ 20 *XU• 16 

IS STOR~D IN THE ONE•DtMENSIONAL ARRAY PASCALi. 
THt l~VERSE OF T~E COEFFIClE~T MATRIX AND THE SOLUTlON OF THE 
LI~EAR SVSTEM 4RE CALCULATED BY THE FOLLOWING PROGRA~I 

• 

''8EGI~~" ''CO~~ENT" TEST SYMDEC1, sv~s01.1 ANO SYMtNV11 
"l~TEGER" I, J, JJJ 
''AQRAY" PASCAL1 t1 I (U ♦ 1l *' 4 II Zl, 8t1141, AUX tZ13l J 

tt P ~ 0 C E O U RE " S Y M tl E C 1 C A , t·l , A U X l J '' C O OE " 3 4 7 O 1 J 
"PqOCEDURE" SV~SOLlCA, t~, B)t "CODE" 347051 
"PROCEDU~E" SYMINV1CA, N)I "CODE'' 3470,J 

JJaw 11 
., F o R " J , , 1 " s T E P " 1 '' tJ r· J r l L " 4 " o o '' 
"9EGIN" l'ASCAL1 tJJl 11; 1; 

flf0R" Is= 2 "STEP" 1 "UNTIL" J ''DO" 
P ,,_ S C A L t t J J ; I • 1 l ; • •• I F '' I II J "- T H E N " 
PASCAL1 tJJ t I • 21 • 2 "EL.SE" 
PA\SCAL1 tJJ + I • 2J + PASCAL1 tJJ t I • Jl; 
BtJlll 2 ** JJ 

' 

JJt• JJ + J 
"END'' I 

• 



' . 

2-nd REVISION, 1977 

(JANUARY 197b) 

• 

AUX t2 l 11 "• 11 J 
SYMOEC1(PASCAL1, 4, AUX)t 
" I F '' A tJ X t 3 l c 4 11 TM EN " 

' 

OUTPUT(&l, "C""(fl~ATRIX NOT DEPINITE"l", /'')"l "ELSE" 
"BEGIN" SVMS0Lt(PA8CAL1, 4, 8)1 SY~INV1CPASCAL1, 4)J 

OUTPUT (61, "(''48, 
" ( "SOL UT IO ~J, U ! ? NG $ Y MOE C 1 A ~4 O IV ~1 SOL 1 1 " ) te , I" ) " ) , 

"FOR" lll 1 ~STEP" 1 "UNTl~" a "DO~ 
OUTPUT(61, wC"4B+0,5D"l", 8[Il)t 
OUTPUT(61, "("21, 48, 

tt ( " l N V E R S E r.1 A TR l X U $ I r-~ G S Y ~~ I N V 1 I '' ) '' , / , t~ B tt ) " ) J 
"FOR" 11= 1 "STEP" l "UNTl~" 4 ~co" 
"6EGINn "FOR" J~• 1 "STEP" 1 "U~TI~'' 4 "D~'' 

"IF" Jc I "THEtJ~ OUTPUT(61, "("128")'') "ELSE" 

MC 

OUTPUT(b1, "C"+ZD.5038'')'', PASCAL,1 tCJ • 11 * J // 2+Il) J 
OUTPUT(&l, "(''/, 46")") 

'' E r·-t D 1' 
''ENO" 

•• E ~ D" 

TrlIS PROGRAM DELIVERS1 

T 0~1 ING sv ,o C ND . MSOL S O ~ U I . · ~ U 8 f « E 1 A , . S Y . . . 1 I 
♦ 0.00000 +4.00000 •4.00QOO +2.00000 

INVERSE ~ATRIX USING SVMINV11 
+4.ooooo •6,00000 +a.00000 

+14,00000 -11.00000 
+10.oooc,o 

-1.00000 
+3.00000 
•3.00000 
+1,00000 

• 
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. 
• 

SECTION I 3,1.1.t.1 0 3,4 

SUBSECTIONI SY~0ECI~V2, 

• 

CALLING SEQJENCEI 

THE HE•OING Ot THE PROCEDURE lSI 
,, P ~ 0 C ~ 0 URE: " SY ~-1 DEC t r .! V 2 ( A , ~ J , AUX ) J tf ·VAL. U E tt ~j J " I ~4 TE GE R " "' ; 
''A~RAV" A, AUXJ 
"CODE" 347101 

T ~-i E 1.1 E A ~~ t N G O tr T ~i E F O R M A L P A R A M E T E R S ! S & 
A I c A R R A Y l 0 t N T I F ! E R > J " A RR A V " A t 1 i . ~J , 1 ; N J J 

ENTRY1 THE UPPER TRIANGLE OF THt SYMMETRIC MATRIX 

MC 

PAGE 7 

~1UST BE GIVEN lN TtiE UPPER TRlANGLE OF A (THE 
ELEMENTS AtI,Jl, I ca J)J 

• 

EXIT& THE UPPER•TRIANGULA~ ~ART OF THE INVERSE MATRIX IS 
DELIVERED IN THE UPPER TRIANGLE OF A1 

~JI cARITH~ETIC EXPRESSION,, 
THE ORDER or THE MATRIX; 

AUX& cARRAV IOE~T?FIER>s "ARRAY" AUXCZ I 311 
4UXt2ll E~TRV1 A RELATIVE TOL!RANCE USED TO CO~JTROL THE 

CALCULATIOf\J OF TtiE OIAGD'iAL ELEME~~TS OF THe: 
·• 

0 E C O ~AP O S I T I O f J ( A U X t 2 J :,, T H E ~AC H I ~, E P RE C I S I O ~J A N 0 
AUXtZl > RELATIVE PRECISION OF THE MATRIX ELEMENTS, 
SEE i·l ET ti OD At-JO PER FOR t-·1 A \JC E) t 

~ux tll , 
EXIT I 
NOR~AL EXIT; ABSCAUXt3lJ ~ Nr 

AUX C3l .; ti, IF THE t~A.T~?X IS (POSITIVE OR NEGATIVE) 
Of FI t41 TE J 
AUXC3l = • N, IF TH~ l~VERSION IS CARRIED OUT, Bl.JT 
T ~i E M A TR I X APPEARS TO 8 E NON• 0 E F I N t TE ( SEE t1 ETH O O A N (l 
~'E~fORMANCE) s 

F A I I. Lt R E E X I T I O < • A U X t 3 J < ~J J 
IF THE INV!RSIO~! CA~'NOT BE CARRIED OUT BECAUSE SOME 
OlAGONAL ELEMENTS OF THE DECOMPOSITION ARE TOO SMALL, 
AUXtJJ • K•l, WHERE K IS T~E L~ST STAGE NU~BER OF THE 
D E C O M P O S I T I O 1\J C S E E r ·1 E T t~ 0 D A •·J D ., t R F O R M A N C E ) , 

? R O C f D LJ R [ S J S E. 0 ; 

sv~DEC2 = CPl47oo, 
sv~1,rv2 a_CP34708, 

CilCiEO r !;;) • t 
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' 

T~iE PROCEDURE SYMOECI,~V2 CALCULATES THE INV~RSE or A SYMMETRIC 
DEFINITE ~ATRIX BY CALLING SY~OECi AND, IF THIS CAL~ WAS 
SUCCESSFUL, SYMINV2. 

• 

THE UPPE~ TRIANGLE OF THE IflVERSE ~4ATRIX lS DELIVERED IN THE UPPER 
TRIANGLE OF THE GIVEN ARRAY. . 
S E E A L S O ME T ~i O O A ~~ 0 PE R F~ 0 RM A NC E Or~ S V ; 1 I ~J V Z C T t·i l S SE C T l O ~ ) A f'J D 

► 

SV~DF.C2, SECT!O~J 3.1.1.1.1.3.1. 

' 

EXAMPLE OF JS.Ea 

THE UPP~R TRIANGLE OF THE SYMt1ETRIC POSITIVE DEFINITE COEFFICIENT 
MATRIX (TfiE PASCAL MATRI~ nr ORDER 4) or THE SYSTEi~ OF EQUATIONS 

X 1 + X2 + 
Xl t, * Xl + 
Xl t 3 * Xl + 
)(1 ♦ 4 • X2 + 

X:3 + 
3 * X3 + 

' 

b • X3 + 
10 * X3 ♦ 

X/J. a 2 
I+• X4 • 4 

10 * X4 • S 
20 •XU• lb 

IS STORED I~J THE TWO•DI~ENSIONA~ ARRAY PASCAL2 1 
THE DETER~1I~A~JT A~~D THE INVERSE OF T~1E COErFICIENT ~ATRIX AND THE 
SO~JTION OF THE LINEAR SYST~M A~E CA~CU~~TED SY THE FOLLOWING 
PROGRA~I . 

'' B E G I :·~ '' '' C O ~1 M E r~ T '' T E S T S Y f ·1 DEC S O L. 2 1 S Y M O E T E R ~ 2 A ~l O S Y M D E C I i·J V 2 , 
'' l N TE GE R " I , J , 
'' A R R A Y '' P A S C A L 2 t 1 I 4 , 1 I 4 J , 8 t 1 I 4 l , ~ ~J X t e? I l l J 
''REAL~ DETERMINA~Ts 

"P~OCEDURE~ SYMDECSOL2(A, N1 AUX, B)t "CODE" 3Q706J 
" R E A L •• '' P R O C ED URE " 5 V f ! D E T E R '-12 C A , N ) : •1 C ODE " 3 4 7 O 2 J 
"PqOCEDURE~ SVP◄ OECINVZCA, N, AUX)J ~coDE" 3q110, 

" P q O C E O J ~ E " F I L LP A S C A L C t ! ) ; '' V A L ~IE '' ~J r " I ~J T E GE R •• N J 
''BEGI'"J" "I~JTEGE~" I, JJ 

" F' o R •• J I n 1 •• S T E f-' •• 1 " L1 ~ .. T I L. '' r,., •• D o " 
"9~GliJ'' PASCAL2 t 1, Jl I• 1; 

'' F' O r.? 11 I i = 2 t, S T E P " 1 '' U ~J T I ~ '' J ,. D O ,. 
f' A S C A L 2 C I , \..T l I s " I F tt I • J ,. T H e· ~l '' P A S C A L. 2 t I • 1 , J J * 2 

WE~Sr~ PASCALat!,J•1J + PASCAL2tI•1,JJ1 
S [ J l I = 2 • * ,1 

'' e: '~ D ,, 
•• E t ~ 0 ~ F I L. L P A SC A L 1 

' 

• 
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MC 

. 

SECTION I 3 1 1.1,1,t.3.U (JANUARY 191b) PAGE 9 

AUt t?J I; ''•11; f"'ILLPASCAL (~) I 
5Y~OECSOL2CPASCAL2, a, AUX, O)t 
'' l F '' A U X [ 3 l c U. " T ~i E N '' 

• 

OUTPJT(bl, ''C"h("~ATRlX NOT POSITIVE 0ErI~ITE'')'', /")") ''ELSE'' 
f'BEGI~4" OETER~INANT:• sv~DETERMZ(PASCALZ, 4lJ 

OlJTPUT(&l, "C"4B")")J 
0 1 J T ? 'J T ( b 1 , tf ( " fY ( ,, S O L l.J T I o ~~ \J S l ~J G S V M D E C S O L 2 I " ) " , / " ) " ) , 
" ~ 0 ~ " l I ; 1 '' S T E P '' 1 '' lJ ~ T l L '' ~ '' D o '' 
OlJTP\JT(&1, ''("GB+D,SD 1')", B[ll)s 
o i. ., r " u r c & 1 , " , " 1 , , 4 e , " c " o E r E ~ ~~ I N A ti r t ., s I r-J G s v ~1 o E r E R M 2 1 ,, l ,, , 

+D 1 50, 21, 48")", OETER~I\IANT)J 

FIL.LPASCi.LCLJlt 
SY'1DECI"JV2 (PASCAL.2, q, A!fXJ J 

OUT?JT(bl, "(""(''INVERSE MATRIX USlNG SYMDECINV21")", /, 
48")">, 

"FOR'' ll# 1 "STEP" 1 "LiNTI~•• 4 "DO~ 
ngEGI~Jtt ••FQ~H J1s 1 "STEP" 1 ''UNTTL" a "DON 

'' I F " J c t " T ~1 E ~J '' 0 U T P U T ( 6 1 , " ( " 1 2 B " ) '' ) '' E L S E " 
OUTPUT(bl, "C"+ZD,5D3B''l", PASCAL2tl,JJ)J 
□ ~ .. ~1 T = :, J T ( b 1 , " ( '' / , LI B " ) •- ) 

,. Et JD '' 
,tE~D" 

''EN:>tt • 

TMIS pqOGR4'1 tELIVERSa 

S n L. J i I O .~ U S I \J G $ Y r~ D EC S !1 L 2 3 
+0.00000 •4.ooooo .q.onooo +2.00000 

D E T E P r 1 I :-.A A .'~ T U S I N G S Y ~i O E T E R t 1 Z I + 1 • 0 0 0 0 0 

IJtVEASE '1ATRIX USI~G SY~DECINV21 
+Q.noooo •&,00000 +a.00000 

+lq,00000 •11.00000 
+10.ooc,oo 

• 

-1.00000 
+:s.00000 
•3.ooooo 
+1.t)COOO 
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• 

CALLljtG StJUE,,JCEI 

TtiE ~~EAOI:-JG OF THE PROCED!lRL IS& 
" P R O C E O J R E; '' S Y .,., D E C I tJ V 1 C A , t J , A U X ) ; '' V. A L U E '' ',~ , " I ~.J T E G E R '' N J 
If C O D E '' 3 '+ 1 t 1 J 

T~iE t¥1E4~~ING OF THE f0R~4AL PARAMETEPS lS1 
Al <ARRAY lDENTtFI!R>J "ARRAY" At1 I C~+1) * N // 2J; 

E ~~TRY I THE ~JP PER• TR I A~~ GU L. AR PART Or THE SY ~1 ~1 ET RIC MAT R I X 
~UST BE GIVEt~ COLU~~WISE IN ARRAY A 
(THE CI,Jl•Tt·i ELEMENT OF THE ~1ATRIX MUST BE GIVEN IN 
At(J • 1) * J II 2 + IJ rDR 1 <WI c• J <• N)J 

EXIT: THE UPPER•TRIANGU~AR PART OF TH! INVERSE MATRIX IS 
DEL. I VE RE O C O L U t·1 !\I ~ I SE I t\J A ~RA Y A J 

Na <ARITHMETIC EXPRESSlON>J 
Tr1E ORDER OF TYE MATRIXJ 

AJX: <ARRAY IDENTIFIER>t "ARRAY'' AJXtZ I ·3J t 
AUX[2l: E~TRYa A RELATIVE rnLERJNC~ USED TO CONf~OL THE 

C A I. C UL A T I Of J OF T t ~ e: D 1 A G O ~·J A L. EL E ~i ENT S OF' T H C 
DE C o r-1 P a s I T I or! c A IJ x t 2 l ► t HE l.14 c H I NE PRE c I s I o tJ A r\J o 
AUXt2l ~ RELATIVE PRECISION OF THE MATRIX ELEMtNTS, 
S E' E r·1 E T ~ 0 0 • r ! D P E ~ r OR ~4 A l\t C E ) J 

AUX t3J I 
EXIT I . 
¾J OR ~-1 A L E X I T I A 9 S C A U X t 31 ) ; ~1 J 

AUXC3J ; N, IF THE MATRlX IS (POSITIVE OR NEGATIVE) 
DEFINITEt 
AUX[3l ~ • N, IF THE I~V!RSinN IS CARRIED OUT, BUT 
THE MATRIX APPEARS TO BE ~o~~-OEFIN!TE CSEE METHOD A~Jo 
PERFQR~1ANC£) J 

FA I L. l JR e: E X I T : 0 < • 4 U X 'l l c t4 t 
tF· Tt~E I~VERSION CA~INOT 9E CARRIED OUT BECAUSE SOME. 
DIAOO~J4L E"L.EME~JTS OF THE OECOMPOSITION ARE TOO SMALL, 
AUX [ 3 J = K • 1 , t;! rl ERE K IS T 1-i E L 4 ST ST AG t ~J lJ ~ 8 ER OF THE 
0 ECO "1 f' [JS IT I Dt✓ C SEE ~·•ET ti OD A ~JO ? E: RF OR t,1 AN CE) , 

PROCEDURFS JSEO;. 
' 

SY~OECt ~ CP34701, 
SYM1NV1: CP3410Q, 
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MC 

• 

SECTIO~: 3.1.1.1.1.1,a PAGf: 11 

THE PROCEDURE SYMOECINVt CALCULATES THE INVERSE nr A SV~METRIC 
DEFI~JITE ~ATRIX BY CALLlt~G SYMDEC1 AND, IF THIS CALL WAS 
S lJ C C f S S F tJ L , S V t,; l ~,J V 1 • 
TriE UP 0 ER TRIA~ 1GLE or THE ltJVE:RSE ~"AT~IX IS OELIVEREO COLUMNWISE IN 
T ti E G I V E \,J O •, ! E • D I "~ E 1'J S I O "·J A L A R R A v , 
SEE ALSO ~1ETHO' A~D PERFORMANC! OF SYMINV2, (THIS SECTION) A~D 

' SYMDtC2, S!CTION 3.1.1.·1.1.3.1. 

EXAMPLE OF wse:1 

T H E u P P E r:? T R I A \j G L E OF T HE S Y r-,1 t·1 E T R I C PO S 1 T 1 V E DEF I ~J I TE C OE FF I C I E N T 
MATRIX (THE PASCAL ~•AT~IX or ORDER 4) Of THE SYSTEM OF EQUATIONS 

X 1 t 
x1 + 2 
Xl ♦ 3 
Xl t 4 

X2 t 
*Xe ♦ 
• X2 + 
• X2 + 

X3 ♦ 

3 * X3 + 
b t X3 ♦ 

10 • X3 + 

~ 
10 
20 

X4 
• X4 
.. X4 
'le X/J 

• 
" 
• 
• 

2 
4 
8 

lb 

I S S T O R e: D l ~ ~ T ~, E O r-..J E • D I ~ E ~-I S I O t-4 A L A R R 4 Y P A S C A L. 1 • 
TrlE DETE~r1INAt~T A~J~ THE INVERSE OF T~iE t:OEFFIClE~~T MATRIX At-JO TtiE 
S O L U l' l O ,\J OF T 11 E L. I t.J E A R S V S TE M A Re; C A l. C UL A TE O 8 V T HE F O L L O W I ~: G 
P~OGRA ,1 I 

'' e E G t ~-J ., " c o ... 1 t"1 E ~·~ T '' Te: s T s v MD E c s O ·L 1 , s v ~, o E T E ~ ~ 1 A ND s v Mo E c I N v 1 1 
•• I "~ T E G E R '' I , J , J J I . 
''AqR~Y•• PASCALJ. tt: C'-' t 1 l t 4 // Zl, 8 [1141, AUX [213l I 
'J R E A L 91 DE T e: R ,,1 I ~ A f,.J T s 

t•PROCEDURE~ SYMDECSULlCA, N, ALIX, 3)1 "CODE'' 347071 
'' f~ E A L. " ,, r:, R n C E D l_l R E " S V r· 1 D C T E R ~·1 1 ( A , i'·t ) I " C O O E tt 3 4 7 O l ; 
'' F1 ~ 0 CC D JR E " S 'V' t• DEC I ~-l v' 1 ( A , N, A lJ X l ; " COO E " 3 4 7 11 I 

'' P ~ 0 C E O iJ '< E •• F I L. L r, A S C A L ( t .J ) I •• V A L U E " ~i J '' I N T E G E R " N J 
''BEGI~~,••+I~TEGEQ'' I, J, JJ1 JJI• 1J 

'' F O R ,. J : = 1 •• S T E P '' 1 '' U tJ T I I. " ~tJ " D O " 
•• ~ E G I ~ ., '' P A S C A l 1 [ J J l c c 1 I 

'' ~ 0 r.:i '' I I :; ? '' S T E P' t1 1 " U r,,J T I l. '' J " D O '' 
~AS CAL. l [ J J + I • t l I ~ '' IF '' I • J t1 THE ~J '' 
PASCAL 1 tJJ + I • 2l * 2 ''E'L.5E" 
r!.')ASCALl {JJ 4r I -. Zl + PASCAL.1 tJJ + I • JJ J 
~ t \.t 1 : : 2 •· * J J 
J ... T g =: .. 1 J t J 

•• E. J ~ ,, 
'' E. ··JD •• P I l,i, L ? A S C A L : 



• 
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AUXC2J11 "•111 FtLLPASCALC4)1 
SY~DECSOL1CPASCA~1, a, AUX, B)1 
'' IF" AtJX t3l < 4 "T~E:t✓" 

MC 

• 

OUTPUT(bl, "(""("MATRIX NOT POSITIVE DEFt~lTE")'', l")P) "ELSE" 
" a E c.; I r~J " D E T ER ;,.1 I : J A N T I : S Y MD E TE R M 1 ( P A SC A L t , 4 ) s 

OUTPUT(b1, ''("4B"l")J 
OUTPUTC&l, ''C""(ttSOLUTIOt4 USI~G SVMD[CSOLll")", /fl)•>, 
"FOR" II• 1 "STEP'' 1 "UNTIL" 4 "00" 
OLJTPUT(bl, "C"4B+D.S0''l", B[Ill1 
OUTPUT(b1, "C"II, 48, "("DETERMINANT USING SY~OETERM11 ")", 

tD.SD, ll, 4B~)n, OETERMINANT)p 

FILLPASCAL(qJ, 
SY~DECI~Vl(PASCALl, 4, AUX)r 

0UTPUT(&l, "(""(''INVERSE MATRIX USING SVMDECINV1&")", /, 
£iB")'')J • 

"'OR" I&• 1 «STEP" 1 "UNTIL" 4 "DO" 
'' a E G I N " " F O ~ •• J I , 1 " S T E P '' 1 " U N T I L, " u " 0 O 1' 

'' I F" " J c I '' T t-t ~ ~-1 '' 0 U T P U T ( & 1 , '' ( '' 1 2 8 " ) " ) " E L. S E " . 
0 LJ T P U T ( 6 1 , " C " t Z D , 5 0 3 A '' ) '' , P A SC A L 1 t ( J • 1 ) * J I I 2 ♦ I l ) , 
OUTPUT(61, "<"I, 48")") 

"E 'l D ,. 
tfE\IOH 

''E\JD" 

THIS PROGRA~ DELIVERS1 

SOLUTION USING SVMDECSOL11 
+0.00000 +u.00000 .q.00000 

• 

+z.00000 

D E. f E R ~ .. 1 I N A :-~ T lJ S I t J G S Y M D E T E R l1 1 I + 1 • 0 0 0 0 O 

l~IVfQSE MATRIX USING SVMDECJNVtl 
+q.00000 •b,00000 +A.00000 

+14,00000 •11.00000 
+10.00000 

-1.00000 
+3.00000 
-1.00000 
+1,00000 
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MC 

S O tJ J:i C E T E X T ( S ) 

"CODE" 3470Bt 
''PROCEDURE" SY~INV2(A, N)J ''VALUE" NJ "INTEGER" i1, "ARRAY" At 
"6 E G 1 i~" "INTEGER" I , J, I 1 J 

• 

" A ~ ~ A V " LJ t 1 I N J J 
"PROCEDURE" DUPVECROWCL, U, I, A, B)J "CODE" 31031; 
" R E ~ L " " P RC C E D 1J RE '' M A T VE C C L , U , I , 4 , B ) s " C O C' E '' 3 4 0 1 1 t 
"R!AL" ''PROCEDURE" TAMVEC(L, U, I, A, BJJ "CODE" 340121 

I 111 r~ t 1 J " 

" F O R " I I • r-.J " S T E P •• • 1 " U l·-J T l L tt 1 '' 0 0 " 
"BE~tN 9 DUPVECROW(I1, N, I, U, A)J 

"FOR" J1, N "STEP••• 1 "UNTILH It "00" AtI,Jla• 
• (TAMVEC(I1, J • 1, J, A, U) + MATVECCJ, N, J, A, 
Atl,Il 1• 1 / A tI,ll • MATVECC11, N, I, A., U)J lltP 

"ENO" 
"ENO" SYMI"l\/2J 

"E0P" 

"CODE" 34709s 

U)Jt 
1 

"PROCEDURE 1 SYMINV1,A, N)J "VALUE''.~t, "INTEGER" NJ "ARRAY~ A1 
"BEGIN 9' "INTEGER" I, II, 11, J, IJJ 

"ARRAY" U [1 I r~l a 
••REAL" "PROCEDURE" SEQVECCL, U, I1, SHIFT, A, B>r "CODE" 340161 
"REAL" ••PROCED'J~E" SYHMATVECCL., U, I, A, Bls ''CODE'' 340181 

I I I• ( rJ ♦ 1 ) * fJ I I 2 1 l 1 i • N ♦ 1 J 
~FOR~ Ia• N "STEP"• 1 ''UNTIL" 1 ''DO" 
"B!GIN" IJ:1 II+ Ir 

"FOR~ J1• Il "STEP~ 1 "U~lTIL'' ~ ''DO" 
"9EGitJ~ UtJJ1c AtIJJ, IJ#I IJ + J ''END"r 
" f. 0 R " J ; • t·J " S T E P " • 1 " tJ t ~ T l L •• I t '' 0 O " 
" 8 E G I ~·J " r J I r; I J • J : A t l J l I ,; • S Y MM A T V E C C I 1 , ~J , J I A , U ) 
"E"JD"; 
AtJil:• 1 I ACIIJ • SEQVECCI1, N, Il + l, O, A, U)t 
III= It• I; 111• I 

,, e \ID'' 
•• E "J O '' S Y ~ I N V 1 ; 

"E OP'' 
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• 

S~CTION I 3 1 1.1.1.1.3.Q 

''CODE~ 34710J 
'' P R O C E D U ~ E '' 5 Y ' 1 0 f C I ~! V 2 C A , t•J , A U X ) J ,. V A I. U E " ~ 1 " I "J T E G E R " ~J ; 
" A R R 4 Y •• A , A tJ X J 
'' 8 E GIN'' 

'' P R O C E O U RE " S Y ti D E C 2 ( A I t J , A lJ X ) J ~, C O OE '' 3 ~ 7 0 O J 
" P ~ 0 C E D W RE " S V ~., I N V 2 ( A , t J ) ; " C ODE '' 3 4 7 0 8 J 

sv~DECZCA, N, AUX)J . 
'' I F " A a S ( A U X t 3 l l • ~~ " T t -i E t J •• S V t.1 I N V 2 ( A , 'J ) 

''E~O" SY~OECINV2J 
"EOP" 

••cooE'' 3tJ711J 
,. PRO CEO~ q E" SY~ DEC It~ V 1 CA , j•J, A LI X) ; '9 VAL. U E ft ,,J J " I f'•l TE GE: R ,, "·' ; 
''ARRAY" A, AU)(r 
''6EGir·•J" 

" P R O C E D JR E " S Y MD E C 1 ( A , r ~ , A. U X ) J '' C ODE '' 3 4 7 0 1 J 
'' P R O C E O U R E " S Y ~,1 l f\J V 1 ( A , 1 ~ l : " C O D E '' 3 4 7 0 q I 

SY~OECt(A, N, AUX)J 
"IF~ ABSCAUXt3l) • N ~THEN" 

PEND" sv~0Ectr~v1, 
"EOP'' 

• 

• 

MC 

• 



MC 

SECTION 3.1 1 1.2,1.1 
•• PA c;E 1 

AUTHOR 

CONTRIBUTOR: 

INSTITUTE MATHEMATICAL CENTRE, 

RECEIVED 

BRIEF DESCRIPTION 

THIS SECTION CO~TAINS TWO PROCEDURES I 
A) LSQORTDEC, FOR THE HOUSEHOLDER TRI~NGULARIZATION WITH COL.LIMN 
INTERCHANGES OF THE COEFFICIENT MATRIX OF A LINEAR LEAST SQUARES 
PROBLEM; 
B) LSQDGLINV, FOR THE CALCULATION OF THE DIAGONAL ELEMENTS OF THE 
INVERSE OF MtM, WHERE MIS THE COEFFJCIENT MATRIX OP A LINEAR 
LEAST SQUAR~S PROBLEM, 

KEY ~OROS • 
• 

~lNEAR LEAST SQUARES PROBLEM, 
HOUSEHO~DER TRIANGULARIZATION, 

• 

SUBSECTION I LSQORTDf.C 1 • • 

C~LLING SEQUENCE: 

THE HEADING OF THE PROCEDURE IS I 

'
1 P R O C E O UR t. " L S Q OR TD E C C A , N , M , A. U X , A I O , C I ) J '' V A.L U E •• N , M J 
" I N T E GE R " N , M J " I N T E G E R '' '' A R RA Y " C I J '' Ai RR A V " A , A U X , A I D r 

THE MfANING OF THE FORMAL PARAMETERS IS I 

A I <ARRAY IOENTIFIER>J 
'' A R R A V II A C 1 s N , 1 1 M l J 
ENTRY 1THE COEFFICIE~T MATRIX OF THE 
LINEAR LEAST SQUARES PR08LEMs 
EXIT : IN THE UPPER TRIANGLE OF A (THE ELEMtNTS 
AtI,JJ WITH I< J) THE SUPEROIAGONAL 
ELEMENTS OF THE UPPER•TRIANGULAR MATRIX, PROOlJCED BY 
THE HOUSEHOLDER TRANSFORHATIONJ IN THE OTHER PART OF 
THE CO~UMNS OF A THE SIGNIFICANT ELEMENTS OF THE 
GENERATING VECTORS OF THE HOUSEHOLDER MATRICES US~D 

• 

fOR THE HOUSEHOLDER TRlANGJLARIZATION; 



N 

M 

AUX 

AID : 

CI : 

(MAY 1974) 

<ARITHMETIC EXPRESSION>7 
NUMBER OF ROWS OP THE MATRIXJ 
<ARITHMETIC EXPRESSION>J 
NUMBER OF COLUMNS OF THE MATRIX (N >= M)J 
<ARRAY IDENTIFIER>, 
'' A R R A Y t• A U X [ 2 I S J J 

MC 

ENTRY ; AUX[2l CONTAINS A RELATIVE TOL~ERANCE USED FOR 
CALCULATING THE DIAGONAL ELEMENTS OF THE 
UPPER-TRIANGULAR MATRIXJ 
EXIT I 
AUX[3J DELIVERS THE NUMBER OF THE DIAGONAL ELfMENTS OF 
THE UPPER~TRIANGULAR MATRIX WHICH A~E FOLINO NOT 
NEGLIGIBLEJ 
NORMAL EXIT AUX[3] • MJ 
AUX CS] 1= THE MAXIMUM OF THE EUCLIDEAN ~ORMS OF Tt➔ E 
COLUMNS OF THE GIVEN MATRIX, . 
<ARRAY IDENTIFIER>J 
" A R R A Y •• A I D t 1 I M l J 
NORMAL EXIT (AUX[Jl • "' I AID CONTAI~S THE DIAGONAL 
ELEMENTS o, THE UPPER•TRIA~GULAR MATRIX PROOtJCfD BY THE 
HOUSEHOLDER TRIANGULARIZATlONJ 
<ARRAY IOENTIFIER>J 
"INTEGER""ARRAY" CI tl ; Ml J 
~xrr I CI CONTAINS THE PIVOTAL INDICES OF THE 
INTERCHANGES OF THE COLUMNS OF THE GIVEN ~AlRIX, 

PROCEDURES USED·: 

TA~MAT = CP3~01U, 
ELMCOL: CP34023, 
ICHCOL: CP34031, 

REQUIRED CE~TRAL ME~ORY I 

• 

E X E C U T 1 0 N F I E L D L E N G T H I A N A R R A Y OF M E L E P-1 E ~~ l S . l S D f.: C L A f~ E D , 

RUNNING TIME: 

(Cl * M + C2) * M * (N w M / 3)J 
THE CONSTANTS Ct AND C2 OEPEND ON THE 
ARITHMETIC OF T~E CO~PUTER, 

LANGUAGE ALGOL 60. 
' 



MC 

(MAY 1974) PAGE 3 

METHOD AND PERFORMA~CE l 

THE PROC~DURE LSQORTOEC !SA MODIFICATION OF THE PROCEDURE LSQDEC 
OUE TO T,JN DEKKER (SEE REF (lll, ~HERE A DERI~ATION IS GIVEN 
OF A SET OF P~OCEDURES AY 
P, BUSINGER AND G~H, GO~UB (SEE REF [21), THE MfTHOD IS 
HOUSEHOLDER TRIANGULARIZAflON wITH COLJM~ INTERCHANGES, 
Lf-T M DENOTE THE GIVEN MATRIX, LSQORTOEC PRODUCES AN N~TH ORDER 
ORTHOGONAL MATRIX Q AND ANN• M UPPER~TRIANGULAR MATRIX R SUCH 
THAT R EQ~ALS QM WITH PERMUTED COLUMNS, Q IS TH~ PRODLJCT OF 
AT MOST M rlOUSEHOLOER ~ATRICES WHICH ARE REPRESENTED BY THEIR 
GENERATING VECTORS, MIS REDUCED TOR IN AT MOST M STAGES I AT 
THE K•TH STAGE THE K•TH COLUMN OF THE (ALREADY MODIFIED) MATRIX IS 
INTERCHANGED wITH THE COlU~N OF MAXIMU~ EUCLIDEAN NORM (THE 
PIVOTA~ COLUMNJJ THEN THE MATRIX IS MU~TlPLIEO WITH A HOUSEHOLDER 
MATRIX SUCH, THAT T~E SUBDIAGONAL ELEMENTS OF THE K~TH COLUMN 
BECOME ZERO, WHILE THE FIRST K ~ 1 COLUMNS REMAIN UNCHANGlD, 
THE PROCESS TERMINATES PREMATURELY, IF AT SOME STAGE THE 
EUCLIDEA~ NORM OF THE PIVOTAL COLU~N IS LESS THAN SOME TOLERANCE, 
VIZ, A GIVEN TOLERANCE (AUX[2l) TIMES THE MAXIMUM OF THE 
EUCLIDEA~ NORMS OF. THE COLU~NS OF THE GIVEN MATRIX, 
LSQORTDEC DELIVERS THE SIGNIFICANT ELEMENTS OF THE GENERATING 
~ECTOR OF THE K~TH HOUSEHO~DER MATRIX (T~E FIRST K • 1 
ELEMENTS OF THIS VECTOR BEING ZERO) IN THE LD~ER TRIANGLE PART OF 
THE K•TH COLU~N OF THE ARRAY A (A[l,Kl FOR I>= K), 
OF THE RESULTING UPPER•TRIANGULAR MATRIX THE 
DIAGO~AL ELEMENTS ARE DELIVERED SEPARATELY IN AN ARRAY A10, AND THE 
REMAI~lNG ELE~ENTS IN THE SUPER•TRIANGULAR PART op· THE ARRAY A, 
FOR THE SOLUTION OF LEAST SQ.UARES PROB~EMS, ONLY CALLS ~ITH 

N >: M ARE USEFULt 

REFER~NCES 

ClJ DEKKER, T 8 J, : 
ALGOL bO PROCEDURES IN NUMERICAL ALGEBRA, PART 1, 
MC TRACT 22, 1968, MATHEMATISCH CE~TRUM, AMSTERDAM, 

[2] 8US1NGER, P. AND G~H, GOLUB I 
LIN.EARL.EAST S~UARES SOLUTION BY HOUSEHOLDER TRANSFORMATIONS, 
NUM, MATH~ '7 (1965), PP, 2&9 ~ 27b, 

EXAMPLE OF USE: 

SEE EXAMPLE OF USE OF LSQSOL • 
• 
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SUBSECTION 

CALLING SEQUENCE : 

THE HEADING OF THE PROCEDURE IS I 

" P R O C E DURE 11 L S Q D G L, I N V ( A , M , A I O , C I , 0 I A G ) J '' v A LU t '' M ; '' I t-J T E G E R '' ~t r 
"lNTEGER''"ARRAV'' Cir ••ARRAY" A, AID, DIAGJ 

THE MEANING OF THE FORMAL PARAMET[RS IS I 

A, M, AID, CI : 
SEE CALLING SEQUENCE OF LSQORTOEC (THIS SECTION); 
THE CONTENTS OF A, AID AND CI SHOULD RE PRODUCED BY A 
SUCCESSFUL CALL Of L.SQORTDEC . (AUX [31 = M) • 

OlAG : <ARRAY IDENTIFIER>J "ARRAY" OlAG[l : Ml; 
EXIT I THE DIAGONAL ELEMENTS OF THE INVERSE Of HIM 
WHERE MIS THE MATRIX OF THE LINEAR LEAST SQUARES 
PROBLEM, 

PROCEDURES uSEO I -
VECVEC = CP3qoto, 
TA~VEC = CP34012. 

R U N "f l f\J G T 1 M E I 
• (C3 * ~ + C4) * M * M; 

THE CO~STA~is C3 A~D ca 
Of THE COMPUTER, 

D-EPEND ON THE ARITHMETIC 

LANGUAGE ALGOL bO, 

METHOD ANO PERFORMANCE g 
' 

LSQDGLI~V SHOULD BE CAL~ED AFTER A SUCCESSFUL 
I~E, IF AUX[31 ~ M, LSQOGLINV CALCULATES T~E 
OF THE INVERSE OF ~•M, WHERE MIS THE ~ATRIX 
LEAST SQ!JARES PROBLEM, 
T~ESE VALUES CAr~ BE USED FOR THE COMPUTATION 
OEVIATIO~S OF LEAST SQUARES SOLUTIONS_ 

EXAMPLE OF LJSE. : 

SEE ExA~PLE OF uSE OF ~SQSOL, 

• 

CALL OF ~SQORTDEC, 
DlAGONA~ ELEMENTS 
0 F A L 1 t-.. E A R 

OF THE 51.A'IDARD 



SOURCE TF.~XT CS) 

" C O O t '' 3 '~ 1 3 4 1 
'' F-1 R O C t () lJ R r# 11 L S i·J O R T D f. C ( A , N , M I A lJ X , A l D , C I ) J '' V A L U E 11 N , M f 
'' I N T f. G E R '' r~ , r1 J '' .A. K R A Y " A , A U X , A I D : '' I N T E G E R '' •• A R R A Y •• C I : 
'' 8 E (.; I ~I '' '9 I :\t T E G E R '' 1.J , K , K P I V J 

'' R E. A L '' 8 E T A , S l fi 1'-1 A. , N O R ~ , "' , E P S , A. K K , A I D K J 
., .Ai R R .A V fl S U ~ [ 1 : ~ l J 
•• ~ E A L 1

' ., P R O C E D lJ R E-: '' T A t•1 ,~ A T ( L , l.J , I , J , A , B ) 1 ,, C O D E '' 3 l1 0 1 /J ; 
,, f'..1 R O C E D 1 ~J R E ,. f,-' L '-1 C U L C L , U , I , J , A , B , )( ) J ,, C O [) E ,, 3 4 0 2 3 : 
'
t 

~;) R () C E O t.J Rf:. t• IC r➔ C O L. ( L , l.J , I , J , A ) J '' C Q D ~~ •• 3 4 0 .3 1 : 

~ 1) R '1 I = 0 f A LJ X [ 3 J : : M , 
,, F O R •1 K : = 1 ,, s T [ p !t 1 '' lJ ~I T I L tt ~ ,. D O fl 

,t f3 E G t ~J '• ~ : : S Li M C t< ] : : T A t•r1 M A T ( 1 , t~ , K , K ,, 
~· I F •• Al > r-~ O R M ,, T H E l\J '• N O R r~ : :: w 

A, A) ., • I 

ff E-. i~ :> ,, ; 
w:= AU)( t5J := 5Qr~r (~ORM); EPS:= AUX [2] * w; 
'' F O t-?. '' K : = 1 tt STEP '1 1 •• U ·.J T IL •• M ''DO'' 
,, E, E G I t ~ ., S 1 G M A : :: S 1 •. J ~ t K l J K P I V : : K ; 

'' r :J R '' .. J : = K + 1 '' s r E P ., 1 •• u N r r L ,, ~ 11 o o '' 
... I F ,, s ;J i~ ( J ) > s I GM A If T H E "' '' 
'' 6 E GI 1\i 1

' S I G ~1 A : : SW M t J l J KP IV : : J '' E hJ D '' J 
'' I F '' K P I V • : K '' T H E N " 

MC 

'' BEG I N ,, S Lt M t KP I V l I = S LJ M [Kl J l CH COL ( 1 , ~ , K , KP I \/ , A ) •• E t-,i D '' J 
CI [KJ :: l<P!V: AKK:: A (K,K:] r 
S I G ~ A g : T A ~ t·1 A T C K , ~J , K , K , A , A ) ; W : : S Q R T ( S I G M A ) r 
A. I D K : : A I f1 t K. l : = '' I F •• A K K < O •• T H E ~ '' w '' E L S E '' • w # 
1
• I r,.- '' w < £ P S " T H F.: f\J '' . 
'' B E G I N ~ A 1J X [ 3 ] : :: K • 1 J '' G O T O •1 E N O D E C '' E N D '' J 
~f:TA:: 1 / (SIG~.A.,. AKK .,, AIOK); A[K,Kl := AKK ~ l\1DK: 
'* F O R '' J : : K + 1 '' S T f. P '' 1 '' U ~J T I l " M '' D O '' 
'' A E G I r J '~ f L 1v1 C O L ( K , N , J , K , A , A , • B E T A • T A M t-1 A T ( t'~ , ~ , 

K , J , A , A ) ) f S U M [ J ] I : S lJ '1 t J J • A t K , ,J ] * * 2 
,, E I~ D '' 

!I E N D ,, F O R K r 
ENDDEC: 
•• E N D •• L S :J lt R T D E C J 

'' E OP'' 

• 



MC 

"CODE'11 3~132J 
''PR o c ED ~JR E •• Ls rJ 1.) G L I ,~ v ( A , M., A In , c I , D I AG) , '' v AL, J F. •1 "'1 ; ,, r t~ r f.: <; E. R ., t1 ; 

,, A R R A ''( fl A , A ! D , D I A G , ,, I t\J T E GE R ., ·~ A R R A y ., C I J 
11 B E G t N '' ·• I N r E G E ~ •• J , K , c I K , 

"REAL'' WJ 
•• R E A L '' •• P R O C E f) IJ R E 11 \I E C V E C ( L , U , S , A , B ) J •~ C O O f .• , -~ 4 0 1 0 1 
,. R £ A L ,, '' p R O C E D LJ R f.. fl T A M V E C ( L , u , I , A , 8 ) J ,. C 1J D f: ,, 3 4 IJ 1 2 ' 

,, F OR '1 K : = l Of s TE O ,, 1 11 lJ NT IL ,, t-1 ,, DO., 
'' B E G I N '' 0 I A G C K J : = 1 / A I D [ t< l J 

'' f u R •- J i = i< + 1 ••ST f: P 1• 1 ••UNTIL,. M •• f) 0 '' 
D!AG CJJ := 1111 TA)'1VEC CK, J ..- 1, J, A, D!AG) I A ID {Jl: 
DlAG (Kl:= VECVECCK, M, O, DIAG, DIAG) 

''END '' 1 
., F J R ,. K : = r'1 '' s T f~ P It ,. 1 f! LJ N T I L •• 1 •• D O ti 
'' a E r; I N '' c r >< ; = c I ( K l 1 •• I F " c I K • = ti< ,, T H E N '' 

•• 8 E G I N •• ~ : : D 1 A G [ K J J D I A G [ K J : :; D I A G C C I K J : 1) I A G l C I K J : : w 
"ENO 1' 

t• f. '\I () ff 

'' E N D '' ~ S Q f) G L I N V J 
'' E Op"' 

• 

• 

• 



MC 

AUTHOR 

• 

! N S T I T tJ T f: 

RE.CEIVED ·7 3 1 (_} 1 5 • 

BRIEF DESCRIPTION 

THIS SECTION CONTAINS T~O PROCEOlJRES: 
A ) L. S CJ S fJ L , F O R T ►,1 t S fJ L U T I fJ N O F# /J L I l\l E A R L [ A S T S r:i U A R f-_ S P R O 8 L E tv1 I F 
THE COEFrIClt~T MATRIX ~AS eEEN DECO~POSED BY LSQO~TDEC 
(SECTION 3.1.1.2,1.1,)J 
B) LSQORTDECSOL, F()R ·r~➔ E SOl.lJTIO~~ OF A LINEAR LEAST sguARES PROBL.(M 
BY ~OUSEHOLDER TRIA~,G~LARIZATION ~ITH COLU~N INTERCHANGES A~O FOR 
THE CALCi.JLATJON OF THE DIAGONAL OF THE t~VE'RSE OF M'M, ~H~RE 
MIS THE COEFFTCIE~T ~ATR!X • 

• 

KEY W()RDS 

LINEAR LEAST SQUARES PROBLE~, 
HOUSEHOLDER TRIANGULARIZATION, 

• 

SUBSEC TI ClN : .. 

• 

CALLING Sf.QUENCE; 

.. 

THE HEADING OF Tt1E PROCED0RE IS : 
• 

,, p R D C E. 0 u R r:: '' L s ~ s O L ( A , ~, , t~ ' A I D , C l , B ) ' 41 V A L lJ E ,, t•J I M : 
'' I N T f: G E R '' l'~ , M ; '' I N T E G E-. ~ '' •• A R R A V tt C I 1 •• A. R R A V " A , A I r) , 8 t 

·r :~ t !1 E A '1 t N G O F T H E F. 0 R M A L P A R A M E T E R S I S : 
A) ~, ~, AID, Cl : SEE CALLING SEQJENCE OF LSQORTDEC 

(S~CTIO~ 3,1.1.2.1.1~)1 THE co 1~T(NTS Of T~~E ARRAYS 
A • A I D A ~ t) C 1 S H O U l D 8 E P " 0 D lJ C E D 8 Y A S t •. 1 C r. E S S r l.J L C A t .. I ... 
r) F L. s Q o R r f' E c , I • E 4' I F A tJ x c 3 l = ~~ 1 

H : < A R R A Y I {) f.: 'i T l F' I E ~ :> J 
t• A R R A Y '' 8 [ 1 : N J : 
ENTRY : B CONTAJ~S THE RlG~T HA~[) SIDE OF A LINEAR 
l. t: A S T S ::J lJ A R E S P R O B L. E M ; 
EX I T : ts t 1 : M J CONT A ! NS T inf E SO Li l.J T I() N Or· T ►-if_ ~;)ROHL E. ~1 : 
~~ C M + 1 : /\J l C O N T A l N S A V E C T O R ~J I ·r H E l.J C L I D £ A ~J 
l1' E t--t G T }-j E: r~ t._J A L T r; T H E E UC L 1 0 E A ~ L E N G T rl CJ F T ~➔ E R E S I O 1 .. t t 
VEC fiJR • 



PROCEDUR~S USED : 

MATVEC 
TAH\IEC 
ELMVECC!JL: 

= CP3(!011, 
= CP34012, 

C P 3 1
~ 0 2 1 • 

RUNNING T!Mf.t 

(C5 * ~ t C6) • N; 

(MAY 1974) 

T H E C (J N S T A N T S C 5 A N D C 6 i) f_ P E N D lJ P O N T r◄ E E L f.. ~ E: "l T ;i\ ~ Y 
A R I TH ME l I C OF TH f:: C OM P ;J TE R , 

LANGtJAGE Al .. GOL 60, 
' 

METHOD AN() PERFOR~ANCE : 

l S Q S 1J L S H CJ t_J L O f3 E C A L L E D A F T E R A. S tJ C C E S S F U L C A L L () F L S t·J rJ 11 T 1:) E. r: 
C S E C T I O ··,J .3 • 1 • 1 • 2 " l , 1 • J , I • E • I F A U X ( 31 : M , L S Q S O 1.... Y I £ L. D S 

MC 

PA GF_ 2 • • 

T ~ ➔ E L E A s T s (J lj A 4 E s s O 1 .... ~J T r () ~, 0 F T H E O V E R , f:~ TE R M I NE l) s y s T E M fJ 1 T ~ 4 T H r~ 
f) E C (J ~ f' 0 S £ D C O f. F t= I C I E 1" T ~; A T R I X I ~'i A RR A Y A. A N D T H E R I G ~1 T t1 A rJ D S I 1) t I :\l 
~RR~V a. . . 
f I R s T T rl E 1·J R T rl a G O t ., A L ·r R A r·J s F' 0 R f'-1 A T I ,J N w 1 r H T H E ti O LJ s E t·t f~) L r:1 f-~ '-< ~ A r· R I C (: s 
IS PERFQRMED 0~ THE RIG~T HAND SIDE, r~EXT THE SYSTE~ OF TtiE FI~ST M 
fQU~TIO~S A~O vJITri AN UPPER-TRIANGULAR COEFFICIENT ~ATR[X IS Si)LVfO 
8 Y a A C K S U B S T 1 T U T l O ~ l , l' I E l... D I NG A S O L, U T I O N W I T H r,-1 P E R M i J T E. D 
C (J M P O ,.~ E N T S D 1 .l E: T O l H E C Q L U M i'-i I N T E R C H A N G E S O F T Hf.. T R I -~ .1 (; ' I L .. a. R I Z A T I () r-.~ • 
FINALLY THE OROER JF THEM COMPONE~TS IS RESTORED, SEE. ALSrJ MtTHOD 
AND PERFORMANCE OF LSQORTDfC CSECTlO~ 3,1,1.2~1.1.). 
THE LEAST SQUARES SOLUTIO~S OF SEVERAL OVEROETER~INFO SYSTEMS ~IT~~ 
T r1 E S A ~ ~ C O E F F l C I E ~-J T ;1 A f R I X C A N B E S O L \/ E D 8 y S l.J C C E S S I Y E: C A l ltt S O F 
LSQSQL ~ITrl OJFFEREt•JT RIGHT HAND SIDES~ 

EXAMPLE: OF JSE: 
• 

- 2 • Xl + Xt? - 0 .... 
.. Xl + X? - l -

J( 1 + X2 .. 2 ... 
2 * Xl + X2 - 2 -

l( 1 ... 2 * ~2 - 3 -



'' B f G I f\,J •• •• C O "' M E t\i T •• 7 :s O q 1 2 , T E S T L S Q O R T D f. C , L S Q S O L , L S Q D G L I t-J V r 
•• ~ ~ ~ A Y '' A , C ( 1 : S , 1 : 2 l , B , X t 1 : t, J , D I A G , A I D t 1 : 2 l , 
AU.>< [2 : 51: 
'' I rJ T E G E R •• •• A R R A Y '' P r V [ 1 : 2 ] J 
'' l f\i T E G E R '1 I , J ; 
•
1 REAL'' t1; 

• 

ti R E A L 119 ti p R O C F.' D lJ r'( E '' V E C V E C ( L. , u , s , A , A ) ' " C a D f:' ff 3 4 0 1 0 ; 
tt P R O C E D ;,J R E ., L S Q O ~ T D E C ( A , N , "11 , A tJ X , A l D , C I ) ; ,, C O D E ,. 3 a 1 .3 4 J 
•• P R O C E O tJ R E-: '' L S t.J S O L ( .4 , N , M , A I D , C I , B ) J •• C O D E. t! 3 4 1 3 1 ; 
'
1 P R J C F. f,) tJ R E '' L S Cl D G L I N V ( A , 1'i1 , A I D , C I , 0 1 A G ) ; '1 C U D E. '' 3 tJ 1 ~ 2 : 

'' R E A L ?t '' P R (J C E D lJ R E '' S lJ ~1 C l , A , F3 , X ) J '' ·y A L lJ E '' A , R ; 
'' l "' r· E G E R ft t , A , t) r ,. R E A L tf X J 
,, 3 E G I i~ ,, ,, R f_ A l.. ti S J S : : 0 J ,. F O R t• I : = A '' S T E P tt 1 ,, l.J N T I l ... ,, 

S:= s + X: SUM:: s 
•1 E i ~ D •• S t,J "1 J 

A!JX[2J := 1•-12.1 Is:: J:; 1J 
'' F r.J R ~, ri : :: .. 2 , ..- 1 , ~ , 2 , 
'' B £ G l "·J '' A t I , J J : : C ( I , J l I : 

'' B E G I N '' I : :: 1 J J : :: J + 
''END '' J 

1, 1, 1, 1, 
H : '' I F ., I C! 

1 "END•• 

11 F (~J R '' 11 : : 0 , . 1 , 2 , 2 , 3 tt D O " 
'' f.i E G I ,~ '' 8 C I l : : X t I l : = H J l : = l + 1 

L. 5 (J O R T O E C ( A , 5 , 2 , A :.J X , A l l) , P I V ) J 
'' I f •• A U X [ 3 J : 2 '' T H E t~ '' 

"BEG I t1J '' LS Q SO l.~ CA , 5 , 2, A.l D, PI V , X ) r 
LSQDGLINV(A, 2, AID, PIV, OIAG); 

• 

1 , 2 "DO,, 
5 ''THEN'• I:= 

f' t9 I) () tll 

o J r P ~J r c o 1 , ,, c ,. 1 , ,, c ,. A \.,1 x t 2 , 3 , 5 1 = ., J ,, + • 4 o ,, + t_) (:> ':i B , 3 z D s t-1 , 
+ , {JD ·• + 1~) o 1 , '' ( '' L s G so L t1 r I o f'J : ,, ) ,, , 2 c 2. a + " so ,, + o (> ) , 1 
19 C •• R t S .I D lJ E ( I) E L ! v E R E D ) I '' ) 11 + , 8 0 '' + D D / , 
'' C tt R E s I D lJ E ( C H E C K E D ) : ,, ) ,, + Ill 8 0 •1 + D f) / , 
II ( •• 0 ! A G O I~ A l,. (J F' I N V E R s t~ ~ ' M : " ) If , 2 C 2 f3 + • 8 t) ,, + !) D ) •1 ) ., , 

A•.JX t~J, AUX [3J, AtJX [SJ, X [ll ~ X f2l, 
S(~RT(VEtVEC(3, 5, O, X, X)), • 

MC 

S (~ R T ( S l.J M ( I , 1 , 5 , ( B C I l 1111 C l I , 1 l * X [ 1 l - C C 1 , 2 J * x C 2 J J 
k* 2)), OIAG [1], OlAG C?J) 

''END'' 
'' f_ ND 1

' 

fl E () p ,, 

Df-L IVE.RS 

A l.J X [ 2 , ·:~ , 5 J = t , l O O O fl 8!' 1 1 2 + • 3 3 l 7 '' + 0 1 
LSQ SO~JrIJr~ : •~50000000''+00 +.1?500000'1 +01 
RFSIOUE (DEL.IvER([)) :+.sooooooo•1 +00 

• 

R f S I D tJ E. C C ,; E C K f~ 0 ) : t , 5 0 0 0 0 0 0 0 •• -+ 0 0 
D I A G Or·~ A L O F I N V E. R S E M ' M : + , q ~; 2 3 8 O q 5 '' - O 1 + , 1 3 o q 5 2 3 8 •• + l) () 



MC 

SlCTION 3,1,1.2,1_2 
' 

SlJBSF..C T IO'I L S r~ 0 R T f) E C S O L 1 

,, P R ~) C £ D 0 R E '' L S Q O R 1 () E C S O L ( A , N , ~ , A U X , D I A G , 8 ) ; ,, V A L U E It N , M J 
•• I r-~ T E:. G E R '' :~ , ;111 : ,, A R R A y 11 A , A 1J x , n I A G , 9 , 

A 

{)lAG ; 

PR(JCEDtJRES JS(O 
LSQDRTOEC = 
LSQDGL 1 ~~ V : 
LS~SC'.)L. = 

<ARRAY IOl~TiflER>J 
'' A R R A Y '' A [ 1 : N , l J M l J 
E~TRV : A CONTAINS THE C()EFFICIENT MATRlk OF THE 
LINEAR LEAST SQUARES PROBLEMJ 
EXIT : IN THE UPPER TRIANGLE OF A (T~E ELEMlNTS 
A{I,JJ WITH I< J) THE SUPERO!AGO~AL 
ELE~E~TS C)F THE: UPPER•TRIA~GULAR MATRIX, PRODUCED BY 

• 

T .-, E~ H O U S E H O L D E R T R A, N SF OR M A T I ON 1 1 N T H E: () T ~1 E R P A R T 1J f-' 
THE COLUMNS OF A THE SIGNIFICANT ELE~ENTS OF THE 
GEt~ERATI~G VECTORS OF THE ~OUSEHOLD~R MATRlCfS USfD 
FOR THE HOUSEHOLDER TRIANGJLARIZATION; 
<ARIT·H~ETIC EXPRESSION>: 
~UMBER 0~ ROWS OF THE MAT~IXr 
<ARITHMETIC EXPRESS!ON>r 
t-J l.J M B £ R O F C O L U t--1 f\J S O F T H F~ ~ A. T R I X ( N > : ~ ) i 
<AH~AY IDENTIFIER>J 
'' A A q A Y '' A tJ X [ 2 : 5 l J 
F ,~ T R Y : A U )( [ 2 l . C ON T A I :'~ S A R E L A T l VE T O L f- R A h~ C f: l1 S E :) F O R 
C A L C LI L A T l .\J G T t-r1 E O l A GO N 4 L E. L.. E M f. N T S O F. T HE 
0PPER•TRIANGULAR MATRIXJ 
ExIT : 
A U X t 3 l O F.. L I v' E f~ S T H E ~., Lt ~ B E R O F T H E I) I A G O f\.J .A l: E L E r•I E N T S fJ F; 
T 1--; E l,J P Pf R • T R I A N G LJ ~ A R M .A T R I X W H I C H A R E f OU r~ D N O T 
NEG~IGIALE: NORMAL EXIT AUX[Jl : MJ 
AUXC5l ;: THE MAXt~U~ OF T~E EUCLIDEAN NORMS OF TtiE. 
COLJMNS OF iH[ GIVEN MATRIX; . 
~ARRAY lOENTIFIF.R>J 
•• A R re A Y It D I A G t 1 : M J ; 
E. X I T : T H E O I A G Q \J A L E L,. E t-it E r\J T S O F T H E I ~~ V f R S E O f M ' ~'1 

WHERE:~ IS THE ~ATRIX OF T~◄ E LINEAR LtAST SYUARfS 
PRO 8 l., EM 1 
<ARR~Y IIJE1~TIFIER>J 
1• A R R A Y '' B [ 1 : N ] ; 
f~TRV : B CONTAI~S THE RIG~T HAND SIDE OF A Ll~JlAR 
LEAST SCJUARES PROBLEM; 
E X I T : t3 C 1 : ~ l C O N T A I N S T r'i E S O L lJ T I Ct N O F 'T H f P R (; ,; l E ,,,, ; 
B [ M + 1 : N l C O N T A I N S A V £ C T O R w I T ri c. LJ C i.,. I () f. A N l,. t j ..; T t·1 
f.~ 1~1 t ..• t Al T [) THE E. '~JC L l D f. A ~J L. f \JG TH n F T 11 E RES ID ~J E: V f.: C T lJ R • 

: 
CP3!J134, 
CP34132, 
C P 3 1 .. 1 3 l • 

• 
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E X E C lj T I :J ,'1 F I r: t,~ 0 L E t\! c; T ri ; A ~.J I ~J T E: G E R A ~ R ~. Y A ~, G A R E A L A R R A Y , 
BOTH OF~ ELfMENTS, ARE DECLARED• 

ROUGHLY PROPORTIONA~ TO~• M ** 2, 

LANGUAGE ALGOL 60. 
' 

LSQO~TDECSOL SOLVES AN OVERDETERMINED SYSTEM OF N LINEAR ECUATIO~S 
I ~~ M t .J N K r\J O ~ r~ S B Y C A LL l \! G L S ~ 0 R T D F. C A N D , I F T H I S C A L L ~, A S S UC C E S S F-- UL 
L.SQDGLI\!v AND LSOSOL 1 L.SQORTDECSOL OE.LIVERS THE LE.AST SQlJARE.S 
SOLUTIO~ AND THE DIAGONAL OF THE INVERSE OF ~•M, WHERE MIS 
THE COEFFICIE~T MATRJ~ OF THE SYSTE~ 4 SEE· SECTION 3.t,1.2,l,1,, 
A,~D LSQSQL (THIS SECTIO~J • 

• 

EXAMPLE OF USE. : 

., B E G I N '' •• C O H M f~ ~, ·r ,, 7 l O q 1 a , T E s T L s Q a R T O E C s O L J 
,, A R R A v •• A , c. r 1 : s , 1 : 2 1 , s , x t 1 ; 5 1 , D I .A G c 1 : 2 1 , 
AUX {2 : Sj J 
•• I ~I T E G E R ~1 l , ,J ; 
''RE AL." H; 
••REAL''''PROCEOURE'' VECVECCL, U, 
!f p R O C E () u R E II L s Q O R T D E C s O L (. A , 1~J , 

'' R E. A L '' '' P R O C E D lJ R E •• S LJ M ( I , A , 8 , 
'' I N T E G E R '' I , A , ti : '' R E A L '' X , 

S , A , 8 ) J '' C O D E '' 3 4 0 1 0 ; 
M , A !J X , D I A G , B ) , '' C 0. D E '' 
X)J "VALUE'' A, BJ 

3 '4 1 .S 5 ; 

'' t-3 E. G I N ., •~ R E A L fl s 1 s : :: o : •• F' o R '' I : = ~ '' s T E P •• t '' U r~ T I L '' 8 '' o c) '' 
S:: S + X: SUM:: S 

,t r: N o ,, s u ~ , 
A IJ X [ 2 J : : '' .,. 1 2 1 I : = J : : 1 ; 
' 1 FOR 1

' H:= - 2, ~ l, 1, 2, 
11 8 E G l N •• A [ r , J l ; = C { I f J ] : : 

'' t, E G I N •• I : :: 1 J J I : J + 
t1 [ fJ t) It : 

1, t, 1, 1, 
H J '' IF '' I < 
1 ''ENO'' 

,, F () R '1 H : = 0 , 1 ' 2 ' 2 I 3 tt D O ., 

1 , 2 ,, 0 0 ., 
'::» •~ T r1 E N !! I ; = 

'' B E G I N '' B t I l : = X [ I l : :; H ; I t :: I + 1 '' E i\l D ,. : 
LS~ORTDECSOLCA, 5, 2, AUX, DIAG, X)J 
If I F f! A U X [ :3 J = 2 ., T 11 E '·l '' 

, , 

I + 1. '' f ~ L. S E t• 

rJ u r P I J r c o t , '••~ c •• 1 , ,. c •• A 1J x t 2 , 3 , s 1 = ,, , ,, + , '"' o ,, + o o r.; fJ , 3 z n r., e. , 
+ • ,~ D •• + o o 1 , '' c '' L s G s (J L u r I o N : '' , '' , 2 r 2 e + , e o •1 + L) D ) , 1 
•• ( •• R E S I O U E C D f. L. I V E R E D ) I 1• ) ' 1 -+ _ 8 D '' + D L> I , 
., c •• R E s 1 o ,j E < c H E c K E o J z '' l ,, + , a o '' + o o 1 , 
,, ( ,. D I A (~ 0 N A l.., tJ F I N V E R S E ~ ' M : tl ) ,. , 2 ( 2 ,:, + , 8 D '' + D f) ) ,, ) ft , 

A i,J X C 2 ) , A 1J X C 3 l , A tJ X C S l , X ( 1 l , X C 2 l , 
Si~RT(VECvECC3, 5, 0, x, X)), 
StJRT(SUM(I, 1, 5 1 (B[Il • C(l,11 * X[lJ • C(I,2J • X(21) 

** 2)), ~)JA(; tl l, DIAG [2)) 



.. 

W H I C H S LJ L V E. S T ~; f: ~) R c·1 i3 L E •,1 Or T H E E. X A ~ P L E OF LJ S r: c, f- l .. S tJ S 1J L , 
f)ELIVERS ; 

A LJ X [ 2 , .5 , ~ l : + ._ 1 0 0 0 '' _, 1 1 2 ♦ _. 3 3 1 7 '' + 0 1 . . 

L S Q S O L LI T I O ~"1 : " " 5 O O O O O O O '' + O O +- , 1 2 5 0 O <) 0 0 •• + o 1 
RESIDtJE CDELIVE.MED) :+.50000000''+00 
R E S I D {J E C C rl E. C K E D ) : + , 5 0 0 0 0 0 0 O It + 0 0 
DIAGONAL OF I~VERSE ~••M : +,95238095•~~01 +,13095238''+no 

SOURCF~ TEXT(S) 

"CODE.•• 341311 
1
• P R o C E D U R E '' L s Q s o L C A , I\J , ~., , A I D , C I , B l ; •• V A L u F: '' rJ , ~ ; 
'' I N T E G E R '' t\1 1 f'1 : '' A R R A Y '' A , A I D , 8 J '' I N T E G E R '' '' A R r~ A Y '' C I : 
'' A E G I N t• 1

• l N T E G E R '' K , C I K r · 
., R E A L. If i-; I 
., R E. A L '' fl p R (J C E D 1 ... 1 R E ,, '11 A T \j C C ( L , l.J , I , A , 
" R E A L " '' P R ,1 C E D t,J R f: •• T A. ,_,, V E C C L , lJ , l , A , 
•• P R O C E D lJ RE '' E L M ·v F. C C O L C L , U , I , A , B , 

B ) r '' C O D F.-: ' ' 

B ) f '' C O l) F: '' 
X ) r ., C O D E fl 

34011J 
:3;J0121 
3 1.1021: 

tt F O R '' K : : 1 '' S T E !' tt 1 11 U f\! T I L 9' M 89 D O tt E L M V E C C O ~ ( K , ~J , K , 8 11 A , 
TAMVEC(K, N, K, A, 8) / CAIDCKJ * A[K,,K]))J 

• 

'' F. 0 R '' K : : M · '' S T E P '' • 1 '1 U N T I L •• 1 '' D O '' B t K J I :: ( 8 C K J ..., t-1 A T V F~ C 
( K ♦ 1, M, K, A, B)) / A IO [K] I 
ff F O R '' K : = M ,, s T E p ., 9111 1 " u N T l L ,. 1 It D O lf 
'' 8 E G I N •• C l K : : C I C K 1 ; '' J f. '' C 1 K • : K '* T H E N '' 

'' 8 E r; I N t• w : : B C ~ J ; B t K l I ; 8 t C I K l J B { C I K l. i :; ~ '' E ~1 I_,) •• 

''END'' . 
'

1 E: N D tt L S <~ S O L 1 
'' E OP'' 

" C O O E. ., 3 lJ l 3 5 , 
'
1 P R O C E D tJ Q E '' L S Q OR T D t. C S O L ( .A , N , M , 6 lJ X , D I A G , 
'' 1 ~ T f~ G E R •• N , ._,, J . •• A R R A Y ., A , A IJ X , lJ l A G , 8 : 
'' B f G I N •• ,. A R R A Y 11 A I D l 1 : M l J 

'' I --~ r E G E R '' '' A R R A Y '' C I [ 1 : t1 J J • 

•• P Q JC E l> IJ R E •• L S Q O R ·r D E C ( A , N , 
~• P R O C E D !J RE '' L S fJ D G L I ~J V ( A , M , 

M , A lJ X , A I D , C l ) J •• C O D E t, -~ 4 1 3 4 ; 

'' P R O C f;. 0 U ~ E '' L S (J S O L C A , t~ , M , 
A I D , C I , D I A G ) J '' C r) t) f ~ '' 3 4 1 3 2 : 
A I D , C I , H ) ; '' C O () E '' "!> 4 1 3 1 ; 

I,.. S Q J ~ T O E C ( A , N , t-1 , A tJ X I A I D , C I ) ; 
., 1 F •• A u x t ~s J = M '' r H E N '' 
'' 6 E G I N '' L S Q D G L I ~.J \/ ( A , M , A I D , C I , D I A G ) : 

LS Q SOL ( A , I\ , .i1 , A I D , C I , B ) 
., f. i" D Pf 

'' f._ N () •~ L S Q O R T D E C S O L ; 
,. E. 0 p •• • 

MC 

• 



MC 

(OCTOBE~ 197Lt) PAGE 1 

CONTRIBUTOR I 

INSTITUTE MATHEM~TICAL CENTRE, 

RECEIVED 
' 71J0617, 

BRIEF DESCRIPTION 

THIS SECTION CONTAINS ONE PROCEDURE, 
LSQINV, FOR THE CALCULATION OF THE INVERSE OF THE MATRIX 5 1 S, 
WHERE S IS THE COEFFICIENT MATRIX OF A LINEAR LEAST SQUARES 
PROBLEM, 

KEVWOROS 

IN\/ERSE MATRIX, 
LEAST SQUARES PROBLEM, 

CALLING SEQUENCE 

THE HEADING OF THE PROCEDURE READS : 
'' P R O C E 0 U R E '1 L S Q I N V ( A , M , A I D , C ) I '' V A L. u E '' M r '' I N T E G E R '11 M s 
" A R R A Y '' A , A I O t 19 I N T E G E R '' '' A R R A y It C t 

THE MEANING OF THE FORMAL PARAMETERS IS 

I 

M I 

C 

• 

~ARRAY IDENTIFIER>, 
'' A R R A Y '' A t 1 : M , 1 I M l J 
ENTRY I IN THE UPPER TRIA~GLE OF A (THE ELEMENTS 
AtI,Jl WITH 1 <•I< J <• M) THE SUPEROIAGONA~ 
ELEMENTS SHOULD BE GIVEN OF THE UPPERTRIANGU~AR MATRI~ 
THAT IS PRODUCED BV THE HOUSEHO~OER TRIANGULARIZATION 
IN A CALL OF THE PROCEDURE LSQORTOEC (SECTION 
l.1.1,2,1 0 1.) WITH A NORMAL EXIT (AUX[3l • M), 
SEE ALSO THE MEANING OF THE PARAMETER AIDJ 
EXIT I THE UPPER TRIANGLE OF THE (SYMMETRIC) INVERSE 
MATRIX IS DELIVE~EO IN THE UPPERTRIANGULAR ELtMENTS OF 
THE ARRAY A CACI,JJ FOR 1 <• I <s J <& M)J 
<ARITH~ETIC EXPRESSION>s 
NUMBER OF COLUMNS OF THE MATRIX OF THE LINEAR LEAST 
SQU•RES PR08LEM1 
<ARRAY IDENTIFIER~, 
" A R R A Y '' A I O t 1 : M l J 
ENTRY I •ID CONTAINS THE JI4GONAL ELEMENTS OF THE 
UPPERTRIANGULAR MATRIX THAT IS PRODUCED BY LSQORTDECJ 
<ARRAY IDENTIFIER>, 
"l NT EGER"" A RR AV'' C t 1 : Ml J 
ENTRY s C CONTAINS THE PIVOTAL INDICES AS PRODUCED BY 
A CALL OF LSQORTOEC, 



PROCEDURES USED 

CHLINV2 
ICHCOL 
ICHROW 
ICHROWCOL 

• CP34400, 
a CP34031, 
• CP34032, 
• CP34033. 

REQUIRED CENTRA~ MEMORY I 

(OCTOBER 1~14) 

EXECUTION FIELD LENGTH I A REAL ARRAY OF M ELEMENTS IS 
DECLARED (IN THE CALL OF CHLINV2), 

RUNNING TIME PROPORTIONAL TOM CUBED, 

~ANGUAGE 

METHOD ANO PERFORMANCE 

MC 

PAGE 2 

LSQINV SHOULD BE CAL~ED •FTER A SUCCESSFUL CALL OF LSQORTDEC 
(SECTION 3 1 1,1.2.1.1,) 1 LSQINV CAN BE USEO FOR THE CALCULATION OF 
THE COVARIANCE MATRIX OF A LINEAR ~EAST SQUARES PROBLEM. 
LET S BE THE MATRIX OF THE LEAST SQUARES SYSTEM WITH PERMUTED 
COLUMNS AND Q • R THE HOUSEHOLDER DECOMPOSITION OF Se THEN THE 
INVERSE OF StS ALSO IS THE INVERSE OF R'R, SINCE R IS THE 
CHOLESKY M4TRIX OF R•~, THE INVERSE MATRIX IS COMPUTED IN A CALL 
OF CHLINV2 (SECTION 3.1,t,1,1.2,4,), AFTERWARDS THE COVARIANCE 
MATRIX IS OBTAINED BY INTERCH~NGES OF T~E COLUMNS AND ROWS OF THE 
INVERSE MATRIX. 

EXAMPLE OF USE 1 

THE FOL~OWING PROGRAM COMPUTES THE INVERSE T OF S 1S, WHERE 5 IS 
THE COEFFICIENT MATRIX OF THE SYSTEM IN THE EXAMPLE OF USE OF 
LSQORTOEC ANO LSQOGLINV (SECTION 3,1.1.2.1.1,), THE DIAGONAL OF S 
CAN BE COMPARED WITH THE RESULT OF LSQOGLINV, TO CHECK THE ANSWERS 
St * (S • T) IS PRINTED, 

• 



MC 
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''BEGIN''''COMMENT'' JKOK, 740530 1 EXAMPLE OF USE OF LSQORTDEC AND 
LSQINVJ 

'' A R R A V '' A , C [ 1 I 5 , 1 I 2 J , A I D [ 1 I 2 ] , T t 1 I 2 , 1 ; 2 J , 
AUX t2 I SJ t 
"INTEGER""ARRAY" PIV[1 I 2JJ 
"INTEGER'' I, JJ "REAL" H, 

" R E A L " '' P R O C E D U RE " M A T M A T ( L , U , I , J , A , B ) J '' C O D E '' 3 4 0 1 3 r 
"REAL""PROCEDURE" TAMMATCL, U, I, J, A, B)J ''CODE'' 340141 
'' P l=t O C E 0 URE " L S Q O R T O EC ( A , N , t-1 , A U X , A I D , C I ) r '' C O D E '' 3 Li 1 3 Q , 

" P R O C E O U R E " L 5 Q I N V ( A , M , A I O , C I ) J '' C O O E '' 3 4 1 3 b J 

AUX[cll• ·•-12, Is• J1• 1, 
'' F O R " H I a • 2 , • 1 , 1 , 2 , 1 , 1 , 1 , 1 , 1 , 2 '' 0 0 '' 
" B E G I N '' A t I , J J I • C t I , J l I • H J '1 I F '' I c S " T H E N '' I I = I + 1 '' E L. S E '' 

tt B E G I N " I I • 1 J J I • J + 1 '' E ND '' 
"END"J 

L S Q O R T D E C ( A , 5 , 2 , A U X , A I D , P I V l s '' I F '' A U )( C 3 J a 2 '' T H E N '' 
''BEGIN'' LSQINVCA, 2, AID, PIV)t 

T t 1, 1 l I• A ( 1, 1 l J T t2, 2 J I• A t 2, 2 J J T t 2, 1 l I: T [ 1 , 2 l I= A [ 1 , 2 l r 
'' F O R '' J 1 • t , c '' D O '' '' F O R " I I • 1 •• S T E P •• 1 '' U N T I L '' S '' D O '' 
A tI,JJ 111 MATMAT(1, 2, I, J, C, T) p 
0 U T P U T ( 6 1 , " C " / 4 B , " ( '' A U X [ 2 , 3 , 5 l : '' ) '' , 

"ENO" 
,, ENO'' 

''EOP" 

OUTPUT I 

• • ti 0 '' t DO 5 B , 3 Z O S B , + • '4 0 •• ♦ 0 0 / , 
2 C / 4 B , 3 O S , I , Z C / 4 B , 2 C 2 B + , 8 D '' + 0 D ) ) , I ) '• ) '' , 
AUX t2J, AUX C3l, AUX [SJ, 
"(" INVERSE I'')", ((TtI,Jl, Ja: 1 I 2), I:: 1 : 2), 
'' C " C H E C K I s I .. ( s * T ) I '' ) ,, , 
C(TAMMAT(1, S, I, J, C, A), JI• 1 I 2), I:= 1 I 2) ) 

END OF PROGRAM 

AU)( t2, 1, 51 a 11 1000"•11 

INVERSE I 

+,qSZ38095"•01 
•, 2 3 8 0 95 2 'f." • 0 1 

• • 238095Z&J ''•O 1 
+,13095238"+00 

CHECK I S' * CS * T) I 

+,10000000•••01 +,17763568"•14 
+.00000000"+00 +,10000000"+01 



SOURCE TEXT(S)& 

'' C OD E '' 3 Li 1 3 & , 
'' P R O C E D U R E '' L. S Q I N \I ( A , M , A I D , C ) 1 '' V A L U E '' M J '' I N T E G E R '' M r 
'' A R R A, V •• A , A I O , " I N T E G E R " " A R R A V •• C J 
'' B E G I N " '1 I N T E G E R •• I , C I r 

''REAL." WJ 

"PROCEDURE" CMLINV2CA, N)J "C00f'' 3U400J 
••PROCEDURE" ICHCOLCL, U, I, J, A)s ''CODE" 340319 
"PROCEDURE" ICHROWCL, U, I, J, A)r ''CODE" 340321 
"PROCEDURE" ICHROWCOLCL, U, I, J, l)J "CODE" 34033J 

•• F O R '' l a : 1 e, S T E P '' 1 •• UN T I L " M '' D O '' A [ I , I l I : A I D [ I J J 
CHL,INV2CA, M)J 
" F O R '' I I • M '' S T E P '' • 1 '' U N T I L '' 1 '1 D O •• 
"BEGIN" CI1• CtIJ J ••IF'' CI~. I ''TH!N'' 

MC 

PAGE 

'' 8 E G I N '' I C H C O L C 1 , I • 1 , I , C I , A ) t I C HR OW C O L C I + 1 , C I • 1 , 
l, CI, Alf ICHROW(CI + 1, M, I, CI, A)J 
W1a A tI, Il s A. tI, Il ;• A [CI,CIJ J A CCI,Cil 111 W 

••END" 
''END•• 

'' E N D " L, S Q I N V I 
"E0P" 

• 



1-st REVISION, 1975 MC 

(DECEMBER 1975) PA~E 1 

AUTHOR: o.r.wI~TER 

INSTITUTE I MATHEMATICAL CENTRE 

REC~iVE~ : 731217 

3k!~F 8~SCklPTION I 

' 

THIS S~CTION CONTAINS 2 P~OCEOURES FOR THE SOLUTION OF AN 
OVERD~T~~MINEO SYSTEM OF LINEAR EQUATIONSI 
SOLOVR :ALCULATES THE SI~GULAR VALUES DECOHPJSITIJN A~O SOL~ES ~N 
OV£kDET~~MINEO SYSTEM OF LINEAR EQUATIONS. 
SOL~VOOV~ SOLVES AN OVERDETERMINED SYSTE~ OF LINEAR ~QUATIONS , 
MULTIPLYING THE RIGHT-HAND SIDE BY THE PSEUDO-INVERSE OF THE GIVEN 
MATKIX; THE SINGULAR VALJES DECOMPOSITION SHJULO BE A~AILABLE. 

KE. YWOR .. uS t 
BEST LE~ST-SQUARES SOLUTION 
SI~~GJLAR VALUES 
PSlUDO-lN\/c.RSE 

SUB~lCTlON & SOLSVDOVR 

GALLING SEQUENCE : 

THE HEADING OF THE PROCEDURE IS I 
'*PF .. DCEOJRE'• SOLSVOOVR(U, VAL, V, ~, ~, X, EM); 
•• V A L LJ t:.· 1 M t N ; •• I N f E GER CJil M 9 N ; •• AR ( A Y •• U t VA L 9 V J X t E ~ ; 

THE H~ANING OF THE FORMAL PARAMETERS IS I 
Ut <ARRAY IDENTIFIER>; 

••AR~AY 1111 UC1:M,11N]; 
ENT~YITHE MATRIX u IN THE SIN~ULAR VALUES DECOMPOSITION u•s•v•. 

VAL: <ARRAY IDENTIFIER>; 
• • AR.~ A V •• V AL { 1 I N l ; 
ENT~Y1THE SINGULAR VALUES. 

VI <ARRAY IDENTIFIER>; 
•

0 AR.F(AY 1 * V[11N,1lN]; 
ENT~YITHE MATRIX VIN THE SIN~ULAR VALUES DECOMPOSITION. 

N: <AkITHMETIC EXPRESSION>; 
THE NUMBER OF UNKNOWNS. 

Ml <AKITHHETIC EXPRESSION>; 
THE LENGTH OF THE RIGHT-HAND SID~ VECTOR, N SHOULO SATISFY 
N <= H. 

x: <AR~AY lDENTIFIER>; 
'

11 A k. ~ A Y •• X [ 1 & N l ; 
ENT~YI THE RIGHT-HAND SIDE VECTO~; 
EXITI T~E SOLUTION VECTOR. 

~Ml <ARRAY IDENTIFIER>; 
•• A f.c. ~ A Y •• E M [ o : 6 1 ; 
ENT~Y: EMC6]1 THE MINIMAL NON-NEGLECTABLE SINGULAR VALUE. 



1-st REVISION, 1975 

PkOCEOURES US~D : 
MATVEC = CP34011 
TAMVEC = ~P34012 

<DECEMB~R 1975> 

RU~jf~ING TIHE & ROUGHLY PROPORTIONAL T3 <M + N> • N 

HETHDO AND P~RFORMANCE 1 

THE SOLUTIOtJ IS FOUND IN THREE STEPS I 
1. U' • X = Xi IS CALCULATED, 

MC 

PA~E 2 

2. VAL+• X1 = X2 IS CALCULATED, HERE VAL+ DENOTES THE DIAGONAL 
~AT~IX OBTAINED FROM ~AL BY SETTING VAL+CI,11 = 1/VALCIJ IF 
VALCil GREATER THAN DR EQUAL TO EMC6l, ANDO OTHERWISE, 

' 

3. THE SOLUTION~• X2 IS CALCULATED. 

LANGUAGE: ALGOL 60 

SUBSECTION I SOLOVR 

CALLING SEQJENCE a 

THE HEADING OF THE PROCEDURE IS I 
••1NTEGEr( 1

• 
10 ?ROCEDURE 1

• SOLOVR(A, M, N, X, EM>; 
•• v Al. U t::•• M, N ; ••INTEGER•• H, N ; ••AR~ A Y •• A, X , EM ; 

SOLOVRI= THE NUMBER OF SINGULAR VALUES NOT FOUND7 I.E. ZERO IF ALL 
SIN~ULAR VALUES ARE CAL;ULATED. 

TH[ MEA~ING OF TH£ FORMAL PAREMcTERS IS I 
A& <AR~AY IDENTIFIER>; 

••ARRAY•• A [ 1 IM, 1 l NJ; 
ENT~Ya THE MATRIX OF TH~ SYSTEM; 

Mr <ARITHMETIC EXPRESSION>; 
THE NUMBER OF ROWS OF A; 

NI <ARITHMETIC EXPRESSION>; 
THE NuMBER OF COLUMNS OF A, N <= M; 

Xt <AR~AY IDENTIFIER>; 
••AR~Av•• X[11MJ; 
ENT~YS THE RIGHT-HAND SIDE VE;ro~; 
EXIT& THE SOLUTION VECTOR IN ~[11NJ; 

EMl <ARRAY IDENTIFIER>; 
•• AR< A Y •• E M C O I 7 1 ; 
ENT~¥& EMCOll THE HACHINE PRE~ISION; 

EM[2JI THE RELATIVE PROCISIO~ OF THE SINGULAR VALUES; 
EHC4JI THE MAXIMAL NUMBER OF ITERATIONS TO BE P~RFO~MEO IN 

THE SINGULAR VALUES DECOMPOSITION; 
' 

EM(oJ I THE MINIMAL NON•1•NEGLECTABLE SINGULAR VALUE; 
EXITtEM[ilJ THE INFINITY NORM OF THE iATRIX; 

EMC3l1 THE MAXIMAL NEGLECTED SUPEROIAGONAL ELEMENT; 
EHC~ll THE NUMBER OF ITER~TIONS PERFORiED IN THE SINGULAR 

VALUES DECOHPOSITION; 
EH£7JI THE NUMERICAL RANK OF THE ~ATRIX, I.E. THE NUMBER OF 

SINGULAR VAlUES GR~ATER THAN OR EQUAL ro EM(&J. 



1-st REVISION, 1975 MC 

(OECEHBER 1975) PAGE 3 

PkO~~OUkES US~D I 

QRISNGVALUEC = CP34273 
SDLSVOOVR = CP34280 

~cQUIRED CENT~AL MEMORY I 

AUXILIARY ARRAYS ARE DECLARED TO A TOT.AL OF (N + 1) • t~ REALS 

HETHOO ANO PERFORMANCE: 

THE SOLUTION IS FOUND IN TWO STEPS a 
1. THE SINGULAR VALUES DECJHPOSITIO~ IS CAL~ULATED BY MEANS OF THE 

PRO:EDURE QRISNGVALDEC (SECTION 3.5.2); 
2. THE SOLUTION IS CALCULATED BY MEANS 3~ THE PROCEDURE SOLSVOOVR, 

( TH I S S E C T I O N ) ; 

RUNNING TIME a ROUGHLY PROPORTIONAL TJ Ci+ N) • N • N 

LANGUAG~ i ALGOL 60 

REFER.EN:-E S i 
WILKINSON, J.H. ANO C.REINSCH 
H At~) BO O K OF A UT OM AT IC C O MP UT A T IO N , VOL " 2 ( C ON T RI B UT ION I - 1 0 ) 
LINE.A~ ALGEBRA 
HElJELBERG (1971) 

t.XAMPLl OF USE I 

FIRST A PROGRAM IS GIVEN, ANO THE~ THE RESULTS OF THIS PROGRAH I 

•• 8 f.:. SI N110 
•• A Rk A y•• A [ 1 I 8, 1 I 5 l , Bl 11 8 l , EM ( 0 I 7 J ; 

•• I NT E G ER•• I ; 
•• I NT E G t.. R •• •• PRO C ED URE •• S O l O V R ( A , M , N , X , EM ) ; 
··vALUE:.'11 M, N; ··INTEGER'"' M, N; "'0 ARRAv·· A, x, EH; 

··couE •• 342a1; 
AC1,1lJ=22; A[1,2J:= AC2,3l1=10; A(1,3J:= At7,1JI= AC8,5Jla2; 
A[1,~ll= AC3,5l1=3; AC1,5l1= A[2,2l1=7; AC2,1l1=14; AC2,5l1=8; 
AC2,41Z= AC8,3Jl:O; A[3,1JJ= A(3,31&= AC6,5]1=-1; AC3,2l1=13; 
Al3,4J&=-11; A[4,1ll=-3; AC4,2lt= AC4,4ll= A{S,411 A(B,~Js=-2; 
AC4,31&=13; Al4,5l3= AC5,5ll= A[8,1lJ=~; AC5,1ll= AC&,113=9; 
A{S,211=8; A{S,311= A(&,211= Al7,SJ1=1; A{6,3lt=-7; 
A(6,4ll= A[7,4l%= At8,2)1=5; A[7,2ll=-6; A[7,3Jl=o; 
8[1]1=-1; 8[211=2; 8(3]1= 8(7]1=1; B(l+l1=4; 8[511= B[Slt=O; 
8[6]:=-3; EM(0]:=·•-14; EM[2]1=•·-12; EM(4Ja-ao; EH(&Ji=••...,10; 
Ii= SOLOVR(A, 8, 5, B, EM); 
0 UT P U T ( o 1 , •• ( •• 4 B , •• ( •• NU M 8 C: R S I NG U LA R V A LUE S NO T F OUN O : •• ) •• , 
3 Z D / 't B •• ( 11°N ORM I •a ) •• N / 4 3 •• ( •• M AX NE G L S U 3 0 EL E M I •• ) , •• ' , ' . • ' , , ., 
N , / l 4 8 t ta ( ••NUMBER IT ER A TIO NS I 1111 

) •• t 3 Z O t / t ~ 8, MD (••RANK I •• ) aa J 

3 ZD, / •• > ••, I 9 EH [ 1 l , EH [ 3 l , EM ( 5 l , EMC 7 l > ; 
0 UT P U i ( 6 1 t •• ( •• / , 4 B 9 •• ( 

111 SOL UT I ON V E C T O R 11 
) •• t / f / t 5 ( 4 8 j' N 'f / ) 18 

) ail t 

8£11 .. R(2l, 8[3], 8(41, 8(51) 
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NUMBER SINGULAR VALUES NOT FOUND I 0 
~I OR.M : + 4-. I+ 0 0 0 0 0 0 0 0 0 000••+001 
MAX f'dC:GL SUBO ELEM I +4.3977072741076••-014 
NUMBER ITEkATIONS: & 
F ... A i'-lK s 3 

SOLUTI~N Vc.CTO~ 

- 8 • 3 J 3 3 3 3 3 3 3 3 3 3 4 •• - 0 0 2 
+ 1. 0 98 9 2 2 7 ~5 62 8 7 ••- 0 15 
+ 2. 5 o o o o o o o a o o o o ··- o o 1 
- 8 • 3 3 3 3 3 3 3 3 3 3 3 3 2 •• - 0 0 2 
+ 6 • 3 3 3 3 3 3 3 3 3 3 3 3 4 •• - 0 D 2 

SOUk.CE TEXT(S)I 

••c ODE•• 3 4 2 8 0 ; 

• 

••PROCEDURE•• SOLSVOOVR(U, VAL, V, M, N, X, EM); 
•• v ALU E •• M , N ; •• 1 NT EGER•• M, N; ••ARRAY•• U, VAL, V, X , EM; 
•• 8 E GIN•• ••INTEGER•• I ; 

'' R [ A L •• M I N ; 
••ARRA y •• X 1 ( 11 N l ; 
••RE AL•• ••PRO CEO URE•• MAT VE C ( L , U, I , A, 8) ; 
•• v AL u E:.. •• L , u, I ; •• 1 N r EGER" L , u, 1 ; ··ARK Av·· A, a; 

••CODE:.•• 3 ~ 0 11 ; 
••REAL•• ••PROCEDURE•• T AM\/EC IL, U, I, A, 8); 
··vALUt..' 1 L, u, r; ''INTE:.GER'· L, u, r; ·ARRAv·· A, s; 

··cooc.·· 34012; 
Hlt,i= lMlbJ; 
•• F O ~ •• I I - 1 •• ST E P •• 1 •• U N T I L •• N •• D O •• 

MC 
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X1(ll :- ••1F•• VALCIJ <= MIN ••rHE.N 1
• 0 ••ELSE•• TAMVC:C(1, M, I, U, X) / 

VAL(Il; 
••FOR•• l i = 1 ••STEP•• 1 ••UNTIL•• N ••DO•• 
X{Ill= HATVECl1, N9 I, V, Xi) 

••t. tt G •• S G L S VJ O V ~ ; 
•• E..O p •• 

··couE. •· 342a1; 
••INTEGER'• ••PROCEDURE'• SOLOVR(A, M, N, X, EM>; 
••VALUE•• M , N ; •• 1 NT EGER•• M, N; ••ARRA y • A, X 9 EH; 
•• 8 E G 1 N • • •• I N l E GER•• I ; 

''AF.~Ro.v·· VAL(11N)9 V(1Jt~,1lN]; 
••1NTEGL~•• ••PROCEDURE'• QRISNGVALOEC(A, M, N, \/AL, V, E-1); 
••VAL U E. •• M, N ; ••INTEGER•• M , N ; ••AR RAY M A 9 VAL , V , EH; 

··cooE·· 3427 J; 
••Pk O C E (.; J R t:. •• S O L S V DO \/ R ( U , V A L , V , M , N , X , E M) ; 
•• v AL u 1:. •• H, N; ··INTEGER·· M, N; ··ARRAY·· u, v AL, v, x, E '1 ; 

•• C O D E:. •• 3 '+ 2 8 u ; 

SOLOVRt= Ia= QRISNGVALDEC(~, ~, N, VAL, v. E~); 
'IF•• I = 0 11 THEN 1

• SOLSVDOVR(A, VAL, -.J, ~, N, X9 EM) 
SOLOVR; 

··£op•• 
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AUTHOR: G.T.WINTER 

INSTITUTE : MATHEMATICAL CENTRE 

R£CliVEL I 731217 

BRI~F D~SCRIPTION I 

THlS S~CTION CONTAINS 2 PROCEDUR~S FOR THE SOLUTION OF AN 
UNDEROETERMINEO SYSTEH OF LINEAR EQUATIONSI 
SOLUND EXPECTS AS INPUT THE MATRIX OF THE SYSTEM 
CALCULATES THE SINGULAR VALUES DECOMPOSITION BY 
PROCEOU~E QRISNGVALOEC, AND SOLVES THE SYSTEM BY 
PROCEDURE SOLSVOUNO. 
SOLSVDUND ASSUMES THAT THE MATRIX IS 

OF EQJATIONS, 
MEANS OF THE 

MEANS OF THE 

ALREADY DECOMPOSED AND SOLVES THE SYSTEM OF EQUATIONS, MULTIPLYING 
THE RIGHT-HANO SIDE BY THE PSEUDO-IN~ERSE OF THE GIVEN MAT~IX. 

KE YWOF .. DS a 

BcST LEAST SQUARES SOLUTION 
Slt-.GULA~ VALUES 
PSEUDO-INVERSE 
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SUBSECTlON a SOLSVOUNO 

CAL~ING SEQUENCE I 
• 

THE HEADING OF THE PROCEDURE IS I 
••p~:JG£0JRE.•• SOLSVOUNO(U, VAL, V, '1, ~, x, EM}; 
•• V A L U E •• M , N ; •• I N TE GER•• H , N ; •• AR ~ A Y .. U , V AL , V t X , E "1 ; 

' 

THE MEANING OF THE FORMAL PARAMETERS IS I 
u, <ARRAY IDENTIFIER>; 

•• A R ~ A Y •• U [ 1 I M t 1 I N l ; 

MC 
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ENT~YJTHE MATRIX u I~ THE SIN~ULAR VALUES DECOMPOSITION v•s•u•. 
WAL: <ARRAY IDENTIFIER>; 

'
0 AR~Av•• VALC11NJ; 
ENT<YITHE SINGULAR VALUES; 

Vl <ARRAY IDENTIFIER>; 
•• A~ f(. A Y •• \I { 1 I N , 1 I N l ; 
ENT~YITHE MATRIX VIN THE SINGULAR VALUES DECOMPOSITION. 

NI <ARITHMETIC EXPRESSION>; 
THE LENGTH OF THE RIGHT-HANO SIDE VECTOR; 

Ml <ARITHMETIC EXPRESSION>; 
THE NUMBER OF UNKNOWNS, N SHOULD SATISFY N <= M; 

xa <ARRAY IDENTIFIER>; 
••AR~Av•• X[11HJ; 
ENT~Ya THE RIGHT-HANO SIDE VECTOR IN X!11NJ; 
EXITS THE SOLUTION VECTOR IN X(11MJ; 

EHi <ARRAY IDENTIFIER>; 
•• AR~ A Y •• E M C 6 I 6 J ; 
ENT~YJ EMC&lt THE MINIMAL NON-NEGLECTABLE SINGULAR VALU~. 

PROCEOUR~S USED I 

MATVEG = CP34011 
TAMVEC = CP34012 

REQUIRED CENTRAL MEMORY a AN AUXILIARY ARRAY OF N REALS IS DECLARED 

RUNNING TIME, ROUGHLY PROPORTIONAL TJ CM+ N) • ~ 
• 

METHOD AND PERFORMANCE I 

TH£ SOLUTION IS F OUNO IN THREE STEPS I 
1. V' " X = Xi IS CALCULATED, 
2. VAL+• Xi - X2 IS CALCULATED, HERE VAL+ DENOTES THE DIAGONAL 

MATRIX OBTAINED FROM VAL BY SETTING VAL•CI,Il - 1/VALCIJ IF 
VALtil GREATER THAN OR EQUAL TO EHC&l, ANO O OTHERWISE, 

3. THE SOLUTION U • X2 IS CALCULATED. 

LANbUAGE a ALGOL 60 
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SUBSECTlON: SDLUND 

GALLING S~QJE~C~ I 

THl H[ALING OF THE PROCEDURE IS J 

•• I t; 1· :: G l ~ 11
• 

041 P RO CEO URE•• S O LU N D ( A , M, N ,, X , EM > ; 
1111 VA 1- U E •• M, N; ••INTEGER•• M, N ; ••AR<. A Y •• A, X , EM ; 

' 

SOLUNOI= THE NUMBER OF SINGULA~ VALUES NOT FOUND, I.E. ZERO IF ALL 
Slh~ULAR VALUES ARE CALCULATED. 

THE MEANING OF THE FORMAL PAREMETERS IS I 
Al <AF-ti<.AY IDENTIFIER>; 

•• A RR A Y •• A [ 1 I H 41 1 I N J ; 
ENT~YI THE TRANSPOSE OF THE MATRIX; 

Ml <ARITHMETIC EXPRESSIJN>; 
THE NUMBER OF ROWS OF A; 

N! <ARITH~lTIC EXPRESSION>; 
THE NJMBER OF COLUMNS OF A, N <- M; 

x: <ARRAY IDENTIFIER>; 
••AK~Av•• XC1&Ml; 
ENTRY• THE RIGHT-HAND SIDE VE~TO, IN X[11Nl; 
EXIT! THE SOLUTION VECTOR. 

EM! <ARRAY IDENTIFIER>; 
•• AR< A Y •• E M ( 0 I 7 l ; 
ENT~YI EMCOll THE MACHINE PRECISION; 

EM{2ll THE RELATIVE PRECISION FOR THE SINGULA~ VALU~S; 
EMC4ll THE MAXIMAL NUMBER OF ITERATIONS TO BE PERFORMED IN 

THE SINGULAR VALUES DECOMPOSITION; 
EMCoJ: THE MINIMAL NON-NEGLE~TABLE SINGULAR VALUE; 

~XITI E~{1ll THE INFINITY NORM o~ THE MATRIX; 
EMC3ll THE MAXIMAL NEGLECTED SU?EROIAGONAL EL~MENT; 
E~{~l: THE NUMBE~ OF ITERATIJ~S PERF)RMED IN THE SINGULAR 

VALUES DECOMPOSITION; 
~MC7ll THE NUMERICAL RANK OF THE MATRIX, I.E. THE NJMBER OF 

SINGULAR VALUES GREAT~R THAN OR ~QUAL TO EM[oJ. 

PROCEDURES USEC a 

QRI5NGVALOEC = CP34273 
SOLSVDUNO = CP34282 

R~QuIRED CENTRAL MEMORV l 

AUXILIARY AKRAYS ARE DECLARED TO A TJTAL OF (N • 1> • N REALS 

METHOD ANO PERFORMANCE I 

THl SOLUTION IS FOUND IN TWO STEPS I 
1. THE SINGULAR VALU~S DECOHPOSITIO~ IS CALCULATED BY MEANS OF THE 

PROCEDURE QRISNGVALOEC; 
2. THE SOLUTION IS CALCULATED BY MEANS OF THE PROCEDURE SOLSVOUNO. 
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RU~J~-JING TIME : ROUGHLY PROPORTIONAL TJ (~ + N) • N • N 

L A t-J G U A G t. I ~ L G O L - 6 0 

REFc..RENCE ~ J 

WILKINSON, J.H. ANO CeREINSCH 
~At~i)BQOK OF AUTOMATIC COMPUTATION, VOL. 2 

' LlNEAR ALGEBRA 
~EIDELBtRG (1971) 

EXAMPL!:. OF USE I 

FI~~ST W~ GIVE A PROGRAM9 ANO THAN THE RESULTS OF THIS PROGRAM 1 

··s£GIN 11
• ··ARRAv·· A[118,1l5l, 8[118), EH(017]; 

•• I N r E G E r( •• I ; 
•• 1 NT E G ER•• ••PRO CEO URE•• S O L UNO ( A , M , N , X , EH> ; 
··vA.uc:·· M~ N; ··rNTEGER'11 H, N; ··AR.RAY'· A, x, EM; 

··:ooE •• 3Lt283; 
A(1,1l1=22; AC1,2]a- A(2,3l1=10; A[1,3ll= AC7,1ll= Al8,5ll 2; 
AC1,4JJ= ACJ,511 3; AC1,5ll= AC2,2Jl=7; AC2,111=14; AC2,5J 1=8; 
A(29!+,Ja= ACB,311--0; AC3,1ll= Al3,3Ja= AC6,SJ1=-1; AC3,2l1=13; 
AC3,4Jl=-11; A[4s1lS=-3; AC~,211= AC4,4ll= ACS,411= A[8~4Jl=-2; 
AC4,3l1=13; AC~,511- A(S,511= AC6,1J1:4; A(5,1lt= A!6,1J1-9; 
ACS,211=8; A[S,3]1= ~(o,2)1= A[7,5J1-1; A{6,3Ja=-7; 
AC6,4ll= AC7,4Jt- ACB,211=5; AC7,2]1--6; AC7,3ll=o; 
BC1l!=-1; 8[211=2; BC3J&=1; BC4li=4; 8(511=0; 
E M ( O l : = •• - 14 ; EM r 2 l 1 = •• -1 2 ; E M C 4 l a = 8 o ; E M C 6 l a =" - 1 o ; 
Ia= SOLUNO(A, 8, 5, B, EM>, 
:J UT P U T ( b 1 , •• < •• 4 8 , •• ( •• NU M BER S I NG lJ L A R. V A L U E S NO T F OUN O I •• ) •• , 
320,/, 48, ··,··NoRM a ··1··,N, I, 43, ··("MAX NE.GL suao ELEM J ··)··, 
N,/, «+B, 110

(
11"NUMBER ITERATIONS I••>••, 320, /, 48, ••('"RANK 1 ••>••, 

3 Z D , / •• ) •• , I , EM [ 1 l , E 11 ( 3 J , E ~ C 5 l , EM ( 7 J ) ; 
OUTPUT(o1, •• , •• ,9 48, ··,··soLUTION VECTOR··,··, 1,1'1 8(48, N,/) 110 )•·, 

8{11, 8(21, 8(3), 8(4), 8[5], 8[6], 8(7]9 8[8]) 
••END'• 

NLJMBER SINGULAR VALUES NOT FOUND I 0 
~iORH & +4.Lt-000000000000''+001 
MAX NEGL SUB □ ELEM l +4.3977072741070••-014 
NUMBER ITERATIONS a o 
RAt'4K a 3 

SOLUTION VECTOR 

+ 1. 6410 2 56410255••-00 2 
+ 1 •. i..ao 7 6 92 3 o 76 94••- o o 2 

'+• 6397435897438··-002 
• 1. 0 0 0 0 0 0 0 0 0 0 0 0 2··- 0 0 2 

6.7948717948740··-003 
+ 1. 160 2 5 6 410 25 65 ··- 0 0 2 
+2. 999999 999999&··-o o 2 
-8. 3974358974328··-003 



SOURCE TEXT(S)a 

"CODE" 34Z82p 
•PROCEDURE" SOLSVOUND(U, VAL, V, M, N, X, EM)J 
"YA~UE" M, NJ ''INTEGER'' M, NJ ••ARRAY" U, VAL, V, X, EMJ 
"BEGIN" ''INTEGER'' I, 

" R E A L '' M I N , 
" A RR A V 1• X 1 [ 1 I N l 1 

"REAL~ ''PROCEDURE" MATVfCCL, U, I, A, BJ, 
" \/ A I. U E 11 L , U , I J " I N T E G E R " l. , U , I J " A RR A Y " A , 8 J 

"CODE'' 3liO 11 I 

"REAL" "PROCEDURE" TAMV!CCL, U, 1, A, B)J 
''VA~UE'1 L, U, IJ "INTEGER'' L, U, Ir ''ARRAY" A, BJ 

"CODE" 3ao12, · 

MIN1= EM [6] J 
''FOR" ll• 1 "STEP" 1 "UNTIL" N "D0" 

MC 
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Xl til s• "IF" VAL Ctl <• MIN "THl!N" 0 "!LS!" TAMVEC(l, N, I, V, X) / 
VAL t I J 1 
"f0~" I1: 1 ''STEP" 1 ''UNTIL" M "00ff 
XtIJ1m MATVEC(1, N, I, U, Xl) 

"END'' SOLSVDUNDJ . 
' 

"f.:OP" 

1 C00E" 342831 
"INTEGER" "PROCEDURE" SOLUNDCA, M, N, X, fM)J 
"VALUE" H, ~, "INTEGER" M, NJ "~RRAY" A, X, EMJ 
"BEGIN" "INTEGER" IJ 

" A R R A V '' V A L [ 1 a N l , V ( 1 I N , 1 I N J J 

"INTEGER" flPROCEDURE" QRlSNGVALDEC(A, M, N, VAL, V, EM)J 
uyALUE" M, N, "INTEGER~ M, NJ "ARRAY" A, VAL, V, EMJ 

"CODE" 3!4273J 

''PROCEDURE'' SOLSVOUNOCU, VAL, 
''VALUE'' M, Ns "INTEGER""' N, 

"CODE" :S4282J 

V, M, N, X, EM)J 
"ARRAY'' U, VAL, V, 

• 

X, EM J 

SO~UN01= It• QRISNGVALDECCA, M, N, VA~, V, EM)J 
"IF" I• 0 ''THEN'' SOLSVDUND(A, VAL, Y, ~, N, X, EM) 

JtfNO t, SOLUND J 
~· 

1
' E OP" 

• 
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AUTHOR: O.T.WINT£R 

lNSTlTUlE i MATHEMATICAL CENTRE 

kEC~IVEu i 731217 

d~I~F D~SCRIPTION I 

THlS Sl~TION CONTAINS 2 PROCEDURES FOR THE 
CAL~ULATION OF THE HOMOGENEOUS EQJATI~NS A• X = 0 AND X' • A= 0 9 

WHERE ~ D~NOTES A MATRIX, ANO X A VECTORI 
HOHSOLS~D ASSUMES THAT THE SINGULAR ~ALUES DECOMPOSITION OF A HAS 
BEE~~ GIVEN• 
HOHSOL FIRST CALCULATES THE SI~GULAR VALUES 
OECOHPOSITION BY MEANS OF THE PROCEDURE QRISNGVALOEC. 

KEY rJOROS I 

HOMOGENEOUS SOLUTION 
SINGULAR \l~LUES 

SUBSECTION J HOMSOLSVO 

CALLING StQJENC~ I 

THE HEADING OF THE PROCEDURE IS I 
••Pk8CEDUR.E•• HOMSOLSVO(U, VAL, V, "it '4); 
••\IA LU£•• M , N ; ••IN TE GER•• M , N ; ••AR<. A Y •• U , VAL , V ; 

THE MEANING OF THE FORHAL PARAMETERS IS a 
Ut <ARRAY IDENTIFIER>; 

•• A kr<. A Y •• UC 1 IM , 11 N ] ; 
ENT~Y:THE MATRIX Li I~ THE SINGULAR VALUES O~COMPOSITION u•s•v 1 • 

EXlll THE COLUMNS OF J THAT CORR~SPONO TD THE ELEMENTS 
JF VAL HITH A VALUE SMALLER THAN SOHE SHALL CONSTANT MAY BE 
SEEN AS THE SOLUTIONS OF X6 •A= O; 

VAL: <ARRAY IDENTIFIER>; 
•• AR~ A Y •• VAL C 1 & N J ; 
ENT~YaTHE SINGULAK VALUES; 
EXIT ITHE ARRAY WILL BE O~DE~EO IN SUCH A WAY THAT 
VALCil < VAL[Jl IF J < I; 

VI <ARRAY IDENTIFIER>; 
•• A R ~ A Y •• V [ 1 : N , 1 l N l ; 
ENT~YtTHE MATRIX V IN THE SINGULAR VALUES JECOHPOSITION; 
EXITITHE COLUMNS OF~ THAT CORRESPOND TO THE ELEMENTS OF VAL 
THAT ARE SMALLER THAN SOME SMALL CONSTANT MAY dE SEEN AS THE 
SOLJTIONS OF THE EQUATION A• X = O; 

Ml <AKITHMETIC EXPRESSION>; 
THE NUMBER OF ROWS OF u; 

NI <ARITHHtTIC EXPRESSION>; 
THE NUMBER OF COLUMNS OF u; 



1-st REVISION, 1975 

P~OGEDUk~S JSED I 

ICHCOL = CP3l+031 

tOECEHBER 1975) 

RUtJ~lNG TlMt. : PROPORTIONAL TO N ' 2 

• 

METHOD kNu PE~FORMANCE l 

MC 
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THE PROCEDURE DOES NOTHING MORE THA~ A SIMPLE SORTING PROCESS ON 
THE ELEMENTS OF THE ARRAY VAL, ,r T~E SAME TIHE TH~ COLJHNS OF U 
ANO V ARE INTERCHANGED, ACCORDING TO THE INTERCHANGING OF THE 
E::LEMENTS VAL. 

L A ~! GU A G £:.. & '4 L G O L 6 0 

SUBS~CTlDN: HOMSOL 

CALLING SEQUENCE I 

THE H£ADING OF THE PROCEDURE IS I 
11 INTEGER 1

• ••PROCEDURE•• HOHSOL<A, H, N, V, EM>; 
•• v A LU c::•• M, N ; ••IN TE GER•• H, N ; ••A~~ A Y •• A , V , EH ; 

HOM~OLI= TH~ NUMBER OF SINGULAR VALU~S NOT FOUND, I.E. ZERO IF ALL 
S It~:;, U L AR VAL U ES A RE C AL C UL ATE O • 

THl MEA~ING OF TH£ FORMAL PAREMETERS IS I 
Aa <AR~AY IDENTIFIER>; 

••AR~Av•• A[1ZM,1ZN]; 
ENT~YI THE MATRIX; 
EXITI THE COLUMNS OF A THAT COR~ESPONO TO THE ELEMENTS OF 

VAL THAT ARE SMALLER THAN SOME SHALL CONSTANT, MAY BE SEEN 
AS THE SOLUTIONS OF THE EQUATION X' •A= O. 

HI <AR.ITH Mc.TIC EXPRESSION>; 
THE NUMBER OF ROWS OF A. 

NI <ARITHMETIC EXPRESSION>; 
THE NUMBER OF COLUMNS OF A. 
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<ARRAY IDENTirIER>J 
"ARRAY" VttiN,11NJJ • 

EXIT& THE COLUMNS OF V T~iAT CORRESPOND TO ELEMENTS OF VAL 
SMA~LER THAN SO~E $MALL CONSTANT MAY SE SEEN AS THE 
SOLUTIONS or TME EQUATION A* X a 0 1 

cARRAY IOENTtrtER>J 
"-ARR•V• EM [Oi7l J 
ENTRYI EMtOl~ THE MACHINE PRECISlONJ 

EMt2l& THE RELATIVE PRECISION FOR THE SINGULAR VALU!S1 
EM[ij] I THE MAXIMAL NUMBER OF ITERATIONS TO BE PERFORMED IN 

THE SINGULAR VALUES OtCOMPOSITION, 
E ~1 t b 1 a T t1 E ti I N I MAL t~! ON•~, EGL.EC TABLE SINGULAR VALUE I 

EXITi EMt1l I THE INFI~JITY NORM or THE MATRIXJ 
EMt3lJ THE MAXIMAL t~EGLECTEO SUPERDXAGONAL ELEMENT, 
EM[Sla THE NU~BER OF ITERATIO~lS PERFORMED IN THE SINGULAR 

VALUES DECOMPOSITlONJ 
E ~-4 t 7 l I T ti E t··l LJ MER l C A L R A ~J t< 0 F T H E M A T R I X , I • E • T HE NU tJt 6 E R OF 

SlNGU~AR VALULS GREATE~ THAN OR EQUAL TO EMtbl 8 

• 

PROCEDURES USED I 

QRISNGVALDEC • CP34273 
HOMSOLSVO • CPl4Z84 

MET~tOD ANO PERFOR~At~CE; 

• 

THE SOLUTION IS FOUND lN TWO STEPS & 
t. TtiE SINGULAR VALUES OECOMPOSlT!ON IS CALCULATED BY MEANS o, THE 

PROCEDURE QRIS~GVA~DECt 
2. THE SI~JGULAR VALUES ARE ORDERED BV MEANS OF THE PROCEDURE 

HO~SOLSVD. 

LANGUAG~ I ALGO~ ~O 

REFERENCES: 

' 

w ILK It~ SD t}, J • H I A f,J O C • Pe:: I t·➔ SC,,, · 
~ANDBOOK OF AUTOMATIC COMPUTATI0~1, VO~, 
LINEAR ALGEBRA 
HEIDELBERG (1q71) 
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EXAMPLE Of JSE I 

F I R s T l~" e: G I v e: A P R o G R A ~ 1 , A r,1 C~' T H A f J T ~ 1 E rt E s u L r s a r T • ➔ I s P R o G R A M 1 

'' B E ~ I r-1 '' " A R R A Y '' i t t l 8 , 1 I S l , V t 1 I S , 1 ; S l , f M t O I 7 l J 
"l~TEGER" I, Jt 
A tt, 1l i=22J A t1, 21 i= A [2,31 &•10; ·. A t1, 3l := A [7, 1 l 1~ A t8,5l g~21 
At1,4l,~ At3,5J:•3r Att,SJ:.: At2,21,=1, At2,1l1•1"+J At2,~l1=a, 
At2,u.J1 ■. A[8,3J1,o, 4t3,1J1:: A[3,3la~ A[o,5]1:;•1, At3,2lt=13J 
Atl,4lJ••1lJ A[4,1~1=•l1 At4,21:, A[4 1 4J:= A.tS,4J;: At8,'1Js•"2J 
A tQ,3J 1;:13, A t~,5] Ill A [S,51 == A. ta, 1J 1=4, A ts, ll 1= A tb, ll 111:'11 

' 
A t5,il 1•8J A [5,3J g; A tt,,ZJ a; A [7,511=1, A t6,3l 1=•7f 
A tb,'411• A t7,4J t• A. [8 1 2l 1r:S; A C7,2J ;••01 A f7,3l i=t~~ 
E r~1 t O 1 I I " • l 4 J E M t Z l I • •• • 1 2 J E f-1 [ '+ l I f: 8 0 J E M [ b J I = '' ~• 1 0 J 
t:1 •➔ OMSOLCA, 8, 5, V, fM)J 

.., . .. 

OUTPUT(bl, "("40, "<~NUMBER SINGULAR VA~UES ~iOT FOU~~D 8 '')", 
' 3 Z 0 , I I ti B , " ( " NO R t-1 I " ) t• , N I I , . ~ B , 1' ( '' M A X t~ E G L S U B O E L E ~1 1 · " ) '' , 

N , 1 , t+ a , " c " N u M a E R I r t R A r I o :,J s 1 '' ) ~ , 3 z o , 1 , " a , ,, c ., RA N K , ,. l ,, , 
3 Z O , / " ) " , I , E ~1 t 1 J , E M t 3 l , E ~1 t C5 l , E ~1 t 7 l l J 
" r: o R " J ; = E ~1 r 11 + 1 ,, s r E P •• 1 ,. t_11~ r I L.i ,. s ff o o " 
0 U T P t.J T ( o 1 , '' C " / , <J e , •• C 1• C O L U r-1 \ J rJ r_J ,...1 3 E R I " ) " , D , 5 ( / , 4 8 , 2 ( t~J ) ) , 
1 < 1 , " e , t\J , , 1 ,, , " , J , A t 1 , J J , v t 1 , J J , A t 2 , J J , v t 2 , J l , A t :s , J l , 
V t 3 , J l , A t 4 , J l , V C '-l , J J , A t 5 , .J l , V t 5 , J l , A t b , !J l , A t 7 , J l , A [ 8 , J J l 

"ENO" 
• 

i✓ UH 8 E R S I NG U I. A R V AL. U E S N O T r OU ~ .; 0 I 0 
NORM I +4.4000000000000"+001 
MAX NEGL sueo ELEM I ♦ 4.397707274107~"-014 
NUMBER ITERATIONS I h 
RA~JK I 3 

COLUMN NW~SER I 4 
+3.4708599800002~•001 
•6.07Zl3o9~230lt"•001 
+1.220746191054b"•001 
+b.t88257443389S~•001 
•4.63Q4371810~9bP•003 
+3,3409esqs3a12s~-001 
•3.35~8410857408"•002 
•1.JS4724c422274"•002 

COLUMN NUMBER t S 
•2.SS33t0941l182~~001 
•1.735980q248754"•001 
.2.2os122sq141&3"•001 
+a.11&S4715Q3410"•002 
+Q.2o4qaq7QS7&5b"•001 
•2.889Sq539q&UQ2"•002 
+&.1327S9bb2lq94~•002 
•QtQ058079025100"-~02 

•4.190qsqBS1117l"•001 
+4 0 405oqt230371l''•001 
•S.20045"9247434"•002 
+0 1 7b05~1Q021b1o"~001 
♦ 4,1297710284731"•001 

t O • 0,0 0 () 0 O v O O O O O O" t <> O 0 
•4.185480~384909''~001 
•3.4879005320758"•001 
•2.441530372USJ1"•001 
+ e • o 2 2 1 1 1 2 2 3 1 1 4 2 ,~ • c. 1J 1 



SOURCE TEXTCS); 

•• C O O E 1• 3 4 2 8 4 , 
nPROCEDLIRf" HOMSOLSVD(V, VA~, V, M, N>, 

-
"VALUE" M, NJ ''INTEGER'' M, NJ ''ARRAY" U, VAL, VJ 
qBEGIN" DINTEGER•• I, JJ 

·••REAL." XJ 

••PROCEDURE'' ICHCOLCL, U, I, J, A)J 
''VALUE'' L, U, I, JJ "INTEGER• L, U, I, JJ ~A~RAY" AJ 

" C O D E '' 3 4 0 3 1 J 

'' F O R " l : = N " S T E P " • 1 " U tJ T I L " 2 91 DO " 
" f O R If J I : I • 1 ., S T E P ., • 1 •• UN T I L " 1 
•• I F *' V A ~ C I l > V A L C J l '' T H E N " 
•• B E G I N '' X C = \/ A L t l l J V A L t I l I a \I• L £ J J 1 

ICHCOLC1, M, I, J, U)J ICHCOL(1, 
fl END ff 

''ENO'' riOMSOL,SVD J 
,, f: 0 p 11 

11 CODE" 34265J 
' 

QJNTEGER" RPROCEDURE" HOMSOLCA, M, N, V, 
"VALUE" M, NJ ••INTEGER" M, NJ "ARRAY" A, 

' 

"BEGJN" ''INTEGER•• 11 
t! A RR A Y" v AL C 1 IN l p 

VAL tJl 1• XJ 
N, I, J, V) 

• 

"INTEGER" "PROCEDURE" QRISNGVALDEC(A, M, N, VAL, V, EM)J 
''VALUEfl ~, NJ "INTEGER" M, NJ "ARRAY" A, VA~, V, EMJ 

et C OD E '' 3 4 213 J 

''PROCEDURE" HOMSOLSVDCU, VAL, V, M, N)J 
'' V A ~ U E '' M , N J st I NT E GER n M , N J •• ~RR A Y '' U , V A L , V , 

"COOEtt 3428441 

HOMSOLI• I1: QRISNGVALDEC(A, M, N, VAL, V, fM), 
"lF" l: 0 "THEN'' HOMSOLSVOCA, VAL, V, M, N) 

• t N D fl H OM 5 0 L J 
'' E OP" 

• 

MC 
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AUTH~~: o.T.WINTER 

INSTITUTE : MATHEMATICAL CENTRE 

• 

BRI~F DESCKIPTION I 

THIS SE~TION CONTAINS TWO PROCEOU~ES FOR THE 
CALCULATION OF THE PSEUDO-INVERSE OF A MATRIX: 

MC 

PAGE 1 

PSDlNVSVD ASSUMES THAT THE MATRIX IS GIVE~ AS SINGULAR ~ALLIES 
DEC:)HPOSITION. 
PSOlNV FIRST CALCULATES THIS OECOMP)SITION. 

Kt YWORDS a 

PSEUD C-I N \/ ERSE 
SINGULAR VALUES 

SUBSECTION & PSDINVSVO 

GALLING SEQJENCE : 

THE HEADING OF THE PROCEDURE IS I 
•• P KO :) ED J RE: •• P SO I N VS V D ( ( U , V A L , V , M , N , E M ) ; 
••VAL U E •• M , f--4 ; •• I NT£ GER•• M , N ; ••ARRAY•• U, VAL , V, EM ; 

THE MEANING OF THE FOkHAL PARAMETERS IS t 
U: <~RRAY IDENTIFIER>; 

••AR~Ay•• U(11M,11N]; 
ENT~YI THE MATRIX U IN THE SINGULAR VALUES DECOMPOSITION 

u • s • v•; 
EXITJ THE TRANSPOSE OF THE PSEUDO-INVERSE. 

VAL: <AR~AY IDENTIFIER>; 
•• AR~ A Y •• V AL C 1 z N J ; 
THL SINGULAR VALUES. 

v: <ARRAY IDENTIFIER>; 
••ARRAY•• V ( 1 l N , 1 IN l ; 
THE MATRIX VIN THE SINGULAR VALJES DECOMPOSITION U • S • v•. 

HI <ARITHHETIC EXPRESSION>; 
THE NUMBER OF ROWS OF U. 

NI <ARITHH~TIC EXPRESSION>; 
TH~ NUMBER OF COLUMNS OF Vo 

EHl <ARRAY IDENTIFIER>; 
••ARR.A Y •• EM [ b I 6 J ; 

' 

· ENT~Y& EM[6l1THE MINIMAL NON-NEGLECTABLE SINGULAR VALUE. 



1-st REVISION, 1975 MC 

SECT I CJ t-J 3 .1. 1 • 3. 1. £+ (OEC£MBER1375t PAGE 2 

PROCEDUR~S UScO 1 

Mt~.TvEC::: CP34011 

R~QuIP.EC CENTRAL MEMORY I AN AUXILIARY ARRAY OF N REALS IS DECLARED 

METHOU AND P~RFURMANCE l • 

THE PSEUDO INVERSE IS CALCULATED IN THO STEPS I 
1. THE MATRIX X =VAL~• U' IS CALCJLATED, WHE~E VAL+ DENOTES THE 

DIAGONAL MATRIX OBTAINED FROM VAL BY PUTTING 
VAL•(I,Il = 1/VALCIJ IF VAL[!] G~EATER THAN OR EQUAL TO EM(ol, 
ANO V~L+CI,Il = 0 OTHERWISE. 

2. THE:. PSc.UDO IN\/ERSE ("' • X) IS CALCULATED. 

RUNNING TIME & ROUGHLY PROPORTIONAL TJ M • N • N 

LANGUAGE l ALGOL-60 

SUBSECTIOt's I PSDIN\I 

CALLIN& SEQJENCE J 

THE HEADING OF THE PROCEDURE IS I 
•• I N 1· EGE~•• ••PR. 0 CED UR£'" PS O IN V ( A , M, N, EM) ; 
•• V ALU E •• M , N ; ••IN TE GER•• H, N ; ••AR~ A Y •• A ., EM ; 

PSOINVI= THc NUMBER Of SINGULAR V~LUES NOT FOUND, I.E. ZERO IF ALL 
Sit~~ULAR VALUES ARE CALCULATED. 

THE MEANING OF THE FORMAL PARAM~TERS IS I 
A <ARRAY IDENTIFIER>; 

••AR~ A Y •• A [ 1 : M , 1 l N l ; 
ENT~Y I THE GIVEN MATRIX; 
EXIT I THE TRANSPOSE OF TH[ PSEUJO-INVERSE; 

HI <ARITHM~TIC EXPRESSION>; 
TH~ NUMBER OF ROWS OF A; 

NI <ARITHMETIC EXPRESSION>; 
THE NJHBER OF COLUMNS OF A, N<= M; 

~Mt <ARRAY IDENTIFIER>; 
•• A R k A Y •• E M { 0 I 7 ) ; 

ENTRY: EMCOJI THE MACHINE PRECISION; 
EH[2lZ THE RELATIVE PRECISION FOR THE SINGULAR VALUES; 
EM[~ll THE MAXIMAL NUMBER OF ITERATIONS TO BE PERFO~MEO; 
EM[&]! THE MINIMAL NON-NEGLECTABLE SINGULAR v,LuE; 

lXIlt EM(1JI THE INFINITY NORM JF THE MATRIX; 
EMC3lt THE MAXIMAL NEGLECTED SUPEROIAGONAL ~LEHENT; 
E~{SJI THE NUMBER OF ITERATIONS PERFORMED IN THE SINGULAR 

VALUES DECOMPOSITION; 
EMC7JI THE NUMERICAL RANK OF THE ~ATRIX, I.E. THE NUMBER OF 

SINGULAR VALUES GREATER THAN OR EQUAL TO EHC6J; 
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• 

PROCEDURES USED 1 

QRISNGVALDEC = CP34Z73 
PSDINVSVO m CP34286 

REQVI~ED CENTRA~ MEMORY I 
•• 

AUXILIARY ARRAVtS ARE DECLARED TO A TOTAL OF (N + 1) * N REALS 

METHOD AND PERFORMANCE I -

FIRST THE SINGULAR VALUES DECOMPOSITION IS CALCUL.ATED, AND THAN THE 
PSEUOOPINVERSE IS CALCULATED 8V PSDINVSVO, 

• 

RUNNING TIME s ROUGHLY PROPORTIONAL TO (2M + N) • N • N 

LANGUAGE l ALGO~•&O 
• 

REFERENCES I . 
WI~KINSON, J 1 H1 ANO C1 REINSCH 
HANDBOO~ OF AUTOMATIC COMPUTATION, VOL,2 
~INEAR ALGEBRA 
HEIDELBERG (1971) 

• 

• 

' 

• 

-
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EXAMPLE OF USE : 

fIRSf ~E GIVE A PROGRAM, ANO T~AN THE RESULTS OF THIS PROGRAM : 

''BEGIN'' "ARRAY'' A[tl8 1 115l, EM[017lJ 
"INTEGER" I, Jt 

"INTEGEQtt "PROCEOU~f" PSDINVCA, M, N, EM)S 
'VALUE••~, NJ uINTEGER" M, NJ "ARRAV" A, EMJ 

''CODE" 34287, 

~ C 1 , t J I •2 2 J A t 1 , ~ l I• A [ Z, 3 l I• 10, A [ 1, 3 l I• A t 7, 1 l , i=1 A C 8, 5 l t m 2 J 
A. (1,4l 1• A [3,Sl 1•31 A t1 ,5l 1• A £2,ZJ 1•1, A t2, 1] 1:1141 A t2,5l 1•81 
A(2,4J1c At8,3]J=t0J At3,1Jaa AC3,3J111 A[b,5]1 ■•1, At3,2Jl:tlll 
AC3,~J,z-.11, Af4,lls••3J A[4,2l1• At4,4J1• At5,4la:a ~t8,4J1=..,21 
A cq,33 ••11, A [4,SJ •• A t5,!11• A t8, 1J •··"' A ts, 1l a= A to, 1] •=q, 
AC5,2J J:181 At5,3l •• At6,lJ 1• At7,5J 1•11 A[6 1 3J 1••7J 
A Cb,4J I• A t7,4] s:a A t8,2J t•5J A £7,2J 1 ■ •6J A (7,3l 1•&J 
EM [Ol ••"•14J EM tZJ ••"•121 EM 14) a•eo, EM [6] ••"•lO, 
Ii• PSDINVCA, 8, 5, fMlJ 
OUTPUT(61, "("48 1 "("NUMBER SINGULAR VALUES NOT FOUND I '')'', 
3zo,1, 48, "(•NORM I ")•, N,/, 49, "("MAX NEGL SUBD ELEM I ")", 
N,/, 4B, "(UNUMBER ITE~AT?ONS I")", 3ZO, I, 4B 1 "C 11 RANK I ")u, 
3 Z D, /" ) ", · I , EM 11 l , EM t l J , e! M t5 ! , EM t 7 l ) 1 
OUTPUTC&1, "("/, 48 1 "("TRANSPOSE OF PS!UOO•INVERSE")H, /, 
4B, "C"FlRST THREE COLUMNS 1 l", I, I, 8C4B, 3(N), /), /, /, 
4 B , " ( '1 L. A S T T ~ 0 C 0 LUM NS " ) " , / , / , 8 ( 1 5 B , 2 ( N ) , / ) '' ) '' , 
AC1,1J, A[1,2J, At1,3l, AC2,1l, At2,2J, Atl,3J, At3,1J, AC3,2J, 
A [3, 3J, A (4, ll, A t4,2l, .A (4,ll, A tS, 1J, A t5,2l, A C5,3l, A [6, 11, 
Atb,2l, A[f:.,3J, At7,1l, AC1,2J, 4C7,3l, A(B,1), A[8,2l, A [8,ll, 

• 

A tl ,4], A tl ,SJ, A [i,41, A Ei,SJ, A tl,4J, A [3,5J, A t4,4J, A [4,SJ, 
A[S,41, At5,5l, At6,4l, At6,5J, A£7,4J, A[7,5l, A[8,4l, A[8,Sl) 

•END'' 

NUMBER SINGULAR VALUES NOT FOUND I 0 
NORM I +4 1 4000000000000"+001 
MAX NEGL SUBD ELEM S +4,3q7707274101b"•014 
~UMBER ITERATIONS I 6 
RANK I 3 

TRANSPOSE OF PSEuoo~INVERSE 
FtRST THREE COLUMNS 

+2,1129807692308"~002 
+q,31oaq7435aq74"•00l 
~1,1097756410256"~ooa 
•1,916&&6&66~667"-003 
+5,512620512620'"•003 
+1,4318910i56410"~002 
+4,5q55333333335•-001 
+1,50641025&4102"~003 

.q,&15J846153850"•003 
+2,i11SJ8ijb15376"~003 
+i,140394.153848""002 
.s,0000000000001n~oo3 
.~,807.923076935~-003 
.2,s,•1S384bt548"•003 
•l,49~9qqqq99q98"w002 
+7,UOl8461538441"~003 

• 

•2,1073717948727"•003 
+i,05Z884b153846"~002 
•3 1 886217948719Q"~Oo3 
+3,3750000000001"•002 
•8,974358914382b"P004 
•2,013~217948716"-002 
+1,s11z4q9qq9qq6''•002 
•1,6q87179467147''•003 



SECTION 3,1,1.3,1.q 
• 

LAST TWO COLUMNS 

+7.o041bb&&~6bo2"•003 
~2.oe33333333z•5••004 
~2.7oOijl6bbb6b~7~•002 
~s,41bbbb6ob•o•2*•003 
.s.oooooooooooos"•OOJ 
+t.2812500000000"•002 
+1.2395833333312••002 
~4.q999~9999,993•-001 

SOURCE TEXT(S)i 

'' C ODE '' 3 ti Z 8 b J 

+3a50b0897435894''•003 
+l 1 001&025b4102&"•00Z 
+4,20b7307o92303"•003 
+l 1 041obb.bb&6&7"•002 
+3,2051282051275P•00l 
·•,20,qJ58t74354"•003 
+2 1 &041&&&&&~&5b"•003 
+1 1 b025b41025649"•003 

"PROCEDURE'' PSDINVSVO(U, YA~, V, M, N, EM)J 
• 

" V A LUE • M , N f '' l N TE GER •• ~ , N J " A RR A Y tt U 1 \I 4 L, , · V , E M r 
' 

~BEGIN'' "INTEGER•• I, J1 
"REAL" MIN, VALIJ 
11 ARRAY'' X t1 IN] I 
"REAL'' "PROCEDURE" MATVECCL, U, I, A, 8)J 
''VA~UE" L, U, t, "INTEGER" L, U, 1, "ARRAY" A, BJ 

"CODE" 34011J 
MIN1:1 EM t&J.p 
"FOR" I1• 1 "SfEP" 1 "UNTI~" N ~oo• 
'' l F " \I A L t I l > M I N " T HEN " 
"BEGIN'' VALII• 1 / VAL[IJJ 

MC 
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"FOR" J111 1 "STEP" I "UNTIL" M "00" UtJ,Ill• UtJ,IJ • VALI 
"END" 
"ELSE~ "FOR•• JI~ 1 11 STEP" 1."UNTIL" M "DO" U[J,IJ 1• OJ 
''FOR" It• 1 "STEP" 1 "UNTIL" M "D0" 
,, B E G I N ~, It F' 0 R " J 1 • 1 " S T E P " 1 st UN T l L •• N ff O O ,, X [ J l I • U t I , J l J 

"FOR~ Jc• 1 "STEP" 1 "UNTIL" N ttDO" 
lJ [ I , J l I • MA T VE C ( 1 , ~ , J , V , X ) 

ttENO" 
ttf.NO'' PSOINVSVDJ 

- 91 EOP 11 

19 tODE" 3'4c871 
'INTEGER" "PROCEDUREu PSDINV(A, M, N, EM)J 
"VALUE" M, NJ "INTEGER'' M, Ns ~AR~AV" A, EMt 
t•BEGlN" "INTEGER" I, 

19 ARRAY 1 VAL, t11NJ, V t11N, l INJ J 

• 

••INTEGER• 19 PROCEOURE" QR!SNGVALDEC(A, M, N, VAL, V, EM) J 
"VALUE"~, NJ "!NTEGERq M, NJ "ARRAY" A, VAL, V, EMJ 

"CODE'' 34273J 
"P~OCEDURE" PsOINVSVD(U, VAL, v, M, N, EM)r 
'' V A L U E •• M , N J '' I ~ TE GER '' M , N I n ARR A V 11 U , V A L , V , EM J 

"CODE'' 3 ij28& J 

PSOINVa• Is= QRISNGVALDEC(4, M, N, VAL, v, EM)t 
"If'' I: 0 "THEN" PSOINVSVD(A, VAL, V, M, N, EM) 

"ENP'' PSOINVt 
• 

''EOP'' 
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AUTHOR 

Rt. VlSO~ 

INS TIT u1· E MATHEMATICAL CENTRE. 
• 

RECEIVEO 730903. 

BRIEF DESCRIPTION 1 

THIS SECTION CONTAINS THE PROCEDURE ~ECBND 
FOk THE DECOMPOSITION OF A BAND MATRIX BY GAUSSIAN ELIMINATION 
WITH STABILIZING ROW INTERCHANG~S (PARTIAL PIVOTING). 

KEY WORuS 

LIN~AR EQUATIONS, 
PARTIAL PIVOTING, 
GAUSSIAN ELIMINATION, 
BAt~C MATRIX. 

CALLING SEQJENCE 

THE HEhDING OF THE PROCEDURE IS 

••PRUCEOU~E•• DECBND<A, N, LH, R.W, AUX, M, P); ••vALUE'• N, LW~ RW; 
'

11 INTEGER 1
• N, LW, Rw; ··1NTEGER····ARRAY .. p; 10 ARRAY·· A, M, AUX; 

THE HEA~ING OF THE FORMAL PARAMET~RS IS 

A 

LW 

<ARRAY IDENTIFI~R>, 
••ARR A Y •• AC 1 I ( L W + R W ) ,. ( N - 1) + N l ; 
ENTRY l A CONTAINS ROWWISE THE BAND ELEMENTS OF THE 

BAND MATRIX IN SUCH A WAY THAT THE CI,J)-TH £LEMENT OF 
THE MATRIX IS GIVEN IN AC( LW + RW) • <I - 1) + Jl, 
I=1, ••• ,N AND J=MAX(1,I-LW>, •••• MINCN,I+RW). 
THE ~ALLIES OF THE R~HAINlNG ELEMENTS OF A AR~ 
IRRELEVANT. 

EXIT a THE BAND ELE~ENTS JF THE GAUSSIAN ELIMINATED 
MATRIX, WHICH IS AN UPPERTRIANGJLA~ BAND MATRIX WITH 
(LW + kW) CODIAGONALS, ~RE ROHWISE DELIVERED IN A AS 
FOLLOWSa THE (I,J>-TH ELEMENT OF UIS 
A C ( LW t- RW ) • (1 - J) + J l,I=1, ••• ,N AND 
J=I, ••• ,HIN(N,I • LH + ~W>. 

<ARITHMETIC EXPRESSION>; 
ORDER OF THE BAND HAT~IX; 
<ARITHMETIC EXPRESSION>; 
NUMBER OF LEFT COOIAGONALS OF A; 
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AUX 

M 

p 

(JUNE 1974) 

<ARITHMETIC EXPRESSION>; 
NUMBER OF RIGHT C)DIA;ONALS 0~ A; 
<AR~AY IDENTIFIER>; 
'

0 A~ ~ A Y -~ A U X { 1 I 5 l ; 

MC 
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ENTRY :AUXC21 = EPS IS A RELATIVE T3LERA~CE TO :ONTROL 
THE ELIMINATION; THE P,JCESS IS DISCONTINUED IF 
{~PS> PIVOT!I] / EUCLIDEAN NORM OF I-TH ROW) 
IN THE I-TH ELIMINATION STEP; 

• 

NORMAL EXIT I 
AUX[11 = SIGN OF TH~ O~TERHINANT OF THE MATRIX 
(+10R-1); 
AUXt3J = N; 
AUX[5l - MINIMUM ABSOLJTE VALUE OF 
PIVOT[Il / EUCLIDEAN NORH OF THE I-TH ROW; 

ABNORMAL EXIT a IF THE ELIMINATION CANNOT BE CARRIED 
OUT, I.~. IF TEMP (THE lUANTITY 
ABS<PIVOTCil / EUCLIDE~N NORH JF THE I-TH ROWJ) 
IS TOO SHALL IN THE I-TH ELIMINATION STEP I 
AUX[3l - I - 1, 
AUXCSJ = TEMP; 

<ARRAY IDENTIFIER>; 
•• ARR A Y •• M ( 1 I L W • ( N - 2 ) + 1 l ; 
EXIT I THE GAUSSIAN MULTIPLIERS OF ALL ELIMINATIONS 

IN SUCH A HAY THAT THE I•TH MULTIPLIER 0~ THE J·TH 
STEP IS H C L W • ( J - 1) + I - J 1 • 

<ARRAY IDENTIFIER>; 
•• I NT EGE R ••••A R. RA Y •• P C 1 s N l ; 
EXIT: THE PIVOTAL INDICES. 

PkOG E O Ur<E S JS c D 

vtCvEC = CP3~010, 
ELMVEC = CP34020, 
ICHVEC = CP3~030. 

REQUIR~O CENTRAL MEMORY 

~X~GUTIJN FIELD LENGTH a A REAL ARkAY OF N EL£MENTS IS DECLARED. 

RUN t~ I N G T I HE. 

(C1 " Lfi + C2> • {LW + R.W + 1) • "I; 
THE 0 GONSTANTS Cl AND G2 DEPEND UP~N THE 
ARITHMETIC OF THE COMPUTER. 
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LANGUAGE ALGOL bO, 

METHOO AND PERFORMANCE I .. 

DECBND PERFORMS THE PECO"POSlTION OF A MATRIX WHOSE NON•ZERO 
ELEMENTS ARE IN BAND FORM, AND WHOSE BAND ELEMENTS ARE STORED 
ROWWISE IN A ONE•OIMENSIONAL ARRAY, 
THE METHOD USED IS GAUSSIAN ELIMINATION WITH STABILIZING ROW 
lNTERCHA~GES (PARTIAL PIVOTING), 
THE GAUSSIAN ELIMINATION IS PERFORMED INN STEPS, IN THE K~TH 
STEP, K = 1, ,,~ , N, A PlYOT IS SELECTED IN THE K•TH COLUMN OF 
TME REMAINING SUBMATRIX OF ORDER N • K + 1 (THIS COLUMN 
CONTAINS AT MOST LW + l NON•Z!RO £LEMENTS)J THEN THE PIVOTAL 
ROW IS INTERCHANGED WITH THE K•TH AO~J SUBSEQUENTLY THE K~TH 
UNKNOWN IS ELIMINATED IN THE LAST N •KROWS (ONLY THE FIRST 
LW OF THESE LAST ROWS ARE INVO~YED HERE), 
THE PIVOT IS Sf~ECTEO IN SUCH A WAY THAT ITS ABSOLUTE 
VALUE OIVIOEO BY THE EUCLIDEAN NORM OF THE CORRESPONDING ROW OF 
THE MATRIX IS MAXIMAL, THUS, THE MATRIX IS !GUILIBRATEO IN THIS 
PIVOTING STRATEGY SUCH, THAT THE ROWS EFFECTIVELY OBTAIN UNIT 
EUCL.IDEAN NORM• 
THE PROCEDURE DELIVERS THE BAND ELEMENTS OF THE ELIMINATED MATRIX 
(WHICH lS AN UPPER TRlANGULAR MATRIX ~?TH~~+ R~ 
SUPERDIAGONA~S) AND THE GAUSSIAN MULTIPLIERS FOR EACH ELI~Ir~ATION 

' THE ELIMINATION CANNOT BE CARRIED OUT IF THE ABSOLUTE VALUE OF THE 
PIVOT IS ~ESS TMAN A GIVEN RELATIV! TO~E~ANCE CAUXt2l) TIMES T~E 
EUC~IDEAN NORM OF THE CORRESPONDING RO~ OF THE MATRIX 1 THEN THE 
PREVIOUS STEP NUMBER OF THE fLt~INATION IS OE~IVERED (IN AUXt31, 
~MICH E~SE TAKES THE V~~UE N), SEE A~SO REF [1J, SECTION 212, 

REFERENCE 

ltl DEKKER, T•J• I 
ALGOL 60 PROCEDURES IN NUMERICAL A~GEBRA, PART 1, 

·MC TRACT 22, 19b8, MATHE~ATISCH CENTRUM, AMSTERDAM, 

EXAMPLE OF USE I 
• 

SEE EXAMPLE OF USE OF SOLBN0 1 
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SOURCE: TEXTCS) 1 

•CODE" 3~320J 
MPROCEDURE" DECBNO(A, N, LW, RW, AUX, M, P)J "VALUE" N, LW, RWJ 
"INTEGER"~, LW, AW1 "INTEGER" "ARRAY" PJ "ARRAY" A, M, AUXJ 
19 a E G I N " " I N T f GE R '' I , J , K , t< K , K K l , PK , M K , l K , ~ W 1 , F , Q , W , W l , 

W2, NRw, rw, SOETJ 
"REAL" R, S, EPS, MINJ 
" A R R A Y '' \/ [ 1 I N J J 

"REAL"''PROCEDURE" VECVEC(A, B, C, 0 1 E)1 "CODE" l4010J 
"PROCEDURE" ELMVECCA, 8, C, D, E, FJJ ''CODf" 34020, 
"PROCEDURE'' ICMVECCA, B, C, D)J qCODE• 34030J 
Fi= LWJ w11• LW + Rw, W1• W1 + 1, w21• W w z, lWIZ o, SOET1• 1J 
NRWca N • RWJ LW11• LW + 1, Q1• LW • i, 
"FOR" II• 2 "STEP" 1 "UNTIL• LW "00" · · 
"BEGIN" Qt• Q w 1J IWt• IW + W1J 

"POR" J1• ?W • Q ffST!P" 1 "UNTIL• IW "DO" AtJl I• 0 
"END", · 
IWI• • W2J Qt ■• LWJ 
"FOR" Iga 1 "STEP" 1 PUNTIL• N "00" 
"BEGIN'' IW1• IW + Wp ~IF" I cs LWI "THEN" IW1• IW • 1J 

Qs• Q + WJ "IF'' I> NRW "THEN" Qa• Q ~ 1, 
V [ I l I a rs QR T ( Ve: C V ! C ( I W , Q, 0 , A , A ) ) 

"END"r ·· 
EPS;= AUXC2J r M!Nc• 1, KK1• • w1, MK1• • LW, 
"!F" F > NRW "THEN" W21• Wi + NRW • FJ 
"FOR" Ka• l "!TEP" 1 "UNTIL" N "DO~ 
"BEGIN''"If" F • N "THEN~ F~• F + t, IK1a KK:= KK + WJ 

MK1• MK ♦ LW, S1• A88(ACKKJl / VtKJJ PKgc KJ KK1t~ KK + lJ 
"FOR" I1• K + 1 "STEP" 1 "UNTIL'' F "DO" 
"BEG I Nit I KI• I K ♦ W 1 p M tNK ♦ I -. t< J S • R 1 • A t I K J J A CI Kl I: 0, 

Re• ABS(R) / V[IlJ "IF" R > S "THEN" 
. "8EGINM St• RJ PK1• l NfND" 

"END"J 
"lfu Sc MIN "THEN" MIN•• St "lP" S ~ EPS ''THEN" 
"BEGIN" AUX tll 111 K "' 1 J AUX t5) I• S1 "GO TO" END "END'' J 
"IF" K ♦ ~2 >• N "THEN" WZI• ~aw 11 
PtKJ1• PKJ "!F" PK~. K •T~EN" 
"BEGIN" V[PKJt• Vtl<Jf 

PKt• PK• KJ lCHYEC(KK1, ~Kl+ w2, PK* w1, A)r 
SOETI• ~ SOET1 RI• MtMK ♦ P~JJ MtMK + PKJaa AtK~l J 
A [Kt<] s• R 

"ENO""ELSE" R1• A[K~]J -IF" R c O "THEN•• SOET1• N SOETJ 
Iwim KK1J LW11• F • K + MKJ 

' • 

"FORn ?1: MK+ 1 "ST~Pff 1 "UNTIL" LW1 "D0'' 
"BEGIN" M tll I• 81• M tI] / Rr %Wa• I~ + Wt J 

fLMVEC(IW, lW + w2, ~Kt• Iw, A, A,• 5) 
"EN0 1• 

"END"J 
AUX t3l 1: NJ AUX CS] 1= MINJ 

EN01 AUX[lll• SDET 
"END" DECBN01 

"E OP'' 



1-st REVISION, 1975 MC 

( J U t~ ~ 1 9 7 4 > PAGE 1 

COf'J 1 RIB UT OR I J., KOK. 

INST:iTUl:: 

RECEIVED 730903. 

BkllF DESCkIPTION 

THIS SE~TIOt-. CONTAINS THC: PRO~EDU~E JETERMBNO 
FOR THE CALCULATION OF THE DETERMINANT OF A BAND MATRIX. 

Kt: V WO RDS I 

DETE.RMit9'ANT, 
BAND MATRIX. 

CALLING S~QUENC~ 

TH£ HiADING OF THE PROCEDURE IS 

••Rt.. A L •• •• P R. 0 C t.. D UR E •• D E T E. RH B ND ( A , N , L W , RW , S G NOE T ) ; •• V A LU E •• N 9 L W , 
r<H, SGNDET; ••INTEGER" N, LW, RW, SGNDET; ••ARRAY•• A; 

DET~RMBNO O~LIVERS THi DETE~MINANT OF THE MATRIX. 

THE MtA~ING OF THE FORMAL PARAMETERS IS 

A, IJ, LW, kW t SEE GALLING SEQUENCE OF OECBND 
(SECTION 3. 1. 2 4 1. 1. 1. 1. 1. > ; 
ENTRY : THE CONTENTS JF A A~( AS PRJOJCEJ BY OECBND OR 
DECSOLBND (SECTION J.1.2.1.1.1.1.3.J; 

SGtiU~T <ARITHMETIC EXPRESSION>; 
ENTRY I TH[ SIGN OF THE JETERHINANT AS DELIVERED IN 
AUXC1l BY DECBND, IF THE ELIMINATION BY QECBNO WAS 
SUCCESSFUL. 
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(OECEMBE~ 1375) 

P~OCEOURES USt.D NONE. 

kUNt~ING T IHE PROPORTIONAL TO Ne 

LAl'IGUA Gt:. I ALGOL 60. 

H~THOO A~D PE~FORMANCE: 

DETERMBND CAN BE CALLED AFTER OECBND OR DECSOLBNO ONLY IF THE 
GAUSSIAN ELIMINATION WAS SUCCESSFUL, I.E. IF AUXC3l = Ne 
THE FUN~TION VALUE OF DETERMBNO IS 
THE DETERMINANT OF THE GAUSSIAN ELIMINATED UPPER TRIANGULAR 
HATRIX PRO~IDEO WITH THE CORRECT SIG~ THAT IS DELIVER~O BY 
DELBNO OR 0£CSOLBNO IN AUXC1la 
DETERMBND SHOULD NOT BE CALLEO WHEN OVERFLOW CAN BE EXPECTED. 

EXAMPLE OF ;JSC: I 

SEE EXAMPLES OF USE OF SOLBND AND DECSOLBNO. 

50URCE TEXT(S) & 

··coDL'0 3tt-321; 
••R. EAL•••• P RO C E. DURE:.•• D ET ERM BN O ( A , N , L W, RW , S G NOE T > ; 
··vALUE 0

• N, LW, RW, SGNOET; ··rNT£GER 11
• N, LW, RW, SGNDET; ··~RkAv·· A; 

•• 8 E G I N •• •• I NT r:. G E R 1 
• I , L ; •• RE A L •• P ; 

LJ- 1; pa- 1; LWa= LW + RW + 1; 
•• FO ~ •• I s = 1 •• ST E P •• 1 •• U N T I L 1 

• N •• D O •• 
•• BE:; IN•• P I= AC L 1 • P; L I = L + L W ••END•• ; 
DETERMBNDI= ABS(P) • SGNOET 

11 Et"c•• DE TERHBNO; 
••c..op•• 

MC 
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AUTHOR 
·~· 

REVISOR 

INSTITUTE MATHEMATICAL CENTRE, 

RECEIVED I 

BRIEF DESCRIPTION 1 

THIS SECTION CONTAINS TWO PROCEDURES• 
A) SOLBND, FOR THE SOLUTION OF ONE OR MOR~ SYSTEMS 
OF LINE~R EQUATIONS WITH THE SAME COEFFICIENT MATRIX, IF THIS 
MATRIX HAS BEEN DECOMPOSED ev A CALL n, THE PROCEDURE DECBND 
(SECTION 3,1.2,1,1.1.1,1,). 
B) OECSOLBNO, roR THE SOLUTION OF ONE SYSTEM OF 
LINEAR EQUATIONS BY GAUSSIAN ELIMINATION WITH STABILIZING ROW 
INT~RCHANGES (PARTIAL PIVOTING) JF THf COEFFICIENT MATRIX IS IN 
BAND FORM ANO IS STORED ROWwlSE JN A ONE•DlMENSIONAL ARRAY, 

KEV WORDS I 
• 

LINEAR EQUATIONS, 
PARTIA~ PIVOTING, 
GAUSSIAN ELIMINATION, 
BAND M~TRIX, 

• 

• 

SUBSECTION I SOLBND .. 
• • 

CAI.LING SEQUENCE 

• 

• 

THE HEADING OF THE P~OCEDURE IS 

"PROCEDURE" SOLBND(A, N, LW, RW, M, P, B)J ttVALUE" N, LW, RWJ 
"INTEGER" N, L~, RWs "lNTEGER"qARRAV'' Pr "ARRAY'• A, ~, Bs 

THE MEANING OF THE FORMAL PAR~METERS IS 1 

A, N, LW, RW, M, PI SEE CALLING SEQUENCE OF DECBND, 
ENTRY I THE CONTENTS OF THE ARRAYS A, M, PARE AS 
PRODUCED BV OECBNOJ 

B I <AR~AY IDENTIFIER~, 
' 

8 ARR4V'' B [1 I N] J 
ENTRY I THE RIGHT HAND SIDE OF THE SYSTEM OF LINEAR 
EQUATIONSJ 
EXIT I THE SOLUTION OF THE SYSTEM, 
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• 

PROCEDURES USED: -
VECVEC: CP34010, 
E~MVEC n CP34020. 

RUNNING TIME : 
(Cl;, LW + C4 
THE CONSTANTS 
ARITHMETIC OF 

"'RW +CS)* NJ 
C3, C4 AND CS DEPEND UPO~ THE 
T~E COMPUTER 1 

LANGUAGE ALGOL bO, 

METHOD AND PERFORMANCE r 
~-

SOL B ND C AL C UL A TE S THE S O L UT I ON OF A S Y STE M OF L I NE A R E Q ~J A T I ON S , 
PROVIDED THAT THE MATRIX ~AS DECOMPOSED BY A SUCCESSFUL CALL OF 
DECBND (SECTION l.1,2.1,1,1.1,1,), · 
THE SOLUTION OF THE LINEAR SYSTEM IS OBTAINED BY CARRYING our Tt➔ E 
ELIMINATIONS, roR 
WHICH THE GAUSSIAN MULTIPLIERS ARE SAVED, ON THE RIGHT HANO SIDE, 
AND BY SOLVING THE NEW SYSTEM WITH THE UPPER TRIANGUL~R BAND MATRIX 
, AS PRODUCED BY OECBND, BV BACK SUBSTITUTION, THE SOLUTIONS OF 
SEVERAL SYSTE~S WITH THE SAME COE~FICIENT ~ATRIX CAN BE OBTAINED av 
SUCCESSIVE CALLS OF SOLBNO • 

• 

EXAMPLE OF USE : 
THE FOLLOWING PROGRAM SOLVES THE SYSTEM OF SIMULTANEOUS EQUATIONS 

2 * X1 X2 = t 
- Xl + 2 ,tr X2 - X3. = 0 • 

X2 + 2 * X3 ,.. X'4 = 0 
X3 t 2 • X4 )(5 - 0 -.., xq ♦ 2 * XS - 1 -

"BEGXN""COMMENT" 730822, TEST DECBND, SOLBNO ANO OETERMBND; 
''PROCEDURE•• DECBND(A, N, LW, RW, AUX, M, P)J ''CODE'' 34320J 
11 PROCEDUREtt SOLBNO(A, N, LW, RW, M, P, B)J t'CODE'' 340711 
"REAL"''PROCEDURE" OETERMBND(A, N, L~, R~, SGNOET), "COOE'' 34321J 
" I N T EGE R P I J '' l N TE GE R '' " A RR A Y •• RO W I NO [ t I 5 J J 
''ARRAY" BAND C1 I 13], MUL T [1 I qJ, RIGHT, AUX tl & Sl 1 
•• F OR •• I I Ii l '* ST E P " 1 P UN T I L '' 1 3 •• D O n 
B A N D t I l I • ~ I F fl ( l + l ) / / 3 1- 3 < I '' T HE N Gt 2 '' E L SE ,, • 1 : 
RIGHT Cll := RIGHT [SJ ;re 1 r 
t• F O R t1 I I i-. 2 , 3 , . 4 tt D O '' R I G H T t l J I c O I A U X t 2 J I :: 11 • 1 2 J 
DECB~O(BAND, S, 1, 1, AUX, MULT, RO~IND)J 
,. 1. F 1• A U X [ 3 J : 5 '' T t1 E N '' 
~BEGIN'' SOLBND(BANO, 5, 1, 1, MULT, ROWIND, RIGMT)r 

DUTPUT(bl, "("SC+2Z,4D2B), /"C'1 DETERMINANT IS ")'' +.AD''+D0 
''l", (RIGHT[IJ, 11• 1 I 5) 1 OETERMSND(BAND, S, l, 1, AUX[1l)) 

''END'' 
''ENO•• 

DELIVERS I 
. +1,0000 +1.0000 +1,0000 +1,0000 
DETERMIN•NT IS +,b0000000"+01 

+1,0000 

l 

I 

I 

I 

t 

I 

I 
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SUBSECT:i.ON DECSOLBNO. 

CALLING SEQJE~CE 

THE HEAJING OF THE PROCEDURE IS 

''PKL:t..OU~:.·· OECSOLBND(A, N, LW, RN, flUX, t3); ' 0 VALUE' 0 N, L~, Rw; 
··rNTEGE~·· N, LW, RW; 111 ARRAv·· A, AUX, s; 

THE MlANING OF THE FORMAL PARAMETERS IS 

A, N, LW, RW, AUX I SEE DECB~D (SECTION I 3.1.2.1.1.1.1.1); 
B I SEE SOLBND (THIS SECTION>. 

P~OC~DURES US~D I 
• 

VECVEC = CP3~010, 
~LMVEC = GP34020, 
ICHv~C = GP34030. 

REQUIRED CENTRAL MEMORY 

• 

EXECUTID~ FIELD LENGTH a A REAL ~R~AY JF N ELEMENTS AND A REAL 
ARRAY OF LW + 1 ELEMENTS ARE DECLARED. 

( C 1 • L W + C 6) • CL W + RW • 1) • N; 
THE COl~STAt~TS Cl ANO C6 DEPEND UPON THE 
A~ITHMEJIC OF THE COMPUTER • 

LAtiGUA G:. ALGOL &O. 
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MtTHOO AND PE~FORMANCE I 

DtC~OLBNO PERFORMS GAUSSIAN ELIMINATION IN THE SAHE WAY AS DECBND 
, NEAN~HILE ALSO CARRYING OuT THE ELIMINATION WITH TH~ GIVEN 
RIGHT HAND SIDE. THE SOLUTION OF THE ELIHINAJEO SYSTEM IS OBTAINED 
BY 8ACK SUBSTITUTION. 

EXAMPLE OF USE a 

THE PRO:;RAM 

• 

··s£GIN····coMMENT"11 730822, TEST DECSOLBNO ANO DETERMBNO; 
··PK.OCEuURE·· OECSOLBND(A, N, LH, R.~, AUX, B); ··cooE14 34322; 
··RE.AL 0·••pRQCEOURE·· DETERMBND(A, N, LW9 RW, SGNDET); ··cooE·· 34321; 
••INT E. GER•• I; 
••ARKAY'• BAN0£1 I 131, RIGHT, AJX[1 I SJ; 

•• F OR.. I I - 1 BG S TE P •• 1 •• UN T I L •• 1 3 •• D O •• 
BAND[ IJ &= ••rF•• (I + 1) // 3 • 3 < I ''THEN•• 2 ••ELSE•• - 1; 
RIGHTC1ll= RIGHTCSJI= 1; 
•• F OR•• I l = 2, 3 , £+ •• D D •• R I G HT [ I l I = 0 ; A U X [ 2 l & = •• 12 ; 
uECSJL8N0(8ANO, 5, 19 1, AUX, RIGHT); 
·• r F •• AUX [ 3 l - 5 •• r HEN·· 
••a t..G IN'• 

OUTPUT(61, ··,••5(+2Z.4028), 1··,··oETERHINANT IS ... ) •• +.ao··+oo 
1111

)
1
•, (RIGHTCIJ, II= 1 I 5), DETERMBNO(BAND, 5, 1, 1, AUXC1l)) 

••END•• 

WHICH SJLVES THE SAHE PROBLEM AS THE PROGRAM IN THE EXAMPLE OF USE 
OF SOLBNO, DELIVERS I 

+1.0000 +1.0000 +1.0000 +1.0000 +1.0000 
DET:.R.HlNANT IS +.60000000° 0 +01 
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SOURCE TEXT CS) : 

ncooE •• 340 71 I 
tPROCEDURE'' SOLBNO(A, N, LW, RW, M, P, B)J ''VALUE~ N, LW, RWJ 
" 1 N T E G E R Vi N I L ~ , R w , ,, I N T E G E R " •• A R R A y ., p , It A R R A V ,, A , B , M 1 
~BEGIN" ''INTEGER" F, I, K, KK, w, ~1, ~2, SHJFTJ 

"RE AL'' SJ 

" R E A L. •• '' P R O C E O U R E •• V E C V EC ( A , B , C , 0 , E l J " C O OE 1
' 3 4 0 1 0 J 

~PROCEDURE" EL~VECCA, B, C, O, E, F)J "CODE'' 340201 

F:= Lw, SHIFT:•• LWJ w1i= LW q 1J 
" F O R '' K : = 1 '' S T E P •• l. '' U N T I L 94 N '' 0 0 " 
ID B E G I N It ,, I F " F < N tt T HE N •• F 1 = F + 1 J SH I F T : = S H I F T + W 1 1 

I : = P t K l r s 1 = B C I l J " I F " l • = K '' T H E N '' 
•• 6 E G I N •~ B t I J l : B [ K l J B t ;< J a : S " E NO " J 
ELMVECCK + 1, F, SHIFT, B, M, ~ S) 

If ENO •• i 
w11= LW + RWJ w,= Wl + lJ KK1= (N + 1) * W ~ w1, W2:= ~ 1, 
SH!fT:= N • WlJ 
"FOR" K:: N "STEP''~ 1 ~UNTIL" 1 ''00" 
ttAEGI~" KK1: KK • WJ SHIFTJ: SHIFT~ W1J 

" I F. '' i,t1 ? < ~ 1 " T H E N '' W 2 I : ~ 2 + 1 J 
B t Kl I = -( B [ K J • VE CV EC ( K + 1 , K + W 2, SH If T, 8, A ) ) / A t K Kl 

••END" 
''END" SOLBND J 

"E0P" 

• 

" C O O E •• 3 1.1 3 2 2 r 
"PROCEDURE~ DECSOLBND(A, N, L~, RW, AUX, a,, "VALUE•• N, LW, Rw, 
•INTEGER" N, LW, RWJ "ARRAY" A, B, AUXJ 
"BEGIN""INTEGER" I, J, K, KK, KK1, PK, IK, LW1, F, Q, '61, W1, W2,IW, 

NRW, SHlFT, SOETJ 
" R E A L. " R , S , E P S , ~ I N J '' A RR A Y " M [ 0 I L W l , V C l I N J J 

"REAL''"PROCEDURE" VECVEC(~, B, C, O, E)p "CODE'' 340101 
••PROCEDURE" ELMVECCA, B1 C, D, E, F)s "CODE'' 34020, 
"PROCEDURE" ICHVEC(A, B, C, Dl, "CODE" 340301 

F:= LWJ SDETI= 1, w11• LW + RWJ WI• Wl + 1, w2:: w ~ 2, Iw1= o, 
NRWsa ~ ~ RwJ LW1:• LW + 1J Q;• LW • lJ 
''FOR" Ia: 2 "STEP" 1 "UNTIL'' LW "00 1' 

''BEGIN" Q:: Q • 11 IWI= IW + WlJ 
"FOR•• J1= IW .. Q "STEP'' 1 ''UNTIL" Iw "D0 1' A [Jl c= 0 

'' F.. ND., J 
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IWI= • ~2; Q:: • LW; 
'' F O R •• I : : 1 " S TE f' " 1 •• U N T I L " N " D O 1' 
••BEGINt• t~1= I~+ WJ "IF'' I c: L~l "THEN" Iw:: IW • lp 

Q:: Q + W; "IF" I> NRW "THEN'' Q1: Q ~ 1; 
./ tlJ ::: SQRTCVECVEC (IW, Q, 0, A, A)) 

••END" 1 
F.PS:= AUX[2l J MIN:: 1, KKs= ~ wt, 
''IF" F > NRW "fHEN" W2i= W2 ♦ NRW - FJ 
., F O R fl K I = 1 tf s T E" p 91 1 " u N T I L ., N ,, D O ft 
''8EGIN'1 "IF" F c N "THEN" F;: F + 1, IKr: KKg: KK + Ws 

s:= ABS(A [KK]) / V [Kl; Pt<c- KJ KK1 == KK + 1 J 
"fOR 1

' Iz= K + l "STEPw 1 NUNTt~r f "00" 

MC 
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'' B E G I "' '' I K I : I K + W 1 J M C l "' K l I • R I = A [ I K 1 , A t I K l I = 0 1 
R 1: ABS ( R) / V t I l 1 "IF" R > S "THEN'' 
" B E G I N '' S ; :; R J PK : = . t '' END " 

"END 1' J , 
"- IF '' S < MI tJ ,, THEN" MI N I m S J It IF'' S < E P 5 ,, THEN'' 
"BEGIN'' AUX C 3l ta J( .. 1 J AUX [Sl s: SJ "GO TO" END t•f::No•• J 
"IF" K + W2 >: N "THEN•• W2t: W2 ~ 11 ''lF'' PK•= K "THEN" 
11 B E G I N •• Y [ P K l , = V [ t< l r 

PKJz PK• K1 ICHVEC(KK1, KK1 t W2, PK• ~1, AJJ 
SOE ts= - SDETJ Ri= a [Kl' B [Kl:= a tPK + Kl' 
B[PK + K]1: Rf R:• M[PK]J ~[PKli= A[KKl1 ACKKl1= R 

11 END'' . 
"E~SE•• RI• A (KKJ J lWJ'-' KK1 f LWt g: F "' K J 
~If'' R c O "THEN" SDEf1- • SOETJ 
'' F O R '' I : : 1 '' S T E P '' 1 " UN T I L •• L t'l 1 " iJ O " 
''BEGIN" M [Il :-- Ss: M [I) / Rp I~:= tw • Wl J 

ELMVEC(I"', IW + .W2, KKl ..- I~,, A, A," S)J 
B[K + Il:= B[K + Il • B[KJ * S 

••ENO" 
11 END" ; 
A U X t 31 : : N f A U X C 5 1 : = M I ~~ J 
KK;: CN + 1) * ~ • ~1; ~2:= • 1r SHIFT1: N * W1J 
fl F O R " K : N It S T E P ., • 1 ., U N T I ~ '' 1 tt D O •• 
'' A E G l N '' K K : : K K ., w J S H I F T I :: SH I F T ,.. W 1 ; 

"IF'' ~2 < ~1 "THEN'' W2s= ~2 + lJ • 

8(Kl:: CBCKJ • VECVEC(K + 1, K + W2, SHIFT, B, Al)/ A[KKJ 
''END''J 

ENDI AUX[1lt= SOET 
'·'EN0 11 OECSOL,BNO: 

ft t .. 0 p fl 

• 
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AUTHORI W, HOFFMANN. 
• • 

R[CElVEDg 731210, 
-

BRIEF OESCRlPTION1 
•• 

THIS SECTION CONTAINS TWO 
SOLUTION OF SYSTEMS OF 
TR?OIAGO~AL MATRIXJ 

PREPARATORY PROCEDURES FOR THE 
LINEAR A~GEBRAIC EQUATIONS WlTM A 

DECTRl. PERFORMS A TRIANGtJL,AR DECOMPOSITION OP A TRIDIAGON•L 
MATRIX. 
OECTRIPIV PERFORMS A TRIANGULAR DECOMPOSITION OF A TRIDIAGONA~ 
MATRIX, USING PARTIAL PIVOTING TO STABILIZE THE PROCESS, 

• 

KfYWOROS1 • 

LU DECOMPOSITION, 
TRIANGU~4R DECOMPOSITION, 
TRIDIAGONAL MATRIX, 

SVBSECfIONI OECTRI• 

' CALLING SEQUENCE1 

• 

THE HEADING OF T~ilS PROCEDURE ISi 
"PROCEDURE'' DECTRICSUB, DlAG, SUPER, 
'' VA L. U E •• N ; 19 I N T E G E R •• N J '' A R R A Y • SUB , 

• 

N, AUX) J 
DIAG, SUPER, AUXs 

THE MEANING op· THE FORMAL PARAMETERS ISt 
SUB: <ARRAY IDENTIFIER>r 

''ARR AV t, S tJ B C 1 I N • 1 l I 
ENTRVi THE SUBDIAGON•L OF THE GIVEN MATRIX T, SAYJ 

EXIT: 

T[l + 1, ll SHOULD BE GIVEN IN SUBtll, I= 1, 
, • " 1 N ,. 1 J 
SUPPOSE L DENOTES THE LOWER.BIDIAGONAL MATRIX, SUCH 
T~•T LU= T, FOR SOME UPPER•BIOIAGONAL MAT~IX U, 
WI'TH UNIT DIAGONAL ELEMENTS, THEN LtI + 1, Il WILL 
BE DELIVERED IN SUB Cil, t • 1, • •• , AUX t3l • 1; 



DIAGI 

SUPER: 

N1 

AU)( I 

<ARRAY IDENTIFIER>J 
" A R R A Y •• D I A G t 1 I N l I 
ENTR11 'THE DIAGONAL OF TJ 

MC 
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EXIT: LtI, IJ WILL BE DELIVERED I~ DIAG[Il, I= 1, ,.,, 
AUX [3] J 

<ARRAY IDENTIFIER>r 
''ARRAY" SUPER t 1 I N • 111 
ENTRYs THE SUPERDIAGONAL OF TJ T[I, 1 + ll SHOULD BE GIVEN 

IN SUPER[Il, I• 1, ,,,, N • 11 
UtI, I + 1l WILL BE O!LIVERED IN EXIT: SUPERtil, I :: 1, 
•••' AUX[3l - 1J 

<ARITHMETICAL~ EXPRESSlON>J 
THE OROER OF THE MATRIXJ 
<ARRAY IDENTIFIER>r 
"ARRAY" AUX C2t5] J 
ENTRY z 
AUX [2] z 

EXITa 

• 

A RELATIVE TOLERANCE1 A REASONABLE CHOICE FOR THIS 
VAL.UE tS AN ESTIMATE OF THE RELATIVE PRECISION OF 
Tr◄ E MA TR l X ELEM E NT S , HOWE VER , I T SH O UL D NO T 8 E 
CHOSEN SMALLER THAN THE MACHINE PRECISIONJ 

AUXtll I THE NUMBER OF ELIMINATION STEPS PERFORMEDJ 
AUXC5J: IF AUXC3J a N, THEN AUXtSJ WILL EQUAL THE INFINITY• 

. NORM OF THE ~ATRIX, E~SE AUX[Sl IS SET EQUAL TO 
THE VALUE OF THAT ELEMENT WHICH CAUSES THE 
BREAKDO~N OF TME DECOMPOSITION, 

PROCEDURES USEDI NONE. 
• 

LANGUAGE I ALGOL bO, 
., ' 

MCTMQO AND PERFORMANCEI 
• 

THE METHOD USED IN DECTRI YIE~OS A ~OWERRBIOIAGONAL MATRIX L ANO• 
UNIT UPPEA~BIDIAGONAL MATR?X U, SUCH THAT THE PRODUCT ~U EQUALS THE 
GIVEN TRIDIAGONAL MATRIXJ THE PROCESS IS TERMINATED IN THE K•TH 
STEP, IF THE MODULUS OF THE K~TH DIAGO~AL ELEMENT IS SMALLER THAN A 
CERTAIN SMALL VALUE, ~HICH JS GIVEN BY AUX[2J ~ULTJPLIED BY THE 
l•NORM OF THE K•TH Row, IN THIS CASf AUX[ll WILL BE GIVEN THE VALUE 
KM 1 AND AUX[SJ WIL~ BE GIVEN THE VALUE OF THE K•TH DIAGONAL 
ELEMENT, 
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SUBSECTIONJ DECTRIPIV. 

CALLING SEQJENCES 

THE HEAOING OF THIS PROCEDURE ISi 
••PROCE.OUR.~•• D£CTRIP1V(SUB, DI~G, SUPE<., \I, AID, AUX, PIV l; 
•• v AL J E • • N ; 11 

• I NT E G ER •• N ; •• A R RAY • • S U B , DI A G , SUP ER , A I D , A U X ; 
•• e o o L EA N •• ··AR RA v •• P 1 v ; 

TH~ M~ANING OF THE FORMAL PAR~HETERS ISJ 
SUBI <ARRAY IDENTIFIER>; 

••ARRAY•• S UB C 11 N - 1 J ; 

DIAGt 

ENTKYI THE SUBOIAGONAL OF THE GIVEN MATRIX T, SAY; 

EXITI 
TCI•1,Il SHOULD B~ GIVEN IN SUBCIJ,I > 1, ••• ,N - 2 
LET r• DENOTE T~E MATRIX r WITH PERMUTED Rows; 
SUPPOSE L DENOTES THE LOWER-BIDIAGONAL MATRIX, su;H 
THAT LU= T', FOR SOHE UNIT UPPER-TRIANGULAR MATRIX 
U, THEN L(I + 1, Il WILL BE DELIVER~O IN SUB[Il, 
I= 1, ••• , AUX(3l - 1; NOTE THAT U HAS TWO 
COOIAGONALS, BECAUSE OF THE PARTIAL PIVOTING DURING 
THE DECOMPOSITION; 

<ARRAY IDENTIFIER>; 
Ill A RR A y•• 0 I A G [ 11 N l ; 
ENT~Y: THE DIAGONAL OF r; 
EXITI LCI,Il WILL BE DELIVERED IN DIAGCil,I=1~•••tAUX[3l; 

SUPE~I <AR~AY IDENTIFIER>; 

NI 

AI o: 

AUX: 

•• A RR A Y •• S UP E R { 1 1 N - 1 l ; 
ENTRYI THE SUPERDIAGONAL OF r; TCI, I• 11 SHOULD BE GIVEN 

EXIT& 
IN SUPER[Il, I= 1, •••t N - 1; 
UCI, I+ 11 WILL BE DELIVERED IN 
• ••, AUX{3l 1; 

<ARITHMETICAL EXPRESSION>; 
THE ORDER OF THE MATRIX; 
<AR~AY IDENTIFIER>; 
•• A RR A y•• A IO C 1 I N - 2 l ; 

SUPER[Il, I= 1, 

EXIT&UCI,1+21 WILL BE DELIVERED IN AIDCil,I=1, ••• ,AUX(3J-2; 
<ARRAY IDENTIFIER>; 
•• A RR. A Y •• A U X C 2 I 5 1 ; 
ENTRY I 
AUXC2ll 

EXITI 

A RELATIVE TOLERANCE; A REASONABLE CHOICE FOR THIS 
VALUE IS AN ESTIMATE OF THE ~ELATIVE PKECISION OF 
THE MATRIX ELEMENTS, HOWEVER, IT S10ULD NOT SE 
CHOSEN SMALLER TH~N THE MACHINE PRECISION; 

AUXC311 THE NUHBER OF ELIMINATION STEPS PERFO~MEO; 
AUX{5Jl IF AUX[3] = N, THEN AUX[5] WILL EQUAL THE INFINITVmu 

NORM OF THE MATRIX, ELSE AUX15l IS SET EQUAL TO 
THE VALUE OF THAT ELEMENT WHICH CAUSES THE 
BREAKDOWN OF THE OECOHPOSITION. 

PIV& <ARRAY IDENTIFIER>; 

• 

•• BOO L EA N ••••AR RAY •• PI \I l 1 a N - 1 J ; 
THE VALUE OF PIVCil WILL BE TRUE IF THE I-TH AND (! + 1)-TH 
ROW ARE INTERCHANGED, I= 1, ••• , HIN(AUXC3l, N - 1) 9 ~LSE 
PIVCIJ,WILL BE FALSE • 

' 

• 
' 
' 
I 
' 
• 
• 
. 
• 
• 

• 

' 
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LA tJ G U A G E. I ALGOL 60. 

HlTHOO AND PERFORMANCE& 

THE M£THOu USED IN OECTRIPIV YIELDS A LOWER-BIDIAGONAL MATRIX LAND 
A UNIT JPPE~-TRIANGULAR M~T~IX U WITH TWO CJOIAGONA~s, SJCH THAT 
THE PkODUCT LU EQUALS THE GIVEN TRIDIAGONAL MATRIX WITH PERMUTED 
ROW~; PARTIAL PIVOTING IS USED DU~ING THE TRIANGULAR JECOMPOSITION, 
I.E. THAT ELEMENT OF THE K-TH COLUMN OF LIS CHOSEN AS PIVOT IN THE 
K-TH STEP, WHOSE MODULUS DIVIDED BY THE 1-NORM OF THE CORRESPONDING 
ROW OF THE GIVEN MATRIX IS MAXIMAL; THE PROCESS IS TERMINATED IN 
THl K-TH ST~P, IF THE MODULUS OF THE K-TH PIVOT ELEMENT IS LESS 
THAN A ~ERTAIN SMALL VALUE, WHICH IS GIVEN BY AUXC2l MULTIPLIED BY 
THE 1-NORM OF THE CORRESPONDING ~ow; IN THIS CASE AUX(3] HILL BE 
GIVEN THE VALUE K - 1, ANO AUX(Sl WILL BE GIVEN TH~ VALUE OF THE 
K-TH PIVOT ~LEMENT. 

lXAMPLl OF JSEI SEE SOLTRIPIV (SECTIO~ 3.1.2.1.1.1.2.3). 

SOURCE TEXTSI 

•• c O DE•• 3 4 '+2 3 ; 
1•PROCE~URE 0

• DECTRI(SUB, DIAG, SUPER, N, AUX); 
··vALU=. 1

• ~t; ··rNTEGER 00 N; ··ARRAv·· SUB, OIAG, SUPER, Aux; 
••aEGI 1~•• ••1 NT EGER•• I, Ni; 

··REAL·· Ll, R, S, u, NORM, NORH1, roL; 
TOLi- AUXC2l; 01= DIAGC1J; RI= SUPERC1l; 
NOKM&- NORM11= ABSCD) + ABS(R); 
··rF·· ABS ( D) <= NORM1 • TOL ··rHEN 1

• 

•• BC: G l. N •• A U X C 3 J a = 0 ; AUX ( 5 1 a = D ; ••GOTO•• EXIT ••END•• ; 
UI= SUPER(1lt= R / o; SI= SUBC1l; N1&= N - 1; 
•• FUR.. I I= 2 ··s TE p•• 1 •• UNTIL.. N 1 •• oo •• 
•• BE:. G I N •• 0 I - 0 I AG C I 1 ; RI = S U PER C I l ; 

NORH11= ABS(S) + ABS(O) + ABSCR); 
01= DIAGCIJI= D U • s; 
•• IF•• ABS(Dl <= NORM1 • TOL 10 THEN 1

• 

•• BEGIN.. Aux C 3 la= I - 1; AUX C 5 l I= 0; ··GOT o·· EXIT w:: N □ ··; 
ui- SUPER{IJ1= R / o; ss- SUB(I]; 
••1f•• NORM1 > NORM ••THEN•• NORHs= NORM1 

••[N □••; 

□ a= OIAGCNJ; NORM11= ABSCO) + ABS(S); 
Ot= OIAG(Nll= D U • s; 
••1F•• ABS(O) <= NORM1 • TOL ••THEN .. 
•• B E. G I N •• A U X C 3 l I = N 1 ; A U X C 5 J I = D ; •• G OT O •• 
··rF·· t~ORM1 > NORM ··rHEN'· NORMI= NORM1; 
AUX[3lJ= N; AUXCSJ&- NORM; 

Ex -:" TI J. . 

··£op•• 

• 
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'"" 

•CODE" 34~2bJ 
•PROCEDURE" DECTRIPIV(SUB, DIAG, SUPER, ~, AID, AUX, PIV)J 
"VALUE" N, "INTEGER" NJ "ARRAY" sue, DIAG, SUPER, AID, AUXr 
"BOOLEAN" "ARRAY" PlVJ 
NB~GIN" ''INTEGER" I, 11, Nt, N2J 

"REAL" D, R, S, U, T, Q, v, W, NORM, ~ORMt, NORM2, TOLJ 
TOLi~ AUX t2J 1 Di• OIAG t1l I Ri• SUPER ttl J 
NORMa• NORM21• ABS(D) + ABS(R)J N2a• ~. z, 
"FOR• 11• 1 8 STEP" 1 ''UNTIL" NZ "00" 
11 BEGIN" Ila= I+ 1J SI• SUBElJJ T1• DIAG[I1JJ Qg: SUPER[I1JJ 

NORM11~ NORM2J NOR~21 ■ AB$(S) + ABS(T) + ABS(QJJ 
"IF" NORM2 > NORM •THEN" NORMI• NORM2r 
"IF 1' ABS(O) * NORM2 < AB8(S) * NORM! "THEN" 
•~BEGIN•• "lf" A8S(S) ~• TOL * NORMi "THEN" 

'' 8 E G I N '' A U X t 3 ] I • I • 1 J A U X ts , I • S ; " G O T O " E X I T '' E ND •• J 
DIAG[Ili• SJ U1• SUPERtill• T / Sr, 
VI• AIOtila• Q / SJ SUBtIJ1• Op 
W1• SUPERCX1ll• •V * DJ 01• DIAG[I1l1• R ~ U • OJ 
R11: w, NORM2a• NORMt, PIVtlls• "TRUE" 

"END" "EL.SE" 
'
1 BEGlN 8 "IF" ABS(O) ca TOL • NORMt "THEN" 

''BEGIN" AUX[3l su I• 1J AUX[Sl1s OJ "GOTO" EXIT "END"J 
Ut=: SUPE~ f IJ 1• R / OJ D1• OIAG tl 111= T flW U * S; 
AID til 1=· 0 J PIV [IJ s• NfALSE" 1 R1a Q 

"ENO" 
"fND'' I 
N11c N-. 1J S1= SUB[Nt]J T1: OIAG[NJJ NORMli• NORM2J 
NOR~2r= ABS(S) + ABS(T)J "IF" NORM2 > NORM "THEN" NORM;= NORM2J 
"IF" ABS(D) * NORM2 c ABS(S) * ~ORMt ''THEN•• 
''BEGIN'' aIFtt ABS(S) <= TOL • NORM2 "THEN" 

•• BE G I N '' A U X C 3 l I = N 2 1 A U X t 5 l I • 5 J " GO T O " E X I T '' E ND '' J 
DIAG [Nl] t=z SJ U$• SUPER tN1l I• T / SJ SUB tN1l :: DJ 
D:= DIAG[Nl1= R • U * DJ NORMZ1• NORM1J PIVCN1li• "TRUE'' 

"ENO'• ''EL,SE'' 
"BEGIN'' "IF'' ABS(D) <~ TOL * NORMS "THEN~ 

•• a E G I N '' A u x t 3 J 1 = N 2 , A u x t 5 l a • o 1 •• Go T o 1• E x t r " E No " ; 
U:• SUPER[NiJ;a R / OJ Oa: DIAG[NJa: T • U 1t.SJ 
P I Y C N 1 l : : " F A l. SE •• 

'*ENO'' 1 
~tF" ABSCD) c= TOL * NORM2 "THEN" 
"BEGIN'' AUX tll := Nl J AUX tSl 1a o, ''GOT0 1' EXIT "ENDtt J 
A U X [ 3 l I :: "4 J A IJ X [ 5 l : :m ~ 0 R M J 

EXIT1 
"ENDtt OECTR!PlvJ 

,, E OP,, 



RECEIVED: '731210. 

BRIEF OESCRIPTIO~: 

THIS SECTION CO~TAINS FOUR PROCEDURES 
FOR SOLVING A SYSTE~ OF LINEAR EQUATIONS ,WITH A 

TRIDIAGJ~AL MATRIXJ 

MC 

SOLTRI CALCULATES A SOLUTION BV FORWARD ANO BACK SUBSTITUTION IF 
THE TRIA~GULA~ DECO~POSEQ FORM AS DELIVERED BV DECTRI IS GIVEN. 
DECSOLTRI PERFOR~S THE TRIANGULAR DECOMPOSITIO~ OF THE GIVF.N 
MAT~IX ( NOT USI~G ANY PIVOTING STRATEGY DURING THE PROCESS) AND 
CALCL.JLATES THE SOLUTION BY FMRWARD AND BACK SUBSTITUTION. 
SOLTRIPIV CALClJLATES A SOLUTION BY FORWARD AND BACK SUBTITUTION,IF 
TME TRIANGULAR DECOMPOSED FORM AS DELIVERED AY DECTRIPIV IS GIVEN, 
DECSOLTRIPIV PERFOQ~S T~£ TqIA~GIJLAR OECO~POSITIO~ Of THE GIV~N 
MAT~IX C lJSI~G PARTIAL PIVOTING) ANO CALCLJLATES THE SOLUTION 8Y 
FORWARO A~D BACK SUBSTITUTION, 

AL G EB R A I C E "J l.J A T I O f~ S , 
LINEAR SYSTEMS, 
TRIDIAG1NAL MATRIX, 
F O ~ ~ A f < D A N D B A C K S U B S T I T U T I O N • 

• 
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SUBSECTION: SOLTRI, 

CALLING SEQUENCE: 

THE HEADING OF THIS PROCEDURE ISi 
"PROCEDURE'' SOLTRICSU8, DIAG, SUPER, N, B)J 
"VALUE'' NJ "INTEGER'' NJ ''ARRAY" SUB, DIAG, SUPER, Br 

. TME MEA~ING OF THE FORMAL PARAMETERS IS1 
SUB1 <ARRAY IOENTIFIER>J 

"ARRAY" SUB tt, N ., 1l J 
ENTRY I THE SUBDIAGONA~ OF THE 
LOWER~BIDtAGONA~ MATRIX, AS DELIVERED av OECTRI (SECTION 
3.1,2,1.1.1,2,t)J 

DlAGI <ARRAY IDENTIFIER>J ' 

"ARRAY'' OIAGt11N]J 
' 

ENTRY I THE DIAGONAL OF THE LOWER~ 
BIDIAGONAL M•TRIX, AS DELIVERED BY OECTRI; 

SUPER: <ARR4Y IOENTIFIER>J 

N1 

Bl 

fl A ~ R A V " S UP ER [ 1 a N • 1 l J 
ENTRY r THE SUPEROlAGON•L OF THE 
UPPER•BIDIAGO~A~ MATRIX AS OE~tVERED BY DtCTRIJ 
<ARITHM£TICAL EXPRESSION>J 
THE ORDfR OF THE MATRIXJ 
<ARRAY IOENTIFIER>s 
•• A R R A Y '' B [ 1 I N J J 
ENTRY1 THE qJGHT~HANO SIDE OF THE LINEAR SYSTEM; 
EXIT: THE CALCULATED SD~UTIO~ OF THE LINtAR SYSTEM, 

PROCEOl.JRES 1JSEO I NONE_ 

LANGUAGE: ALGOL bO, 

• 

METHOD AND PERFORMANCEI 
' 

S O L. T R I C A L.. C U L A T E S T ►i E S O L U T I O N O F A L I N E A R S Y S T E M w I T H A 
TRIDIAGONAL MATRIX, WITH FORWARD AND BACK SUBSTITUTtON1 THE' 
TRIANGULARLY DECO~POSED FORM OF THE MATRIX, AS PRODUCED av DECTRt 
(SECTION 3.1.2.1.1.1,2~1), SHOULD BE GIVENJ ONE CALL OF OECTRI 
FOLLO~EO BY SEVERAL CALLS OF SOLTRI ~AV BE USED TO SOLVE SEVERAL 
LINEAR SYSTEMS HAVING THE SAME TRIDI~GONAL MATRIX, BUT DIFF"ERENT 
RIGHT~HAND SIOES, 

EXAMPLE OF USE: SEE DECSOLTRI CTHJS SECTIO~). 
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SUBSECTIO~: DECSOLTRI 0 

CALLING SEQ1JENCE; 

THE ~EADING OF THIS PROCEDURE ISi 
n P R O C E D U R E '' D E C S O L T R I C S U 8 , 0 I A G , S U P E R , N , A LJ X , 8 ) J 
11 V A. L \J E '' ~ J '' I N T E G E R •• N I •• A R R A V " S lJ 8 , 0 I A G , S U P E R , A U X , R ; 

THE MEANI~G OF ·rHE FOR~AL PARAMETERS IS: 
SUB: <AH~AV IDENTIFIER>J 

'' A R R A Y '' S U 9 [ 1 : ~ • 1 J J 
E~TRV: T~E SuBDIAGONAL OF THE GtVEN ~ATRIX T, 

TCI t 1, Il SHOULD BE GIVEN IN SUB [Il, I 
SAY; 
= 1, 

• • • , N • 1 J 
EXIT: SUPPOSE L DENOTES THE LOWER~BlDIAGONAL MATRIX, SUCH 

THAT LU= T, FOR SOME UPPER~B!OIAGONAL MATRIX u, 
WITH IJ~IT DIAGONAL ELE~ENTS, THEN L[I + t, Il WILL 
BE f)ELIVERED IN SlJB til, I :w 1, •. •, AUX [31 • 1 J 

DIAGs <ARRAY IDENT~fIER>; 
'' A R R A Y '' D I A G [ 1 I t\J l f 
ENTRY: THE OI~GONAL OF TJ 
E"XI T: l~ tI, IJ WILL BE DELIVERED I~ DIAG [!l, I :: 1, • •., 

. AUX t:Sl J 
SUPER: <ARRAY IDENTIFIER>J 

fl A R R A v " S lJ P E R t 1 1 N • 11 , 
E- t\J T R Y : T H E 5 U ? E RO I A GO N A L OF T J T t I , I + 1 l S H O l.J L 11 BE: G I VE N 

IN SUPER[IJ, I= 1, , .. ,, ~J • 1J 
E X I T : lJ [ I , I + 11 . W I LL B E O E L I V E R E D I N S UP E R t I l , I = l. , 

••re• AUX[3) • 1J 
N: <ARIT~METICAL EXPRESSJON>J 

TH~ ORDER OF THE MATRIXJ 
AUX: <ARRAY IOENTIFIER>J 

'' A R R A V •• A U X [ 2 I 5 l J 
f..hJTRV : 
AUXC2l: A RELATIVE TOLERANCEJ A REASONABLE CHOICE FOR THIS 

VALUE IS A~ ESTIMATE OF T~E RELATIVE PRECISION Of 
THF MATRIX ELEMENTS, HOWEVER, IT SHOULD NOT BF 
CHOSEN S~ALLER THAN THE MACHINE PRECISION, 

EXIT i 
~UX(3]: THE NU~BER OF ELIMINATION STEPS PERFORMEOJ 
A U X t S l : I F. A lJ X t 3 l a: N I T HE N A U )( [ S l W I L L E Q U A L T HE I NF I N I T Y •• 

NO~M OF.THE ~ATRIX (SEE SECTION 3.1,2.1.1~1,2.1, 
SUBSECTION DECTRI)J 

B: <ARRAY IDE~TIFIE~>J 
n A ~ R A V '' B [ l : N l : 
ENT~Y: T•iE RIGHT•HANO SIDE OF THE LINEAR SVSTEMJ 
EXIT: IF AUXt3l : N, THEN THE SOLUTION OF THE LINEAR 

SYSTEM IS OVERWRITTE~ ON B, ELSE 8 REMAINS 
UNALTERED, 



PROCEOURES USED: 

DECTRI = CP3a423, 
SOLTRI = CP3~424. 

LANGUAGE: ALGOL 60, 

METHOO ANO PERFOR~ANCEI 
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DECSOLTRI CALCULATES THE SOLUTION OF A LINEAR SYSTEM WITH A 
TRIDIAGONAL MATRIXJ THE TRIANGULAR DECOMPOSITIO~ IS DONE RY CALL~ING 
DECTRI (SECTION 3,1.2.1,1.1.2.1) A~D THE FORWARD AND BACK 
SUBSTITUTIO~ BY CALLI~G SOLTRI (THIS SECTION)J IF AUXC3l < N, T~EN 
THE EFFECT OF OECSOLTRI IS MERELY THAT.OF OECTRI. 

EXAMPLE OF USE: 

LET T BE A TRIDIAGONAL MATRIX WITH SUBDIAGONAL AND SUPERvtAGONAL 
ELEMENTS I* 2 AND I RESPECTIVELY CI: 1, •••' N • 1), AND DIAGONA~ 
ELEMENTS I+ 10 (I: 1, •• ,, N); LfT B BE THE SECOND COLU~N OF Ts 
THEN THE SO~UTION OF THE LINEAR SYSTEM TX: B IS GIVEN 8V THE 
SECONO UNIT VECTORJ BY THE FOLLOWING PROGRAM WE MAY SOLVE THIS 
5 VS TE M AND PR I NT THE ER~ 0 R IN THE CAL C t) LATE O SOL, U T I ON , 

• 

''BEGIN 1• 

" P R O C E O lJ R E •• DE C S O L T R I .( L , D , U , N , A , B ) J •• C D D f~ '' ~~ 4 4 2 5 ; 
'' R E A L " '' P RO C ED U R F. " VE C VE C ( L , U , S , A , B ) J 1• C O O E '' 3 4 0 1 0 J 
'' I ~ T E G E R •• I J 
" A R R A Y '' D , S U A , S lJ P E R , B [ 1 : 3 0 l , A U X C 2 : S l J 
'' F O R •• I : : 1 " S T E P " 1 '' U N T I l.. " 3 0 " 0 0 '' 
•• 8 E G I N t• S U B t I l : = I "' 2 f S lJ P E R C I l I = I J D [ I J : : I + 1 0 ; 

fl[ll := o 
"ENO" J B [ll :: 11 B t2J 1= 121 R [3l := ,.1, 
A U X ( 2 J : = '' \1111 1 tJ J • 

DECSOLTRI(SUB, O, SUPER, 30, AUX, 8)J 
0 U T P U T ( '1 1 , '' ( •• I , tt ( 11 A U X C 3 J A NO A U X [ 5 ] : '' ) '' , 2 ( / , N ) '' ) •• , 
AUX [3], AUX {5]) J 
8[211: Bt2l • 1J 
0 U T P 1J T C 7 1 , •• ( •• / / 19 ( 1

' E R R OR I N T HE S D L LJ 1' I O N : '~ ) •• , f\J '' ) " , 
SQRT(VECVECCl, 30 1 0, B, 8))) 

''END'' 

RF.SUL TS; 

AUX [3J AND AlJX CS]: 
+ 3 , 0 O O O O O O O O O O O O '' + 0 0 1 
+t,2400000000000''+002 I 

ERROR IN THE SOLUTION: +0~0000000000000"+000 

• 
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SUBSECTION: SOLTRIPIV~ 

CALLING SEQUENCE: 

THE HEADING OF THIS PROCEDURE lSI 
" P R O C E D UR E '' S O L T R I P I V ( S U B , D I A G , SU PE R , f\J , A I O , P I V , ~ l 1 
" V A L LI E •• &\J : •• I "1 T E G E R '' N J " A RR A Y " S U B , 0 I A G , S UP E R , A I D , H J 
'' B O O l E A "' '' '' A R R A Y •• P 1 V J 

THE MtA~ING OF THE fOR~AL PARAMETERS IS: 
SUB1 <ARRAY IDE~TIFIER>p 

''ARRAV" SUB[1, ~ ~ 111 
ENTRY: THE SUBDIAGONAL OF THE 
LOWER•AIOIAGONAL MATRIX, AS DELIVERED Bv DECTRIPtV (SECTION 
3.t.2~te1G1t2e1lf ' 

OIAG: <ARRAY IDENTIF!FR>J 
1
• A R R A V t9 D I A G [ 1 I f\~ l J 
ENTRV1 THE DIAGONAL nf THE LOWERw 
BIDIAGONAL MATRIX, AS OELIVERED BY OECTRIPIVJ 

SU?ER1 <ARRAY IDENTIFIER>t 
'' A R R A V '' S UP E R [ 1 I N • l l J 
ENTRY g THE FIRST CODIAGONAL OF 
THE UPPER•TRIANGULAR MATRIX AS DELIVERED BY DECTRIPIVJ 

Na <ARITHMETICAL EXPRESSION>J 
rHE ORDER OF THE MATRIXJ 

AIDa <ARRAY IOENTIFIER~J 
~•ARRAY'4 AID [11 N • 2l J 
ENTRV: THE SECOND C.ODIAGONAL OF 
THE UPPER~TRIA~GULAR MATRIX AS DELIVERED BV OECTRIPIV; 

PIV: <•RRAY IDENTIFIER>J 
" B O O L E A N '' " A RR A V '' P I V ( l I N • 1 ] J 
ENTRY1 THf PIVOT• 
INFORMATION AS DELIVERED BY DECTRIPIVJ 

B: <ARRAY IDENTIFIER>J 
1

' A R R A V •• B [ 1 : N l J 
ENTRY: THE RIGHT•HAND SIDE OF THE LINEAR SYSTEMJ 
EXIT: THE CALCULATED SOLUTIO~ OF THE LINEAR SVSTE'H, 

PROCEDURfS LJSED: NONE, 
' 

L.~.NGlJA.GE ~ ALGOL bO,. 

MET~OD ANO PERFORMANCE: 

S CJ L TR I P I \I C A LC UL A T t S THE SO~ l~J T I ON OF A L I NE A R SY S TE M W I T H A 
TRIDIAG01iAL ~ATRIX, ~ITH FORWARD ANO BACK SUBSTJTLJTION; THE 
TRIANGULARLY OECOMPOStD FORM OF THE MATRIX,AS PRODUCED BY DECTRIP!V 
(SECTIO~ 3,1.2~1.1.1.2.1), SHOULD BE GIVEN, ONE CALL OF DECTRIPIV 
FOLLOWED BY SEVERAL C~LLS OF SOLTRIPIV ~AV BE USED TO SOLVE SEVERAL 
LINEAR SYSTEMS ~iAVING THE SAME TRIDIAGONAL MATRIX, BUT DIFFERENT 
RIGHT.HANO SIDES. 
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EXAMPLF. OF USE: 

LET T BE THE MATRIX AS GIVEN IN THE EXAMPLE OF USE OF DECSOLTRI 
(THIS SECTION) AND LET Bl AND 82 BE THf SECOND AND THIRD COLUMN Of 
T, THtN THE SO~UTIONS OF THE LINEAR SYSTE~S TX: B1 AND TX= 82 
ARE GIVEN BY THE SECOND ANO THIRD UNIT VECTOR RESPECTIVELVJ IN THE 
FOLLOWING PROGRAM THESE SYSTEMS ARE SOLVED AND T~E ERRORS IN THE 
CA.LCULATED SOLUTIONS ARE PRINTED, 

''BEGIN'' 
''PROCEDURE'' OECTRIPIV(L, D, u, N, A, AX, P)1 "CODE" 34426J 
''PROCEDURE" SOLTRIPIVCL, D, U, N, A, P, B)J "CODE'' 34427, 
'' R E A ~ " •t P R O C E O URE " V EC V E C ( L , U , S , A , B ) J '' C O O E t• 3 4 O 1 0 J 
'' I N T E GE R " I J 
'' A R R A. V '' D , S U B , S UP E R , A I O , B l , 8 2 t 1 I 3 0 l , A U X t 2 I S l 1 
•• B O O L. E A N '' " A R R A Y •• P I V C 1 I 2 q l J · 
''FOR" I:= 1 "STEPP 1 -UNTIL" 30 "DO" 
''BEGIN'' sue [ll 1111 I * 2J SUPER CI] 1= IJ O tll 1= I + 10, 

Bl CIJ g: 82 tIJ 1:1 0 
'' E N D tt J B 1 C 1 l I : 1 p B 1 [ 2 l ; • 1 2 J 8 1 [ 3 l I = 4 J 
62 [2J 1: 2r 82 [3J :: 13J B2 [Lal 1• bJ 
AUX C2l 1= "•llJJ 
OECTRIPlV(SUB, D, SUPER, 30, AID, AUX, PlV)J 
S O L, T R I P I V C s.u 8 , D , S UP E R , 3 0 , A I O , P l V , B 1 ) I 
SOLTRIPIVCSUA, O, SUPER, 30, AID, PIV, B2)J 
O U T P U T C 7 1 , tt C " / , '' ( fl A U X t 3 l A N D A l.J X [ 5 l : " l •• , 2 C / , N ) t♦ ) ,, , 

AUX[~], AUX [SJ); 
81[2]:: Btt2l ~ 1J B2t3JI• B2t3] • lJ 

• 

o u T P 1J r c 1 1 , t• c •• 1 1 •• c " E RR o R I N a 1 1 '' , '' , N , •• c •• E R R o R 1 ~J B 2 : " l 1• , N " > •• , 
SQRT(VECVECCl, 30 6 o, B1, Bl)), SQRT(VECvCC(1, 30, O, 82, 82))) 

"F.: ND'' 

RESULTS: 

AUX [31 A~D AUX [SJ: 
+3,0000000000000''t001 
+1,2400000000000~+002 

ERROR IN 61: +0.0000000000000"+000 
ERROR IN 82: +0 8 0000000000000''+000 

• 
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SUBSECTlONI DECSOLTRIPIV. 

CALLING SEQJENCE! 

THE HEADING OF THIS PROCEDURE ISi 
1"PKOCt:.DURE 1

• DECSOLT~IPIV(SUB, DIA:i, SUPER, N, AUX, B); 
•• V ALU E •• N ; •• 1 NT£ GER•• N ; ••ARRAY •• SU B, DI AG , SUPER , A U X , 8 ; 

TH£ MEANING OF THE FORMAL PARAMETERS ISi 
sua, <ARRAY IDENTIFIER>; 

••ARRA y•• SUB [ 1 a N - 1 l; 

MC 
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ENTRYI THE SUBOIAGONAL OF THE GIVEN MATRIX T, SAY; 
TCI + 1, Il SHOULD BE GIVEN IN SUBCIJ, I= 1, 
• • • , N - 1; 

EXIT& THE ELEMENTS OF SUB WILL BE OVERWRITT~N; 
DIAGI <ARRAY IDENTIFIER>; 

"AR~Ay•• OIAG[11 NJ; 
ENTRYI THE DIAGONAL lF T; 
EXITI THE ELEMENTS JF DIAG WILL BE OVERWRITTEN; 

SUPc~I <ARRAY IOENTIFIE~>; 
••ARRAY'• SUPER{11 N - 11; 
ENTRYI THE SUPERDIAGONAL OF r; TCI, I+ 1l SHOULD BE GIVEN 

IN SUPERCil, I= 1, •••• N - 1; 
EXITI THE ELEMENTS OF SUPER WILL BE OVERWRITTEN; 

NI <ARITHMETICAL EXPRESSION>; 
THE ORDER OF THE MATRIX; 

~ux: <A~RAY IOE~TIFIER>; 
•• A RR A Y •• A U X ( 2 I 5 J ; 
ENT~YI 
AUX(2J& A RELATIVE TOLERANCE; A REASONABLE CHOICE FOR THIS 

VALUE IS AN ESTIM~TE OF THE RELATIVE PRECISION OF 
THE MATRIX ELEMENTS, HOWEVER, IT SHOULD NOT BE 
CHOSEN SMALLER THAN THE MACHINE PRECISION; 

EXITI 
AUXC3ll THE NUMBER OF ElIHINATION STEPS PERFORMED; 
AUXC5JI IF AUX[3l = N, THEN AUX[Sl WILL EQUAL THE INFINITY 

NORM OF THE MATRIX (SEE SECTION 3.1.2.1.1.1.2.1., 
SUBSECTION OECTRIPIV>; 

Bl <ARRAY IDENTIFIER>; 
•• A RR A Y •• B C 1 I N l ; 
ENTRYI THE RIGHT-HAND SIDE OF THE LINEAR SYSTEM; 
EXITI IF AUX[31 - N, THEN THE SOLUTION OF THE LINEAR 

SYSTEM WILL BE OVERWRITTEN ON B, ELSE B WILL REMAIN 
UNALTERED. 
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PROCEDURES JS~DI NONE. 

REQUI~ED CENTRAL MEMORYI 

EXECUTION FIELD LENGTHI ONE AUXILIARY ARRAY OF TYP~ BOOLEAN ANO 
ORDER N IS O~CLAREO IN DECSOLTRIPIV; 

LAt~GUAG;;. I ALGOL 60. 

METHOD ANO PERFORMANCEI 

ONE CALL OF OECSOLTRIPIV IS EQUIVALENT WITH CALLING CONSECUTIVELY 
DECTRIPIV (SECTION 3.1.2.1.1.1.2.1) AND SOLTRIPIV (THIS SECTION); 
HOWEVER, OECSOLTRIPIV DOES NOT MAKE USE OF DECTRIPIV AND SOLTRIPIV, 
TO SAVE MEMORY SPACE ANO TIME; THIS IS ONLY TRUE IN THE CASE THAT 
LINEAR SYSTEMS WITH DIFFERENT MATRICES HAVE TO BE SOLVED; IF 
AUXC3l < N THEN 
OECSOLTilPIV IS TERHINATEO PREMATURELY (SEE OECTRIPIV IN SECTION 
3.1.2.1.1.1.2.1,. 

' 

EXAMPLE OF USES 

TH£ SAME LINEAR SYSTEH AS GIVEN IN THE EXAMPLE OF USE OF DECSOLTRI 
HAY BE SOLVED WITH DECSOLTRIPIV BY T~E FOLLOWING PROG~AHI 

•• aEG IN'• 
··PRDCEDURE·· OECSOLTRIPIV(L, D, u. N, At B); ··cooE·· 344+28; 
stt REAL·· 10 PROCEOURE·· VECVEC(L, u, S, A, 8); ··cooE·· 3401D; 
•• IN T E G ER•• I ; 
••ARRAY•• D, SUB, SUPER1 8[11301, AUXC215J; 
•• F O R •• I I = 1 •• STE P •• 1 •• U N TI L •• 3 0 ••DO •• 
••aEGIN 11

• SUBCill= I• 2; SUPER[lll= I; OCIJt: I+ 10; 
BCIJI- 0 

UENO••; 8[1]1= 1; 8(2)1= 12; 8(3]1= 41 
A UXC 2 l I= "--14; 
DECSOLTRIPIV(SUB, O, SUPER, 30, AUX. B); 
0 UT? UT ( 71, •• ( •• 1, •• (••AUX C 3 l A NO AUX [ 5 11 •• J ••, 2 ( /, N) ••) .. , 
AUXC3l, AUX(5J); 
8(2)1- 8(2] 1; 
0 UT P UT ( 7 1 , •• < •• 1 I•• ( •• E RRO R IN THE SOLUTION a •• > ••, N •• J ••, 
SQRT(VECVEC(1, 30, O, B, 8))) 

••ENo•• 

RE SUL TS I 

AUX(3) ANO AUXCSJI 
· · +3 .0000000000 000··+001 

+1.2400000000000··+002 

ERROR IN THE SOLUTIONI +0.0000000000000 1•+000 



"CODE" 34424, 
"PROCEDURE" SOLTRICSUB, DIAG, SUPER, N, B)J 
"VALUE'' NJ "INTEGER'• Ns "ARRAY" SUB, DIAG, SUPER, BJ 
"BEGIN" ''l~TEGER'' IJ 

'' R E A Li '' R ; 
Rg: BCllt= 8[11 / DIAGtllJ 
'' F Q R tf I : = 2 '' S T E P tt 1 ,, IJ N T I L. " N fl D O It 
R:: B tIJ :: CB CI] ,., SUB CI • 1] * R) / OIAG [Il J 
"FOR" Ia=~~ 1 "STEP" •1 "UNTIL 1

' 1 "00" 
Rt: B[Il :a: BtIJ -. SUPER[Il * R 

"ENO" SOL,TRIJ 
''EQpt1 

" C ODE •• 3 4 4 2 5 J 
• 

"PROCEDURE'' DECSOLTRI(SUB, OIAG, SUPER, N, AUX, B)J 
~VALUE'' N: "INTEGERP NJ "ARRAY~ SUB, DIAG, SUPER, 4lJX, BJ 
" B E G I N 11 

'' ? R O C E D U R E '' D E C T R I ( S lJ B I D I A G , S U P E R , N , A U X ) ; *' C O D E: 19 3 a 4 2 3 ; 
" P R O C E D U RE ,, S O L T R I C S LJ 8 , D I A G , S U ? E R , t✓ , B ) : f! C O D E It 3 ,, li 2 4 ; 
D E C T R ! C S U B , D I A G , S U P E R , f\J , A U X l J 19 I F '' A. U X t 3 J :: N '' T H E " '' 
SOLTRICSUB, DIAG, SUPER,~, 8) 

''END" DECSOLTRIJ . 
'' E OP'' 

"CODE·,, 3Ll42IJ 
"PROCEDURE" SDLTRIPIVCSUA, DIAG, SUPFR, ~, AID, PIV, Bl; 
" V A L U E " N J '1 I \J T e,: G E R •• ~J J '' 4 R R A Y '' S lJ 8 , 0 I A r; , 5 U P f: R , A I D I a 1 
" 8 0 0 ~ E A N '' 11 A R R A y •• P l V J 
" B E G I N " '' I ~ T E GE R '' 1 , N 1 , 

,, R E A L '' a I , R 1 1 , R , s , r : 
r-Jlt: N • 1: 
,, F O R ., I i : 1 ., S T F... P '' 1 tl J N T I L •• ~t 1 '' D O ~, 
'' A E G I -rJ '1 

'
1 I F '' P 1 V C I l '' T "'i E ~~ '' 

" 8 E G I N '' B I : : B [ l + 1 l 1 8 I 1 I :c 8 [ I ) '' E \I O '' 
11 EL. s E ,, 
'' B E G 1 N '' 8 I : : B C I J J d I 1 I = B [ I + 1 l '' E ~ 0 '' J 
R:: B CI1 s: BI I OIAG tll J 
BCI+ll :: 8It -. SUB[Il * R 

'' E f\1 D '' 1 
R : : R [ r~ l : :: f3 t ~J 1 / 0 I A G [ N J f 

Tt= ~[1\Jll := B{Nll • SUPER[!\11] * RJ 
tt F O R '' I : = N -. 2 " S T E. P '' • 1 '' lJ "I T I L a, 1 tt ) 0 ft 

• 

" A E c; l N '' S : : R J R : : T ; T I = B [ I l I :; A t I l .-. SUP E R [ I 1 * R • 
c ,, r F ,, P 1 v r 1 J ,, r H E N ,, A 1 o r I J * s ,, E L s E -• o , 

''EN0 11 

"END" SOLTRIPlV1 
''EOP•1 

MC 
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11 CODE 11 34428J 
"PROCEDURE•' OECSOLTRIPJV(SUB, DIAG, SUPER, N, AUX, B); 
"VALUE" N; ''INTEGER'' ~1 ''ARRAY'• SUB, DIAG, SU?ER, AUX, BJ 
" 8 E. G I N H 11 I NT E GE R •• I , I 1 , N 1 , N 2 J 

"REAL'' D, R, S, U, T, Q, v, W, NORM, ~ORM1, NORM2, TOL, 
BI, 811, BI2J 
n B O O LE A N '' '' A RR A Y " P 1 V C 1 I N l J 
TOI.a: AUX [21 r Di= DIAG[ll r R1a SUJ-'ER[ll J BI:= B [tl, 
NORMz= N0RM21= ABS(O) + ABSCR)r N2z• N • 2; 
"f0R" I:: 1 "STEP'' 1 ''UNTIL" N2 "00'' 
" B E G l N '' I 1 : = I + 1 ; S I :1 S U B [ I l r T I = D I A G C I 1 l J Q I = S UP E R C I 1 l s 

Bll a: B Ct1l r 
NORM1:= NORM2J NORM21c ABS(S) + ABS(T) + ABS(Q): 
"IF'• ~OR~2 > NOR~ "THEN" NORM1m NORM2J 
'' I F '' A B S ( 0 ) * N O R M 2 < A 8 S C S ) * NO R M 1 " T HE N •1 

"BEGIN" ••tF•• ABSCS) en TOL * NORM2 "tHE~" 
•• 6 E G I N •• A U X [ 3 J I : I -. 1 1 A U X [ 5 l I : S J " GO T O '' E X l T '' E N D '' 1 
U Is: SU Pf R [I) I= T / SJ BI 1 S • 8 [ l l I: 8 I 1 / SJ 

• 

BI;: BI• B11 • DJ Vs: SUB[Ilt= QI s, 
'4;: SUPERtltJ 1: •V * DJ 01:t OIAG[I1J :: R .- U * DJ 
R 1 = w , N a RM 2 1 = f.J o RM 1 , P x v c I l 1 • •• r Ru E " 

"END" "ELSE" 
"BEGIN'' "IF" ABSCD) <= TOL * NORM1 ••THEN" 

'' 8 E G l N '' . A U X [ 3 l I :1 I .. 1 J A U X [ S l I : D J '' G O T O '' E X I T '' E N D '' 1 
UI= SUPERCIJ 111 R / DJ BIi• Btll S:c BI / O; 
Bia:1 Bit ~ BI • SJ D1• OIAG [l1l t• T • U * SJ 
PI\I Cil 111 "FALSE'' J R1:1 Q 

"END" 
"END''J . 
N 1 J :: N • 1 1 S : ;: S U B [ N 1 l J T I : 0 I A G t N l J ~~ 0 R M 1 : : ~-JO R M 2 f 8 I 1 l : B [ N l J 
N O R M 2 : = A 8 S ( S ) + A B S ( T ) , 99 I F '' N O RM 2 > ~J O RM '' T H E N '' ~.JO R ~ : : N O R ~1 2 ; 
'' I F '' A 8 S ( D ) • NO R M Z < A B S ( S ) * N OR M 1 '' T H E N '' 
,, 8 E. G t N '' 91 I F ft A B S C S ) < = T O L * N O R M 2 ,. T H E N tt 

" B E G I N '' . A U X C 3 l J : N 2 J A U X [ S 1 I : S 1 •• G O T O '' E X I T 9' E N O •• 1 
U:: SUPER[Nll := T / SJ 8111• B[N1l 1: Bil / Sr 
BIi= BI• 811 * D; 01= R • U * Os NnR~2:= NOR~l 

''END'' ''ELSE" . 
"BEGIN'' "IF» ABS(D) <= TOL * NORM1 ~THEN" 

r, B E G ! N •• A lJ X [ 3 l : : ~~ 2 J A U X t 5 l : = D J '1 G O T O '' E X I T '' E N O '' 7 
ua= SUPER [Nt.l := R / o, Bl,= B [Nll I• Bl / o, 
BI:= 811 ~BI* S; 01= T ~ U * S 

tt ENO'' J 
''If" ABS(D) <= TOL * NORM2 "THEN'' 
1• B E G I N •1 A U X [ 3 l : : N 1 J A U X [ 5 ] a = D J '' G O T O H E X I T '' t: N D '' : 
AUX[3l1: N; AUXCSJ1: NORMJ 
8 I 1 l = B [ N J I : 8 I / D , B I I : B C N 1 J I : 6 [ N 1 l • S l.J P E R ( i\! 1 J * B Y 1 ; 
tt F O R '' I i = N • 2 '' S T E P '' • 1 '' UN T I L •• 1 '' 0 0 '' 
"BEGIN'' B121: 8111 8111• BIJ 

8 I : : 8 CI l : = B t I l ~ SUPER [ I l * 811 .-
( If I F ft P I V [ I l II T H E N ., S U B t I J • B I 2 ., l: lp S E ft O ) 

''END''1 
EXITI 
~END" DECSOLTRIPIVJ 

"EDP" 
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AUTHOR 

CONTRIBUTOR I 

INSTITUTE MATHEMATICAL CENTRE. 

RECEIVED 731001. 

BRIEF DESCRIPTION a 
THIS SECTION CONTAINS THE PROCEDURE CHLDECBND 
FOR THE CHOLESKY DECOMPOSITION OF A SYHHETRIC POSITIVE DEFINITE 
BA.NO MATRIX. 

KEYWORDS I 
LINEAR EQUATIONS, 
CHOLESKY DECOMPOSITION, 
SYMMETRIC POSITIVE DEFINITE MATRIX, 
BAND MATRIX. 

CALLING SEQUENCES 

THE HEADING OF THE PROCEDURE IS I 
··PROCEDURE·· CHLOECBND(A, N, w, AUX); ··vALUE·· N, w; ··INTEGER'· N, w; 
'"ARRA y•• A, AUX; 

• 

THE MEANING 
A I 

N 

H J 

AUX 

OF THE FORMAL PARAHETERS IS I 
<ARRAY IDENTIFIER>; 
"ARRAY" AC1 I H • (N - 1) + NJ; 
ENTRY I A CONTAINS COLUHNWISE <I.E. THE(I,J) TH 
ELEMENT OF THE MATRIX IS ACCJ-1J•W+Il, J 1, •• ,N, 
I=HAX11,J-W>,••9J) THE UPPER~TRIANGULAR BAND 
ELEMENTS OF THE SYHHETRIC BAND MATRIX; 
EXIT I THE BAND ELEMENTS OF THE CHOLESKY 
MATRI~, WHICH IS AN UPPER~TRIANGULAR BAND MATRIX WITH 
W SUPEROIAGONALS, ARE DELIVERED COLUMNWISE IN A; 
<ARITHMETIC EXPRESSION>; 
ORDER OF THE BAND MATRIX; 
<ARITHMETIC EXPRESSION>; 
NUMBER OF SUPEROIAGONALS OF THE MATRIX; 
<ARRAY IDENTIFIER>; 
"ARRAv•• AUXC2 I 31; 
ENTRY I AUXC2l IS A ~ELATIVE TOLERANCE TO CONTROL THE 

CALCULATION OF THE DIAGONAL ELEMENTS OF THE 
CHOLESKY MATRIX (SEE METHOD ANO PERFORMANCE); 

NORMAL EXIT I 
AUX[ 3 J = N; 

ABNORMAL EXIT I 

• 

AUX(3J K - 1, WHERE K IS THE INDEX OF THE DIAGONAL 
ELEMENT OF THE CHOLESKY MATRIX THAT CANNOT BE 

I CALCULATED. 
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PROCEDURES USED a 

VECVEC = CP34010. 

RUNNING TIME a 

(C1 • W + C2> 4 W • N; 
THE CONSTANTS Ci ANO C2 DEPEND 
ARITHMETIC OF THE COMPUTER. 

UPON THE • 

LANGUAGE ALGOL 60. 

METHOD ANO PERFORMANCE a 

• 

CHLOECBND PERFORMS THE CHOLESKV DECOMPOSITION OF A SYMMETRIC 
POSITIVE DEFINITE MATRIX, WHOSE NON ZERO ELEMENTS ARE IN BAND FORM, 
ANO HHOSE UPPER-TRIANGULAR BAND ELEMENTS ARE STORED COLUHNWISE IN 
IONAL ARRAY. 
THE METHOD USED IS CHOLESKY'S SQUARE ROOT HETHOO. IF THE GIVEN 
HATRIX IS POSITIVE DEFINITE, THEN THIS METHOD YIELDS AN UPPER
TRIANGULAR BAND MATRIX, THE CHOLESKY MATRIX. THE NUMBER OF 
NON-ZERO SUPERDIAGONALS OF THE GIVEN MATRIX ANO ITS CHOLESKY 
MATRIX ARE EQUAL. THE PROCESS IS COMPLETED INN STAGES, AT EACH 
STAGE PRODUCING A ROW OF THE CHOLESKY MATRIX. HOWEVER, THE 
PROCESS IS DISCONTINUED IF AT SOME STAGE9 SAY K, THE K~TH DIAGONAL 
ELEMENT OF THE GIVEN MATRIX MINUS THE SUH OF SQUARES OF THE 
SUPERDlAGONAL ELEMENTS OF THE K TH COLUMN OF THE CHOLESKY MATRIX 
(THE SQUARE ROOT OF THIS QUANTITY BEING THE K-TH DIAGONAL ELEMENT 

• 

OF THE CHOLESKY MATRIX) IS EITHER NEGATIVE OR LESS THAN A GIVEN 
RELATIVE TOLERANCE (AUXC2J) TIHES THE HAXIHAL DIAGONAL ELEMENT 
THE GIVEN HATRIX. IN THIS CASE THE GIVEN MATRIX, POSSIBLY HOOIFIEO 
BY ROUNDING ERRORS, IS NOT POSITI~E DEFINITE. THIS IS INDICATED IN 
AUXC31, BY WHICH THE VALUE K - 1 IS DELIVERED. IF THE 
DECOMPOSITION IS CARRIED OUT FULLY, AUXCJJ BECOMES Ne 
THE PROCEDURE DELIVERS THE BAND ELEMENTS OF THE CHOLESKY MATRIX. 
SEE ALSO REF (11, SECTION 222 • 

REFERENCE 

(11 DEKKER, T.J. I 
ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART 1, 
MC TRACT 22, 1968, MATHEHATISCH CENTRUH, AMSTERDAM. 

EXAMPLE OF USE a 

SEE EXAMPLE OF USE OF CHLSOLBND. 
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SOURCE TEXT(S) 

II C O D E ,, 3 Ll 3 3 0 1 
" P R O C E D UR E '' C H L DE C B i'J D C A , ~ , W , A U X ) J •• V A L U E 99 N , W J 11 I N T E GE R '' N , w : 
" A R R A V If A , A J X ' 
"BEGIN•• ''INTEGER'' J, K, JMAX, ~K, KJ, Wl, STARTJ 

"REAL'' R, EPS, MAX; 
'' R E A L tt '' P R O C E DU R ~: '' V EC \IE C ( L , U , S , A , B ) J '' C tl D E '' 3 4 0 1 0 ; 
MAX:: O; KK:= • WJ ~t: · W + 1J 
II F O t{ " J : = l ,, S T E:. P " 1 " U N T I L. " N ,, D O ,. 
'' H E G l ~ '1 K K : :.: K K + 11\1 1 J '' 1 F " A. [ K K ) > M A X 1

' T HE N '' M A X I :: A [ K K J 19 E t~ D '' J 
JMAX:= WJ w1;: W + lJ KK;= ~ Wr EPS:= AUX[2l * MAXJ 
,, F O R ,, K : = 1 ll! S T E P ti 1 " U N T I L " N lt O O .. 
'' B E G I N '' •• I F •• K + W > N '' THEN " J M A X : = J M A X • 1 i K K : = K K + W 1 1 

START:~ KK • K + 1J 
R:: A[KKJ • VECVEC(''lF" K <= WI 
KK ~ 1, o, A, A)J ''IFtt R c: EPS 
-• B E G I N '' A lJ X C 3 l t = K • 1 J " GO T O -. 
A(KKl 1: R:= SQRT(R)J KJ3: KKJ 

"-THEN'' 
"THEN" 

START ''ELSE" KK - w, 

END "END'' j 

" F' 0 R '' ,J I : 1 •• S T E P " 1 ,e U N T I L •• J M A X '' D O •• 
'' B E G I N '' K J : : K J + W J 

A [ K J l : : ( A [ K J J • V EC VE C ( 9• I F '' K + J < =: W 1 •• T H E N '' S T A R T 
••ELSEtt KK 09 W + J, KK .. t, KJ-. KK, A, A)) / R 

•• E:. ND '' . 
"E~J0'1 1 
A lJ X [ 3 l : : N J 

EN() S 
'' E N D It C ►i L () E C 8 N D J 

,. E op•• 
• 

• 
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CONTRIBUTOR: 

INSTITUTE MATHEMATICAL CENTRE, 

RECf I vf·D 731001 . ., 

BRIEF DESCRIPTION 

THIS SECTION CONTAINS ONE PROCEDURE, 
CHLDETERMH~D, FOR T~E CALCULATION OF T~E DETERMINANT OF A SYMMETRIC 
POSITIVE DEFINITE BAND MATijIX, 

KE.V ~ORDS I 

DETERMINANT, 
SYMMETRIC POSITIVE DEFINITE ~ATRIX, 
BAND MAT~lX• 

CALLING SE:QUENCE 1· 

THE HEADING Of THE PROCEDURE IS I 

• 

•• R E A L '' '1 ? R O C E D l.J R E '' C t1 L O E T E R M 8 N D ( A , N , W ) J " V A L U E t• N. , W J 
,. I t,J r ~ ~ G E R '' r°"' , w 1 ,, A R R A v ,, A , . 

CHLDET~R~8NO OELIVERS THE DETERMINANT OF THE SYMMETRIC POSITIVE 
DEFir~ITE BAND ~ATRIX WHOSE CHOLESKV ~ATRIX IS STORED IN A. 

THE MEA~ING Of THE FOR~AL PARAMETERS IS: 

SEE CALLING SEQUENCE OF CHLOECB~D 
(SECTION 3.1.2.1.1.2.1 1 1.)1 . 
THE CONTENTS OF A ARE AS PRODUCED BY C~LDECAND OR 
C~LOECSOlBND (SECTION 3~1,2.1.1.2~1.3.l. 

f' R O C E: 0 U R E S 1.J S f:. D : N {) ~~ E • 

lANC~UAGE 

• 
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SE C T I O ~~ 3 • 1 ,. 2 , 1 • 1 • 2 • 1 11 ? 

METHOD AND PERF'QR~ANCE : 

CHLDETERMBND CA~ BE CALLED AFTER CHLOECBNO OR CHLDECSOLBND ONLY IF 
THE CHOLESKY OECOMPOSITIO~ WAS SUCCEss,uL, I,E, Ir 
AUX [33 : Nit 
THE FUNCTIO~ VALUE OF CHLDETERMBND IS T~E SQUARE OF THE OETE~MINANl 
Of THE CrlDLESKY MATRIX, 
CHLDETE~~B~D SHOULD NOT BE CALLED WHE~ OVERFLOW CAN BE EXPECTED. 

EXA~PLE OF ;JSE ; 

SEE ~XA1?LES OF USE OF CHLSOLBNO AND C~LOECSOLAND. 

SOURCE TEXT(S) I 

••CODE•• 34331 J 
,, ~ E A L ,, •• P R a c E o u R E " c ..,. L o E r E R M B N o c A , N , w l , 11 v A L u E ,, N , ~ , ,, 1 N T E G E R •• "' , 1.,, i 
••ARRAY" AJ . 
'' 8 E G I N '' " I N T E G E R '' J , K K , " 1 J '' R E A L '' P J 

Wt:= I~+ 1J ~Kl=~ w, P1= 1J 
••FOR" J:: 1 "STEP" 1 ''UNTIL" N "D0 1• 

"BEGif\f'' Kt<:: KK + WlJ P:= A[KKl * P "E~D"J 
CHLOETERMBNDs: P * P . 

"END" CHLDETER~BND: 
''EO?•t 
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AUTHOR I T.J. DEKKER. 

COt-lTRIBUTOR I 

INSTITUTE MATHEMATICAL CENTRE. 

RECEIVED 731001. 

BRIEF DESCRIPTION a 
THIS SECTION CONTAINS TWO PROCEDURES. 
A) CHLSOLBNO, FOR THE SOLUTION OF ONE OR HORE SYSTEMS OF LINEAR 
EQUATIONS WITH THE SAHE COEFFICIENT MATRIX, WHICH IS SYMHETRIC, 
POSITIVE DEFINITE AND IN BANDFORH, PRJVIOEO THAT THIS 
MATRIX HAS BEEN OECOHPOSED BY A CALL OF THE PROCEDURE CHLOECBND 
(SECTION 3.1.2.1.1.2.1.1.>. 
B> CHLDECSOLBNO, FOR THE SOLUTION OF ONE SYSTEM OF LINEAR 
EQUATIONS BY CHOLESKY•S SQUARE ROOT METHOD, PROVIDED THAT THE 
SYMMETRIC POSITIVE DEFINITE COEFFICIENT MATRIX IS IN BAND FORM 
ANO IS STORED COLUMNWISE IN A ONE•DI~ENSIONAL ARRAY. 

KEYWOROS J 

LINEAR EQUATIONS, 
CHOLESKY DECOMPOSITION, 
SYMMETRIC POSITIVE DEFINITE MATRIX, 
BAND ·MATRIX. 

SUBSECTION a CHLSOLBNO. 

CALLING SEQUENCE I 

' 

THE HEADING OF THE PROCEDURE IS I 
··PROCEDURE·· CHLSOLBNO(A, N, w, B); ··11ALUE· N, w; ··INTEGER·· N, w; 
••ARRA y•• A, B; 

THE MEANING OF THE FORMAL PARAMETERS IS I 
A, N, WI SEE CALLING SEQUENCE OF CHLOECBND, 

THE CONTENTS OF THE ARRAY A ARE AS PRODUCED BY 
CHLDECBNO; 

B <ARRAY IDENTIFIER>; 
··ARRAYU 8[1 I NJ; 
ENTRY I THE RIGHT HANO SIDE OF THE SYSTEM OF LINEAR 
EQUATIONS; 
EXIT I THE SOLUTION OF THE SYSTEH. 

PROCEDURES USED I 
• 

VECVEC = CP34010, 
SCAPRO~= CP34017. 
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RUNNING TIME: 

CC3 • W + C4) • N; 
THE :oNSTANTS C3 ANO C4 DEPEND UPON THE 
ARITHMETIC OF THE COMPUTER. 

LANGUAGE ALGOL 60. 

METHOD ANO PERFORMANCE I 
THE PROCEDURE CHLSOLBNO CALCULATES THE SOLUTION OF A SYSTEM OF 
LINEAR EQUATIONS, PROVIDED THAT THE COEFFICIENT HATRIX WAS 
DECOMPOSED BY A SUCCESSFUL CALL OF CHLOECBNO (SECTION 
3.1.2.1.1.2.1.1.J. 
THE SOLUTION OF THE LINEAR SYSTEM IS OBTAINED BY CARRYING OUT THE 
FORWARD AND BACK SUBSTITUTION WITH THE CHOLESKY HATRIX ANO THE 
RIGHT HANO SIDE. THE LATTER IS OVERW~ITTEN BY THE SOLUTION. 
THE SOLUTIONS OF SEVERAL SYSTEMS WITH THE SAHE COEFFICIENT MATRIX 
CAN BE 38TAINEO BY SUCCESSIVE CALLS ~F CHLSOLBND. 

EXAMPLE OF USE I 

THE FOLLOWING PROGRAM SOLVES THE SYSTEH OF SIHULTANEOUS EQUATIONS 

2 • Xi X2 - 1 -
- X1 • 2 .. X2 )(3 - 0 -

- X2 ♦ 2 • X3 X4 - 0 -
X3 + 2 f,. x«. XS - 0 -

- X4 ♦ 2 • XS - 1 -

··sEGIN 11••·coHHENT·· 730829, TEST CHLOECBNO, CHLSOLBNO AND 
CHLOETERHBNO; 

. ··PROCEDURE·· CHLOECBNO(A, N, w, AUX); ··cooe·· 34330; 
111 PROCEDURE•• CHLSOLBNOCA, N, W, B>; "CODE'• 34332; 
··REAL .... PROCEDURE'· CHLO ET ERHBNO (A, N, W); ·cooE·· 3 4331; 
••INTEGER" I; 
111 ARRAY 1

• SYH8ANOC1 I 91, R.IGHTC1 I 51 9 AUXC2 I 3J; 
··FoR·· II= 1 ··sTEP·· 1 ··uNTIL· 9 ··oo" 
SYMBANO(IJI= "IF" I// 2 • 2 < I "THEN" 2 "ELSE•• - 1; 
RIGHTC1la= RIGHT[SJa= 1; 
··FoR·· II- 2, 3, 4 uoo-- RIGHT(IJI= o; AUX(2J1- ··- 12; 
CHLOECBNO(SYMBAN09 5, 1, AUX); 
••IF•• AUX£ 3 l = 5 ••THEN .. 
11 BEGIN 1

• CHLSOLBNO(SYHBAND, 5, 1 1 RIGHT>; 
OUTPUT(61~ ··c··sc+2z.402a), 1··1"'DETERHINANT IS "')·· +.ao--+oo 
••,••, (RIGHTCIJ, II= 1 I 51, CHLOETERHBNO(SYHBANO, 5, 1) > 

••END*• 
'"ENo•• • 

THIS PROGRAM OELIVERSI 
· t-1.0000. ·. +1.0000 +1.0000 +1.0000 +1.0000 

··. DETERMINANT IS +.GOD00000u+D1 
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SUBSECTlONa DECSOlSYMTRI. 

CALLING SEQUENCEI 

THE HEADING Of THIS PROCEDURE ISi 
••PROCEDURE•a DECSOLSYMTRI<DIAG, CO, N, AUX, B); 
•• V A L U E • • N ; •• I NT EGER •• N ; •• A RR A Y •• 0 I AG , CO , A U X , B ; 

THE MEANING OF THE FORMAL PARAMETERS ISi 
OIAGI <ARRAY IDENTIFIER>; 

10 ARRAY•• DIAG[11 NJ; 
ENTRYI THE DIAGONAL Of THE GIVEN HATRIX T, SAY; 

MC 

PAGE 3 

• 

EXITI SUPPOSE U DENOTES THE UNIT UPPER-BIDIAGONAL MATRIX, 
S~H THAT u•ou = T FOR SOME DIAGONAL MATRIX o, 
WHERE U8 DENOTES THE TRANSPOSED MATRIX; THEN DCI,IJ 
WILL BE DELIVERED IN OIAGCil, I= 1, •••t AUXC3l; 

COi <ARRAY IDENTIFIER>; 
••ARRA y•• CO C 11 N - 1 l ; 
ENTRY& THE COOIAGONAL OFT; TCI, I+ 11 SHOULD BE GIVEN IN 

C 0( I l , I = 1 , • • • , N - 1 ; 
EXITI UlI, I+ 11 WILL BE DELIVERED IN COCIJ, I= 1, •••t 

AUX(3l - 1; 
Ni <ARITHMETICAL EXPRESSION>; 

THE ORDER OF THE MATRIX; 
AUX: <A~RAY IDENTIFIER>; 

••ARRAv•• AUX[215J; 
ENTRY: 

81 

AUX[2JI A RELATIVE TOLERANCE; A REASONABLE CHOICE FOR THIS 
VALUE IS AN ESTIMATE OF THE RELATIVE PRECISION OF 
THE MATRIX ELEMENTS, HOWEVER, IT SHOULD ~OT BE 

EXITI 
AUXC3JI 
AUX(S]I 

<ARRAY 
••ARRA y•• 
ENTRY: 
EXITI 

CHOSEN SMALLER THAN THE MACHINE PRECISION; 

THE NUMBER OF ELIMINATION STEPS PERFORHEO; 
IF AUX[3J = N, THEN AUXC5J WILL EQUAL THE INFINITY 
NORM OF THE HATRIX, ELSE AUX[Sl IS SET EQUAL TO 
THE VALUE OF THAT ELEMENT WHICH CAUSES THE 
BREAKDOWN OF THE DECOMPOSITION; 

IDENTIFIER>; 
B[11Nl; 
THE RIGHT HANO SIDE JF THE LINEAR SYSTEM; 
IF AUXC3J = N THEN THE SOLUTION OF THE LINEAR 
SYSTEM IS OVERW~ITTEN ON a, ELS~ a REHAINS 
UNALTERED. 

• 
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PROCEDURES USED: 

DECSYMTRI - CP34~20, 
SOLSYMT~I = CP34~21. 

' LANGUAGE I ALGOL 60. 

HETHOO ANO PERFORHANCEI 

DECSOLSY~TRI CALCULATES THE SOLUTION OF A LINEAR SYSTEH WITH A 
SYHMETRIC TRIDIAGONAL MATRIX; THE T~IANGULAR DECOMPOSITION IS OONE 
BY CALLING OECSYMTRI (SECTION l.1.z.1.1.2.2.1> ANO THE FORAARD ANO 
BACK SUBSTITUTION BY CALLING SOLSYHTRI <THIS SECTION); IF AUX[3l<N, 
THEN THE EFFECT OF DECSOLSVHTRI IS MERELY THAT OF DECSYMTRI. 

EXAMPLE OF USEI 

• 

LETT BE A SYMMETRIC TRIDIAGONAL MATRIX OF ORDER 100 WITH DIAGONAL 
ELEMENTS I (I= 1, ••• , 100) ANO COOIAGONAL ELEMENTS I• 2 (I= 1, 
••• , 99); LET THE RIGHT HANO SIDE B BE GIVEN BY THE SECOND COLUMN 

• 

OFT; THEN THE SOLUTION Of THE LINEAR SYSTEM TX= BIS GIVEN BY THE 
SECOND UNIT VECTOR; BY THE FOLLOWING PROGRAM WE HAY SOLVE THIS 
SYSTEM ANO PRINT THE ERROR IN THE CALCULATED SOLUTION. 

••aEGIN•• 
MPROCEOURE" OECSOLSYHTRI(O, C, N, A, B); "COOEM 34422; 
··REAL·· ··PROCEOURE 1

• VECVEC(L, u., s, A, 8); ··cooE·· 34010; 
··rNTEGER·· I; "ARRAv·· o, co, 8[11100), AUX(215]; 
··FOR·· I 1 = 1 ··srEP·· 1 .,UNTIL.. 1 o o -oo·· 
MBEGIN·· DCIJI= 1; CO[IJl- I• 2; B[IJ•- 0 ··ENO"; 
8(1]1= 8(2]1= 2; 8[3]1- 4; 
AUX[2l l= ••-14; 
OECSOLSYHTRI(O, CO, 100, AUX, B); 
8(2]1= 8(2] .. 1; 
0 UT P U T ( 7 1 4' •• C •• / " •• ( •• A U X C 3 J AN O A U X C 5 l I •• ) •• t 2 ( / 4 B , N > •• ) •• , 
AUXC3l, AUXCSJ>; 
OUTPUT(71, ••c••11,••,•• ERROR IN THE SOLUTIONa .. > .. ,N,/ 0

•)•
0

, 

SQRTCVECVEC<1, 100, 0, B, 8))) 
••ENo•• 

RE SUL TSI 

AUXC3l AND AUXCSJI 
+1.ooooooooooooou+oo2 
•4.9300000000000··+002 

f 

ERROR IN· THE SOLUTIONt+O.OOOOOOOOOOOOO••+OOO 
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AUTHOR1 w, HOfr~ANN, 

CONTRIBUTORr J 1 C, P, BUS, 

lNSTITUTEI MATHEMATICA~ CENTRE, 

RfC~IVEOI 731215, 

BRIEF DESCRIPTION: 

MC 

PAGE l. 

THIS SECTION CONTAINS A PROCEDURE, OECSVMTRJ, 1·0 PERFORM A 
TRIANGULAR DECOMPOSITIO~ OF A SV~METRIC TRIDIAGONAL ~ATRIX, 

KEVwORDSI 

LU DECOMPOSITION, 
TRIANGULAR DECO~POSITION, 
SYMMETRIC TRIDIAGONAL MATRIX, 

' 

CALLING SEQUENCE1 

THE HEADING OF THIS PROCEDURE ISi 
''PROCEDURE" OECSYMTRI(OlAG, CO, N, AUX)J 
ti V A L U E ., ~ 1 •• I N T E G E R tt N 1 ,, A R R A Y ., 0 I A G I C O , A U X J 

• 

THE MEANING OF THE FORMAL PARAMETERS IS1 
OIAG1 <ARRAY IDENTIFIER>J 

"ARRAY" DIAG[11 Nlt 
ENTRY1 THE DIAGONAL OF THE GIVEN MATRIX T, SAVf 

' 

EXITS SUPPOSE U DENOTES THE UNIT UPPER•BIDIAGONAL MATRIX, 
SUCH THAT U'DU. T roR SOME DIAGONAL MATRIX O, 
WHERE u, DENOTES THE TRANSPOSED MATRIX; TMEN D(I,Il 
WILL BE DELIVERED IN OIAGtIJ, I: 1, , •• , AUX[3JJ 

CO: <ARRAV IDENTIFIER>s 
"A RR A Y" CO [ 11 N '" 1 l J 
ENTRY1 THE COOIAGONAL OF Ti T[I, I ♦ ll SHOULD BE GIVEN IN 

CO[Il, I• 1, .. ,,, N • 1J 
EXITS U CI, I + ll WILL BE DEL.IVERED IN .CO CI), I = 1, •,., 

AUXC3l "'1J 
N: <ARITHMETICAL EXPRESSION>J 

THE ORDER OF THE MATRIX, 
AUXz <ARRAY IDENTIFIER>, 

''ARRAY" AUX [215] J 
ENTRY1 
AUXt2JI A RELATIVE TOLERANCEr A REASONABLE CHOICE FOR THIS 

VALUE IS AN ESTIMATE OF THE RELATIVE PRECISION OF 
THE MATRIX ELEMENTS, HOWEVER, IT SHOULD NOT BE 
CHOSEN SMALLER THAN THE MACHINE PREC!SIONJ 

EXIT1 
AUX[3ls THE NUMBER OF ELIMINATION STEPS PERFORMEOJ 
AUX[5) I IF AUX[3l = N1 THEN AUX[Sl WILL EQUAL THE INFINITY~ 

NORM OF THE MATRIX, ELSE AUX[SJ IS SET EQUAL TO 
THE VALUE OF THAT ELEMENT WHICH CALJSES THE 
BREAKDOWN OF THE DECOMPOSITION, 



MC 
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PROCEDURES UStD: NONE. 

MlTHOD ANO PERFORMANCES 

'fhE METHOD USED IN DECSYMTR! YIELDS A UNIT UPPER•BIDIAGONAL MATR!X 
u ANO A DIAGONAL MATRIX D, SUCH THAT THE PRODUCT U1 DU EQLJALS THE 
GIVEN SY~METRIC TRIDIAGONAL MATRIXJ THE PROCESS IS TERMINATED IN 
T HE ><. • T H S f E P I F THE ~ 0 D lJ L US OF THE K • TH D I A GO NA L E L E ~ E N T I S 
SMAL~ER THAN A CERTAIN SMALL VALUE, WHICH IS GIVE~ BV AUX[21 
MULTIPLIED BY THE 1-NORM OF THE K•TH Row, IN THIS CASE AUX[ll Wl"LL 
BE G!VErJ THE VALUE K • 1 ANO AUXtSl ijILL BE GIVEN TH[ VALUE OF 
T~E ~-TH DIAGON~L ELFMENT• . 

E X A ~ P L E Of lJ S E I S E E O E C S O L S Y M T R I C S EC T I O N 3 , 1 .- 2 • 1 , 1 , 2 ,. 2 • 3 ) , 

"CODE'' 3Q420J . 
11 P R O C E D UR E fl D E C S V M T R I ( 0 I A G , C O , N , 4 U X ) J '' V A L U E ,, N 1 ti I N T E G E R ,, ~J J 
'' A RR A Y " D I A G , C O , A U X J 
''BEGIN'' ''INTEGER'' I, N1J 

''REAL" D, R, S, U, TOL, NORM, NOR~RJ 
TOt.1= AUX C2l J D::a DIAG [ll J R;s CO Ct 1; 
NO~M:= ~ORMR;: ABS(O) t ABSCR)J 
'' I F " A 8 S C D ) < : N O R MR • T O L " T HE N '' 
•• 8 E G I N •• A U X [ 3 l : :1 0 J A. U X [ S l I : D 1 '' G O T O '' E X I T '' E P\J O '' J 
U::: COC1l I: R / DJ Nlla N • lJ 
''FOR" It: 2 "STEP•' 1 "UNTIL" Nl ''00" 
'' a E G I N " s : = R , R t = C a [ .I l J D s C D I A G C l l ' 

~ORMRr: A8S(5) + ABS(O) + ABS(~)J 
DI= OIAG[Il 1: 0 • U * SJ 
'* l f '' A B S ( D ) < :: N OR M R * T O L •• T H E f'4 '' 

• 

1
' B E G 1 N " A u x c 3 l z :; I .. 1 , A u x c s l a = D , " G o T o ,, E x I T '' £·: N D ,, ; 
Uc= CO[Il := R / OJ "IF" NORMR > NOR~ ''THEN'' NQR~1= ~ORMR 

" E t..A D '' : 
D:= DIAG[N] J NORMRa= ABS(D) ♦ ABS(R)s 
o:= DIAGrN] •= 0 • U • RI 
•• I F " A B S ( 0 ) <: NO R ~ R * T O L '' T ~i E N '' 
" B E G I N '' A !J X [ 3 1 : = N 1 J A U X [ S l 1 : D s '' G O T O '' E X I T '' E N D '' 1 
''IF" N □ RMR > NORM '1 THEN'' NORM1: NORMRJ 
AUX[3l:= NJ AUX[S]::r NORMJ 

EXTTI 
•• E ND '' D E C 5 Y M T R I J 

,, t: op tt 
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INSTITUTES ~ATHEMAT!CAL CENTRE 1 

RtCEIVEDI 731215. 

BHI~F DESCR!PTION1 

THIS SECTION CONTAINS TWO PROCEDURES 
FOR SOLVI~G A SYSTEM OF LINEAR EQUAJIONS WITH A SVMME1'RIC 
TRIDIAGONAL MATRIX1 SOLSYMTR! CALCLJLATES A SOLUTION IF THE 
SO~SYMTRI CALCULATES A SOLUTION IF T~E 
TRIANGULARLY DECOMPOSED FORM, AS DELIVERED BY DECSY~1TRI CSfC1'ION 
3 ,. 1 • 2 • 1 • 1 • 2 • 2 • 1 ) , I S G I V E N J D EC 5 0 L S Y M T R I P E RF ORM S T HE T R I A ~JG l .1 L A R 
O[CSOLSV~TRI PERFOR~S THE TRIANGULAR 
DECOMPOSITION ~SWELL AS THE FORWARD ANO BACK SUBSTITUTION TO 
CALCULATE THE SOLUTION OF THE GIVEN LINEAR SYSTE~, 

• 

KE.VWORDSe 

ALGEBRAIC EQUATIONS, 
~!NEAR SYSTEMS, . 
SV~METRIC TRIDIAGONAL MATRIX, 
fCJR~ARD ANO BACK SUBSTITUTION, 

• 



SUBSECTION; SOLSVMTRI, 

CALLING SEQUENCE: 

TH E HE A D I NG OF TH I S PRO CED ll RE I S I 
'' P ~ 0 C E D LJ R E •• SO L SY M T R I C O I A G , C O , N , B ) J 
,, v A L, i,.J E ~· N ; ,, t N T E G E R ,. N p fl A R R A Y " 0 I A G , C O , B J 

THE ~EA~ING OF THE FORMAL PARAMETERS IS1 
DIAG: <ARRAV IDENTIFIER>J 

" A R R A Y '' 0 I A G t 1 I N l J 
ENTRV1 THE DIAGONAL MATRIX, AS 
DELIVERED AY DECSYMTRI (S£CTION 3,1.2.1.1.2.2,1)1 

CO: <ARRAY IDENTIFIER>J 
'' A R R A Y '' C O t 1 : N .- l l J · 
ENTRV1 THE CODIAGONAL OF THE UNIT 
UPPER-BIDIAGONAL MATRIX AS DE~IVERED av DECSVMTRt; 

N1 <ARITHMETICAL EXPRESSION>J 
THE ORDER OF THE MATRIXJ 

B: <ARRAY IDENTIFIER>J 
"ARRAY" 8[11Nl J 
ENTRV1 THE RIGHT HAND SIDE OF THE ~INEAR SYSTEMJ 
EXIT: -THE CALCULATED SOLUTION OF THE LINEAR SYSTEM, 

PROCEDURES USED: NONE, 

• 

LANGUAGE: 

METHOO ANO PERFOPMA~CE: 

MC 

SOLSYMTRI CALCULATES THE SOLUTION OF A ~!NEAR SYSTEM w!TH A 
SYMMETRIC TRIDIAGONAL MATRIX, WITH FOR~ARD ANO RACK SUBSTITlJTJO~: 
THE TRlA~GU~ARLV DECOMPOSED FORM OF THE MATRIX, ~5 PRODUCED BV 
DECSVMTRI (SECTION 3.1,2,1,1,2.2,1), SHOULD BE GIVEN; O~E CALL OF 
DEC S V MTR l FOLL Ow ED a V SE VE R A L C ALL. S OF 5 0 L S Y M T R 1 ~ A Y BE l.J SE D T l,l 
SOLVE SEVERAL LINEAR SVSTE~S HAVING THE SAME SVMMETRIC TRit)IAGONAl. 
MATRIX, BUT DIFFERENT RIGHT HANO SIDES, 

EXAMPLE OF USE1 SEE DECSOLSY~TRI (THIS SECTION)• 

. 
• 
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SUBSECTIONS DECSOLSYMTRI, 

CAL~ING SEQUENCE: 

THE HEADING OF THIS PROCEDURE ISa 
''PROCEDURE'' DECSOLSYMTRl(DIAG, CO, ~, AUX, BJ, 
•• VA L. U E •• N , '' I N T E GE R " N J " A RR A Y I D I A G , CO , A U X , B J 

THf MEANING OF THE FORMAL PARAMETERS IS1 
DIAGI <ARRAY IOENTIFIER>J 

''ARRAY" OIAG £1 I NJ J 

COi 

AUXs 

ENTRY: THE DIAGONAL OF THE GIVEN MATRIX T, SAYJ 
EXIT1 SUPPOSf U OENOTfS TH! UNIT UPPER•BIOIAGONA~ MATRIX, 

SUCH THAT u•ou. T FOR SOME DIAGONAL MATRIX D, 
WHERE Ut DENOTES THE TRA~!POSED MATRIXJ THEN OtI,Il 
WILL BE DELIVERED IN OIAG [Il, I = 1, ".,,, AUX [3J r 

<ARRAY tDENTIFifR>J 
"ARRAV" CO[ll ~ • l]J 
ENTRY1 THE COOIAGONAL OF TJ TCI, I+ ll SHOULD BE GIVEN IN 

' 

EXIT: 
CO[ll, Is; 1, •••' N ,n lP 
UCI, I + 11 WILL Bf DELIVERED IN COCil, I 
AUX[3l "'tJ 

<ARITHM~TICAL EXPRfSS!ON>J 
THE ORDER OF THE MATRIX1 
cARRAY IOENTififR>p 
"ARRAY'' AUX [215] J 
ENTRYs 

' 

AUX C2l 1 

' 

EXIT1 

A RELATIVE TOLERANCEJ A REASONABLE CHOICE FOR THIS 
VALUE ?S •N ESTIMATE OP T~E RELATIVE PREC!SION OF 
THE MATRIX ELEMENTS, HOWEVER, IT SHOULD NOT BE 
CHOSEN SMALLER THAN THE MACHINE PRECISIONJ 

AUXt3l I THE NU~BER OF fL!MlNATION STEPS PERFORMEOJ 
AUXt5la IF ~UXt3l • N, THEN AU~t5l WILL EQUAL THE INFINITY~ 

NORM OF THE MATRIX, ELSE AUMC5l IS SET EQUAL TO 
THE VALUE OF THAT ELEMENT WHICH CAUSES THE 
BREAKDOWN OF THE OECOMPOSITIONr 

81 <ARRAY IDENTIFIER ► J 
'' A R R A Y " 8 [ 1 I N J J 
ENTRY1 THE RIGHT HAND SIDE OF THE LINEAR SVSTEMJ 
EXITr IF AUX[3l a N THEN THE SOLUTION OF THE LINEAR 

SYSTEM IS OVERWRITTEN ON B, ELSE B REMAINS 
lJNAL TEREO, 



PROCEDURES USE01 

DECSVMTRI ~ CP34420, 
SOLSYMTRI = CP3G421, 

LANGUAGE a ALGOL &0 9 

METHOD AND PERFORMANCEI 

MC 

• 

(JUNE 1974) PAGE /J 

OECSOLSVMTRI CALCULATES TH! SOLUTION OF A LINEAR SVSTEM WITH A 
SYMMETRIC TRIDIAGONAL MATRIXp THE TRI~NGULAR DECOMPOSITION IS DONE 
BY CALLING DECSVMTRI (SECTION 3.1,Z,1,1,2.2,1) ANO THE FORWARO AND 
BACK SUBSTITUTION BY CALLING SOLSYMTRI (THIS SECTION)J IF AUXC3l:N, 
THEN THE EFFECT OF DECSOLSV~TRt IS MEREL.V, THAT OF OECSVMTRl, 

EXAMPLE OF USE1 

LETT BE A SYMMETRIC TRIDIAGONAL MATRIX OF ORDER 100 WITH DIAGONAL 
ELEMENTS I CI• 1, ,,,, 100) ANO CODIAGO~AL ELEMENTS I* 2 CI= 1, 
,~,, 99)J LET THE RlGHT HAND SIDE 8 SE GIVEN BY THE SECOND CO~UMN 
OF TJ THEN THE SOLUTION a, THE L!NfAR SYSTEM TX• 8 IS GIVEN 8V THE 
SECOND UNIT VECTORJ BY THE FOLLOWI~G PROGRAM WE MAY SOLVE THIS 
SVSTEM ANO PRINT TH! ERROR !N THE C•LCUL~TEO SOLUTION, 

''BEGIN'' 
"PROCEDURE" DECSOLSYMTRICD, C, N, A, Blt "CODE" 34422; 
"REAL' ••PROCEDURE• VECVECCL, U, S, A, B)J "COOE 1• 34010J 
" I N TE GE R '' I J " A RR A Y " 0 , C O , 8 t 1 I 1 0 0 l , A U X [ 2 I S ) J 
"FOR" Iz• 1 "STEP" 1 "UNTIL•• 100 "00" 
'' B E G I N " D [ I l I • l t C O t I l I :t 1 • 2 p B [ l l I • 0 " E N O '' , 
Bt1ll• Bt2l1• 2, Btllsa 4J 
AUX t2l I• "•1~ r 
DECSOLSVMTRICD, CO, 100, AUX, B)J 
B[2ll• Bt2l • 1J 
OUTPUT(11, "("/,"(" 
AUX [ll, AUX [51) J 

• 

A U X [ 3 J A ND 4 U X t 5 ] I " ) " , 2 ( / 4 B , N l '' ) •• , 

0 UT PUT C 7 1 , " ( " / / , " ( " E RR OR I N T HE S O L lJ T I O N 1 " ) '' , N , / '' ) •• , 
S~RT(VECVECC1, 100, O, B, R))) 

It ENO" 

RESULTSS 

AUX [3) AND AUX [Sl I 
+1, 0000000000000 ''+002 
♦ 4,9.300000000000 11 +002 

ERROR IN THE SO~UTIONl+O,OOOOOOOOOOOOOP+OOO 



MC 

(JUNE 1'174) PAGE 5 
l 

SOURCE TEXTS1 

ttCOOE 91 344211 
"PROCEDURE" SOLSYMTRt(OIAG, CO, N, B)J "VALUE" NJ "I~TEGER" NJ 
"•PRAY" DIAG, CO, Br 
"BEGIN" ''INTEGER" Ir 

t• R E A L '' R , S J 
RI a B t 1 l J B t 1 l I• R / DI AQ t l J J 
"FOR" l1 ■ 2 "STEP• 1 •UNTIL" N "00" 
"BEGIN•• Ra• B CIJ • CO CI•lJ * RJ 8 tIJ 1• I DIAG tll "END'' J 
SI• BtNlJ 
"FOR" I:• N • 1 "STEP" ~1 •UNTIL" 1 1 00" 
S1• B tll 1• B[Il ., COtll • 9 

"END'' SOLSYMTR?, 
'' E OP" 

"CODE" 344221 
"PROCEOU~E" OECSOLSYMTRI(DIAG, CO, N, AUX, B)J "VALUE" NJ 
"INTEGER" N, "ARRAY" DIAQ, CO, 4UX, SJ 
"BEGIN" ''PROCEDURE" DfCSYMTRI(DlAG, CO, N, AUX)f 

''PROCEDURE" SOLSY"TRI(DIAG, CO, N, B)J 
DECSVMTRI(DIAG, CO, N, AUX)J "IF" AUXt3J 
SOLSYMTRI(DIAG, CO, N, 8) 

"END'' DECSOLSVMTRia 
"EDP" 

• 

• 

.. 

"CODE'' 34420 J 
"CODE'' 3tJ'-'21 J 
= N '' THEN" 
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AUTHORI P.W.HEMKER. 

INSTITUTEI MATHEMATICAL CENTRE. 

RECEIVEOI 730615. 

BRIEF DESCRIPTION! 

CONJ GRAD SOLVES A LINEAR SYSTEH OF EQUATIONS BY THE METHOD OF 
CONJUGATE GRADIENTS. THE SYSTEM HAS TO BE SYMMETRIC ANO POSITIVE 
DEFINITE. 

CALLING SEQUENCES 

THE HEADING OF THE PROCEDURE REAOSI 
••PROCEDURE'• CONJ GRAD (HATVEC, Xt R, L, N, GO ON, ITE~ATE, NORH2); 
•• v A L U E •'° L , N ; •• BO O L E A N •• G O O N ; •• I ~ T E GE R •• L t N , I T ER AT E ; 
11•R£AL•0 NO~M2; ••ARRAY•• X, R; ••PROCEDURE'• MAT\IEC; 

THE MEANING OF THE FORMAL PARAMETERS ISi 
HATVEC& <PROCEDURE IDENTIFIER>; 

THE HEADING OF THIS PROCEDURE READSI 
•• PROCEDURE•• HAT \JEC ( P, Q) ; ••ARRAY•• P, Q; 
THIS PROCEDURE DEFINES THE MATRIX A (THE COEFFICIENT MATRIX 
OF THE SYSTEM) AS FOLLOWS I 
AT EACH CALL HATVEC DELIVERS IN Q THE MATRIX ~ECTOR PRODUCT 
AP; PANO QARE ONE - OIHENSIONAL ARRAYSJ 
•• A RR A Y 11111 P , Q ( L I N l ; 

XI <ARRAY IDENTIFIER>; 
••ARRAY" X[L&NJ; 
ENTRYI AN INITIAL APPROXIMATION TO THE SOLUTION x; 
EXITI THE SOLUTION; 

RI <ARRAY IDENTIFIER>; 
••ARRA y•• RCL INJ; 
ENT~YI THE RIGHT~HANO SIDE OF THE SYSTEM; 
EXITI THE RESIDUE B - AX, COMPUTED RECURSIVELY; 

L,N: <ARITHMETIC EXPRESSION>; 
LANO N ARE RESPECTIVELY THE LOWER ANO UPPER BOUND OF THE 
ARRAYS X,R9P-,Q; 

GO ONI <BOOLEAN EXPRESSION>; 
GO ON INDICATES THE CONTINUATION OF THE PROCESS. 
THIS EXPRESSION MAY DEPEND ON THE JENSEN PARAMETERS ITERATE 
AND NORH2. WITH THIS BOOLEAN EXPRESSION THE USER CONTROLS 
THE CONTINUATION OF THE PROCESS. IF GO ON1- .. FALSEN THE 
ITERATION PROCESS IS STOPPED. 

ITERATEl<IOENTIFIER>; 
DELIVERS THE NUMBER OF ITERATION STEPS ALREADY PERFORMED; 

NORH2J <IDENTIFIER>; 
DELIVERS THE SQUARED EUCLIDI~ NORH OF THE RESIOUE,COMPUTEO 
RECURSIVELY 
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1-st REVISION, 1975 MC 

• 

PROCEDURES USED& 

VECVEG = CP34010 , 
ELMVEC = CP34020 • 

REQUIRED CENTRAL MEMORY I 

(JUNE 1974) 

EXECUTION FIELD LENGTHI 7 + 2 • ( N • L + 1 ). 

RUNNING TIHEI 

PAGE 2 

THE RUNNING TIME IS PROPORTIONAL TO THE NUMBER OF ITERATION STEPS 
PERFORMED. EACH ITERATION STEP REQUIRES ONE EVALUATION OF THE 
PROCEDURE HATVEC, THE EVALUATION OF TWO SCALAR - VECTOR PRODUCTS 
ANO ONE VECTOR - VECTOR - PRODUCT. 

LANGUAGEt ALGOL 60. 

METHOD ANO PERFORHANCEI SEE REFC1le 

REFERENCES I 

t1l.J.K.REIO. 
ON THE METHOD OF CONJUGATE GRADIENTS FOR THE SOLUTION OF LARGE 
SPARSE SYSTEMS OF LINEAR EQUATIONS. 
INILARGE SPARSE SETS OF LINEA~ EQUATIONS (J.KeREIO E0)1971 • 

, 
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EXAMPLE OF USE: 

II A E GI ~~ '' 
t•PROCEDURE•1 CONJ GRAO(A,X,R,L,N,GO ON,IT,NO)p 9'CODE" 34220J 
11 ARRAY'1 x,a co 1121, 
•• I N T E G E R '' I ·r , I J 
'' R E A L. " N O J 
'' P R O C E D U R E t1 A ( X , B ) J 
1
' A R R A Y '' X , B J 

It B E G I N ,. 8 t O l I : 2 • X t O l • X C 1 l J 
n r O '1 fl I : s 1 ,, S T E P " 1 " U N T l L It 1 1 '' 0 0 ,, 
B Cil 1:•X [I•ll +2•X (IJ •X [I ♦ 1l I 
B (121 t=2*X [12J •X t11l 

'' E f\J D" A ; 
'' F O R '' I I = o '' S T E P " 1 '' U N T l L, •• 1 2 1• D O tt X t I l I : B [ I l J :: 0 ; 
B tOl 1:1 JB t12l ::q J · 
CONJ GRAD(A,X,B,0,12,IT<20 "ANO•• N0>''~10,IT,NO)J 
OUTPUT(6l,"(''"(•1 ITa ")'',B3058,"(''~0~ "l",N,//,10B, 
•• ( '' X " ) '' , 2 O B , " ( '' R " ) " , / / '' ) " , I T , N O ) J 
''F0R 1 I:=o ••STEP'' 1 11 UNTlL" 12 91 00" 
OUTPUT(bl,"C"N,58,N"l",X[IJ,Btlll 

'' E "JD '' 

DELIVERS: • 

IT= 013 

X 

+1,21428571ij28S7"+000 
+l1U28571426~715"t000 
•1~&428571428572"+000 
+1,8571428571429"+000 
+2,071428571428&"+000 
•2.2es11a2es1104~+000 
+2,5000000000001''+000 
+2,1142ss1142a5e•1 +000 
+2,9285714285715''+000 
+3,1428571428572 1'+000 
+3,3571ij28571q29"+000 
+3,571428571Q28&''+000 
♦ 3 rt 7 8 5 7 1 /.& 2 8 5 7 1 ij J It ♦ Q O 0 

•1,1054273576010"•015 
+ 1151'51278q2~2qb 1• •O 14 
~1,3184703260130"•014 
+1 1 b71844161594b''•01Q 
-. 1 , 5 S 1 4 5 2 4 b & 1Sq6 11 • 0 1 4 
+2,2130179q56t8b''~o1u 
•2,252G167605437"•01U 
+2,0834049529361'1•014 
•1 1 867a557504S02''•01U . 
+1,,16J204501355''•01U 
~1 8 2366043539824'1 •014 
+812548347242716u~o1s 
+4,44oaq2oqesoo6"~01& 

• 
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SOURCE TEXT(S)I 

" C OD E 11 3 4 2 2 O J 
''PROCEDURE'' CONJ GRAD( MATVEC, X, R, L, N, GO ON, ITERATE, NORM2); 
., V A LUE •• L , t~ : '' P R O C E DU RE •• M A T V E C J " 4 R R A Y " X , R I '' B O □ L E A N '' GO O N J 
''l~TEGER" L, N, ITERATEJ ••REAL" NORM2J 
,. a E G I N " ti A R R A y " p , A p [ L. a N ] , 

"INTEGER" IJ 
' 1 R E A L '' A , 8 , PR R , R ~ P J 
"REAL" '1 PROCfOURE" VECVEC( A, B, C, D, 
'' P R O C E O U R E " E L M V E C C A , B , C , D , E , F ) J 
11 F O R " I T E R A T E : a O I I T E R A T E ♦ 1 '' W H I L E " 
tf B E G I N •• It I F fl I T E R A T E = 0 ,. T HE N 11 

E)J "CODE" 3U010J 
" C OD E '' 3 IJ O 2 0 ; 
GO ON ,. DO It 

"BEGIN" MATVEC( X, P)J 
"FOR'' Ia•~ "STEP" 1 "UNTIL" N "DO" 
P[ Il:z R( Ili: Rt ll • P[ Ilt 
PRR1c vECVECC L, N, o, R, R) 

"ENO" "ELSE" . 
"BEGIN" B:: RRP I PRRJ PRR:• RRPJ 

•1 FOR'' It= L "STEP" 1 "UNTIL" N "00'' 
PC Il:= RC Il + B * PC Il 

"END 11 J 
MATVEC( P, AP)J 
A J =: P R R · / V f. C V E C ( L , N , 0 , P , A P ) J 
EL.MVECC L, ti.J, 0, X, P, Al; 
ELMVECC L, N, o, R, AP, •A)J 
~OR~2c: RRP:: VECVECC L, ~, O, R, R) 

"END" 
''END" CONJ GRAD; 

•t E OP" 
• 

• 
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AUTHORS 

JNSTITUTE: MATHEMATICAL CENTRE, 

RECEIVED: 731022 .. 

BRIEF DESCRIPTION& 

THIS SECTION CONTAINS TWO PROCEDURES, 
A) EQILBR EQUILIBRATES A ~ATRtX BY MElNS,OF A DIAGONAL SIMILARITY 
TRA~SF.OR~AT I ON, 
B) BAK~B~ PERFORMS THE CORRESPONDING BACK TRANSFORMATION ON THE 
COLUMNS OF• M.ATRIX ANO SHOULD BE CALLED AFTER EQILBR, 

KEYWORDS: 

SIMILARITY TRANSFORMATION, 
EQLIIL!BRATION,. 

SUBSECT!ONa EQI~BR. 

CALLING SEQUENCE1 
• 

THE HEADING OF THE PROCEDURE ISi 
"PROCEDURE'' EQILBRCA, N, EM, D, INT)J ''VALUE" NJ 
'' I N TE GE R '' N J " A R R A Y •• A , EM , D J " I N T E G E R " '' ,A. R R A Y '' I N T J 

THE 
N1 

Ag 

01 

MEANING OF THE FORMAL PARAMETERS IS: 
<ARITHMETIC EXPRESSION>J 
THE ORDER OF THE GIVEN MATR!XJ 
~ARRAY IDENTIFIER>J 
"ARRAV''At11N,1SNlJ 
ENTRVt THE MATRIX TO BE EQUILIBRATED: 

' 

EXIT: THE EQUI~IBRATED MATRIX1 
<ARRAY IDE~TIFIER>J 
"A RR AV fl f M [ 0 IO J t 
ENTRV1 EMCOl, THE MACHINE PRECISIONr 
<ARRAV IDENTIFIER>J 
' 1 ARRAY"0 [1 IN] J 

• 

EXIT1 THE MAIN DIAGONAL OF THE TRANSFORMING DIAGONAL 

INT; 
MATRIXJ 

<ARRAY IOENTIFIER>s 
"INTEGE~••••ARRAY'' INT[t1NlJ 
EXIT: INFORMATION DEFINING THE POSSIBL~ INTERCHA~GING 

SO~( ROWS •ND THE CORRESPO~DING COLUMNS: 
OF 



PROCEDURES USEDa 
TAMMAT 
MATTAM 
ICHCOL 
lCHROW 

CP34014, 
CP3401S, 
CP34031, 
CP34032, 

MC 

RUNNING TIME1 ROUGHLY PROPORTIONAL TON SQUARED, 
' 

LANGUAGE I ALGOL bO, 

METHOD AND PERFORMANCEt 
THE MATRIX IS EQUILIBRATED BY MEANS 
SIMILARITY TRANSFORMATION POSSIB~Y · 
THE TRANSFORMING DIAGONAL ~ATRIX AND THE 
CA~CULATED ITERATIVELY: 

OF OSBORNE'S DIAGONAL 
WITH INTERCHANGES t2l • 

• 

EQUILIBRATED MATRIX ARE 

lN EACH STEP A CERTAIN COLUMN OF THE MATRIX IS MULTIPLIED BY, AND 
THE CORRESPONDING ROW DIVIDED BY, A FACTOR WHICH IS CHOSEN IN SUCH 
A WAY THAT THE CONSIDERED COLUMN AND ROW OBTAIN ROUGHLY T~E SAME 
EUCLIDEAN NORM (IN FACT, THE FACTOR IS ROUNDED TO THE NEAREST 
INTEGRAL POWER OF c, IN ORDER TO PREVENT ROUNDING ERRORS)J THE 
COLUMNS ANO ROWS ARE HANDLED IN CYCLIC ORDER, IF THE MATRIX DOES 
NOT CONTAIN COLUMNS OR ROWS WMOSE OFF~OIAGONAL ELEMENTS ARE O OR 
NEARLY O, THEN TME PROCESS (WITH UNROUNOEO FACTORS) CONVERGES, AND 
IN PRACTICE A FEW STEPS ARE NEEOEO TO OBTAIN A REASONABLY 
EQUILIBRATED MATRIX t2l. 

' 

IF ALL OFF-DIAGONAL ELEMENTS OF SOME CONSIDERED COLUMN (ROW) ARE O 
OR NEARLY O, THEN THIS COLUMN (ROW) IS INTERCHANGED ~ITH THE FIRST 
NONZERO COLUMN (LAST NONZERO ROW) OF THE ~ATRIX, AND, IN ORDER TO 
HAVE~ SIMILARITY TRANSFORMATION, THE CORRESPONDING ROWS (COLUMNS) 
ARE ALSO INTERCHANGEDJ THEN FOR THE FURTMER EQUILIBRATION, THE 
SU8MATRIX IS CONSIDERED WHICH DOES NOT CONTAIN SUCH ZERO COLUMNS 
ANO ROWS ANO THE CORRESPONDING ROWS ANO COLUMNS, THE EQUILI8RAT!O~J 
PROCESS IS CONTINUED UNTIL, IN A WHOLE CYCLE NO FACTOR> 2 OR< o.5 
ANO NO ZERO COLUMN OR ROW IS FOUND, OR UNTlL CN .+ l) * N ** 2 R!J~S 
ANO COLU~NS HAVE BEEN CO~SIDEREO, 
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SUBSECTIONt BAK~SR, 

CALLING SEQUENCE& 
THE HEADING OF THE PROCEDURE IS1 
''PROCEDURE'' BAKLBRCN, Nl, N2, D, INT, VECl, "VALUEP N, N1, N2J 
"INTEGER" N, Nl, N2r "ARRAY" o, VEc, "INTEGER" "ARRAY" JNTJ 

THE MEANING OF THE FORMAL PARAMETERS ISi 
Na <ARIT~METIC EXPRESSIO~>J 

THE LENGTH OF THE VECTORS TO Bf TRANSFORMEDJ 
Nl, N21 <ARIT~METIC EXPRESSION~, 

THE SERIAL NUMBERS OF THE 
TRANSFORMED; 

FIRST ANO ~AST VECTOR TO BE 

Dt 

<ARRAY IOE~TlFIER>, 
"ARRAV"VECC11~,N11N2lJ 
ENTRY: THE N2 • N1 + 1 VECTORS Of LENGTH N 

• 
TRANSfORMEDJ 

EXIT: THE N2 ~ Nl + 1 VECTORS OF LENGTH N RESULTING 
THE BACK TRANSFORMATIONJ 

<ARRAY IDENTIFIER>J 
11 ARRAV''D[11N]J 

TO AE 

FROM 

ENTRY1 THE MAIN DIAGONAL OF THE TRANSfORMING DIAGONAL 

INTI 
• 

MATRIX OF ORDER N, AS PRODUCED BY EQILBR1 
<ARRAY IDENTIFIER>; 
"INTEGERfl"ARRAY" INTCl1NJr 
ENTRY1 INFORMAT!ON DEFINING THE POSSIBLE INTERCHANGING 

SOME ROWS 4NO COLUMNS, AS PRODUCED BY EQilBR. 

PROCEDURES USEDi 
ICHROW 

• 

RUNNING TIM.Ea ROUGHLV PROPORTIONAL TO (N2 ~ Nl + 1) * N. 

LANGUAGE a ALGOL b0 1 

METHOD ANO PERFORMANCEI 

OF 

T~E BACK TRANSFORM4TION, 
SIMILARITY TRANSFORMATION 
A VECTOR X INTO A VECTOR 
INTERCHANGES. THE MATRIX D 
SIMILARITY TRANSFORMATION• 

WHICH CORRESPONDS WITH THE DIAGONA~ 

REFERENCE SI 

AS PfRFORMEO BY EQILBR, TRANSFORMS 
DX ANO PERFORMS THE CORRESPONDING 

IS THE DIAGONAL MATRIX OF THE DIAGONAL 

[1l DEKKER, T0 J, ANO HOFFMANN, W, 
A~GOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART 2, 
MATHEMATIC•L C!NTR! TRACTS 23, 
MATHEMATISCH CENTRUM, AMSTERDAM, 19681 

t2J OSBORNE, E, E, ON PRECONDITIO~ING OF ~ATRICES, 
J, ACM 7(19bO) 338•354, 

EXAMPLES OF USE; 
EXAMPLES OF USE OF EQILBR AND BAKLBR CAN BE FOUND IN THE PROCEDURES 
FOR CALCULATI~G EIGENVALUES ANO EIGENVECTORS AS DESCRIBED IN 
SECTION 3,3.1.2.2. 
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SOURCE TEXTCS) : 

"CODE•• 341-,31 
''CO~MENT'1 MCA 2405J 
'' P R O C E D U R E '' E Q I l .. B R ( A , N , E M , 0 , I N T ) J '' V A L 1.J E ., N ; '' l N T E G E R '1 N 1 

'' 4 RR A Y '' A , EM , 0 J •• I ~TE GER. •t "ARRAY•• I NT r 
''BEGIN'' "INTEGER'' I, IM, Il, P, a, J, r, COUNT, EXPONENT, NI, 

~REAL" C, R, EPS~ OMEGA, FACTO~J 

1
' P R O C E D U R E '' M O V E ( K ) 1 '' V A L U E " K 1 •• I \I T E GE R '' K J 
••BEGIN'' ''REAL" DI; 

,, I ; = Q .. P f T i = T + 1 J Jf I f ,, K ,.. : I " T H E N 11 

''BEGI"J'' ICHCOL(1, ,\J, K, !, A)J ICHRQW(l, ~J, K, I, A)J 
DI1: DtilJ DCIJ:: D[K]J DCK]1: DI 

'' f. ND •1 

lfEND" MOVEJ . 

''REAL" ''PROCEDURE'' TA~MAT(l, U, I, J, A, B)J ••CODE" 34014J 
11 R E A L " '' P R O C E D lJ R E " M A T T A M ( L , U , I , J , A , B ) J •• C O D E "' 3 L1 0 1 ,_; 1 
'' P R O C E D UR E " I C H C O L ( L , U , I , J , A l ; '' C O O E •• 3 4 0 3 1 J 
'' P R O C E O UR E '' I C H RO ~ ( L , U , I , J , A ) J '' C O O E '' 3 4 0 3 2 J 

FACTOHa: 1 / (2 ~ LN(2))J ''COMMENT" ~ORE GE~ERALLYt LN(HASE): 
EPSJ= EM[OJ, OMEGA1: 1 / EPSJ T:= ?1: 1J QJ: NI:= I:= N: 
COU~T1: (N • 1) * N // 2J 
•• f-' 0 R '' J : : 1 '' S T E P " 1 '' U N T I L " N " D O '' 
'' B E G I N '' D C J l : : 1 J I N T [ J l I : 0 It E N D t! J 
'' F O R '1 I : : •• I F " I < Q '' T H E N •• t +- 1 '' E L S E '' P 
'' w H I L E ,, c a tJ N T > o '' A N o 11 . N I > o ,, o o ,, 
'' B E G I N '' C O lJ "I T I = C O U : J T • 1 J I M I : I • 1 J I 1 : = I + 1 ; 

C I : 5 Q R 'T ( ·r A r-1 M A T ( p I ! M f l , I , A , A ) + 
TAMMATCI1, Q, I, I, A, A)Jp 
R:= SQRr(MATTAM(P, IM, I, I, A, A) + 
1ATTAM(I1, G, !, 1, A, A))J 
" I f '' C * n M E G A < = R * E P S '' TH E \I '' 
'
1 B E G I t~ " I t--J T t T l Z : I J '1 0 V E ( P ) J ? : : P + 1 '' E N O '' 

•1 E L S E. " •• I F 1' R * 0 ~ E G A < : C * E P S '' T H E hJ ' 9 • 

'' B E G I N '' I N T t T l I : • I : M O V E ( Q ) J Q : = Q • 1 '' E N D '' 
fl EL, sf •• 
" 8 E c; I ~J ,, F. X P O NE N T I : l, N C R I C ) * F A C T OR J 

,, 1 F •• A H s c E x P o N E r~ T ) > 1 •• T H E ~ p 

'' 8 E G I "-I ., N I I :1 Q • P 1 C : = ? * * E X P O "1 E N T ; R I = 1 / C.: ~ 
D[IJ:: f)tll * CJ 
11 F' 0 R '' J I = 1 11 s T E p '' 1 ., 0 N T l L ,, I "'1 , 
I 1 !' S T E P ti 1 11 U N T l L ,, l·~ ,, D O tt 
••Bf.GIN" ACJ,IJ:: AfJ,Il • CJ 

A CI,JJ :: A CI,Jl • R 
ti E t·l D '' 

'' E ~.J D '' '' E. L S E •• f'J I 1 = ~~ I -. 1 
••END'' 

••END 1• 

'' E N D tt E Q I l B R , 
'' E. 0 P •• 
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•COOE• 341741 
1 COH~ENT" ~CA 24061 
"PROCEDURE" B•KLBR(N, N1, N2, D, INT, VEClt "VALUE" N, Nl, N2, 
"INTEGER" N, Nt, N2r •ARRAY* o, vtc, "lNT!G!R" •ARRAY• INT, 
"BEGIN" "INTEGER" J, J, K, P, GI "REAL" DIS 

"PROCEDURE~ ICHRQWfL, U, I, J, A)J "CODE• 340321 

Pt• 1J Q1a NJ 
"FOR" Ia• 1 "STEP• 1 •UNTIL" N "DO" 
"BEGIN" Ola• OtIJJ "IF" DI•• 1 "THEN~ 

"FOR" Js• N1 "STEP" 1 "UNTIL" N2 "Do" VECtI,Jl IC 
VECCI,Jl * DIJ Kt• INTtlJJ 
"IF•• K > 0 ~THEN" P1• P ♦ 1 "fLSE" 
"IF'' K < 0 "THEN" Q1• Q • 1 

"ENO"J · 
11 FQRn la• P • 1 + N • Q "STEP" •1 "UNTIL" 1 "00• 
"BEGIN" Kam INTtlll "l'• M ~ 0 "THEN" 

"BEGIN" Paa P • lt •IF" K •• P "THEN" 
ICHROW(N1, N2, K, P, V!C) 

"END 11 "ELSE" 
'' BEGIN" Q I • Q .♦ 1 J " If'" • K ~,, Q "THEN" 

ICHROW(N.1 1 N2, ~K, Q, VEC) 
"END'' . 

"END'' 
''ENO" BAKLBRJ 

"EOP'' 

• 

• 

MC 
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AUTHOR 

INSTlTUTe t MATHEMATICAL CENTRE. 

RECEIVEDs 731008, 

BRI~F DESCRIPTION l 

THIS SECTION CONTAINS THE PROCEDURES EQILBRCOM ANO BAKLBRCOM, 
EQILBRCOM EQUILIBRATES A GIV!N MATRIX, · 
BAKLBRCOM TRANSFORMS THE EIGENVECTORS OF THE EQUILIBRATED MATRIX 
INTO THE EIGENVECTORS OF THE ORIGINAL MATRIX, · 

KEYWORDS I 

CO~PLEX MATRIX, 
EIGENVECTORS, · 
EQUILIBRATION, 

StJBSECT!ON: EQI~BRCOM, 
• 

CALLING SEQUENCE; 

THE HEADING OF THE PROCEDURE READS1 
"PROCEDURE'' EQILBRCOM(A1, A2, ~, EM, D, INT)J "VALUE'' N; 
''INTEGER" NJ ''ARRAY" Al, A2, EM, Dg ''I~TEGER" "ARRAY'' lNTJ 

THE MEANING OF THE FORMAL PAR~METERS ISJ 
AJ,A2JI <ARRAY IDENT!FIER>J 

• 

• 

"ARRAY" A1,A2[11N,11Nl, 
ENTRYI 
THE REAL PART AND IMAGINARY PART OF THE MATRIX TO BE 
EQtJILIBRATEO MUST BE GIVEN IN THE ARRAYS Al AND A2, 
RESPECT!VELYJ 
EXITI 
THE REAL PART ANO THE lMAGIN~RY PART OF. THE EQUILIBRATfO 
MATR!X ARf DELIVERED IN THE ARRAYS A1 AND A2, 
RESPECTIVELVJ 
<ARITHMETIC EXPRESSION~p 
THE ORDER OF THE GIVEN MATRI~, 
<ARRAY IDENTIFIER>J 
II A RR A V " EM t O t 7 l J 
ENTRVa 
EM[Ol I THE MACHINE PRECISION1 
EMf&l I THE M•XIMUM ALLOWEO ~UMBER OF t·TERATIONSJ 
EXIT1 
EM[7]1 THE NUMBER OF ITERATIONS PFRFORMEDJ 
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Oa <ARRAY IDENTIFIER>s 
If A R R A Y " D C 1 ; N J I 
EXIT1 
THE SCALING FACTORS OF THE DIAGONAL SIMILARITY 
TRANSFORMATIONJ 

INTs ~ARRAY IOENTIFI!R•J 
"l~TEGER""ARRAY" INTt11NJ1 
EXIT1 
INFOR~ATION CONCERNING THE POSSIBLE INTERCHANGING OF 
SOME ROWS ANO CORRfSPONOI~G COLU~NS, 

PROCEDURES USED: 

ICHCOL = CP34031, 
ICHROW: CP34332, 
TAMMAT = CP34014, 
MATT~M m CP3401S, 

' 

RUNNING TIME: PROPORTIONAL TON* NUMBER OF ITERATIONS, 

MET~OO AND PERFORMANCEI SEE BAKLBRCOM 1 

• 

SUBSECTIONI BAKLBRCOM • 
• 

CALLING SEQUENCE1 

T~E HEADING OF THE PROCEDURE READSJ 
"PROCEDURE'' BAKL8RCOM(N, N1, N2, D, INT, VR, VI)J 
" V A L U E '' N , N 1 , N 2 ; '' I N TE GE R '' N , N 1 , N 2 J '' A R R A Y '' D, V R , V 1 1 
"INTEGER" ''ARRAY" I~TJ 

THE ~EANING OF THE FORMAL PARAMETERS IS1 
N1 <ARIT.HMETIC EXPRESSION>J 

THE ORDER OF THE MATRIX OF ~HICH THE EIGENVECTORS ARE 
CALCULATED: 

Nt,N2a <ARITHMETIC EXPRESSION~J 
THE EIGENVECTORS CORRESPONDING ro THE EIGENVALUES WITH 
INDICES N1,.,.,N2 ARE TO RE TRA~SFORMED; 

D1 <ARRAY IDENTIFIER>: 
'' A RR A Y •• D [ 1 I N l J 
ENTRY: THE SCALI~JG FACTORS OF THE DIAGONAL SIMILARITY 
TRANSFORMATION AS DELIVERED av EQILBRCOM; 

INT; <ARRAY IDENTIFIER>J 
'' I N T E GE R " '' A R R A Y 11 I N T [ 1 I N ] r 
ENTRY; INFORMATION DEPININ.G THE INTERCHANGING OF SOME 
ROWS AND COLUMNS, AS DELIVERED av EQILBRCOMJ 
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<ARRAY IDENTIFIER>; 
••ARRAY•• V R, VI ( 11 N, Ni IN 2 l ; 
ENTRYI 

MC 
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THE BACK TRANSFORMATION IS PERFORMED ON THE EIGENVECTORS 
WITH THE REAL PARTS GIVEN IN ARRAY VR ANO THE IMA~INARY 
PARTS GIVEN IN ARRAY vr; 
EXIT z 
THE REAL PARTS AND IMAGINARY PARTS OF THE RESULTING 
EIGENVECTORS ARE DELIVERED IN THE COLUMNS OF THE ARRAYS 
VR ANO VI, RESPECTIVELY. 

PROCEDURES USED& BAKLBR 

RUNNING TIHEI ROUGHLY PROPORTIONAL TON• (N2-N1). 

LANGUAGES ALGOL 60. 

THE FOLLOWING HOLDS FOR BOTH PROCEOURESI 

HETHDO ANO PE~FORHANCEI 

A HATRIX MIS SAID TO BE EQUILIBRATED, WHEN THE DIAGONAL ELEMENTS 
OF M'•H - HM•• ARE ZERO, WHERE'' STANDS FOR CONJUGATING 
ANO TRANSPOSING. IN EQILBRCOH THE MATRIX H IS EQUILIBRATED 
BY MEANS OF OSBORNE'S DIAGONAL SIMILARITY TRANSFORMATION WITH 
POSSIBL~ INTERCHANGES (OSBORNE, 1960). 
BAKLBRCOM PERFORMS THE CORRESPONDING BACK TRANSFORMATION. 
LET THE EIGENVECTORS OF THE EQUILIBRATED HATRIX BE GIVEN IN THE 
COLUMNS OF MATRIX~. THE EIGENVECTORS OF THE ORIGINAL MATRIX ARE 
OBTAINED BY MULTIPLYING <OR POSSIBLE INTERCHANGING) THE ROWS OF THE 
MATRIX V WITH THE SCALING FACTORS. AS THE SCALING FACTORS ARE REAL 
QUANTITIES, THE TRANSFORMATION IS PERFORMED BY CALLING THE 
PROCEDURE BAKLBR FOR BOTH VR ANO VI (DEKKER ANO HOFFMANN, 19&8). 

REFERENCES& 

DEKKER, T.J. AND W.HOFFHANN (1968)• 
ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART 2, 
HATH. CENTRE TRACTS 23, HATHEMATISCH CENTRUM; 

OSBORNE, £.E. (1960), 
ON PRECONDITIONING OF MATRICES, 
JACH., 7, P.338 354; 

PARLETT, BoN• ANO C.REINSCH (1969), 
BALANCIN~ A MATRIX FJR CALCULATION OF EIGENVALUES ANO 
EIGENVE~TORS9 · 

. NUM. MATH., 13, P.293< 304; 
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EXAMPLE OF USEJ 

BAKLBRCOH IS USED IN THE PROCEDURE EIGCOH (SEE SECTION 3.3.2.2.2.,. 
AS A FORMAL TEST OF THE PROCEDURE EQILBRCOM, THE FOLL3WING MATRIX 
WAS USEO a 

1 0 
0 1 

l/1024 0 

1024•! 
0 
2 

··aEGIN·· ··rNTEGER"· I,J; 
1111 R EAL•• ••ARRAY•• A 1 , A 2( 11 3, 1 I 3 l , EH C O 17 J , 0, INT C 11 3 J ; 
111 PROCEDURE·· INIHAT(LR,UR,LC,UC,A,X>;•cooEN 31011; 
••pRoCEOURE" EQILBRCOH<A1,A2,N,EH,D,INT>;NcooEM 34361; 
EH(OJJ=Sn-14;EHC6l1=10; 
INlHAT(1,3,1,3,A1,0);INIHAT(1,3,1,J,A2,D); 
A1C1,1]&-A1CZ,2l1-1;A1C3,3l1=2; 
A2(1,3J1=2••1o;A2(3,1J1=2••(~10>; 
EQILBRCOHCA1,A2,3,EH,O,INT); 
OUTPUT(61,••<•••c"EQUILIBRATEO HATRIX1 1•>",/ 0•)"); 

0 U T P U T ( 6 1 , •• ( •• 3 ( 0 2 8 > , / , 2 ( D 2 B ) , •• ( •• I • ) •• , / 1 0 2 B , •• ( •• I llfl ) " , 2 BO 1 •• ) •• , 
A1C1,1J,A1C1,2l,A111,3l,A1C2,1l,A1[2,2l,A1C3,1l,A1C3,3J); 

OUTPUT(61,··,··1,··,··EH[7] 1N)M,5B0/•0 )•·,Et1(7]); 
o u T Pu T , 61 , •• , •• •• c •• o c 1 1 3 1 a .. > .. , 3 , 3 z o 2 a> , 1 •• > •• , o c 1 1 , o r 2 1 , o c 3 1 > ; 
o u T Pu T ( 6 1 , •• < •• •• I •• 1 NT C 1 a 3 J a •• > ••, BO , 3 B, 2 BO , 4 B D •• > " , 

INTC1J,INTC2l•INTC3J) 
11 EN0•• 

OUTPUTI 
EQUILIBRATED NATRIXI 
1 0 0 
0 1 1 
0 I 2 

EMl7ll 
0(113]1 
INT(113]1 

Lt, 

1 1024 
2 0 

SOURCE TEXT< S) a 

··cooE·· 34361; 

1 
0 

N; ••PROCEDURE•• EQILBRCOH(A1, AZ, N, 
··rNTEGER,·· N; ··ARRAv·· Ai, A2, EH, 
••sEGIN•• "INTEGER•• I, P, Q, J, T, 

EH, D, INT); ••vALUE" 
0; .. I NT EGER'• ••ARRAY•• 
~OUNT, EXPONENT, NI, 

INT; 
IH, 11; 

"REALM c9 R, EPs; 
··PROCEDURE" ICHCOL(L,U, I,J,A) ;••cooE·· 34031; 
··PROCEDURE" ICHROW (L, u, I ,J, A); ··cooE·· 34032; 
"REAL· ··PROCEOURE" TAHHAT<L,U,I,J,A,B>;··cooEM 
"REALM ··PROCEDURE·· HATTAH(L,U,I,J,A,B) ;•·cooE·· 

3't014; 
34015; 

··coMMENr·· 
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"PROCEDURE'' MOVE(K)J ''VALUE" KJ "I~TEGE~" K, 
'' B E Ci I N '' " R E A L •• D I J 

NII: Q • PJ Ttm T + 1J "IF" K •• I "THEN" 

MC 
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J 

" B E G I N '' I C H C O L ( 1 , N I K , I , A 1 ) t I C HR OW ( 1 , N , I< , I , A 1 ) J 
ICHCOLC1, N, K, I, A2)1 ICHROWC1, N, K, I, A2), 
OI1= OCI]J Dtils• DtKl, OtKlt• DI 

"ENO 1' 
., E N D '' M O V E 9 
EPS;a E~[Ol ** 4p T1• P1• 1J Q1m NI1• I1= NJ 
COUNTa= E"11CclJ 
"FOR" J1s 1 "STEP" 1 "UNTILff N "00" 
''BEGIN'' 0 [J] I• 1, INT [Jl 1• 0 "ENO'' t 
~FOR" Ia: "IF" I < Q ''THEN" I+ 1 ''ELSE" P ••WHILE'' COUNT> o 
"A~D" NI> O "00" 
"BEGIN'' COUNTS• COUNT~ IJ IMa: I• 1J Ill= I+ 1J 

ca= T.AMMATCP, IM, I, I, Al, Atl +1 TA.MMATCI1, Q, I, 
I, 41, 41) + TA~MATCP, IM, I, I, A2, A2) + 
TA~MATCI1, Q, I, I, AZ, A2)J 
Rt• MATTAM(P, IM, I, I, Al, Al) + MATTAM(I1, Q, I, 
I, A1, Al) + fdfATTAfu1CP, IM, I, I, A2, A2) + 
MATTAMCI1, Q, I, I, A2, A2)J ''IF" CI EPS <= R "THEN'' 
" B E G I N '' I N T t T l I • I I MO VE ( P ) ; P I s P + 1 '' E ND '' 
"ELSE" ••IF" R / EPS c ■ C "THEN" 
" B E G I N 91 • I N T t T l I • • t J M O V E ( Q l J Q I a Q • 1 •1 E: N O '' 
"ELSE" 
"BEGIN" EXPONENTI• LN(R / C) * 0 8 3b067J 

"IF•• ABSCEXPONENT) > 1 ''THEN" 
''8EGIN" NI1• Q • Pf Cl• 2 ** EXPONENTJ 

• 
D[Ill• Dtil ·* CJ 
"FOR" JI• 1 "STEP" 1 ''UNTIL" IM, 11 ''STEP" 1 
"UNTIL" N ••DO" 
''BEGIN" A 1 t J, I l I• A 1 t J, I l * CJ 

At tI,Jl J= Al [I,Jl I CJ 
A2CJ,I] 111 -.2tJ,IJ * CJ 
Ac CI,JJ 111 AZ tl,Jl I C 

"ENO" 
"END tt 
''ELSE" NI1a NI• 1 

"END'' 

• 

11 ENO" J 
EM [7] as EM t61 • COUNT 

•• E N D '' E Q I LB RC O hi J 
"EOP" 

"CODE•• 3Ll3b2 J 
"PROCEDURE~ BAKLBRCOMCN, Nt, N2, D, INT, VR, VI)s 
"VALUE'' N, Nt, N2; "INTEGER" N, Nl, N2J ''ARRAY" D, VR, VIJ 
"INTEGER~ "ARRAY" INTJ 
''BEGIN'' 

1 PROCEOUREQ 8AKLBRCN,N1,N2,D,INT,VEClJ''COOE•• 3Q174J 
8AKLBRCN, NS, N2, D, INT, VR)J 
BAKL,BR(N, N1, N2, D, INT, VI) 

"END'' BAKL.BRCOM t 
'' EOP" 



MC 

PAGE 1 

AUTHORS: 

INSTITUTE: MATHE~ATICAL CENTRE, 

RECEIVED: 730705. 

BRIEF DESCRIPTION: 
THIS SECTION CONTAINS FIVE PROCEOURES, 
A) TF~SV~TRI2 AND TfMSVMTRI1 TRANSFORM A REAL SYMMETRIC MATRIX INTO 
A SIMILAR TRIDIAGONAL ONE BY MEANS OF HOUSEHOLDERtS TRANSFORMATION, 
B) BAKSYMTRI2 AND BAKSYMTRI1 PERFORM THE CORESPONDING BACK 
TRA~SrORMATION ANO FI~AL~Y, 
C) TFMPREVEC (WHICH IS TO BE USED IN COMBINATION WITH TFMSYMTRI2l 
CALCULATES THE TRANSFORMING MATRIX. 
TFMSVMTRI2 AND BA~SY~TRI2 USE THE UPPER TRIANGLE OF A TWO• 
DIMENSIONAL A~RAY FOR THE UPPER TRIANGLE OF THE GIVEN SYMMETRIC 
~ATRIX (TFMSV~TRI2) OR FOR THE DATA FOR HOUSEHOLDER'S BACK 
TRANSFORMATION ·(BAKSYMTRI2) 9 THE OTHER ELEMENTS ARE Nf!THER USED 
NOR CHA~GEO~ 
TF~SYMTRil ANO BAKSYMTRI1 USE"ARRAY"FOR THE GIVEN 
SY~METRIC ~ATRIX (TFHSYMTRI1) OR FOR THE DATA FOR HOUS~HOLDER 9 S 
TRANSFOR~ATION CBAKSVMTRI1)6 

• 

~EYWOROSl 
HOUSEHOLDER'S TRANSFORMATION, 
TRIANGuLARIZATION• 

• 
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SUBSECTIOl~I TF~SYMTRI2 1 

CALLING SEQUENCE: 
THE HEADING OF THIS PROCEDURE ISi 
'' P R O C E O U R E '' T F- M S V H T R I 2 ( A , N , 0 , B , BB , E M ) s '' V A L, l.J f. 1

' N 1 
'' I N T E G E R '' N 1 '1 A R R A Y '' A , D , B , B B , E ~ J 

THE 
Ng 

MEANING OF THE FOR~AL PARAMETERS ISi 
<AHITHMETlC EXPRESSION>; 
THE ORDER OF TME GIVEN MATRIXJ 
<ARRAY !OENTIFIER>J 
'' A R R A V " A C 1 l N , 1 I N l J 
ENTRVg THE UPPER TRIANGLE OF THE SYMMETRIC MATRIX 

GIVEN IN THE UPPER TRIA~GULAR PART OF 
ELEfl1ENTS A [I,Jl, I<:J) f 
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MUST HE 
A ( Tl-If 

THE DATA FOR HOUSEHOLDER'S BACK TRANSFOR~ATION IS 
DELIVERED IN THE UPPE~ TRJANGUL•R PART Of' A. THE 

Dz 
fLEMENTS AtI,J], J>J ARE NEITHER USED NOR CMA~GEDJ 

<ARRAY IOENTIFIER>t 
" A R R A Y " D [ 1 I ,-~ l J 
EXIT: THE MAIN DIAGONAL 

MATRIX T (SAV), 
TRANSFORMATIONt 

<ARRAY IDENTIFIER>J 
tt A R R A y '' 8 [ 1 I N ] J 

OF THE SYMMETRIC TRIDIAGONAL 
PRODUCED BY HOUSE~➔ OLDr~R I S 

fXIT: THE COOIAGONAL ELEMfNTS OFT ARE DELIVERFO IN Btll 

BBi 
THROUGH B [N•1l r B [Nl IS SE'T EQlJAL TO Zf~RrJ; 

<ARRAY IOENTIFIER>J 
•• A R R A Y '' B 8 t 1 I N l J • 

EXIT: THE SQUARES 
DELIVERED IN 
EQUAL. TO ZERO; 

<ARRAY IDE~TIFIER>J 
'' A R R A V '' E ~ [ 0 I 1 ] J 

Of' THE 
BR [ l l 

COOIAGONAL FLE~1E~JTS OF T 
Ti-lROUG~ BB {N-.1]; AB [NJ IS 

ENTRY: EM[Ol, THE MACHINE PRECISIO~; 

A Rf: 
S r· r r. 

EXIT: EM[1l, THE INFINITY ~ORM OF THE ORIGINAL MATRIX • 

PROCEDURES USED& 
TAt-11VEC : 
MATMAT : 
TAM~AT : 
ELM\/ECCOL= 
EL.MCOLVEC:: 
ELMCOL = 

CP34012, 
CP3l,013, 
CP34014, 
CP34021, 
CP34022, 
CP~4023. 

RUNNING TIME; ROUGHLY PROPORTIONAL TON CUBED, 

LANGUAGE: ALGOL bO, 

• • 

• 
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METHOD AND PERFORMANCE: 
A GIVEN SYMMETRIC MATRIX MIS TRANSFORMED INTO A TRIDIAGONAl ONE 
BY MEANS OF N•1 ORTHOGONAL SIMILARJTY TRANSFORMATIONS, THE P•TH 
TRANSFOR~A-TION IS CHOSEN IN SUCH A WAY THAT IN THE (N•P+l)~TH 
COLUM~ AND RO~ OF M T~E DESIRED ZEROES ARE INTRODUCED, t➔ OWEVER, 
IF, IN THIS COLU~N ANO ROW, ALL ELE~ENTS OUTSIDE THE MAIN DIAGO~Ak 
AND THE ADJACENT CODIAGONALS ARE SMALLER IN ABSOLUTE VALUE THAN 
THE INFINITY NORM OF M TIMES THE MACHINE PRECISIO~, T~EN THE P~TH 
TRANSFOR~ATIO~ JS S~IPPED~ 
FOR FURTHER DETAI~S SEE REF[tl AND REF[2J 9 

SUBSECTIONS BAKSYMTRl2, 

CALLING SEQUENCE& 
THE HEAD I NG OF THE PRO CEO l.J RE I S : • 

"PROCEDURE'' BAKSY~TRI2(A, N, Nl, N2, 
''INTEGER" N~ Nl, ~2; "ARRAY" A, VECJ 

V E C ) J " V A L U E '' N , N 1 , N 2 1 

THE MEANING OF THE FORMAL PARAMETERS IS1 
Na <ARITHMETIC EXPRESSION>J 

fHE ORDER OF THE GIVEN MATR!XJ 
At <ARRAY IDENTIFIER>J 

"ARRAY"A [1:N,11Nl I 
E N T ~ Y I THE D A T A f OR T HE B A C K T RA N SF OR MA T I □ N , A S P R OD L: C E l'l 

BV TFMSYMTRI2, MUST BE GIVEN IN THE UPPER 
TRIANGULAR PART OF AJ 

N1,N2; <ARITHMETIC EXPRESSION>J 
L. 0 w E R A ND UPP E R B OU~, D , RE SPEC T t V E ~ V , 0 F T HE C O L l.J M ~4 N lJ M 8 F: R S 
Of VEC J 

VEC1 <ARRAY IDENTIFlER>J 
"ARRAY''VfC[11N,N11~2] J 
ENTRV1 THE VECTORS ON WHICH THE BACK TRANSFORMATION HAS TCJ 

BE PERFORMEOJ 
EXIT1 THE TRANSFORMED VECTORS, 

PROCEDlJRES USED a 
TAMM.AT 
ELMCOL. : 

CP3401iJ, 
CP34023, 

RUNNING TIME; ROtJGHLY PROPORTIONAL TON SQUARED TIMES C~2~N1+1>. 
' 

ALGOL 60., 

METHOD AND PERFORMANCE! SEE REF[1], 
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CALLING SEQUENCES 
THE HEADING OF THIS PROCEDURE IS1 
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" P R O C E D U R E '' T F ~1 P R E V £ C ( A , N ) ; '' V A L U E •• t~ , '' I ~ T E G E R '' ~4 ; 11 A R R A Y " A J 

THE MEA~ING OF THE FORMAL PARAMETERS !St 
N1 <ARITHMETIC EXPRESSION>, 

THE ORDER OF THE MATRIXJ 
As <ARRAV IDENTIFIER>J 

11 ARRAV"A Cl aN, 11N] J 
ENTRY1 THE DATA FOR THE BACK TRANSFORMATION, AS PRODUCED 

PROCEDURES 
TAM~AT 
ELMCOL 

BY TFMSYMTRI2, ~UST BE GIVEN IN THE UPPF.R 
TRIANGULAR PART OF AJ 

EXIT1 THE MATRIX WHICH TRANSFORMS THE ORIGINAL MATRIX 
INTO A SIMILAR TRIDIAGONAL ONE~ 

USEDi 
CP3JJ01'-', 
CP34023, 

RU~NING TIME1 ROUGHLY PROPORTIONAL TON CUBED, 
• 

LANGUAGE I ALGOL 60, 

METHOD AND PERFORMANCEI SEf REFtll 1 

• 
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SUBSECTIONI TFMSYMTRI1, 

CA~LING SEQUENCE& 
THE HEADING OF THIS PROCEDURE ISi 
''PROCEDURE'' TFMSYMTRI1CA, N, D, 8, 88, EM)J "VALUE" NJ 
''INTEGER" NJ ttA.RRAV" A, D, B, BB, EMJ 

THE 
N1 

01 

ea, 

EM1 

MEANING OF THE FORMAL PARAMETERS ISs 
<ARITHMETIC EXPRESSION~, 
THE ORDER OF TME GIVEN MATRIXJ 
cARRAY IOENTirIER~, 
"A~RAV"A [11 (N+1 )•NI/Zl, 

• 

ENTRYI THE UPPER TRIANGLE o,· THE GIVEN MATRIX MUST BE 
GIVEN IN SUCH A WAY THAT THE CI,J)•TH ELEMENT OF 
TH! MAT~IX IS AtCJ•l)~J//i+Il, 1<~I<=J<=N1 

• 

EXIT1 THE 04TA FOR HOUSEHOLDfRtS BACK TRANSFORMATION AS 
USED BY BAKSVMTRI1t 

<ARRAY IOENTIFIER>J 
"ARAAY"D t11Nl I 
EXIT: THE MAIN DIAGONAL 

MATRIX T (SAY), 
TRANSFORMATIONJ 

<ARRAY iOENTIFifR>J 
"ARRAY" B t11NJ I 

OF THE 
PROOUCEO 

SYMMETRIC TRIDIAGON~L 
BY HOUSEHOLOERtS 

EXIT1 THf CODIAGONAL ELEMENTS OFT ARE DELIVERED IN BC1l 
THROUGH BtN•llJ StNJ IS SET EQUAL TO ZER01 

<ARRAY IOfNTIF!!R>J 
"ARRAY"BB Cl gN] r • 

EXIT1 TH! SQUARES 
DELIVERED IN 
EQUAL TO ZEAOJ 

<ARRAY IOENTIFIER>J 
"ARRAV"EM [O 111 J 

Of' TME 
BB [ 1 J 

COOIAGONAL ELEMENTS OFT 
Tt-iROUGH BB [N• 1 l J 88 [NJ IS 

ENTRY1 EMtOl, THE MACHINE PRECISIONJ 
EXIT1 EMt1l, THE INFINITY NOR~ OF THE 

• 

PROC·EDURES USED1 
VECVEC 
SEQVEC • 
ELMVEC a 

CP:54010, 
CP34016 1 
CP34020, 

RUNNING TIME: ROUGHLY PROPORTIONAL TON CUBED, 
• 

L.ANGUAGE1 ALGOL 60 1 

METHOD AND PERFORMANCEI SEE TFMSVMTRI2 (THIS SECTION), 
• 
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SUBSECTION& BAKSY~TRil. 

CALLING SEQUENCE1 
THE HEADING OF THE PROCEDURE Isa 
"PROCEDURE'' BAKSVMTRil(A, N, Nl, N2, VEC)J r•VALUE'' N, Nl, N2J 
''INTEGER" N, N1, N2J "ARRAY" A, VECJ 

THE 
Ns 

Aa 

MEANING OF THE FORMAL PARAMETERS IS1 
<ARITHMETIC EXPRESSION>s 
THE ORDER OF THE GIVEN MATRIXJ 
<ARRAY IOENTIFIER>J 
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"ARRAY"A(ll(N+1)-N//2]J 
ENTRY: THE DATA FOR THE BACK TRANSFORMATION, AS PRODUCED 

BY TFMSYMTRit, 
N1,N2a <ARITHMETIC EXPRESSION~J 

LOWER AND UPPER BOUND, RESPECTIVELY, OF THE COLLJ~N NUM8~HS 

VECg 
OF VECr 
<ARRAY IDENTIFIER>, 
"ARRAY"VECC11N,Nl1N2JJ 
ENTRY1 THE ~ECTORS ON WHICH THE BACK TRA~SFORMATIO~ HAS TO 

• 

EXIT1 

PROCEDURES VSEDI 
VECVEC • 
ELMVEC 

• 

BE PERFORMED, 
THE TRANSFORMED VECTORS 1 

CP34010, 
CP3~020, 

REQUIRED CE~TRAL MEMORVI 
EXECUTION FIELD ~ENGTHI AN A.UXILIARV ONE~DIMENSIONAL REAL ARRAY nf 

LENGTH N IS USED, 

RUNNING TIMEI ROUGHLY PROPORTIONAL TON SQUARED TIMES CN2•N1••1l, 

LANGUAGE I ALGOL b0 1 

M~THOO ANO PERFORMANCE1 SEE REFttJ 1 

• 

REFERENCES a 
tll DEKKER, T1 J, AND HOrFMAN~, w, 

ALGOL &O PROCEDURES IN NUMERICAL A~GEBRA, PART 2, 
MATHEMATICAL CENTRE TRACTS 23, 
MATHEMATISCH CENTRU~, A~STERDA~, 19b81 

[2J W!~KINSON, J.H~ 
THE ALGEBRAIC EIGENVALUE PROBLE~, 
CLARENDON PRESS, OXFORD 1965, 

EXAMPLE OF USEI 

THE FIVE PROCEDURES OF THIS SECTION ARE USED IN 
SECTION 3,3 1 1.1,2i 

EIGSV~2 USES TFMSVMTRI2 AND BAKSVMTRI2s 
EIGSYMt USES TFMSVMTRl1 ANO 8AKSYMTRI1J 
QRISYM USES TFMSVMTRIZ AND Tf~?~EVEC, 
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SOURCE TEX'T(S): 

"CODE" 341"0' 
"COMMENT" MCA 2300J 
PPROCEDURE'' TFMSYMTRI2(A, N, D, B, BB, EM)J "VALUE'' NJ"INTEGER" NJ 

"ARRAY'' At B, BB, D, EMJ 
"BEGIN'' "INTEGER~ I, J, R, R1J 

"REAL.'' W, X, At, BO, 680, DO, M4CHTO~, NORMJ 

"REAL" "PROCEDURE" TAMMATCL, U, I, J, A, B)1 ''CODE" 34014J 
"REAL" "PROCE:OURE" MATMAT(L, U, I, J, A, B)J "CODE'' 340131 
' 1 PROCEDURE" ELMVECCOL(L, u, I, A, B, X)r ~coOE'' 34021, 
"REAL'' "PROCEDURE" TAMVECCL, U, I, A, B), "CODE'' 34012; 
"PROCEDURE" ELMCOLCL, U, I, J, A, B, X)r "CODE" 34023J 
''PROCEDURE" ELMCOLVECCL, U, I, A, B, X)J "CODE'' 340221 

NORM1: OJ 
"FOR" Jg: 1 ''STEP" l "UNTILu N ''DO'' 
II B E G I N If W 3 : 0 J 

"FOR'' I:: 1 
•1 F O R '' J I :: J 
W J ''IF n W > 

••EN. 0" J · 

''STEP" 1 "UNTIL" J ,,oo•• ws= 
+ 1 "STEP" 1 ''UNTIL'' N "00" 
NORM "THEN" NORM1m W 

MAC~TOL:= Ef\il[Ol * NORMJ EM[tl 1:a NORMs Ra: NJ 
"FOR" Rt1a N ~ 1 "STEP'' •1 MUNTIL" 1 "DO~ 

A8S(A[l,Jll + WJ 
W1: ABS(A tJ, ll) t 

'' 8 E GIN'' D [ R 1 s m A ( R, R l J XI a: TA MM AT ( 1 , R " 2, R, R, A, A) J 
All= A[Rl,RlJ ''IF" SQRT(X) <• MACHTOL "TMEN" 
'' B E G I N '' B O I z B t R 1 l I =:. A 1 J BB [ R 1 J I = B O * 8 0 , A t R , R l I = 1 te E N O •• 
''EL s E It 
"BEGIN'' BBO::= BB tR1l a: Al • A1 + Xs 

B01: "IF" Al> 0 "THEN" •SQRT(BBO) ''ELSE" SQRT(BBO)J 
. . 

Ate: A(Rl,Rlt= Al 19 eo, W;: A[R,Rla= 1 I (Al* 80)1 
'' F O R '1 J I : 1 " S T E P " 1 •• U N T I L '' R 1 " D O '' B [ J l I s ( T A ~ M A. T ( 1 , 
J, J, R, A, A) ♦ MATMAT(J + 1, R1, J, R, A, A)) • ...ts 
ELMvECCOL(1, R1, R, B, A, TAMVECCt, Rt, R, A, B) • 
W * 1 5 ) J " F OR " J I : 1 19 S T E P '' 1 '' U N T I L '' · R 1 " 0 0 " 
'' B E G I N '' E L. MC O L ( 1 , J , J , R , A , A , B t J l ) J 

ELMCO~VECC1, J, J, A, B, AtJ,Rl) 
'' E ~, 0 '' : B [ R 1 l I :a B 0 

'
1 END''J Ra= R1 

_.END" 1 
Dtll:= A[t,tl, AC1,1l:= 1J BtNJ:m BB[Nl:= 0 

"END'' TFMSY~TR!2J 
''EOP•1 
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"CODEt• 341411 
''COMMENT'' MCA 2301J 
" P R O C E O lJ R E '' B A K S V M T R I 2 ( A , N , N 1 , N 2 , V E C ) I '' V AL U E '' ~J f N 1 , N 2 J 
"INTEGER'' N, Nt, N2p "ARRAY•• A, VECJ 
"BEGIN'' ''INTEGER'' I, J, KJ "REAL'' WJ 

" R E A L " '' P RO C E D URE '' TA M M A T ( L , U , I , J , A , B ) J '' C OD F .. '' 3 4 0 1 LI J 
"PROCEDURE•• ELMCOLCL, U, I, J, A, B, X)J ''CODE'' 34023J 

"FOR~ Jx: 2 "STEP" 1 ''UNTIL" N "DO" 
'' B E G I ~ " w ; = A t J , J J J '' I F '' W < 0 '' T H E N '' 

"FOR'' Kl= N1 ''STEP" 1 "UNTIL'' ~2 "DO" 
ELMC0LC1, J • 1, K, J, VEC, A, 
TAMMAT(1, J • 1, J, K, A, VEC) * W) 

••END" 
"END" BAKSYMTRI21 · 

''EOP" 

MCODE•• 3'Al42J 
''COMMENT" MCA 23021 
"PROCEOU~E" TFM~REVECCA, N)J "VALUE" NJ ''INTEGER'' NJ ''ARRAY" AJ 
"BEGIN'' "INTEGER" I, J, Jl, KJ "REAL" ABt 

''REAL" ''PROCEDURE" TAMMAT(L, u, I, J, A, B)s ''CODE" 3401a, 
" P R O C E D tJ RE " E L MC O L ( L. , U , I , J , A , 8 , X ) , " C OD E " 3 4 0 2 3 , 

J 1 t = 1 , 
"FOR" J1: 2 ''STEP" 1 ''UNTIL" N ''00'' 
" B E G I N '' " F O R '' I I : 1 •• S T E P '' l •• U N T I L '' J 1 -. l , 

J '' S T E P '' 1 1
• U N T I L '' N '' D O '' A [ I , J 1 l I : 0 I 

A CJ1 ,J1l a:: 1 J ABt= A tJ,JJ: 
"IF" AB < 0 •• THEN" 
"F0R 4' K:= l ''STEP" 1 ~UNTIL'' J1 ''DO•• 
El.,.MCOL(1, Jl, K, J, A, A, 
TAM~AT(l, Jl, J, K, A, A)* AB)J Jl:= J 

"fND"J 
'' F O R " l : = N .., 1 " S T E P •• • 1 '' l.J N T I L, " 1 " D O '' 
A [ I , '"' l C :: O J A [ N , N J I =: 1 

'*ENO" TFMPREVEC J 
"E OP'' 

• 
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"CODE .. 341431 
'' C O M M E N T '1 M C A 2 3 0 S : 
'
1 P R O C E D J R E '' T F M S V M T R l 1 C A , N II D , 8 , B B , E M ) I '' V A L U E '' N ; '' I N l E G E R '' i'1 J 
"ARRAY'' A, B, ER, D, EMJ 

''BEGIN'' "INTEGER''· I, '"J, R, Rl, P, Q, TI, TJ: 

• 

~REAL" S, W, X, Al, BO, BBO, DO, NOR~, MACHTOLJ 

"REAL'' ''PROCEDURE'' VECVECCL, U, SHIFT, A, B)J ''CODE'' 34010J 
''REAL'' ''PROCEDURE" SEQVECCL, U, IL, SHIFT, A, B)J''CODE't 34016J 
•• P R O C E D U R E. •t E L M V f C C L. , U , S H I F T , A , B , X ) J '' C O D E st 3 ~ 0 2 0 J 

NORM:= OJ TJ:: OJ 
tll F O R ,. J : :: 1 ,, S T E P '' 1 ,. U N T I L ,, N ., D O II 
NOR~:= OJ TJ1: OJ 
'' r· 0 R '' J : : t '' S T E P " 1 " U N T I L •• N 11 0 0 '' 
"BEGJN'' W:: OJ · 

"FOR 11 I:= 1 "STEP'' 1 "UNTIL'1 J "DO'' W:: ABS(AtI + TJ]) +W: 
TJ1: TJ + J: TI:: TJ + J, 
t•FOR 11 I:= J ♦ 1 11 STEP 1• 1 ''UNTIL'' N "00" 
"BEGIN" WJ: ABS(A[Tll) t WJ Tl:: TI+ I 1'END"J 
t, I F •• ii~ > t~ 0 R M '' THE. N '' N O R M I : W 

'' f~ ~JD •• I 
t-1 A C H T O L. I : E M [ 0 l * N OR M J E M [ 1 l I :: N O R M J Q : : ( N + 1 ) * N / / 2 J 
R : : N : ,, F O R ~· R 1 : : N • 1 •• S T E P fl • 1 ,. U N T I L. '' 1 ,, D O '' 
tt B E G I N '' P i : Q • R J O t R l I : A t Q l 1 

X:: VECVEC(P + 1, Q • 2, O, A, A)J 
A 1 : : A C Q • 1 l J '' I F. '1 S Q R T ( X ) < :; M A C H T O L '' T t1 E N '' 
•• 8 E G I N '' 8 0 I :: B C R 1 l I : A 1 1 B B [ R 1 1 : :: 8 0 * H O 7 A [ (J l : = 1 '' E N l1 '' 
''£LS E •1 . 

''BEGIN" 880:: BB tR1J ;: Al • Al + x, 
B O : : 1

' I F '' A 1 > 0 " THE N '' -. S Q R T ( B B O ) 11 E L S E '' S Q R T ( B B O ) : 
Al:= A [tl • 1l •= Al ., ao, WIG A (QJ i= 1 I (Al * RO); 
T J I : 0 J '' F O R 19 J I = 1 '' S T E P '' 1 " U N T I L '' R 1 " D O '' 
'' B E G I N '' T I g : T J + J r S I = V E C V E C ( T J + 1 , T I , P 11111 T J , 

A, A)J TJ1: TI+ JJ 
S [ J J I = C Sf~ 0 V e· C C J + 1 t R 1 , T J , P , A , A ) + S ) * W J 
TJ:: TI • 

ti END,. : 
ELMVECC1, Rl, P, B, A, VlCVECCl,Rl,P,B,Al• ~ *,S); 
T J : = 0 r ti F O R fl J : : 1 " S T E P ,. 1 tt U N T I L Ii R 1 tt D O •• 
'' B E G I ~~ 99 T I : ~ T J + J J E L M V E C C T J + 1 , T I , P • T J , A , A , 

B [ J l ) J E L M V E C ( T J + 1 , T I , • T J , A , 8 , A [ .J + P J ) J 
TJ::: TI 

'
1 E N D ,~ ; U [ R 1 ] I ::: 8 0 

,, e: ND ,, J 

<J:: PJ R:= Rl 
,, END,, J 

Dt1Jtz A(llJ Af1J:: 1J BtNJs= BB{NJJ: 0 
'' E N D '' T F M S Y M TR I 1 # 

'
1 E OP" 
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"CODE'' 31.1144J 
"CO~MENT" MCA 2306: 
" P R O C E D U RE 11 B A K S Y M T R I l ( A , N , N t , N 2 1 V E C ) J " V A L lJ E '' N , ~~ 1 , N 2 J 
''INTEGER" N, Nl, N2J "ARRAY•• A, VECJ 
''BEGIN'' ''INTEGER'' J, J1, K, TI, TJJ 

•
4 R E A L '' i;J J " A R R A Y '' A LJ X V E C t 1 I N l 1 

" R E. A L ,, ,~ p R O C E D u R E. If V f C V E: C ( L. I u ' s H I f T , A , B ) 1 ,. C O D E ,. 3 4 () 1 0 , 
ti P R O C E D lJ R E ,. E L ~ V ~· C ( L , IJ , S H I F T , A , t3 , )( ) J ,, C O D E '' 3 4 0 ? 0 J 

" F a R '' K a : N t ,. s T E P ,, 1 •r u N T I L ,. N 2 1' o o ,, 
., 8 E G I N '' It F O R '' J 1 : 1 ., S T E P " 1 ,, U N T I L. ,, N ,, 0 0 " 

AIJXVEC tJl :: VEC [J, Kl J TJ;n J1 I= 11 
,. F O R fl J & :: ?. ,, S T E P ,, 1 " U N T I L " N tf O O tt 
'' B E G I PtJ '' T I I : T J + .. J J W I : A C T I l J 

"IF'' W < 0 •1 THEN 1
' ELMVEC(t, Jl, TJ, AUXVEC,A,VECVEC(1, 

Jl, TJ, AUXVEC, A) * W)J J1:: JJ TJ:= TI 
"END••, 
"FOR 4' J : : 1 ''STE: P" 1 "UNTIL'' N ••DO'' VE C [ J , Kl : : A l.1 XV EC t J J 

'' f. ND'' 
'' E N D 11 B A K S V' M T R I 1 I 

"f:OP'' 

• 

• 

• 

• 
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BRIEF DESCRIPTION& 

THIS SECTION CONTAINS THREE PROCEDURES. 
AJ TFMREAHES TRANSFORMS A ~ATRIX INTl A SIMILAR UPPER HESSENBERG 
MATRIX BY MEANS OF WILKINSON•S TRANSFORMATION, 
B) BAKREAHES1 PERFORHS THE CORRESPONDING BACK TRANSFORMATION ON 
A VECTOR AND SHOULD BE CALLED AFTER TFHREAHES, 
C> BAKREAHES2 PERFORMS THE CORRESPONDING BACK TRANSFORMATION ON 
THE COLUMNS OF A MATRIX ANO S~OULO BE CALLED AFTER TFMREAHES. 

KEYWORDS I 

SIMILARITY TRANSFORMATION, 
UPPE~ HESSENBERG HATRIX. 
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SUBSECTIONI TFMREAHES. 

CALLING SEQUENCEI 

THE HEADING OF THE PROCEDURE ISi 
10 PROCE.DURE 1

• TFMREAHES(A, N, EM, I'!T>; ••vALUE .. N; 
'

1 INTEGER 0
• N; ••ARRAY'" A, EH; "INTE~ER 11 ••AR~AY .. INT; 

THE MEANING OF THE FORHAL PARAMETERS IS& 
NI <ARITHMETIC EXPRESSION>; 

THE ORDER OF THE GIVEN MATRIX; 
Al <ARRAY IDENTIFIER>; 

"ARRAYMA(11N,11NJ; 
ENTRY& THE MATRIX TO BE TRANSFORMED; 

PAGE 2 

EXITI THE UPPER•HESSENBERG MATRIX IS DELIVERED IN THE 
UPPER TRIANGLE ANO THE FIRST SUBOIAGONAL OF A, THE 
(NONTRIVIAL ELEMENTS OF THE> TRANSFORMING ~ATRIX~ 
L, IN THE REHAINlNG PART OF A, I.E. ACI,Jl -
L[l9J + 11, FOR I= 3, ••• ,N ANO J = 1, ••• ,I - 2; 

EHa <ARRAY IDENTIFIER>; 
••A RRAY"•Et1 CO 11 J; 
ENTRVt EHCOJ, THE MACHINE PRECISION; 
EXIT& EMC1l, THE INFINITY NORM OF THE O~IGINAL MATRIX; 

INTI <ARRAY IDENTIFIER>; 
••INTEGER••"ARRAv•• INTl11NJ; 
EXITI THE PIVOTAL INDICES DEFINING THE STABILIZING ROW 

AND COLUMN INTERCHANGES; 

PROCEDURES USE DI 
MATVEC 
HATMAT 
ICHCOL 
ICHROW 

--
-
--
--

REQUIRED CENTRAL HEHORY I 
EXECUTION FIELD LENGTHI 

CP Jlt-0 11, 
CPJ&+013, 
CP 31+0 31, 
CP34032. 

A ONE-DIMENSIONll ~EAL ARRAY OF LENGTH N IS ~ECLAREO. 

RUNNING TIHEa ROUGHLY PROPORTIONAL TON CUBED. 

LANGUAG:.I ALGOL 60. 

METHOD AND PERFORHANCEI 
WILKINSON 4 S TRANSFORMATION IS A TRIANGULAR SIMILARITY 
TRANSFORMATION WITH STABILIZING ROW AND COLUMN INTERCHANGES 
TRANSFORMING A MATRIX, H, INTO AN UPPE~-HESSENBERG MATRIX~ H. 
THE TRANSFORMING MATRIX IS THE PROOU:T OF A PERMUTATION HATRIX, P, 
ANO A UNIT LOWER~TRIANGULAR MATRIX, Le THE NONDIAGONAL ELEMENTS IN 
THE FIRST COLUMN OF LARE O, AND THE ROW ANO COLUHN INTERCHANGES 
ARE CHOSEN IN SUCH A WAY THAT THE ABSOLUTE VALUE OF EACH ELEMENT 
OF LIS AT HOST 1. 
BECAUSE OF THE SPECIAL FORM OF L, THE MATRICES HANO L CAN BE 
STORED TOGETHER IN THE ARRAY USED FOR THE HATRIX i (SEE CALLING 
SEQUENCE)• FOR FURTHER DETAILS SEE REFERENCE (il ANO [ 2l. 
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S U B S E C T I O N : '3 A K R E A ~1 E S 1 , 

CALLING SfQUENCEi 
THE HEADI~G OF THE PROCEDURE ISE 
1
' P R O C E. D ; _J R E •• 8 A K R E A H f:: S 1 ( A , N , I N T , V ) J '' V A L. U E " N : 

1
' I N T E G ~~ R '' N i '' A R R A Y " A , V 1 •• I N T E G E R '' '' A. R R A V '' I N T J 

T ~, E M f_ A N I N G O F T H t~ r· 0 R M A L P A R A M E T E R S I S : 
Na <ARITHM~TIC EXPRESSION>; 

THE LENGTH OF TY.E VECTOR TO BE TRANSFORMEDJ 
' 

A: <ARRAY JOENTIFIER>s 
'' A R R A Y '' A t l I t-.J , 1 I t\l l J 
E~1T'lY: THE (NO~TRIVIAL ELEMENTS OF THE) TRANSFORMI~~G 

MATRIX, L, AS PRODUCED av TFMREA~ES MUST B~ GIVEN 
IN THE PART BELOW THE ~IRST SUBDIAGONAL OF A, 
I.E. A[I,Jl : ~tI,J ♦ 11, FOR I= ·s, ••• ,N ANO 
J: 1,.,.,I "'2J 

INT: <ARRAY IDENTIFIER>, 
'' I ~ T E G E R '' •• A R R A V '' I N T C l I tJ l J 
ENTRY1 PIVOTAL Il~OICES DEFINING THE STABILIZING ROW AND 

COLUMN INTERCHANGES AS PRODUCED BY TFMREAHES, 
V: <ARRAY JDE~TIFIER>J 

'' A R R A Y " V [ 1 Z N l : 
E~TRY1 THE VECTOR TO BE TRANSFORMED: 
EXIT: THE TRANSFORMED VECTOR. 

PROCEDLJRES USE.Os 
MATVEC --

' 

CP3401t, 

RUNNING TIME: ROUGHLY PROPORTIONAL TON SQUARED, 

LANGUAGE: ALGOL bO• 

METHOD AND PERFORMANCE: 

• 

THE BACK TRANSFORMATION WHICH CORRESPONDS TO WILKINSONtS 
TRANSFORMA'TION AS PERFORMED BY TFMREAHES TRANSFORMS A VECTOR, X, 
INTO THE VECTOR PLX, WHERE PLYS THE TRANSFORMING ~ATRIX, 



SUBSECTION: 8AKREAHES2, 

C A L L I N r; Sf: Q WE t~ C E : 

(JUNE 197!~) 

THE HEADING OF THE PROCEDLJRE tSI 
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'' P R O C E D u R E: '' B A K R E A H E S 2 C A , N , N 1 , N 2 , I N T , \I EC ) J '' V A L lJ E '' N , N 1 , N 2 J 
''lNTFGEQ'' t~, ~1, N2: ••ARRAY" A, VECJ ''INTEGER" ••ARRAY'' JNTJ 

THE ~EA~ING OF THE FORMAL PARAMETERS IS: 
Nt <ARITHMETIC EXPRESSION>J 

THE LENGTH Of THE VECTORS TO BE TRANSFORMEDJ 
Nt, r~2: <AMITHMETIC EXPRESSION>; 

THE COLUMN NUMBERS OF THE FIRST AND LAST VECTOR TO Af 
TRANSFORMED; 

A: <ARRAY !OENTIF'IER>J 
•1 A R R A Y '' A l 1 t r'-J , 1 : I\J l 1 
ENTRVt THE (~ONTR!VIAL ELEMENTS, OF THE) TRANSFORMING 

MATRIX, L, AS PRODUCED BY TF~REAHES MUST 8E: GIVEN 
IN THE PART BE~OW THE fIRST SUBOlAGONA~ OF A, 
I • E • A l I , J l = L. t I , J + 1 l , F O R I = 3 , , • , , N A ~J D 
J = 1, ••• ,1'fi82J 

INT: <ARRAY IDENTIFlER>J 
~tNTEGFP""ARRAV" INT[l1N]J 
ENTRY1 PIVOTAL INDICES DEFINING THE STABILIZING ROW AND 

-COLUM~ INTERCHANGES AS PRODLJCED BV TF~REAHESJ 
VEC: <ARRAY IOENTIFIER>J 

''ARRAY"VEC[l1N,~11N2lJ 
ENTRV1 THE N2 ~ Nl + t VECTORS Of LENGTH N TO BF 

TRAt~SfOR~f DJ 
E X I T : T H E N 2 -. r~ 1 .+ 1 V E C T O R S O F L ~~ N G T H N R E S U t .. T J N G F. R n H 

THE BACK TRANSFORMATtO~J 

P R O C E D ~J R f.: S 1J S E D ; 
TAM VE. C 
ICHROW --

CP3Q012, 
CP34032, 

REQUIRED CENTRAL MEMORY; 
EXECLJTION FIELD LENGTH& 

IONAL RE.AL ARRAY OF LENGTH N tS OECLARED, 
• 

RUNNING TIME: ROUGHLY PROPORTIONAL TO (N2 • N1 + 1) * N * N, 

LANGUAGE: ALGOL bO, 

METHOD At~D PERFORMANCE; 
SEE SUBSECTION 8AKREAHES1 1 

REFERENCES: 
[11 DEKKER, T 9 J. AND HOFFMANN, w, 

ALGO~ bO PROCEDURES I~ NUMERICAL ALGEBRA, PART 2, 
~ATHEMAT!CAL, CENTRE TRACTS 23, 
~1 A T t~ c ~.., A T I S C H C t N T R UM , A M 5 T E R D A ~1 , 1 q 6 8 J 

(2] J, H. WILKINSON, THE ALGEBRAIC EIGENVALUE PROBLEM, 
CLARENDON PRESS, OXFORD, 1965, 

• 



EXAMPt.ES OF USES 

EXAMPLES OF USE OF TFMREAHES, BAKREAHES1 AND BAKREAHES2 
FOUND IN THE PROCEDURES FOR CALCULATING EIGENVALUES 
EIGENVECTORS AS DESCRIBED IN SECTION 3.,3.1.,2,2 1 

SOURCE TEXT(S) 1 

"CODE" 341701 
"COMMENT•• MCA 2400J 
•• P R O C f D U R E '' T F M R E A HE S ( A , N , E M. , I N T ) J " \/ A L U E " N , '' I N TE G E R '' N ; 

"ARRAY'' A, E~J "INTEGER" "ARRAY" lNTJ 
''BEGI"J'1 "INTEGER" I, J, Jl, K, L, 

,, R E A ~ ,, s , r , M A c H r o L , r-1 A c HEP s , Na R M , 
11 A R ~ A Y '' 8 C O I N • 1 l J 

'' R E A ~ 1• •• P RO C ED UR E " M A T V E C C L , U , I , A , B ) J •• C OD E " 3 4 0 1 1 J 

MC 
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CAN RE 
ANO , .... 

., R E A L fl ., P RO C ED UR E " MA TM A T ( L , U , I , J , A , 8 ) J fl C OD E ft 3 4 0 1 3 J 
"PROCEDURE" ICHCOLCL, u, I, J, A)J ••coDE" 34031; 
'
1 PROCEDURE" ICHRO~(L, u, I, J, A)J ••cooE" 340321 

MACHEPS:: EM(OlJ NORM:• Or 
•• F O R " I I : 1 . ,, S T E P " 1 ,, U N T I L " N It D O " 
"BEGIN•• Si• OJ 

''FOR" Jgu 1 ''STEP" 1 'UNTlL'' N "OD~ 51• S + ABS(AtI,Jl )J 
"IF'' S > NORM "THEN'' NORMI= S 

''END" J 
EM[ll1: NORMJ MACHTOLI• NORM• MACHEPSJ INTt1ls= O; 
''FOR" J1: 2 "STEP" 1 "UNTIL" N "DO" 
'
1 BEGIN 11 J11: J • 1J LI• O; St: MACHTOLJ 

" 

"FOR•• K1= J + 1 "STEP" 1 ''UNTI~" N "00" 
ffBEGIN" Ta• ABS(A[K,JlJ)J ''IF" T > S "T~EN'' 

"BEGIN" Ls= KJ Sa: T "ENon 
"END'' J 
"IF'· LA= 0 "THEN•• 
ti B E G I f'~ " •• I f ,, A B S ( A [ J , J 1 J ) < S It T H E N " 

'' B E G I N '' I C rut RO W C 1 , N , J , L , A ) ; 
ICHCOL(1, N, J, L, A) 

''E~O'* 
''ELSE" La~ JJ T1a A[J,Jll J 

• 

"FOR" K:• J t 1 ''STEP" 1 ••U~TIL" N ••DO" 
A t K, J 1 l I :a A [K, J 1 l / T 

"END'' 
''ELSE•• 
ttFOR" Kt= J + 1 "STEP" 1 91 UNTILH N "00'' A[K,Jll c- OJ 
••FOR•l It~ 1 •1 STEP 1• 1 "UNTIL'' N "00'' 
B t I f:t' 1 l g = A t I, Jl I= A t l, J l + 

, 

C If I F ,, L = 0 ., T H E N t, 0 tt E L SE Jj M • T M A T C J + 1 , N , I , J 1 • A , A. ) ) ~ 
MATVECC1, ••IF" Jt <I• 2 "THE~N J1 ''ELSE" I~ 2, I, A, B)J 
INT CJ]:: L 

If E. ND .. 
tt EN D '' T F MR E A HE S J 

•1 EOP" 
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1t CODE" 341111 
"COMMENT" MCA 2401J 
'' P R O C E D URE '' 8 A K RE A H E S l ( A. , N , I NT , V ) J 8 V A L U E 11 N 1 '' I N T E GE R '' N , 

~ARRAY'' A, VJ ''INTEGER'' ''AR~AY" INT, 
" 8 E G I N '' " I N T E GE R " ! , L J 

'' R E A L " W J " A R R A Y '' X t 1 I N l J 

"REAL" 11 PROCfOURE" MATVECCL, U, I, A, B)J "CODE" 34011J 

''FOR" I:s 2 "STEP" 1 "UNTIL" N ''00'' X CI • lJ 1: V [Il 1 
•• F O R '' I : : N '' S T E P '' • 1 " U N T I L " 2 •• D O '' 
'' B E G I N '' V t I l I = \J [ I J + ~ A T V E C C 1 , I • 2 , I , A , X ) J 

L I = I N T [ I l r •• I F ,. L > l " T HE N '' 
" B E G I N " W I = V C I J f V [ I l I • V [ L l s V [ L l I : W '' E N D '1 

''END" • 

"END" BAKREAHES11 
"EOP" 

"CODE" 3'41721 
~COMMENT" MCA 2402J 

MC 
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~PROCEDURE" BAKREAHES2CA, N, N1, N2, INT, VEC)J 11 VALUE" N, ~1, N2: 
"INTEGER" N, N1 7 N2J "ARRAY" A, VECs ••INTEGER'' ''A~RAY" I~TJ 
'' B E G I N •1 '' I N T E G E R " I , l,. , K J '' A R R A Y " LJ C 1 I N l J . 

"REAL" "PROCEDURE" TAMVECCL, U, I, A, B)J ''CODE" 34012J 
''PROCEDURE" ICHRO~CL, U, I, J, A)J ''CODE'' 340321 

• 

"FOR" I1: N "STEP" ~1 "lJNTtL" 2 ''DO•• 
,. B E G I N tf " F a R '' K 1 - I "' 2 11 s T E P '' "' 1 '' u N T I L,. ,, 1 ,, o o •• 

LICK + 131= A CI,Kl; 
"FOR" K1: Nl "STEP" 1 "UNTILu N2 "DO'' 
VEC CI,Kl 1: VEC tl,Kl + TAMVECC2 , I .. 1, K, VEC, 
Ls: INTC!l J "If"~> I "THEN'' ICHRO~CN1, N2, I, 

''ENO" 
"ENO" BAKREAHES2J 

II E Op" 

• 

• 

l_J ) , 

L, VfC) 



AUTHO~ 

BRIE~ DESC~IPTION 1 

THIS SECTION CO~TAI~S THREE PROCEDURES: 
A) MSHHRMT~I TRANSFOR~S THE MfRMITIAN ~ATRIX MINTO A SIMILAR 

REAL SYMMETRIC TRIDIAGONAL MATRIX Ss 
B) BA~MR~TRI PERFOR~S A BACK TRANSfOR~ATIO~ CORRESPONDING TO 
HSHHR~TRIJ 
C) HS ►iHR~TRIVAL DELIVERS THE MAIN DIAGONAL ELEMENTS AND THE 
SQUARES OF THE COOIAGONAL ELEMENTS OF A HER~ITIAN TRIDIAGONAL 
MATRIX WHICH IS UNITARY SIMILAR W!TM A GIVEN HERMITIA~ MATRIX, 

HERMITIAN ~ATRIX , 
T~IOIAGO~ALIZATION, 
COMPLEX ~OUSEHOLDER,S TRANSFORMATION , 

CALLING SEQUENCE 1 

THE HEADING OF THE PROCEDURE READS I 
"PROCEDURE" HSHHRMTRI(A, N, D, B, BB, EM, TR, TI)J "VALUE" NJ 
"INTEGER" NJ "ARRAV~ A, 0, B, BB, EM, TR, TIJ 

THE MEANING OF THE FORMAL PARAMETERS IS 8 
A,TR,Tll <ARRAY IDENTIFIER>, 

"ARRAY"A[11N,11N]J 
1 A.RRAV" TR, TI f1 IN•ll, 

MC 

ENTRVI THE REAL PART OF THE UPPER TRIANGLE OF THf 
HfR~ITIAN "ATRIX MUST BE GIVEN IN THE UPPEH 
TRIANGULAR PART Of A (THE ELEMENTS A[l,JJ, Ic:J)r 
THE IMAGINARY PART OF THE STRICT LOWER TRIANGLE 
OF THE HERMITIAN MATRIX MUST BE GIVEN IN THE 
STRICT LOWFR PART Of A (THE ELEMENTS A[I,Jl,I>J)J 

EXIT1 DATA FOR THE BACKTRANSFORMATIO~, 
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<ARITHMETIC EXPRESSION>p 
THE ORDER Or THE MATRIXp 
<ARR4Y !Dt~TIFIER>J 
'' A R R A V •• D C 1 : N l J 

MC 
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EXIT: THE MAIN DIAGONAL OF THE RESULlI~G SYM~ETR!C 
TRIDIAGONAL MATRIXJ 

<AR~AY IDE~TIFIER>J 
'' A R R .A Y '1 B [ 1 I N • 1 J I 
E X I T : T H E C O D I A G O N A L E L. E ME N T S O f T H E R E S lJ L T t N G S Y 1~ ~1 E T R I C 

BB: 
TRIDIAGONAL MATRIXJ 

<ARRAY IDE~TIFIER>J 
'' A R R A Y tt B 8 C 1 I N "" 1 l J 
EXIT I THE SQUARES OF THE ~ODULI OF THE CODIAGUNAL 

ELE.MENTS OF THE RESJLTING SYMMETRIC TRIDIAGONAL 
MATRIX, 

<ARRAV IOE~TIFIER>J 
,. A R R A V 11 E ~ t O z 1 l J 

• 

ENTRY! EM[Ol, THE MACHINE PRECISION: 
EX!TJ EM[1l, AN ESTIMATE FOR A NORM OF THE ORIGINAl. 

PROCEDURES UScD : 

~ATVEC = CP34011 , 
TAMVEC : CP3U012, 
M~TMAT : CP3ij013, 
TAM~A1 : CP34014, 
MATTAM : CP3401S, 
ELMVECCOL: CP34021 , 
EL~COLVEC: CP34022, 
ELMCOL = CP3a023, 
EL~ROW : CP3402q , 
ELMVECRO~ = CP34026, 
ELMROWVEC: CP34027, 
EL~ROWCQ~: cp3ao2e, 
ELMCOL~QW: CP3U02q , 
CARPOL = Cp343q~ • 

MATRIX, 

• 

RUNNING Tl~E : PR0PORTIONAl TON CUBED, 

LANGUAGE: ALGOL 60, 

• 

M~THOO A~D PERFORMANCE: SEE HSHHRMTRIVAL (THIS SECTION) • 
• 



SUBSECTION I BAKHRMTRI 9 

c•LLING SEQUENCE 1 

TME HEADING OF THE PROCEDURE REAOS 1 
''PROCEDURE•• BAKHRMTRI(A, N, Nl, N2, VECR, VECI, TR, TI); 
11 V A L u [ If ft.J , N 1 , N 2 ' tt I N T E G E R ff N ' N 1 , N 2 1 

THE MEANING OF THE FORMAL PARAMETERS IS: 
A1 TR,1I: <ARRAV lOENTIFIER>J 

''ARRAY''A f 1 IN, 1 IN) J 
''ARRAY'' TR, TI [1 INW111] J 

MC 

ENTRY! THE DATA FOR THE BACKTRANSFORMATION AS PR(lOUCEO 
BY HSHMRMTRI1 

Nt <ARITHMETIC EXPRESSION>f · 
THE ORDER OF THE MATRIX OF WHICH THE EIGENVECTORS ARE 
CALCULATED; 

NJ,N2: <ARITHMETIC EXPRESSION>J 
THf EIGENVECTORS CORRESPONDING TO THE EIGENVALUES WIT~~ 
INDICES Nl, •• ,,~2 ARE TO BE TRANSFORMEDJ . " 

VECR,VECI: <ARRAY IDENTlf!ER>J 
• 

•• A RR A V '' V E C R , V E C I t 1 I N , N 1 I N 2 l , 
Ef\JfRV: 
THE BACK TRANSFORMATION IS PERFORMED ON THE REAL 
EIGENVECTORS GIVEN IN THE COLUMNS OF ARRAY VECRJ 
EXITI 
VECR: REAL PART Of THE TRA~SFORMED EIGENVECTORS; 
VECI I IMAGINARY .PART OF THE TRA~SF.ORMED EIGENVECTORS~ 

PROCEDURES lJSED 1 

MA T!'14A T - CP34013 ... , 
TAMMAT = CP3t~014 , 
EL,MCOL - CP34023 - , 
ELMCOLRO~ .. C?31.J.029 - , • 

COMMLIL = CP34341 , 
COMROWCST - CP34353 - • 

LANGUAGEI ALGOL 60, 

METHOD AND PERFORMANCE; SEE HSHHRMTRIVAL (THIS SECTION), 



• 
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SUBSECTION : HSHHR~TRlVAl_, 

CALLING SEQUENCE 1 

THE HEADING OF THE PROCEDURE READS: 
'' P R O C E D U R E •• H S H H R M T R I V A. L ( A , N I D , 6 B , E M ) J '' V A L U E '' N r '1 I f'4 T E G t: R '' N ; 

"ARRAY'' A, D, 88, ~MJ 

THE 
A: 

MEANI~G OF THE FOR~AL PARAMETERS IS I 
<ARRAY IDENTIFIER>J 

• 

D: 

BB: 

EM: 

''ARRAY'•A f 1 :N, 1 ;N] J 
ENTRY: THE REAL PART Of THE UPPER TRIANGLE OF THE 

HE R M I T I A N ,.., A T R I X Pai IJ S T 6 E G l V E N I N T ~➔ E t.1 P P E R 
TRIANGULAR PART OF A (THE fLFMENTS A[l,Jl, I<:J); 
THE IMAGINARY PART OF\ THE STRICT LOWER TRIANGL~ 
OF THE HERMITIAN MATRIX MUST BE GIVEN IN THf 
STRICT LOW.ER PART OF A (THE E~EMENTS A(l,JJ,I>J)J 
THE ELEME~TS OF A ARE ALTE~EDJ 

<ARITHMETIC EXPRESSION>J 
THE ORDER OF TtiE GIVEN ~ATRIXt 
<ARRAY IOENTIFIER>; 
''ARRAY"D [11Nl p 
EXITi THE MAIN DIAGONAL OF THE 

TRIDIAGONAL MATRIXr 
<ARRAY IOENTIFIER>1 
•• A R R A Y " B B [ 1 I N .- 1 l J 
EXIT: THE SQUARES OF THE MODULI OF THE CODIAGONA~ 

E~EMENTS Of THE RESULTING HERMITIAN TRIDIAGONAL 
MATRIX; 

<ARRAY IOE~TIFIER>J 
"ARRAV"E~ CO 11) I 
ENTRYI EMtOJ,THE MACHINE PRECISIONJ 
EXIT: EM[ll, AN ESTIMATE FOR A NORM OF THE ORIGINAL 

MATRIXJ 

• 

PROCEDURES USED: 

M,ATVEC = CP34011 , 
TAMVEC .. CP34012 - , 
MATMAT - CP34013 - , 
TAMMAT - CP34014 - ' • 

MATTAM = CP34015 , 
ELMVECCOL ... CP3Ll02l • , 
ELMCOLVEC - CP34022 .. , 
ELMCOL = CP34023 , 
ELMROW - CP34024 - , 

' 

ELMVECRO~ - CP34026 - , 
ELMROWVEC - CP34027 • , 
EL~ROWCOL - CP3U028 - , 
ELMCOLROw ... CP34029 - ,, 
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RUNNING TIME I PROPOR'TIONAL TON CUBED , 

LANGUAGE: ALGOL 60, 
' 

THE FOLLOWI~G HOLDS FOR THE THREE PROCEDURES : 
• 

METHOD AND PERFORMANCE : 

HS~HRMTRIVAL TRANSFORMS A HERMITIAN MATRIX INTO A SIMILAR 
MER~[TIAN TRIDIAGONAL MATRIX BV MEANS OF HOUSEHOLDER'S 
TRANSFORMATION• 
HSHHRMTRI lRANSFOR~S A HERMITIAN MATPIX INTO A SIMILAR 
REAL TRIDIAGONAL MATRIX BY MEANS OF HOUSEHOLDER 9 S 
TRA~SFORMATION FOLL.OWED 8Y A COMPLEX DIAGONAL UNITARY 
SIMILARITY TRA~SfORMATION IN ORDER TO ~AKE THE ~fSU~TING 
TRIDIAGO~AL MATRIX REAL SY~~ETRIC; 
HOUSEHOLDERtS TRANSFORMATION FOR COMPLEX HERMITIAN MATRICES 
IS A U~ITARY SIMILARITY TRANSFORMAf!O~,TRA~SFORMING A HERMITIAN 
MATRIX INTO A SJMILAR COMPLEX TRIOIAGO~AL O~E (SEE W!LKI~SON, 
1qos, P, 342~343), LET M BE A GIVEN HERMITIAN MATRIX OF ORDER 
N, WITH REAL PART MR AND IMAGINARY PART Ml, P THE 
TRANSFORMING MATRIX ANO T THE RESULTING HERMITIAN TRID!AGONAL 
MATRIX, SINCE PIS UNITARY, ~E HAVE T • p 9,Mp, WHERE 
"STA~DS FOR CONJUGATING ANO TRANSPOSING, THE MATRIX PIS THE 
PRoouc·r OF N•2 HOUSEHOLDER ~ATRICES, THESE BEING U~JITARY 
HERMITIAN MATRICES OF THE F'ORM I~U"U/T, WHERE TIS A SCALAR 
(>OJ, ANO U A COMPLEX VECTOR, THE K~TH HOlJSEHOLOER MATRIX, 
~=1,,.-,N~2, IS CHOSEN IN SUCH A. WAY THAT THE ~AST K ELEMENTS OF U 
VANISH. ANO THE DESIRED ZEROS ARE INTRODUCED IN THE CN~K+1)•TH 
COLUMN ANO Row OF THE ~ATRIX M, ~OWEVER, IF THE EUCLIDIAN NORM 
OF TH~ FIRST N•K~1 ELEMENTS OF COLUMN N~K+1 OF THE MATRIX MIS 
SMALLER THAN THE MACHINE PRECISION TIMES THE INFINITY NORM OF THE 
MATRIX C NORM(MR) + NORM(Ml) ), THEN THE K~TH TRANSFORMATION 
IS SKIPPED (I.E, THE K•TH HOUSEHOLDER MATRIX IS RtPLACED BY l), 



• 

MC 

THE CO~PLEX DIAG(lNAL SIMILARITY TRANSFORMATION D TRANSFO~~MS THE 
HERMITIA~ TRIDIAGONAL MATRIX TINTO A REAL SYMMETRIC TRIDIAGONAL~ 
M A T R I X S ( M U E L L E R , 1 9 6 b ) , T H E D I A G O N A L O F D I S C H O S E N I ~l 5 lJ C H 
A WAY THAT THE CODIAGO~AL ELEMENTS OFT ARE TRANSFORMED INTO 
THEIR ABSO~UTE VAlUES, 
8AKHRHfRl P(RFORMS THf- RACK TRANSf'ORMATtON T(' RF:PLACE T ►~E 
EIGENVECTORS OF THE TRIDIAGONAL SYMMETRIC MATRIX S BV THE 
~!GENVECTORS OF THE ORIGINAL HERMITIAN MATRIX M, IF XIS AN 
EIGENVECTOR OF S THEN POX IS THE CORRESPONOING EIGENVECTOK Or 
M, STARTING FROM THE VECTOR V:OX, THE VECTOR POX IS 
OBTAINED BY succEsSIVE~Y REPLACING V BY THE K•TH MOUSEHOLDER 
MATRIX TI~ES v, FOR K:~-2, •• ,,1. THE RESULTING VECTOR V THE~ EGlJALS 
PO)(, 

REFERENCES : • 

• 

MUELLER, D,J« (19&bl, 
HO USE H O LOE R , S ME T ►i OD F OR C OM P L,. E X M A T R I C E S A ~.l D E I GE N S Y S ·r F.: M S 
HER~ITIAN MATRICES, 
NtJMER.~ATH,, A, P,72•92J 

Wl~KINSON, J.~. (1965), 
THE ALGEBRA IC E·IGENVALUE PROBLEM, 
CLARENDON PRESS, OXFORD, 

EXAMPLE OF USE: 
• 

OF 

• 

T HE P i-( 0 C ED !~JR E S H SHH R M T R I V A L A ND 8 A t< inf R M TR I A RE U S E D I !-.J S E. C T t t:, l"..i 

3 , 3 11 2 , 1 • I 
ElGVALrlRM A~O QRIVALHRM USE HSHHR~TR!VAL, 
EIGHRM A:"O Q~I~1'<M USE BAKHRMT~l, 
A S A F O R M A L T E S T O F T H E P R O C E O UR E H 5 H H R M T R I , T HE. F O L L O W I rJ G M A T R I ·x 
WAS USED (SEE GRtGORV A~D KARNEY, CHAPTER 6, [XAMPLE 6•6) : 

3 1 0 +21 
1 3 •21 0 • 

0 +21 1 1 
•2I O 1 · 1 

• 



''BEGIN'' 
'' C O M M E. ~ T '' G RE G O R V A NO K A RN E V , C HA P TE R b , E X A ~ P ~ E b , 6 J 
"PROCEDURE'' HSH~~RMTRI(A,N,D,B,BB,EM,TR,TI)J''CODE'• 343b3J 
•• P R O C E D U R E '' I N I M A T ( L R , U R , L C , UC , A , X ) J •• C O OE '' 3 1 0 1 1 , 
'' R f: A L ti •• A R R A V '' A [ 1 : 4 , 1 I 4 l , D , B , B B [ 1 I 4 J , T R , T I [ 1 t 3 l , E M C O ; 1 l ; 
'' I N T f_ G E R '' I , .,.T s 
''PROCEDURE'' OLJT(S,A,N)J 
'' V A L t.J E •• N J 91 I N T E G E R '' N J " A R R A Y " A J " S T R I N G '' S J 
'' B E G I f\l 95 

'' I N T E G t R " I , J J 
0 U T P lJ T C b 1 , •• ( " 1 0 S '' ) '' , S ) f 
'' F Cl R ., l s : 1 '• S T E P ti 1 ,, tJ N T I L ., N '' D O ,. 
0 U T P lJ T ( b 1 , ff ( '' ♦ D 1 3 D B B " ) '' , A [ I ] ) J 
OUTPUl(bl,"C"I'')•') 

'' E N D '' f.1 U ·r ; 

I~l~AT(l,4,1,4,A,O)J 
A (1, 1] :=A [2,2] ::31 
A [1 ,2J: :A t3, 3] ::A t3, U] :::A t4,4'] 1:11 
A[3,2J J•2JA[4,1J J:.,2s 
E ~ ( 0 l : : '' ... 1 4 1 

' 

MC 
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0 ij T P tJ T C 6 1 , ,, C ,. " C '' I N · 1 T I A L M A T R I X G I V E N I ~ A R R A V A t 1 : 4 , 1 : 4 l : If ) ,. , / fl ) •• ) , 

'' F O R •• l I :t 1 11 S T E P " 1 '' U N T I L '' 4 '' D O '' 
'' B E G I ~ '1 

'' F O R '' J 1 : 1 '' S T E P " 1 '' U N T I L " 4 '' D O " 
ourP,JT(bl, •• ("•DBBB") ",A tl,Jl) J 
0 u T p IJ T ( b 1 , " ( ., I '' ) '1 ) 

''END'' ; 
OtJTPUT(bl,''(••t,"("HSHHRMTRI DELIVERSl''l",/l")~)J 
HSHHRMTRI(A,4,DaB,BB,EM,TR,TI)t 
0 u T C '' ( '' D C 1 : t.+ 1 : •• ) •• , D , I.I ) J 
0 \,J T C '' ( '1 B t 1 I 3 l : " ) tt , 8 , 3 ) : 
0 \J T C '' ( •• B 8 t 1 : 3 l : '~ ) '' , B B , 3 ) J 
0 lJ T C *' ( '1 E ft\ t 1 l I '' ) '' , E M , 1 ) J 
"END•• 

0 lJ T P l.J T ; 

• 

INITIAL t~ATRIX GIVEN 
0 

IN ARRAY A(t:4,1:Qlt 
3 1 0 
0 -~ 0 0 
0 2 1 1 

•2 0 0 1 

HSHHRMTRI 0ELIV~RS: 

Dtl:4J: 
8[1 :3l: 
f.38[1131: 
Ef'A [1l: 

+3.ooo 
+2,236 
+s.ooo 
+b,000 

+1,400 
+0.800 
-+0,640 

+2,bOO 
+2,236 
+s.ooo 

+1.000 

• 

• 

• 



SOURCE TEXT(SJ : 

•• C ODE '' 3 4 3 b 3 f 
'' P R O C E D UR E '' H 5 H H RM T R I ( A , N , 0 , B , B 8 , E M , T ~ , T I ) J •• V A L u E 11 N : 
' 1 I N T E G E R '1 N J '' A R R A V tt A , 0 , B , B B , E fw1 , T R , T I J 
'' B E G I N ,. '' I N T E G E R tt I , J , J 1 , J M 1 , R , R M 1 J 

"REAL'' NRM, W, TOL2, X, AR, AI, MOD, C, S, H, K, T, Q, 
AJR, ARJ, BJ, BBJJ 
~REAL" "PROCEDURE" MATVECCL,U,I,A,B)J''CODE" 340111 
" R E A L '' •• P ~ 0 C ED URE " T A M VE C ( L , U , I , A , B ) r '' C OD E '' 3 4 0 l 2 1 
'' P E A L- '' '' P R O C E D U RE " M A T MA T C L , U , I , J , a\ , B ) J " C OD E '' 3 4 0 1 3 J 
"REAL'' ''PROCEDUREfl TAMMAT(L,lJ,I,J,4,B)J"CODE'' 340lqJ 
'' R E A ~ '' '' P R O C E O U RE " MA T T A M ( L , U , I , J , A , B ) , •• C ODE •• 3 4 0 l 5 ; 
'' P R O C E D URE " E L. r-1 V E C C O L C L , U , I , A , B , X ) J '' C ODE " 3 4 0 2 1 : 
'' P R O C E D lJ RE '' E L M C O L.. V EC ( L. , U , I , A , B , X ) J " C·O D E " 3 4 0 2 2 ; 
'' P R O C ED U R E " E L M C O L C L , LJ , I , J , A , B , X ) I '' C OD E '' 3 4 0 2 3 J 
'' P R O C E O URE '' EL M RO w C L , U , I , J , A , B , X ) J '' C O DE •• 3 U O 2 lJ J 
''PROCEDURE" ELMVECROW(L,U,I,A,B,X)J"C00E" 34026; 
''PROCEDURE'' EL~ROWVECCL,U,I,A,B,X)J"CODE" 34027; 
''PROCEDURE" ELMROWCOLCL,U,I,J,A,B,X)J''CODE'' 3Q028J 
•• P R O C E O URE " EL MC O LR OW C L , U , I , J , A , B , X ) J tt C OD E •• 3 tJ O 2 q ; 
1•PROCEDURE'' CARPOLCAR,AI,R,C,S);"CDDE" 3a3Q47 
NRMz: OJ . 
'' F O R '' I a : 1 '' S T E. P '' l '1 U N T I L " N '' D O '' 
" 8 E G I N '' w 1 : A B S ( A t I , I l ) J 

'
1 F O R •• J : = I • 1 '' S T E P " • 1 '' U N T t L " 1 , I + 1 '' S T E P '' 1 

" UN T I L " N •• DO '' W I : W + A BS C A ( I , J l ) + A B S ( A C J , I l ) ; 
,. I F fl w > N R M ,. T HE N •t . N R M t = w 

••END tt I J 
T O ~ 2 ; : ( E M [ 0 l * N R M. ) _, * 2 1 E M [ 1 l I : "' R M : R : ~ N ; 
••FOR'' RMts: N • 1 ''STEP"~ 1 ''UNTIL" l "DO'' 
"BEGIN'' X:: TAMMATC1, R ~ 2, R, R, A, A) + MATTAM(l, R • 

2, R, R, A, A) J AR1: A [RM1,Rl J At 1: • A [R,RM1l J 
D (Rl :: A [R,RJ J CARPOL.CAR, AI, ~OD, C, 5); 
tt I F " X < T O L 2 '' T HE N '' 
" 8 E. G I f'-1 '' A C R , R l I = • 1 J B t R M 1 l : : M OD J 

BB[RM1l :=MOO* MOO 
''fND" 

• 

• 
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"ELSE'' 
''BEGIN" Hg: MOD• MOD+ x, Ka= SQRT(H)J 

T:: A [R,RJ :n H + MOD * K1 
'' I F '' A R :1 0 " A NO '' A I • 0 91 T f.-1 E N '' A ( R M 1 , R l I :: K •• E L S E •• 
'' 6 E G I N '' A [ R M 1 , R l I a A R + C * K J 

A (R,RMl] IS p AI "' s " KJ Srs - s 
''ENO'' J 
C1: • CJ J1a 11 JMt1• OJ 
"FOR" J11 ■ 2 ~STEP" l "UNTIL" R ff00'' 
'' B E G I N '' B [ J ] I a ( TA M M A T C 1 f J , J , R , A , A ) + 

MATMAT(Jl, RMI, J, R, A, A) + ~ATTAM(l, 
JM1, J, R, A, A) "'MATMAT(Jl, RM1, R, J, 
A, A)) / Tr 
BB ( J l I a ( MA TMA T ( 1, JM t, J, R, 
TAMMAT(Jt, RM1, J, R, A, A) ~ 
R, J, A, A) • MATTAM(J1, RM1, 
/ TJ JM11a JJ JI• Jl 

"ENO'' J1 J 

A, A) • 
MATt4AT(1, J, 
J, R, A, A)) 

Q1: CTA~VEC(1, RM1, R, A, B) • MATVEC(l, RM1, 
R, A, BB))/ T / 2J 
ELMVECCOL(l, RMl, R, B, A,• Q)J 
ELMVECROW(l, RM1, R, BB, A, Q)J Ji: lJ 
'' F O R " J 1 I a 2 '' S T E P " 1 '' U N T I L '' . R ,. D O 9' 
'' B E G I N '' A JR I • A [ J , R l , A R J I : A t R , J l f B J : : B C J l ; 

BBJi• 88 [Jl J 
ELMROWVEC(J, RMl, J, A, B, • AJ~)J 
ELMROWVEC(J, RM1, J, A, BB, ARJ), 
ELMROWCOL(J, RMt, J, R, A, A,• 8J)J 
EL~ ROW ( J , R M.1 , J , R , A. , A , BB J ) J 
EL~COLVEC(Jt, RM1, J, A, B, ~ ARJ)J 
ELMCOLVEC(J1, RM1 1 J, A, BB, g AJR)J 
ELMCOL(Jt, RM1, J, R, A, A, BBJ)J 
EL~COLROW(J1, RMl, J, R, A, A, BJ)r J1= JlJ 

''END'' Jl J 
8 8 [ ~ M 1 l : = HJ B [ RM 1 l Sa K J 

"ENO •1 1 
TR [RM1J ;: C1 TI tRMlJ 1• SJ Ri: RMl J 

''END" R~1 J 
D[ll1= A[1,1]J 

'' E ND It H s H HR M T R I ' 
"EOP'' 

• 

• 
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''CODE'' 343&5 I 
'' P R O C E O U R E. '' B A I<. H R M T R I ( A , hi , N 1 , N 2 , V E C R , V E C I II T R , T ! ) J 
'' \J A L U E '' ~ , N 1 , N 2 J •• I N T E G E R '' N , N 1 , N 2 J 

" A R R A Y '' A , V E C R , V E C l , T R , T I J 
'' 8. E G I N '' 1

• I N T E G E R '' I , J , R , R H 1 J 
••REAL'' C, S, T, QR, Q!J 
'' R E A L '' •• P R O C E D lJ R E " M A T M A T ( L , U , I , J , A , B ) r '' C O O E '' 3 4 0 1 3 ; 
11 R E A L « •• P R o c E o u R F " T A M M A T c L , u , I , J , A , s ) r •• c o o E '' 3 4 o 1 4 , 
•1 PROCEDJRf•4 ELMCOLCL,U,I,J,A,B,X):''CODE•• 3ao23, 
11 PROCED0Rf" EL~COLROW(L,U,J,J,A,B,X)J'9CODE 1

' 1ao2q7 
'' P ~ 0 C E r.> U R E '' C O M M U L ( A R , A I , B R , 8 I , R R , R I ) J '' C O D E '' 3 Q 3 4 1 : 
•t P R O C E D U R E '' C OM RO W C S T ( L , U , I , A R , A I , X R , X I l J t• C O OE '' 3 4 3 5 3 ; 
'' F O R '' I ; : 1 '' S T E P '' 1 '' lJ N T I L " N '' 0 0 '' 
11 F O R '' J i : N t " S T E P '' 1 '' UN T l L, " N 2 '' D O n V E C I [ I , J J : : 0 ; C ; = 1 1 
St: O; 
" F O R " J : :: N • 1. '' S T E P " • 1 '' U N f I L '' 1 ·" 0 0 " 
•• B E G I N •• C O M M U L. ( C , S , T R [ J l , T I t J l , C , S ) J 

COMRO~CST(Nl, N2, J, VECR, VECt, C, S) 
II f: 1\j Q ti J ' 
RMl:= 21 
ti f O R fl R : : 3 ,. S T E P ,, 1 ff U N T I L ,, N ,. D O ,, 
'' 8 E G I N •• T : : A [ R , R l J '' I F '' T > 0 '' T H E " '' 

,, F O R ff J : : N 1 ti S T E P ft 1 ,, U N T I L '1 ~ 2 " 0 0 '' 
•1 8 E G I N ". Q R I .:: ( T A M ~ A T ( l , R ~11 , R , J , A , V E C R ) • 

M A T M A T ( 1 , R M 1 , R , J , A , V E. C I ) ) / T J 
Ql::: (TAMN1AT(1, RH1, R, J, A, VECI) + 
MAT~ATC1, RM1, R, J, A, VECR)) / TJ 
ELf'iiCO~Cl, Rt!-11, J, R, VECR, A, • QR): 
ELMCOLROW(1, RMl, J, R, VECR, A, -.. QI)J 
F.l.MC0LROWC1, RM1, J, R, VECI, A, QR)J 
EL MC O L C 1 , R t~ 1 , J , R , V E C I , A , • (J I ) 

'' E. ND'' J 
R~1:= R; 

,, f. '\J D ,, R 
11 E N D •• 8 A K H R :"-1 T R I ; 

,. f. 0 P ,, 

• 
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•• C O O E '' 3 4 3 6 q J 
''PROCEDURE'' HSHHRMTRIVAL(A, N, D, BB, EM)J ••VALUE'' NJ "INTEGER" Nf 

"ARRAY'' A, O, 88 1 EMJ 
'' B E G I N '' tt I N TE GE ~ •• I , J , J 1 , J M 1 , R , R M 1 J 

••REAL•• NRM, W, TOL2, X, AR, Al, H, T, Q, AJR, ARJ, DJ, 
BBJ, MOD2J 
•
1 R E A L " 1

' PR O C f D URE '' MA T \' E C C L , U , I , A , B ) J " C O OE: 11 3 4 0 1 l J 
"REAL" ''PROCEDURE'' TAMYECCL,U,I,A,B)J"CODE" 34012J 
'' R E A L, " '' P R O C E O U R E " t"1 A T M A T ( L , U , I , J , A , B ) J •• C O D E '' 3 Ll O 1 3 : 
HREAL" "PROCEDURE" TAMMAT(L,U,I,J,A,8)J"C0Dt 0 3~014J 
''REAL'' "PROCEOUREP MATTAM(L,U,I,J,A,B)J"CODE'' 34015J 
"PROCEDURE" ELMVECCOLCL,U,I,A,B,X>,••coDE" 34021, 
'' P R O C E D U RE '' E L MC O L, \I EC C L , U , I 1 • , B , X ) J '' C O O E '' 3 4 0 2 2 J 
"PROCEDURE'' ELMCOLCL,U,I,J,A,B,X)f"COOE•• 34023J 
'' P ~ 0 C E D URE " E L MR OW ( L , LI , I , J , A , B , X ) J '' C ODE " 3 ~ O 2 !! J 
"PROCEDURE" ELMVECROW(L,U,I,A,B,X)J''COOE•• 3402bJ 
"PROCEDURE'' ELMROijVEC(L,U,I,A,B,X)J"CODE" 340271 
"PROCEDURE'' ELMRO~COL(L,U,J,J,A,B,X)J"CODE" 3ao2e, 
"PROC~DURE" ELMCOLROW(L,U,I,J,A,B,X)J"COOE~ 3402qJ 
NR~s: OJ 
"FOR'' I:: 1 "STEP" 1 "UNTIL" N noo•• 
''BEGIN'' Wr: ABS(A[I,Il)J 

·- F O R ,, J 1 = I .. t ,. S T E P " • 1 '' U N T I L " 1 , I + 1 I! S T e-: P If 1 
"UNTil" -N ''00'' Wac W + ABS(A (l,Jl) ♦ ABS CA CJ,Il) J 
"IF" W > ~RM "THEN'' NRMs• W 

.. END" IJ 
TOL21= (EM[Ol • NRM) ** 2J EMt1l J• NRMJ R:: NJ 
'' F O R " R M t I : N • 1 " S T E P •• ,, 1 •• U N T I L ., 1 " D O '' 
"BEGIN" Xs: TAMMAT(l, R ~ 2, R, R, A, A) + MATTAMCl, R • 

2, R, R, A, A) r ARI:= A [RM1 ,Rl J AI J: '" A tR,Rf\11l J 
O[R):: A(R,RJ7 
11 I F t• X < T O L 2 •• T HE N " 8 B [ R M 1 l S : A R * A R + A t * A I '' E L S E '' 
" B E G I N '' M O D 2 I : A R ~ A R + A I * A. I J '' I F '' M O l) 2 : 0 •1 T H F. N •1 

'' 8 E G I N '' A C R M 1 , R l I a S Q R T ( X ) J T I :: X '' E N D '' 
''ELSE" 
''BEGIN'' Xr~ X + H002J Ht= SQRTCMOD2 * X)J 

T:= X ♦ HJ HI= 1 + X / HJ • 

A [R,RMll 1m .., AI * HJ A [~M1,R] s= AR * HJ 
''EN0'1 ; 

'' C O M H E N T '' 

' 
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J:: 1; JMt1: OJ 
'' F O R " ~J 1 I x 2 '1 S T E P '' 1 •• UN T I L '' R " D O '' 
11 8EGIN 1• O[Jl := (TA.M"'1AT(l, J, J, R, A, A) + 

MAT~AT(J1, R~l, J, R, A, A)+ MATTAMCl, 
JM1, J, R, A, A) • MATMAT(Jt, RM1, R, J, 
A, A))/ TJ 
8B[Jl :: (MATMAT(1, JMl, J, R, A, A) • 
TAr-lMATCJl, RM1, J, R, 4, A) ., MATMATCt, J, 
R, J, A, A) • MATTAM(J1, R"'il, J, R, A, A)) 
I Ts JM11= JJ J:= Jt 

1
' ENO" J 1 J 
Q:: CTAMVEC(1, RM1, ~, A, D) • MATVEC(t, RMt, 
R, A., BA)) / T / 2J 
ELMVECCOL(1, RMl, P, D, A, ~ Q)J 
EL~VECROW(1, RM1, ~, BB, A, Q)J J:: 11 
'' F O R '' J 1 I : 2 '' S T E P '' 1 " U N T ! L. '' · R " D O •• 

•• 8 E' G I N '' A J R I :; A [ J , R l J A R J I :: A. ( R , J l J D J I : D C J J 1 
SBJ I= BB CJ l J 
ELMRO~VECCJ, RM1, J, A, D, • AJR); 
ELMROWVECCJ, RM1, J, A, SB, ARJ)J 
ELMROWCOLCJ, RMt, J, R, A, A, ~ OJ); 
ELMP.OWCJ, RM1, J, R, A, A, BBJ); 

. ELMCOLVEC(Jl, RM1, J, A, D, • ARJ)J 
ELMCOLVECCJ1, R~t, J, A, BB, • AJR); 
ELMCOL(Jl, RM1, J, R, A, A, BBJ)J 
ELMCOLROW(J1, RM1, J, R, A, A, OJ), Ja= Jlr 

,, ENO If J 1 J 
BB [Rf'.11 J 1= XJ 

''END•• p 
R:: RM1J 

''END" RMt, 
DClJ:: A[l,llJ 

''END'' HSHHRMTRIVALJ 
'' E OP'' 

• 

• 

MC 
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' 

AUTHOR 

INSTITUTE : '~ATHEMATICAL CENTRE. 

RECEIVED: 731010. 

BRIEF DESCRIPTION: 

THIS SECTION CONTAINS T~E PROCEDURES HSHCOMHES AND 8AKCOMHES 1 
MSHCOMHES TRANSFORMS A COMPLEX MATRIX BY MEANS OF MOUSEHOLDERtS 
T~ANSFOR~ATION FOLLOWED BY A COMPLEX DIAGO~AL TRANSFORMATION INTO 
A SI~ILAR UNITARY UPPER•HESSENBERG MATRIX WITH A REAL NONNEGATIVE 
SU80IAG0f\JAL, 
RAKCOMHES PERFORMS THE CORRESPONDING BACK TRANSFORMATION, 

KEVwOROS: 
• 

COMPLEX EIGENPR08LEM, 
REDLJCTION HESSENBERG FORM, 
HOUSEHOLO£R 1 S TRANSFORMATION, 

• 

C AL l. I NG SE~ U ENCE : 

THE HEADING OF THE PROCfOURt READS: 
•• P R o c E o lJ R E ,, H s H c a M HE s c A R , A I , N , E M , s , r R , T r , o E L , , t• v ~ L tJ E •• N i 
II I t~ T E G E. R ti ·'~ J '' A R R A Y ,. A R , A I , E t'1 , 8 , T R , T I , O F.: L ; . 

THE MEANING OF THE FORMAL PARAMETERS IS1 
AR,AI: <ARRAY IDFNTIFIER>J 

•
1 A R ~ A Y '' A R , A I [ 1 I f\1 , 1 : N l 1 
ENTRYS 
THE REAL PART A~O THE IMAGINARY PART OF THE MATRIX TO 9E 
TRANSFQQMED MUST BE GIVEN IN TME ARRAYS AR A~D AI, 

' 

RESPECTIVELY, 
EXIT: 
THE REAL PART ANO THE IMAGINARY PART OF THE UPPER 
TRIA~GLE Of THE RESULTING U?PER~HESSENBERG MATRIX ARE 
DELIVERED I~ THE CORRESPONDING PARTS OF THE ARRAYS AR 

' 

A N (> A I , RE SPEC T I \/ELY J DA T A F OR T HE H C1 USE HO L OE R B AC K • 
TRANSFORMATION ARE DELIVERED IN TME STRICT LOWER 
TRIA~GLES OF THE ARRAVS AR ANO 4IJ 



EH: 

TR,TI: 

<ARITHMETIC EXPRESSION>J 
THE ORDER Of THE GIVEN MATRIXJ 
<ARRAY !DENTIFIER>J 
''ARRAY••EM (011] J 
ENTRY: 
EMCOJ: THE ~ACHINE PRECISIO~J 

MC 

EM[ll I AN ESTIMATE OF THE NORM OF THE COMPLEX MATRIXr 
(OR, E.G, THE SUM OF THf INFINITY NORMS OF THf REAL 

• 

(?ART AND IMAGINARY PART OF THE MATRIX)J 
<ARRAY IDENTIFIER>J 
It ARR Av ft B C 1 : N .. 1 J J 
EXIT: 
THE REAL NON~JEGATIVE SUBOIAGONAL OF THE RESULT!NG 
UPPER-HESSE~BERG MATRIXJ 
<ARRAY IDENTIF'IER>J 
'' A R R A Y II T R , T I [ 1 1 N J 1 • 
EXIT1 
THE REAL PART ANO THE IMAGI~ARY PART OF THE DIAGONAL 
ElE~ENTS OF A DIAGONAL SI~I~ARITY TRANSFORMATION ARE 
DELIVERED I~ THE ARRAYS TR AND TI, RESPECTIVELYJ tiY T'HIS 
INFORMATION THE COMPLEX UPPER•HESSE~BERG MATRIX IS 
TRA~SFORMED INTO A UPPER•HESSEN8ERG MATRIX WITH A REAL 
SUB O I AG O ~l AL 1 
<ARRAY IDENTIFIER>J 
•• A R R A Y '' f) E L [ 1 I N -. 2 l J 
EXITi 
INFORMATION CONCERNING THE SEQUENCE Of HOUSEHOL.OER 
~ATRICES, 

• 

PROCEDURES USEO: 

t-it s ,➔ c o M c a t.. - CP3ll35S, .. 
~ATMAT - CP3L.&013, -
ELMROWCOt,.. - CP3U028, -
HSHCOMPRI) - CP3ll35b, -
C~RPOL - CP3LA344, - • 

COMMUL - CP3ti341, -
co.~COLCST - CP34352, -> 

CO"iROWCST - CP3U353, -

RUNNING TIME: ROUG~~LY PROPORTIONAL ro N CUBED, 

~ANGUAGE: ALGOL 60. 

HET~OO AND PERFOR~ANCE: SEE BAKCOMHES (THIS SECTION), 



MC 
• 

PAGE .S 

SUBSECTION: BA~COMHES, 

CALLI~G SFQuENCE: 

THE HEADING OF THE PROCEDURE REAOSa 
'' P R O C E D l .. J R E '' B A. K C O f\1 H E S ( A ~ , A I , T R , T I , 0 E L , V R , v I , N , N 1 , N 2 ) 1 
'' V A L lJ E. •• r-..; , N 1 , ~~ 2 : " I ~~ T E G ~~ R •• N , N 1 , N 2 J 

'' A R R A Y '' A R , A I , T R , T I , 0 E L , V R , \/ I J 

THE ~EA~!NG OF THE FORMAL PARAMETERS IS: 
AR, A I, TR, f I, DEL z 

<ARRAY IDENTIFIER>; 
It A R ~ A Y '' A R , A I C 1 I N , 1 c N l J 
'' A R R ~ Y '' T R , T l ( 1 I N l J 
••A~RAY"DEL [1 sN,.2], • 
ENTRYI THE DATA FOR THE BACKTRANSFORMATION AS PROOLJCEO 

8Y HSHCOMHESJ 
VR,Vt: <A~RAY l()ENT!FIER>J 

'' A R R A Y '' V R , V I [ 1 I \I , N 1 I N 2 l J 
E~NTRV I 
THE BACK TRANSFORMATION IS PERFORMEO ON THE EIGENV~CTORS 
~ITH THE RE4L PARTS GIVEN I~ ARRAY VR ANO THE IMAGINARY 
PARTS GIVEN IN ARRAY VIJ 
EXIT: 
THE REAL PARTS ANO IMAGINARY PARTS OF THE RESULTING 
EIGENVECTORS ARE DELIVERED IN THE COLUMNS OF TH~ ARRAYS 
VR AND VI, RESPECTIVELYJ 

N : < A R I T H M E T I C E X P R E.S S l ON > J 
THE ORDER OF THE ~ATRIX OF WHICH THE EIGENVECTORS ARl 
CALCLJLA Tf.·o; 

Nt,N?.: <ARJT~~ETIC EXPRESSION>J 
THE EIGENVECTORS CORRESPO_NOING To THE EIGENVALUES WITH 
INDICES Nt,.~,,N2 ARE TO BE TRANSFOR~Eo, 

PROCEOLIRES USED: 

COMR □ wcsr: CP3UJ53, 
HSHCOMPRD = CP343Sb, 

• 

LANGUAGE : ALGO~ 60• 

• 
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THE FOLLOWING HOLDS FOR BOTH PROCEDURES! 

METHOD AND PERFORMA~CE: 

HSHCOMHES: 
HOUSEHOLDER•S TRANSFORMATION (FOR COMPLEX MATRICES) IS A UNITARY 
SIMILARITY TRANSFORMATION, WHICH TRANSFOR~S A COMPLEX MATRIX INTO A 
SIMILAR UPPER~HESSENBERG MATRIX (SEE WILKINSON, lqb5, P, 347~34q), 
LET~ BE A GIVEN COMPLEX MATRIX OF ORDER N, P THE TRANSFORMING 
MATRIX AND H THE RESULTING UPPER•HESSE~BERG MATRIX, SINCE PIS 
UNITARY, WE THE~ HAVE H ■ PttMP, WHERE tt STANDS FOR CONJlJGATING 
ANO TRA~SPOS!NG, THE MATRIX PIS TME PRODUCT OF ~•2 HOUSEHOLOER 
MATRICES, THESE BEING UNITARY HERMlTEAN MATRICES OF 
THE FOR~ I• UUf 1/T, WHERE TIS A SCA~AR (>O), AND U A CQMP~EX 
V E C T O R , T H E R-. T H H OU S E H O L D E R M A T R I X , R : 1 , , 1 ,. , N • 2 , I S C H O S ~ N I ~l S lJ C H 
A WAY THAT THE FIRST R ELEMENTS OF U VANISH, A~O THE DESIRED ZEROS 
ARE INTRODUCED IN T~E LAST N•R•1 ELEMENTS or THE R•TH COLlJMN OF THE 
MATRIX M. HOWEVER, IF THE EUCLIDEAN NORM OF THE LAST N~R-1 ELEMENTS 
OF COLUM~ R OF THE MATRIX MIS S~ALLER THAN THE MACHINE PRECISION 
TIMES A ~ORM OF THE MATR!X THEN THE R~TH TRANSFORMATION IS SKIPPED 
cr,E. THE R•TH ~OUSEHO~DER MA.TRIX IS REPLACED BY I). THE COMPLEX 
DIAGO~AL SIMI~ARTTV TRANSFORMATION D TRANSFORMS THE UPPER• 
HESSE~!BERG MATRIX H INTO AN UPPER•HESSENBERG MATRIX HR, WITH REAL 
~ON~EGATIVE ELEMENTS. THE DIAGONAL OF DIS CHOSEN IN SlJCH A ~AV 
THAT SUBDIAGONA 6 ELEMENTS OF HARE TRA~SFORMEO INTO THEIR ABSOLUTE 
VALUfS (SEE MUELL~~, 19&&), 
BAKCtlMHES I 
T~E RACK TRANSFORMATION TRANSFORMS A COMPLEX VECTOR X INTO TH[ 
CO~PLEX vECTO~ POX, IF XIS ~N EIGENVECTO~ OF H T~EN POX IS THl 
CORRESPONDING EIGENVECTO~ OF M. STARTING FROM TME VECTOR V:DX, T~F: 
VECiOR POX IS OBTAINED av SUCCESSIVELY REP~ACING V av THE R•TH 
HOUSEHOLDER MATRIX TIMES V, FOR R=N•2,, •• ,1, THE RESULTIN~ VECTOR 
THEN E:r;J~JALS POX. 

REFERENCES: • 

M l.J E L. L E. R , D III J • C 1 g 6 b ) , 
HOUSE~OLOER'S METHOD FOR COMPLEX MATRICES AND EIGENSVSTEMS OF 
HERMITIA~ ~ATRICES, 
NUMER~MATH~• 8, P.12~q21 

wILKINSON, J.H. ClqbS), 
THE ALGEBRAIC EIGENVALUE PROBLEM, 
CLARENno~ PRESS, OXPOROJ 

EXAMPLE Or t..JSE; 

HSHCOMHES IS lJSED I~~ THE PROCEDURES EIGVALCOM ANO EIGCOM, 
8AKCOMHES IS USED IN THE PROCEDURE EIGCOM~ 
(SEE SECTION 3~3.2,2.2~)• 
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SOURCE TEXT(S) : 

"CODE,., 34 3bo 1 

'' P R O C E O U R E '' H S H C O M HE S ( A R , A I , N , E M , a , T R , T I , D EL ) J " V A L U E tt N , 
'' I N T E G E R '' t°" : '' A R R A Y '' A R , A I , E M , B , T R , T I , D E L 1 
'' B E G I N '' '' I t~ T E G E R '' R , R t.!i 1 , I , J , N M 1 1 

''REAL 1
' TOL, T, XR, XII 

••REAL" 11 PROCEDlJRE•1 ~ATMATCL,U~I,J,A,B)1•1 COOE'' 340131 
ttPROCEDURE" EL~ROWCOL(L,u, t,J,A,a, X) p "CODE" 3"028J 
•• P R O C E D URE •• M S H C O ~ P RD ( I , I I , L , U , J , A R , A I , 8 R , B I , T ) J " C OD E '' 3 4 3 5 6 r 
''PROCEDURE" CO~COLCST(L,U,J,AQ,Al,XR,XI)J"CODE'' 3"352J 
ti P R □ C E D URE '' C O MR O w C S T ( L , U , I , A R , A l , X R , X I ) J •• C OD E •• 3 4 3 5 3 I 
'' P R O C E D URE '' C A RP O L ( A R , A I , R , C , S ) J '' C O DE '' 3 q 3 4 4 J 
•• P R o c E o u RE ,, c o ~ M u L c A R , A I , s R , a I , R R , R I , , ,, c o o e: •• 3 4 3 a 1 , 
'' 8 0 0 L E A N '' " PR O C E O U RE '1 H S H C OM C O L ( l., , U , J , A R , A I , T C) b , K , C , S , T ) J 
•• C O D E " 3 4 3 5 f5 J 
NM 1 ; : N ,.. 1 ; T OL I:; CE M t O l • EM [ 11 ) * • 2 J R.,, 1 I: t J 
•• F O R '' R I : 2 " S T E. P •• 1 tt U N T I L " N M 1 '' D O '' 
•• 8 E G I N fl ., I F ti H S ~➔ C O M C O L C R , N , R M 1 , A. R , A I , T O L , B t R M 1 l , 

T R [ R l , T I t R l , T ) '' T H E N " 
''BEGIN'' 11 FOR" Ism 1 "STEP'' 1 "UNTIL" N "DO'' 

''8EGIN'' XR1: (MATMATCR, N, I, RMl, AI, AI)~ 
-MATMAT(~, N, I, RM1, AR, AR)) / T; 
XII• ( • MATMAT(R, N, I, R~l, AR, AI) • 
MATMATCR, N, I, RM1, AI, AR)) I T1 
ELMROWCOL(R, N, I, RM1, AR, AR, XR)r 
ELMROWCOL(R, N, I, RM1, AR, AI, XI) J 
EL~ROWCOL(R,. N, I, RM1, Al, AR, XI)J 
El.MROWCOL (R, N, I, RM1, Al, AI, ~ XR) 

''ENO 91 I 
HSHCOMPRO(R, N, R, N, RM!, AR, Al, AR, Al, T)J 

"END''J 
DEL [Rr-111 ::a TJ ~M11: R 

'' E N D ,., F O R ~ J 

'' I F '' N > 1 '' T HE N " C A RPO t. C AR [ N , NM 1 J , • I [ N , N M 1 l , B [ N M 1 ] , 
T~CNJ, TI[~Jl); RM11= 1J TRtlll= 11 Tlt1]s: OJ-
"FOR" Rs: 2 ''STEP" 1 ''UNTIL'' N *'00" 
•• 8 E G I N '' C O M MU L C T R t RM. 1 l , T I [RM 1 l , T R C R l , T I [ ~ l , T R t R l , 

TI CR]) J COMCOLCST(l, RM1, R, AR, Al, TR tRl, TI tRl) J 
COMROwCST(R ♦ 1, N, R, AR, AI, TRtRJ, • 'Tl[Rl)J 
RM1:= R 

,, E. ND,, ; 
'' E N D '' H SH C O ~ HE S r 

'' E OP'' 



MC 

( J lJ NE 1 9 7 Q ) 

••CODE•• 34367; 
'' P R O C E: D t.J RE. 1

' B A K C O t1 H E S ( A R , A I , T R , T I , D E L , V R , V 1 , r~ , N 1 • N 2 ) J 
'' V A L LJ E '' ·\I , r-J 1 , ~"' 2 p ~• I ~ T E G E R '' N , N 1 , ~ 2 J 

'
1 A~RAY'' AR, AI, TR, TI, DEL, VR, Vl1 . . . 

fl B E G I t,J •• " l :\J T E G E R ,, I , R , R M 1 i 
11 R E A L. '' H • . , 
'' P R O C E:. D U R E '' H S H C O M P R O ( I , l I , L , U , J , A R , .4 I , B R , B 1 , T ) J '' C Ct D E '' 3 ll 3 5 6 J 
11 PROCEDU~E'' COMRO~CST(L,U,I,AR,Al,XR,XI)J''CODE•' 34353J 
ti r· 0 R tt I : : e It S T E P ,, 1 ,, J N T I L ,, t-J " D O ,, C O M R O w C S T ( r,J 1 , ~ 2 , I , V R , 
VI, TRtl), fl[IJ)J Ra="' - tr 
t1 ~ .. 0 ~ '' R ~ 1 : = N -. 2 '' S T E P '' • 1 '1 U N T I L '' 1 '' 0 0 1

' 

" B E G I N '' H : : 0 E L C R M 1 .] , 
'' I F •• H > o '' T ri E tJ '' H s H c o M P Ro C R , N , N 1 , N 2 , R t11 , v R , .._,, I ,, 
AR, Al, H)J R:= RM1 

•• E. t..J D '' 
"E~O'' BAKCOMHES: · 

,, [ 0 p ,. 

• 

• 

• 

• 
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1-st REVISION, 1975 MC 

(DECEMBER 1975) 

AUTHOR J o.T.WINTER 

INSTITUTE I MATHEMATICAL CENTRE 

RECEIVED i 731217 

BRIEF OESGRlPTION I 

THIS SEGTiON CONTAINS THREE PROCEDURES I 
1. HSHREABIO • 

PAGE 1 

THIS PROCEDURE TRANSFORMS A GIVEN HATRIX TO BIDIAGONAL FORH 9 

BY ?REHULTIPLYING AND POSTHJLTIPLYIMG THE GIVEN MATRIX WITH 
ORTHOGONAL MATRICES. 

2. PSTTFMMAT. 
THIS PROCEDURE CALCULATES THE POSTHULTIPLYING HATRIX FROH THE 
OAT" GENERATE O BY HSHREA BIO. 

3. PRETFMHAT. 
THIS PROCEDURE CALCULATES THE PREHULTI?LYING MATRIX FROM THE 
DATA GENERATED BY HSHREABIO. 

KEYWORDS I 
HOUSE t-OL..OER•S TRANSFORMATION 
BIDIAGONALISATION 

SUBSECTION I HSHREABID 

CALLING SEQJENCE I 
THE HEADING OF THE PROCEDURE IS I 
••PROCEDJRE•• HSHREABID(A, M, N, D, B, EH); 
•• v A L U E~• M t N ; •• I N TE GER 11111 H , N ; •• A R ~ A Y 111 A , 0 , B , EH ; 

THE MEANING OF THE FORHAL PARAMETERS IS I 
Aa <ARRAY IDENTIFIER>; 

•• AR< A Y •• A [ 1 I H , 1 I N l ; 
ENT~YI THE GIVEN MATRIX; 
EXITa DATA CONCERNING THE PREHULTIPLYING ANO POSTMULTIPLYING 

MATRICES; 
HI <ARITHMETIC EXPRESSION>; 

THE NUMBER OF ROWS OF THE GIVEN HATRIX; 
NI <ARITHMETIC EXPRESSION>; 

THE NUMBER OF COLUMNS OF THE GIVEN HATRIX, 
N SHOULD SATISFY N <= H; 

Dt <AR<AY IDENTIFIER>; 
•• A RR A Y •• D C 11 N l ; 
EXITS THE DIAGONAL OF THE BIDIAGONAL MATRIX; 

Bl <ARRAY IDENTIFIER>; 
••ARR.A Y ••BC 11 N l ; 
EXITt THE SUPEROIAGONAL OF THE BIDIAGONAL HATRIX IS DELIVERED 
IN 8[1JN-1J; · 

EMa <ARRAY IDENTIFIER>; 
•• AR< A Y •• EM CO 11 J ; 
ENT~Y& EMCOJI THE MACHINE-PRECISION; 
EXITI EHC1JI THE INFINITY NORM OF THE GIVEN HATRIX. 
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PROCEDURES USED s 
TAHMAT = CP3~014 
HATTAM; CP34015 
ELMCOL = CP34023 
ELHROW = CP34024 

RUNNING TIME J 

• 

(JUNE 1974) 

RUNNING TIME IS ROUGHLY PROPORTIONAL TO (H + N) • N • N 

HETHOO ANO PERFORMANCE I 

MC 
• 

PAGE 2 

LET US ASSUME A GIVEN MATRIX A[ 11H ~ 11N J, WITH H >= N. 
FIRSTLY WE PREHULTIPLY A WITH A HOUSEHOLDER HATRIX, CHOSEN IN SUCH 
A WAY THAT THE FIRST COLUMN OF THE RESULTING MATRIX A• IS ZERO WITH 
THE EXCEPTION OF THE FIRST ELEMENT. SECONDLY WE POSTHULTIPLY A• 
WITH A HOUSEHOLDER HATRIX SO THAT THE FIRST ROW OF THE RESULTING 
HATRIX IS ZERO WITH THE EXCEPTION OF THE FIRST TWO ELEMENTS. 
NOW WE REHOVE THE FIRST ROW AND COLUMN, ANO REPEAT THIS PROCESS 
UNTIL THE HATRIX IS TOTALLY TRANSFOR~EO TO BIDIAGONAL FORM. 
THIS PROCEDU~ IS A REHRITING OF A PART OF THE PROCEDURE SVO 
PUBLISHED BY G.H.GOLUB ANO CeREI~SCH(1J. HOWEVER IN CONTRAST TO 
THEIR PROCEDURE, HERE WE SKIP A TRANSFORMATION IF THE COLUMN OR ROW 
ON WHICi OUR ATTENTION IS FOCUSSED IS ALREADY (NEARLY) IN THE 
DESIRED FORH, I.E. IF THE SUH OF THE SQUARES OF THE ELEMENTS THAT 
OUGHT TJ BE ZERO IS SMALLER THAN A CERTAIN CO-NSTANT, IN SWO THE 
TRANSFORMATION IS SKIPPED ONLY IF THE NORN OF THE FULL ROW OR 
COLUHN IS SHALL ENOUGH. OUR HAY SEEMS TO GIVE BETTER RESULTS, AS 
SOHE ILL-DEFINED TRANSFORMATIONS ARE SKIPPED. MOREOVER, IF A 
TRANSFORMATION IS SKIPPED, WE DO NOT STORE A ZERO IN THE 
DIAGONAL OR SUPEROIAGONAL, BUT WE STORE THE VALUE THAT WOULD 
HAVE BEEN FOUND IF THE COLUHN OR ROW WAS IN THE DESIRED FORM 
ALREADY. 

LANGUAGE I ALGOL 60 

• 



• 
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• 

<DECEHBE~ 1975) 

SUBS£GT10N: PSTTFHHAT 

CALLING SEQUENCE I 
THE HEADING OF THE PROCEDURE IS I 
••pR_QCEDJRE 111 PSTTFMHAT(A, N, V, 8); 
··vi.Lu E' 11 N; ··r NT EGER·· N; NI ARRAY" A, v, a; 

THE MEANING Of THE FORHAL PARAMETERS ISi 
Al <AR~AY IDENTIFIER>; 

•• A RR A Y •• A C 11 N , 11 N J .; 

MC' 
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THE DATA CONCERNING THE POSTHULTIPLYING MATRIX, AS GENERATED 
BY HSHREABIO; 

NI <ARITHMETIC EXPRESSION>; 
THE NUMBER OF COLUMNS AND ROWS OF A; 

vz <ARRAY IDENTIFIER>; 
•• ARR A Y •• \I [ 1 a N , 1 t N l ; 
EXITI THE POSTHULTIPLYING HAT~Ix; 

s: <ARRAY IDENTIFIER>; 
•• A RR A Y •• BC 11 N J ; 
THE SUP£ROIAGONAL AS GENERATED BY HSHREABIO. 

PROCEDURES USED 1 
MATMAT = CP34013 
ELt1COL = CP31+023 

RUN~.JING T IHE I 

THE RUNNING TIME IS ABOUT PROPORTIONAL TON•• 3 

LANGUAG~ I ALGOL 60 



• 

1-st REVISION, 1975 

• 

( JUNE 1974) 

SUBSECTION I PRETFMMAT 

CALLING SEQUENCE t 
THE HEADING OF THE PROCEDURE IS I 
••pRo:EOJRE'• PRETFMMAT(A, H, N, 0); 
1111 VALUE·· H, N; "INTEGER·· H, N; 111 AR<AY" A, o; 

THE MEANING OF THE FORHAL PARAMETERS IS I 
Al <ARRAY IDENTIFIER>; 

1•ARRAY 0•A(11H,11NJ; 

MC 
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ENTRYI THE DATA CONCERNING THE PREHULTIPLYING MAT~IX AS 
GENERATED BY HSHREABIO 

EXIT J THE PREHULTIPLYING MATRIX. 
HI <ARITHMETIC EXPRESSION>; 

THE NUMBER OF ROWS OF A. 
NI <ARITHMETIC EXPRESSION>; 

THE NUMBER OF COLUMNS OF A, N SHOULD SATISFY N <- M. 
Dt <ARRAY IDENTIFIER>; 

••ARRAY•• 0 C 1 t N l ; 
THE DIAGONAL AS GENERATED BY HSHREABIO. 

PROCEDURES USED I 
TAHHAT = CP34014 
ELHCOL = CPJ4023 

RUNNING TIME I 
THE RUNNING TIME IS ABOUT PROPORTIONAL TOM• N • N 

LANGUAGE l ALGOL-60 

REFERENCE S I 
C1J WILKINSON, J.H. ANO C.REINSCH 

HANDBOOK FOR AUTOMATIC COMPUTATION, VOL. 2 
LINEAR ALGEBRA 
HEIDELBERG (1971) 

1:.XAMPLE OF USE, • 

FOR AN EXAMPLE OF USE ONE IS REFERRED TO SECTION 3.5.1.2 



SOlJRCf~ Tf. X r ( S) : 

" C O O E- fl 3 ~ 2 6 0 J 
8 PROCEDLIRI: ,. riSHREABID (A, ~, t~, n, a, EM), 
'' V A L U E tt t1 , N : '' I ~~i T E GE R •• t1 , N J '' A RR A V •• A , D , A , E M r 
'' BE G I N " " I N T EGE R '' ! , J , l 1 r 

,, R r A t, ,, N a R M , M A c t--t T o L , w , s , F , G , H , 

II R E A L II It PP O C f !) U RE ,. T A M M A T C L , U , I , J , A , B ) J 
'' V ~ L. U E '' L , LJ , I , J J " I N T E GE R '' L , U , I , J J " A R R A. V •• A , B J 
•1 C O DE t! 3 ,.,. 0 1 Ll f 

'' R E A L •• •• P R O C E O lJ RE " ~ A T T A M ( L , U , I , J , A , B l J 
., V A L u E ,, L I u , I , J ' " A RR A y If A , B ' 
•
1 C O D E '' 3 4 O 1 5 J 

It P R O C E D LIRE ., EL M C O L C L , U , l , J , A , B , X ) ; · 
'' V A L LJ E '' L , LJ , I , J , X J '' I f\J T E GE R '' L,. 1 U , I , J 1 " R E A L '' X J 

'' A R R A Y '' .&.. , a J 
,. C O O E " 3 l4 0 2 3 J 
Pl P R O C E. D U RE '' EL H RO W ( L , U , l , J , A , B , X ) J 
91 V A Lu U E '1 L , U , 1 , J , X J '' I N T E GE R • l. , U , I , J s " R E A L '' X J 

,, A R R A v •• A , a 1 
,, C O D l It 3 q O 2 4 J 

• 

NORM1: OJ 
'' f o R '' I a = 1 '' s r E P " 1 11 u N T I ~ ,, M " D o ,, 
•
9 B E G ! ~J '' W : :: 0 J 

'' F O R ft J : : 1 ,. S T E P " 1 ,. U N T I L ., N " D O fl W I : A B 5 ( A t I , J l ) + W J 
'' I f '' W > N O R t~ '' T HE N '' N O R.M a :: ~ 

,, END•• J 
M A C H T (l L , : E ~ [ O l ,- NO RM J E M [ 1 l I = NOR M 1 
'' F (1 R " I 3 = 1 '' S T E P •• 1 '' U N T I L~ '' N '' D O '' 
'' B E G I N '' I l s :: I + l 7 S I : T A M t-1 A T ( I 1 , M , I , I , A , A ) J 

., I F ,. S < M A C H T O L ,, T HE N 11 0 [ I l I : A [ I , I l ,t E L S E ., 
••BEGIN'' F1: A[I,Il r 51: F • F + SJ 

D [ I l 1 : G : :: tt l f 91 F < 0 11 T H E N '' S GI R T ( S ) '' E L S E 1' • S Q R T ( S l ; 
~c= F * G • SJ A(I,Il:• Ff'• G; • 

fl F O R ti J : = I 1 " S T E P '' 1 " U N T I L •• N ,, D O " 
EL~COLCI, M, J, I, A, A, TAMMAT(I, ~, I, J, A, A) I H) 

••END'' ; 
,. I F ti I < N ti T ~·i E f J '' 

'' B E. G I N '' S 1 : M A T T A M C I 1 + 1 , N , l , I , A , ~ ) 1 
., I f ft S < M A C H T O L lt T H E N '' 8 t I l I : A C I , I t l '' F. l .. S E "-
11 BE G I N '' F : : A t I , I 1 l J S I = F * F + S J 

MC 

A [ I J I : G : = '' I F '' F < 0 '' T H E 'I t• S Q R T ( S ) '' E L S E '' .. S Q R T ( S ) J 
J.i1: F * G • Sr ACI,Itli: F • GJ 
'' F (1 R ., J : = I 1 '" S T E P ti 1 fl IJ N T I L If M It D () '' 
E L, ,-.1 R O ¥J C I 1 , N , J , I , A , A , ~ A T T a\ r-1 C I 1 , N , I , J , A , A ) I 
H) 

ft EN() It 

''END'' 
ti END tt 

'1 E N D •• HS HR E A 8 I O J 
If f:. Q p tf 
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" t. O D E '' 3 4 2 6 1 J 
" P R O C E D UR E-~ '' P S T T F M P..1 A T ( A , N , V , B ) ; 
'' v A L u E •~ N ; ·• r "' r· E G E R ,, ~~ , •1 A R R A v •• A , v , a , 
'' B E G I N '' '' I N T E G E R '' I , 11 , J J 

''RE AL'' H ~ 
,, R E A L ,, 11 P R O C E D lJ R f. ., t.tl A T M A T C L , U , I , J , A , B ) J 
a, V A L t.J f '' L , u , I , .... r J •• I N T E G E R " L , U , I , J J '' A R R A Y '• A , B ; 
'' C O D E '' 3 4 0 1 3 : 
,, P R O C t. ~ t..J R E ti E L M C O L C L ,, l J , I , J , A , B , X ) J 
'' V A L 1.~J E '' L , LJ , I , J , X r '' I N T E GE R " L , U , I , J J " R E A L '1 X : 

" A R R A Y '' A , 8 J 
•• C O D F '' 3 4 0 2 3 J 

I 1 : : ri.J : V l N , N 1 : :: 1 J 
'' F O R '' I : ;: N ,... 1 '' S T E P •• • 1 •• UN T I L " 1 '' 0 0 '' · 
'' B E G l N '' ti I : 8 r I J ~ A C I , I 1 l J " I F " H < 0 •• T H E N '' 

'' B E G I ~~ '' ,, F O ~ It J : = I 1 It S T E P " 1 '' U N T I L " N ,. D O ti V C ... J , l l I = A t I , J l / 
HJ 
'' F O R •t J : = I 1 '' S T E P 11 1 ,. UN T I L '' ~ •• 0 0 " 
ELMCOL(Il, N, J, I, v, V, MATMAT(I1, N, I, J, A, V)) 

'' E ~, 0 ~, J 
•• F O R •• .J I : l 1 " S T E P •• 1 '' UN T I L, '1 N '' 0 0 •• V [ l , J J I • V C J , I l 2 = 0 1 
VCI,Ili= 1J· r1:= I 

'' E. ND'' 
'' E. N D '' P S T T F MM A T J 

,, f~ up 11 

'' C O D E '' 3 4 2 6 2 r . 
'' P R O C E O l.J RE 11 P RE T F M M A T C A , ~1 , N , D ) 1 
., V A L l •. 1 E. •• ~ , N J '' I N T t: G f: F< ,. t'1 ' N ; fl A R R A V '' A , 0 ' 
''8EGI~1•• .''INTEGER'' I, 11, JJ 

"REAL" G, HJ 
'' P E A l '' '' P R Q C r.: 1) lJ R E' '' T A M M A T ( L , U , I , J , A , B ) J 
'' V A L l' E ., L , t.J , I , J J '' I N. T E GE R '' L , U , I , J J '' A R R A Y '' A , 8 ; 
II C O D l ,, 3 ~ 0 1 4 J 
"PROCEDURE'' ELHCOLCL, U, I, J, A, B, X)J • 

''VALl.JE'' L, U, I, J, XJ "INTEGER" L, U, I, JJ "REAL'' XJ 
'' A R R A V '' A , B J 

'' C O D E '' 3 4 0 2 3 : 

11 F' o R 11 1 : : N ,, s r E P ,, .. 1 •• lJ '" T I L " 1 " o a '' 
•• 6 E. G I N '' I 1 S : I + 1 J G t : D [ l l J H I = G * A [ I , I l J 

'' F O R " J : = I 1 '' S T E P •• 1 '' lJ ~J T I L " N '' 0 0 " A C I , J J I = 0 1 
., I f •• ~i < O '' T H E I\J '' 
'
1 H c. G I N '' l' f O R '' J : = I 1 '' S T E P " 1 •• UN T I L '' N '1 D O '' 

EL'1C0LCI, M, J, I, A, A, TAMMATCI1, M, I, J, A, Al/ H)J 
•• F O R •• J : : I ,t S T E P '' 1 " U N T I L •• ~ •• 0 0 '' A [ J , I J : = A [ J , I l / G 

•• E. i'J O '' 
''EL SE'' 
'' F L) R '' J : :: I '' S T E P '' 1 '' lJ ~~ T t L '' M '' 0 0 '' A t J , I J : : 0 1 
Atl,IJ:= A(I,ll + 1 

•• f.: ND'• 
" E N O '' P R E T F t-1 M A T- : 

'' E OP" . 
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BRIEF OESCRIPTIONI 
THIS SECTION CONTAINS FOUR PROCEDURES FOR CALCULATING EIGENVALUES 
OR EIGENVECTORS OF A SYMMETRIC TRIDIAGONAL HATRIX. 
VALSYMT~I CALCULATES ALL, OR SOME CONSECUTIVE. EIGENVALJ~S OF A 
SYMHET~IC TRIDIAGONAL MATRIX BY HEANS OF LINEAR INTERPOLATION USING 
A STURM SEQUENCE; 
VECSYMTRI CALCULATES THE CORRESPONDING EIGENVECTORS BY MEANS OF 
INVERS~ ITERATION. 
QRIVALSYMTRI CALCULATES ALL EIGE~VALUES OF A SYHHETRIC TRIDIAGONAL 
MATRIX BY MEANS OF QR ITERATION; 
QRISYMT<I CALCULATES THE EIGENVECTORS AS WELL. 
WHEN ALL EIGENVALUES HAVE TO BE CALCULATED, QRIVALSYHTRI IS 
PREFERABLE WITH RESPECT TO THE RUNNI~G TI~E; WHEN THE EIGENVECTORS 
ALSO HA~E TO BE CALCULATED, INVERSE ITERATION IS ?REFERABLE. 

KEYWORDS I 
EIGENVALUES, 
EIGENVECTORS, 
TRIDIAGONAL MATRIX, 
STURM-SEQUENCE. 
INVERSE ITERATION, 
QR ITERATION. 
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SUBSECTIONI VALSYMTRI. 

CALLING SEQUENCE& 

• 

THE HEADING OF THE PROCEDURE ISi 
••pRQCEOJRE 11

• VALSV'HTRICD, BB, N, N1, ~2, VAL, EH>; 
•• V A L U E •• N , N 1 , N 2 ; ••INT E G ER•• N , N 1 , N 2 ; 
••ARR.Av•• D, BB, VAL, EH; 

THE MEANING OF THE FORMAL PARAHETERS ISi 
NI <ARITHMETIC EXPRESSION>; 

THE ORDER OF THE GIVEN MATRIX; 
Dt <ARRAY IDENTIFIER>; 

•• A RR A Y •• D ( 11 N l ; 
ENTRYI THE HAIN DIAGONAL OF THE SYMMETRIC TRIDIAGONAL 

MATRIX; 
BBi <ARRAY IDENTIFIER>; 

••ARRAY•• BB(11N-1J; 
ENTRY1 THE SQUARES OF THE CODIAGONAL ELEMENTS OF THE 

SYMMETRIC TRIDIAGONAL MATRIX; 
N1,N21 <ARITHMETIC EXPRESSION>; 

THE SERIAL NUHBER OF THE FIRST ANO LAST EIGENVALUE TO BE 
CALCULATED, RESPECTIVELY; 

VAL! <ARRAY IDENTIFIER>; 
••ARRAY•• VAL[N11N2J; 
EXITS THE N2-N1+1 CALCULATED CONSECUTIVE EIGENVALUES IN 

NONINCREASING ORDER; 
EMa <AR~AY IDENTIFIER>; 

•• A RR. A Y •• E M C O a 3 l ; 
ENTRYI EM(Ol, THE MACHINE PRECISION, 

EH[1l, AN UPPERBOUND FOR THE MODULI OF THE 
EIGENVALUES OF THE GIVEN HATRIX, 

EHC2l, A RELATIVE TOLERANCE FOR THE EIGENVALUES; 
EXITI EM£3J, THE TOTAL NUMBER OF ITERATIONS USED FOR 

CALCULATING THE EIGENVALUES. 

PROCEDURES USED& 
ZERDIN CP34150. 

RUNNING TIME.I 
DEPENDS STRONGLY ON THE DISTANCE OF SUCCESSIVE EIGENVALUES. 

ALGOL &O. 

METHOD ANO PERFORHANCEI 
LETT DENOTE THE GIVEN SYMMETRIC TRIDIAGONAL MATRIX OF ORDER NANO 
I THE IDENTITY HATRIX. THE EIGENVALUES OFT ARE THE ZEROES OF THE 
N•TH DEGREE POLYNOHIAL P(N,X) DET(T - x•r>. IMSTEAJ OF SEARCHING 
FOR THE ZEROES OF PCN,X) WE LOOK FOR THE ZEROES OF THE FUNCTION 
F(N.,X) = P(N,X) / P(N-1,X). HAINTAINING A LOWER BOJNO FOR· 
ABS(P(N-1,X>> WE 00 AVOID OVERFLOW OF THE REAL NUMBER CAPACITY IN 
THE COMPUTATION OF F(N,X). THIS FUNCTION CAN BE CALCULATED AS 

· · FOLLOWS& . . 
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F(1,X) : Dt1l • X, 
F(K,X) a OtKl • X • 89tt<•\J I 
C"lF" A8S(F(K•1,X)) > MACHTOL "TH!N" f(K•1,X) 
"ELSE" "lr~ FCK•1,X) ~• 0 "TH!~" •MACHTO~ 
"ELSEq ~ACHTOL), K • 2, , , , ,N, 

MC 
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WHERE MACHTOL EQUALS EM£0l • EMt1l, 
USING THE STURM SEQUENCE PROPERTY OF C,(K,Xll, Ks1,2,,,.,N, WE CAN 
LOCATE THE DESIRED EIGENVALU!S BY MEANS OF THE PROCEDURE ZfROIN 
(SECTION 5,1,1.1) 1 FOR FURTHER DETAILS SEE REFt1J, REF[2l, 

s~eSECTtONI VECSVMTRI, 

CALLING SEQUENCEa 
THE HEADING OF THE PROC!DURE ISi . 
"PROCEDURE" VECSYMTRI(D, B, N1 N1, N2, VAL, VEC, EM)p 
''VALUE"~, N1, NZJ "INTfGER" N, N1, N2J 
"ARRAY'' O, B, VAL, VEC, EM, 

THE MEANI~G OF ·rHE FORMAL PARAMETERS ISa 
Na <ARITHMETIC EX~RESSION>J 

o, 
THE ORDER OF THE GIVEN MATRIXJ 
~ARRAY IDENTIFifR~J 
"ARRAY" 0t11Nl, • 

ENTRYI THE MAIN DI~GONA~ o, THE SYMMETRIC TRIDIAGONA~ 
MATRlXJ 

<ARRAY IOENTlfl!R>J 
"ARRAY" B [11Nl J . . 
ENTRY1 T~! COOIAGONAL OF TH! SY~M!TRIC TRIDIAGONAL MATRIX 

FOLLOWED BY ~N ADDITIONAL ELEMENT Os 
Nt, N21 <ARITHMETIC EXPRESSION~J 

\IEC1 

EM: 

LO~ER ANO UPPER BOUND OF THE ARRAY VAL (SEE ALSO METHOD ANO 
PfRfORMAt\lCE)r 
<ARRAY IOENTIFIER>J 
JOARRAy•• VAL tN1 JN2l J 
ENTRY: A ROW OF NONINCREASING EIGENVALUES AS DELIVERED BY 

VALSYMTRIJ 
<ARRAY IDENTIFIER>, 
"ARRAV" VECttaN,N11N2J I 
EXIT1 THE EIGENVECTORS 

EIGENV4LUES (S!E 
cARRAY IDENTIFIER>, 
"A~~AY" EM[OB'IJJ 

CORRESPONDING WITH THE GIV~N 
ALSO METHOD ANO PERFORMA~CE)J 

ENTRYg EM[OJ, THE MACHINE PRECISION, 
EMtll, A NORM 0~ T~E GIV!N MATRIX, 
EMt4l, THE ORTHOGONALISATION PARAMETER (SEE ALSO 

~ETHOD ANO PERFORMANCE), 
EM[&], THE RELATIVE TOLERANCE FOR THE EIGENVECTORS, 
EMt8l, THE MAXIMUM NUMBER OF ITERATlONS ALLOWED 

FOR THE CALCULATION OF EACH EIGENVECTOR, 



EXIT: 

PROCEDURES USED: 
VECVEC = 
TAMVEC • 
E~MVECCOL= 

MC 
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EM[SJ, THE NUMBER OF EIGENVECTORS INVOLVED IN THE 
LAST GRAM•SCMMlOT ORTHOGO~ALISATION (StE 
~ETHOO ANO PERFORMANCE), 

EM[7l, THE ~AXIMUM EUCLIDEAN NORM OF THE RESIDUES, 
EMC9J, THE LARGEST NUMBER Of ITERATIONS P~RFORMED 

FOR THf CALCULATION OF SOME EtGENYECTOR (SEE 
METHOD ANO PERFORMANCf), 

CP3Q010, 
CP34012, 
CPJQ021, 

REQUIRED CENTRAL MEMORY& 
EXECUTION FIELD LENGTH1 

ANO ONE 
FIVE AUXILIARY ONE~DIMENSIONAL 

' , 

BOOLEAN ARRAY, ALL OF LENGTH N, 
REAL ARRAYS 
~RE USED, 

RUNNING TIME1 THE PROCESS IS OF ORDER N FOR EACH EIGENVECTOR, 

• 

METHOD ANO PERFORMANCE& 
. AN EIGENVECTOR OF A SYMMETRIC TRIDIAGONAL ~ATRIX T, CORRESPONDING 

TO AN EIGENVALUE LAMBDA, IS CALCULATED BV ~EANS OF INVERSE 
ITERATIONJ I.E. STARTING FROM SOME INITIAL VECTOR x, lHE LINEAR 
SYSTEM CT~ LAMBDA• l)Y • X. IS SOLVED ITERATIVELY, THE SOLUTIO~J Y, 
DIVIDED BY ITS EUCLIDEAN NORM REPLACING X EACM TIME, 
IF THE DISTANCE BETWEEN SOME APPROXIMATE EIGENVALUES IS S~~ALlER 
THAN MACHTOL (mEM[OJ * EMt1l), THEN TH!Y ARE SLIGHTLY ~ODIFIED SUCH 
THAT THE DISTANCE BETWEEN THEM EQUALS MACHTOL, If THE DISTANCE 
BETWEEN SOME EIGENVA~UES lS SMALLER THAN THE ORTHOGON~LlSATION 
PARAMETER C=EMt4l) TIMES EM[ll, THEN I~ EACH ITERATION ST'EP GRAM• 
SC~MIDT O~THOGONALISAT?ON IS CARRIED OUT, SO THAT THE EIGENVECTORS 
OBTAINED ARE ORTHOGONAL WITHIN WORKING PRECISION, THE ITERATION 
ENDS AS SOON AS EITHER THE EUCLIDE~N NORM OF THE RESIDUE IS S~ALLER 
THAN EMt1J * EMtoJ, OR THE MAXIMUM ALLOWED NUM8cR OF ITERATIONS 
(mEMt8J) HAS BEEN PERFORMED, IN THE LATTER CASE EMt9l a: EM[8l + 1~ 
IF N1 > 1, THEN VECSYMTRI SHOULD BE PRECEDEO BY ONE OR MORE CALLS 
OF VECSYMTRI PRODUCING A NUMBER OF EIGENVECTORS CORRESPONOING TO 
THE PRECEDING EIGENVALUES, MOREOVER ONE MUST GIVE EM[5l, AS 
PRODUCED BV THE LAST CALL OF VECSYMTRIJ THE K•TH TO N2~T ►i 
EIGENV•LUES, WHERE K = N1 • EM[5J, HUST BE GIVEN IN ARRAY VALC~:N2l 
IN MONOTONICALLY NONINCREASING ORDER (THE K~TH TO CNl~t)~TH 
ElGE~VA~UES BEING NEEDED FOR THE MODIFYING MENTIONED ~BOVE), AND 
THE CORRESPONDING EIGENVECTORS UP TO THE (Nl•l)~TH (WHICH ARE 
NEEDED FOR THE GRAM~scHMIDT ORTHOGONALISATION) IN THE CORRESPONDING 
COLUMNS OF ARRAY VEC[11N,KSN2J~ 
THE TOLERANCES SHOULD SATISFY1 EMtOl ( < EM[2]) < EM[6J AND 
EMtq] >: EM[Ol / EM[b], FOR FURTHER DETAILS SEE REF(ll, 
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SUBSECTlONt QRIVALSYHTRI. 

CALLING SEQUENCEI 
THE HEADING OF THE PROCEDURE ISi 
••INTEGER•• ••PROCEDURE•• Q.RIVALSYHTRI (0, BB, N, EH); 
•• V AL U E •• ~ ; •• I NT E GER •• N ; •• A RR AV •• 0 , B B , EM ; 

THE 
Nt 

o, 

MEANING OF THE FORMAL PARAMETERS ISi 
<ARITHMETIC EXPRESSION>; 
THE ORDER OF THE GI~EN MATRIX; 
<ARRAY IDENTIFIER>; 
•• A RR A Y •• 0 ! 1 I N l ; 
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ENTRYI THE HAIN DIAGONAL OF THE SYMMETRIC TRIDIAGONAL 

881 

EXITI 

< ARRAY 
••AR~ Av•• 
ENTRY& 

MATRIX; 
THE EIGENVALUES OF THE 
ORDER; 

MATRIX IN SOME ARBITRARY 

IDENTIFIER>; 
B8[11N]; 
THE SQUARES OF THE CODIAGONAL 
SYMMETRI~ T~IOIAGOMAL MATRIX 
AODITONAL ELEMENT o; 

ELEMENTS 
FOLLOWED 

OF THE 
BY AN 

EXITI THE SQUARES OF THE COOIAGONAL EL~MENTS OF THE 
SYMMETRIC TRIOIA~ONAL HATRIX RESULTING FROH THE QR 

EHi 
ITERATION; 

<ARRAY IDENTIFIER>; 
•• A RR A Y •• E H ( 0 I 5 l ; 
E~TRYI EMCOJ, THE MACHINE PRECISION; 

EM(il, A NORM OF THE GIVEN HATRIX; 

EXITI 

EHl21, A RELATIVE TOLERANCE FOR THE EIGENVALUES; 
EMC4l, THE HAXIMU~ ALLOWED NUMBER OF ITERATIONS; 
EMC3J, THE HAXIMU~ ABSOLUTE VALUE OF THE CODIAGONAL 

ELEMENTS NEGLECTED; 
EMCSJ, THE NUMBER OF ITERATIONS PERFO~HEO. 

HORtO\IE~: 
QRIVALSVHTRII= THE NUMBER OF EIGENVALUES NOT CALCULATED. 

PROCEDURES us::oi NONE. 

RUNNING TIHEI THE PROCESS IS OF OROER N SQUARED. 

LANGUAGE I ALGOL &O. 
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METHOD AND PERFORMANCE! 
IN QRIVALSYMTRI THE EIGENVALUES OF A SYMMETRIC TRIDIAGONAL MATRIX 
ARE CALCULATED BY MEANS OF QR-ITERATION. FOR THIS PRO~EDURE WE USED 
ESSENTIAL~Y THE SQUARE-ROOT-FREE VERSION OF THE QR ALGORITHM DUE TO 
REINSCH( 31. 
IN ADDITION TO THE RELATIVE ERROR, WHICH IS SUPPOSED TO BE BOUNDED 
BY EM[il ~ EHC21 (I.E. MATRIX NOR~ TIMES ~ELATIVE TOLERANCE>, THE 
CALCULATED EIGENVALUES HAVE AN ABSOLUTE ERROR WHICH IS BOUNDED BY 
BY EMCOl • EMC1l II.Ee HA~HINE PRECISION TIHES MATRIX NORM). 
IN PARTICULAR, WHEN SOHE EIGENVALUES ARE VERY SHALL COHPAREO TO THE 
MATRIX NO~M, THE ACCURACY OF THE CALCULATED EIGENVALUES CAN BE 
INCREASED BY GIVING EN(Ol A (POSITIVE> VALUE WHICH IS LESS THAN 
THE MACHINE PRECISION. 
A FARTICULAR CHOICE OF EHCOJ IS H~RHLESS FOR THE PROCEDURE 
PROVIDED THAT FOR EACH I THE CALCULATION OF BBCil / E~COJ •• 2 
CAUSES NO OVERFLOW ANO THE CALCULATION OF (EHCOJ • EHC1l) •• 2 
CAUSES NO UNDERFLOW. 
ONE SHOULD NOTICE THAT THE NUMBER OF QR ITERATIONS INCREASES BY A 
SMALLER CHOICE OF EH[Ol. 
FOk FURTHER DETAILS SEE C2J, CJJ. 

SUBSECTION: Q~ISYMTRI. 

CALLING SEQUENCEI 
THE HEADING OF THE PROCEDURE ISi 
••rNTEGE=<."• ••PROCEDURE•• QRISYHTRI (A, N, D, B, BB, EM); 
111 VALUE·· N; ··INTEGER·· N; ··ARRAY·· A, o, a, BB, EH; 

THE MEANING OF THE FORMAL PARAMETERS ISi 
NI <ARITHMETIC EXPRESSION>; 

THE ORDER OF THE GIVEN MATRIX; 
01 <ARRAY IDENTIFIER>; 

•• A RR A Y •• D C 1 I N J ; 
ENTRY& THE HAIN ~IAGONAL OF THE SYHHETRIC TRIDIAGONAL 

MATRIX; 
EXITS THE EIGENVALUES OF THE MATRIX IN SOHE A~BITRARY 

ORDER; 
81 <ARRAY IOfNTIFIER>; 

.. ARRA y•• 8 { 11 N l; 
ENTRYI THE COOIAGONAL OF TH~ SYHHETRIC TRIDIAGONAL MATRIX 

FOLLOWED BY AN ADDITIONAL ELEMENT o; 
EXITa THE COOIAGONAL OF THE SYMMETRIC TRIDIAGONAL MATRIX 

RESULTING FROH THE QR ITERATION, FOLLOWEO BY AN 
ADDITIONAL ELEHENT o; 

BBi <ARRAY IO£NTIFIER>; 
••ARRAY•• 88(11NJ; 
ENTRYI THE SQUARED COOIAGONAL ELEMENTS OF THE SY~METRIC 

TRIDIAGONAL HAT~IX, FOLLOWED BY AN ADDITIONAL 
ELEMENT o; 

EXITI THE SQUARED COOIAGONAL ELEMENTS OF THE SYMMETRIC 
TRIDIAGONAL MATRIX RESULTING FROM THE QR ITERATION; 

• 
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Al <ARRAY IDENTIFIER► s 
"ARRAY" A[l1N,l1NJJ 

MC 
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ENTRYc SOME MATRIX s, SAY, (POSSIBLY THE IDENTITY MATRIX)J 
EXIT1 THE EIGENVECTORS o, THE ORIGINAL SYMMETRIC 

TRIDIAGONAL MATRIX, PREMULTIPLIED BY 5 (SEE METHOD 
AND PfR,ORM~NCE)f 

EMI <ARRAY IDENTIPIER>J 
"ARRAY" EM t015l, 
ENTRV1 EMtOl, THE MACHINE PRECISIO~t 

fMtll, A NOAM o, THE GIVEN ~ATRIXJ 
EM[2l, A RELATtYE TOLERANCE FOR THE QR ITERATIONJ 
EM[4J, THE MAXIMUM ALLO~ED NUMBER o, ITERATIONSJ 

EXITa E~tll, THE MAXIMUM ABSOLUTE VALUE OF THE COOIAGONAL 
ELEMENTS NEGLECTED, 

EMtSJ, THE NUMBER OF ITERATIONS PERFORMED, 
MOREOVER I 

QRISYMTRit• 

PROCEDURES USEDI 
ROTCOL = 

• 

THE NUMBER OF EIGENVALUES ANO wVECTORS NOT 
c•LCULAT!D 1 

RUNNING TIME2 .THE PROCESS IS 0~ ORDER N CUBED, 

• 

LANGUAGE: 

• 

METHOD AND PERFORMANCES 
IN QRISYMTRI THE EIGENVALUES ANO EIGENVECTORS OF A SYMMETRIC 
TRIDIAGONAL MATRIX ARE COMPUTED SIMULT4~EDUS~Y, 
IN MOST APPLICATIONS QRJSVMTRI IS USED IN THE COMPUTATION OF 
EIGENVA~lJES ANO eVECTORS OF A GENERAL SVMMETRIC ~ATRIX (SEE QRISVM 
SECTIO~ 3,3.1,1,2)1 lN THAT CASE ARRAY A IS INITIALLY GIVEN THE 
\IAL.UE OF THE TRANSFORMING MATRIX (TJrMPREVEC SECTI.ON 3,Z,1,2,1.1). 
FOR THE COMPUTATION OF EIGENVALUES AND EIGENVECTORS OF A SYM~ETRIC 
TRIDIAGONAL MATRIX, ARRAY A HAS TO BE INITIALIZED TO THE IDENTITY 
MATRIX, THE AVERAGE NUMBER OF ITERATIONS IS ABOUT JN. WHEN THE 
PROCESS IS COMPLETED WITHIN EMt4J ITERATIONS, THEN QRISY~TRII• OJ 
OTHERWISE QRISYMTRI1• THE NUMBER, K, o, EIGENVALUES NOT CA~CULATEO, 
EM[SJ r• EMtql + 1 ANO ONLY THE LAST N ~ K ELEMENTS OF D AND THE 
LAST N • K COLUMNS OF A ARE APPROXIMATE EIGENVALUES AND ~VECTORS 
RESPECTIVELY, OF THE ORIGINAL MATRIX, 
FOR FURTHER DETAILS SEE REFttl, REFt2l, 
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REFERENCES I 
[tl DEKKER, T,J, AND HOFFMANN, W, 

ALGOL bO PROCEDURES IN NUMERICAL ALGEBRA, PART 2, 
"1A'THEMAT !CAL CENTRE TRACTS 23, 
~ATHEMATISCH CENTRUM, AMSTERDAM, lqb8J 

[21 ~I~KINSON, J~H, 
T~E ALGEBRAIC EIGENVALUE PROBLE~, 
CLARENDON PRESS, OXFORO 1965 1 

[3] REINSCH, CHR.H, 
A STABLE, RATIO~AL QR ALGORITHM FOR THE COMPUTA'TION OF THE 
EIGENVALUES OF AN HERMITIAN, TRIDIAGONAL MATRIX, 
~ATH. OF COMP, VOL 25(1971) PP, 591•597, 

EXAMPLE OF USE: . 
THE FIRST ANO SECOND EIGENVALUE IN MONOTONICALLY NON~INCREASING 
ORDER ANO THE CORRESPONDING EIGENVECTORS Of T, WITH N = u 
TtI,Jl : "lf" I: J "THEN" 2 "ELSE" "lF" ABSCI • J) = 1 ''THEN'' 
"ELSE• o, MAY BE OBTAI~EO BV THE FOLLOWING PROGRAMS 

11 BEGIN ti 
t•I~TEGER'' J; 

AND • 

"' l 

" A R R A Y u 8 , O t 1 I 4 l , B 8 [ 1 I 3 J , V A L [ 1 I 21 , E M t O I q 1 , V E C t 1 I 1-+ , 1 : 2 J J 
"PROCEDURE" VALSYMTRI(O, BB, N, N1, N2, VAL, EM)J "CODE" 341511 
"PROCEDURE" VECSY~TRI(O,B,N,N1,N2, VAL, VEC, EM)J "CODE•• 34152J 

E.M [Ol 1: ''•14J EM tll s= 4J E~ [2J 1= " .. 12J 
EM [4] 1:: n .. 3, EM [611• 11 .-1.01 EM t8J 11: SJ 
••FOR" J1;: 1, 2, 3, ~ "00" D tJl 1• 2J 8 t411= 0 J 
"FOR'' J:: 1, 2, 3 "DOu 
" B E G I N ti B B C J J : = 1 r B ( J J 1 • ., 1 ., E N O tt r 
VALSV~TRICD, BB, q, 1, 2, VAL, EM), 
VECSVMTRT(D, B, 4, 1, 2, VAL, ve:c, Ehl)s 
OUTPUT(bl, "("2(+ 1 130'1 +20, 28), 2/")", VAL[ll, 
"FOR" J:: 1, 2, 3, Q "00" 
OUTPtJTC&1, ''("2(+,130'' ♦ 2D, 28), /")'', VEC CJ, 1l" 
OUTPUT(&t, "("/, ,2D"+20, I, 3(220, /)'')", 
EM [71, Etti [3l, EM (Sl, EM CqJ) 

"ENO'' 

THE PROGRAM DELIVERS: 

VAL(2] )f 
• 

V E: C ( J , 2 J ) ; 

THE EIGENVA~UESI +,3b18033988751fl+Ol 

THE EIGENVECTORS: +,37174603q4602"+00 
+,b015009550075"•00 
+,6015009550075"+00 
+,37174803Q4&02"+00 

+,2618033q88750"+01 

+,601sooqssoo1s•••oo 
+,37t748034G602''+00 
w,371748034ao02"+00 
~.bo1sooqssoo1s••+oo 

Et-1 t7J 
EM t3l 
EM CSl 
EM (9J 

= ,1s••-11 
= 24 
= 1 
= 1 " 
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''PROCEDURE'' VALSVMTRICD, BB, N, Nl, N2, VAL, EM)J 
'' V A L U E '' N , N 1 , N 2 J 
•• I N TE G E R '1 ~ , N t , N 2 J " A RR A Y " D , 8 8 , V A L, , E M J 

"BEGIN'' "I~TEGER" K, COUNTJ 

MC 

''REAL" MAX, X, Y, MACHEPS, NORM, RE, MACHTOL, UB, LB, LAMBDAJ 

''REA~" ''PROCEDURE" STURMJ 
"BEGIN'' "INTEGER" P, IJ "REAL" FJ 

COUNT1• COUNT+ ll 
Pl• K, Pia 0[1] ~ x, 
"FOR" I1• 2 "STEP" 1 "UNTIL" N "00" 
"BEGIN" "IF" F c• 0 "THEN'' 

''8EGIN 9' P1• P + 11 
' 

"IF" P > N ~THEN" "GOTO" OUT 
"ENO'' 
"ELSE~ "IP" Pc I~ 1 "THEN" 
'' 8 E G I N ea L, B I II X 1 " GO T 0 '' 0 U T '' E NO " J 
''IF" ABS(FJ c MACHTOL "THEN•• 
Fa• ''IF" F c ■ 0 "THEN"• MACHTOL "ELSE'' MACHTOLJ 
FI m . 0 [ I l " X • BB t I " 1 J / F 

"END'' J 
"IF" P • N "OR" F ca O "THEN" 
"BEGIN'' ''IF•• X c UB "THEN 1 UBI= X ''ENDff "ELSE'' LB:a XJ 

our, STURMa• "IF" p. N "TH!N" F "ELSE" (N. P) * MAX 
"EN0 9' STURMJ . 

"BOOLEAN" "PROCEDURE'' ZEROINCX, V, FX, TOLX)J "C0DE''34150J 

MAC HEPS I ~ EM [ 0 l J !\IO RM I• EM t l J p RE I • EM [ 2 l J 
MAC~TOL&a NORM* MACHEPSr MAXI• NORM/ MACHfPSJ COUNT:~ OJ 
UBs= 11 1 • NORMJ LB1• • U6J LAMBOA1s UBJ 
''FOR" Kg: N1 "STEP•• 1 "UNTJL" N2 "DO" 
"BEGIN" xi= LBJ Yg• ue, LB1• -1,1 * NORMJ . 

ZERO!NCX, V, STURM, ABS(X) *RE+ MACHTOL)J 
VAL[Kl1: LAMBDAt• "IF• X > LAMBD4 "THEN•• LAMBDA "ELSE" Xs 
"lF" UB > X flTHEN" UBI• "IFD X • Y "THEN'' X "ELSE" V 

•1 END » p 
EM C3J 1:s COUNT 

'' E NO '' V A L S Y M T R I r 
''EOP•' 
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"CODE" 34152s 
" C O M 1¥1 E N T '' MC A 2 3 1 2 J 
"PROCEDURE" VECSYMTRICO, B, N, N1, N2, VAL, VEC, EM)J 
'
1 V A L. tJ E '' N , N 1 , N 2 ; 
" I N TE GE R " N , N 1 , N 2 J '' A RR A Y " 0 , B , V A L , V E C ., E M J 
''BEGIN'' "!NTEGER 1' I, J, K, COUNT, MAXCOUNT, COUNTLIM, ORTH, INDJ 

"REAL" BI, BI1, U, W, V, MJt, LAMBDA, 0LOLA~80A, ORTHEPS, 
VA~SPREAO, SPR, RES, MAXRES, OLORES, NOR~, NEWNOR~, OLONORM, 
MACHTOL,, VECTOL,J 
'' A R R A Y '' M , P , GJ , R , X t 1 I N l I 
" B O O L. E A N '' '' A R R A Y '' I N T t 1 I N J t 

ttREAL• "PROCEDURE'' VECVEC(L, U, SHIFT, A, B)J ''CODE" 3uo10, 
'' P R O C E D U RE '' E L M V E C C O L ( L , U , I , A 1 8 , X ) , '' C OD E '' 3 4 0 2 1 ; 
,, RE A L " " P R O C E O URE '' T A ~ V E C ( L , U , I , A , . B ) p " C O OE tt 3 4 0 1 2 1 

NOR~:= EM.[11 J MACHTOLI• EM[O] * NO~MJ VALSPREAD::: EM(4l * NORMJ 
V E C T O L I • E M ( b J • ~ 0 R M J C O U N T L I M I • E ~ t 8 l J O R T H E P S I : S Q R T C E M [ O l ) ; . 

• 

MAXCOUNT1: IN03m OJ ~AXRES1• Op 
"IF'' Nl > 1 "THEN" 
"BEGIN'' ORTH1: EM t5J J OL,DLAMBOA1m VAL [Nl • ORTH] J 

" F O R " K 1 = N 1 • 0 R TH + 1 '' S TEP " 1 " U N T I L '' N 1 • 1 '' 0 D '' 
"BEGIN"• LA~BOA:= \/AL tKJ J SPR2:1 OLDLAMBDA ~ LAMBDAr 

''IF•• SPR < MACHTOL "THEN" LAMBDA:= OLDLAM~OA ~ MACHTOLJ 
OLDLAM8DA1• lAMBOA 

''EI\JD'' 
" E N D " '' EL S E '' 0 R T H : :; 1 J 
"FOR" ~I= Nt "STEPtt l ''UNTIL" N2 "00" 
" 8 E G I N '' L A M B O A I II V A L. [ K l J " I F '' K > 1 '' T H E N " 

"BEGIN'' SPRg: OLDLAMBDA· • LAHBOA1 
"lf" SPR < VALSPREAD ''THEN'' 
" 8 E G I N '' '' I F '1 S P R < ~ A C H T O L '' 'i H E N '' 

LAMBDA;• O~OLAM8DA • ~ACHTOLJ 
ORTH:: ORTH +1 

'' E N D " '' E L S E •1 0 R T H I • 1 
"END": • 

COUNT1= OJ U:: 0[1] • LAMBDAJ BI1= 
'' I F " A B S ( B I ) < M A C H T O L.. ., T HE t~ 11 B I 1 ;: 
" F O R '' I I r, 1 fl S T E P " 1 •• U N T I L ,, N • 1 

wa= B[ll: 
MACHTOt...J 

"DO•• . 
"BEGIN" BI 1 i= B Cl + 1J J 

MJF" ABS(Slll c MACHTOL ''THEN" BI11= M4CHTOLr 
''IF'' ABSCBI) >• ABS(Ul "THEN'' 
''BEGIN'* t-i1I11:: MCI+ 111• lJ / Bis PCil:= tilJ 

Y:= Q CIJ 1: D [I + ll .. LAMBDA, R CIJ :: BI 1 J 
U i • W ~ M I 1 * Y J W I = - M I 1 • 8 I 1 f I N T t I l : :: '' T R l.t F.' fl 

''ENO'' 
''EL.SE " 
,. ,., E G I N ,. M 1 1 s = M t 1 + 1 1 s • a r I u 1 P c I l : = u , l'l c r 1 s = v,J 1 

R(IJ1:r OJ U:• DCI + ll •LAMBDA.., Mil* w;w::: BI11 
INT tll t= ''FALSE'' 

ti END Ii ; 

X tll := 1J Bia;:: 811 
''ENO•• TRANSFORM 
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P(N]1a ••IF'' ASS(U) c MACHTOL ''THEN'' MACHTOL "ELSE" Us 
Q (Nl :• R [Nl 1:1 OJ X [Nl I ■ 1 J "GOTO'' ENTRYJ 

ITERATE I w1: X tll 1 
tt f O R II I 1 • 2 tf S T E P " 1 " LIN T I L ., "'I " 0 0 '' 
''BEGIN" "IF'' INT[l • 1] "T~EN 1

' 

•• B E G I N •• U : • W J W I a X [ I ~ 1 J a = X [ I J " E N O '' 
''ELSE'1 U1;; X [IJ s W: ■ X til 1= U 'Ill' M tll • w 

11 E N O •• A L. T E RN A T E J 
ENTRV1 U1= ~1= OJ 

''FOR'' 11: N ''STEP" ~t "UNTIL'' 1 "00" 

MC 

"BEGIN" Ya: i.JJ U1s X Cil ;: (X Cll w Q tll * U -. R [Il • W) / 
P[IJ J W:: V 

''END '' l"J E X T I TERA T I ON 1 
NEW~ORM:= SQRTCVECVEC(1, N, O, X, X))J ''IF'' ORTH> l''THEN" 
"BEGtN" OLOtJQRM:= NEWNORM, 

" F O R " J 1 a K -. 0 R T H + 1 " S T E P "· 1 " UN T I L " K • 1 " 0 0 •• 
ELMVECCOLC1, N, J, X, VEC, •TAMVEC(1, N, J, VEC, X))J 
NEWNOR~:• SQRT(VECVEC(1, N, O, X, X))J 
''IF" NEWNORM < ORTHEPS * OLDNORM "THEN'' 
,, B E G I N It I ND I = I NO + 1 J C OU N T I c 1 J 

"FOR" II= l "STEP'' 1 "~NTIL 19 IND~ 1, 
IND ♦ 1 "STEP" 1 ''UNTIL'' N "00" XtIJ zm OJ 
X [ I ~J O l I • 1 J " I F " I 1\1 D • N ° T H E N '' I N D I - 0 J 

. "GOTO" ITE~ATE 
'' E N O '' NE w S T A R T 

''END" ORTHOGONALISATIONf 
RES1 ■ 1 / NEW~ORMJ "IF" RES> VECTOL "OR" COUNT: 0 ''THEN'' 
"BfGJN'' COUNT1m COUNT+ 1J 9'IF'' COUNT~= COUNTLIM "THEN" 

"BEGIN" "FOR'' lam 1 "STEP" 1 "UNTIL'' N "00" 
)( t I l I • X [ I l * RE S I •• G O TO 11 ? TE R A TE 

''ENO" 
••END" J 
'' F O R '' I I • 1 •• S TEP " 1 " UN T I L " N " D O '' VE C [ I , t< l I : X [ I l * RE S J 
''IF" COUNT> ~AXCOUNT "THEN" MAXCOUNT:a COUNT1 
••IF" AES> MAXRES "THEN" MAXRESa: RESJ OLDLAMBDA:s LAMBDA 

"E~o•• J 
EM [SJ:= ORTHJ EM [7] 111 MAXRESJ EM tq] 1:: M•XCOUNT 

"ENO'• \IECSVMTRI r 
'' E Q P ,, 

• 
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•• C O DE '' 3 4 1 6 o 1 
" I N TE GE R " 11 P RO C E: D lJ R E '' QR I V A L. S V M T R I C D , B B ., N , E M ) J '' V A L U E 1• N r 
11 ! N TE GE R '' N J " A ~ R A V '' 0 , B 8 , E M J 
11 B E G I N '' '' I N TE GE R " I , I 1 , L OW , 0 L D L O W I N 1 , C OUN T , M A X J 

••REAL" BBTOL, BBMAX, BBI, BBNl, MACHTOL, DN, DELTA, F, NUM, 
SHIFT, G, H, T, P, R, S, C, OLDGJ 
BBTOL1= CE~1 C2l * EM [1l) ** 2J MACHTOL;a EM [Ol ,. EM (11; 
MAX:= EM[4] J BBMAXs= Or COUNTS• 01 OLOLO~:= NJ 
"FOR•• Nl:: N • 1 "~HILE" N > 0 "00" 
"8 E GIN•• 

MC 

"FOR•• I1= N, I• 1 "WHILE" C''IF•• I>= 1 "THEN'' 
BR[IJ > BATOL ~ELSE" "FALSE'') "DO" LOW1: IJ 
" I F t• L O ~ > 1 " T HE N ,, ,, 8 E G I N " ft I F ,, B 8 C L O W ~ 1 J > B 8 M A X '' T H E ~J ., 
Ba M A X : : B B t L O W "' 1 J '' E NO " J 
'' I F •• L O w : N '' T HE N 11 N I ~ N 1 •• E L S E " 
•• B E G I N •• D N I :: D [ N l J D E L T A I s O [ f\J 1 l " D N 1 

B8N11: 88 [N1J J 
•t I F •• A B S C DE L. T A ) .c M A C M TO L " T HE N 91 R I : S Q R T C B B N 1 ) '' E l. SE '' 
''BEGIN'' 

F;: 2 I DELTAS NUMtm BBN1 • FJ 
Ra: ~~UM I CSQRT(NUM * F + t) + 1) 

''ENO,, ; 
''IF•• LOW• N1 "THEN" 
'' B E G I N te D t N l I =: D N + R J D [ N 1 l I : 0 [ N 1 l • R 1 N s : N • 2 
,, END If 

••ELSE" 
1

' 8 E G l N '' C O U N T # a C O UN T + 1 I 
I! I F It C O UN T > M A X ,. T HE N ,. ., GO T O " E ND J 
'' I F '' L O W < a L O L O W '' T H E N •• 
11 8 E G I "~ " S H I FT I s O J O L D L O ~ : :: l. 0 w ti E N D fl 

''ELSE" SHIFT:s ON+ RJ 
~➔ I:: 0 tl.0"4J • SHIFT I 
'' I F '' A B S ( H ) < M A C H T O L '' T H E N t, H : : •1 I F. ,. H < = o '' T H E r,J '' 
~MACHTOL dELSE" MACHTOL1 
G:: ~, T1a G * HJ 
SBI:~ BB[LOWJJ Pg: T + BBIJ 111: LOW, 
., F' 0 R " I : ;i L O w + 1 ,, S T E ? It 1 ,, l.l N T I L '' 1\1 !f D O ,, 
"BEGIN'' St= BBI / Pr Ct= T / PJ 

H:: DCIJ • SHIFT -. BBI / HJ 
•• I F •• A B S C H ) < M A C H T O L " T HE N '' H : : 11 I F •• H < : O 
"THEN" ~MACHTOL ''ELSEtt MACHTOLJ 
OLDGs• GJ G1~ H * C; Ta= G * ~, 
D t 11 l : = OLDG ~ G + 0 CI l J 
B B I 1 = '' I F '1 I -= N ,. T r1 E N ,. o '' E L s e. ,, a a c ! J ; 
P: • T + 88 I I BB t I 1 l : : S * P J I 1 : = I 

'' E "'I D •• J 
D [NJ 1: G ♦ SHIFT 

'' E N D '' QR S T E P 
''END'' 

''ENO'' ; 
ENDI EMt3l:= SQRTCBBMAX)J EMC5J := COUNTJ QRIVALSV~TRI:= N 

''END'' QRIVALSVMTRI: 
' 1 EOP•• 
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"CODE" 341b1J 
"COMMENT" MCA 2321s 
''INTEGER'' "PROCEDURE" QRISYMTRJ(A, N, O, B, BB, EM)g 1•VA~UE•1 NJ 
"INTEGER" NJ "ARRAY'' A, D, B, BB, EMJ 
QBEGIN'' "INTEGER" I, J, J1, K, M, Ml, COUNT, MAXJ 

"REAL" 88MAX, R, S, SIN, T, C, COS, OLOCOS, G, P, W, TO~, TOL2, 
LAMBDA, DK1, AO, A1J 

"PROCEDU~E" ROTCOLCL, U, I, J, A, C, S)J "CODE" 34040J 

'TOLz• EMt2l • EM[1lJ TOL2•• TOL • TOLJ COUNT1m OJ BBMAX:= 01 
MAX1m EM [ij] J Mlt: NJ 

IN1 Kac MJ Mt1a M • 11 
NEXTI Ka= K • 1J ''IF" K > 0 "THEN" 

"BEGIN'' "IF" BBtKJ > ■ TOL2 "THEN" "GOTO" NEXTJ 
"lF" BBtKJ > BBMAX "THEN" BBMAX1• BB[Kl 

"END"J 
"IF" K • Ml "T~EN" Ml• Ml "ELSE" 
b BEG l N '' 

T, • D CM l • D [ti-11 l I RI• BB tM 1 J , 
' 

" I F '' A B S ( T ) c TO L " THE N " S I • 8 QR T ( R ) " E L S E '' 
"BEGIN" Waz 2 I TJ SI• W *RI (SQ~T(W ~ W * R + 1) + 1) 
"END", t•IF'' K • M • 2 "THEN" 

' 

"BEG!N'' 0 tM] 1:1 0 [MJ + SJ O [M1J 111 0 (Ml] • SJ 
' 

Ts•• S / B[Ml]J RI~ SQRT(T - T + 1)J cos:= 1 / RJ 
SIN1• T / RJ ROTCOL(t,N,Ml,M,A,COS,SIN)J M1: M ~ 2 

"ENO" 
"ELSE" . 
"BEGIN" COUNTt• COUNT+ 1J 

"IF" COUNT> MAX "THEN" "GOTO" ENOJ 
LA~BOAI• OtMl + SJ "lF" ABS(T) < TO~ "THEN" 
''BEGIN'' wr, D tM1J • St 

"IF" ABS(W) < A8S(LAM80A) "THEN" LAM8DA1• W 
91 END"J 
Ka• K + 1, Tt• D tt<J • l,,AMBDA, coses 1, ~·· B CK] 1 
Pa• SQRT(T * T + W * W)J Jl1• K1 . 
"FOR" JI• K + 1 "STE~" 1 "UNTIL" M "00" 
''BEGINft OLOC081a COS1 COS1• T / P1 SINI• W / PJ 

DK1a• O[JJ • LAMBDA, Tt• OLDCOS • r, 
O[J1l is (T + DKl) * SIN • SIN + LAMBDA + r, 
r,. cos* DK1 • SlN * W * OLDCOSJ Wa= 8[JJ, 
Pa• SQRT(T * T + W • W)J Ga• B[J1J1:, SIN* PJ 
88[Jtla• G * GJ ROTCOLC1, N, Jt, J, A, COS, SIN), 
J11= J 

''ENO" J 
0 [Ml •• cos • T + LAMBDAr ''IF"" T < 0 "THEN'' B [Ml] J.r .- G 

"END'' QRSTEP 
''END'' J 
fflf" M ~ O "THEN" 99 GOT0" INJ 
• 

END1 EM[3J:• SQRT(BBMAX)J EM[Sl 1• COUNTJ QRtSYMTRI:a M 
''ENO•• QR I SYMTRI, 

'' EOP" 
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AUTHORS I 

INSTITUTE I 

RECEIVED I 

BRIEF OESCRIPTION1 
THIS SECTION CONTAINS SEVEN PROCEDURES, 
A) EIGVALSYM1 AND EIGVALSYM2 CALCULATE ALL EIGENVALUES, OR SOME 
CONSECUTIVE EIGENVALUES INCLUDING THE· LARGEST, OF A SYMMETRIC 
MATRIX USING LINEAR INTERPOLATION 0~ A FUNCTION DERIVED FROM• 
STURM SEQUENCE, 
a, EIGSVMt AND EIGSYM2 CALCULATE T~E CORRESPONDING EIGENVECTORS 
AS WELL, BY MEANS OF INVERSE ITERATION, 
C) QRIVALSYM1 AND QRIVALSYM2 CALCU~ATE ALL EIGENVALUES OF A 
SVM~ETRIC MATRIX BY MEANS OF QR ITERAT?ON, 
D) QRISYM CALCULATES A~L EIGENVECTORS •s WELL IN THE SAME ITERATION 
PROCESS, · 
EIGVALSY~l, EIGSYM1 AND QRIVALSYM1 USE IONAL ARRAY FOR 
THE GIVEN SYMMETRIC MATRIXp THE OTHER PROCEOURES EXPECT THE MATRIX 
TO BE STORED IN "ARRAY", 
QRISYM DE~IVERS THE EIGfNVECTORS IN TH~ ARRAY THAT WAS USED FOR THE 
ORIGINAL MATRIX IN CONTRAST.WITH EIGSY~1 AND EIGSYM2 WHICH DELIVER 
T~E EIGE~VECTORS IN AN EXTRA ARRAV, 
WHEN ALL EIGENVALUES HAVE TO BE CALCULATED, THE PROCEDURES USING QR 
ITERATION ARE PREFERABLE WITH RESPECT TO THEIR RUNNING TIME, WHEN 
ALSO THE EIGENVECTORS ~AVE TO BE CALCULATED THE PROCEDURES USING 
INVERSE ITERATION ARE FASTERJ HOWEVER, THE ONE USING QR ITERAl!ON 
USES LESS MEMORY SPACE. 

KEYWORDS I 
EIGENVALUES, 
EIGENVECTORS, 
SYMMETRIC MATRIX, 
STURM~SEQUENCE, 
INVERSE ITERATION, 
QR ITERATION 1 

• 
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SUBSECTIONJ EIGVALSVM2, 

CALLING SEQUENCE: 
• 

THE HE~DING OF THE PROCEDURE ISi 
'' P R O C E D U R E '1 E I G \I A L S Y M 2 ( A , "J , NU M \I A L , V A L , E M ) J 
11 V A L lJ E '1 ~ , N l J M V A L J " I N T E GE R " N , NU M V A L J " A RR A Y " A I V A L , E H J 

THE MEANING OF THE FORMAL PARAMETERS IS: 
Na <ARITHMETIC EXPRESSION>J 

THE ORDER OF THE GIVEN ~ATRIXJ 
NUMYAL! <ARITHMETIC EXPRESSION>, 

THE SERIAL ~UMBER OF THE LAST EIGENVALUE TO BE CALCULATED, 
<ARRAY IDENTIFIER>r 

EM1 

11 ARRAV'' A. (1:N,11NJ J 
ENTRY; THE UPPER TRIANG~E OF THE SYMMETRIC MATRIX MUST BE 

GIVEN IN THE UPPER TRIANGULAR PART OF A (T~E 
• 

EXITs 
ELE~ENTS A[I,Jl, I<£ J)J 
THE OATA FOR HOUSEHOLOERtS BACK 
C~~ICH ISN'T USED BY T~IS PROCEDlJRE) 

TRA NSF 0Rt-1A TI ON 
IS DELIVERED 

IN THE UPPER TRIANGULAR PART OF AJ 
THE ELEMENTS A[I,Jl FOR I> J ARE NEITHER USED NOR CHANGED: 
<ARRAY IOENTIFIER>p 
"ARRAY'' VALC11NUMVALlJ 
EXIT: . THE NU~VAL LARGEST 

NON•INCREASING OROERJ 
<ARRAY IDENTlfIER>J 
'' A R R A Y '' E M t O I 3 J J 

EIGENV~LUES IN 

ENTRY1 EM[OJ, THE MACHINE PRECISION, 

MQNrJTONICALLY 

EXIT: 
EM[2l, THE RELATIVE TOLERANCE FOR THE EIGE~NVALUE:·s; 
E M t l l , T HE I NF I N J T V N. 0 R M OF T HE O R I G I ~J A L- M A 1· R I X , 
EMC3l, THE NUMBER OP ITERATIONS USED r·oR 

CA~CULATING THE NUMVAL EIGENVALUES, 

PROCEDURES USED1 
TFMSY~TR12 
VALSY"1TRI 

CP341~0, 
CP34151, 

REQUIRED CENTRA~ MEMORYt 
EXECUTION FIELD LENGTHI 

• 

THREE ONE•DIMENSIONAL REAL ARRlYS OF LENGTH N ARE lJSED, 

RUNNING TIME: 
ROUGHLY PROPORTIONAL TON CUBED, 

LANGUAGEt AL.GOL bO, 

~ETHOO ANO PERFORMANCE: 
THE BODY OF EIGVALSYM2 CONSISTS OF T~O PROCEDURE STATEMENTSJ THE 
FIRST IS A CALL OF TFMSYMTRI2 TO TRANSFORM T~E SYMMETRIC MATRIX 
INTO A SIMILAR TRIDIAGONAL MATRIX BY MEANS OF HOlJSE~➔ OLD[PtS 

. TRANSFORMATIONJ THE SECOND IS A CALL OF YALSYMTRI TO CALCULATf THf 
DESIRED EIGENVALUES, OPERATION DETAILS OF BOTH PROCEDURES ARE GIVEN 
IN THEIR DESCRIPTION. 



SUBSECTIONJ EIGVALSVM1. 

CALLING SEQUENCE: 
THE HEADING OF THE PROCEDURE IS: 
" P R O C E O UR E '' E I G V A L S Y ~ 1 ( A , N , NU M V A L , V A L. , E M ) : 
'' V A l. lJ E •• N , ~ tJ M V A L ; '' I ~ T E G E R '' N , N lJ t-1 V A L J '' A R R A V " A , V A L , E M f 

THE MEA~lNG OF THE FORMAL PARAMETERS IS: 
N3 <ARIT~METIC EXPRESSION>J 

THE ORDER OF THE GIVEN MATRIXJ 
NUMVALI <ARITHMETIC EXPRESSION>J 

MC 

THE SERIAL ~UMBER OF T~E LAST EIGENVALUE TO BE CALCL)LATEOJ 
A1 <ARRAV IDENTIFIER>J 

~ARRAY'' AC1:(N+l)*N//2]J 
ENTRY: THE UPPER TRIANGLE OF THE SYMMETRIC MATRIX MUST BE 

GIVE~ IN SUCH A wAY THAr THE CI,J)•TH ELEMENT OF 
THE ~ATRIX IS AC(J•1)•J//2+IJ, 1 <:I<: J <: NJ 

EXIT1 THE DATA FOR HOUSEHOLDERtS BACK TRANSFOR~ATION 
(WHICH lSNtT USED AV THIS PROCEOURE), 

VAL: <A.RRAV IDENTIFIER>J 
"ARRAY" VAL[taNUMVALlJ 
EXIT: THE NUMVAL LARGEST EIGENVALUES IN MONOTONICALLY 

NON•I~ICREASING ORDERr 
EMa <ARRAY lDENTIFIER>J 

"ARRAY" E~ [O a 31 J 
ENTRY1 EM[Ol, T~E MACHINE PRECISION, 

FMC2l, THE RELATIVE TOLERANCE FOR THE EIGENVALUES, 
EXIT: EMt1l, THE INFINITY NOR~ OF THE ORIGINAL MATRIX, 

EM [3], THE . NUMBER OF ITERATIO~JS USED F()R 

PROCEDURfS USE01 
TFMSY~lRI1 
\IALSYMTRI 

= 
-

REQUIRED CENTRAL MEMORV1 
EXECUTION FIELD LENGTH: 

CALCULATING THE NUMVAL EIGENVALUES. 

CP341'43, 
CP31.l151,. 

• 

THREE ONE~OIME~SIONAL REAL ARRAYS OF LENGTH N ARE us~o~ 

RUNNING TIMEI 
ROUGHLY PROPORTIONAL TON CUBE0 1 • 

LANGUAGE& ALGOL 60,, 

MET HOO A NI) PERFORMANCE: 
THE BfJDY OF EIGVALSV~~t CONSISTS OF T~O PRQCEDIJRE STATEMENTSJ THE 
FIRST IS A CALL OF TFMSYMTRI1 TO TRA~SFORM TH~ SYMMETRIC MATRIX 
INTO A SIMILAR TRIOI~GONAL MATRIX BV ~EANS OF HOUSEHOLDER 1 S 
TRANSfOR~ATION; THE SECOND IS A CALL OF VALSY~TRI TO CALCULATE 'THE 
DESIRED ElGE~VALWES 1 OPERATION DET•ILS OF BOTH PROCEDURES ARE GIVEN 
IN THEIR DESCRIPTION. 
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SUBSECTION: EIGSY~2. 

CALLING SEQUENCE: 

, 

TME HEADING OF T~◄ E PROCEDURE lSJ 
''PROCEDURE'' EIGSVM2CA, N, ~tJMVAL, VAL, VEC, EM); 
"VALUE''~, NUMVAL; "INTEGER" N, NUMVALJ PARRAY" A, VAL, VEC, EMJ 

THE MEANING OF THE FORMAL PARA~ETERS IS: 
Na <ARITHMETIC EXPRESSION>J 

THE ORDER OF THE GIVEN MATRIXJ 
NU~VAL: <ARITHMETIC EXPRESSION>J 

THE SERIAL NUMBER OF THE LAST EIGENVA~Uf TO BE CALCULATED; 
Al <ARRAY lDENTIFIER>J 

"ARRAY" A [1 :~, 1 JNl J 
ENTRV1 THE UPPER TRIANGLE OF THE SYMMETRIC MATRIX MUST BE 

GIVEN IN THE UPPER TRIANGULAR PART OF A (THE 
ELEMENTS A[I,Jl, l<a J)J 

EXIT; THE DATA FOR HOUSEHOLDER•S SACK TRANSFORM4TION 
IS DELIVERED IN THE UPPER TRIANGULAR PART OF AJ 

THE ELEMENTS ACl,Jl FOR l > J ARE NEITHER USED NOR CHANGEDJ 
VALi <ARRAY IDENTIFIER>J 

"ARRAY" VAL(t:NUMVAL]J 
EXIT: THE NUMVAL LARGEST EIGENVALUES IN MO~OTONICALLY 

•NO~•INCREASING OROERJ 
VEC: <ARRAY IOENTIFIER>J 

''ARRAY'' VECC11~,l1NUMVALlJ 
E X ! T i T H E N i ,J ~ V A L C A L C U L A T E O E I GE N V E C T O R S , S T O R E D C C) L lJ M ~J -

WISE, CORRESPONDING TO THE CALCULATED EIGENVAl~lJES: 
EM1 <ARR~y IOENTIFIER>s . 

"ARRAY'' EM CO J9l J 
ENTRY& EMCOJ, THE MACHINE PRECISION, 

EM[2], THE RELATIVE TOLERANCE FOR THE EIGENVAl~LJES, 
EMC4l, THE ORTHOGONALISATIO~ PARAMETE:R (SEE ~ETHO~ 

ANO PERFORMANCE), 
• 

EMC6l, THE TOLERANCE FOR THE EIGENVECTORS, 
EMC8l, THE MAXIMUM NUMBER OF INVERSE ITERATIONS 

ALLO~ED FOR THE CALCULATlON OF EACt➔ EIGE.~
VECTORJ 

EXIT1 EHtll, THE INFINITY NORM OF THE ~ATRIX, 
E M [ 3 l , T HE N U M 8 E R O F I TE R A T I O N S lJ S £ 0 F:· C• K 

CALCULATING THE ijUMVAL EIGENVALUES, 
EMCS1, THE NUMBER OF EIGENVECTORS INVOLVED IN TH~ 

LAST GRAM•SCHMIOT ORTHOGONALISATION, 
E~ (71, THE MAXIMUM EtJCLIDEAN NORM o,i· THE. RtSIDIJf:S 

OF THE CALCULATED EIGENVECTORS, 
E M C q l , TH E L A R GE S T N U Pwt 8 E R O F I t~ V E R S E I T E R A T I o r.t S 

PERFORMED FOR THE CALCULATION or SOME EIGEN• 
vEcroR. 



PROCEDURES USED: 
TFMSYMTRI2 
VALSVMTRl 
VECSVMTRI 
BAKSVMTRI2 

= 

REQUIRED CENTRAL MEMORV1 
EXECUTIO~ FIELD LENGTHS 

CP34140, 
CP34151, 
CP34152, 
CP34141, 

MC 

THREE ONE•DIMENSIO~AL REA~ ARRAYS OF LENGTH N ARE DECLAREDJ 
MOREOvER, VECSYMTRI USES FIVE O~E~oI~ENSIONAL REAL ARRAYS 
OF LENGTH~ AND ONE BOOLEAN ARRAY OF LENGTH N~ 

MUNNING TIME: 
ROUGHLY PROPORTIONAL TO~ CUBED, 

LANGUAGE I ALGOL bO, 

METHOD AND PERFOR~A~CE: 
THE BODY OF EIGSV~2 CONSISTS Of FOUR 
THE FIRST IS. A CAl.L OF TfMSYMTRI2 TO 
MATRIX INTO A SIMILAR TRIDIAGONAL 
H O lJ S E 1-i O L. D F- R S ·r R A N 5 F OR M A T I O N , 

' 

THE SECOND IS A CALL OF VALSYMTRI TO 
EIGENVALUES, 

PROCEDURE STATEMENTS: 
TRANSFORM THE SYMMETRIC 
MATRIX BV MEANS OF 

CALCULATE Tr;f. DESIRED 

THE THIRD IS A CALL OF VECSYMTRl TO CALCULATE THE CORRESPONDING 
EIGENVEc·roRs AND 
THE FOURTH IS A OF BAKSVMTRI2 TO PERFORM THE BACK 
TRANSfOR"iATION. 
THE PARA~ETERS E~[Sl, EM[7l ANO E~[9J ARE GIVEN ITS VALUE IN THE 
PROCEDURE VECSVMTRI 1 FOR A POSSIBLY SUBSEQUENT CALL □ F VECSYMTRI 
THE VALUE OF EMCSJ IS NEEDED, WHEN CO~SfCUTIVE EIGENVALUES ARE TOO 
CLOSE TOGETHER, THE CORRESPONDING EIGENVECTORS ARE NOT NECESS~RILV 
DELIVERED ORT~OGONAL BY INVERSE ITERATION (THE METHOD WHICH IS USED 
IN VECSYMTRI) 1 T~EREFORE GRAM•SCHMIDT ORTHOGONALISATION IS APPLIED 
ON THE EIGENVECTORS WHEN THE DISTANCE BET~FEN TWO CONSECUTIVE 
EIGENVALUES IS SMALL~R THAN EMC4], 
FOR FURT~ER DETAILS ONE IS REFERRED TO THE SPECIFIC PROCEDURE 
OESCR!PTlO~S. 

• 

• 
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SUBSECTION! EIGSYMt, 

CALLING SEQUENCE; 
THE HEADING OF THE PROCEDURE IS; 
"PROCEDURE'' EJGSVMt(A, ~, NUMVAL, VAL, VEC, EM)J 
"VA~UE" N, NUMV4L; "INTEGER" N, NUMVALf "~RRAV" A, VAL, VEC, EM1 

THE MEA~lNG OF THE PO~MA~ PARA~ETERS tS1 
N; <ARITHMETIC EXPRESSION>J 

THE ORDER OF THE GIVEN MATRIXJ 
NUMVAL: <ARITH~ETIC EXPRESSION>J 

A I 

EM1 

THE SERIAL NU~BER OF THE LAST EIGENVALUE TO BE CALCULATEDr 
<ARRAY IDENTIFIER>J 
"ARRAY'' A tl I ("1+1 )•N//21 J 
ENTRVt THE UPPER TRIANGLE OF THE SYM~ETRIC MATRIX MUST BE 

GIVEN IN SUCH A WAY THAl THE (I,Jl~TH. ELEMENT OF 
THE MATRIX IS A[(J•l)•J//2+Il, l <=I<= Jc: NJ 

EXIT1 THE DATA FOR HOUSEHOLDER9S BACK TRANSFORMATION: 
<ARRAY IDENTIFlER>J 
"ARRAY~ VAL[11NUMVALlJ 
EXITi THE NUMVAL LARGEST EIGENVALUES IN ~ONOTONICALLY 

NON~tNCREASING ORDER1 
<ARRAY IOENTIFIER>J 
''ARRAY"· VEC [11N, 1 INUMVAL] J 
EXIT1 THE NUMVAL CALCULATED EIGENVECTORS, STORED COLLJMN• 

WJSE, CORRESPONDING TO THE CALCUL.ATED E[GENVALLjESJ 
<ARRAY IDENTIFIER>, 
"ARRAV 1' EM {Olq] I 
ENTRVs EM[Ol, THE MAC~INE PRECISION, 

EXIT: 

EMt2l, THE RELATIVE TOLERANCE FOR THE EIGENVALlJE:S, 
EM[Ltl, THE ORTHOGONALISATION PARAMETER (SEf: ~(ETH(JJ) 

AND PERFORMANCE>, 
EMC6J, THE TOLERANCE FOR THE EIGENVECT~RS, 
EMC8J, THE MAXIMUM ~UMBE~ Of INVERSE Il'ERATIONS 

ALLOWED FOR THE CALCULATION OF EACH E!GEN~ 
VECTORJ 

E~[1l, THE INFINITY ~ORM OF THE ~ATRIX, 
EMC3l, THE NUMBER OF ITERATIONS USED 

CALCULATING THE NUMVAL EIGE:NVALUES, ' 

EM[SJ, THE NUMBER OF EIGENVECTORS INVOLVED IN THE 
LAST GRAM~SCHMIOT ORTHOGONALISATION, 

E M C 7 l , T Hf. M A X I MUM E UC L I D E A N N O R M OF T Hf.-. RE S I i,) l.J f. S 
OF THE CALCULATED EIGENVECTORS, 

EM[9l 1 THE LARGEST NUMBER OF INVERSE ITERATI;)~JS 
PERFORMED FOR THE CALCULATION OF SOME EIGF.~J
\!ECTOR, 



PROCEOURES USED: 
TFMSVMTRI1 
VALSVMTRI 
VECSVMTRI 
BAKSY~TRil 

REQUIRED CENTRAL ~EMORVI 
EXECUTIO~ FIELD LENGTH1 

CP3Lt143, 
CP5415l, 
CP3"1S2, 
CP341tt4. 

MC 
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TH~EE ONE•DlMENSIONAL REAL ARRAYS OF LENGTH N ARE DECLAREDJ 
MOREOVER, VECSVMTRI ANO BAKSYMTRI1 USE A TOTAL AMOUNT OF 
SIX QNE•OI~ENSIONAL REAL ARRAYS OF LENGTH N AND ONE BOOLEAN 
ARRAY OF LENGTH N, 

RUNNING TIME: ' 

ROUGHLY PROPORTIONAL TON CUBED, 

LANGUAGE I ALGOL b0 1 

METHOD AND PERFORMANCE: 
THE BODY OF -ElGSVMl CONSISTS OF FOUR 
THE FIRST IS A CALL OF TFMSY~TRil TO 
MATRIX INTO A SIMILAR TRIDIAGONAL 
HOUSEMOLDERS TRANSFORMATION, 
THE SECOND IS A CALL OF VALSYMTRI TO 
EIGENVALUES, . 

PROCEDURE STATEMENTS; 
TRANSFORM THE SV~METRIC 
MATRIX BY MEANS Of 

CALCULATE THE. 

THE THIRD IS A CALL OF VECSYMTRI TO C ALC tJLA TE THE CORRESPONDING 
EIGENVECTORS AND 
THE FOURTH IS A CALL OF BAKSV~TRI1 TO PERFC1RM 
TRANSFOR~ATION. 
FOR DETAILS ONE !S REFERRED TO EIGSV~2 OR TO THE 
THE FOUR PROCEDURES USED, 

0 E S C R I P T l O N S C.) F·• 

• 

• 

: 



SUBSECTIONS QRI~ALSY~2. 

CALLING SEQUENCE1 
THE HEADING OF THE PROCEDWRE ISi 
"INTEGER" "PMOCEOURE" QRIVALSYM2(A, N, VAL, EM)J 
1 YALUE" N1 ••t~TEGER" ~, "ARRAV~ A, VAL, EMJ 

THE MEANING OF THE FOR~AL PARAMETERS ISi 
N1 <ARITH~ETIC f.XPRESSION>1 

THE ORDER OF THE GIVE~ M&TRIXJ 
Al 1ARRAV IOENTIFIER>J 

"ARQAY" A[l;N,t1NJJ 

MC 

ENTRV1 THE UPPER TRIA~GLE OF THE SYMMETRIC ~ATRIX MUST BE 
GIY~~ IN THE UPPER TA!A~GlJLAR PART OF A (THf 
ELEMENTS AtI,JJ, Ic ■ Jl, 

EXIT: TtiE DATA F'OR HOUSEHOLOlR 1 S BACK TRANSFC)R~ATIO"J 
(WHICH ISN'T USED BY T~IS PROCEDURE) IS DELIVEHE() 
IN THE UPPER TRIANGULAR PART OF Ar 

THE ELEMENTS A[I,Jl FOR l > J ARE NEITHER USED ~CJR CHANGED: 
VALi <ARRAY IDENTIFIER► J 

"ARRAY" VALt11NJ S 
EXIT1 THE EIGENVALUES OF THE MATRIX JN SOME ARBITRARY 

ORDERJ 
EMa <ARRAY ,ID!:NTIFIER>r 

"AR~AY" EM[01Sl 1 
ENTRYg EMtOJ, THE MACHINE PRECISIO~, 

E M [ 2 J , THE RE L A T t VE T O l. E R A NC E F OR T H E E I G E N V A L LJ E S , 
fM[QJ, THE MAXIMUM ALLO~ED NUMBER OF lTfRATtONS: 

EXITt E~(1J, THE INFI~ITV NOR~ OF THE MATRIX, 
EM [3J, THE "1AXIMU~ ABSOLUTE VALUE OF THE CODIAGr)~JAL 

ELEMENTS NEGLECTED, 
EMESJ, THE NU~BER OF ITERATIO~S PERFORMED; 

MOREOVER I 
QR1¥ALSYM2ts 

PROCEDURES uSED1 
TFMSYMT~I2 
QRIVALSY~TRI .. 

REQUIRED CE~TRAL ~EMORY: 
EXECUTIO~ FIELD LENGTHS 

THE NU~8f:R OF EIGENVALlJES NOT CALCl.JLATEO. 

CP34140, 
CP34tbO, 

IONA.L REAL A.RRAVS OF LENGTH NA.RE lJSEO, 

RUNNING TIME$ 
ROUGHLY PROPORTIONAL TON CUBED. 

LANGUAGE1 
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METHOD ANO PERFORMANCE: 
THE BODY OF QRIVALSYM2 CONSISTS OF T~O PROCEDURE STATEMENTS; T ►tE 
FIRST IS A CALL OF' TFMSYMTRI2 TO TRANSFORM THE SVM~ETRIC MATRIX 
INTO A SIMILAR TRIDIAGONAL MATRlX av MEANS OF HOUSEHOlDERfS 
TRANSfORMATlONJ THE SECOND IS A CA~L OF QRIVALSYMTRI TO CALCUL4TE 
THE FIGENVALUES. WHEN THE PROCESS IS COMPLETED WITHIN EM[QJ 
ITERATIONS THEN QRIVALSYM21• OJ OTHER~ISE QRIVALSYM2:= THE NU~BER, 
K, OF EIGENVALUES NOT CALCULATED, E~t5ll• E~t41 + 1 ANO ONLV THE 
LAST N • K ELEMENTS OF VAL ARE APPROXI~ATE EIGENVALUES OF THF GIVEN 
MAT~IX. OPERATION DETAILS OF ROTH PROCEDUQES USED ARE GivEN IN 
THEIR DESCRIPTION, 

SUBSECTION: QRlVALSYMl, 

CALLING SEQvENCEc • 

THE HEADI~G OF THE PROCEDURE ISi 
''INTEGER" ''PROCEDURE'' QRIVALSVM1CA, N, VAL, 
'' \/ A L U E. '' N 1 '' I N T E G E R '' N I " A R q A Y " A , V A L , E ~ J 

THE MEA~ING OF THE FO~MAL PARAMETERS IS: 
N: <ARIT~METIC EXPRESSION>J 

THE ORDF.R Of THE GIVEN MATR!XJ 
A1 <ARRAY ·XOENTtFlER>J 

"ARRAy•• A[11CN+1l•N//2]J 

EM)i 

ENTRY: THE UPPER TRIANGLE OP THE SYMMETRIC MATRIX MUST BE 
GIVEN IN SUCH A WAV THAT T~E CI,J)~TH ~LEMENT ()F 
THE MATRIX IS A[(J•l)•Jl/2+1l, l <: I <= ~J <: ~: 

EXIT: THE DATA ~OR HOUSEHOLOER•S BACK TRANSFOR~1ATllJN 
C WHICH IS N t T USE. D B V TH IS PRO CE t) l.J RE ) • 

VAL: <ARRAY !DENTIFIER>t 
'' A RR A Y " V A L t 1 : N l J 
EXlT1 THE EIGENVALUES OF THE MATRIX IN SO~E A~RITRARY 

OROER7 f 
EMJ <ARRAV IOENTIFIER>J 

" A R R A V '' E M [ 0 : 5 J J 
ENTRVz EM[OJ, THE MACHINE PRECISION, . 

EM[2l, THE RELATIVE TOLERANCE FOR THE EIGEr~vALUES, 
f.Ml4l, THE ~AXIMUM AL~OwED ~UMBER OF ITERATICNS1 

EXIT1 EM[1l, THE INFINITY NOR~ OF THE MATRIX, . 
E~C3l, TME MAXI~UM ABSOLUTE VALUE OF THE COOIAGONAL 

ELE~ENTS ~EGLECTEO, 
E~t5l, THE NUMBER OF ITERATIONS PERFORMED; 

MOREOVER I 
QRIVAL.SY~1t= 

PROCEOIJR.ES USED: 
TFMSYMTRI1 
QRIVALSV~TRI 

= 
= 

REQUIRED CENTRAL MEMORYI 
EXECUTIO~ FIELD LENGTHI 

THE NUMBER OF EIGENVALUES NOT CA~CULATED~ 

CP3Q143, 
CP34160 8 

TWO ONE-.O l ~f. NS I ON."L RE AL ARRA VS OF LE NG TH N A RE USE{)• 
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RUNNING TIME: 
ROUGHLY PROPORTIONAL TON CUBED, 

LANGUAGE1 

METHOD A~D PERfORMANCEI 
THE BODV OF QRIV~LSVM1 CONSISTS OF TWO PROCEDURE STATEMENTSJ THE 
FIRST IS A CALL OF TFMSYMTRI1 TO TRA~SFORM THE SYMMETRIC MATRIX 
INTO A SI~ILAR TRIOIAGONA~ MATRIX BY MEANS OF HOUSEHOLOER•S 
TRANSFORMATIONJ THE SECOND IS A CALL OF QRtVALSVMTRI TO CALCULATE 
THE EIGENVALUES, WHEN THE PROCESS IS COMPLETED WITt➔ IN EM[4l 
ITERATIONS THEN QRIVALSVM1ga OJ OTHERWISE Q~IVALSVM1z= THE NU~8ER, 
K, OF EIGENVALUES NOT CALCULATED, EM[Sl 1: EMt4l + 1 AND ONLY THE 
LAST N • K ELEMENTS OF VAL ARE APPROXI~AT•E EIGENVALUES OF THE GIVE~ 
MATRIX, OPERATION DETAILS OF BOTH PROCEOU~ES USED ARE GIVEN IN 
THEIR DESCRIPTION, 

SUBSlCTIONI QRISVM. 

CALLING SEQUENCE~ 
THE HEADING OF -THE PROCEDURE ISi 
"INTEGE~" ''PROCEDURE'' QRISYM(A, N, VAL, EM)J 
" V A L U E •• N J '' l N T EGE R •• N J " A RR A Y " A , VA L. , E M r 

THE 
N1 

MEANING OF THE FORMAL PARAMETERS lSt 
<ARITHMETIC EXPRESSION~, 
THE ORDER OF T~E GIVEN MATRIXr 
<ARRAV lDENTIFIER>p 
'' A R R A V " A [ 1 I N , 1 I N ] J 
ENTRV1 THE UPPER TRIA"IGL,E OF THE SYMMETRIC MATRIX Ml.1ST HE 

GIVEN IN THE UPPER TRIANGULAR PART (JF A (T ►◄ E 
ELEMENTS A[I,Jl, Ic= J)J 

EXIT: THE EIGENVECTORS 0~ THE Sy~METRIC '1 A T R I X , S T O R f·. 0 
COLUMNWISEJ • 

<ARRAV IDENTIFIER>J 
"ARRAY" VA~t11NlJ 
EXIT: T•➔ E EIGENVALUES OF THE MATRIX 

CALCULATED EIGENVECTORS, 
<ARRAY lOENTIFIER>J 
'' A R R A Y '' t. M C O I 5 l J 
ENTRVs EMCOl, THE MACHINE PRECISION, 

EXIT: 

EMt2l, THE RE~~TIVE TOLERANCE fOR THE QR ITERATIO~, 
EMt4J, THE MAXIMUM ALLOWED NUMBER OF ITERATIONS: 
EMC1l, THE INFINITY NORM OF THE MATRIX, 
EMt3l, THE MAXIMUM ABSOLUTE VALUE OF THE COOIAGONAL 

ELEMENTS NEGLECTEO, 
EMtSl, THE NUMBER OF ITERATIONS PERFORMEDJ 

MOREOVER I 
QRISYM ts 

' 
THE NU~BER OF EIGENVALUES AND ~VECTORS NOT 
CALCULATED, 
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PROCEDURES LJSED: 
TFMSYMTRI2 
TFMPREVEC 
QRISVMTRI 

REQUIRED CENTRAL MEMORY1 

EXECUTION f!ELD LENGTHI 

CP34140, 
CP34142, 
CP341b1, 

TWO ONr•Ol~ENSIONAL REAL ARRAYS OF LENGTH N ARE LJSED, 

RUNNING TIME1 
PROPORTIONAL TON CUBED, 

LANGUAGE a ALGOL bO, 

METHOD AND PERfORMANCEI , 
THE BODY OF QRISVM CONSISTS OF THREE PROCEOLJRE STATEMENTS1 THE 
PIRST IS A CALL OF TFMSVMTRI2 TO TRANSFORM THE SV~METRIC MATRIX 
INTO A SIMILAR TRIDIAGONAL MATRIX BY ~EANS OF HOUSEHOlDER 9 S 
TRANSFORMATION, THE SECOND IS A CALL OF TFMPREVEC TO PERFORM THE 
DES!~EO BACK TRANSFORMATION ON THE EIGENVECTORS IN ADVANCE AND THE 
THIRD IS A CALL OF ~~ISYMTRl TO CALCULATE THE EIGENVALUES ANO 
THE EIGENVECTORS, WHEN THE PROCESS IS COMPLETED WITHIN EMt4l 
ITERATIONS THEN QRISYM1a Or OTHERWISE QRISYMJ: THE NUMBER, K, OF 
EIGENVALUES ANO •VECTORS NOT CALCULATED, EMtSJ t= EM[4] + 1 ANO ONLY 
THE LAST N • K ELEMENTS OF VAL ANO THE LAST N • K COLUMNS OF A ARf. 
APPROXI~ATE EIGENVALUES ANO EIGENVECTORS RESPECTIVELY OF THE GIVEN 
MATRIX. OPERATION DETAILS OF THE PROCEOU~ES USED ARE GIVEN IN 
THEIR DESCRIPTION, . 

EXAMPLES OF tJSEz 

THE TWO LARGEST EIGENVALUES IN MONOTONICALLY NON INCREASING ORDER 
ANO THE CORRESPONDING EIGENVECTORS OF M, WITH N: 4 AND M(I,Jl : 
1 / (I+ J • 1), MAY BE OBTAINED av THE FOLLOWING PROGRAM= 

• 

•1 BEGIN'' 
" I \I T E G E R '' [ , J J 
"ARRAY'' A [1 s 10l, VAL t112), EM toaq], \IEC [1J4,1121 J 
'' P R O C E D URE t, E I GS Y ~11 ( A , N , ~ U ~ V A L , V A L , V E C , EM ) , '' C O OE " 3 4 1 5 o J 

t H [ 0 l : = •• • 1 4 J E M [ 2 l I : '' • 1 2 J E M [ 4 J C : ~, " 3 ; 
EM {bl 1= l 0''-,10 s EM [81 t• SJ 
1•FORn II= 1 "STEP" 1 ''UNTIL" 4 "00" 
"FOR" Ja: I ''STEP" 1 11 UNTIL" 4 •1 00'' 
ACCJ * J • J) / 2 + Ill• 1 /CI+ J-. 1)J 
EIGSVHt(A, 4 1 2, VAL, VEC, EM)I 
0 lJ T P U T C b 1 , It C " 2 C ♦ , 1 3 D ,. + 2 D , 2 8 ) , 2 / '' ) " , v A L t 1 l , V A L. C 2 l ) J 
••FOR" I:: l, 2, 3, 4 "DD" 
0 l.J T P U T ( 6 1 , " ( '' 2 C ♦ • 1 3 0 '' ♦ 2 0 , 2 8 ) , / " ) •• , V E C [ I , 1 l , V E C C I , 21 ) 1 
OUTPUT(b1, ••(«2(.20"+20, /), 3(2ZD, /)")~, 
EMtll, EMt7J, EM[3l, EM[5J, EM[9l) 

''END'• 
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' 

THE PROGRAM DELIVERS(THE RESULTS ARE CORRECT UP TO TWELVE DIGITS)r 

THE EIGENVA~UESI +,1500214280059"+01 

THE EIGENVECTORS! -,1q2&oe2,11638" ♦ 00 
~,451ql3120'016"+00 
•,322~163~85818"•00 
•,2521b116q688Z"+OO 

EMC 1 l GP, -
EM t7 l = 
EM [3] • 
EM (Sl I; 

EM (9] • 

THE TWO 
1 / Cl + 
ORDER BY 

''BEGIN" 

,21••+01 
._qz" .. 14 
32 
1 
1 

' 

LARGEST EIGENVALUES OF 
J • 1), MAY BE OBTAINED 
THE FOLLOWING PROGRAM1 

"INTEGER" I, JJ 

+,1&q1412202214PtOO 

+.582075b994q72"+00 
~.3705021850671"+00 
•• so9578b3U50l8"+00 
.,5140482722222"+00 

• 

WITH N: 4 
MONOTONICALLY 

AND 
NO f\J 

HCI,Jl = 
INCREASING 

"ARRAY" A [1 I~, 1 Stfl, VA'-t1121, !M [013) I 
II P R O C E D UR E " . f I G V A ~ S V M 2 ( A , N I NU M V A L , V A J. , E M ) J '' C O O E ,, 3 4 1 5 3 J 

EM tOJ i= "~tt.aJ EM [21 s• "•liJ 
"FOR" I:• 1 "STEP" 1 "UNTlL" q "OO" 
"FOR" J1: I "STEP" 1 "UNTIL• q "00° A[I,Jl •= 1 / (I+ J ~1,, 
EIGVALSY~2CA, a, 2, VAL,. EM)t 
OUTPUT(bl, "("2(+,130"+2D, 28)")", VAL[ll, VAL[2l)J 
OUTPUT(&1, "("2/, 1 20"+2D, I, 2ZD'')", EM[1J, EMt3]) 

"ENO" 

THE PROGRAM OELtVERS(THE RESULTS ARE CORRECT UP TO TWELVE DIG1TS1: 

THE EIGENVALUESI +t150021428005~"+01 
EM[31 = 4 21"+01 
EMttJ = 32 • 

• 



SOURCE TEXT ( S) I 

"CODE" 34153J 
"COM~ENT" ~CA 23131 

(JtJLY 1974) 

"PROCEDURE'' EIGVALSVM2(A, N, NUMVAL, VAL, EM)J "V•LUE" N, NUHVALJ 
~INTEGER" N, NU~VAL, "ARRAY" A, VAL, EMJ 
"BEGIN" "ARRAY'' B, BB, oc11NJ1 

MC 

••PROCEDURE•• TFMSY~TRI2(A, N, o, e, BB, EM)f ••cooE•• 3Q140J 
"PROCEDURE" V~LSVMTRt(D, 88 1 N, N1, ~2, VAL, EM)s "CODE" 34151J 

TFMSVMTRI2(A, N, o, e, ee, !Ml, 
VALSY~TRI(D, BB, N, 1 1 NUMVAL, VAL, EM) 

"ENO" EIGVALSVM2J 
'' E OP" 

"CODE'' 341541 
"COMMENT'' MCA 23141 

• 

"PROCEDURE'' EIGSVM2(A 1 N, NUMVAL, VAL, VEC, EM)J "VALUE'' N, NUMVALJ 
"lNTEGE~P N, ~UMVALJ "ARRAY" A, VAL, VEC, EH, 
"BEGIN" "ARRAY'' B, BB, DtlaN]J 

••PROCEDURE" TFMSYMTRI2(A, N, D, 6 1 BB, EM)J "CODE" 34140J 
"PROCEDURE"· VALSYMTRI(O, ee, N, N1, N2, VAL, EM), "CODE" 3~151 J 
"PROCEDURE" VECSYMTRICO, B, N, N1, N2, VAL, VEC, EM)r 
"CODE" 34152J 
"PROCEDURE" BAKSYMTRI2CA, N, N1, N2, VEC)J "CODE" 341411 

TFMSYMTR12CA, N, D, B, BB, EM)J 
VALSVMTRl(O, BB, N, 1, NUMVAL 1 VAL, EM)J 
VECSVMTRI(D, B, N, 1, NUMVAL, VAL, VEC, EM)J 

• 

BAWSV~TR!2(A, N, 1, NUMVAL, VEC) 
''END" EIGSVM2J 

'' E OP" 

"CODE" 3415SJ 
"COMMENT" MCA 23181 • 

"PROCEDURE'' EIGVALSYM1(A, N, NUMVAL, VAL, 
"INTEGER" N, NUMVAL, "ARRAY" A, VAL, EMJ 
•BEGIN" ''ARR AV" B, BB, D [1 INl J 

fM)J "VALUE'' N, NUMVAL, 

••PROCEDURE 1' TFMSYMTRil(A, N, 0, B, B8, EM)I ''CODE" 341431 
''PROCEDURE'' VALSYMTRI(O, BB, N, N1, N2, VAL, fM)J "CODE" 341511 

TFMSYMTRI1CA, N, D, B, BB, E~)J 
VALSVMTRI(D, BA, N, t, NU~VAL, VAL, EM) 

"ENOP EIGVALSYM1J 
'' E OP'' 



MC 
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"C00Et.t 31.115br 
"COMMENT" MCA 231qt 
1 ~ROCEDURE" EIGSVMl(A, N, NUMVAL, VAL, VEC, EM)J "VALUE" N, NUMVA~r 
"INTEGER" N, NUMVALJ "ARRAY'' A, VAL, VEC, EMs 
"BEGIN" "ARRAY" B, B8, D[11NJf 

"PROCEDURE" TFMSYMTRI1(A, N, D, 8, 88, EM)J ''CODE" 341~3J 
''PROCEDURE" VALSYMTRICD, BB, N, Ml, N2, VAL, EM), "CODE'' Jij151J 
"PROCEDURE" VECSVMTRICD, B, N, Nl, N2, VAL, VEC, EM)J 
''CODE'' 34152J 
''PROCEDURE" BAKSYMTRI1(A, N, N1, N2, VEC)J "CODE'' 34144J 

TF~SVMTRit(A, N, D, B, 88, fM)J 
VA~SYMTRICD, BB, N, 1, NUMVAL, VAL, EM)J 
VECSYMTRICO, B, N, 1, NUMVAL, VAL, VEt, EM)J 
BAKSYMTRI1CA, N, 1, ~UMVAL, VEC) 

"END" EIGSYM1J 
"EOP" 

ntOOE" 3t&162s 
"COMMENT" MCA 23221 
"INTEGER" ~PROCEDURE" QRIVALSYM2(A, N, VAL, EM)J "VALUE'' N, 

. "INTEGER" NJ "ARRAY·" A, VAL, EM, 
tt BE G I N '' •• A R R A Y '' B , 8 B t 1 I N l J 

"PROCEDURE" TFMSVMTRI2(A, ~, D, B, BB, EM), ••cooE•• 34140J 
"INTEGER" "PROCEDURE• QRIVALSVMTRl(D, BB, N, EM)I 
"CODE" 3~160J . 

TF~SYMTRI2CA, N; VAL, B, BB, EM)J 
QRIVALSYM21= QRIVALSYMTRI(VAL, BB, N, EM) 

''END" 0RIVALSVM2J 
''EDP'' 

\ 

• 
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"CODE~ l41b3p 
"C0~MENT'' MCA 2323J 
"lNTEGER" "PROCEDURE'' QRISYMCA, ~, VAL, EM)J "VALUE'' NJ 
1 INTEGER" NJ "ARRAY" A, VAL, EM1 
~BEGIN" ''ARRAY" B, 8Bt11NlJ 

"PROCEDURE" TF"SYMT~I2CA, N, D, 8, 88 1 EM)J "CODE" 3Ql40J 
"PROCEDURE" TFMPAEVECCA, N)J "CODE" 34142s 
"INTEGER" "PROCEDURE• QRISYMTRI(A, N, D, 8, BB, EM)J 
"CODE" 3~1&11 

TFMSYMTRI2C•, N, VAL, 
QRISYMJ• QRISYMTRl(A, 

"END" QRISYMJ 

B, BB, EM)J TFMPREVEC(A, 
N, VA~, B, 88, E~) 

"EOP" 

"C0DEP 341bijJ 
"COMMENT" MCA Z327J 
"INTEGER" "PROCEDURE" QRIVALSYMt(A, 
"INTEGER" NJ "ARRAY" A, VAL, EMJ 
M8EGIN" "ARRAY" B, 88ft t NJt 

• 

N)J 

"PROCEDURf"· TFMSYMTRll(A, N, D, 8 1 BB, !~)J "CODE" 341437 
"INTEGER•• "PROCEDURE" QRIVALSYMTRJ(0, BB, N, EMl, 
"C0Df" 34100P 

TFMSYMTRI1CA, N, VAL, 8, 89, EM)I 
QRIV~LSYM1t• QRIVALSYMTRI(VAL, BB, N, EM) 

' 

"END•• QRIVALSYMt, 
"EOP" 

• 
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A U T HO R S a J a J • G • A D i.1 I R A AL , l • C • Y SSE L S T f. I ~ J • 

CO~JTqI8UTOR1 J,.J.G. AD~-1I~AAL. 

I N S T I T U T E I ~ ~,.J I V E R S t T V OF A M S TE RD A t1 • 

RECEtVE01 701101, 

BRIEF OfSCRlPTIONa 
THIS SECTION co~~TAit18 THREE PROCEDURES FOR SORTING THE 
ELEME~~,rs OF A VECTOR A\ID CORRESPO'!Olf-'Gle.Y PE~ ►1UTI~G THE 
ELE~ENTS OF A VECTOR n~ A MATRIX ROW. 
A) ~ERGESORT DELIVERS A PERt1UTATION OF INDICES 

C O R R E S PO ~JO I I\J G T O S O ~ T I N G T ti E e l. E t1 t ~. T S O F A G I V E ~J 
VECTOR INTO NON•DECREASING ORDER, 

Bl VECPEqH PERMUTES TH! E~EMENTS OF A GIVEN VECTOR 
CORRESPOrJDING TO A SJVEN PER~UTATION OF INDICES, 

Cl ROWPfR~ PERMUTES TH! ELEHE~JTS OF A GIVEN ROW OF A 
~AT~tX CO~RESPON.DI"1G TO A G!'1E~J PERMUTATIOtJ OF 
INDICES. 

KEYWOROS1 
SORTifJG, 
P E q ~1 l.J T I N G • 

SUBSE·c T 10:.J: ~4ERGESORT • 

CAL.LlriG SEQUE.~CE& 

• 

MC 

PAGE l 

Tr·!E DECL.ARATION Of THE PROCEDIJRE I~J TriE CALLI~JG PROG~AM RE:ADS1 

'' F' Q O C E D JR E '' ~,1 E: R GE S OR T ( \/ E C 1 , VE C 2 , L O w , tr.I P ~ ) r 
•t V A L.. tJ tr " L O W , '~·' P ~ I ~ l "-J T E G E R '' L O w , U P 0 J '' A P R A Y '' V E C 1 , V EC 2 I 
'' C O D f •• 3 6 Q O 5 J 

VEC1 

• 

3cARRAY IDE~TIFIER>r 
~A~RAY" ve:c1 tL.O~ttJPPJ 1 
E :\J T R V : T ~➔ E 'v E C T a R T O 6 E S O R T E D I t•,l T r, 

NONOEC~EASI~G ORDER, 
, 

EXIT: T~iE CONTENTS OF VECl ARE LEFT INVARIArJTJ 
:cARRAY IDE~ITIFIER>r 

''!NTCGER""ARRAY" VEC2tLOW1UPPJ J 
E X t T : r I1 E P C RM I J T A T I CJ N O r I ~J O I C E S C O R RE S P O t ~ D I t✓ G T 0 

S O ~ T I ; ~ G T H [ E ~ E t· 1 t: i 1 T S J F V EC l I ~-J T 0 
~JQiJ~DECREASING OR~ER: 

: < A q l T ri ~ E T l C E x l' ~~ E S S 1 0 f J > 1 
T "1 E L Q Al ER ! 1·4 0 E X OF THE. ~QR A Y S V E C 1 A ~ ~ Q VE C 2 J 

I < A R I T f-i ~4 E T I C E x f' P E S S I O t· i > ; 
r ~ E ~J? P E R I f.1 ~ E ~ 0 F T HE A R R A Y S v E C 1 A r.,; D V E C 2 ; 



' 

2-nd REVISION, 1977 

' 

PROCEDLlRES USED I ~JO~~E • 

REQUIRED CE~TRAL ME~10RYa ONE LOCAL INTEGrR ARRAY OF 
L, ENG T r·1 !·J , WHERE 'J c: UP F' • L. 0 W + 1 • 

RUN~ING Tl~Ea AVERAGE ~ROPORTIONAL TON* LNCN), 
,, 

LANGUAGE: ~LGOL oo. 

~1ETHOD AND PERFOR~ANCE1 SORTING BY MERGING. Ct1J, t2l) 

E XA MPL E OF JSE I Tr,iE PROCE D 1JRE MERGES ORT IS USED l ~~ S V ME I GI MP 
. ' 

CSE Cr IO tJ 3 • 3. 1 • 1 • 3. 3 > • 

SUBSECTIONI VECPER~. 

CAL~It~G SEQUENCE: 

MC 

PAGE 

Tri(£ DCCiwARATIO'I OF THE PROCEDURE IN T!fE CALLING PROGRAM RE:AOSi 

"P~OCEOJRE" VECPER~(PER~,LOW,UPP,VECTO~)t 
"V•LUE'' LO~,UPP1 "lt·JTEGER" LOW,UPP1 
,, 1 ~i r e: G e: R " ,. A R R A v " PER 1·1 , ,, A RR A v " v e: c r o R , 
., C a D E '' .3 b 4 ~ a I 

T t·t E f~1 E A :\J I \j G OF T 1-i E F' ti~ ~1 A L. PAR A M E TE RS l S I 
PER ;~l g <AR RA. V I OEN T IF t E R > I 

"lNTEGER" "ARRAY" PER~1CLOW:UPPJ1 
E,~TRY; A Gl\/EN PERMUTATtO~~ (E 1 G.AS PROOlJCED BY 
~ERGESORT) o, TME NUMBER$ I~ T~E ARRAY V!CTORJ 

L O 1~ : < A R l T f · t ~ E T I C E X ~ R E S S I Of~> I 
1HE LO~ER I:JOEX OF THE ARRAYS F'»ERM ANO VECTORJ 

UPP ;cA~ITH~ETIC EX~RESSION>J 
TriE l .. Jf'PER ItJOE)( OF THE A~RAYS PE"M AND VECTOR; 

VECTnR ;cARRAY IDENTIFIER>, 
"A'=fRAY~ VE~TOR [t.OWttJPPJ J 
ENTRY: THE REA~ VECTOR TO BE PER~UTEOJ 
E X I T I f HE ? E P f•; J T E D V E C T O ? E L E ··1 E :,\1 T S 1 

P £ Q ... J I R E O C E ,~ T R A L ~ ~ E ···1 0 R V I 
0 t-,J E L J C A L B O CJ L E ~ "J A F~ P. A Y O r L. E. f· J G T rf N I S D E C l A R E D • 
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MC 

( ~! 0 V E M BE R 1 q 1 & ) 
' 

PAGE 3 

CALLitJG SE[;JUEt~CE& 

T~1E ntCL.ARATIOt·J nF T~·'t PROCEOi,JRE IN THE: CALJ.lfiG PROGRA'1 READS1 

' ' 

'' P ~ a C E D U R E '' P O w P E ~ ~,~ ( P E ~ ,,.1 , L O W , tJ P ~ , l , H A T R I X ) f 
'' V 4 L. Lt E ,. L O ~I , ll P P , I ; It I 1\.1 T E G E R ,, L O ~ , ,,J PP , l I 
'' I ~~ T E G E R " '' A n R A. V tt P E R M I '' A R R A Y " ~ 1 A T R I X J 
''CODE'' 3b403r 

TrfE ~-1EANit·~G OF THE f'1R"1AL PARAMETERS lS; 
PERM :cA~RAY IDENTIFIER>J 

" l t~ TE G E R " tt A R R A Y " PE Rt 1 t lt O W. I lJ P P l J 
ENTRYg A GIVEN P!R~UTAllO•-~ CE,G• AS PRODUCED BY 
~ERGESORTl OF THE NUMBERS I~J T~E ARRAY VECTOR; 

L. Ow 'cARITriMETIC E.XPRESSI.O~l• J 
THE LOWER INDEX OF THE ARRAY PERMJ 

UP P a < A ~ I T ti M E T l C E X PRE 5 S t O ~·~ > ; 
TriE UPPER ItiOE)t OF THE: A~RA Y f'ERM; 

I I < A R I T H M E T l C E X P R E S S l O ~J > : 
THE Row INDEX OF THE }'4T~IX EL,[MEr•JTSJ 

~-4 A T R I X ; ◄ A ~ R A Y I O E "'J T I F I E R > I 
, , 

••ARRAY" ~1 AT RIX t I I I, L. 0 W i t.t P J J 
E ~J T R V & ~1 A T R I X t I , ~ 0 W ; LJ O l S ►-,, 0 J L, 0 C O ~! T A l ~J t r1 E 
EI. E: · 1 E t·l TS Ta 8 E PER t-1 UTE 0. J 

, ' 

e: x I r 1 ~1 A r R l x t r , Lo w I lj r 1 c o ~, T A I tJ s r HE ~-~ o ~ or 
~ERL,LJTED ELEMfNTS1 

PROCED·J~ES JS~OI t-JOr~E • 

q E 11 , _I I R E D C E ~. l T R A L, ,. 1 t ► 1 0 R V I 
CJ : J E l J C A L. 6 0 0 L E A ~ J A RR A V O F' LE r;! G TH t~ I $ D ~ C L. A R E D • 

L A t, I G loeJ A G E : A L. G J L Q O • 

r· X A 
21 ° L E: f) F. J S E I T ti E P R O C E f..) U R E R O w f, E ~ ~1 I S J S E r, I .'J S V M I: I G I ►1 P 

1 ' 

CSECTIOtJ 3.3.1.1.3.3>. 

r l J 
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MC 

PAGE 4 

SOURCE. TEXTS1 

CODE'* 3biJOS; 
''PROCEDURE" ~ERGtSORT(A,~,L.OW,UP);"VA\..UE" i.ow,up, 
'' l N T E G E R 1• L, 0 W , U P J " A R R A V '' A t " I ~J T E G E R " '' A R R A 1 '' P s 
''B!GI~I" ''I~TEGER" I,L,R,PL,PR,LO,STEP,STAP,UMLP1,UMSP1,RE5T,RESTV1 

"BOOLEAt~" RUUT,~OUT; "INTEGER" ''ARRAY" HPCL~W1UP]J 
,, PRO CEO URE,, li ERG E" CLO, LS, RS) ; "VAL, U E tt LO, LS I RS J "I t\l TE GER,, LO I LS, RS J 

• 

''BEGIN" L; ■ LOJ Rs•~O+LSJ LOUT;•ROUT:•''FALSE"J 
" F O R " I I it L O , I ♦ 1 '' W :i I L C '' -' ( L. 0 U T tt O R !t ~ 0 Lt T ) " 0 0 " 
t, 6 E G I. ~4 •1 P l. t ;r P t L. l J P ~ : = P C ~ J ; " I F '* A C ~ L J > A t P R l '' T ~i E N '' 

"6EGIN" HPtll 1~PR;R~•R+1tROUTgsR;LO+LS ♦ RS MEND" "ELSE" 
" B E G I ~ " ~~ P t I 1 I c; P L J L ; • L. + 1 J L D 1 J T I a L a L O ♦ L S '' E N D " 

''E:\JO" roR ! I 
91 l F '' R O ;J T •• T H E N " 
''B~GIN'' Pf0R" Ia•LO+LS•l "STEP" •I "UNTIL" L "00'' 

~tt+RSl l~Ptll Jqt'3LtRS 
''E\ID" 1 
'' F O R « I I c R • 1 " S T E P " • 1 '' U r J T I L '' L O " D O " P t I J I • ~~ P t l l J 

'' E ?\J O '' ~ E R GE ; 
11 r □ R'' Is~LO~ "STE~" 1 ''UNTIL'' UP "DO'' ~til11I1RESTVa=os 
UMLP1 l :,;J?•LOW+ 1; 

• 

"rOR" STEP1,1, STEP•2 "~HlLE" STEP< u~~P1 ff00" 
''BEGIN" ST&P1;ZtSTEP1U~SP11=UP•STA~tlJ 

''FOR" LOt~LOW "STE?n STAP "IJNTI~•• U~SPl "00'' 
ME~GE(LO,STE~,STEPJJ REST:•tJP•LO+lJ 

' 

'' l F •• RE S T > R E S T V & q E S T V > O " T ri E ~ ~ ~1 E R G E C I. 0 , RE S T • RE S T V , R E S T V ) J 
REST\11:REST 

'' E: ~ 0 •• F O R S TE P 
'' E ~, D •• ~ E R G E S O R T J 
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MC 

''COOE" 3640Q r 
"PROCEDURE" VECPER~(PER~1,LOW,UPP 1 VECTOR)J'1 VALUE" LOW,UPPJ 
''l~TEGER'' LOW,UPP;"lNTEGER~ "ARRAY" PERMJ''REAL" "ARRAY" VECTORr 
''BEGIN" "l~TEGER~ T,J,Ks"REAL" AJ"800LEAN" "4RRAY" TOOOtLOW;UPPl r 

"f0R'' T1~LOW "STFP" 1 "U~TIL" UPP "DO" TOODtTJ l•''TRUE"J 
''f0R" T1a~OrJ "STEP 1

' 1 "UNTIL" UPP "DO" 
•• B E G I ~J " " l F '' T O D O t T J " T ~ E r,, '' ·. 

"BEGIN" K;•TJA~aVECTORtKJJ 
~FOR" J:•PER~t~J "WHILE" J*•T "00" 
99 SEGif~" VECTOR tK] 1wV!CTO~ tJl 1TOOO tKl 1a"FAL,St 1 ;K1•J 
"ENO";VECTORtKlt•AJTODOt~l 1s"FALSE" 

"EN0" CYCLEJ 
''END If Foq T 1 

''~~D'' VECPERM I 

''CODE'' 3b4031 
"PROCEDURE'' ROWPERM(PER~,LOW,UPP,I,MAT)J"VALUE" LOW,UPP,I1 
''INTEGER" LOW,UPP,IJ"INTEGER" "ARRAY" PERMJ"REAL" "ARRAY'' MATJ 
"8EGIN" "l~TEGER" T,J,K;"q!AL" A1"BOOLEA~" 'ARR•Y" TODOtLOWaUPPl f 

''FOR'' T1wLO~ "STEP" 1 "UNTIL" UPP "00'' TODDtTJ ••"T~UE"t 
''FOR" T1•~0~ "STEPff 1 "UNTIL" UPP "D0" 
''BEG I t-.t tt "1 F" TOO O t Tl "THEN" 

' 

"BEGINff K11T,A11MATtI,KJJ 
"FOR" JI •PERM [t<l ''WliILE" J,8 1T "00" 
"6EGIN~ MATtI,Kli~MATtI,Jl1TOOO£KJt1RFALSEPJK1•J 

•• 

"END"1~ATtI,Kla,A1TODOtKJ11"~ALSE" 
t•END" CYCLES 

''END" FOR T J 
''ENO'' ROWPERM 1 

• 

• 

PAGE 5 

• 

• 
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A U T H O R / C O : 4 T R I 8 l_7J T O R t J ,, J • G • A O ~1 I R A A L ¥~ 

INSTITUTE: JNIVEASITV OF A~STE~OAM. 

RECEIVED: 7&1101. 

BRIEF OESCRlPTIOt~1 

MC 

PAGE 1 

• 

T~JE PROCEDURE ORTHOG ORTHOGONALIZES SO~E ADJACENT MATRIX COLU~NS 
ACCORDI~G TO THE ~~ODlFIEO GRAH SCHMIOT ~ETMOD (SEE till, 

• 

KEVWORDSc 
ft1A TRIX COLU~~~S, 
MO O l F I E O G ~ A M S C f...l t-i I D T O R T ti O G O tJ A I. I Z A T I O ~ • 

• 

CALLING SEQUENCE: 
• 

TtiE OECl.ARATIOt~ OF T~1E PROC'EOURE IN THE CALLir~G PROGRAM REAOS1· 

''PROCEDURE" ORTHOGCN,LC,UC,Xl; 
'' V 4. L Lt E " \J , L C , L.t C · J " ! ~-J T E tl e: q '' ~J , L. C , U C r ._ A R R A Y " :< 1 
'' C O 0 E " 3 b q O 2 I 

THE ~EANING OF THE FOR~AL PARAMETERS IS; 
N t«ARITHMETlC EXPR!SSlOt·J•J . 

THE ORDER ~F THE MATRIX XJ 
LC ;cARIT~METIC EXPRESSIOM>J 

THE LOWER COLU~N INDEX OF TH! MATRIX COLUMNSJ 
UC gcA~ITrlMETlC EXPRESSlON,J 

TrlE LIPPE~ COLUMN INDEX OF THE P~ATRtX COLUMNS1 
X ;c~~RAY lOENTIFIER>t 

"A~RAV" Xt1;N,LC~UCJJ 
ENTRY ; THE r-·1 AT RIX COL l.J M ~JS, TO BE 

ORTHOGQt-JAL l ZED J 
E )( I T i T l-~ E O R T ri O G ON AL I Z ED ~ 1 A T R l X C O L UM \JS • 

PROCEr1uRE$ USED I 
TA~~4T • CP3U014, 

.E L ~ C r, l. • C P 3 Li O 2 3 • 

REQUIRED CE~TRAL ME~ORYa NO LOCAL ARRAYS A~E DECLARED. 

~ U ~J : ~ I :' ~ G T l \,1 E : P ~ 0 P O R T I O r,, A L T O r-.i * t 3 • 
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LANGUA.GEi 4LGOL oo. 

METHOD ~ND PERFOR~1At~CE1 

' . 

• 

' 

THE ~OOIF'IEO G~AM SCHt·~IDT ~1ET~fOD (SEE [11 ,CHAPTER. 4e54) 8 

, 

EXAMPLE OF USE1 Tt~E PROCEDURE ORTHOG IS 
• 

(SECTION 3.3.1.1.3.3). 

REFE:RENCE$1 
[ 1 l J • H • W I L K I ~ J S O ~J. • 

US!O IN SYMElGIHP, 
' ' 

T~E A~GEBRAIC EIGE~IVALUE PROBLEM. 
C~4REiDO~ PRESS,OXFORD,1Q~5, 

SO!JRCE TEXT I 

'' C 0 DE '' 3 b 4 0 Z I 
" PRO CEO iJ RE '' 0 RT HOG C t·J , LC , UC , X l ; '' VALUE " N , LC , UC I 
"INTEGER" N,LC,UC;''ARRAY" x, 
"BEGINtt "INTEGER~' I,J,K; "REAL" NOR.1X; 

•• R E 4 L " " P R O C E O U R E " T A M ~ A T ( L , U , I , J , A , 6 l 1 '' C O OE " 3 a O 1 4 I 
"PROCEOUqE" EL~COLCL,U,I,J,A,B,X)J ''COOE" 34023J 
'' r O R st J I • LC '' S T t P " 1 " U N T l L tt UC ,. 0 0 1' 

'' 8 E G I N " ~ 0 R M X I • S QR T ( T A \4 ~ A. T ( 1 , t·J , J , J , ·x , X ) ) I 
" F OR " I I II 1 '' STEP tt 1 •• U ~4 T l L " ~~ ''DO " X [ 1 , J l 11 X t I , J l /NOR r-, X ; 
ltFOR" ~•=J+l "STEP" 1 "UNTIL" UC "00" 
EL~COLC1,~f,K,J,X,X,•TA~~•Ttl,tJ,K,J,X,X)) 

''ENO" 
''ENO•• ORTt10G1 

• 

MC 

PAGE 2 

• 
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l t\J S T l T lJ TE I U f·J l V E R S I T V O t A '1 S TE ~ 0 A r,1 • 

RECEIVEOa 7o1101a 

B R I E F D E S c; R l r:t T I O ~., & 
TriE PROCEDURE sv~~EIGIMP. IMPROVES 
A R E A L. S V M ►◄ ~ T R I C E I GE ~J S Y S TE ~ 1 A N D 
F O R T r·i E E l G E t-J V A L, l.J E S • 

KEVrlOROSi 
ElGENVAL,,UES. 
E IGE~JVEC TORS• 
sv~~ET~IC ~4T~lx. 
RAV~EIG,~ QUOTlENTS. 
ERROR 90Uf'1DS. 
I'1PROVED EIGENSYSTEr,. 

c•LLING SEQJfNC~I 

' ' 

A G!V£N APPRDXtMATIOt4 OF 
CALCU~ATES ERRO~ BOUNDS 

MC 

THE DEC~4RATION OF THt PROCEDURE I~ T~i! CAL~ING PROGRAM READS~ 

ME4~ING OF THE FOR~AL PARAMETERS IS: 
c A~ I TH Mt TIC Ex? RE 5 S l O ~J > ; 

YEC: 

' 

VAL.11 

• 

VAL21 

THE ORO ER OF :1 4 TR I X A J 
cARRAY IOE~TIFIER>r 
" A ~ RA Y " A t 1 ; ~J , 1 a N J C O r 1 T A t t~~ S A q e: A L S Y M ME T R I C '1 A TR I X 
WHOSE EIGE~~SYSTEM YAS rn BE I:·1PRO\/ED, 
cARRAY IDE~TIFtER>J 
"ARR AV" VE t: t 11 ~J, 1 ; \J J CO·~ TA I ~t S A. MATRIX WHOSE CO'- LJ ~1 ~JS. A~ E 
A SVSTEM JF APPPOXIMATE !IGE~'VECTORS OF MATRIX At 
ENTRY: I~IT14L APP~OXIMATIONSJ 
E X I T I I \ 1 F' R O V E !:> At P P Q. 0 X I M A T I O ~ .. J S J 
<ARRAY IOENTIF?ER>J 
'';\RRAY" VAL.1 t11~~1, 
E ~-~ T RY : l ~.f I T I A L A PPR O X I M A T I O rJ S O r T H E E I GE r I V A L J E S O F A J 
EXITJ THE HEAD PARTS tlF THE DOJBLE PRECISION I~PROVED 
A f' ~RO X I ~, A T I ON S OF T ti E. E l GE ~,t V A 1. J E S O F" A r 
cARRAY IDE~TI'IER>J 
" A q R A V '' ~v A L 2 t 1 I ~J l ; 
EXIT, THE TAIL PARTS OF THE OOJ6LE PRECtSIOll 

I ~i ? R O VE O E I GE ~ J V A L , 1 E S J fr 4 , 
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MC 

PAGE 2 
' 

LBOUNO, 
1J f3 0 UNO I c A R RA Y I DE ~J T I F I E R > J 

EX I T I " A~~ A. y" LB Ou fJ D ' !J B nu ND t 1 : f\i l CO ~1 TA I r-~ Tr➔ E L, 0 ~--IE R 
AND UPPER ERRORBOLINDS RESPECTlVELY FOR THE EIGENVALUE 
APPROXIMATIQtJS IN VAL1,VAL2tt:NJ SUCH THAT THE 
I • T H E )( A C T E I GE r l V A L U E L I E S 6 E T W E E ~~ V A L 1 t I l + V A L 2 t t l 
• L. B O U f ·l D [ I l A t'4 D V A L 1 [ I l ♦ .v A L. 2 t I l + U B O lJ t·J D t I l r 

AUXa <AqRAV IDENTIFIER>1 
"ARR4V" AUXt01!l1 
E~TRY1 AUXtOll THE RELATIVE PR~CISION OF THE CLEMENTS OF Al 

AUXt2l• THE REL4T?VE TOLERANCE FOR TrlE RESIDUAL MAT~lXJ 
fHE IT~RATIO~J E~os WHE~~ THE ~AXIMUM ABSOLUTE 
VALUE OF TliE RE:S1nu ELEME~1TS IS Sfl•ALLE:R THAN 
AUX [2J itrAUX [1 l • 

A tJ X C 41 i; THE t ~AX I ~11.1 ~ t~ l.J ~1 s EI< 0 f' I TERA TIO~.; S ALLOW E O s 
EXITt AUX t1l • l~Fl~lITY "JORM OF' THE ~1ATR!X AJ 

AUX [3111 MAXI·!·1Uf\ ABSOLUTE ELEMEt'4T OF THE RESIDtJAL· MATRIXt 
A U X [ 5 l • tv U t·1 8 C Q O F" I TE R A T I O ti S J 

PROCEDURES uSEDa 
LN~M4TVEC • CP34411, 
LNGMAT~AT • CP34413, 
L~JGTAM~AT s CP3441U, 
VECVEC • CP3~010, 
MAT~AT • CP3G013, 
TAM~AT • CP34014. 
MERGESORT s CP3b405, 
VECPER~ • CP3b404, 
POWPER~ • CP3&403 1 
OR T r! O G : C P 3 o 4 0 2 , 

• 

RUN t•~ l ~ JG T l M E : R O fJ G H L. Y P f~ n P O R T I O ~J AL TO N C U 8 E D • 

~E~UIRED CE~TRAL ME'10RV& AUXILIARY ARRAYS ARE DECLARED TO A 
T O T A L O F . 3 • N * ~,.J + b * t-J R E A L S A N t' t~ I N T E G E R S • 

LANGtfAGE1 A~GOL &o. 
I 
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• 

SECTlO~: 3.3.t.t.l.3 PAGE 3 

~EFERE:"'CES I 
t 11 • J,.J.G. AD~IRAAL,, • 

I TERA TIE F v ER 8 ET r: ~ E ~1 VA~~ Rt EE I.. SY \4 ;1 ET RISCH El GE ~l S VS TEE: t'1 
E \J 9 E R EK E ~J E t~ V A ~J F' U U T G F~ F~ I J Z E } .. J V J Q R ~ £ V E R K R E G E r"J E 1 G t! ~J w A A R O E N • 
DJCTO~AL SCRIPTIO~,~ARCH 1~7b, 
J~I\!EqSfTEIT VArJ AMSTEr~oA~. 
R • T • G RE G O R V A r J D O • L • t·, A R t-.i E Y , . 
A C J L L EC T l O N OF ~ l T Q I C E S F O P. T l S T I : ; G C :J MP 1 .•• , T A T I O ~J A L 
ALGORIT ►~MS, 

EXl~PLE OF USE 1 

" B e: G l ~~ " " l \I T E G E R " t , J ' lf f? E A L '' s ' 
• 

" A RR A Y ,, A , X t 1 I ~ , 1 I Li l , V A L.1 , V AL i I L 6 0 UN{') , U Ba lJ r! D t 1 I 4 J , E ~ , A U X t O : 5 J , 
" P R o c E D u R E " s Y t ,, E 1 G I "1 P c i··~ , A , x , v' A L 1 , v A L 2 , l. a. o I J r·.J o , l 1 f1 o 1.,., fl.1 r} , A u x , , 
" C O D E '' 3 b a. 0 1 J 
" l ~ J T E GE R '' " P R O C E D 1 .,J R E '' Q R I 5 Y M C A , N , V A L , E ,, l J '' C O D E " 3 l11 6 3 J 
A tl, 111•A tZ,Zl 1•A Cl,3l a:eA t4,4J :=bt 
A tl,Zl a•A ta, 11 :=A [3, ll a,A Cl,:Sl i•t+J 

• 

A (4,21 :•A CZ,lJl 11:A [3,41 :•A (ij,3J ;a4J 
A Cl, 411sA t!&, 1] IIIA [3,2] g;:A C~, 3l :•1 f 
" F Cl ~ " I t ; 1 " S T E ? ti 1 •• U t•J T l L '' 4 ,t D O " 
" F' 0 Q " J I ;; I '' S T E " '1 1 tf t J ~ J T I L '' 4 '' C1 0 tt )( C I , J l I : X C J , I l : = A t I , J l J 
OUT~UT(&1,"(""C"A")",l,"C4C+DB),/)")",A)J 
E k~ t O l i a '' • 1 Lt r E M t 4 l I s= t O () J E M C 21 i = ., • S I . 
QRISYM(X,4,V4L1,E~), 

• 

A U X [ 0 ] I • 0 J A !J X [ ti 1 I : 1 0 ; A LJ X t l l I s " • .1 4 J 
SY f 1 E l G I ~ P ( q , A , )( , VAL 1 , VAL 2, L.a B CJ U t ID , L! 6 0 lJ "ID , A LI X ) J 
0 LI T P J T C b 1 , '' ( t• I , " C " T H E E X 4 C T E l G E. :,t V A L U E S A R E S • 1 , + S , + 5 , + 1 5 " ) '' , 
II, 
" ( ,i T HE ) l F' F E RE r 4 C E S f3 L T \4J E E N T ~ l E C A L. C UL A T E O A ~J D T HE E X A C T E I GE t·J \I AL U E S " 
l '' , / / , 'J ( N , I ) tt ) '' , C V A L.. 1 t 1 J + 1 ) + \/ A L 2 t 1 J , C V A L, 1 [ 2 l • S ) ♦ V A L 2 t 2 l , ( V A L 1 [ 3 l • 
Sl +YALZ t3J, C YAL t t4l •15) +VAL,2 [Lil); 
0 lJ T ? LJ T C b l , " ( " I , ,. C " L. ;J l J E R B O lJ : J D S LI P P E R 8 0 t.J \J D S tt ) " , / / '' ) •• ) ; 
" F n R •• I I • 1 ,, S T E P •• 1 fl t.J r,.r T I L ,, 4 ,. D O " 
0 U T P J T C b l , " C tt 2 C + D • D ,. t O O 5 6 ) , / tt ) ,. , L 0 0 1 .. J r 1 ? t I J , U B O U ;~ D [ I l ) J 
OUTO:JT(&1,"C"l,"("~~J;18E~ OF ITERATinNS: ")",ZDI/, 
" c ,, I :-J , 1 " I T v ~-J o R ~~ o r A = ,t l ,, , z o 1 1 , 
nc••~AXl~U~ A9SOLUTE CLE~E~IT OF RESIDU a ")'',~•D"+OD")", 
Al~!X [51, AU)( tt l, AtJX t}J) 

" E N O '' E x A ~ P L E OF' L' S E 
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• 

SECTtn~ I 3.3.1.1.3.3 

' • 
+fl +4 +4 t1 • 
+4 tb +1 tij 

+4 +1 +o +4 • 

+1 +4 +'I t& 

THE EXACT ElGENVALtJES ARE& •1 , +S, +5, +15 

THE DIFFERENCES BET~EEN THE CALCULATED ANO T~E EXACT EtGE~fVALUES 

-~.342]147029256"•022 
+s.sq347s4q9e910"-01e 
+4~0389b783Q731b"•OZ8 
-s.s941311a~q427tt.01s 

+ 1 ~ 2 '' •Z 3 
+7.5''•09 
+ 1 • 0 '' • 1 3 
♦ S • b '' • 18 

UPPERBOUNOS 

NUM6ER OF ITERATIO~S; 2 
• 

INFINITY NOR~ OF A• 15 

~1AX1MU~ ABSOLUTE ELEMENT o, RESIDU ~ 2.8''•14 

MC 

PAGE 

• 

• 
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· ( ,.: t·l v E \,j t1 t R 117 b ) 
• 

PAGE. S 

,, C O :> E 11 3 6 -4 l) l J 
,. PR tJ CED JP E. ,. s v ""EI G I -.it r ( '·J, A , v f c , v AL 1 , v AL. 2, l B 1 u fJ o, u e !Ju~: C, Aux ) , 
,, V A L 1 ·' E " !,: J tf I · J T E GE R '' r,' ; ,, A R P ~ v .. A , v EC I V AL 1 , \.' A l ? , L 9 rt IJ '-Jr..; , t JR O t~ 1 ~" D , A '· 1 X J 
'' 8 f~ G I ~-J '' 

'' P R ·~J c ~ :, J R E •• r r" r t 1 iJ G c • i , L. c , LI c , x > ; " c n o f: •J . 3 o 4 o 2 , 
'' P P O C E , ·J ° C '' ~·1 E. R G E S r) ;1 T ( 'J E C 1 , V E C 2 , l O W , 1• t ~ P ) I " C j D t: " 3 6 /J O 5 ; 
•• P ~ o c E. , J ~ E '' v E c PE ~ ~1 c r r. ~ ,•· 1 , L. or; , u PP , v E' c T 0 ~ ) , . '' c Jo E " 3 o lJ o 4 ; 
,, r, ~ o c E , J q E ,, Q c) w P r ~ ~ c P E Q ~, , L fJ ,., , u I;> r, , ,.1 A r R 1 )( J , ,, c o D e: " 3 b " o 3 ; 
'' I ~,J T c c.; E R •• 1< , I , J , I O , l 1 , I T E' t~ , r ·1 A X I T P 1 r ,. P E A ~ '' S , 1-.4 E A u , T A I L , ~~ A )( , T O L , 

. · lJ' 

:-
4 A T E P S , R E L E R R A , R E L. T t 1 L R , r- ~ l'J r, "'' A J •• ! ; J T E G E ~ •• " A R R A Y '' P E R r-1 [ l ; N J J 
'' A q R A v '' Q , P , v t 1 , ~ .J , 1 , f;..J J , J;.t o , q ~J T , E ~ s , z , v A L. 3 , E r A t 1 : r ... : J ; 
., p ~ 0 C E i) J ~ E 11 e O u : i D s ( I O , I 1 , t I , L. B O l.J \ ID , u n f'.'l u 'i D ' ; '' \/ A L u E:: ., t O ' I 1 , ~j J 
'' I 'J T t G E R tt r O , I 1 , f\1 ; ., A Q R A. y ,, L r; 0 t .. J ~ D , 1J 9 ·) , ... 1 it,j ) I 
••BEG l t'I ,. '' I·~ TC GER.- K, l , J, Iv l ; ''Rt Al. '' ti: 0 S 2, CL., 0 R I 

" F ~ R " l : = I O , I O 1. " t¥J H I L E '' t < : I 1 '' c:, t1 •• 

" 6 E G T i J ,, J : = I O 1 I = t J 
'' f O R •~ J : a J + 1 " ~ t-1 I L E •• 1• T F·· '' .J > I 1 ,. T i- i E \J " '' F. A l .. S E. '' " E. L 3 r. ,. 
R ~J t J l • P Q [ J • 1 1 < a E P S t J J + E r S t "~ • 1 l •• ~ :, " t tJ 1 : : J J 
"I ►•• I : 101 "THt'!'' 
"ClFGif,J" .... _,. 

''IF•• l<i~ "THE.~;•• 
'' l1 E G I , ~4 " 

'' I F ,. I : t *' T t· : E r J t• 
'' E: L S E: ,. '' 8 [ G I N '1 

•• E t; D ~, 

D~·1;DRi•R;fI+ll•RO[Il•EPS[I ♦ lJ 
Dls•RQCIJ•RGtl•1l•EPStI•ll; 

. 

{1Q1=iR1 tI+1 J •RQ tll •EPS CI +11 
~ . ' 

~ E ~ 1 D 1• '' E l- S E '' iJ L : : D R ; = R rJ t T l • R Q [ t • 1 l • E F' S [ l • 1 l ; 
E r S 2 I : E P S t I 1 • £ ~ S l l J J L 9 0 tJ i,J D t I l : = E P S 2 / D P + ~ ,1 A T E P S : 
l- ! 2 Cl !;j 1- ' J t l 1 ' ;: E p s 2 / f) l + ~-4 A T E p s . 

'' E ~-J J '' " E L SE •• 
'' BE :; t ~ i ., " F ., ~ ., K : : I '' STE ~., '' 1 •• :J \IT I L." I O 1 " DO 1t 

1 . . -~ 

L r . ~ ~ 1 r ; C:1 r r~ 1; 1 = t 1 ~ ~: · , ~ 1 r1 c K 1 r : r P s c < 1 + \_., A r F P s 
,. E J\J .. ) •• J I O t I :a I <) J + l 

'' c • .. , D '' 
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• 

' 

( ~~ 0 V E M B E R 1 t;; 7 b ) 
' 

'' F D R " J ; • l •• S T E P '' 1 '' lJ ~4 T I L " f, ! " D O " 
" F o R " r : • 1 ,, s r E r " 1 "- tJ "J r 1 L- •• p.J ,, o o ,, 
''BEGIN•• 

L~G~ATVECCJ,J,t,VEC,VAL1,0,0,H!AD,TAtL)J 
L. ~~ G ~ A T ~ A T ( 1 , r-, , I , J , A , V E C , • ri E A O , • T A I L , R t I , J l , T A t L J t 
" I F " It 8 S C R t I , J l l > M A X " T H E ~.J '' ~ 1 A X I ~ A B $ ( R [ I , J l ) 

,, E ~ D tt ; tt I F' " ~ A X > T O L ., T t t E r J " S T O P I ~ " r A L S E ., J 
rt l F '' " f ~ 0 T •• S T O ? " A \I D '' I TE R c 4'1 A X J T P 1 •• T H E: \J '' 
"BEGI~" 

"FOR" Itll "STEP" 1 "UNTILn r~ "DO" 
L ~ G T A ;,1 ~1 A T ( 1 , "' , I , I , V E C , ~ , V A L 1 C l J , o , R 1 t I l , R Q T t I l ) J 
" F O R 91 J I • 1 " S T E P " 1 " U l\t T I L. '' r-. 1 ~ D O ~ 
ff9EGIN~ "FOR~ lS•l "STEP" t "U~TI~" N "DO" 

' 

ET.\ ttl 11R tl,Jl •(RQ tJl aVAL1 [Jl )•VEC [!,Jl J 
Z t J l I ,; S QR T C V E C V E: C ( 1 , tJ , 0 , E T A , E T A l ) 

"tND"J 
~ERGESORT(~Q,PERM,S,N)1VECPER~(P!RM 1 1,N,RQ)1 
•rOR" Is11 "STEP" 1 "UNTIL"~ "DO" 
"BEGIN" EF'S tll t•Z CPE:Rll (Ill JVAL.3 til 1:\/ALl [PERM tll l; 

RO ~ p E R ~·1 ( p E R :.~ I l ' ~ J , I ' VE C ) ; R O ~ p E RM ( p E R ~1 , 1 , ~ , I , R ) 
"END'' I 
"FOR" I:•l "STEP~ t "UNTIL'' N "00" 
"FOR" Jt•l "STEP~ 1 "UNTIL••~ "00" 
P t l , J l I ; P t J , I l i • TA M ~·1 A T C 1 , " , I , J , VE C , R > ; 

"Et"O" J · 
"F0R"IO&•l,llt1 "~HILE" IOcg~ "DO•• 
"6EGIN" Ja•l1&1IOt 

MC 

PAGE 6 

' 

"FO~~ Ja;J+l "WHlLE" "IF~ J>N "THE~•" "FALSE" "ELSE" 
RQtJlwRQ[J•llcmSQRT(([PSfJl+EPS[J•llJ•~O~HA) "00" Il1•J1 
"IF" STOP PQR" ITE~:MAXJTP1 ''TYE~f" 
B O U ~~ D S C I o , I l , ~ J , L B f1 1•~' '1 ! D , u B C'J 'J ND ) " E L S E " 
"BEGIN" 

" I r " l o a I 1 " T t i E t-J '' 
"BEGIN" ~f0Rff Ka-1 ''STEP•• t "UNTIL" r~ "DO~ 

" 1 F •• K • I O " T H E N '' Y t K , I O J t =: 1 " E L. 5 E •t 

~ tK, lOJ 111P CK, lOl, 
VALl tIOJ anRtJ tlOl JVAL.2 ttol 1•RQT tPE~M [IOl J 

'' E "4 D " " C L S E " 
• 

" 8 E: G I , ~ '1 
" I ,~,1 T E. G E R '' r ~ 1 , l O M l , I 1 f' 1 J '' R E A L. '' ~11 J t• A R R A V " E M t O I CS J 1 

"l 1 : .; I 1 •IO t 1 ; E ~t l O 1 J =EM t 2 l I•••• 1 4 I~ t-1 t 4 l Is 1 O * f-11 I 
,, a e- a r , ~ " ,, A R R A v " P P r 1 c ~ 11 , 1 1 ~J 1 1 , v A L ti t 1 , "·J 1 1 , 1·1 1 1 - o , 

' 

•• F :JR '' K ; • I O '' S T ~ P " 1 t• tJ "·J T I L '' 11 '' D O '' 
~, 1 I • M 1 + V A L 3 t K l J ~ 1 1 I a M 1 / 'Y 1 S 
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~FO~" I1•1 "STEP" t "UNTIL'' Nl ••oo" 
~FOR" J1,1 "STEP" 1 "UNTIL" N1 tlQO" 

" B E G I ; ~ '' P P [ l , J l & ~ P [ I + I O • 1 , J + I O • 1 l J 
" I ~ " I • J •• T ri E ~~ " 
Pf' tI,JJ a•PP tI, J] +VAL,3 CJ+IO•ll •~11 

PAGE: 7 

' 

tt e" ~ D " ; " f OR " I ; rt I O " S T E P '' 1 '' LJ ~J T I L ,. I l " D O '' 
"6 E GI f4" VAL 3 t I 1 : • · 11 ; VAL 1 [ I J : = R Q t I J 1 

\IAL2 (Il 1.=.Rnr [PER~ tI J l 
~E'-'D"; 
QR! sv:1 C PP, N 1, VAL.ll, e:~1) J 
MERGES0RT(VAL4,PER~,1,N1)J 
.. F O R " l I = 1 " S T E P " 1 " U N T l L " N 1 '' n O tt 
"F0~'' J~•l ••STEP'' 1 "UNTIL" t~l flDQ'' 
" t ! + I U • 1, J +IO• 1 l I IP P t l, ~ERM t J l l J 
IO~li:I0•1t11Pt11ttt1J . 
"F~R'' J1•IO "STEP" 1 ''U~TILQ 11 ''00'' 
t1 13 E G I '-I '' " F O R " ! I , 1 " S T E P 14 1 " l' N T I L " I O M 1 , 

I 1 P 1 If S T E P ., l ,, W ~J T l L, " J\J ,, D O " 
''BEGlfl" S1110, 

" f O R " . K ; a I O •• S T E P 11 1 " LJ r\1 T I L •• I 1 '' O O " 
Sg:S+PCI,Kl•PtK,JJ I 
R tt,Jl 11;S 

'' E ~t D " J " PC R '' I I ~ I o '1 S T E P " 1 '' LJ ~ J T 1 L. tt I t " D O '' 
Y t I , J J I ~ P t _I , J l 

"E"~t)tt FOR J 
"ENC,"- INNERBLOCK 

"E ~JD" I 1 > I 0 
''E"'JD'' ~-JOT STOP 

'
1 (.\10" FOA IvJ 
''IF•• "NOT'' STOP "AND" ITERcMAXITPl "THE~" 
'' a E GIN" 

" F O ~ '' J I = 1 " S T E P •• 1 '' LJ N T t f. •• t~ " O O " 
ff F O R ., I I u 1 ,, s T ! p '' 1 11 t J N T I L '' ,. , ,, D O ,, 
"IF" VALJtll~•VALltJl "THEN" 
V tI,JJ t•R tl,Jl /CVAL3 tJl•VAL3 [Il) J 
•FOR'' It=l "STEP" 1 "U~T!~" N "00'' 
" B E G ? ~? " " r O R .. J t • 1 " S T E P " 1 tt t J \t T I L '' ~J ,. n O " 

ZtJJ 1sMAT~lTCl,t~,l,J,VEC,Vl; 
,, r ') R ff J I : 1 " S T E P " 1 ,, J r-~ T T L. " N '' 0 O " v E C t I , J l I • Z t J l 

'' E ~J Cl " 1 0 RT r-f O G C 'J , 1 ~ I J , VE C ) 
•~ E ~ J D " '' E L S E '' 
'' 3 ~ G I " ,, A l ! X t 5 l 1 :: l T E R • 1 J t• G {~) T Cl " E X I T tt E. N (l " 

''E"D" 'OR ITEf?J 
EX I T I A .J ~ t 1 l : ~:JO R ! 14 ; A tJ X [ 3 l 1:: ~Ax 

., E ~. 1 0 ,, S Y :·'1 f: I G I ~·1 P ; 
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BRlfF DESCRIPTIONs 

THIS SECTION CONTAINS FIVE PROCEDURES; 
A) REAVALQRI CALCULATES THE EIGENVALUES· OF A REAL UPPER-HESSEN• 
BERG MATRIX, PROV!DEO THAT ALL EIGENVALUES ARE RE~L, BY ~EANS OF 
SINGLE QR ITERATIONJ 
8) REAVECHES CALCULATES THE EIGENVECTOR CORRESPONDING TO A GIVEN 
REAL EIGENVALUE OF A REAL UPPEA~HESSENBERG ~ATRIX BY MEANS OF 
INVERSE ITERATION, 
C) REAQRI CALCULATES THE EIGENVALUES AND EIGENVECTORS OF A REAL 
UPPER•HESSENBERG MATRIX, PROVIDED THAT ALL EIGENVALUES ARE REAL, 
av MEANS OF SI~GLE QR ITERATIONJ 
D) COMVA~QRI CALCULATES THE REAL AND COMPLEX EIGENVALUES Of A REAL 
UPPER•MESSENBERG MATRIX BY MEANS OF DOUBLE QR ITERATION1 
E) COMVECHES CALCULATES THE EIGENVECTOR COR~ESPO~OI~G TO A GIVEN 
COMPLEX EIGENVALUE OF A RE•L UPPER•HESSENBERG MATRIX BY MEANS Or 
INVERSE ITERATION~ . 

KEYWORDS I 

EJGENVALlJE, 
EIGENVECTOR, 
UPPER•HESSENBERG MATRIX, 
QR ITERATION, 
INVERSE ITERATION• 

• 
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SUBSECTION1 REAVALQRI, 

CALLING SEQUENCEi 

THE HEADING OF THE PROCEDURE ISi 
"INTEGER" 11 PROCEDURE" REAVALQRl(A, N, EM, VAL), "VALUE" NJ 
"lNTEGER" NJ "ARRAY" A, EM, VALp 

THE MEANING OF THE FORMAL PARAMETERS IS1 
At <ARRAY IDENTIFIER>, 

"ARRAY" A [ 1 IN 1 1 I NJ f · 

• 

ENTRY1 THE ELEMENTS OF THE REAL UPPER~HESSENBERG MATRIX 
MUST BE GIVEN I~ THE UPPER TRIANGLE AND THE FIRST 
SUB014GONAL OF ARRAY AJ 

EXIT, THE HESSENBERG PART OF ARRAY A IS ALTEREOJ 
Na <ARITHMETIC EXPRESSION>J 

THE OROER OF TH! G!VfN MATRIXJ 
EM1 ~ARRAY IDENTIFIER>, 

"ARRAY" EM CO I 5] J 
ENTRYt EM[Ol, THE MACHlNE PRECISION, 

EMt1J, A NORM OF THf GIVEN MATRIXJ 
EM[2J, THE RELATIVE TOLERANCE USED FOR THE QR 
. ITfRATIONJ 

I~ THE ABSOLUTE VALUE OF SOME SU80IAGONAL 
ELEMENT IS SMALLER THAN EM[tl * EMC2l, THEN 
THIS ELEMENT IS NEGLECTED A~O THE MATRIX IS 
PARTITlONEOJ 

EM[4l, THf M.AXIMUM ALLOWED NUMBER OF ITERATIONS: 
FOR THE CO CY8!R 13•28 SUITABLE VALUES OF TH~ 
DATA TO BE GIVEN IN EM •REI 
EM [Ol • "9t14, 
F.M [2l :>t EM [OJ (E 41 G, Etti t2J = " 1111 13), 
Er-1 t4l • 10 * NJ 

EXIT: EMt3l, THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGONAL 
ELEMENTS NEGLECTED, 

EM[SJ, THE NUMBER OF QR ITERATIONS PERFORMEOJ 
IP THE ITERATION PROCESS IS NOT COMPLETED 
WITHIN EM t4J ITERATIONS, THE VALUE EM [41 + l 
IS DELIYERfD ANO IN TMIS CASE ONLY THE LAST 
N "K ELEMENTS OF VAL ARE APPROXIMATE EIGEN~ 
VALUES OF THE GIVEN MATRIX, WHERE K IS 
DELIVERED IN REAVALQRIJ 

VA~I <ARRAY IDENTIFIER>, 
"ARRAY" VALtt1NJ1 
THE EIGENVALUES OF THE GIVEN MATRIX ARE OELIVEREO IN VAL, 

MOREOV!R1 
REAVALQRI DELIVERS o, PROVIDED THAT THE ~ROCESS 15 COMPLETED WITHI~ 
EM(4l ITERATIONSJ OTHERWISE REAVALQRI DELIVERS THE NUMBER OF EIGEN~ 
VALUES NOT CALCULATED, 

• 



PROCEDURES USED1 

ROTCOL = CP34040, 
ROTROW: CP34041, 

(JULY 1q14) 

RUNNING TIME1 ROUGHLY PROPORTIONAL TON CUBED, 

LANGUAGES ALGOL 60. 

METHOD ANO PERFORMANCEI 

THE METHOD USED IN THE PROCEDURE REAVALQRI IS THE SINGLE 
ITERATIO~ 0~ FRANCIS (SEE REF[1l, P, 5ij 1 .REFt2J P, 515 • 5~3 
REF[3J), T~E EIGENVALUES OF A REA~ UPPER•HESSENBERG MATRIX 
C~LCULATED, PROVIDED THAT THE MATRIX MAS REAL EIGENVALUES 

REFERENCES I 
tll, T.J, DEKKE~ ANO W, MOFFMANN 1 

ALGOL bO PROCEDURES IN NUMERJCAL ALGEBRA, PART 2, 
MC TRACT ~3, 1968 1 MATH, CfNTR,, AMSTERDAM, 

[21, J 11 H~ WILKINSON, 
THE ALGEBRAIC EIGENVALUE PROBLEM, 
C~ARENDON PRESS, OXFORD, 1q65 1 

l3l, J,G. FRANCIS• 
THE QR TRANSFORMATION, .PARTS 1 ANO 2, 
COMP, J, 4 (t9b1l, 2b5 • 271 AND 332 • 345, 

EXAMPLE OF USEI 

MC 

PAGE 3 

QR 
ANO 
ARE 
ONL.. Y, 

THE PROC£DURE REAVALQRI IS USED IN REAEIGVAL, SECTION 3,3 1 1.2.2, 

• 
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SUBSECTIONI REAVECHES • 

. CALLING SEQUENCE: 

THE HEADING Of THE PROCEDURE 181 
"PROCEDURE•' REAVECHES(A, N, LAMBDA, EM, V)J "VALUE'' N, LAMBOA1 
"INTEGER~ NJ ''REAL" LA~BDAJ "ARRAY" A, EM, Yr 

THE MEANING OF THE FORMAL PARAM!TERS ISt 
Al ~•RRAY IDENTIFIER>, 

"ARRAY" At11N,t1Nl1 
ENTRV1 THE ELEMENTS OF THE REAL UPPER•HESSENBERG MATRIX 

MUST Bf GIVEN lN THE UPP~R TRIANGLE AND THE FIRST 
SUBDIAGONAL OF ARRAY Al 

EXIT1 THE HESSfNBERG PART Of A~RAY A IS ALTEREDJ 
~ARITHMETIC EXPRESS?ON~J 
THE ORDER OF TH! GIVfN MATRJXJ 

LAMBOAI <ARITHMETIC EXPRESSION>J 
THE GIVEN REAL !IGENVALU! OF THE UPP[R8HESSENBERG ~ATRIXi 
<ARRAY IDENTIFIER►, 
"ARRAY" EM CO lqJ 1 
ENTRV1 EM[Ol, THE MACHINE PRECISIONJ 

EM[ll, A NORM OF THE GIVEN MATRIXJ 
EM[bl, THE TOLERANCE USEO FOR THE 

INVERSE ITERATION !NOS IF 
NORM OF THE RESIDUE VECTOR 
EMt1J * EMte,J, 

EIGENVECTORJ THE 
THE EUCLIDlAN 

IS SMALLER THAN 

E~[8l, THE HAXI~UM ALLOWED NUMBER OF ITlRATIONSJ 
FOR THf CO CVBER 71•28 SU?T•BLE VALUES OF THE 
DATA TO BE GIVEN IN EH AREi 
EM[OJ m "•14• 
EMtbl • "•10, 
e:~ [8] • s, 

' 

• 

EXIT: EM[7l, THE EUCLIDIAN NORM OF THE RESIDUE VECTOR OF 
THE CALCULATED EIG!NVECTORJ 

FM[Q], THE NUMBER OF INVERSE ITERATIONS PERFOR~EOJ 
lF EM[7l REMAI~S LARGER TMAN EM[ll * EMC6l 
DURING EM C8J ITERATIO~S, THE VALUE EM [8] + 1 
IS DELIYEREOJ 

<ARRAY IDENTIF!ER>s 
"ARqAY" Vtl1NJ I 
THE CALCULATED EIGENVECTOR IS DELIVERED JN V1 



PROCEDURES LJSED: 

YECVEC = CP34010, 
MATVEC = CP34011 1 

• 

• 

(JULY 1974) 

• 
• 

• 

RUNNING TIMEt ROUGHLY PROPORTIONAL TO 

• 

LANGtJAGEs ALGOL bO. 

METHOD AND PERFORMANCES 

MC 

• 

SQUARED • 

THE PROCEDURE REAVECHES CALCULATES AN !IGENVECTOR CORRESPONDING TO 
A GIVEN APPROXIMATE REAL. EIGE:NVALUe: 0,, ·A REAL UPPER-..t-tESSE~NBERG 
MATRIX, BY MEANS OF INVERSE ITER•TION (SEE REF[ll, P, SS, REF(2l, 
P, 619 - b29 ANO REFt3J), 

RE F E R. f' N C E S I 
[11, T,J, OEK~ER ANO W, HOF~MANN 1 

ALGOL &O PROCEDURES IN NUMERICAL ALGE8RA, PART 2 1 
MC TRACT ll, 1qoe, MATH, C!NTR,, AMSTERDAM, 

l2J, J,H, ~ILl<INSON 1 
THE A~QEBRAtC EIGENVALUE PROBLEM, 
CLARENDON pqESS, OXFORD, 1965, 

[31, J,M, \IARAH, 
EIGENVECTO~S OF A REAL.MATRIX BY INVERSE ITERATION, 
STANFORD UNIVERSITY, TECH, REP. NO, CS 3~, 1q&6, 

EXAMPLE OF USEI 

THE PROCEDURE ' 

REAVECHES IS USED 

• 

• 

• 
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SUBSECTIONt REAQRI, 

CALLING SEQUENCES 

THE HEADING OF THE PROCEDURE 181 
"INTEGER" "PROCEDURE" REAQRICA, N, EM, VAL, VEC)J "VALUE" NJ 
"INTEGER" NJ "ARRAY" A, EM, VAL, VEC, 

THE MEANING OF TH! ,oRM•L PA~AMfT[AS 181 
Al <ARRAY IDENTIFlER•t 

"ARRAY" AE11N,l1NJJ 
ENTRY1 THE ELEMENTS OF THE REAL UPPER•HESSENBERG MATRIX 

MUST BE GIV!N IN THE u,,ER TRIANGLE AND THE FIRST 
SUBD%AGO~AL 0~ ARRAV AJ 

EXIT1 THE Hf8S!NB!·MG ~ART o, ARRAV A IS ALTEREDJ 
Na <ARITHMETIC EXPRESS?ON•t 

THE OROE~ OP TME: GIVIN MATNIXJ 
EMs <ARRAY tDENTIFlER>f 

"ARRAY" fMt015JJ 
ENTRY1 EM[OJ, TH! MACHINE PR!CISIONJ 

EMtll, A ~ORM a, TH! G%Y!N MATRIXJ 
EMt2J, THE RELATIVE TOLERANCE USED FOR THE QR 
· lT!AATJONJ 

IF THE ABSOLUTE VALUE o, SOME SUBDIAGONAL.. 
ELEMENT ?S SMALL!R THAN !Mt1J • fM[2J, THEN 
THIS ELEM!NT IS NEGLECTED AND THE MATRIX IS 
PARTJTION!OJ 

[Mt4l, THE MAXIMUM ALLOWED NUMBER OF ITERATio~s, 
POR THE CD CVB!R 73•28 SUITA8Lf VALUES OF THE 
DATA TO BE GIVEN lN EM AREi 
!M tOJ • "•i4, 
EMt2l > EMtOJ (E,G, EM[2J a "•13), 
fMf4J • 10 * t4J 

EXIT1 EMtll, THE MAXtMUM ABSOLUTE VA~UE OF THE SUBDIAGONAL 
!LEMENT8 NEGLfCT!Dt 

EMt5l, THE NUMBER OF QR ITERATIONS PERFORMEOJ 
IF TH! ITERATION PROCESS IS NOT COMPLETEO 
WITH?N EMt4J ?T!RATIONS, THE VALUE EMt~J + l 
IS DELIVERfDJ I~ T~IS CASE ONLY THE LAST 
N • K ELEM!NTS o, VAL ANO THE LAST N ~ K 
COLUMNS OF VEC ARE APPROXIMATED EIGENVALUES 
ANO EIGENVECTORS OF THE GIVEN MATRIX, ~HEREK 
IS 0[LIVER£0 IN REAQRir 

VALi <ARRAY IDENTIFIER>, 
nARRAV" VALtt1NJJ 
THE EIGENVALUES or TH! GIVEN MATRIX ARE DELIVERED JN VALi 

VEC1 <ARRAY ?DENTIFI!R>J 
"ARRAY" VEC[11N,l1NJ1 
THE CALCULATED ElG!NVfCTDRJ, CORRESPONDING TO THE ElGEN• ' . 

VALUES IN ARRAY VALl!tNJ, AR! DELIVERED IN THE COLUMNS OF 
ARRAY VfC, 

• 



MOREOVER I 
REAQRI DELIVERS o, PROVIDEO 
EMt4l ITERATIONSJ OTHERWISE 
VA~UES ANO EIGENVECTORS NOT 

PROCEDURES USED: 

~ATVEC = CP3401t, 
ROTCOL • CP34040, 
ROTROW = CP3~041 1 

THAT THE PROCESS IS 
REAQRI OE~IVERS THE 

CALCULAT!D 1 

RUNNING TIME1 ROUGHLY PROPORTIONAL TON CUBED, 

• 

LANGUAGE: ALGOL bO• 

METHOD ANO PERFORMANCEI 

COMPLETlD 
NUMBER OF 

MC 

PAGE 7 

WITHIN 
EIGEN~ 

THE PROCEDURE REAQRI CALCUL4T!S THE EIGENVALlJES OF AN UPPER• 
HESSENBERG MATRIX BY MEANS OF SINGLE QR ITERATION (SEE METHOO 
AND PERFORM.NCE OF RE~VALQRI, THIS S!CTION). 
THE EIGENVECTORS ARE CALCULATED BY A DIRECT METHOD (SEE REFClJ, 
P, 55•5&), IN CONTRAST WITH RfAV!CH!S W~?CM USfS INVERSE ITERATION, 
IF THE HESSENBERG MATRIX IS NOT TOO !~L~co~OITIONEO WlTH RESPECT 
TO ITS EIGENVALUE PRO!LEM, THEN THIS ~!THOD YIELDS NUMERICALLV 
INDEPENDENT EIGENVECTORS AND IS COMAETITIVE WITH INVERSE ITERATION 

• 

AS TO ACCURACY ANO CO~PUT~TION TIME, 
IP THE QR ITERATION PROCESS IS NOT COMPLETED WITHIN THE GIVEN 
NUMBER OF ITERATIONS, NOT ALL EIGEN~ALUES AND EIGENVECTORS ARE 
OE~IVERED. 
THE P~OCEDURE REAQRI SHOULO Bf USED ONLY IF ALL EIGENVALUES ARE 
REAL. 

• 

REFERENCF.Sa 
C1J, T.J, DEKKER AND W. HOFFMANN, 

ALGOL bO PROCEDURES IN NUM!RlCAL ALGEBRA, P•RT 2, 
MC TRACT 23 1 1968 1 MATH 1 CfNTR,, A~STERDAM, 

EXAMPLE OF USEI 

THE PROCEDURE REAQRI IS USED IN REAfIGJ, SECTION 3,3,1,2.2, 
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SUBSECTION& COMVALQRI. 

CALLING SEQUENCEi 

THE HEADING OF THE PROCEOUR! ISJ 
"INTEGER" 11 PROCEDURE" COMVALQRI(A, N, !M, Rf, IM)J ••VALUE" Nr 
"INTEGER" NJ "ARRAV" A, EM, RE, IM1 

Na 

EM1 

MEANING OF THE FORMAL PARAMfT!RS IS1 
<ARRAY !DENTIFIEA► r 
"ARRAY" At11N,11NJJ 
ENTRY1 THE ELEMENTS 0~ THE REAL UPPER•HESSENBERG MATRIX 

MUST Bf GIV!N IN TH! UPPER TRIANGLE ANO THE FIRST 
SUBDIAGONAL OF ARRAY Af 

EXIT1 THE HESSENBERG ~ART OF ARRAY A IS ALTEREOJ 
<ARITHMETIC EX,RESStON•J 
THE ORDER OF TMf GIVEN MATRIX1 
<ARRAY IDENTIFIER~, 
"ARRAY" t!Mto,sJ, 
ENTRV1 EM[OJ, THE MACHINE ~REttSIONJ 

EM[1l, A NORM o, TH! GIVEN MATRIXJ 
EMC2l, THE RELATIVE TO~ERANCE USED FOR THE QR 

ITERATIONJ 
1, THE ABSOLUTE VALUE OF SOME SUBOIAGONAL 
~LEMENT tS SMALLER THAN EMttJ * EMC2J, T~EN 
THIS ELEMENT IS NEGLECTED ANO THE MATRIX IS 
PARTITIONEDJ 

E~t4J, THE MAXIMYM AL~OWEO NUMBER OF ITER4TIO~s, 
FOR THE CD CY8ER 7J•i8 SUITABLE VALUES OF THE 
DATA TO BE GIVE~ IN EM ARE• 
fMCOJ 11 "•14, 
EMC2l >- EMtOl (E,G, EMC2J • "•13), 
EM[/JJ • 10 • NJ 

EXITa EMC3l, THE MAXlMUM ABSOLUTE VALUE OF THE SUBDIAGO~AL 
ELEMENTS NEGLECTED, 

EMtSl, THE NUMBER OF QR ITERATIONS PERFORMEDr 
IF THE ITERATION PROCESS IS NOT COMPLETED 
WITHIN fMt4J ITERATIONSt THE VALUE EM[Lll + 1 
IS DfLIV!REO ANO IN THIS CASE ONLY T~E LAST 
N ~ K ELEMENTS OF RE AND IM ARE APPROXIMATE 
EIGENVALUE$ OF THE GIVEN MATRIX, WHE~E k JS 
DELIVERED IN COMVA~QRIJ 

RE,lMl <ARRAY IDENTIFIER>r 
• 

"ARRAY" RE, IMtt1NJ1 
THE REAL AND IMAGINARY PARTS o, THf 
OF THE GIVEN MATRIX ARE DELIVERED tN 
MEMBERS OF EACH NONAEAL CO~PLfX 
CONSECUTIVE, 

~OREOVERI 

CA~CULATED EIGENVALUES 
ARRAV RE, IMCl1NJ, THE 
CONJUGATE PAIR BEING 

COMVALQRI DELIVERS O, PROVJD!O THAT THI PROCESS JS CO~PLETED WITHIN 
EMCQJ ITERATIONSJ OTHERWISE COMVALQAI DELIVERS THE NUMBER OF EIGEN• 

. VALUES NOT CALCULATED, 
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SECTION 3,3.1.2,1 
• • 

(JULY 1974) PAGE q 

PROCEDURES USEDJ NONE, 

RUNNING TIME: ROUGHLY PROPORTIONAL TON CUBED, 

LANGUAGEI ALGOL b0 1 

METHOD AND PERFORMANCEt 
' 

THE METHOD USED IN THE PROCEDURE COMVA~QRl FOR CALCULATING THE REAL 
ANO CO~PLEX EIGENVALUES OF A REAL UPPER~HESSENBERG MATRIX 1S THE 
DOUBLE QR ITERATION 0~ FRANCIS (SEE REF[tl, P 1 74, REF[2] 
P, 528-. 537 AND RErt3l) 1 

REFERENCES I . 
Ell• T1 J, DEKKER AND pt4, HOFFMANN, 

ALGOL bO PROCfOURES IN NUM!RICAL ALGEBRA, PART 2 1 
MC TRACT 23, 1q68, MATH, CENTR,, AMSTEROA~, 

[2] • J.H, WILKINSON, 
THE ALGEBRAIC EIGENVALUE PROBLEM, 
CL~RENOON PRESS, OXFORD, 1965, 

t3l • J,G. fRANClS, 
TME QR TRANSF.ORHATlON, PARTS t ANO 2 1 

CO"'fP, J,. 4 (19&1), 2b5 .• 271 AND 332, 3"5• 

EXAMPLE OF USEI 

THE COMPLEX EIGENVALUES AND ~VECTORS or H, WITH N =~AND HCI,JJ = 
"IF" I: 1 "THEN" •1 "ELSEN ''IFM I• J • 1 "THEN" 1 ''ELSE" O, MAY 
BE OBT•INED BV THE rOLLOWING PROGRAMI 

• 

"AEGIN" "INTEGER" I, J, MJ 
" A R R A Y II A t 1 1 4 , 1 I 'i l , RE , I -., t 1 i 4 l , E M C O S 9 l J 
"INTEGER" ''PROCEDURE" CO~VALQRICA, N, EM, RE, IM)J 
"CODE" 341901 
"PROCEDURE" COMVECHES(A, N, LAMBDA, MU, EM, U, V)J 
"CODE" 31.11911 

EM [OJ ga ''•14, EM [2] a= ••..,11, EM t1l I• 4J EM [4] 1m 40J 
EM tb J I• ''., l OJ EM (8l ts SJ 
'' F o R " I a = 1 , 2 , 3 , 4 " o o " " F o R " J 1 • 1 , 2 , 3 , Ll !' o o " A c 1 , J l 1 = 
"IFP Is 1 "THEN" ~1 "ELSE" "lF" I• J • 1 ''THEN" 1 "ELSE" Op 
M I : C OM V A L Q R I C A , 4 , EM , RE , l M ) , 0 U T PU T C o 1 , •• ( " D , / '' l " , M ) J 
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"FOR" J1: M + 1 "STEP" 1 "UNTIL" 4 "00" 
"BEGIN" "INTEGER" KJ "ARRAY" U, V[114Jp 

"FOR•• I1= 1 1 2, 3, 4 •DO" "FDR" KSW 1, 2, 3, Q ''00" 
A[I,Kla• "lF" ! • 1 "THEN" -.1 "fLSfn 
"IF" I~ K • 1 "THEN" I "ELSE" OJ 
COMVEC~ESCA, 4, RE[Jl, IM[JJ, E~, U, V), 
OU.TPUT(&1, "("/, 2(+,130"+2D, 28), 2/")", RE[Jl, IM[Jl)J 
"FOR 0 I:• 1, 2, 3, 4 "00" 
OUTPUT(b1 1 11 ("218, 2( ♦ -130"+20, 28), l"l", UCIJ, VCIJ) 

"END"J • 

OUTPUTC&1, "("/, 2C,20"+2D, /), 2(ZD, /)'')•, 
EMt3J, EMt7l, EM[SJ, EMt•ll 

"END" 

THE PROGRAM DELIVERS (THE RESULTS ARE CORRECT UP TO TWELVE DIGITS)I 
• 

• 

THE NUMBER OF NOT CALCULATED EIGENVALUfSg 0 

THE EIGENVA~UES ANO ~vECTORSI 

+.3o9o1b99437sou+oo t,95105&516lqsz•+oo 

• 

~,2527643931130"+00 
~,488~~e~os5o4q"+oo 
~,4908i73055667"•01 
+,45606410~T602q ♦ OO 

+.30901b9943750"+00 ~,9510Sb5162q52"•00 
• 

~,2521643q3113b"+00 
•.488398~055049"+00 
~,4~08273055601"~01 
+.4580641097602" ♦ 00 

• • 80~016994 3 7 49•• +O O +, 587785Z52292U n +00 

+,1oqs191111534"+oo 
~,37535868237i3"+00 
+.4q1e23q349oobn+oo 
~,4301373647081" ♦ 00 

•,B0901b9q4374q"+OO ~,5877852522924''+00 

+~1095191711534"+00 
•·3753586823743~+00 
+ 1 aq1e23934900b~+oo 
•,43013736.47081"+00 

TME ARRAY EMa EMtlJ = 9 &7"•22 
EM[7J • ,17"•13 
EM[SJ : 9 
EM [9J • 1 , 

w1 431404869&&88"+00 
+ 1 10108178b~743" ♦ 00 
+,4q75eso5359SO"+OO 
+,2004426884ij13"+00 

♦ 1 i3140486q6b88"t00 
~.101oe11s6q743••+00 
•,4975850535q50"+00 
~.2004426884413''•00 

~ 1 48765812604b8"+00 
+,3303117611685"+00 
.,q65q753040772''•01 
•.2549153731770"+00 

+.qe1ese12&046BM•oo 
•,3303117611685"+00 
+,Q659753040772''•01 
♦ ,2549151731770"+00 

• 
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SUBSECTIONS COMVECHES. 

CAL~ING SEQuENCE1 

THE HEADING OF THE PROCEDURE ISi 
"PROCEDURE'' COMVECHESC~, N, LAMBDA, MU, EM, U, V)s 
"VALLIE" N, LAMBDA, MUJ 
"INTEGER" NJ ••REAL'' LAMBDA, HUt "ARRAY" A, EM, U, VJ 

THE MEANING OF THE FORMAL PARAMETERS IS1 
Al <ARRAY IDENTIFIER>J 

"ARRAY'' A Cl 1N, 1 iNJ J 
ENTRV1 THE ELEMENTS OF THE REAL UPPER•HESSENBERG MATRIX 

MUST BE GIVEN IN THE UPPER TRIANGLE ANO THE FIRST 
SUBOIAGONAL OF ARRAY AJ , 

EXIT1 THE HESSENBERG PART OF ARRAY A IS ALTERED; 
<ARITHMETIC EXPRESSION>t 
THE ORDER OF THE GIVEN MATRIXJ 

LAMBDA, ~UI 

EM1 

U, VI 

• 

<ARITHMETIC EXPRESSION>J 
THE REAL AND IMAGINARY PART OF THE GIVEN EIGENVALUEJ 
<•RRAV IOE~TIFIER>r 
"• RR A Y "· EM [ 0 I 9 l J 
ENTRY1 EMtOl, THE MACHINE PRECISION1 

fMC1J, A NORM OF THf GIVEN MATRIXJ 
EM[bJ, T~E TOLERANCE USED FOR THE 

INV!RSE tT~RATlON ENDS IF 
NORM .OF THE RESIDUE VECTOR 
EM t 1 l • EM [bl J 

EIGENVECTORJ THE 
THE EUCLIDtAN 

IS SMALLER THAN 

EMtSl, T~E MAXIMUM ALLOWED NUMBER OF ITERATIONS, 
FOR THE CD CVBER 71•28 SUITABLE VALUES OF THE 
DATA TO SE GIVEN IN EM AREi 
EM [OJ 11 ··•14, 
fM[bl • ''•10, 
EM[8] a St 

EXIT1 EMC7J, THE EUCLIOlAN NORM OF THE RESIDUE V~CTOR OF 
THE CALCULATED EIGENVECTORJ 

EMtql, THE NUMBER OF INVERSE ITERATIONS PERFORMEDJ 
IF EMt7J REMAINS L•RGER THAN EM[11 * EMtbl 
DURING EM [SJ ITERATIOF\tS 1 THE VALUE EM t8J + 1 
IS DELIVfREDJ 

<ARRAY lOENTIFIER>r 
''ARRAV" U, V [ 1 INl J 
THE REAL AND IMAGINARY PARTS OF THE CALCULATEO EIGENVECTOR 
,RE DELIVERED IN THE ARRAYS U, V[11Nl, 



SECTION 3,3,1,2,1 

PROCEDURES USE01 

VECVEC •· CP34010, 
MATVEC • CP34011, 
TAMVEC :. CP34012 1 

R~NNING TIME: ROUGHLY PROPORTIONAL TON SQUARED. 

LANGUAGE: ALGOL 60 0 

METHOD ANO PERFORMANCEI 
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THE PROCEDURE COMVfCHES CALCU~ATES 
A GIVEN APPROXIMATE EigENVALUE OF A 
BY MEANS OF INVERSE ITERATION 
P, 62q • 633 AND REFC3J)~ 

AN EtG!NVECTOR CORRESPONDING TO 
REAL UPPER~HESSENBERG MATRIX, 

(SE! REFCll, P, 75, REFt2l, 

Rf,ERENCESI 
[1l 1 T,J, DEKKER AND W1 HOFFMANN, 

ALGOL 60 ~ROCEOURES IN NUHf~lCA~ ALGEBRA, PART 2, 
MC TRACT 23, 19b8, MATH, CENTR,, AMSTERDAM, 

(2J• J,H, WtLKINSON, 
THE ALGEBRAIC EIGENVALUE PROBLEM, 
CLARENDON PRESS, O~FORO, 19~5, 

t3l. J,M. VARAH, . 
EIGE~YECTORS OF A REA~ MATRIX BV INVERSE ITERATION, 
STANFORD UNIVERSITY, T~CH 1 REP, NO, CS 14, 19&&, 

EXAMPLE OF USEI 

SEE EXAM?LE OF USE OF COMVALQRI, THIS SECTION. 

SOURCE TEXT(Sl I 

•CODE» 34180J 
"COMMENT" ~CA 2410J 

• 

"INTEGER" ''PROCEDURE" REAYALQRICA, N, EM, VAL)J ''VALUE" NJ 
"INTEGERfl NJ ••ARRAY" A, EM, VALi 
"BEGIN- fllNTEGER" Nl, I, I1, J, Q, MAX, COUNTJ 

"REAL" OET, W, SHIFT, KAPPA, NU, MU, R, TOL, DELTA, MACHTOL, SJ 

"PROCEDURE" ROTCOLCL, U, l, J, A, C, Sl1 "CODE" 34040J 
"PROCEDURE" ROTROWCL, U, I, J, A, C, Slt "CODE" 340Q1J 
"COMMENT" 

• 
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' 

MACHT O LI· m EM [ 0 l * EM [ 1 l J TO L I s EM [ 1 l * EM t 2 l J MAX a = EM C 4 l ; 
COUNT:= Or ~1= o, 

IN1 N1t= N • 17 
"FOR" Ia: N, I• 1 ''WHlLfn ("IF" I>• 1 "THEN~ 
ABS(AtI + 1,IJ) > TOL "ELSE" WFALSE") "DO" Qsc Is 
"IF•• Q > 1 "THEN" 
"BEGIN" "IF•• ABS(A[Q,Q • 11) > R "THEN'' 

Ri= ABSCA.CQ,Q • 1ll 
"END"J 
"IF" Q: N ''THEN" 
"BEGIN'' \IAL (NJ :r: A. CN, NJ r N1• Nt "!NO" 
"ELSE" 
''BEGIN•• DELTA1= ACN,NJ • A[N1 1 Nt] J DET1: AtN,Nll * A[Nl,NJ J 

"IF•• ABSCDELTA) c MACHTOL "TH~N" S1a SQ~T(DET) "ELSE'' 
''BEGIN" w,= 2 / DELTA, Sa•~• W * DET + 1, 

Sa: "IF" Sc: 0 "THEN'' •Df~TA * 0 5 ''ELSE'' 
w * OET / (SQRT(S) + 1) 

''ENO" J 
~IF" Q = Nl "THEN'' 
"BEGIN" VAL [NJ I• A tN,Nl + Sr 

VAL [Nll 1a A tN1,t.41l • SJ Na: N • 2 
"ENO" 
''ELSEP ' 
"BEGIN~ COUNTS= COUNT+ lJ 

"IF" COUNT> MAX "THEN" "GOTO" our, 
SHIFT1• AtN,NJ + s, "IF" ABS(DELTA) < TOL "THEN" 
"BEGIN" wa• AtN1,N1l • s, 

"IF" ABS(W) c ABS(SHt,T) "THEN" SHIFT1: W 
''ENO" 1 . 
A [Q,QJ 1• A [Q,QJ • SHlP'TJ 
"FOR" 11• Q "STEP" 1 "UNTIL" N 
PSfGIN" 111• I+ 1J Atl1,I1]1a 

KAPPAa• SQRT(AtI,Il ** 2 + 
"IF" I> Q "THEN" 

-., 1 ''DO•• 
A,[11,Ill 
A[Il,Il 

"BEGIN" AtI,I-. ll1c KAPPA* NUJ 
Wa• 1<4PPA • MU 

"END" • 
• 

... SHIFTJ 
** 2)J 

~ELSE" W1• KAPPA, MUsa AtI,t] I KAPPAJ 
NUS• Atll,Il / KAPPAr AtI,Il 1= WJ 
ROTROW(I1, N, I, 11, A, MU, NU)J 
ROTCOL(Q, I, I, I1, A, MU, NU)1 
A CI, Il fa A tI, Il • SHIFT 

"1ENO"J 
A [ N, N • 1 l I• A t N, N l * NU J l t N, N l I• A [ ~J, N l * MU ♦ SH IF T 

rt F. ND II 

"ENO"J 
" I F '' N > O •• T H E N '' " GO T O '' I N J 

our, EM[3l1= Rt EM[5l1• COUNT, REAVALQRit= N 
" E N D '' R E A V A L Q R I 1 

•• E OP•• 
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• 

•CODE" 34181J 
"COMMENT" MCA 24111 
"PROCEDURE" REAVECHESCA, N, LAMBDA, EM, V)J "VALUE" N, LAMBDAJ 
"INTEGER" NJ "REAL" LAM8DAJ "ARRAY" A, EM, VI 
"BEGIN" "INTEGER" I, 11, J, COUNT, MAXJ 

"REAL" M, R, NORM, ~ACHTOL, TOLJ 
"B00LEAN 11 "ARRAY" P[1SNJJ 

"REAL•· "PqocEDURE" VECVEC(L, u, SHifT, A, 8)1 ''CODE" 34010J 
''REAL" 1'PROCEDuRE'' ~4 TVEC CL, U, I, A, B) r "CODE" 34011 J 

NORMJ:a EM[ll J t-1ACHTOL1~ EM(OJ • NORMS TOLi• EHC&l * NORM, 
MAXg,; E"1[8J1 Atl,lll• At1,1J • LA"18DAJ 

GAUSSI "FOR" ?a= 1 "STEP" 1 "UNTIL" N • 1 •DO" 
" B E G I N '' I 1 1 • I + 1 J R S • A C I , I l I M t • A- t I 1 , I l J 

"IF•• ABS(Ml < MACHTOL "THEN"~•• MACHTOLr 
P CIJ 1: ABS(M) ca; ABS(R) J 
'' I F '' P t I l " T H E N '' 
'' B E G I N " A. [ I 1 , I J I II M I • M / R J 

''FO~" Jta ?1 "STEP" 1 "UNTIL" N 8 00" 
Atil,JJ 1• ("IF" J > t1 ••TH!N" •ttt,JJ 
''ELSf" AtI1,JJ • LA~BDA) ~ ~ * AtI,Jl 

"END'' . 
"ELSE" 
"BEGIN" AtI,IJ I ■ MJ AtI1,!J 1• M1a R / Mf 

''FOR'' Ji• Il "STEP" 1 "UNTJL" N "D0" 
••~EGIN" R1• ("IF" J > Il "THEN" A[Il,JJ ''ELSE" 

Atll,Jl • LAM8DA)I 
Atil,Jl;• A[I,J] • M tt RJ A[I,JJI• R 

''END" 
"END" 

"ENO'' GAUSS J 
"IF" ABS(A[N,NJ) < MACHTOL "THEN" A[N,~JI• MACHTOL; 
" F O R '' J I = 1 '' S T E P •• 1 n UN T I L " N " 0 0 " V t J J I • 1 J C OU N T I = 0 7 

F OR W A RO I C OU N T I • C O LJ N T + l J " I F " C OU N T >t M A X " THE N '' '' G O T O '' 0 IJ T J 
"FOR" Is: 1 "STEP" 1 "UNTIL" N • 1 MOO" . 
"BEGIN'' It1m I+ 1P 

" I F '' P C I l '' T H E N '' V t I 1 l I • V t l 1 l • A t I 1 , I l * V t I J •• f: L S E '' 
• 

"BEG! N" RI• V ( I 1 l J V [ I 1 J I 11 · V t I l -, A. EI 1 , I l * R J 
V til 3DR 

''END'' 
•• E N D •t F OR w A RO J 

BACKWARD: ~FOR" 11= N "STEP" •1 "UNTIL~ 1 "00" 
V CI J : = CV t I l • MAT \I EC ( I ♦ l, N, I, A, V) ) / A t I, I l f 
Ra= 1 / SQRT(VECVECC1, N, O, V, V)lJ 

' 

ttFQRn J1• 1 "STEP" 1 "UNTIL" N "00" YtJ)ta VtJl * Rs 
"lF'' R > TOL "THEN" ••GOTO" FORWARD, 

OUTS EMC7J:= RJ EMC9J1a COUNT 
''ENOR REAVECHES, 

"EDP" 
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"COOE 11 341B&J 
"COMMENT" MCA 24lbJ 
"INTEGER'' "PROCEDURE" REAQRI(A, N, EM, VAL, VEC)s "VALUE" Nr 
"INTEGER'' NJ "ARRAY" A, EM, VAL, VECJ 
"BEGIN" ''INTEGER" Ml, I, It, M, J, Q, MAX, COUNTJ 

"REAL"~, SHIFT, KAPPA, NU, MU, R, TOL, S, MACMTOL, 
ELMAX, T. DElTA, DETJ 
st ARf.tAY'' TF [1 IN] J 

" R e: A L ti " PR O C E O URE " MA T V EC C L , U , I , A , B ) J " C ODE II 3 4 0 1 1 J 
ttPROCEDURf" ROTCOLCL, U, t, J, A, C, S)J "CODE" 34040J 
"PROCEDURE" ROTROWCL, U, I, J, A, C, S)J "CODE" 34041J 

MACHTOLa• E81 tOl * EM tlJ J TOLi• EM t1l •· E~ C21, MAX:= EM [4l 1 
COUNTtz o, ELMAX1• OJ M1• NJ • 

ttfOR• 11• 1 nsTfP" 1 "UNTIL" N ''00" 
" B E G I N '' V EC [ I , I l I • 1 J 

''FOR~ Ja• I+ 1 ~STEP" 1 "UNTIL~ N ''DO" 
V EC [ t, J J t • \/EC [ J, I l I• 0 

"ENO"; 
IN: M1,= M-, lp 

"FOR" Ia ■ M, I• 1 ''WHILE" ("IF" I~• 1 "THEN'' 
A B S C A [ I ♦ 1 , I l > > T O L tt E L Sf " '' F AL S E " ) " 0 0 " Q I = I J 
"IF" Q > 1 "THEN" 
"BEGIN" "IF" ABS(.[Q,Q ~ 1J) ~ ELM•x "THEN" 

ELMAXa• ABS(ACQ, Q ~ 1l) 
11 END"J 
"IF'' Q m M "THEN" . 

• 

"BEGIN'' VAL [Ml I• A [M,M] J Ms• Ml "END" 
"ELSE 11 

" B E G I N •• 0 f L T A I • A C M , t-1 l • A t M 1 , M t l J OE T I II A t M , M 1 J ,_ A [ ~ 1 , M l 1 
"IF•• ABSCDELTA) c M~CHTOL, "THE~" Saa SQRT(DET) ''ELSE'' 
"BEGIN" WI ■ l I DELTAS 81• W • W * OET + 11 

Sa• "IF" S <• 0 "THEN" ~DELTA• 1 5 PELSE" 
W * DET / (SQRT(S) + l) 

• 

"E "ID'' s • 

"lF" Q: M1 "THEN" 
"BEGIN" A(M,MJ1• VAt_[Mlt• AtM,~J + s, 

A[Q,QJ1•·VAL[Ql1• AtQ,Ql _. s, 
T1• "tF" ABS($) < MACHTOL "THEN" 
CS+ DELTA) / AtM,Ql "ELSE'' A[Q 1 Ml I SJ 
Ras: SQRT.CT 1e T + 1)J NU1• 1 / RJ . 
MUam .. T * NUJ A tQ,MJ 1• A [Q,M] • A [M,QJ, 
ROTROW(Q + Z, N, Q, M, A, ~U, NU)J 
ROTCOL(1, Q ~ 1, Q, ~, A, ~U, NU)J 
ROTCOL(l, N, Q, M, VEC, MU, NUlt MIG M ~ 2 

••END" 
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"ELSE•• 
"BEGIN" COUNTt• COUNT+ 11 

"IF'' COUNT> MAX "THEN" "GOTO" EN01 
SHIFT1• ACM,MJ ♦ 81 "IF" ~8S(DfLTA) c TOL "THEN" 
"BEGIN" Ws• ACM1,Mtl • St 

"IFP ABS(~) c ABS(SMIFT) "THEN" SHIFTs: W 
''ENO n J 
ACQ,Q]1s A[Q,QJ • SHIPTJ 
"FOR" Ia ■ Q ~STEP" 1 "UNT?L• Ml "00" 
''BEGIN" Ill• I+ 11 AtI1,l1JI• A[I1,Il1 • SHIFTJ 

• 

KAPPAS• SQRT(A[I,IJ ** 2 + Atil,Il ** 2)J 
"IF 19 I > Q ttfH!N·I 
"BEGIN" AtI,I • 111• KAPPA• NUJ 

WI• KAPPA• MU 
• 

''ENO" 
' 

"ELSE" Wam KAPPAt MU1• Atl,Il / KAPPAJ 
NUl'11 A tl1, Il / t<APPA, A tI, IJ 1• WJ 
ROTROW(l1, N, I, It, A, MU, NU)J 
ROTCOLCl, I, I, IS, A, MU, NU)J 
ACI,Ill• AtI,Il • SHIFTs 
ROTCOLC1, N, I, II, VEC, MU, NU) 

"ENO"J 

MC 
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A [M,M1l 1= A CM,Ml * NUJ A tM,MJ 1• A tM,MJ ~ MU + SHIFT 
"END'' . ' 

' 1END" p 
Mif" M > O "THEN" ~GOTO" IN, 
"FOR•• J•= N "STEP" •1 "UNTIL" 2 "00" 
"BEGIN'' TF [Jl s• 1 S Ta• A tJ,Jl S 

"FORq II• J • 1 "STEP• ~1 "UNTI~" l "DO•• 
"BEGIN'' OELTA1, T ~ AtI,llJ 

TFtils= MATVECCI + 1, J, I, A, TF) / 
("Ir" ABSCDELTA) < MACMTO~ "TH.EN" MACHTOL "ELSE 11 DELTA) 

''END" J 
~FOR" I1• 1 ''STEP" 1 "UNTIL" N "00° 
VEC[I,JJ t• MATVECC1, J, I, VEC, TF) 

UEND"J 
' 

ENDI EMC3J :• ELMAXJ EM[5l a• COUNTJ REAQRII• M _ 
•• f ND '' R EA Q R I J 

"EOP" 
• 

• 
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" C O ~ E '' 3 4 1 q O J 
"COMMENT" MCA 2420J 
''INTEGER" tPPROCEOURE'' COMVALQRI(A, N, EM, RE, IMlr ''VALUE" NJ 
''INTEGER"~, ''ARRAY" A, EM, RE, IMJ 
''SEGIN" ••I~TEGER" I, J, P, Q 1 MAX, COUNT, Nt, Pl, P2, IMINl, 

Il, 12, I3J 
"REALn DISC, SIGMA, RHO, Gt, G2, Gl, PSit, PSI2, AA, E, ~, 
S, ~ORM, MACHTOL2, TOL, WJ 
•• B O OLE A ~ '' 8 J 

NORM1~ EM[1l J MACHTOL21• (E~[Ol *NORM)** 2J 
TOL1: EMt2l • NOR~, MAX1s EM[Ql f COUNT1 ■ o, ~-• OJ 

IN1 "FOR" I~• N, I~ 1 "WHILE" 
(••IF" l >al "THEN" ABS(AtI + 1,Il) > TOL "ELSE" ••FALSE") 
••oo•• Q:~ z, "IF" Q > i "THEN" . 
' 1BEGIN 11 "IF" ABSCAtQ,Q • 1]) > W WTHEN" W1• ABS(A(Q,Q ~ 1]) 
•• E: NO '' , 
'' l F '' Q > = N • 1 11 T ti E N " 
"BEGIN" Nl~• N • 11 "IF" Q a N ''TH~N" 

,. 

"BEGIN'' RE [N] 1: At tN,N] I IM[Nl 1• OJ NI= N1 ''END" 
"ELSE tt 
••BEGIN'' SIGMAg;a A [N,N] • A [Nl, Nil J 

RH01• •A tN,N1l II A [Nt,NJ J 
DISC1• SIGMA** 2 • 4 * RHOr "IFM DISC> o PTHEN" 
"BEGIN" DISC1• SQRT(DI8C)J 

S:: ~2 • RMO /(SIGMA+ ("IF" SIGMA>= 0 
"THEN" DISC "ELSf" •OISC))r 
RECNJ1• A[N,NJ + SJ 
RE [Nll 111 A. tN1,NtJ • SJ I~ [Nl 1: IM tN1J 1c 0 

''Et~O'' 
''ELSE" 
•• a E G I N •• RE c N 1 111 RE t N 1 J I s c A c N 1 , N 1 J + A c N , N l > 1 2 , 

IM [Nl l 111 SQRT( •OISC) I 2J IM [NJ s= •IM [Nll 
"ENO'' J 
Nl:l N "'2 

''END'' 
"ENO'' 
"ELSE'' 

• 

"BEGIN'' COUNT1• COUNT+ 1J "IF" COUNT> MAX "THEN" 
"GOTO" our, N11• N ~ 1, 
SlGMA1: A [N,NJ + A [N1,N1J ♦ SQRT(ABS(A [N1,N lf!!f 2] • A (N,N1l) 
• EM [O]) J RH01• A tN,NJ * A [N1, ~ll • A tN,NlJ * A [Nl,N) J 
"FOR•• I1a ~ ~ 1, I~ 1 "WHILE" 
C"IF 11 I• t >a Q "THEN" ABS(AtI,I • ll * 
Atll,IJ ,_. (ABSCACI,IJ ♦ Attl,Ill • SIGMA) + 
ABS(A[I + 2,I1l))) > ABSCA[I,IJ * ((AtI,IJ •SIGMA)+ 
ACI,11J ~ A[Il,ll + RHO)> • TOL. 
''ELSE•• ••FALSE") "DO" P11• Ilt• IJ Pc: Pt• 1J 
P21= P + 2J 
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' 

"FOR'' Is= P "STEP" 1 ~uNTILfl N • 1 "00" 
"BEGIN" IMINtJ• I - 1, Ilt• I+ 11 121: I+ 2J 

••IF" I: P "THEN• 
"BEGIN" G\ 1• A CP,PJ * (A tP,Pl • SIGMA) + A tP,Ptl * 

AtP1,Pl ♦ RHO, 
G21• A[Pl,PJ * (AtP,Pl + A[Pt,Ptl., SIGMA), 
•IF" Pl<• N1 "THENR 

' 

" B E G l "d " G 3 I • A t P 1 , Pl ,r A t P Z , P l l s A t P 2 , P J I c O " E NO ,. 
''EL.SE" G3J• O 

"END" 
"ELSE" 
''BEGIN" Glt• AtI,IHIN1ll GZ1• AtI1,IMIN1l J 

Glim "IF" I2 C• N "THEN" A[I2,IMIN1J ''ELSE" 0 
''END" J 
K1s "IF" Gt>• 0 "THEN" 
SQRTCG1 ** 2 ♦ G2 •• 2 ♦ GJ *~ 2l "ELSE•• 
~SQRT(G1 ** 2 ♦ G2 ** 2 ♦ G3 ** 2)p 
61• ABS(K) > MACHTOL2J 
AAI• "IF" B "THEN" G1 / K + 1 "ELSE•• 2J 
PSI11• "IF" 8 "THfNM G2 / (Gl ♦ ~) "ELSE" OJ 
PSI21• "IF" B "THEN" Gl / (Gt ♦ KJ "ELSE'' OJ 
" I F " 1 • • Q " THEN tt A [ I , I M 1 N 1 l I • " I F '' I = P '' THE N 1' 

•A[I,IMIN1l "ELSE" •I<, 
"fOR" J1m I "STEP" 1 •UNTI~- N "00" 
'' B e: G I N •• E : a A A * ( A t I , J 3 ♦ PS I 1 * A t I 1 , J l + 

("IF" 12 <• N "THfN" PSIZ * Atl2,Jl "ELSE" O))J 
AtI,JJ 111 AtI,Jl • EJ AEit,JJ l• AtI1,Jl • PSI1 * EJ 
"IF'' I2 c:a N •THEN" l[l2,JJ 1• A[I2,J] • PSI2 • E 

''ENO''t . 
"FOR" J1= Q "STEP" 1 "UNTILB 
("IF" !2 <• N ~THENtt 12 "ELSE" N) "DO" 
"BEGIN" EI• A A * ( A tJ, I l ♦ PS I l • A tJ, I 1 l + 

("IF" IZ <a N nrHEN" PSI2 • AtJ,I2l "ELSE" O))J 
A tJ, I l I• A tJ, I l • E J A tJ, 11 J I• A CJ, I 1 l • PS I 1 * E, 
"IF" 12 < ■ ~J ''THEN" AtJ,IZl a• ACJ,I2l ._ PSI2 • E 

"END"J 
"IF" I2 cc N1 "THEN" . 
"BEGIN'' I3:s I+ 3f Et• AA* PSI2 * AtI3,I2J, 

A [I3, Il 1• ,,,E, 
A ( 13, I 1 l I• _,.p SI 1 * f, 
A CI3, 121 Im A Cl 3, I2l • PSIZ • E 

' 

"END" 
"EhlD'' 

''END'' J 
"IF" N > O ••THEN" ''GOTO~ INp 

OUT: EM[3ll• wr EM[5J s• COUNTJ COMVALQRI1• N 
''END" COMVALQRtJ 

''EOP'' 
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ttCODE•• 34191p 
' "COMMENT" ~CA 2Q21, 

"PROCEDURE'' COMVECHES(A, N, LAM8DA, MU, EM, U, V)J 
"VALUE" N, LAMBDA, HUJ 
"INTEGER" NJ "REAL" LAMBDA, MUf "ARRAY" A, EM, U, VJ 
"BEGJNP "INTEGER" I, Il, J, COUNT, MAXS 

"REAL" AA, BB, D, M, R, S, W, X, Y, NORM, MACHTOL. TOLJ 
"ARRAY 1' G, F [11NJ J 
"800LEAN•• "ARRAY" P tt IN] 1 

0 REAL" "PROCEDURE" VECVECCL, U, SHIFT, A, B)r ''CODE'' 34010J 
"REAL" "PROCEDURE" MATVECCL, U, I, A, B)J "CODE" 34011J 
"REAL" "PROCEDURE" TAMVEC(L, U, I, A, d)J "CODE'' 34012J 

NORMaz EM[1l J MACHTOLS• EMtOJ • N0Rt-1J. TOLi= EM[bl * NORMJ 
MAXg: EM (8] J 
,FOR" Ia• 2 •STEP" 1 °UNTlL" N "00'' 
11 BEGIN'' F CI -. 1] 1a A (I, 1 • 11 J A (I, 1] 1: 0 "END'' J 
AAI• At1,tl • LAMBDAJ BBi• •MUJ 
"FOR" Ia• 1 11 STEP" 1 "UNTIL" N • 1 ~oo" 

' 

"BEGIN" t11= I+ 1J Mg: F[IlJ 
"IF" ABS(M) c HACHTOL "THEN•• Mt• MACHTOLt 
A[l,IJ1.• MJ DI• AA** 2 +BB** 2J P[Ilt• ABS(M) < SQRT(O)J 
"IF" P Cll "THEN" 
"BEGIN" .,COMMENT" Atl,Jl * FACTOR AND A[I1,Jl-. ACI,Jl, 

• 

FtI11z R1• ~~AA Io, GttJc• S1• •~*ea Io, 
W1• A.til,IJ, x,. A[l,Itl, A[I1,IJs= Ys= X • S + w • RJ 
AtI,llll• ~t• X.* R ~ W * SJ 
AAI• Atll,llJ •LAMBDA• XJ B81: ~(MU ♦ V)r 
"FOR" J1• I+ 2 "STEP" 1 ''UNTIL" N 1'00'' 
,, BEG I N •• ... I • A E J I I J ' X • " • t t , J l ' 

AtJ,IJI• Y1: X * S ♦ W • Rs 
A tl,JJ •• X1• )( - R., w • s, AtJ,111 JS •VJ 
A (11,Jl 1• A [11,JJ -. X 

"fN0 11 

''E"ID" 
''ELSE" 

• 

"BEGIN'' "COM~ENT" INTERCHANGE A[Il,Jl ANO 
ACI,Jl -. ACl1,J] • PACToR, 
Ftll lc R:• AA / ~, G[Il 1: S:z BB / Ms 
W1• Atl1,I1J • LAMBOAJ AAI• AtI.Itl • R * W • S * MUJ 
A[I,Ill1= WJ BB1a Atil,Il ~ S • W • R * MU, 
Atll,Il s:a •MUJ 
" F O R " J I II I + 2 19 STEP tt 1 " U N T I L " N '' 0 0 '' 
"8EG!N•• W1 ■ A [11,Jl J A [11,Jl 1: A tI,J] • R * WJ 

A CI,Jl IS w, 
A [ J, I 1 l I• A tJ, I l ,. S * W r A [ J, l l s = 0 

''ENO" 
''ENO" 

"END'' 
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P[NJ1: ''TRUE"J D1• AA** 2 +BS** 2J "IF" D < MACHTOL ** 2 
"THEN" "BEGIN" AA1• ~ACHTOLJ 881• Or DI ■ MACHTOL ** 2 "END~, 
A[N,N]a:; OJ F[NJ1• AAJ C.[NJ1• •BBJ 
"FOR" 11• 1 "STEP" 1 "UNTIL• N •OO" 

' 

"BEGIN'1 U [IJ 111 1 r \/ til I• 0 •ENO"t 
COUNT1: OJ 

FORWAR01 ''IF•• COU~T > HAX •THEN" "GOTO" OUTMJ 
"FOR•• I1= 1 "STEP" 1 "UNTIL" N "00• 
''BEGIN" "IF~ P[Il "THEN" 

"BEGIN" WI ■ VtIJ, V[IJ 1• Gtll * UfIJ ♦ F [IJ * WJ 
U[IJ 1• F[IJ • U[ll ~ Gtll * w, "IF" I C N "THENtt 
"BEGIN" V[l ♦ 1JI• V[I ♦ 1J-.. Vtils 

LJCI + 1J 1• Utl ♦ ll • U[Il 
"END" 

"ENO" 
"ELSE" 
"BEGIN" 

UCI 
V CI 

"END" 

AA:• UCI + tl p 881• 
+ 1Ji• UtlJ • (FtIJ 
+ ll 1• VCIJ • (G[IJ 

••ENON FORWARD, 

\ 

1 J ' 
• Gt Il 
♦ P' [ I l 

BAC~WAROs "FOR•• Isa N "STEP" •1 "UNTIL" 1 "00" 
' 

"BEGtN" I11: I ♦ lJ 

• BB)J 
* BB)J 

U til s= 
V tll s= 

AAJ 
BB 

U t I J I • . C U t l l • MA T V E C C I 1 , N I I , A , U ) + C •• I F " P t I l •• T HE N ., 
TAMVEC(l1, N, I, A, V) "ELSE'' A[I1,Il * VtI1l )l / AtI,lJ, 
V t I l I m ( V C I l " MA T V EC ( I 1 , N I I , A , V ) • ( '' I F tt P t I l '' T H E. N '' 
TAMVEC(l1, N, I, A, U) "ELSE'' A[I1,Il * Utl1J)) / A[l,IJ 

"E1'i0" BACKWARDJ 
NORMALISEa Wt: 1 / SQRTCVECVECC1, N, O, U, U) ♦ 

VECVEC(1, N, O, V, V)lr 
"FOR~ J1• 1 "STEP" 1 "UNTIL" N "DO" 
"BEGI~J'' U tJl a:a U CJ] * WJ V [JJ I• V [J] * W "END'' J 
COUNT:: COUNT+ 1J ''IF'' W > TOL ''THEN" "GOTO" FORWARD; 

OUTM I EM [7] I: WI EM [9] I• COUhlT 
"END" COM\/ECHES1 

' 

''EOP'' 
• 

• 
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AUTHORS I T,J, DEKKER, W, HOFFMANN, 
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BRIEF DESCRI?TION1 
T~IS SECTION CONTAINS FIVE PROCEDURES FOR CALCULATING EIGENVALUES 
ANO/ OR EIGENVECTORS OF REAL MATRICES& 
A) REAEIGVAL CALCULATES THE EIGENVALUES OF A MATRIX, PROVIDED THAT 
ALL EIGENVA~UES ARE REAL, 
B) REAEIGl CALCULATES THE EIGENVALUES, PROVIDED THAT THEY ARE ALL 
REAL, ANO THE EIGENVECTORS OF A MATRIX, 
C) REAEIG3 CALCULATES T~E EIGENVALUES, PROVIDED THAT THEY ARE ALL 
RF.AL, ANO THE EIGENVECTORS OF A MATRIX, 
D) COMEIGVA~ C4LCUL•TES THE EIGENVALUES OF A MAT~IX, 
E) COMEIG1 CALCULATES THE EIGENVALUES AND EIGENVECTORS OF A MATRIX• 

KEYWORDS a 
EIG~NVA~UES, 
EIGENVECTORS• 

• 

• 

• 

• 
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SUBSECTION: ~EAEIGVAL, 
. ' . 

CALLING SEQUENCES 
THE HEADING OF THE PROCEDURE ISi 
"INTEGER~ "PROCEDURE" AEAEtGVALCA, N, EM, YAL)J ''VALUE" N; 
HINTEGER" NJ "ARRAY" A, EM, YALp 

THE MEANING OF T~E FORMA~ PARAMETERS ISi 
Al <ARRAY IDENTIFI!~>, 

".&\RRAV" A t11N, 1 eNJ I 
ENTRV1 THE MATRIX WHOSE EIGENVALUES ARE TO BE CALCULATEDJ 
EXIT1 THE ARRAY ELfMENTS ARE ALTERED, 

Nt <ARITHMETIC EXPRESSION>, 
THE ORDER OF THE GIVEN MATRIXJ 

EM1 <ARRA¥ IDENTIFIER~, 
"ARRAY" EM t015l J , 
ENTRY1 EMtOJ, THE MACHINE PRECISIONJ 

EMC2l, THE RELATIVE TOLERANCE USED FOR THE QR 
ITERATION, 

EH[qJ, THE MAXIMUM ALLO~ED NUMBER OF ITERATIONS, 
FOR THE CD CYBER 73928 SUITABLE VALUES OF THE 
DATA TO BE GlVfN ?N EM AREi 
EM [OJ : "•14, 

.EMt2l > fMtOJ (E~G, EMt2J • "•13); 
EM[4] • 10 • N, 

EXIT1 fM[tl, THE INFINITY NOAM OF THE EQUILIBRATEO MAlRIX1 
EM[3l, THE MAXI~UM ABSOLUTE VALUE OF THE SUBDIAGONAL 

E~EMENTS NEGLECTEDJ 
EM[Sl, THE NUMBER OF QR ITERATIONS PERFORMEDp 

IP THE ITERATION PROCESS IS NOT COMP~ETfD 
WITHIN EM t4l ITERATIONS, THE VAl,..UE EM [4J + 1 
IS DELIVERED ANO IN THIS CASE ONLY THE LAST 
N • K ELEMENTS OF VAL ARE APPROXI~ATE EIGEN~ 
VALUES OF THE GIVEN MATRIX, WHERE K IS 
DELIVERED IN REAEIGVALJ 

VALi <ARRAY IDENTIFIER>, 
"ARRAY" V~L [11Nl J . 
EXIT: THE EIGENVALUES OF THE GIVEN MATRIX ARE DELIVERf:0 

IN MONOTONICALLY NONINCREASlNG OROERJ 

MnREOVERJ 
REAEIGVAL DELIVERS O, PROVIDED THAT THE PROCESS IS COMPLETED WITHIN 
EMC41 ITERATIONSJ OTHERWISE REAEIGVAL DELIVERS K, THE NUMBER OF 
EIGENVALUES NOT CALCULATED, 

• 
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PROCEDURES USEDI 
EQILBR = CP34173, 
TF~REAHES = CP3U170, 
REAVALQRI: CP34180, 

REQUIRED CENTR•L MEMORYI 
EXECUTION FIELD LENGTH: 3N, 

RUNNING TIME1 ROUGHLY PROPORTIONAL TON CUBED, 

LANGlJAGEa A~GOL bO, 

• 

METHOD ~ND PERFO~MANCEt 
THE GIVEN MATRIX IS EQUILIBRATED BY C•~LING EQILBR (SEE SECTION 
3,2.1,1,1) AND TRANSFORMED TO A SIMILAR UPPER•HESSENBERG MATRIX 
BY CALLING TFMREAHES CSEf SECTION 3,2,t.2.1,2), THE EIGENVALUES 
ARE THEN CALCULATED BY CALLING REAVALQRI, WHICH USES SING~E QR 
ITERATION (SEE SECTIO~ 3 9 3 4 1,2.1), 
THE PROCEDURE REAEIGVAL SHOULD BE USEO ONLY IF ALL EIGENVALUES ARE 
REAL, . 
fOR FURTHER DETAILS SEE REFERENCES [ll, Eel ANO t3l, 

syesECTIONI REAEIG1, 
• 

CALLING SEQUENCE1 
THE ~EAO!NG OF THE PROCEDURE ISi 
"INTEGER" "PROCEDURE" REAfIG1(A, N, EM, VAL, VEC); "VALUE" NJ 
1'INTEGER" NJ "ARRAY" A, EM, VAL, YECJ 

THE MEANING OF THE FORMAL PARAMETERS IS1 
A1 <ARRAY IDENTIFIER~, 

"A RR A Y" A t 1 IN, 1 IN] , . 
ENTRVt THE MATRIX WHOSE EIGENVALUES AND EIGENVECTORS ARE TO 

BE CALCULATEDJ 
EXIT~ THE ARRAY ELEMENTS ARE ALTEREDJ 

Na <ARITMMETIC EXPRESSION•p 
THE ORDER OF THE GIVEN MATRIXJ 



EM1 

• 

VALi 

VEC1 
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<ARRAY IDENTIFIER>, 
"ARRAY" EM[019]J 
ENTRV1 EM[Ol, THE MACHINE PRECISION, 

EMt2J, THE RELATIVE TOLERANCE USED FOR THE QR 
ITE:RATIONp 

EM[4], THE MAXIMUM Ali.LOWED NUMBER OF QR 
ITERATlONSJ 

EM[bl, THE TOLERANCE USED FO~ THE EIGENVECTORSJ 
FOR EACH EIGENVECTOR THE INVERSE ITERATION 
ENOS IF THE EUCLIDEAN NORM OF THE RESIDUE 
VECTOR IS SMALLER THAN EM[tl * EM[6J J 

EM[BJ, T~E MAXIMUM ALLOWED NUMBER OF 
ITERATIONS FOR T~E CALCULATION OF 
EIGENVECTOR I 

INVERSE 
EACH 

FOR THE CO CYBER 73~28 SUITABLE VALUES OF THE 
DATA TO BE GIVEN IN EM AREi 
E~ tOl • "°'14, 
EM [2] > EM COJ (E,G, EM taJ • "•13), 
EM[UJ a 10 * N, 
EM [bl > EM [21 CEeG, E~ Ct.J • "•10), 
EM[8J ;c 51 

EXIT1 EM[1l, THE INFINITY NORM OF THE EQUILIBRATED MATRIXJ 
EM.[3J, THE MAXIMUM ABSOLUTE VALUE OF THE SU8DIAGONAL 

• ELEMENTS NEGLECTfDr 
EM[SJ, THE NUMBER OF QR ITERATIONS PERFORMED, 

IF THE ITEAATION ~ROCESS IS NOT COMPLETED 
WITHIN EM [4J ITERATIONS, THE VALUE EM [IJJ + 1. 
IS DELIVERED ANO IN THIS CASE ONLY THE LAs·r 
N • K.ELEMENTS OF VAL AND COLUMNS OF VfC ARE 
APPROXIMATE EIGENVALUES ANO EIGENVECTORS OF 
T~E GIVE~ MATRIX, WHERE ~ IS DELlVfREO tN 
REAEIG1J 

EM[7l, THE MAXIMUM EUCLIO!AN NORM OF T~E RESIDUES 
OF THE CALCULATED EIGENVECTORS COF THE TRANS• 
FORMED MATRIX), 

EMtqJ, THE LARGEST NU~BER OF INVERSE ITERATIONS 
PERFORMED FOR THE CALCULAT.ION OF SOME E!GEN• 
VECTORJ IF, FOR SOME EIGENVECTOR THE 
EUCLIDEAN NORM OF THE RESIDUE REMAINS 
LARGER THAN fM[ll • EMC6l, THE VALUE 
EM(Sl + 1 IS DELIVEREOJ NEVERTHELESS THE 
EIGENVECTORS MAY TH~N VERY WELL BE USEFUL, 
t·HIS SHOULD BE JUDGED FROM TME VALUl 
DELIVERED IN EM[7] OR FROM SOME OTHER TESTJ 

<ARRAY IOENTIFIER>J 
''ARRAY'' VAL (1 ;N) I 
EXIT: THE EIGENVALUES OF T~E SIVfN MATRIX ARE DELIVEREIJ 

IN MONOTONICALLY DECREASING ORDERJ 
<ARRAY IDENTIFIER~, 
"ARRAY" VECC1JN,t,NJ, 
EX IT I THE CALCULATED EIGENVECTORS, CORRESP·ONO ING 

EIGENYALU!S IN ARRAY VAL[t1NJ, ARE DELIVERED 
COLUMNS OF ARRAY VECJ 

TO 
It\J 

THE • 

THE 
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MOREOVERt 
REAEIG1 DELIVERS O, PROVIDED THAT TH[ PROCESS tS COMPLETED HlT~IN 
EMt4l ITERATIONSJ OTHERWISE REAEIGl DEL?VERS K, THE NU"BER OF 
EIGENVALUES AND EIGENVECTORS NOT CALCUL~TEO, 

• 
• 

PROCEDURES USEDi • • 

EQILBR • CP3417l, 
TFMREAHES • CP34170, 
BAKREAHES2 ·• CP34172, 
BAKLBR • CPJ4114, 
REAVALQRI • CP34180, 
REAVECHES • CP3U181, 
REASCL • CP34183, 

. . 

REQUIRED CENTRAL MEMORY• • 

EXECUTION FIELD LENGTHI N * N + 5N, 

RUNNING TIME1 ROUGHLY PROPORTIONAL TON CUBED, 

OF'TIONSI F, 
• 

• 

METHOD AND PERFORMANCEi 
.. T~! GIVEN ~ATf:tIX IS !QUILIBRAT!O BY CALLING EQlLBR (SEE SE.CTlON 

l,2.1,1,l) ANO TRANSFORMED TO A SIMILAR UPP!R~HESSENBEAG MATRIX 
BY CALLING TFMREAHfS (SEE S!CTION 3,l,1,2,1 9 2), THE EIGENVALUES 
ARE THEN CALCULATED BY CALLING R!AVALQRI, WHICH USES SINGLE QR 
ITERATION (SEE SECTION 3.3~1,2~12, 
FURTHERMORE, TO FINO THE EIGENVECTORS WILKINSONtS DEVICE IS FIRST 
APPLIED tz, P.328 AND ~2eJ, SU98!QU!NTLV THE EIGENY!CTORS OF THE 
UPPER•HESSENBERG MATRIX ARE CALCULATED BY CALLI~G REAVECHES, 
WHICH US!S INVERSE ITERATION (S!f SfCTION 3.3,1,Z,ll, THE 
CA~CULAT!D VECTORS ARE TH!N BAC~•TRANS,ORMED TO THE CORRESPONDING 
EIGENVECTORS OF THE GIVEN MATRIX BY CA~LING BA~REAHES2 AND BAKLBR 
(SEE SECTIONS l,2,1,2 9 11 2 AND 3 1 2 1 1,1.1), FINALLY THE APPROXIMATE 
EIGENVECTORS ARE NORMALIZED BY CALLING AfASCL (SEE SECTION l,1 1 9) 
SUCH THAT, IN EACH EIGE~VfCTOR, AN E~EMENT OF MAXIMUM ABSOLUTE 
VALUE EQUALS 1, 
THE PROCEDURE REAEIG1 SHOULD BE USED ONLY IF ALL EIGENVALUES ARE 
~EAL,, 
FOR FURTHER DETAILS SEE THE GIV!N REFERENCES, 

. 
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&~BSECTIONt REAEIG3 1 

CALLlNG 8EQUENCE1 
THE HfADlNG OF THE PROCEDUR! Ill 
'INTEGER• "PROCEDURE" REA!IGICA, N, EM, YAL, VEC)J nvALUE" N, 
"INTEGER" NJ "ARAAV" A, EM, VAL, V!Cr 

THE MfANING o, THE ,oRMA~ ,.RAM!TERS ts, 
Al cARRAV IDENTIFJER>f 

"ARRAY" At11N,l1NJt 
ENTRY1 TME MATRIX ijHOSE ElQENVALUES AND EIGENVECTORS ARE TO 

Bt! CALCULATIOJ 
EXITI THE ARRAY ELEMENTS ARE ALTfR!DJ 

Na ◄ ARITHMETIC fXPAfSStON»J 
THE ORDER OF THE GIVEN MATRIX, 

EM1 ~ARRAY IDENTI,IEA>J · 
•ARRAY" !Mt015JJ 
ENTRY1 EMtOJ, TH! MACHINE PR[Ctsto~, 

!MtZl, THE RELATIVE TO~ERANCE USED FOR THE QR 
IT!RATIONJ 

EMt4J, TMf MAXIMUM ALLOWED NUMBER OF QR 
ITERATIONS, 

,oR THE CD CY8EA 73•28 SUITAB~E VALUES OF THE 
·DATA TO Bf GIV!N IN EM AREi 
EM [OJ • "•14, 
EMt2l > !MtO] (!,G, ~MC2J • "~13), 
t!M[tJJ • 10 * NJ 

!XIT1 EMC1J11 TM! ·?Nffl.HITV NORM OF TH£ e:QUlLIBRATEO MATRIXJ 
EMCJJ, THE MAXIMUM ABSO~UTE VALUE OF THE SUBDIAGONAL 

E\,fMENTS Nf!GLECT!DJ 
EMtSl, THE NUMBER OF QR ITERATIONS PERFORMEOJ 

IF TH! ITERATION PROCESS IS NOT COMPLETED 
WITHIN EMt4J JTERATJONS, THE VALUE E~[qJ • 1 
IS DELIYER!D 1 IN THIS CASE ONLY THE LAST 
N • K ELEMENT& OF VAL ARE APPROXIMATE 
EIGENVALUES 0~ THE GIVEN MATRIX ANO NO USEFUL 
EIGENVECTORS ARE DELIVERED, THE VALUE K IS 
DELIVERED I~ REAElG3J 

VALi <ARRAY IDENTIFIER•J 
~4RRAV" VALtll~JJ 
EXIT~ THE ElG!NVALUES OF TH! GIVE~ MATRIX ARE DELIVEREDJ 

VECI cARRAV IDENTIFIER>, 
~AR~AY" YECtttN,ttNJJ 
EXIT~ THE CALCULATED EIG!NYECTORS, CORRESPONDING TO THE 

• 

EIGENVALUES IN ARRAY VALtt1NJ, ARE DELIVERED IN THE 
COLU~NS OF ARRAY V!Ct 

MOREOVER I 
REAE·lG'.I · DELIVERS O, PROVID!D THAT TH!:• PROCESS IS COMPLETEO WITHIN 
EMt4J lTERATION$f OTHERWII! REAEJGJ DELIVERS K, THE NUMBER OF 
ElGENVA~UES NOT CALCULATED. 



PROCEDURES USED& 
EQI~BR • CP34173, 
TFMREAHES ~ CP34170, 
8AKREAHES2 • CP34172, 
BAKL8R • C?34174, 
REAQRl m CP3418&, 
REASCL • CP34183, 

(JULY 1974) 

REQUIRED CENTRA~ MEMORV1 
EXECUTION FIELD LENGTH1 4N 1 

RUNNING TIME1 ROUGHLY PROPORTIONAL TON CUBED, 

LANGUAGEI ALGOL 60 1 • 

METHOD AND ?ERFORMANCEI 
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THE GIVEN MATRIX IS EQUILIBR•TED BY CALLING EQI~BR (SEE SECTION 
3,2.1.t,1) AND TRANS~ORMED TO A SIMILAR UPPER~HESSENBERG MATRIX 
BV CALLING TFMREAHfS (Sf[ SfCTlON 3 1 2,1 1 2,1,2), THE EIGENVALUES 
AND EIGENVECTORS OF THE UPPER•HESSENBERG MATRIX 4RE THEN 
CALCULATED BY C.ALLING REAQRI, WHICH USES SINGLE QR ITERATION 
FOR THE ElG[NVALUES AND A DIRECT METHOD FOR THE EIGENVECTORS (SEE 
SECTION 3,3,1.2.1) 1 ,1NALLY TH! E%GfNVECTORS OF THE UPPER• 
HESSENBERG MATRIX ARE BACKeTRANSFORMED TO THE CORRESPONDING EIGEN~ 
VECTORS OF TH! GlVEN MATRIX BV CALLING BAKREAHES2 (SEE SECTION 
3,1,2,1,2,ll ANO NORMALIZED.BY CALLING R~ASCL (SEE SECTION 1 1 1,q) 
SLJCH THAT, IN EACH EIGENVECTOR, AN ELEMENT OF. MAXIMUM ABSOLUTE 
VALUE EQUALS 1, 
THE PROCEDURE REAEIGJ SHOULD Bf US!O ONLY IF ALL EIGENV~LUES ARE 
REAL, 
FO~ FURT~E~ DETAILS SEE THE GIVfN Rf~ERENCES, 

• 
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8~BSECTION1 COMEIGVAL, 

CALLlNG SEQUENCEi 
THE HEADING OF THE PROCEOURf JSI 
"INTE;ER~ "PROCEDURE" COMEIGVALCA, N, EM, RE, IM)J ''VALUE" NJ 
"INTEGERq NJ "ARRAY" A, EM, RE, IMJ 

THE 
•• 

N1 

MEANING OF THE FORMAL PARAM!TERS 181 
<ARRAY IDENTIFtER>1 
"ARRAY" Att1N,11N]J 

• 

ENTRY1 THE MATRIX WHOSE EIGENVALUES ARE TO BE CALCULATED, 
EXIT1 THE ARRAV ELEMENTS AR! ALTEREOJ 
<ARITHMETIC EXPRESSION>J 
THE ORDER o, THE GIVEN MATRIXJ 
<ARRAY IDENTIFIER>J 

• 

"ARRAY" EMto,sJ, . 
ENTRV1 fMtOl, THE MACHINE PREClSIONs 

EM[2l, THE R€LAT!Vf TOL!RANC! USED FOR THE QR 
ITERATION1 

EMt4J, THE ~AX?MUM ALLOWED ~UM!ER OF ITERATIONSJ 
FOR THE CD CVB!R 73•28 SUITABLE VALUES OF THE 
DATA TO Bf G%VEN IN fM AR!I 
t!M[OJ • "•14, 
.e:~ tll > fM tOl (!,G, EH C!l • "•lJ), 
EM [4l s; 10 ~ NJ .. 

EXIT1 fMEtl, TH! IN,INITY NORM Of THE EQUILIBRATED MATRtXJ 
EM[3l, THE MAXIMUM ABSO~UTE VALUE OF THE SU80IAGONAL 

ELEMENTS N!GLECT!D9 
EM[Sl, THE NUMBER OF QR lTERATIONS PERFOR~EDJ 

tF THf ITERATION PROCESS IS NOT COMPLETED 
WITHIN EM t4l ITERATIONS, THE VA~UE EM C4J + 1 
IS DELIVERED AND IN TMlS CASE ONLY THE LAST 
N • K ELEMENTS OF RE ANO IM ARE APPROXI~ATE 
fIGENVALUES o, THE GIVEN ~ATR!X, WHER~ K rs 
DELIVERED IN COMEIGVALJ 

RE,IM1 ~AR~AY IOENTIFI!R>J 
"ARRAY" RE, IM tl 1NJ J . 
EXIT1 THE REAL ANO IMAGINARY PARTS OF THE CALCULATED 

EIGENVALUES OF THE GIVEN MATRIX ARE OE~IVEREO IN 
• 

ARRAY RE, IM[S1NJ, THE· MEMBERS OF EACH NONREAL 
COMPLEX CONJUGATE PAlR BEING CONSECUTIVE1 

MOREOVER a 
COMEIGVAL DELIVERS O, PROVIDED THAT THE 
EM t4l lTERATIONSJ OTHERWISE COMElGVAL 
EIGENVALUES NOT CALCULATEO, 

PROCEDURES USED1 
EQILBR ~ CP34173, 
T~MREAHES • CP3Q1TO, 
COMVALQRI a CP34190, 

PROCESS IS CO~PLETEP WITHIN 
DELIVERS K, THE NUMBER OF 
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REQUIRED CENTRAL MEMORY: 
EXECUTION FIELD LENGTH; 3N, 

RUNNING TIME1 ROUGHLY PROPORTIONAL TON CUBED, 
' 

LANGUAGE& ALGOL bO, 

METHOD ANO PERFORMANCEI 
THE GIVE~ ~ATRIX rs EQUILIBRATED BY CALLING EQILBR (SEE SECTION 
3,2,1,1,1) ANO TRANSFORMED TO A SIMILAR UPPER~HESSENBERG MATRIX 
Sy CALLING TFMREAHES (SEE SECTION 3 1 2,1.2.1,2), THE EIGENVAlUES 
ARE THEN CALCULATED BV CALLING COMVALQRI, WHICH USES DOUBLE QR 
ITERATION (SEE SECTION 3 1 3.1,2,1), 
FOR FURTHER DETAILS SEE REFERENCES t1l, t2l AND (31, 

SUBSECTION; COMEIG1, 

CALLING SEQUENCE1 
T~E HEADING OF THE PROCEDURE ISi 
~INTEGER" "PROCEDURE" COMEIG1CA, N, EM, RE, IM, VECJJ "VALUE'' NJ 
"INTEGER" NJ "ARRAV" A, EM, RE, IM, VECJ 

THE 
Aa 

Na 

EH1 

MEANtNG OF THE FORMAL PA~AMETERS IS1 
<ARRAY IDENTIFIER>s 
"AR RAV" A [ 1 IN, 1 I Nl I 
ENTRV1 THE MATRIX WHOSE EIGENVA~UES ANO EIGENVECTORS AR[ TO 

BE CALCULATEOr 
EXIT1 THE ARRAY ELEMENTS ARE ALTERED, 
<ARITHMETIC EXP~ESSION>J 
THE ORDER OF THE GIVEN MATRIXJ 
~ARR~V tnENTIFIE~>, 
11 ARRAV~ EM[Ol9)1 
ENTRY1 EM[Ol, THE M•CHINE PRECISIONt 

• 

EM[2l, THE RELATIVE TOLERANCE USED FOR THE QR 
ITERATIONJ 

EMt4l, THE MAXIMUM ALLOWED OF QR 
ITERATIONSJ 

EMCbJ, THE TOLERANCE USED FOR THE EIGENVECTORS, 
FOR EACH EIGENVECTOR THE INVERSE ITERATION 
ENDS IF T~E EUCLIDEAN NORM OF THE RESIDUE 
VECTOR IS SMAL~ER THAN EM [11 * EM [bl J 

EMt8l, THE MAXIMUM ALLOWED NUMBER Of 
ITERATIONS FOR THE CALCULATIO~ OF 
EIGENVECTORJ 

FOR THE CO CVBER 73-28 SUITABLE VALUES OF THE 
DATA TO BE GIVEN IN EM AREi 
EM tO) • "-.1LJ, 
EM [2] > EM [Ol CE .G, EM [2] = "•13), 
EM[4l : 10 * N, 
EM[bl > EM[2J (E,.G, fM[&l: "•10), 
E~ [8l :: 5 r 
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EXIT1 EMt1l, THE IN,tNITY NORM OF THE fQUIL!BRATED MATRIXJ 
!Mtll, TH£ MAXIMUM ABIO~UTf VALUE OF THE SUBOIAGONA~ 

ELEMENTS NEGLECTED, 
EMC5l, THE NUM8fR 0~ QR JTER4TIONS PERFORMEOJ 

tF THE ITERATION PROCESS IS NOT COMPLETED 
WlTHIN EMtll ITERATIONS, THE VALUE EMC4l + 1 
IS DELIVERED AND IN THIS CASE ONLY THE LAST 
N • K E~!M!NTS o, R!, lM AND COLUMNS OF YEC 
ARE APPROXIMATE [tGENVALUES AND EIGENVECTORS 
o, TH[ GIV!N MATRIK, WH!RE K IS DELIVERED IN 
COM!IGJJ 

!M[7l, THE MAXIMUM !UCLlDlAN NORM OF THE RESIDUES 
OF THE CALCULATED EIGE~VECTORS (OF THE TRANS• 
FORMED MATRIX)J 

EMt9J, THE LARGEST NUMBER o, INVERSE ITERATIONS 
PfAFORMfO ,oR TH! CALCULATION OF SOME EIGEN~ 
V!CTOR, IF THE EUCLIDIAN NORH OF THE 
RESIDU! FOR ONE OR MORE EIGENVECTORS REMAINS 
LARGER THAN EMtlJ * EMt6l, THE VALUE E~{8l+1 
IS DELIVEREDJ N!VERTH!LESS THE EIGENVECTORS 
MAY THEN VERV WELL BE USEFUL, THIS SHOULD BE 
JUDGED FROM THE VALUE DELIVERED IN EMt7l OR 
FROM SOME OTHER TESTJ 

<ARRAY ·lDENTI,IfR~J 
"ARRAY" RE, 1Mt11N] J 
EXIT1 TH! REAL AND IMAGINARY PARTS OF THE CALCULATED 

EIGENVALU~S or T~E GIVEN MA.TRIX ARE DELIVfREO 1N 
ARRAY RE, IM[ltNJ, T"f MEMBERS OF EACH NONREAL 
COMPLEX CONJUGATE PAI~ BEING CONSECUTIVEJ 

<ARRAY IDfNT~IER>J 
PfARRAV" VEC[11~,t1NlJ • 

EXlT1 THE CALCULATED EIGENVECTORS ARE DELIVERED IN T~tE 
COLUMNS OF ARRAY vEc, 
AN EIGE~VECTOR, CORRESPONOJNQ TO A REAL tIGENVAL.UE 
GIVEN I~ ARRAY RE, lS DELIVERED IN THE CORRESPONDING 
COLUMN OF ARRAY VEC, 
THE REAL ANO IMAGINARY PART OF AN EIGENVECTOR, 
CORRESPONDING TO TH! 'IRST MEMBER OF A NONREAL 
COMP~EX CONJUGATE PAIR OF EIGENVALUES GIVE~ IN THE 
ARRAYS R!, IM, ARE DELIVERED IN TME TWO CONSECUTIVE 
COLUMNS OF ARRAV VEC CORRESPONDING TO THIS PAlR (THE 
EIGENVECTORS CORRESPONOtNG TO THE SECOND MEMBERS OF 
NONREAL COMPLEX CONJUG•TE PAIRS ARE NOT DELIVERED, 
SINCE TMEV 4RE SXMPLV THE COMPLEX CONJUGATE OF THOSE 
CORRESPONDING TO THE FIRST MEMBER OF SUCH PAIRS)p 

fdlOREOVER, 
COM~lGl DELIVERS O, PROVIDED THAT THE PROCESS IS COMPLETED WlTMIN 
EM [Ql ITERATIONSJ OTHERWISE COHEIG1 DELlVERS K, THE NlJMBER OF 
ElG!NVALUES ANO EIGENVECTORS NOT CALCULATED, 



PROCEDURES USED1 
EQI~BR ■ CP34173, 
TFMREAHES • CP34170, 
BAKREAHfSZ • CP34172, 
BAKLBR • CP34174, 
REAVECHES • CP34181, 
COMVALQRI • CP34190, 
COMVECHfS • CP34191, 
COMSCL a CP341qJ, 

RtQUIREO CENTRA~ MEMORYI 

(JULY 1974) 

EXECUTION FIELD LENGTHS N • N • SN 1 

RUNNING TIME1 ROUGHLY PROPORTIONAL TON CUBED, 

. 

LANGU•GE1 ALGO~ 60. 

• 

"ETHOD ANO PERFORMANCEI 
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THE GIVEN MATRIX IS EQUILIBRATED BY CALLING EQILBR (SEE SECTION 
l,2,1,1,1) AND .TRANSFORMED TO A SIMILAR UPPEAwHES9ENBfRG MATRIX 
BY CALLI~G TFMREAHES (SEE SECTION 3 9 2 1 1,2.1 1 2), THE EIGENVALUES 
ARE THEN CALCULATED SY CALLING COMVALQRI, WHICH USES DOUBLE QR 
ITERATION (SEE SECTION 3,3.le2 1 1l, 
,uRTHERMORE, TO FIND TH! flGENVECTORS WILKINSONtS DEVICE IS FIRST 
APPLIED [2, P1 3i8 ANO &28J 1 .SUBSEQUENT~Y THE EIGENVECTORS OF THE 
UPPER•HESSENBERG MATRIX ARE CO~PUTED 8Y CALLING REAVECHES FOR THE 
REAL EIGENVALUES AND COMVECHES FOR THE OTHERS (SECTION 3,.3,1,2.t,> 
THE COMPUTED VECTORS ARE THEN 8ACK•TRANSFORME0 TO THE CORRESPONDING 
EIGENVECTORS OF THE GIVEN M4TRlX BY CALLING BAKREAHES2 ANO BAKLBR 
(SEE SECTIONS 3.2,1,2 1 1 9 2 AND 3.Z.la1,1). FI~ALLY THE APPROXIMATE 
EIGENVECTORS ARE NOR~ALIZEO ev eALLlNG COMSCL (SEE SECTION 1,1,q) 
SUCH THAT, IN fACH EtGENVECTOR, AN ELEMENT OF MAXIMUM MOOU~US 
EQUALS 1, · 
FOR FURTHER DETAILS SEf THE GIVEN REFERENCES, 

REFERENCES& 
[1J, T,J. DEKKER AND W1 HO,FMANN, 

ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART 2, 
MC TRACT 23, 1q68, ~ATH 1 CENTR,, AMSTEROAM, 

l2l, JeH• ~lLKlNSON, 
THE ALGEBRAIC EIG!NYALUE PROBLEM, 
CLARENDON PRESS, OXFORD, 1q&5 1 

t3l, J,G, FRANCIS. 
T~E QR TRANSFORMATION, PARTS 1 ANO 2 1 
COMP, J. 4 (1961), 265 • 211 ANO 332 ~ 345, 

[4J, J,M, VARAH, 
EIGENVECTORS OF A REAL MATRIX BY INVERSE ITERATION, 
STANFORD UNIVERSITY, TECH. REP, NO~ CS 34, 19&6 1 
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• 

P~GE 12 

EXAMPLE OF USE• 
IN THIS SECTION WE ONLV GXV! AN EXAMPLE 0~ USE OF THE PROCEDURES 
REAfIG3 AND CO~EIGVAL, BECAUSE A CALL OF THE OTHER PROCEDURES IS 
ALMOST SIMILAR, 

THE· EIGENVALUES AND CORRESPONDING flG!NV£CTORS OF A MATRIX, STORED 
IN ARRAY A, WITH Atl,Jl1• ~IF•.I•1 •THENN 1 "ELSE" 1 / (I+ J ~ 1), 
MAY BE OBTAINED BY THE PROC!OUR! R[AEIG3 !N THE FOLLOWING PROGRAM1 

"BEGIN" •I~TfGEM" 1, J, "' 
• 

•ARRAY" A, VECt114,114J, fMtOl5J, VAL[1S4l, 
"INTEGER• •PROCEDURE" REA[tGJ(A, N, EM, VAL, VEC)J 
"CODE• 341871 

"FOR" Is• 1, 2, l, 4 "00" "FOR• JS• 1, 2, 3, 4 ''DO" 
AEI,Jla• "l'" I• 1 "THEN• 1 "ELSE" 1· / (I+ J • l)J 
EMCOJ1• "•14J E~t2ll• "~131 EME4Jt• 40J 
Mt• REAE!GlCA, 4, !M, VAL, VEC)J 
0UTPUT(&1, "("D, / 9 ),, M)J . 
"FOR" II• M • 1 "8T!P" 1 •UNTIL" 4 •DO" 
OUTPUT(61, M("/, Z(+,130"+ZD, 2B), /, ](i18, +,13D"•2D, /)")", 
VA~tIJ, VECt1,Il, VECtZ.,Il, VECCJ,IJ, VtC[4,Il)J 
OUTPUT(61, "("/, zc.ZD" ♦20, /l, ZDP)•, !M[1J, EM[3l, EM(S]) 

"END~ . 

THE PROGRA" DfLIVERS(TH! RESULTS ARE CORRECT UP TO TWELVE DIGITS): 

THE NUMBE~ OF NOT CALCULATED fIGfNYALUESI 0 
• 

THE flGENVA~U!S AND COR~ESPONDING !lGENVfCTORSI 

+,1886632138548"+01 +,1000000000000"+01 
+,3942239850770"+00 
+.2773202862566" ♦ 00 
+,2150878672143"+00 

•.1980145931103"+00 +.1000000000000"+01 
~.7388484093937''+00 
• 1 311oZ38593839"+00 
• 1 11754Zl!433i1"+00 

. • 1 122829lb86543~•01 •~463473&456357"+00 
+a1000000000000P ♦ 01 
• 1 154254800l7J7ff+00 
•,1765787365&25"+00 

• 1 t441Jl381733t"~03 ♦ 1 1095712655340" ♦ 00 
• 8 b2084053411l8' ♦ 00 
+.1000000000000•••01 
~.4881465241876"+00 

EMt1l • ,40~+01 
fMCJl ; a15"•14 
£MC5J • 5, 

• 
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THE COMPLEX EIGENVALUES OF A MATRIX STORED IN ARRAY A WITH N: 3 
AND THf ROWS (8, •1, •5) 1 C•4, ~, ~2) ANO ~18, ~s, •7l, MAV BE 
OATAlNED BY THE PROCEDURE COMEIGVAL IN THE FOLLO~ING PROGRAMt 

"BEGIN" "I~TEGER'' l, MJ 
"ARRAV" A (113, 1 Ill, EM [015J, R!, l~tl 13J f 
"INTEGER" "PROCEDURE" COMEIGVAL(A, N, EM, RE, IM)J 
"CODE" 3tJ1q21 

EM [OJ 1• tt•t~J EM £2J 1• "-.13J EM [411 i: 30, 
A [ 1, 1 l I a 8 J A [ 11 2 J I• 111t l S A [ 1, 3 l I• •5 f 
A [2, 1l 1• •'JJ A [2,Zl 1• 41 A t2,3l 1• -2, 
A Cl, ll 1• 1e, A tl,211• •5J A t3,3l 1• •7• 
M1• COMEIGVALCA, 3, EM, RE, IMlJ 
OUTPUT(b1, "("0, /")", M)J 
"FOR" ll• M + 1 "STEP" 1 ~UNTIL" 3 "00" 
OUTPUT(b1, "("2(+,130" ♦ 20, 28), /"l", RECIJ, IM[IJ)J 
OUTPUT(bt, "("/, 2(.2D"+ZO, /), ZO")", EM[1l, EM[3], EMt5l) 

"END" 

THE PROGRAM OELIVERS(THE RESULTS ARE CORRECT UP TO TWELVE OIGITS)I 
' 

Tt1E NUMBER OF NOT CALCULATED EIGENVALUESI 0 

THE EIGENVALUESa + 8 2000000000000 1 +01 
+.2000000000000•+01 
+ 9 9q9,9qq99999e"+OO 

THE ARRAY EMa EM[1l • 1 30" ♦ 02 
Etia1t3J a 1 18"•17 
fM[Sl • 6 1 

SOURCE: TEXTS1 

ttCODE" 3q1e21 
"COMMENT" MCA 24l2J 

+,~000000000000"+01 
•,4000000000000"+01 
+,0000000000000"+00 

"INTEGER" "PROCEDURE" REAEIGVAL(A, N, EM, YAL)J ~VALUE" NJ 
"INTEGER" NJ "ARRAY" A, !M, VALJ 
q8EGIN'' "INTEGER" I, JJ "REAL" Rp 

"AR~AY" Dtt1NJJ "INTEG!R" flARRAY" INT, !NT0[11NJ 1 

"PROCEDURE" TrMRfAMES(A, N, E~, INT)s ''CODE" 34170, 
"PROCEDURE'' EQILBR(A, N, EM, O, INT)J "CODE 1' 34173J 

I 

"INTEGER" "PROCEDURE" RfAVALQRI(A, N, EM, VAL)J "CODE" 34180J 

EQILBR(A, N, EM, D, INTO)I T'MREAHESCA, N, EM, JNT)J 
J1• AEAEIGVA~1• REAVALQRI(A, N, EM, VAL)J 
"FOR" II• J + 1 "STEP" 1 "UNTIL"~ "DO" 
"FOR" J1~ I+ 1 "STEP~ l "UNTIL" N "00" 
t, B E G I N '' " I F " V AL [ J J > V AL [ I l •• THE N •1 

"BEGIN'• R1• VALCIJp VALCIJ1• V•LtJJJ VAL[JJ 1= R "ENO" 
''END tt 

"END" REAEIGVALI 
"E0P" 
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99 COD!" 341841 
"tO~MENTft MCA 24141 
•tNTEG!R" "PROCEDURE~ REAEIG1(A, N, fM, VA~, VEC)J ~VALUE" NJ 
~INTEGER" NJ HARRAV" A, EM, VAL, VECJ 
"SEGIN" "INTEGE~~ ?, K, MA~, J, L, 

"REAL" RESIOU, R, MACHTOLJ 
"ARRAY" D, VtltNJ, 8t1~~,1~N1J 
"INTEGER" "ARRAY" INT, tNTO[llNJ, 

"PROCEDURE" TFMREAHESCA, N, EH, lNT)t "CODE" 341701 
"PROCEDURE• BAKREAHESZ(A, N, Nl, NZ, INT, VfC)J "CODE" 341721 
"PROCEDURE• EQILBRCA, N, E~, D, INT)r "CODE" 341731 
"PROCEDURE" BAKL8RCN, Nt, N2, D, t~T, VEC)J "CODE" 34174J 
"lNTEGERn nPROCEOURE" REAVALQRl(A, N, EM, VAL)J "CODE" 34180, 
"PROCEOURf• REAVECM~SCA, N, LAMBDA, tM, V)J "CODE" 34181J 
npROCEDURE" REASCLCA, N, Nt, NZ)t "CODE" 341831 

RESIDUI• Ot MAXt• OJ EQILBR(A, N, EM, D, INTO)s 
TPMR~AHESCA, N, EM, INT)J 
"FOR" II• l "STEP" 1 "UNTIL• N "D0 1 

"F0~" J1a ( 1 lF" I• 1 "THEN• 1.•ELS£" I• 1) 
"STEP" 1 "UNTIL" N "00• B tI,JJ a• A [l,Jl J 
Ks• REA!IG1~1• R!AVALQRI(B, N, EM, VAL)f 
"FOR" II• K • 1 1 STEP" 1 "UNTIL•~ "DO" 
"FOR" J1• % + 1 "STEP" l WUNTILW N "00" 
"B[GIN" "IF" VAL [Jl > VAL tIJ "THEN' 

• 

" BE G I N " R I • V A L t I l J \I AL [ I l I • V A L [ J l J V A L r J l I • R '' E N O 11 

"END"J . 
MACHTOLt• EM[Ol * EMt1J, 
"FOR" LI• K + 1 "STEP" 1 WUNTIL" N •oo• 
"BEGIN" "IF* L > 1 "THEN" 

"BEGIN" "IF" VALCL • 1J • VAL[Ll c MACHTOL 11 THEN" 
VALtLlS• VAL[L • 11 ~ MACHTOL 

"END", 
"FOR" I1• 1 "STEP" 1 "UNTIL" N PDO" 
"FOR" J1• ("IF" I• 1 "THEN• 1 "ELSE" I~ 1) 
"STEP" 1 "UNTIL•• N "00" BCI,JJI• A[I,Jl1 
REAVECHES(8 1 N1 VALtLl, EM, Vl, 
"IF•• EM t?l > RESIDU "THEN" R[SIDUia Et.1 C7l I 
"IF'' EM [9J > MAX "THEN" MAX1• E~ [91 J 
•FO~" J1• 1 "STEP" 1 "UNTIL• N "DO" VECCJ,Ll := VtJJ 

"ENO"J 
EM t7l t• Rf:SIDUJ EM [9] 1• MAXJ 
8AKREAHES2CA, N, K + 1, N, INT, VEC)t 
BA~L8R(N, ~ • 1, N, o, INTO, vec,, 
REASCL(VEC, N, K + 1, ~) 

"END" REAEIGtJ 
ttfQPtt 
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•COOftt 341871 
"COMMENT~ MCA 24171 
"INTEGER" "PROCEDURE" REAEIG3(A, N, EM, VAL, VfC)J "VALUE" NJ 
"INTEGER" NJ "ARRAY• A, EM, VAL, VEts 
"BEGIN" "INTEGER" IJ "REAL" Sf 

"INTEGER" 11 ARR•Y" INT, ?NTOC11Nlr "ARRAY" Dt11NlJ 

"PROCEDURE" TFMREAHES(A, N, EM, INT)J "CODE" 34170J 
•PROCEDURE" 8AKR!AH!S2CA, ~, Nl, N2, INT, VEC)J ''CODE" 34172s 
"PROCEDURE" EQILBRCA, N, EM, O, INT), "CODE" 341731 
"PROCEDURE" BA~LBRCN, Nl, N2, D, IijT, VEC)J "CODE" 341741 
"PROCEDURE" REASCLCA, N, Nt, N2)1 "CODE" 34183J 
~INTEGER" "PROCEDURE" REAQRI(A, N, EM, VAL, VEC)J "COOE" 341861 

EQILBR(A, N, EM, D, INTO>, TFMREAHESC~, N, E~, INT)J 
II• REAEIG11• REAQRI(A, N, EM, v•L, VEC)J 
"If" I• O ••THEN" 
"BEGIN'' "BAt<REAHES2 CA, N, 1, N, INT, VEC) J 

BAJ<L.BR(N, 1, N, D, INTO, VEC)J RfASC\,.(VEC, N, 1, N) 
"END" 

''ENO" REAEIG3J 
"EOP" 

"CODE" 3tl19ZJ 
• 

"COMMENT" MCA 24221 
"INTEGER" "PROCEDURE" COMEIGVALCA, N, EM, RE, IM)J "VALUE" NJ 
"INTEGER" N1 "ARRAY" A, EM, Rf, IMJ 
"AEGIN'1 "INTEGER" "ARRAY" INT, INTOtltNJ, 

"•RRAY'' D t1 ,NJ J 

"PROCEDURE" fQIL8RCA, N, EM, D, INT), "CODE" 3U173J 
"PROCEDURE" TFMREAHES(A, N, EM, INT), "CODE" 34170p 
"INTEGER" "~ROCEOURE" COMVALQRI(A, N, EM, RE, IM)J 
"CODE" 31.11901 

EQI~BRCA, N, EM, D, INTO)r TFMREAHES(A, N, E~, INT)J 
COMEIGVAL1• COMVALQRI(A, N, EM, RE, IM) 

''END'' COMEIGV.Al.r 
"E0P" 
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•COD!" 341~q, 
"COMMENT" MCA 24241 
"INTEG[R" "PROCEDURE" COMEI&l(A, N, [M, RE, IM, VECJJ 
"VA~UE" ~, "INT!Gf~H NJ 
"ARRAYU ., EM, A£, IM, YEC, . 
"BEGIN" "INTEGEA" I, J, K, PJ, ITT1 

"REAL" X, v,.MAX, N!Ps, . 
"ARRAY" A8tl1N,19NJ, D, U, Vtl1NJJ 
•INTEGER" "ARRAY" INT, INT0[11NlJ 

"PROCEDURE" TRAN8FERr 
"BEGIN" "INTEGER• l, J1 · 

"FOR" I1• 1 "STEP" 1 •UNTIL" N •D0 9 

"FOR" JI• ("l'"? •, 1 ~THEN" l 9 !LSE~ 
"UNTIL" N "DO" ABll,JJ1• Atl,JJ . 

"END" TRANSJr!RJ • 

I• 1) "STEP" 1 

"PROCEDURE" EQILB~CA, N, EM, D, INT)r "COD!" 34173, 
"PROCEDUREq TFMREAH!SCA, N, EM, INT)t "COD!" 34170, 
QPROCEDUREM 8AKRfAHfSZC•, N, N1, N2, %NT, VEC)J "CODE" 3~172J 
"PROCEDURE" BAKLBRCN, Nl, N2, D, 1NT, YEC)f "CODE" 3U174J 
"PROCEDURE~ REAVECHESCA, N, LAMBDA, !M, V)I "C0Df" 34181, 
"PROCEDURE" COMSCLCA, N, Nt, N2, IM)t "CODE" l4l93J 
"lNTEGER• "PROCEDURE~ CO~VALQR?(A, N, £M, R!, !M)J 
"CODE" 34190, 
"PROCEDURE" COMVECHfSCA, N, LAMBDA, MU, fM, U, V)J 
"CODE" 34191, 

.EQILBR(A, N, E~, D, INTO)J TFMREAHfS(A, N, EM, INT)J TRANSFE~J 
~1• COMfIGt1• COMVALQRI(A8, N, EM, RE, %M)t 

• 

NEPS1• EM[Ol * EMttlJ MAXI• o, ITT1a Or 
1 F0R" Is• K ♦ t "STEP" 1 "UNTIL• N "D0" 
"BEGIN" X1• RE[IJ J YI• lMCIJr PJs• OJ 

AGAI~I "FOR" Jg• K + 1 "ST!P" 1 "UNTlL" I• 1 "00" 
"BEGIN" "IF" CCX• REEJJ) ** 2 ♦ 

CY~ IM[JJ) ** 2 <• NEPS ** Zl "THEN" 
"BEGIN•• "IF" PJ • J •THEN• ~EPS1• fMt2J ~ EMtll 

"ELSE" PJt• JJ X1• X ♦ 2 * NEPS1 "GOTO" AGAIN 
"ENO" 

"tND"J 
RE [IJ 1• XJ TRANSFERs "IF• V •, ... O "THEN" 
"BEGIN" COMYECH!S(AB, N, REtIJ, !Mfil, EM, U, V)J 

'' F O R " J I • 1 '' S TE P " 1 '' UN T t L, :,, a N " 0 0 " V E C C J , I J I :a U [ J J J 
Ia• I+ 1, RECIJI• X 

"END" 
•E~SE" R!AVECHES(AB, N, X, !M, V)J 
"FOR• J1 ■ 1 "STEP 8 1 "UNTIL" N "00" VECtJ,IJ 1• V[JlJ 
"IF" EM£1l ~ MAX "THEN• MAXI• EHt7lf 
lTT1• "IF" ITT> EMt9J •THEN" ITT "ELSE" EM[9J 

"ENO"J 
• 

EM[7ll• MAXJ E~[9J1• ITTJ BAKREAHES2CA, N1 K + 1, N, INT, VEC)J 
8AKLBRCN, K + 1, N, D, INTO, VEC)J CO"SCL(VEC, N, K + 1, N, IM) 

"END" COMEIG1J 
. ''E0P 8 
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BRIEF DESCRIPTION1 
-=n 

THJS SECTION CONTAINS FOUR PROCEDURES FOR CALCULATING THE 
EIGENVALUES OR THE EIGENVALUES AND EIGEN~ECTORS OF COMP~EX 
HERMITIAN ~ATRICES, 
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EIGVALHAM CALCULATES TH! EIGENVALUES o, A ~ERMITIAN MATRIX, 
EIGHRM CALCULATES THE EIGENVALUES ANO EIGENVECTORS OF A HERMITIAN 
MATRIX, 
GRIVALHRM CALCULATES THE EIGENVALUES OF A ~ERMITIAN MATRIX, 
QRIHRM CALCULATES THE EIGENVALUES ANO EIGENVECTORS OF A HERMITIAN 
MATRIX, 
WHEN A SMALL NUMBER or EIGENVALUES OR !IGENVALUES AND EIGENVECTORS 
IS REQUIRED, THE USE OF EIGVALHRM OR ElGHRM IS RECOMMANOEDJ WHEN 
MORE THAN, SAY, 25 PERCENT OF THE fIG£NSYSTEM IS REQUIRED, THE 
PRUCEOURES QRIVALHRM OR QRIHRM ARE TO BE USED, 

• 

• 

• 

• 
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CALLING SEQUENCE I 

• 
THE HEADING OF THE PROCEDURE READS J 
"PROCEDURE" EIGVA~HRM(A, N, NUMVAL, VAL, EM)J "VALUE" N, NUMVALJ 
"INTEGER- N, NUMVAL, "ARRAY" A, VAL~ fMJ 

• THE MEANING OF THE ,oRMAL PARAMETERS ?SI 
At ~ARRAY IDENTIFigR>J 

• 

"ARRAY" A[IIN,llNJJ 
ENTRVI THE REAL PART OF THE UPPER TRIANGLE OF THE 

H!RMIT?AN MATRIX MUST SE GIVEN IN THE UPPER 
TRIANGULAR PART 0~ A (THE ELEMENTS AtI,Jl, Ic=J), 
THE JMAG!NARY PART o,,THf STRICT LOWER TRIANGLE 
OF THE HERMITIAN MATRIX MUST BE GIVEN J~ THE 
STRICT LOWER PART o, A (TH£ ELEMENTS ACI,Jl,I>J)s 

THE [LfMENTS AF A ARE ALTERED, 
Nt <ARITHMETIC· fX~Rf88tON>r 

THE ORDER OF THE GlVfN MATRIXJ 
NUMVALI CARITHMITIC EXPRE81ION•r 

EIGVALHRM CALCULATES THE LAAGEST NUMYA~ EIGENVALUES OF 
TH! HfRMITIAN MATRIXJ 

VALi cARRAY IOENTlFIER>1 
' 

"ARRAY" VAL[11NUMVALJJ 
EXIT1 
IN ARRAY VAL THE LARGEST NUMVAL [IGENVALUES ARE 
OELlVERED IN MONQTONlCALLY ~ONlNCREASING ORDER, 

EMt <ARRAY IDENTIFIER>, 
''ARRAY" EM tO 13] I 
!NTRY1 
EM[Oll T~E MACHINE PRECISIONJ 
EM[2JI THE RELATIV( TOLERANCE FOR THE EIGENVALUESr 

EXITS 
EM(ll 1 
EM[3] I 

• 

MORE PRECISELYI THE TOLERANCE FOR EACH EIGENVALUF 
LAM8D~, IS A8SCLAM8DA)•fMtZJ ♦ EM[1l*EM[OJ J 

• 

AN ESTIMATE OP A NORM o, THE O~IGINAL ~ATRIXr 
THE NUMBER OF tTE~ATIONS PERroRMED, 

PROCEDURES USED: 

HSHHRMTRIVAL a CP3G364, 
VALSVMTRI a CP34151, 

REQUIRED CENTRAL MEMORV1 . . 

TWO AUXILIARY ARRAYS OF ORDER N AND N ~ 1 RESPECTIVELY ARE OECLARED 

RUNNlNG TIME1 PROPORTIONAL TON CUBED, ... 
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LANGUAGE1 ALGOL bO. 

!XAMPLE OF USEI SEE EIGHA~ (THIS S!CTION), 

SUBSECTION& EIGMRM, 

. 

CALLING SEQUENCE I 
• 

THE ~EADING OF THE PROCEDURE READS I 
npROCEDURE" EIGHRM(A, N, NUMVAL, VAL~ VfCR, VfCI, !M)J 
"VALLIEN N, NUMVALI MINT!GER• N1 NUMVALJ 
nARRAV" A, VAL, VECR, V!Cl, fHJ 

• • THE MEANING OF THE roRM•L PARAMETERS IS I 
Al •ARRAY IDENTIFIER>J 

NUMVALI 

"ARRAY" At1tN,1iNJJ 
• 

!NTRYI THE REAL ,ART OF THE UPPER TRIANGLE OF THE 
H!RM!TIAN MATRIX MUST Sf GIVEN IN THf UPPER 
TRIANGULAR PART o, A (THE ELEMENTS Atl,JJ, tc ■ J)J 
TH~ ?MAGtNARY ,ART OF THf STRICT LOWER TRIANGLE 
OF THE .HERMITIAN MATRIX MUST BE GIVEN !N THE 
STMICT LOWfR PART Of A (THE fL!MENTS At!,JJ,I~J), 

THE ELEMENTS A, A ARE ALTERED, 
CARITHM!TIC fXPR£88tON•J 
THE ORDER OF TH£ QIVIH MATRI~, 
CARITHMETIC !XPR!SSfON~J 
ElGHRM CALCULATES THE LARGEST NUMVAL EIGENVALUES OF THE 
HERMITIAN MATRIXJ 
CAARAY IDENTI~IER>1 · • 

• 

"ARRAV" YALt11NUMVAtJJ 
• 

EXITS 
IN ARRAY VAL TH£ LARGEST NUMVAL flGENVALUES ARE 
DE~IVERE0 IN MONOTONICALLY NONINCREASING OROERJ 

VECR,VECI1 ~ARRAY lDENTl~IfR>f 
"ARRAY~ YECR,VfCit1iN,ltNUMVALlt 

• 

EXITI 
THE CALCULATED El8£NVECTORSJ 
TH! COMPLEX £?G!NY!CT0R WITH REAL PART VECRtltN,IJ ANO 
IMAGINARY PART VECltl*N,Il CORRESPONDS TO THE EIGENVALUE 
VALEIJ, I•l,.,,,NUMVALJ 



!Ml 

• 

CARftAV 1DltNfl,111tiJ 
"' •·ttRa v * !'M eo ·r♦t· t'' •.·• •··· ··•··· 
!NT"YI . . 
e •M' t·o, i , THI M·tOfft ' '•''ft •.. ·Cift''f ·· ... ·· .. ' 

MC 

EM IIJ t THI 19£1,.AflVI Tt;Jf.lRlNCI' f'OR THE EIG[NVAL.U£:S1 
MOR'I, P' .··• 1:"l'l1;~'·¥·t~··Tt+l··fOL!FIANCt: FOR EACH EIGENVALUE 

' fMt•JJ 
EM£6JJ 
EM t8l I 

~AMIDA, II.AIICLAMIDA)•IMr2JtEMtlJ•£MtOlf 
THr ort,wotott~attl-' ,-iott, P 1A1ta Mt T rR c e: , c;, , o 1 > , 
THt TCt-lteAHCI: ,oa THl1 llltNVICTORSJ 
T .·· · MAX·l·M .·· ~·"UMl!tt Off·· JM\fff'tS! ITERATIONS ALLOWED 
,oR THC CALCU~ATION o, EACH [tGENVECTORJ 

EXIT i, 
£Mt1JI AN EITlMAft, o,,A NORM Of' THE ORIGINAL MATRIX1 
EM t J l ., T·wr NU'l\tl'lft' :· .·.··. ~ ~ !·TfftiT•to·Nt· J,·l[ft"' Ott Mt? 0 f 
!Mt!ll THE NUM91!R Oft El&ENVECTORS INVOLVED lN THE LAST 

. . 8RAM•tCMf4:Z ·· .. TH ONAL,IZATtON p 
. 

EMC7ll TH! MAXIMUM EUCLlOIAN NORM o, TH! RESIDUES OF THE 
CALCUt·*Tt·rt~···ltltPfVE"C'·TO . f · 
THE LARQ!lt NUM8!R· o,. INVERSE ITERATIONS EMl9li 
fl!ttP'·O f!O · t"Oft·• THl·1 ··CALCUL-TlON OF SOME 
ElG!NV!CTORJ IF, HOW!V!R, FOR SOME CALCULATED 
ti·. NVt·CTOft', THI·•. euei;10t·&N NOAM OF TH! AES!DUl!S 
REMAINS 8A!AT!R THAN fMllJ•EMt6J, THEN ' . , t 
!M t,1 t•IM f8! •·t 1 ··· 

• 

PROCEDURES uae:01 
. ' ~-

H8HHRMTRl • c,sqJ,J, 
YALSV'MTRI ·•· CPJ41,1, 
YEC8YMTAI • CPS4iSI, 
8AKHftMTMI It CP343&!·, 

• 

RUNNING TIME.~ PROPORTIONAL TO" CUIED, -

, , 

~ANGUAGE·~ ALSO~ •o, 

METHOD AND PtRFORMANCEi IE£ QRJHftM (THII SICTION), ., 

' 

• 

---
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EXAMPLE Of USEI 

LET EIGHRM CALCULATE THE LARGEST EIGENVALUE AND THE CORRESPONDING 
EIGENVECTOR OF THE FOLLOWINQ ~ATRIX1 
(SEE GREGORY AND ~ARNEY, CHAPTER b, EXAMPLE&,&) 

3 1 O +21 
1 3 •21 0 
0 +21 1 1 

821 0 1 1 
THE EIGENVECTORS ARE NORMALIZED BY THE PROCEDURE SCLCOM (SEE 
SECTION 1,2,11. ). 

'' 8 E GIN'' 
''COMMENT" GREGORY ANO KARNEY,CHAPTER &, EXAMPLE 6 1 6J 
''PROCEDURE'' SCLCOM(AR,AI,N,N1,N2)J"CODE'' 34360J 
''PROCEDURE" INIMATCLR,UR,LC,UC,A,X)J"CODEP 31011r 
''PROCEDURE" EIGHRM(A,N,NUMVAL,VAL,VECR,VECI,EM)J''CODE" 3U3b9J 
••~EAL" "ARRAY" A[11Q,114l ,VAL[111J ,VECR,VECI t114,111l ,EM[019l J 
''!NTEGER 11 Ir 
lNlMATCt,4,1,4,A,O)J 
A [1, 1 l l=A [2,2) ::3J 
A (1 ,21 l•A [3,3111:A (3 1 4] 1mA t4,4J 1:t J 
A [3,2l :•2JA. ['4, 11 :a•2J 

• EM [ 0 l J i= 5 ",..1 4 J EM. t 2] 111 "• 1 2 f 
E ~ [ ti l I:, 0 1 J EM [ & l Is''._ 10 IE~ [ 8 J I •5 I 
EIGHRM(A,4,1,VAL,VECR,V!CI,E~)t 
SCLCOM(VECR,VECI,4,1,1)p 
Ol.JTPlJTC61,"(""("LARGEST EIGENVALUE1 ")",N/")",VAL[ll)J 
OUTPUT(b1,"(""("CORRESPONDING EIGENVECTOR:")",/''l"l, 
"FOR" I3=1,2,114 "00" 
OUTPUTC&l,''("+D,O,+O,ODD,n("*I")",l")'1 ,VECR[I,ll,VECitl,lllJ 
•• f' 0 ~ M I : • 1 , 3 5 7 9 '1 DO " . . I I , 

OUTPUT(bt,"C"l,"("EM["l'',0,"(''lt ")",+D,D00"+0D••]•',I,EMtIJ)J 
••f:NO" 

DELIVE:RSI 

LARGEST EIGENVALUE: +4.8284271247Q62''000 
CORRESPONDING ElGENVECTORI 
+1,0+0,000•l 
+1,0+0,000•I 
-o,o+o,4t4•I 
+O, o-,o, 41'+*1 

Et.1 tll: +b,_ 000" ♦ 00 
EM [3] I +1,800"+01 
EM CSJ 1 +1., 000"+00 
E"t7lt +5~303"•14 
EM[qJa +1 1 000"+00 

• 
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S~8S!CTIONI QRIYALHRM, 

CALLING SEQUENCE 1 

THE HEADING OF TMf PROCEDURE R!AOS I 
"INTEGER" "PROCEDURE" QRIVALHRMCA, N, VAL, EM)t "VALUE" NJ 
"INTEGER" NJ "A~RAY~ A, VAL, !MJ 

THE MEANING o, THE ,oRMAL PARAMETERS ISi 
Al <ARRAY lDENTIFIER>J 

"ARRAY" AE11N,l1Nl1 
ENTRVi THE REAL PART OF THE UPPER TRIANGLE OF THE 

HERMITIAN MATRIX MUST BE GIVEN IN THE UPPER 
TRIANGULAR PART OF A (THE ELEMENTS AlI,Jl, I<aJ)1 
THE IM~GINARV PART o, THE STRICT LOWER TRIANGLE 
OF THE HERMITIAN MATRIX MUST BE GIVEN IN THE 
STRICT LOWfR PART OF A (THE ELEMENTS A[l,Jl,I>J)J 

THE ELEMENTS AF A ARE ALTERED, 
N• <ARITHMETIC E~,R!83ION~J 

THE ORDER OF THE GIVEN MATRIXt 
VALi <ARRAY !OENTI~IER>J 

"ARRAV" VA~tllNJt 
!XITI 
THE CA~CULATEO EIGENVALUES, 

fMt <ARRAY JDENTIFIER>J 
"ARRAY" EMto15lr 
ENTRYt 

' 

EM[Ol I THE MACHINE PRECISION; 
EM[2lf THE RELATIVE TOLERANCE FOR THE QR ITERATIONJ 
fM[4JI THE MAXIMU~ A~LOWED NUMBER OF ITERATIONS; 
EXIT1 
EM[1JI AN ESTIMATE OF A NORM OF THE ORIGINAL MATRIX, 

• 

EMt3l I THE ~AXIMUM ABSO~UTE VALUE OF THE CODIAGONAL~ 
ELEME~TS NEGLECTED, 

EMtSJI THE NUMBER OF ITERATIONS PERFORMED; 
EM[SJ1• EM[4]+1 IN THE CASE Q~lVALHRM~-o, 

QRlVALHRM1•0, PROVIDED T~E QR ITERATION IS COMPLETED WITHIN EM[4l 
ITERATIONS1 OTHERWISE, QRIVALHR~s•THE NUMBER OF EIGENVALUES, K, NOT 
CALCULATED ANO O~LV THE LAST N9K ELEMEijTS OF VAL ARE APPROXIMATE 
EIGENVALUES o, T~E ORIGINAL ~ER~ITEAN ~ATRtx, 

PROCEDURES LJSED1 

HSHHRMTRIYAL m CP343&4, 
QRIVALSV~TRl • CPJ41b0 1 

REQUIRED CENTRAL MEMORYI 
• 

' 

TWO AUXI~I•RV A~RAYS OF ORDER N ARE DECLARED, 

RUNNING TJME, PROPORTIONAL TON CUBED, ,, 
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LANGUAGEI A~GOL co. 

METHOD AND PERFORMANCES SEE QRIHRM (THIS SECTION), 

EXAMPLE OF USEi SEE QRIHRM (THIS SECTIONlt 

SUBSECTIONI QRIHRM. 

CALLING SEQUENCE 1 

THE HEADING OF TtiE PROCEDURE READS I 
''INTEGER'' ''PROCEUURE'' QRIHRM(A, N, VA~, VR, VI- EM)J "VALUE" NJ 
., I N T E G E R " N J 11 A R R A V tt A , V A L , V R , V I , E M ; . 

THE 
Al 

F. MI 

MEANING OF THE FORMAL PARAMETERS 151 
<ARRAY IDENTIFIER>J 

' 

''ARRAV" A [11N, 11Nl J 
ENTRYI THE REA~ PART OF THE UPPE~ TRIANGLE OF THE 

• 

HER M I T I AN MA TR I X M US T a E G I VEN I N THE UPP f.: ~ 
TRIANGULAR PART OF A (THE ELEMENTS ACI,Jl, I<:J)J 
THE IMAGINARY PART OF THE STRICT LOWER TRIANGLE 
OF THE ~ERMITIAN MATRIX MUST BE GIVEN IN T~E 
STRICT LOWER PART OF A (THE ELEMENTS A[I,JJ,I>J)J 

THE ELEMENTS AF A ARE ALTERED, 
CARITHMETIC EXPRESS!ON>J 
THE ORDER OF THE.GIVEN MATRixt 
<ARRAY IOENTIFIER>J 
'
1 ARRAY" VAL Cl a NJ I 
EXIT1 
THE CALCULATED EIGENVALUESJ 
<ARRAY IDENTIFIER>J 
ttARRAY'' VR, VI Ct IN, 1 IN] J 
EXIT; 
THE CALCULATED EIGENVECTORSJ . 
THE COMPLEX EIGENVECTOR WITH REAL PART VR[12N,Il AND 
IMAGINARY PART VIttaN,I] CORRESPONDS TO THE EIGENVALUE 

, 

VAL[Il, I•1,,,,,NI 
<ARRAY lDENTIFIER>J 
"A RR AV" EM CO I 5 l ·S 
ENTRYt · 
EMCOJI THE MACHINE PRfCISIONJ 
EMt2l3 THE RELATIVE TOLERANCE FOR THE QR ITERATIONJ 

CE.G, THE MACHINE PRECISION)J 
EM[4l 1 THE MAXIMUM •LLOWED ~UMBER OF ITERATlONSJ 

(E,G, 10 * N.)I 
EXITI 
EM[tJ I AN ESTIMATE OP A NORM OF THE ORIGINAL MATRIXJ 
EMt311 THE MAXlMU~ ABSOLUTE VALUE OF THE CODIAGONAL 

ELEMENTS NEGLECTED, 
EMCS] I THE NUMBER OF ITERATIONS PERFORMED, 

EM [Sl s :EM [41 + t IN TtiE CASE t~R IHRM•:o J 
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QRIHRMamo, PROVIDED THE P~0CES8 18 COMPLfTfD WITHIN EMt4l 
' 

IT!RATIONSJ OTHERWISE, QRIHRHt• TH[ NUMBER OF EIGENVALUES,~, NOT 
CALCULATED AND ONLY THE LAST N•K ELEMENTS o, VAL ARE APPROXIMATE 
EIGENVALUES AND THE COLUMNS OP THE ARRAYS VR,Vl[11N,N•K1NJ ARE 
•PPROXlMATE EIGENVECTORS OF TH! ORIGINAL HERMITEAN MATRIX 1 

PROCEDURES USEOa 

HSHHRMTRI • CP343~3, 
QRISYMTRI • CP341b1, 
BAKHRMT~I a CP3a3&5 1 

REQUIRED CENTRAL MEMORYI 
. TWO AUXILIARY ARRAYS 

• 

OF ORDER N • 1 AND TWO OF ORDER N ARE DECLARED 

AUNNlNG TIME1 PROPORTIONAL TON CUBED, 

LANGUAGEI ALGOL 60 1 
• 

THE FOLLOWING HOLDS FOR THE FOUR PROCEDURES OF THIS SfCTlONs 
• 

M~THOD ANO FERFORMANCEI • 

• 

FOR THf TRANSFORMATION OF THE GIVEN HERMITIAN MATRIX INTO A REAL 
SYMMETRIC TRIDIAGONAL MATRIX, AND FOR THE CORRESPONDING BACK 

• 

T~ANSFOR~ATION, PROCEDURES OF SECTION 3.2,1,2,2,1 1 ARE USED, 
FOR THE CALCULATION OF T~E EIGENVALUES AND EIGENVECTORS OF THE 
RESULTING SYMMETRIC TRIDIAGONAL MATRIX, PROCEDURES OF SECTION 
l,J.1 1 1.1, ARE USED, 

• 

EXAMPLE OF USEI 

QRIHRM CALCULATES THE EIGENVALUES AND EIGENVECTORS OF THE 
FOLLOWING MATRIX1 
(SEE GREGORY ANO KARNEY, CHAPTER 6, EX4MPLE 6,6) 

3 1 0 +21 
l 3 '-"il 0 
O +21 1 1 

•2I O 1 1 
THE EIGENVECTORS ARE NORMALIZED 8Y THE PROCEDURE SCLCOM (SEE 
SECTION 11 2,11. ). 
ONt..Y THE. EIGENV!CTORS CORRESPONOlNG TO YALt2l AND VALt3J ARE 
PRINTED BY THE FOLLOWING PROGRAM~ 



"BfGIN'' 
"COMMENT" GREGORY ANO KARNEY,CHAPTER b, EXAMPLE &,6J 
"INTEGER" "PROCEDURE" QRIHRM(A,N,VAL,VR,VI,EM)p"CODE" 343711 
"PROCEDURE'' INIMAT(LR,UR,LC,UC,A,XJJ"COOE" 31011J 
''PROCEDURE" SCLCOMCAR,AI,N,N1,N2)1"C00E" 34360, 
"REAL" "ARRAY" A,VR,VI[114,1,4J 1 VALt11QJ,EM[015JJ"lNTEGER" IJ 
INJMAT(l,4,1,4,A,O)J 
A (1, tl l•A t2,2] l:at3J 
A t3,2J 1•2rA t4, 111=~2J 
A t 1 , 2 J I• A [ 3, 3 J I •A t 3, 4 l I• A t 4, 4 l I, 1 J 
EM[Olt•EM(2Ji:5"•1UJEM[4ll ■20J 
OUTPUT(61,''('t"("QRIHRMI 1')",0/")",QRIHRM(A,4,VAL,VR,VI,EM))J 
SCLCOMCVR,VI,Q,2,3)J 
OUTPUT(61,''(""("EIGENVALUES1 ") 1'")")' 

"FOR" I;=1,2,3,4 "00 11 OUTPUTC61,"("l,''("VALt"l",0,"("J I ")", 
+0 1 3068">",I,VAL[I])J 

0 U T P U T C b 1 , •• ( '' / , " C " E I GE N VE C T OR S C O RR E S P O N 0· l N G T O '' ) " , / , 
''('' VAL[2J , VALt3J ")",/")")' 

"FOR" It=l,2,3,4 "00" 
0UTPUTCb1,''("+0,+D,"C"~l , ")u,+o,+D,"C"*I")'',l")ff, 

VR[l,2l ,VI tI,21,VRCI,3] ,VI tI,3l )J 
"FOR~ I1=1,3,5 "DO" 
ouTPuTC61,P("l,"C''EMC"l",0,"C•Ja 

"E"IO" 

OUTPUTS 
QRIHRM& 0 
EIGENVALUES: 
VAL. [1l I +4 1 828 
VAL t2l l +4,000 
VAL t3l: •0,000 
\JAL [4] I •0.828 

• 

• 

EIGENVECTORS CORRESPONDING TO 
VAL (2l , VAL t3l 

+1+0•I , +0~1~1 
~t+O•I , +0+1•1 
♦ Offll*I , +t+O•I 
♦ O•l*l , +1•0•I 

E:"1 [1l I 
EM t3l I 
EMtSJ I 

+&,000" ♦ 00 
+3, 80 ij "•22 
+& 1 000"+00 

SOURCE TEXT(S) I 

•CODE" 343b8J 

• 
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"PROCEDURE~ ElGVALHRM(A, N, NUMVA~, VAL, EM)' "VALUE'• N, NUMVALJ 
~INTEGER" N, NUMVALJ "ARRAY" A, VAL, EM1 
" B E G I N •• II A R R A y ,, D [ 1 I N l , B 8 [ 1 I N 411 1 l , 

"PROCEDURE" HSHHRMTRIVAL(A,N,D,BB,EM)J"CODE" 343b4J 
"PROCEDURE" VALSYMTRICD,BB,N,N1,N2,vAL,EM)1"CODE" 34151J 
HSHMRMTRIVALCA, N, 0, BB, EM), 
VALSYMTRICD, BB, N, 1, NUMVAL, VAL, EM) 

ttENO'' EIG\/ALHRMJ 
"EOP •• 
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"COOE• 343691 
•PROCEDURE" EIGHRMCA, N, NUMVAL, VAL, VfCR, VECI, EM)J 
•YA~UE• N, NU"VALJ "INTEGER• N, NUMVALJ 
"ARRAV• A, VAL, VECR, VECl, JMt 

MC 
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"BEGIN" NARRAY* BB, TR, Tit1,N • lJ, 0, 8tt1NJJ 
"PROCEDURE" HSHHRMTRI(A,~,D,B,BB,£M,TR,T1)J"C00E" 34363J 
"PROCEDURE" VAL,8YMTfftl(D 1 99 1 N,Hl,H2,YAL,EM)J•CODE" 34151J 
"PROCEDURE• VECSYMTRICD 1 1,N,N1,N2,VAL,YEC,fM)J 1 CODE" 34152J 
"PROCEDURE" BAKHRHTRI(A 1 N,N·l,H2,VICR,VfCI,TR,Tl)t"CODE" 34lbSJ 
HSHHRMTRI(A, N, D, B, BB, EM, TR, Tl)J 
VA~SYMTRJ(D, BB, N, l~ ~UMVAL, YA~, EM)J BtNJt• Or 
VECSYMTRI(O, B, N, 1, NUMVA~, YA~, VECR, EM)J 
BAKHRMTRI(A, N, 1, NUMYA~~ Y!CR, Y!CI, TR, Tl) 

"END" EIGHRM, 
"E0F' 11 

• 

• 

•CODE" 34370t 
"INTEGER" "PROCEDURE" QRIVALHRMCA, N, VAL, [M)J "VALUE" NJ 
•tNTEGER" N1 "ARRAY" A, VAL, EMJ 
"Bf:GIN" "ARRAY• B,BB tl 1Nl, 

"INTEGER" It 

• 

"PROCEDURE" HSHHRMTRIVAL(A,N,0,88,!MlJ"CODE" 343641 
"INTEGER" ~PROC£DUR!fl QRlVA~SYMTR?(D, aa, N, EM)J"COOE" 
HSHHRMTRIVAL(A, N, VAL, es, !M)J 8INJ1•BBCNJa• o, 

341bOJ 

"F0Rff 11•1 ttST!P" 1 "UNTIL• N•1 "00" BtIJl•SQRTCBBCIJ)r 
QRlVALHRM1•QRIVALSYMTRICVAL, BB. N, EM) 

"END" QRIYALHRMr 
"E0P" • 

"CODE" 343711 
8 %NTEGER" "~ROCEDURf" QRIMRMCA, N, VA~, VR, Vl, EM)J "VALUE'' NJ 
"INTEGER" NJ "ARRAY" A, VAL, VR, VI, EMJ 
nefQtN" "lNTEGEA" I, Jr 

"ARRAY" a, 8Bt1sNJ, TR, TitlaN • 11, 
"PROCEDURE" HSHHRMTRI(A,N,0,8,BB,EM,TR,TI)1•cooE 11 343b3J 
"INTEGER" "PROCEDURE• QRISYMTR?CA,N,0,e,ee,EM)J"CODf'' 341~1, 
~PROCEDURE" SAKMRMTRI(A,N 1 Nt,N2,VECR,VECt,TR,TI)1"CODE" 343bSJ 
HSHHRMTRI(•, N, VAL, B, BB, EM, TR, TI)J 
"FDR" 11• 1 "STEP" 1 •UNTIL" N "00" 
11 8 E G I N " V R t l , I J I • 1 I 

"FOR" J1• I ♦ 1 "STEP~ 1 "UNTtL" N "00" VRCI,Jl1• VRCJ,IJ 1= 
0 

"!:ND"r 
• 

8 [NJ t If: 88 [NJ I a Op 
Jt• QRIHRM1• QRISYMTRl(YR, N, VA~, B, es, EM)J 
BAKHRMTRICA, N, I+l, N, YR, VI, TA, TI)J 

•END" QRIHRMJ 
"EOP" 

... 
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AUTHOR 
.. 

• 

CONTRIBUTORS I H1 FIOLET, C,G. VAN DER LAAN 1 

INSTITUTE I ~ATHF.MATICAL CENTRE. 

REC~IVEOI 73101b, 

BRIEF DESCRIPTION t 

THIS SECTION CONTAINS THE PROCEDURES VA~QRICOM AND QRICOM, 
VA~QRICOM CALCULATES THE EIGENVALUES OF~ COMPLEX UPPER-HESSENBERG 
MATRIX WITH A REAL SUBOIAGONAL, 
QRICOM CALCULATES TME EIGENVECTORS AS WELL, 

KEYwORDs 3 

EIGENVALUES, 
EIGENVECTORS, . 
COMPLEX UPPER•HESSENBERG MATRIX, 
QR•ITERATION, 

• 

• 
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SU88!CTlONI VA~QRICOM, .. 

CALLING SEQUENCE1 

THE HEADING OF THE PROC[DUR[ READ81 
~INTEGER" "PROC!DURE" VALQRICOM(A1, AZ, B, N, EM, VALl, VAL2)J 
"VALUE" N, "!NT!G!R" NJ "ARRAY 1 A1, A2, 8 1 !M, VALi, VAL2J 

THE MEANING OF THE PORMAL PARAMETERS lSi 
A1,A21 <ARRAY ID£NTIFifR•J. 

•ARRAY• A1,A2t11N,l1~JJ 
ENTRVI 

81 

NS 

EMI 

• 

THE REAL PART AND THE lMAGlNARV PART OF THE UPPER 
TRIANGLE OF THE UPPER•HESSENSERG MATRIX MUST BE GIVEN lN 
THE CORRES,ONOING PARTS o, THE ARRAV8 Al AND A2J 
THE ELEMENTS IN TH! UPPER TRIANGLE OF THE ARRAYS Al AND 
A2 ARf ALTEREDJ 
<ARRAY IDENTIFIEA~, 
''ARRAY" B t 1 IN-. 1 J 1 

• 

ENTRYI 

, 

THE REAL SUBDlAGONAL Of TH! UP,!RffHESSENBERG MATRIXJ 
THE ELEMENTS OF THE ARRAY BARE A~TEREOJ 
<ARlTHM!TIC [XPRESSl0N>J 
THE ORDER OF THE GIVEN "ATRIXt 
CARRAY IDENTlFIER~J 
"ARRAY" EM[Ol5]J 
ENTRYI 
EM t O l I 
EM [ 1 l I 

EM [2) I 

EM [4 l I 

EXIT1 

THE MACHINE PREtISIONJ 
AN ESTIMATE OF TH! NORM OF TH! UPPER~HESSENBERG 
MATRlX (E,G, THE SUM OF THE INFINITY NORMS OF THE 
REAL AND IMAGINARY PARTS OF THE· MATRIX)J 
THE RELATIVE TOLERANCE FOR THE QR~ITERATIONJ 
CEeG• THE MACHI~E PRECISION>, 
THE MAXIMUM A~LOWED NUMBER OF ITERATlONSJ 
(E,G, 10 • N)J 

• 

EM[lJi THE MAXIMUM ABSOLUTE VALUE OF THE SUBOIAGONAL 
ELEMENTS NEGLECTED, 

EMt51 I THE NUMBER OF ITERATIONS PERFORMEOJ 
EMCSl1•EMtiJ+l IN THE CASE VALQRICOM~zOJ 

<ARRAY IOENTIFIER>J 
"ARRAY" VAL1,VALZt11NlJ 
EXIT: 
THE REAL PART ANO THE IMAGINARY PART OF THE CALCULATED 

• 

EIGENVALUES ARE DELIVERED IN TM£ ARRAYS VAL1 AND VAL2, 
RESPECT?VELVJ 

VALQRICOMJ•O, PROVIDED THE PROCESS IS COMPLETED WITHIN EM[ij] 
ITERATlONSJ OTH!RWISE, VALQAJCOMt• THE NUMBER, K, OF EIGENVALUES 
NOT CALCULATED ANO ONLY THE LAST N•K f~EMENTS OF THE ARRAYS VAL1 
AND VAL2 ARE APPROXIMATE EIGENVALUES OF THE UPPER•HESSENBERG 
MATRIX, 

--
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PROCEOURES USED& 

COMKWD 
ROTCOMROW 
~OTCOMCOL 
COMCOL.CST 

= CP3434S, 
= CP3.Ll358, 
= CP34357, 
= CP34352, 

RUNNING TIME1 PROPORTIONAL TO N••2 * NUMBER OF ITERATIONS• 

LANGUAGE! ALGOL 60. 

METHOD ANO PERFORMANCES SEE QRICOM (THIS SECTION), 

EXAMPLE Of USE: 
AS A FORMAL TEST OF THE PROCEDURE VALQRICOM THE ZEROS OF THE 
POLYNOMIAL X••4 + (4 ♦ 2•Il• X~•3 + (5t••t)* X•*2 + C2+6•Il• X + 2*1 
ARE OBTAINED BY MEANS OF THE CALCULATION OF THf EIGENVALUES OF THE 
FO~LOWlNG COMPANION MATRIXa 
(SEE WILKINSON ANO REINSCH, 1971, CONTRIBUTION II/15) 
~a~2-1 ~s~b*I ~2-b•I "2•I 

l O o o 
0 1 0 0 
0 0 1 0 

• 

'*BEGIN'' 
'' R E A L " •• A RR A Y " A 1 , A 2 [ l I 4 , 1 I ~ l , B t 1 I 3 ] , E M [ 0 I 51 , V AL 1 , V A L 2 t 1 a 4 l J 
''INTEGER" I J 
"PROCEDURE" tNIMAT(LR,UR,LC,UC,A,XlJQCOOE" 310111 
"INTEGER" ''PROCEDURE'' VALQRICOM(A1,A2,B,N,EM,VAL1,VAL2)J 
'' C O OE '' 3 q 3 7 2 , 
INIMAT(1,4,1,4,A1,0)JlNlMAT(l,4,1,4,A2,0)1 
A1 (1, 1l s:s•4JA1 [1,2l 1••5JA1 [1 ,3J l ■ A2 [1, 1J IZA2 [1,L&l z=•2J 
A2 tl ,2l g:A2 tl ,ll Ja•bJ 
B [ 1 l I• B t 2] I •8 t 3 l I• 1 J 
EM [OJ 1=5"~141EM t1l 1•27pEM [2J i•"•12JEM (4] 11115 J 
0 U T P lJ T C ~ 1 , " C " • ( • V A L Q R l C O tt1 I " l " , 0 / 0 ) " , 

VALQRlCOM(A1,Al,B,4,EM,VAL1,VAL2))J 
' 

• 

OUTPUTC&1,"C"~C"EIGENYALUE81")",l,"("REAL PART''l",14B, 
"("IMAGINARY PART")H,/ 1')")1 

"FOR 1
' I1=1,2,3,q "00" OUTPUTC61,"("N,N/"J",VAL1 [Il,VAL2til)J 

OUTPUTC&t,u(fl~(flEMt3ll ")",D,0"+00/,"("fM[Sll ''l",3D")'', 
EM [:SJ , EM 15] l 

OUTPUTI 
VAL0RIC0"1t 0 
E!GENVAL.UESI 
REAL PART 

' 

~J,00000019204b7''+000 
"q,9qq99ao19s32u"~oot 
~1,00000000474q2"+000 
eq, qqq999q52r;o16•'•001 
EM [3] I 3,2t'•14 
EM [Sl 1 010 

IMAGI~ARY PART 
-1.oooooooeJ1019"+ooo 
.9,9q9qqq1oeqeoS"•OOt 
+1,6624958523393"•007 
•t,682~9S63q7352tt~oo1 

I 

I 

' ' 

I 

I 
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SECTION 3,3,2 1 2,1 (JULY t974) PAGE Ll 
.. 

SUBSECTIONS QRICOM • ... 

CALLING 5EQUENCEi 

THE HEADING OF THE PROCEDURE RiADS; 
"INTEGER" "PROCEDUREn QRICOM(A1,A2,B,N,EM,VAL1,VAL2,VEC1,VEC2lJ 
•vA~UE" NJ "INTEGER• NJ 
"ARRAY" Al, A2, B, EM, YAL1, VALi, VECt, VEC2J 

THE MEANING OF THE FORMAL PAAAMETERS IS1 
41,A21 <ARRAY IOENTlFIER>J, 

"ARRAY" A1 1 A2E11N,l1NJJ 
ENTRYI 

81 

THE REAL PART ANO THE IMAGI~ARY PART OF THE UPPER 
TRIANGLE OF TH! UPPER•HESSENB£RG MATRIX MUST BE GIVEN IN 
THE CORRESPONDING PARTS OF THE ARRAYS A1 ANO A2J 
THE ELEMENTS IN THE UPPER T~?ANGLf OF THE ARRAYS A1 ANO 
A2 AR! ALTERED, _ 
<ARRAY IDENTIFIER>1 
et A RR AV" B [ 1 IN"' l l S 
ENTRVI 
THE REAL SUBDIAGONAL OF THE UPPER~HESSENBERG MATRIXJ 
TH! -ELEMENTS OF THE ARRAY 8 ARE ALTEREDJ 
<ARITHM!TlC EXPRESSION>p 
TH! ORDER OF THE GIVEN MATRIXJ 
◄ ARRAY IDE~TIFIER>r 
''4RRAV" EM[OJ5J J 
ENTRYI 
EM [ 0 l I 
EM [ 1 J I 

EM[2]1 

EM [ 4 l I 

EXITI 

• 

THE MACHINE PRECISIONr 
AN ESTIMATE OF THE NORM OF THE UPPER~HESSENBERG 
MATRIX (E,G, TME SUM OF THE INFINITY NORMS OF THE 
REAL AND IMAGINARY PARTS OF THE MATRIX)J 
THE RELATIVE TOLERANCE FOR THE QR~ITERATIONJ 
(E.G. THE MACHINE PRECISION)J 
THE MAXIMUM ALLOWED NUMBER OF ITERATIONS1 
CE,.G, 10 • N)J • 

EMC3l I THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGONAL 
!~EMENTS NEGLECTED, 

EM[SJ THE NUMBER OF ITERATIONS PERrORMEDJ 
EMCSJ1•EMt4J•1 IN THE CASE QRICOM•=o, 

VAL1.VAL21 <ARRAY IOENTIFIER>J 
~ARRAV" VALl,YAL2[11NlJ 
EXITa 
THE REAL PART AND THE IMAGINARY PART OF THE CALCULATED 
EIGENVA~UES ARE DELIVERED IN THE ARRAVS VA~l AND VAL2, 
RESPECTIVELVJ 

VECS,VEC21 <ARRAY IOENTIFlER>J 
"ARAAYM VEC1,VEC2tt1N,IJN]J 
EXITI 

• 

THE EIGENVECTORS OF THE UPPER•HESSENBERG MATRlXJ 
THE EIGENVECTOR WITH REAL PART VEC1 [t1N,Jl ANO IMAGINARY 
PART YEC2[11N,JJ CORRESPONDS TO THE EIGENVALUE 
VAL1[Jl + VAL2tJl * I, J•1,,,.,N, 
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QRICOM1mo, PROVIDED THE PROCESS 15 COMPLETED WITHIN EMt4l 
ITERATIONS1 OTHERWISE, QRlCO~I• THf NUMBER, K, OF EIGENVALUES NOT 
CALCULATED ANO O~LV THE LAST N•K ELEMENTS OF THE ARRAYS VAL1 AND 
VAL2 ARE APPROXIMATE EIGENVALUES OF THf UPPER~HESSENBERG MATRIX, 
ANO NO LlSEFUL EIGENVECTORS ARE DELIVERED, 

' 

P~OCEDURES tJSEOt 

COMt<~O - CP3434S, -
RnTCOMRO"' ... CP.34356, -
ROTCOMCOL - CP34357, .. 
Cfl~COLCST - CP34352, -
COMROWCS·r - CP34353, -
MATVEC - CP3Ll011, -
COMMATYEC = CP3i.i354, • 

COMDIV = CP3'431.12, 

RUNNING TIME1 PROPORTIONAL TD N**2 • NUMBER OF ITERATIONS • 
• 

• 

THE FO~LOWING HOLDS FOR BOTH PROCEDURESt 

METHOD AND PERFORMANCEI 

THE UPPER-HESSENBERG MATRIX IS TRANSFORMED BY MEANS OF FRANClSt QR 
ITERATIO~ C FRANCIS, 1961, ANO WILKINSON, 1965) INTO A COMPLEX 
UPPER TRIANGULAR MATRIX, THE EIGENVALUES ARE THE DIAGONAL ELEMENTS 
OF THE LATTER MATRIX, TO CALCULATE THE EIGENVECTORS WE FIRST SOLVE 
THE RESULTING TRIANGULAR SYSTEM OF LINEAR EQUATIONS ANO 
SUBSEQUENT~Y PERFORM THE CORRESPONDING BACKTRANSFORMATION, 

• 
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EXAMPLE OF USE• 

QRJCOM CALCULATES THE EIGENVALUES AND !IGENVECTORS OF THE 
FOLLOWING MATRIXi 
(SEE WILKINSON ANO REINSCH, 1971, CONTRIBUTION ll/15) 
•Q•l•I e5~6•I •2•b•l •Z•l 

1 0 0 0 
0 1 0 0 
O O 1 0 

THE EIGENVECTORS ARE NORMALIZED BY THE PROCEDURE SCLCOM, 
(SEE SECTION 1.2,11.>a 
ON~Y THE EIGENVECTOR CORRESPONDING TO VAL1 ttl + VAL2[1l * I IS 
PRINTED BY THE FOLLOWING PROGRAM, 

'-BEGIN'' • 

"REAL" "ARRAY" 

"INTEGER" lJ 

Al,A2,VEC1,VEC2t1~4,1~4J,8t1~ll, 
EMt015J,VAL1,VAL2t114lJ 

"PROCEDURE• SCLC0M(AR 1 Al,N,Nl,N2)J"C00!" 343•01 
"INTEGER" "PROCEDURE~ QRICOMCA1,A2,B,N,E~,VAL1,VAL2,VEC1,VEC2)J 
ttCODE" 343731 
"PROCEDURE" INI~AT(LR,UR,LC,UC,A,X)J"CODE" 31011, 
l NIM AT ( l , 4, 1 , 4 ,·A 1 , 0) J IN I MAT ( 1 , 4, 1, 0, A 2, 0) J 
A1 t1, 1l l=•'lJA1 [1,2l l"'•SsA1 t1,3l ••AZ [1, 1J 1•A2 Cl,4J 1m..,21 
A2 r1 ,2l 111Ac (1,3] ·••6, 
8 ttl 1•8 t2l t•B [31 t•t J 

• 

£MtOJ1•5"~141EMltJ1•271EMtlJ1~••12JEMC4J1=15J 
0UTPUT(&1,"(""("QRlCOMa ")",0/")", 

QRICOM(A1,AZ,B,q,fM,VAL1,VAL2,VEC1,VEC2))J 
OUTPUT(bl,"(""("ElGENVALUESa"l",l,"("REAL PART")",148, 

"("IMAGINARY PART")",l"l")J 
"f"OR" 11•1,2,3,q "00" OUTPUT(61,"("N,Nl''l",VAL1 (Il ,VAL.2 Cll) J 
SCLCOM(VEC1,VEC2,4,l,4)J 
OUTPUT(&1,"(""("FIRST EIGENVECTORl"J",l,"("REAL PART''l'',148, 

"("IMAGINARY PART")",/")")J 
uFOR" ll~l,2,3,4 "DO• OUTPUT(61,"C"N,N/")~,YEC1[I,1J,VEC2CI,1l)J 
0UTPUT(&1,"(•"("EM[3l I "l",D,D"+DDl,"C"EM[5J I "l",3D")", 

EM t3l ,EM tSJ) 



OlJTPlJT I 

QRICOMS 0 
EIG!:.NVALUESs 
REAL PART 
.q,9qqq9eo795324"•001 
~190000001q20461"+000 
~1,00000000~1aq2n+ooo 
~9,qq9q9qqs2so16"~001 
FIRST EIGENVECTORS 
REAL PART 
+1,0000000000000"+000 
~s,00000041sso9e"~ooi 
•5,447i417b87b3~"•008 
+2.5000014403510apoot 
EM [3l 1 3 1 2''1!11J14 
E:M (511 010 

REFERENCES: 

DEKKER, T,J, c1q&e), 

• 

(JULY 1974) 

IMAG?NARV PART 
"q,qqq9,91oeqeos"•OOl 
"1,oooooooe1101,"+ooo 
+1,6824958523393"•007 
•1 1 682A,563q7352"~007 

IMAGINARY PART 
•1 1 77635b8394003"•015 
~5,0000009b0Z33q"~001 
~5,000001315743b"•001 
+Z,50000062326~~"•001 

ALGOL bO PROCEDURES IN NUMERICAL ALGE!RA, PART 1, 
MATH, CENTRE TRACTS 22, MATHEMATISCH CENTRUMf 

,I 

DEKKER, T1 J, ANO W,HOFFMANN (19&8), 
ALGOL &O PROCEDURES !N NUMERICAL ALGE~RA, PART 2, 
MATH, CENTRE TRACTS 23, MATHEMATISCH CENTRUMt 

FRANCIS, J,G.F~ (1961), 
THE QR•T~ANSFORMATION, PART 1 AND 2, 
COMP,J, 4 1 P-265•Z71 AND P 1 332eJU5J 

RtJHE, A, {1966), 
ElGENVA~UES OF A COMPLEX 
BIT, 6, P 9 350•358J 

MATRIX BV THE QR METHOD, 

WILKINSON, J.H, (1q65), 
THE ALGEBRAIC EIGENVALUE 
CLARENOOM PRESS, OXFORDJ 

PROBLEM, 

• 

• 

MC 
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SOURCE TEXT(S) 1 

"CODE" SU372, ... 

"INTEGER" "PROC!DURE• VALQ~?COMCAl, AZ, 
"VALUE" N; "INTEGER" NJ "ARRAY" Al, AZ, 
"BEGIN" "INTEGER" M, NMI, I, II, Q, Ql, 

"RfAL" R, 21, Z2, DDI, DDZ, CC, Gl, 
A2N~, AIJt, AIJZ, AI1I, ~APPA, NUI, 
MUIM11, MUIM12, NUIM1, TO~, 

B, N, EM, VALl, VAL2)J 
B, EM, VAL1, V4L2J 
MAX, COUNT, 
G2, Kt, Kc, HC, A1NN, 
MUI1, MUI2, 

"PROCEDURE" COMCOLC8TCL,U,J,AR,AI,XR,XI)J"CODE" 3U352J 
"PROCEDURE" ROTCOMCOL(L,U,t,J,AA,AI,CR,Cl,S)J"COOE" 34~57J 
"PROCEDURf" ROTCOMROW(L,U,1,J,AR,Al,CR,CI,S)J"COOE" 343581 
nPROCfOURE" COMKWD(PR,Pt,OR,Gl,GR,Gl,KR,KI),"COOE" 34345J 
TOLt= EM[tl • £~t21, MAxr, EMl4JJ COUNTr• o, Ra= OJ 
MJ• NJ "IF" N > 1 "THENff HC1~ BCN s 1JJ 

JNI NM11• N • lJ · 
"FOR" I11 N, l ~ 1 "WHJLE" ("lF" I>• 1 "THEN" ABSCB[lll > TOL 
•E~Sf" "FALSf") "00" Qsa lt "1'* Q > l nTHfN'' 
"BEGIN" "IF• ABS(8tQ ~ 1l) • A 0 THEN" Ra• ABS(B[Q ~ 1]) ''ENo~, 
"IF" Q s N "THEN" 

' "BEGIN" VALl[NJa• AltN,NJJ VAL2tNJ1• A2tN,NJ I N1~ NM1J 
~lF" N > 1 "THfN".HC1• BIN• 1JJ 

"END• 
"ELSE 89 • 

"BEGIN" 0011• AltN,NJJ DD2S• A2tN,NJJ CCI ■ B[NM1lJ 
C0"1KWD(CA1 tNM1,HM1J • 001) / 2, (AZ[NM1,NM1l -. 002) 
I 2, CC• AlCNMt,NJ, CC* A2[N~1,NJ, Gt, G2, K1, 
K2)J "IF" Q • NM1 •THEN~ 
"BEGIN" VAL1 tNM1Ji•.G1 + DD1J VAL2tNMtJ1• G2 + D02J 

VAL1 tNl 1• Kl + ODlJ VAL2tNl 111 Kl + 002J 
N1• N • 2, ''lf" N > 1 "THE~N HC1• B[N • llJ 

"END" 
"ELSE" 
"BEGIN" COUNTS• COUNT+ 11 

"IF" COUNT> MAX ··THEN" "GOTO" our, 211: Kl + 001, 
• 

Z21• KZ + DD2r 
~xF•• ABS(CC) > ABS(HC) "THEN•· z11• Z1 • ABS(CC)J 
HC1• CC I z, I~• Qt1• Q + 11 
AIJtJa Al tQ,Ql • Z1J ~IJ2a• A2[Q,QJ • Z2J 
AI1II• BtQ]J 
KAPPAas SQRT(AIJ1 ** 2 ♦ AIJ2 •• 2 + AI1I ** 2,, 
MUI11• AtJ1 I KAPPAJ MUt21• AIJ! / KAPPA1 
NUit• Aitl / t<APPAJ Al [Q,Ql 1• KAPPAJ 
Ai!CQ,QJ i• OJ A·l tQ1,Q1l •• A1 tQ1,Ql] • ZlJ 
A2EQt,Qlll• A2tQ1,QlJ • Z2J 
ROTCOMROW(QI, N, Q, QS, At, A2, MUI1, MUI2, 
NUI)J 
ROTCOMCOL(Q, Q, Q~ Qt, Al, A2, MUil, • MUt2, • 
NU I ) 1 A 1 t Q, Q J I • A 1 C Q, Q l + Z 1 I 
AZtQ,QJJ• A2t&,QJ + Z2t"C0MMENT~ 

, 
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' 

"FOR" Itsa Qt t 1 1 STEP" 1 •UNTIL" N ''DO" 
"BEGIN'' AIJl 1• Al tI, IJ J AIJZi• A2 [!, Il J 

AI1It• BtllJ 
KAPPAI~ SQRT(AIJ1 ** 2 + AIJ2 ** 2 + Al1I •~ 
2)1 MUlM111• MUIIS MUIM121• MUI2J 
NUlMt1• NUIJ MUitas AIJ1 I kAPPAJ 
MU121• AIJZ / ~APPAJ NUI1• Alll / KAPPAJ 
A1 tI1,I1l I• At tI1,I1l • Ztf 
A2tI1,Itl1• A2tI1,I1J • l2J 
ROTCOMROW(11, N, I, Il, Al, A2, MUit, 
MU12, NUI)t AttI,Ilt• MU1M11 • KAPPAJ 
A2tt,Ill• • MUIM12 • t<APPA, 
Btl ~ lli• NU!Ml * KAPPAS 

ROTCOMCOL(Q, I, I, 11, A1, A2, M.UI1, ~ 
M U I 2 , • NU J ) I A 1 t l , I J S • A ·1 t I , I l + Z l 1 
A2[I,Ill• A2lI,ll • za, 1,• 11, 

''ENO"J 
AIJ11• A1CN,NJ1 AIJ21• A2t~,NJJ 
KAPPA1• SQRT(AlJl ** Z ♦ AIJ2 ** 2)J 
''IF" ("IF" KAPPA c TOL MTH!N" "TRUE" "ELSEP AIJ2 ** 2 
<• EM tOl • AIJ1 *• 2) "TH!N" 
'' BE G I N 11 B [ NM 1 l I • NU l * A I J l I 

. A1 tN,Nl , ■ AIJ1 • MUI1 t Zl, 
A2[N,NJ1a • AIJ1 * MUI2 + Z2 

''END" 
''ELSE" . 
''BEGIN" B[NMlll• NUl * KAP,A1 ASNNI• MUil * KAPPAJ 

A2NNt• • MUt2 • KAPPAJ MU11i• AIJ1 / KAPPA1 , 

MUIZaa AtJ~ I KAPPAJ 
COMCOLCST(Q, NM1, N, At, A2, 
A1EN,NJJ• MLJlt * AlNN ~ MUI2 
A2tN,Nlt• MUil * A2NN ♦ MUI2 

MUI1, MUI2)J 
• AZNN ♦ ZlJ 
"'A1NN + Z2t 

'
1 ENO~ J 

19 END'' 
'~! "ENO" 1 
''lF'1 N > o "THEN" "GOTO~ IN1 

OUT1 EM[3J1• Rp EM[5Jt• COUNTJ YALQRICOMt• N, 
"ENO" VALQRICOMJ 

"fOP" 

"CODE" 343731 

• 

"INTEGER" ''PROCEDURE" QRICOM(Al, A2, B, N, EM, VAL1, VAL2, VEC1, 
VEC2)J "VALUE" NJ "INTEGER• NJ 
ttARRAY" A1, A2, B, EM, VAL1, VAL2, VEC1, VEC2s 
"BEGIN•• •INTEGER~ M, NM1, I, 11, J, Q 1 Qt, MAX, COUNTJ 

•REAL" R, Zl, Z2, 001, 0D2, CC, Pl, PZ, Tt, T2, DELTA1, 
DELTA2, MV1, MV2, H, Ht, H2, G1, GZ, Kl, K2, HC, 
A!J12, AIJ22, A1NN, A2NN, AlJ1, AIJi, AI1I, KAPPA, 
NUI, MUI1, MUI2, ~UIMl1, MUIM12, NUIMl, TOL, MACHTOL1 

• 

"ARRAY" TF1, TF2t11NlJ"C0MMENTP 
• 
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9 PROCE0URE" COMKWD(PR,Pl,QR 1 Q1,GR 1 8l,KR,Kl)J"COOE" 34~451 
•PROCEDUR!" ROTCOMROWC~~U,Z,J,AR,Al,CR,CI,8)1"CODE" 343581 
"PROCEOUREn ROTCOMCO~C~,U,t,J,AR,At,CR,Cl,S)1"COOE" J4357J 
11 PRO CED UR! " C O MC O I. c~e T f L ,· u, ti , * R, A t ·, X R , )( i J r I C 0 DE " 3 4 l 5 2 J 
"PROCEDURE• COMRDWCITC~~U,S,AR,Al,XR,Xlll"CODE" 34J5lJ 
•R!AL~ "PROC!OURE• MATVIC(~,U,1,A,l)J"COO!• 34011J 
"PROCEDURE" COMMATY!C(~,U,1 1 AA,Al,8R,BI,RR,RI)f"C0DE" 3Q354J 
•PROCfDUR!• COMDIYfXR1*l1YI, l,ZN,ZJ)J"C00!" l4342r 

' 

TOLi• EMtll * !MrZ I MACHTOL1• !MtOJ * !Mt1Jt 
MAXI• EM E4J, COUNT I•, Ot ft't•· OJ Ma• NJ 
•1Fw N > 1 "TH!N" HCt• BCN ·• SJJ 
•FOR" 1,. 1 •sTEP• 1 •UNflt•· N" o• 
•BEGIN" V!C1EI,IJ~• SI VEC2tl,IJ18 OJ 

"f'0R" Jt• I ♦ 1 "8T!P• 1 •·UNTJL.• N "00" VEC1 [I,Jl ;: 
VEC1 tJ, JJ 1• V!C2 tI,Jl I• VEC2 tJ, %l 1• O 

•END"J · 
NM11~ N w 11 
"FOR" I~• N, I• 1 "WHJ~E• c•zF• I•• 1 flfHEN~ ABSCB[Ill > TOL 
•ELSE• "'ALSE") "00" Qt• z, "IF" Q • S "THEN" 
"8£GIN" ~IF" ABS(8tQ • 11) • A "THIN" Ri• ABS(B[Q ~ 1l) "END"J 
fflF" Q • N "THEN" 

' 

"BEGIN" VAL1tNl 1• AltN,N J VA~2tNJI ■ A2tN,NJJ N1• NM11 
"IF• N > 1 "THIN• HCt• BtN • lJJ 

"END et . · 

"E~SE" . 
"8!G1N" DD1t•A1fN,NtJ.002t•···A2tN,NJ, CC,I• BtNMllJ 

. P 1 I 11 ( A 1 [NM 1 , NM 1 J • 001 ) * 1 5 I 
P21• (A2[NM1,NM1l • 002) * ,5f 
COMKW0(P1, P2, CC •-AltNMl,Nl, CC* A2tNM1,Nl, Gl, 
G2, Kt, K2)J "l'·N Q • NM1 "TH!N• 
"BEGIN" AltN,Nlt~ VA~1CNJ•• G1 + DDts 

A2tN,NJt• VAL2tNlla Q2 + DD2r 
A1tQ,QJI• VALltQJt• t<1 + DDlr 
A2[Q,QJ1• VAL2tQls•· Ki+ D02J 
KAPPA1• SQRT(t<l ** 2 + K2 ••· 2 ♦ CC ** 2) J 

' 

NUl1-~ CC/ KAPPAp MUllt• Kl I K,PPAJ 
MUIZJ ■ KZ / KAPPAp_AIJ1&• A1tQ,NlJ . 
AI;z,. A2tQ,NlJ Hlr• MUt1 ** 2 • MUI2 ** 2, 
H21• 2 * MUI1 • MUI2, Ht•~ NUI • 2t 
AtlO,NJt• H *(Pt* MU11 ♦ P! • MUl2).,, NUI * 
NU!* Ct ♦ AIJ1 *Ht+ AIJ2 • H2J 
A2tQ,Nl1• H * (P2 * MUI1 • P1 * MUI2) + AIJ2 * 
H1 ,- AIJ1 * H2J 
ROTCOMROW(Q ♦ 2, M, Q, N, AS, ·A2, MUI1, MUil, 
NUI)I 
ROTCOMCOL(1, Q • 1, Q, N, Al, A2, MUit, • 
MUI2, • NUt)J 
ROTCOMCOL<l, M, Q, N, VECl, VEC2, MUI1, ~ 
MUll, • NUI)t N1• N ~ 21 
" I F " N > 1 tt THEN"" ttC I • · 8 t N • 1 J J B t Q J I • 0 

"END" 
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"ELSE '1 

"BEGIN" COUNTg: COUNT+ 1J 
"IF" COUNT> MAX "THEN" ''GOTO" our, Zls= Kl+ 001, 
Z2a= K2 + D02J 
"IF•• ABS(CC) > ABS(HC) ••THEN" Zlt• Zl ♦ ABS(CClJ 
HCa= cc/ 2, Q11= Q + 1, AIJt:= At(Q,Q] .- zt, 
AtJ2t• A2CQ,QJ ""z2, AI1I1• BtQJJ 
KAPPA:= SQRT(A1J1 ** 2 + AIJ2 ** 2 + Al1I •• 2)J 
MUI11s AIJ1 / KAPPAJ MUI21= AIJ2 / KAPP•1 
NUia= Al1I / KAPPAJ Al(Q,QJ;: KAPPAJ 
A2[Q,Qla• o, A1[Q1,Q1]t ■ AlCQ1,Q1] • z1, 
A2[Q1,Q1Jla A2tQ1,Q1l • 22J 
ROTCOMROW(Q1, M, Q, Q1, Al, A2, MU11, MUI2, 
NUllJ 
RDTC0MCOLC1, Q, Q, Ql, Al, A2, ~UI1, • MUI2, ~ 
NUI) J Al [Q,Ql 1• A1 [Q,Ql + Z1, · 
A2[Q,Gll• A2CQ,Q] ♦ Z2J 
ROTCOMCOLC1, M, Q, Q1, VEC1, VEC2, MUI1," 
MUI2, • NUI)J 
"FOR" Is• Ql "STEPtt 1 ''UNTIL" ~Mt "00'' 
''BEGIN" I1111 I • 1 J AIJl t= At CI, Il J AIJ21: A2 tl, Il J 

• 

AI1I 1= B tIJ J 
KA~PA1• SQRTCAIJ1 ** 2 + AIJ2 •• 2 + Al1I ** 

· 2)t MUIM111s MUI1J MUIM12t= MUl2J 
NUIM11 ■ NUIJ MUI11= AIJ1 / KAPPA, 
MUI2i• AIJ2 / KAPPAJ NUI1• AilI / KAPPAs 
A1tI1,Illl• A1tll,I1l ., Z1J 
A 2 t I 1, I 1 l I• A 2 [ I 1, I 1 l • Z2 J 
RO TC OMRO W C 11. , M , I , I 1 , A 1 , A 2 , MU I 1 , 
MUI2, NUI)r A1tI,Il1• ~UIM11 it KAPPAJ 
A2[I,Ill• • MUIM12 * KAPPA, 
BtI-. 111= NUI~1 • KAPPAJ 
ROTCOMCOL(1, I, I, 11, At, A2, MUI1, ... 
MUI2, • NUI) f Al [I, ll :~ A1 CI, Il + Zt, 
A2tl,llt• A2tl,Il + Z2J 
ROTCOMCOL(1, M, I, 11, VECt, VEC2, MUit, • 
MUI2, • NUl)J • 

'' f ND " fl C OM MEN T it 
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' 

AIJ11• AltN,Nlf AlJZil AitN,NJt AIJ121= AIJ1 ~• 2J 
AlJ221-.r AIJI •• It· KAfSflAt• SQRT(AIJ1Z + AIJ22) J 
"I'" ("IF• KAPPA. C· TO~ "THEN" •TRUE" "ELSE" AIJ22 c: 

' 

EM IOJ tr AIJ1·2) •THt·N" 
ff8EGIN• BCNMll~• NUl • AlJlJ 

A1CN,NJt• AfJ1 • MUii + Zlf 
A2tN,Nll• • A!JI * MUIZ + Z2 

"ENO" 
11 ELSE" 

' 

"BEGIN" 8fNM1llW NUJ t KAP,,, AlNNt• MUI1 * KAPPAJ 

MUI2JW AlJI / KAPPAJ 
COMCOLCSTC1, NM1, N, Al, A2, MUI1, MU12)J 
COMCOLC$TC1, NMS, N, VIC1, V!C2, MUI1, 
MUl2)J 
COMROWCST(N ♦ l, M, N, At, A2, MUI1, • 
MU12)J 
COMCO~CITCN, M, N, V[Ct, VEC!, 
Al EN,NJr• MUll. AINN. MUie * 
A2tN 1 NJ,• MUil * A2NN + MUI2 * 

"END"J 

MUI1, MUI2)p 
A2NN + z1, 
AtNN + Z2J 

tt!NDttt 
"END 99 J 
~l~fl N > 0 flTH!H* •eoTO• lNt 
"FOR" Jaw M "STEP" -,. l "UNT1L 8 2 "l)O• 
"BEGIN" TFttJJr·• 1, r,2tJJ~• OJ Tt1, AltJ,JJ, T21• A2CJ,J]J 

"FOR" I1• J. J QSTEP". 1 "UNTIL" 1 "D0° 
"8EG?N" DELTAlt~ Tl• A1tl,IJJ DELTAZI• T2 • A2CI,Il J 

COMMATVfC(l + 1 1 . J, l, A1, A2, TF1, TF2, M\/1, 
~V2)r 
"IF• A8S(DELTAI) c MACHTOL "AND" ABS(DELTA2) < 
MACHTOL "TMEN" 
"BEGIN" TF1tlll• MVl I MACHTOLt 

T~2till• MV2 / MACHTO~ 
"ENO" 
"ELSE• COMDIV(MV1, MV2, DELTAl, DELTA2, TF1 Cil, 
TF 2 CI l l J • 

"ENO"J 
"FOR" I1• 1 "STEP" l "UNTtLn M QOO'' COMMATVECC1, J, I, 
VEC 1, VfC2, TF1, TFZ, Vl!C 1 [I, JJ, VEC2 CI, JJ) J 

"fNO"J 
OUTt EMt3la• Rr EM[SJ~• COUNT, QRlCOM1• NJ 
"END fl QRI COM' 

••EOP" 
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AUTHOR 
• 

CONTRJBUTORS l H,FIOLET, C,G. VAN DER LAA~, 

INSTITUTE: MATHEMATICAL CENTRE. 

RECEIVED! 731016• 

BRIEF DESCRIPTION: 

THIS SECTION CONTAINS THE PROCEDURES EIGVALCOM ANO EIGCOM, 
EIGVALCOM CALCULATES THE EIGENVALUES OF A, COMPLEX MATRI~ ANO 
EIGCOM CALCULATES THE EIGENVECTORS AS ~ELL, 

KEYI-IOROS: 

E: I GEN VALUES, 
EIGENVECTORS, 
COMPLEX MATRICES, 
EQUILIBRATION, 
REOUCTIO~ HESSENBERG FORM, 
HOUSEHOLDER TRANSFORMATION, 
QR-..JTERATION, 

• 

• 
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SU88ECTIONI EIGVALCOM, 

CALLING SEQUENCE1 

THE HEADING OF THE PROCEDURE R[ADSI 
"INTEGER" "PROCEDURE" EIGVA~COMCAR, AI, N, EM, VALR, VALilJ 
"VALUEJ NJ "INTEGER"~, "ARRAY" ~R, A?, E~, VALR, VALI, 

THE MEANING OP TM.E FORM•L PARAMETERS Isa 
AR,Aii <ARRAY IOENTIFIER>J 

' 

EMI 

VALR,VALII 

~ARRAY" AR,AI£1tN,11NJJ 
ENTRYI 
THE REAL PART AND THE IMAGINARY ~ART Of THE MATRIX 
BE GIVEN IN THE ARRAYS AR AND AI, RESPECTIVELYJ 
THE ELEMENTS OF THE ARRAYS AA AND AI ARE ALTEREDJ 
<ARITHMETIC EXPRESSJON>J 
THE ORDER OF THE GfVfN MATRIXJ 
<ARRAY IDENTIFIER>J 
'' ARFf A Y" E:M CO I 7J f 
ENTRYI 
EM [ 0 l I 
f:M [2] I 

• 

EM C 4 l I 

EM Cbl I 

THE MACHINE PRECISIONJ 
THE RELATIVE TOLERANCE FOR THE QR~ITERATIONr 
(E,G, THE MACHIN[ PRECISION)J 
THE MAXIMUM ALLOWED NUMBER OF QRwJTERATIONSr 
CE.Ga 10 • N)J 
THf MAXIMUM ALLOWED NIJMBfR OF ITERATIONS FOR 

MUST 

EQUILIBRATING THE ORIGINAL MATRIX CE 1 G, N*•2/2)J 
EXITa 
EM [ 1 l I 
EM [3] I 

• 

THE EUCLIDEAN NOR~ OP THE EQUILIBRATED MATRIX, 
THE MAXIMUM ABSOLUTE VALUE OF THE SU8DIAGONAl 
ELEMENTS NEGLECTED IN THE QR•ITERATIONJ 

EM[Sll THE NUMBER OF QR•ITERATIONS PERFORMED; 
EM [SJ a•EM t4l +1 IN THE CASE EIGVAt,.COM--.=O J 

EM[7JS THE NUMBER OF ITERATIONS PERFORMED FOR 
EQUILIBRATING THE ORIGINAL MATRIXJ 

<ARRAY IDENTIFlER>J . 
• 

"ARRAY" VALR,VALittaNJJ 
' 

EXIT; 
THE REAL PART AND THE IMAGINARY PART OF THE CALCULATED 
EIGENVALUES ARE OELlVEREO I~ THE ARRAYS VALR AND VALI, 
RESPECTIVEl,..VJ 

• 

EIGVALCOMs•o, PROVIDED THE QR~ITERATION IS COMPLETED WITHIN EM[q] 
ITERATlONSa OTHERWISE, EIGVALCOM~• THE NUM8ER, K, OF EIGENVALUES 
NOT CALCULATED ANO ONLY THE LAST N~~ E~EMENTS OF THE ARRAYS VALR 
ANO VALI ARE APPROXIMATE EIGENVALUES o, THE ORIGINAL MATRIX. 

PROCEDURES USE01 
~-

EQl~BRCOM = CP34361, 
COMEUCNRM • CP34359, 
HSHCOMHES • CP3436b, 
VALQR%COM • CP3U372, 

' 
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REQUIRED CENTRAL MEMORY1 FIVE REAL ARRAYS OF ORDER N AND ONE INTEGER 
ARRAY OF ORDER N ARE DECLARED, 

RUNNING T l ME I PROP ORT I O t~ AL TO N • * 2 * MAX C ~, NUMBER OF I TERA TIO NS ) 1 

LANGUAGts ALGOL bO. 

METHOD AND PERFORMANCE: SEE EIGCOM (THIS SECTION), 

EXAMPLE Of USEI SEE EIGCOM (THIS SECTION), 

• 

SUBSECTIONI ElGCOM, 

CALLING SEQUENCE2 

THE HEADING OF THE PROCEDURE READS1 
"INTEGER" "PROCEDURE" EIGCOM(AR, Al, N, EM, VA~R, VALI, VR, VI)' 
'
1 VALUE'' NJ ''INTEGER" t\lJ '1 ARRAYtt AR, AI, EM, VA~R, \JAL.I, VR, Vl1 

THE MEANING Of fHE FORMAL PARAMETERS ISi 
AR,AII <ARRAY IDENTIFIER>J 

••ARRAY" AR, AI [1;N,11Nl J 

Ng 

ENTRYI . 
THE REAL PART A~D THE IMAGI~ARY PART OF THE MATRIX 
BE GIVEN IN THE ARRAYS AR l~O AI, RESPECTlVELVJ 
THE ELEMENTS OF THE AR~AYS •R ANO AI ARf ALTERED, 
<ARITHMETIC EXPRESSION>, 
THE ORDER OF THE GIVEN MATRIX, 
<ARRAV IOENTIFIER ► J 
''ARR4V" EM CO 171 r 
ENTRVI 
EM [OJ I 
EM t2J : 

• 

THE MACHINE PRECISIONJ 
THE RELATIVE TO~ERANCE FOR THE QR•ITERATIONJ 
CE.Gt THE MACHINE ~RECISION)J 
THE MAXIMU~ A~LOWED MUMBER OF QR~ITERATIONSJ 
(E,,Ge 10 * N), 

MUST 

EMt4l I 

EM [bl S THE MAXIMUM ALLOWED ~UMBER OF ITERATIONS fOR 
EQUILIBRATlNG THE ORIGINA~ MATRIX CE,G, N••2/2)J 

EXIT1 
EMt1l I THE EUCLIDEAN NORM OF THE EQUI~IBRATED MATRlXJ 
EMt3J, THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGO~AL 

ELEMENTS NEGLECTED I~ THE QR•ITERATIONJ 
EMC51 I THE NU~BER OF QR•ITERATIONS PERFO~HEOJ 

EM[51::EMt4l+1 IN THE CASE EIGCOM~•Or 
EMC71; THE NUMSER OF ITERATIONS PERFORMED FOR 

EGUILISRATING THE ORIGINAL MATRIXJ 
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VALR,VA~II <ARRAY IDENTIFIER>, 
• 

"ARRAY" VALR,VALitltNJJ 
• 

EXITI 
THE REAL PART AND THE IMAGINARY PART OF THE CALCULATED 
EIGENVALUES ARE DELIVERED IN THE ARRAYS VALR AND VAL!, 
RESPECTIVELY I 

VR,V!s <ARRAY IDENTtFlER>f 
"ARRAY" VR,VI[t1N,liNJJ 
EXITI 

• 

THE EIGENVECTORS OF THf MATRIXJ 
THE NORMALIZED EIGENVECTOR WITH REAL PART VRC11N,JJ AND 
IMAGINARY PART VI[t~N,Jl CORRESPONDS TO THE EIGENVALUE 
VALRtJJ + VA~ItJl * I, J•t, 1 , 1 ,NJ 

EIGCOMs=o, PROVIDED THE QR•ITERATXON IS COMPLETEO WITHIN EMC4J 
• 

lTERATIONSJ OTHERWISE, EIGCOM1e THE NU~BER, K, OF EIGENVALUES 
NOT CALCULATED AND ONLY THE LAST N•K ELEMENTS OF THE ARRAYS VALR 
ANO VALI ARE APPROXI~ATE EIGENVA~UES OF THE ORIGINAL MATRIX ANO NO 
USEFUL EIGENVECTORS ARE DELIVERED, 

PROCf.OURES useo1 

EGILBRCOM • CP34361, 
COME:UCNRM • CP34359, 
HSHCOMHES • CP-3416& 1 
QAICOM • CP34373, 
BAKCOMHES • CP34361, • 

BAKl,.BRCOM = CP34362, • 

SCL,COt,4 a CP343b0 1 

REQUIRED CENTRAL MEMORY1 FIVE REAL ARRAYS OF ORDER N AND ONE INTEGER 
. ARRAY OF ORDER N ARE DECLARED, 

R~NNING TIME: PROPORTIONAL TO N~*2 ~ MAX(N, NUMBER OF ITERATIONS), 

LANGUAGE I ALGO~ 60, 

• 

• 
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. . 

THE FOLLOWING HOLDS FOR BOTH PROCEDURES: 

METHOD ANO PERfORMANCEI 

FOR CALCU~ATING THE EIGENVA~UES AND EIGENVECTORS OF A COMPLEX 
MATRIX WE DISTINGUISH THE FOLLOWING STEPSI 
1) THE MATRIX IS EQUILIBRATED (SEE ALSO SECTION 3 1 2~1,1,2 9 ) 1 

2) THE EQUILIBRATED MATRIX IS TRANSFORMED INTO HESSENBERG FORM BY 
MEANS OF HOUSEHOLDER MAT~ICES (SEE ALSO SECTION 3,2,1,2.2,2.)~ 

3) THE HESSENBERG MATRIX IS TRANSFORMED INTO AN UPPER TRIANGULAR 
MATRIX BY MEANS OF QR•ITERATION WITH SHIFT OF ORIGIN AND 
OEF~ATION (SEE ALSO SECTION 3.3.2~Z,1 1 ), 

lHE DIAGONAL ELEMENTS OF THE UPPER TRIANGULAR MATRIX ARE THE 
EIGENVALUES OF THE ORIGINAL MAT~lX, 
THE EIGENVECTORS OF THE ORIGINAL MATRIX ARE OBTAINED BY CALCULATING 
THE EIGENVECTORS OF THE UPPER TRIANGULAR MATRIX (3) FOLLOWED BY 
BACKTRANSFORMATJONS CORRESPONDING TO (2) ANO (1), 

REFERENCES: 

DEKKER, T,J. (19&8), 
ALGOL &O PROCEDURES IN NUMERICAL ALGEBRA, PART 1, 
MATH, CENTRE TRACTS 22, MATHEMATISCH CENTRUMJ 

DEKKER, T,J, ANO W,HOFFMANN (1968), 
ALGOL 60 PROCEOURES IN NUMERICAL ALGEBRA, PART 2, 
MATH, CENTRE TRACTS 23, MATMEMATISCH CENTRU~I 

FRANCIS, J,G,F. (1Q61), 
THE QR~TRANSFORMATION, PART 1 ANO 2 1 
COMP,J, u, P,265•271 ~NO P,332~345J 

MUELLER, D,J. (1qb6), 
HOUSEHOLOER,S METHOD FOR 
HERMITIAN MATRICES, 
NU~ER,MATH,, 8 1 P,72~92J 

COMPLEX MATRICES AND EIGENSYSTEMS 
• 

OSBORNE, E,E. (1q60), 
ON PRECONDITIONING OF MATRICES, 

• 

JAC~,, 7, P,338•354f 

PARLETT, B,N~ A~D C,REINSCH (19b9), 
BALANCING A MATRIX FOR CALCU~ATION OF EIGENVALUES AND 
EIGENVECTORS, 
NUM, MATH,, 13, P,293~304J 

Wl~KINSO~, J 9 H1 ClqbS), 
THE ALGEBRAIC EIGENVALUE PROBLEM, 
CLARENDO~ PRESS, OXFORD, 

OF 



MC 

(JULY 1974) PAGE 6 

EXAMPLE OF USE1 
• 

EIGCOM CA~CULATES THE EIGENVALUES ANO THE EIGENVECTORS OF THE 
FOLLOWING MATRIXI 
(SEE WILKINSON AND REINSCH, 1971, CONTRIBUTION II/15) 
1+3*I 2+1•? 3+2•I 1+1•I 
J+4•I 1+2•I 2+1•I 4+3•I 
2+3•I 1+5•I 3+1~I 5+2•I 
1+2•1 3+1•I l+ij*I 5+3•I 

ON~y THE EIGENVECTOR CORRESPONDING TO VALRttl + VA~It1l * I IS 
PRINTED 8Y THE FOLLOWING PROGRAM, 

ttBEGJN•• 
NINTEGER" "PROCEDURE" EIGCOM(AR,AI,N,E_M,VALR,VALI,VR,VI)J 
''CODE" 3~375J . . 
''REAL" "ARRAY" AR,Al,YR,VI[lt4,114l,EM[017l,VALR,VALlt11UJ I 
"lNTEGER" lJ 
ARt1,1l i•ARtt,4J amARC2,2J t•ARt3,2J l"'AR[4,1l g•ARC1,1,33 i• 
AI C1,2l 1•AI tl,41 J•AI C2,3l 11.1AI t3,3J J•AI tA,21 J•lJ 
ARt1,2J l•ARt2,3J aaARC3,11 l ■ Ait1,3l J•Al [2,2J t•AI C3,4J l=AI [4,1J 1a21 

• 

AR l1,3J l•AR t2, lJ ffi:AR t3,3l l•AR ttJ,ll 1• 
AI l1, 11 t•AI C2,4J taAI t3, 1l l•AI [4',4l i•lJ 
AR t2,4J t•AI [2, l·J Jr:AI [4,ll J ■ 4J 
AA t3,4l a=AR [Ll,4J a•AI [3,ZJ ,.s, 
EM (OJ 1•5"•14JEM [23 1a"•12,~M t4J ••10JEM t&l s•1 o, 
OIJTPUTC61,"(""(''EIGCOMI "l",0")", 

EIGCOM(AR,AI,4,EM,VALR,VALI,VR,Vl))J 
OUTPUTC&l,"("l,"("EIGENVALUES1")"1/•)")1 
"FOR" I•=l,2,3,4 "D0" OUTPUT(61,"("2C+0,4D),•C" * l"Jq,I")", 

VALR tIJ, VAL.I (IJ) t 
OUTPUT(bl,''(""("FIRST EIGENVECTORl")'',l")")J 
''FOR" I:=~,2,3,4 "00" OUTPUT(bl,"("2(+0 1 40),"(" • l"l",l"l", 

VR tI, 11 ,Vl tI, 11) J 
OlJTPUTCb1,"(""C~EM[1l a ")",+DD,DD/,"("EMt311 ")'',+0,0"+0D/, 

" C " E M t 5 J I '' l '' , + Z D / , " C " EM [ 71 I '' ) '' , + Z D " ) n , E M C 1 l , E M ( 3 l , E M t 5 l , E M t 7 l ) J 
-END" . 

OUTPUT& 

EIGCOMI 0 
ElGENVALUES1 
•3.3710~o,7705 * I 
+9,7837+9,3225 * I 
+1.3&57~1,4011 • I 
+2 1 2217+1,8490 * I 
FIRST EIGENVECTOR: 
•0,506lt0,5835 * 1 
+1,0000+0,oooo * I 
+0,5183•0,71Q7 * I 
•0,553S+o.01se * I 
EHttl s +15,30 
EM ( 3 l ; · + o , 0 ,, "' t 2 
E~tSl 1 +7 
EM(1ll ♦ 4 
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SOURCE TEXT(S) 3 

''CODE" 34374J 
• 

"INTEGER~ ''PROCEDURE'' EIGVALCOM(AR, AI, N, E", VALR, V4LI)J 
1•VA~UE'' NJ "INTEGER" Np "ARRAVq AR, AI, EM, VALR, VALIJ 
"BEGIN" "INTEGER" "ARRAY" INTttlNJJ 

"ARijAY'' D, 8, DEL, TR, Tltl1NJ1 
"PROCEDURE" HSHCOMHES(AR,Al,N,EM,B,TR,TI,DEL)J"CODE" 343bc, 
"REAL" "PROCEDURE" COMEUCNRM(AR,AI,LW,N),"CODE" 3435q, 
"PROCEDURE" EQILBRCOM(A1,A2,N,EM,D,INT)1"CODE" 343611 
"I~TEGER" ''PROCEDURE" VALQRICOM(Al,A2,B,N,EM,VAL1,VALZ)J 
"CODE" 3LJ:S72J 
EQI~BRCOM(AR, Al, N, EM, 0, lNT)f 
EMt111• COMEtJCNRM(AR, AI, N • 1, N)J 
HSHCOMHES(AR, AI, N, EM, B, TR, Tl, OEL)J 
EIGVALCOMa• VALQRICOM(AR, A!, B, N, EM, VALR, VALil 

ttENO'' E!GVALCOMJ 
"EOf't• 

19 CODE 11 343751 
"INTEGER" "PROCEDURE" EIGCOM(AR, AI, N, EM, VALR, VALI, VR, YIJJ 
''VALUE'1 NJ "INTEGER" NJ "ARRAY" AR, Al, EM, VALR, VALI, VR, VI, 
"BEGIN'' ''INTEGER" Ir 

"INTEGER" "~RRAY" INTtl1NJr 
"ARRAY•' D, B, DEL, TR, T!tls~JJ 
~PROCEDURE" EQILBRCOMCA1,A2,N,!M,0,INTlJ"C0DE" 343b1J 
''REAL'' flPROCEOURE" CDMEUCNRM(AR,AI,LW,N)tWCODE" 3435q, 
"P~DCEOURE 1 HSHCO~HES(4R,AI,N,fM,8,TR,TI,D!L)J"C0DE" 34366, 
"INTEGER., "PROCEDURE" QRICOM(A1,A2,B,N,EM,VAL1,VAL2,VEC1,VEC2)J 
"CODE" 34373J 
''PROCEDURE" BAKCOMHES(AR,AI,TR,TI,DEL,VR,VI,N,N1,Ni)r 
''CODE" 343671 
"PROCEDURE" BAKLBRCOM(N,N1,N2,D,INT 1 VR,Vl)t''C0Df'' 343621 
"PROCEDURE" SCLCOM(AR,AI,N,N1 1 N2)J"COOEn 34360J 
EQILBRCOM(AR, •I, N, EM, D, INT)J 
EMtll1• COMEUCNRM(AR, AI, N • 1, N)J 
HSHCOMHES(AR, AI, N, EM, B, TR, Tt, OEL)J • 

I:• EIGCOMI~ QRICOM(AR, 41, 8, N, EM, VALR, VALI, VR, 
V l ) J tt I F 11 I 11 0 " T HEN " 
"BEGIN'• BAKCOHHES(AR, AI, TR, Tl, DEL, VR, VI, N, 1, N)J 

SAKLBRCOM(N, 1, N, O, INT, VR, VI)p 
SCLCOM(VR, VI, N, 1, N) 

"END'' 
''ENO" EIGCOMr 

'' E Op II 

' 



2-nd REVISION~ 1977 
MC 

• 

RECEIVE~1 751101, • 

BRIEF DESC~I~TIDN: 

T H I S S E C T I O ' J C O 1·.J T A I i~J S T w O ~ A I ~, A N D :•J I • J e: A W x I L. I l R V P R O C E D U R E S I 

T rl E T ~~ 0 ~,1 A I · ~ P ~ 0 C E DUR E S A f~ E I 

PAGE 1 

A. QZIVAL FINDS~ PAIRS or SCALARS CALFA£Ml,BETAt~1l),WHERE BETA[~l 
l 3 R e; 4 t. , S U C H T H A T T HE t~t A TR I X B E T A [ ··11 * A • A L. f A [ t·1 l * B I S 
S I t~ G ·JI. A R , 

e. QZI FI~OS tJ PAIRS OF SCALARS CALFAt~l, BETA[Ml),WHERE BETAtMJ IS 
RE AL , SU C ri T: 1 ~ T T i·i E ~1 • TR l X BE: TA t Ml • A. • l L FA t M J * 6 t 8 S ING UL A~ J 
~OREOVE~ TriE GE: .. lERALIZED EIG(f,4\/ECTO~S (TH! EIGENVECTORS OF THE 
:\1AT~l)( BETA[Ml t A• Al.FA(~1J • B) 4.RE' C4l.CULATED 1 

THE AUXILIA~V ~ROCEDURES A~EI 
A • ~-f S r t v E C ~ 1.J L. I 

• 

T ~i l S ? RO CED URE CAL CU b 4 TES RE AL ~AT RI CE S Q AND R S lJ C ti 
T4AT Q•A•~ W~ERE A IS A GIVEN REAL SQUARE MATRIX, Q IS A 
PROOJCT OF ~DUSEHOLOER ~ATRlCES A~D RAN UPPERTRIANGULAR MATRIX, 
'1ClREOVER Q 9 :; IS FO:-t~ED it!ITtl 6 A GIVE:~ M4TRIX 

B • ~-f E S T G L l 1 
G l VE N T t-,4 E RE A L Sr~ iJ A ~ E t1 A TR I C E S A , B A. ~ l D X , ~ t TH B A f J 
JPPER TRIANGUL~R MATRIX,~IESTGL3 CALCULATES TH~ MATRICES Q,Z,H,R, 
'4 ~ ➔ E ~ E Q , Z ARE J ~ T ~ ➔ 0 GO 1~ AL , ti J Q PER ~-f !.: S SE ~J 9 l':' R G A ~JD R A N lJ PP E R 
T R l A ~JG J L A R ;.1 A T R t X S U C H T ! 'f A T Q • A I Z :: f' i A f\i t) \J e 8 1 Z B R e 

F t. .. J R T ➔ER , 4. : = Q • A • Z r B I a Q • B • Z A r-J D ~ I • ~ • X • Z • 
C., i-·1ESTGL21 

SEE ~ESTGLl,BUT r-iERE TiiE MA.Tf~IX X HlS 6~EN LEFT OUT• 
• 

I'.")• rlSri2COL.1 
T ~ ◄ 1 S c R l1 C ED U RE C AL C ~, L. A TE S A ~ i n U S E H O L. DE R "14 T R I X Q 
S tJ C , t T rl -~ T 8 Y PRE' 11.1 L T I PL. V I NG A G I \/ E ~J C O I. U "1 :'J VE C: T OR V BY Q 
A ZERO EL.E~~E;4T IS FOR~"1f:0 I~J V, 
HE R E T rl E V E C T C R V I S A C O L U "'1 r-,l OF A \if A T R I X , 
FU~T:~ER1 A;a Q9 l A~JD Ba: Q9 8 
r~ ~ C ~ E ~ , S A ~ E T ~ U G I V t. ~ -I f..t E A Ls ,,, A T R I C E S • 
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E. ri5ri3C1l: 
T ,, ➔ I S P ~ i) C E l" ,J R E C A l-~ C. U L A T E S A ~ ! 1 J S f ~ t O L :, E R ' 1 b. T P l X 
LJ s _ 1 c -~ r -1 A r ~ v ~ ; ~ E ~ ;J L r I O L, v I N G A c, I v ~ ,_, c c1 L. 1 .. 1 ~ 'J v E c r a R v r~ v o 
S I J C C E S S I ·1 ~ l E R J C l .. E ·4 f ~ J T S A P. E F J R ' 1 E ::, I i\( V 1 

~i E R E T' "i E V t;.. C T O R 1J I S A C CJ L, ~ J IY: ~ J O F A ~ A T ~ l x 11 

r;- 1, 1 f~ T rl f~ R I A : : r~ • A A .,J O A ; : Q • 8 
1~ H E ~ E A A ,. ~ D B A R l T ~ o G I v E t r :~ E: A L ~ 1. A T R I c E s • 

F. • ri s : i 2 ~ n ~ 3 ; 
TH l S ? RO CED 1.1 Rf: CAL. C 1J LA TES A f i OU SE~~ 0 ~DE R '1 A TR I X 
l S ·.JC rl T : i A T 9 Y !' 0 S T ~..f UL T I r L, Y I \f G A G I V E N R J W V E C T O R 
\/ 6 Y Z A Z C R O E L EM E N r· I S F (} R ~-~ E O I '\I \/ 11 

HERE T ,1 E VE C TO f< V I S A RO w OF A HAT RI X • 
rURTrlERs Aaa A.Z; Bl• B.Z A~~ XI~ X.Z 
WHE~E A,B,X AqE THREE GIVEtl REAL r"1ATF?ICES. 

G • H s rt a Rf) ~ l 1 
SEE HSH2ROW3, eur HERE THE MATRIX X HAS SEEN LEFT OUT. 

H • r◄ SH3ROW3 I 
Tt·ilS l='ROCEDURE CAL.CUt-ATES A HOUSEH-OL.OER MATRIX 
Z SUC .. i THlT BY F'OST~ULTIPLYit~G A GtVeN ROWVECTOR 
V OV Z, T~C SUCCESSIVE ZERO ELEMENTS ARE ,oRMtD 
lN Y, HERE THE VECTOR V lS A ROW OF 4 MAT~lX. 
FtJRT~ERI Aaw 4.z, B1• a.z AND X11 x.z 
~~ERE A,B ANO X A~E THREC GIVE~ REA~ MATRICES. 

l I HS~i3ROrl2 I 
SEE HSH3R0~3, BUT HERE T~iE MATRlX X HAS BEEN LEFT OUT, 

' KEVWOROSa QZ. ITERATIOr~ 
H J · .. J S E rl O L. D ER ' S T R A N Sf O R M A T I O N 
GE \IE RA L l ZED e: t GE •~ V 4 LUE S 
GENERALIZED ElQENVECTORS 
UP~E~ 4ESSEN8ERG MATRIX 
J~PER TRIANGULAR MATRIX 

REFERENCES& 

c 1 1 • c • a • M o L E R A ,~ o G • w • s T E w A R r • 
A~ ALGORIT~~ FOR THE GENERALIZED ~ATRIX EIGENVALUE 
P R OB I. E ~-1 A • X • i. A ~1 BO A * B * X 1 

REP~RT STANFORD !.J~IVERSITY 
ST Af\1•CS•232•7l; 
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(~JANUARY 197bl 

C A L L. I :·J G S t. .] J E i~~ C f: t 

T ~f E HE Ai O I NG O t THE P ~ 0 C EDU RE I S I 
"PROCEDURE'' QZIVALC~J,A,9,ALFR,ALFI,BETA,ITE~,E~)J 
''VALlJE" ~J; ''I~lTEGEq" NJ "ARR•Y" .,B,ALFR,ALFI,BETA,EM; 
''INTEGER~ ••ARRAY" ITERt 
'' C O OE " 3 iJ o O O I 

T H E ~1 E A ~ I ~-l G OF T H E r O R ~1 A L P A RA M E T E;: R S I S ; 
< A R I T ri ME T I C E X P R E S S l O r .J > J 
TriE ~JiJ.,16ER OF R0114S AfJD COLU'1tiJS OF THE ~1ATRICES A,B 
<ARRAY InENTtftER>J 
''REAL" "ARRAY" ACltN,11NJ; 
EiTRYt T~E GIVEN '~ATRlXJ 

• 

EXIT& A QUASI LJP?ER•Tf?IANG~JL,AR ~1ATRIX 
C S E E ~~ E T L..t o D A : J O P E R F O R • ·• A ~ t C :; ) t 

<ARRAY IDE'~TIFIER>f 
'' R E A L " " A. ~ R A Y " B t 1 I ~·~ , 1 I t· 1 l ; 
~~TRY: T~E GIVEN MATRIXJ 
E X I T I A t·-t UP~ c R • T ~ I A ~1 G ~J LA R t,1 A T R l X r 

A~FR1 <AQRAY IDE~TtFIE~>, 

• 

'' RE A L '' '' A RR A V '' A L F R t 1 I N l J 
TrlE REAL PARTS OF ALFAl1tNl 

• 

(SEE 1ETHOn Ar4D ~ERFORMANCE) t 
AL~Iz <A~RAY l~E~TIFIE~>f 

'' R E A L '' '' 4 R R A Y tt 4 L. F I t 1 ; r·~ l I 
• 

T: t E I at AG I 1J ARY PA~ TS n r AL.~ F" A. t 1 I ~ l J 
BETAt <AQRAY IDENTIFIER>t 

• 
'' RE AL '' '' 4 ~ R A Y " BE T A t 1 I N l J 

!TER1 CAQR4Y IDENTIF!ER>t 
'' 1 ~, T E GE R " 11 A R R A V '1 I T E R 11 s N l ; 
T R tJ LI~ !. E I f,J D I C A Ta R A t Jo I TE R A T I O t-~ e O l.l ~J T E ~ 1 
IF lTERt1J~o THE~ ~Q TROU3LE IS !IGNA~IZED, 
F J Q T H E R S E; E ~ f~ T H n D A ·~ () PE R ~ QR : 1 A t~ C E J 
cA~RAY ID(~TIFIE~>t 
'' r~ E A L. '' " A R R A V tt E '~ t t) : 1 l f 

E '·J T R y I E t i [ 0 J : r ·4 e: 5 i ~ A L L. E s T ? iJ 5 I T I V E 1 -1 A C H 1 ~~ E ~ J l.J ➔• 1 B E R J 
El 1 t 11 , r ·-' E Rf LAT t v e: ~~cc Is I 0~1 o F Et. E ~-1 EN T~S 0 F 

MC 

PAGF.: 3 
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PRDCE.DURES 'JSED: 
T A \1 ~1 A T • C P :S 4 u 1 4 
E~MCO~ • CP 34023 
HSHDEC~uL: CP 3~o02 
~ESTGLZ a CP 34o0ij 
J➔ SHZCOL : CP 34b05 
HSH3CO~ • CP 34b0o 
~~S~ZR0~2 • CP 34b08 
HSH3qow2 ~ CP 34o1v 
c~tsH2 • er 31.Jot 1 
'-+ S H \/ EC :~ A T :1 C P 3 1 0 7 f) 
HSHVECTA~ • CP 31073 

(JAJ\Jl.lARV 1Q1t;) 
, 

RUNNI~~G Tl~1E: PROPORTlO;tAL TO ~i tt( 3 

LANGUA~E: A~GO~ oO, 

t.1 E T HOO A ~: 0 P E RF OR M A ~-JC E I 
THE PRJCEDURE QZIVAL SOLVES THE GENERALIZED MATRIX 
ElGE ►~vA~UE PROBLE~ A* X a LAMBDA•~* X BV ~EANS 
or ~z ITERATIO~ (SEE REFt1llr 
QZIVA~ Flt~OS N PAIRS OF s,ALARS CALFAt~J,BETA[MJ) 
SUCH T"i~T 8ETA t'1l • A • ALFAtMJ • 9 IS SINGULAR. 
THE ElGE\IV~LlJES or A• X • L4~1BD4 * B * X CA~ BE OBTAlNED 
DY OIVID!~IG ALrA[~l ~v BETACMJ,EXCEPT BETAtMJ MIG~iT BE ZERO, 
ItJ THIS 4L;ORIT~M ONLY u~JITARY TRANSFO~MATIONS ARE 
AP?LIED; A roRr1nRt ~a INVERSES ARE CA~CiJLATfD, so 
E!TrlER A ORO (OR BOTH) ~iAY BE SINGULA~, 
Bt TA r~l IS REAL, ALrA ["~l IS COMF'Le;X, 
REAL A~O IMAGl~ARV PARTS ARC GIVEN l~ AL'Rt~l A~!O ALFl[~l • 
T~lE ncCJRRE,iCC OF' COMPLEX PAIRS lS ALWAYS I\J 
s tJ C C e· s s l V E EL E ~1 E '.'J T s ' s u e I➔ T r i ~ T AL. r A t ~ l / 8 E TA t M l A N D 
A L F ~ [ ~1 + 1 l / B E T A t ~ + 1 l A R E C O M P L E X C O N JU G A T r. 1 B U T A L F A t M l 
ANO ALFAtM+ll ARE ~OT ~ECESS4RtLY CONJJGAT! 1 

0 L.J L Y R E A L A. R I T H M E T ! C I S U S e: t' l N D E P R O C E O U R E • 
IF 4 A'ID 6 wERe ~EDUCED TO TRlAt~GULAR FORM av Ut·JITARV 
TR4~JSFOR~ATIONS,ALFA A'IO BETA WOULO AE THE DIAGONALS, 

MC 

PAGf: 

. A A \J fJ 6 A RE A C T U A L, L. Y R !: 0 UC E D T O Q U A S l • T R I A N G tJ L. ~ f~ F O R M H A V l N G O ~ L V 
t•BY•l AND 2•BY•2 BLOCKS 0~ THE DIAGONAL OF A• 
I f AL. F A t ·-tt l l S N OT RE A L , Tri E t,J B E T A t M l l S ·\J O T Z E RO • 
I T E R l S T l·i E T R O U 8 L E I \I O l C A T O R A ,'4 0 I TE R A T I Ori C O U t,J T ER , 
If ITER[tl:O THEN EVEQVTH?NG IS O,K, 
I 'T E R [ M l I S T H E ~. ~ 1 .,J ~ 1 ~ E R O F I T E R A T l O 'J S \I E E D E D F O R T ~ E '-1 • T H E l G E ~,.f V A L l I E • 
IF ITER t1l T!-fROWG!i tTF.~ CMJ • •1 THEN THE ITE~ATION FOR THE "i•TH 
E l G E: J V AL, ~J E ;) I D 'ti O T C O "J v E R GE A f ,J D i L F 4 t 1 l T HR ~ U G H A L F A [ M J A r.~ 0 B E T A [ 1 J 
T ~, q :J 1 ., G H 9 E f A [ M 1 A R E P R O B A B L V l NA C C Ll R A T E • 

E~A~1PLE OF JSE1 

tf 8 E G 1 1✓ '' ., AS( RAY,, A, 6 t 11 4 , t I lJ l , Al,. FR, ALF I , 8 ET A [ 1 I 4 l , E i·i [ O I 11 J 
1'Ii;TEGE~•·1 ''ARR~Y" ITER tl S4l t "ItlTEGE~'' ~,L.; 
•• P R '1 C E :> 'J ~ E '' ~J Z I V A L ( t.,J , A , 8 , A L F R , A L r I , 8 E T A , l T E R , E t1 ) J '' C O D E '' 3 4 b O O J 

, ,A[l,11 ;:2J Atl,2J 1;;3; 4[1,31 ;=•3; Atl,4] ;•4t 
. , 

' --,,-
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• 

SECTION : 3.4.t.2 

•• 

A t2, 11 :=:t J A t2,2l 11•1 f A t2,3l 1;5. A t2,i.+l :=1 ! 
.A, [3, ll ;•01 A t3,2J 1a2, A [3,3l 1•b: A [3, 4J :;a, 
A t4, ll ;s1 J A (4,2J 1:11 A [4,3] a•Or A tll, UJ !:lJJ 

• 

B[1,11 ,~11 8t1,2l a=s, 8[1,3l ;,q, ~tl,4] ,~a, 
5 tz, 11 ;:21 13 t2,2l 1•61 f3 t&?,3l 1•10; B [2,411=2, 
R [3, 11 :=31 8 [3 1 2] 1;7; 8 t3,3l :•11; S t3,4l :=•t: 
~ [4, ll ;a41 ~ [U,2J 1:81 g CLJ,311•12J B t'l,41 : 3 31 
OUTPUT(61,''(""C"A'')",l,4(q(+ZOBB),/) 1 l'']",l)J 
OUTPJT(61,''(""("B")",l,ij(Q(+Z06A),/),1«1t•,B)1 
E ~ C v l I ; " • 2 9 4 J E ~~ [ 1 l ; a " • 1 5 ; 
a z I v AL c Q , A , B , AL. r R , AL r: I , e Er• , Ir ER, r ►-' l ; 
"FOR" K1~l "STEP" 1 "JNTll~ 4 ''QJ'' 

MC 

PAGE 5 

r.1 'J T P U T C b 1 , •• C " " C " I T f: R [ " ) '' , 0 , " ( ., J • '' ) ff , Z '1 , I "' l '' , K , I T E R t K l ) J 
Q ·.J T ~ J T ( b 1 , ff C " !f C " A L r A C R f: A L. P A R T ) " ) ,. e B , ,. ( ,, A l. F A C ! ,~1 A G I f\J A. R Y P A R T ) ,, ) " 
3 8 , •• ( II a E T A fr l ,, ' / tf ) ft ) ' 

''FOR'' K~•l "STEP~ 1 "U~ITlL" 4 ''DO'' 
0 U T P iJ T C 6 1 , '' C •1 3 ( t-~ l , / " l " , A L F R l K J , A L. F l t K 1 , B E T A [ K 1 ) J 
0 V T ? U T C 6 1 , '' C '' / '' C 1' L A P> ~ 8 D A C R E AL P A R T ) '' ) '1 b B , 
'' C '' L. A ~ B D A C I r4 A G l r ·1 A ~ Y P A R T ) '' ) " / " ) " ) f 
" F O Q '' K : a 1 '' S T E r> " 1 " t,J ~~ T l L '1 Ll " r'.\ C1 11 

ttSEGI~•• "Ir" 9ETAtKl•O "T~~EN'' 
jJ L1 T P J T Co 1 , '' C " tt C " I ~\J F Ii~ I TE" ) " 1 5 B, '' ( '' I '·JD e: r. IN IT F 11 l •• /, " ) " ) 
ti E L, S E ,, 0 f J T P t J T ( Q 1 , " C ,, 2 C r J l , / " ) '' , A L., f' R [ K l / a E T A t I< J , A L F I t K J / B E T A [ K l ) 

"E~~r,,• 
''END •t 

A 
+2 +3 • 3 t4 
+1 •1 +5 tl 
+o +2 ♦ b +8 
+ 1 t 1 +O t :J 

B 
+1 t5 ♦ 9 t t) .... 

+2 t6 tlO +2 
+l ♦ 7 t; 1 l •l • 

+~ ♦ S t1Z +J 

IT£Pt1J: {) 
LTE:R t2l::: -~) 
ITE~C3J= O 
rrERt4J: s 

Al,fA(REAL ?Af~T) 
-u,43a1115bSZ167"+tlOJ 
• '5 , 7 2 -9 8 4 G 6 5 2 l O ~) 3 ,., + t: 1

) 0 
' 

•8.b6717773Rb054''•001 
• l4 • 1 2 b 2 2 C 5 l 5 7 5 2 7 tt • n !) l 

L A .\,, e f; -4 c ~ t 4 L. r , ::~ T J 
l r .. i t I ' 1 I T f 
.. 2 • (> l ~ 2 -" u 8 .S 7 2 b 2 8 '' • u O v 
• Q ~ ~ _;) l'.·~ 1 a•· 7 I I ':"i Q ~ 3 tJ •• • f ' f) ~ I . < ....._. • -t c:,. ,, C , II' ~-- ..,. . . 

• 9 • 8 q 2 0 1 ti 7 4 2 Q 2 3 6 ·~ • i·:., ;) 2 

• 

A L,, F' A ( l ' 1 A G I .·~ /\ R Y p A R f ) 
+ ~:,, • 11 C il t J () ,·, 0 0 {J O O tJ v 1' + 0 C) n 
+ ; } , 1 0 v O J O (J ,> C C; 0 <) t_J •' t O O 0 
+ 2 • 7 6 iJ 1 i O t.J q /4 !.t 9 1 o tt t , O () 
•l.5054bl162551b'•+ouo 

L.A 6~3DACI~AGI~ARY rlRTl 
t -·-4 " E. F I · 1 I T L 
♦ ;_J e J {) ~) {l U O ;) () J (.} {j I.) ;} •t t ;) (} [) 
+ .3 • t r.;; 0 q .~ 3 ~'Sb tt o t.J 1J '' • 0 0 1 
• 5 • 1 c; Ct q "4- 3 q 5 b t, o lJ 5 ., • 0 J 1 

• 

3fTA 
t O t O O Q v fl t) 0 0 0 0 Q O O •• +- 0 0 U 
+2,844112174Q8qb"+OQO 
+8,7b178863369bO"+ooo 
+ a ., 7 7 7 8 1 1 qi: q 5 7 5 7 '' + o o o 
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MC 

(JANt,JARV 1 q70) PAGE: 6 
' 

CALLING SE~JE~JCEI 

THE HEADit4G rJf~ THE pqf)CEDURE ISi 
"P~OCEDJRE" QZI(N,A,B,X,ALFR,ALFI,BE.TA,lTER,EM)J 
" V A L. U E '' "J ; 1

• I r ~ T E G E ~ •• r J I '' A ~ R A Y '' A , 8 , )( , A L F R t ~ L F· I , B E T A , E M J 
''INTEGER" "ARqAY" lTERt 
'' C O O t '' 3 4 b O 1 J 

TtiE ~EA~I~~G OF THE FOR~AL PARAMETERS ISJ 
c~RIT!1ME:TIC EXPRESSI'Jtl>J 
THE ~~ ~J i..1 BER OF ~ 0 W S A!·~ D Ca L. I_I H !-~ S OF TH e· MATRICES A, B ANO X J 
cAqRAY IDEr~TlFIE~~ 

Bt 

"' 

, 

'' R E A L '' '' A R ~ A Y '' A t 1 I N , 1 I ~ 1 l J 
E~TRY; T4E GIVEN MAT~IX AJ 
EXIT: A QUASI UPPER TRIANG 1JL,AR t1A.TR1XJ 

CS EE ~1E T ~~o:, Ar-JD PE:Rf ORMA NC E) J 
<ARRAY IO~~TifIER>r 
'' ~ E A L '' " A R ~ A Y '' ~ t 1 I ~~ , 1 I N l J 
E :J T ~ V I T ~ E G ! \IE N ~AT RI X 8 I 
e: X I T I A f·J UPP E R • T ~ I A t JG lJ L. A R ~~ A T R l X t 
<AqR4Y lDENTtrIER~1 
., R e: A L ., " A R R A V t, X t 1 i r i , 1 I r J l J . 
E \J T R Y : T H E N • r t U N l T V ~1 A T R I X ; 
EXITa T~·if '1ATRI>< OF EIGENVECTORS, 
T,··tE ElGE~·JVECTORS ARE: STORED I1'1 T~E: ARRAV X 4$ FOL.LOWS& 
I F A L F I t \A l • 0 T ~1 E t-J X [ , , Ml I S T l i E '-4 • T H RE AL E I GEN VE C T OR I 
OT~ERWISE, FOR EACH PAIR □ F co~S!CUTIVE COLUM~S 
J!t.,~l A~D xr.,~+11, xc.,r11 AlJO xt.,Mt1l A~! THE REAL 
A : JD I J•1 A G I ~i A R Y r, A ~ T S O F THE ''1 • TH C OM f' L EX E I GE N VE C T OR , 
)( t • , ~ J A ~,, D • )( t • , '-A + 1 l A RE T H E RE 4 L. A NO I .. 1. G I •~ A RY P A R T S 
of T H E r1 + 1 • s T c a ," P t- e: x E 1 G E ~ v E c T o R , 
T rl E E I GE ~.1 V E C T O ~ S A. ~ E : ! 0 R H A L, I Z E O S UC H T H A T T H E L A R GE' S T 
CO 1-f PO ~-l Et~ T ! S 1 0 ~ 1 t O • I • 

ALFR: <4qR4Y IOtrJTIFIEQ.>J 
'' RE l L '' "- A R R A Y •t A L r ~ t 1 I N l J 

• 

E X I T I T t ·l E C?. E;: A L P 6. R T S O F' A L ,: A t 1 I 'J J J 
AL.Fl I c ARR A Y l OE •J TI t IE R • r 

., R E ~ L 1' " .A q R A V tf .\ l. F I t 1 i N l J 
Ext T: T~·iE I:·1AGI~JlRY PARTS OF ALF4 t1 ;tJJ J 

B E T A I c A.~ R A V I DE ~-1 T I F I E ~ > J 
•• R E A. l.. !, '' A R R A Y " 8 E T A t 1 I N J J 

l T F ;1 : < .A, q R A Y l fl E ~-t T l F I E ~ , f 
,. I ~-! T E G E f~ •• " A ~ fl A Y " I T E ~~ t 1 : · l l ; 

· r R 1 us LE r i.J r: I c Ar 11 K A:.: n I r f RA r I rJ ~-.1 co '~J 'fr ER , 
I f I T E q t 1 J : O T t-i E ~ J. r\J O T R O LJ 13 L E l S S l G :~J A L. t Z E D , 
F Q ~ F J Q T ~➔ E R I I' J r. 0 Q ~ A T I O t~ S f: E 

• 

·◄ ET:10J AtJD r~Er·o~,1, 1~1ce or 0~0CEDJ~c: QZIVAL (THIS SECTIOI\J) • 
E I,' : . < ~ ~ R A f l ' E ''1 r I r t E ~ > I 

tt ~ f: A L •• '' . A R R A v " t. \4 t (> t 1 J I 
E \l T R 'f ; [ ~~, [ 0 l t T 1-1 f S i ~ A LL E S T P O S I T I V E M 4 C H I r-J E r-J U r-16 E R I 

E•ttl I T~E RELATIVE ?~ECIS!O~ OF E~EME~TS OF A AND BJ 
• 

• 
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MC 
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PROCEDURES USED& 

~AT~·1•T = CP 34013 
TA ri 11 AT • CP 34014 
EL,~COL. • CP 34023 
HS~OEC-~UL • CP 3/JbOZ 
MESTGL3 • CP 34&03 ' ' ,, 

HSHZCOl. :I er- 34bOS 
HS.;2ROviJ3 • CP 34b07 
HSH.5R0~3 • CP 34bO() 
HSH3COI. = CP 34o0b 
C ri S ~,f 2 • c~ 3abt1 
COMOIV a er 34342 
'iSHVEC~AT • CP 31070 
~SH\/ECTA~ • CP 31013 

RU~Nl~G TI'1Et PROPORTIOtJAL TON** 31 

LANGUAGE: ALGO~ bO, 

M E T ri CJ D A ~-1 l) P E R r O R ~1 A r ,j C t. r 

T H E P R O C E O t.J R c Q Z I A Pr, L I E S T ; .. , E SAME . ":·1 E T ..f O C A S Q Z l V A L • 

EXA~1PLE r:lf JSEt 

''BEGI~~ "ARRAV" A,S,X[llij,114l,ALFR,ALFl,SETA[l14l,Er1[0t1lJ 
" I 'J T E G E q t• '' 4 R R A V tt I T E ~ [ 1 ; 4 l J " l .~.! T E GE R " K , L. J 
"PROCEOlJRE'' QZICN,A,B,~,ALrR,ALFI,BETl,ITER,EM)J''CODE" 34b01J 
A Cl, l J ;1121 l tl. ,2l l143J A t1,3l &••l; A Cl ,41 i•t.+J 
A t 2, 1 J ; ~ 1 J A t 2, 2 l I:;• 1 I A t 2, 3 l I :;SI A [ 2, 41 I• 1 J 
At3,1J;:or ,\[3,2l1•t!1 At3,3l;•bt At3,QJtJJ8J 
A CL+, l J I a 1 J A t 4, 2 l I=: 1 I A t /4, :5 l I= 0 J Ai t Ll, U l I 14 J 
A [ 1 , 11 I= 1 t 8 [ t , 2 l J •5 r 8 t l, 3 l ; • 9 f 8 t 1 , fJ. J : •OJ 
B t2, ll ;:12, q t~,211•61 l3 [2,311•101 B [2,41 ;=21 
B t3, lJ 13 51 8 t3,2l a•7J ~ t3,3l a•l 1; B t3.4l :••1; 
a ct.t, 11 ;=4, 8 t4,2J 1•e, B t4,3J 11112, s [l.&,4, :=3, 
urJ 0 » K:•1,2,3,~ ''00" "FOR'' L1*1,2,3,U "On" 
x t ~ , L 1 1 ;; " I r '' K ;; 1.,. f$ r H e.: · J ,, 1 ,, E L. s c: ,, o ; 
0 t,J T ? U T ( b l , ff C tf ., ( " A tf ) It , / , 4 C 4 C + Z D 9 8 ) , / ) , I '' ) " , A ) ; 
0 :J T ~ U T C 6 1 , •• ( '' tt C '' B •~ ) '' , / , 4 ( lJ C + Z D :3 B ) , / ) , I " ) " , 3 ) J 
E Nt t O 1 : : "• 2 q 4; E ~1 [ 11 ; : "• 1. 5 ; 
QZlC4,A,6,X,ALrP,AL~I,BETA,1TE~,E~)J 
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PAGE 8 

"FOR" K:11 "STEP" l HIJNTlL" 4 "DO" 
oUTPJTC&1,"<""<"ITERt">'',o,•cMJ•">n,zo,1~,",K,ITERtKJ>1 
OUTPUTC&1,'4 C"l"C"ElGE~VECTORS"l",l,4(q(+Oa8D"+20ZB),/),/")ff,X)J 
OUTPUT(61,''C""t~ALFA(REAL PART)ttl"8B,"C''ALFA(IMAGI~JARV PART)''l" 
qa,~cusETA"l",l")"lt 
PFQR» K~•l "STEP" 1 "UNTIL'' 4 "00" 
OUTPUTC61,nCtt3(NJ,/")",ALFR[KJ,ALFJtKJ,BETAtKl)J 
OUTPUT(61,~C"l"C"LAMBOA(REAL PARTJ")"bB, 
"C"LA~60A(IMAGlNARY PART)"J"/")")t 
"FOR• K1~1 "STEP" 1 "U~TIL" 4 "DO" 
"BEGI~'' "IF" BETAtKl ■ O "T~EN" 

OUTPUT(bl,"C"'1 C"I~Ftt·JITE"l"lSB,''C"lNOE,1NITE")"/")~) 
"El.SE" 
OUTPUT(61,''(~2(N),l"l",ALFRtK1/8ETA[KJ,ALFI[KJ/BETAtKlJ 

n E ;~ n" 
'' E ~JD" 

A 
+2 +3 
+1 •1 
+O +a 
+1 tl 

8 
+1 +5 
•2 +6 
+3 +1 
+Q +B 

• • 

ITERtll• 0 
ITERt2Js 0 
ITERC3l• 0 
ITER[tJl• ~ 

•3 t!.l 
+5 t1 
+o +8 
+O ♦ Lil 

• 

+9 +o 
t10 +2 
+ 11 ., 
+12 tl 

• 

• 

E ! GEr-JVEC TORS 
.s.oooaoooo"•Ol 
+1,00000000"+00 
.s.00100000"-01 
-. LI • l S 1 1 6 7 8 b '' • 1 5 

+1.00000000"+00 
•3.-825417oott•o2 
•3• 04o771l2''•02 
•7.o33ld12Z''•01 

•6.21204801"•01 
+1.00000000"+00 
+1,&S89b0'51"•01 
•S.8484'5$31"•01 

+c.s202,2ot"•ot 
+0.00000000"+00 
+1.0'130f>2o5"•ot 
+1.77430q10"•01 

ALFA.CREA\- P4RT) 
•4 9 43U7t15b5Z1~7"t000 
•S.728840b52lOG3"+ooo 
•8.bb1177738bOSUtt•001 
-~.12b2205157S27•••~01 

LA~SOAC~EAL P4PT) 
INFI:·JITE 
-2,01qzqoq57262A"+OOO 
.9.8920181429254'·•002 
~~.A920t8742925b"•002 

ALFA(lMAGINAqY PA~TJ 
+J.noooooooooooo''+ooo 
+0.0000000000000"+000 
+Z.7b0790~94491o"+OOO 
•1.SOSUb176ZSS7&"t000 

l.. A ~ 18 ri A ( I ~ A G I r,J A R Y P A. R T l 
l ~J, t F I 1·J I TE 

• 

+o.Jooo,>nooooooo"+ooo 
•3.t5094595~6b44"•001 
•3~15~14J9~b6645"•001 

SETA 
+0,0000000000000~+000 
t2,844112t74q8q6u+ooo 
+8,7617BS633b960"+o~o 
+u,111e11qzqs1s1••+000 



2-nd REVISION, 1977 

S U B 5 E C T l O t~ I ~ S H O E C ~ U L. • 

CAL~ING SEQUENC~I 

THE HEA.OI'JG Or THIS PROCE0 1.JRE IS& 
" PR O C E D J R E " H S ri D t C '4 UL ( ~ , A , B , D vi A R r ) I 
" V 4 L !J E " ~~ , D rl A r~ F J " I r-~ TE G E R " "J ; " RE A L. " D ~7 A q F r ,. A R R A Y ., A , B 1 
"C00E'' 3~b02J 

T ti E ~EA N ! r .JG OF' T ~ 1 E f OR ~,.1 AL. f' A RA ME T E R $ I S I 
N1 <ARITHMETIC EXP~CSSI0~>3 

T HE ORD e: R OF T ti E G t V E t.J r-1 A TR 1 C E S I 
Al <ARRA~ IDE~TIFl~R>J 

~RE•L" "ARRAY" Atl1~,11NJJ 
ENTRY1 TH! GIVE~~ MATRIX AJ 
EXITa THE TqANSFO~MEO MATRIX Q.A (SEE BRIEF OESCRIPTIOf~)J 

81 cAR~AV IDEt~TIFIER>J 
"~EA 1. '' 9t A RR A Y" 8 C 11 ~-4, 11 ~J l J 
E~T~Yt TrlE GIVE~ MlTRIX BJ 

MC 

PAGE 9 

• 

EXITI THE UPPER T~IA~GULAR MATRIX Q9 8 (SEE BRIEF OESCRIPTION)s 
DW4RF1 c ARITHMETIC EXPRESSIOt~~; 

T ~i E S r➔ ALL, ES T P OS I T I V E MAC H I N E ~J l.J '··1 BE R • 

PROCEDURES USED& 
TA~~A·r • CP 3Q014J 
HSHVECMAT: CP 31010. 

METHOD A~D PERFOR~A~4CE1 

• 

FOR E AC ~i ~1 A T ~ I X CO l lJ MN A t 11 A HOUSE HO L, 0 ER~ AT r.:t IX Q I S FORMED , 
SUCH T4AT Q.Atll HAS a,,JLY ZEHO ELEMENTS BELOW THE OIAGO~AL ELEMENT, 
WHEN SJCCESSIVI~Y FfJR Im 1,2, •••• ,~~•1 THESE TRANSFORMATIO~S HAVE 
6 EE ~1 Pe RP- 0 ~ ~ 1 f: 0 , T ~➔ E r1 A TR I X A HAS '3 EE i I C li1 ANGE O I N Ar,~ UPPER T Ff I ANGULAR 
~~AT RIX• 
Tri E SA '1 E TRANS F' 0 R 1 AT IO '·-.t S ARE PE: RF OR ~1 ED O ~J THE MATRIX B 



2-nd REVISION, 1977 
, 

(JA~UARV 197b) 
' 

SUBSECTI01~I F4fESTGLll 

CAL~I~G SE~UENCEa 

T~tE HElOING OF THE PROCEDURE ISi 
'' P R O C E O URE " HE S T G L. l ( N , A , B , )( l I .. 
"V4~UE" ~, "INTEGER" NJ ~ARRAY" A,a,x, 
'' C O D E tt 3 !I b O 3 t 

THE MEA~ING OF THE roR~AL ~AAAMETERS 1s1 
Na <ARITHMETIC EXP~ESStON>t 

fHE ORDER OF' TtiE GIVEN MATRICESt 
Al cARRAV IOENTIFI!R~t 

ffREAL" "ARRAY" At11~,t1NJr 
ENTRYa THE GIVEN MATRIX At 

MC 

PAGE 10 

EXIT& THE U~PER HESSENB!RG ~ATRIX Q.A.Z (SEE BRIEF OEStRlPTION)I 
81 CARRAV tDENTIFIER~J 

"REAL" "ARRAY" Btt1N,1&~l I 
E~TRY~ TtiE GIVE~J UPPER TRIANGULAR MATRIX B1 
EXIT& THE UPPER TRIANGULAR ~ATRtX J.a.z (SEE BRIEP O!SCRIPTION)f 

XI CARRAV lOENTIFIER>J 
"REAL" "A~RAY" Xtl11,t1Nl I 
E~TRYi TrlE GIVEN MATRIX Xt 
EXIT; THE T~ANSFOR~ED MATRIX Q.~,z (SEE BRIEF DE8CR?PTJON)J 

PROCEDURES USED; 
HSH2CO~ ; er 34605 
HSHZROW3 a CP 34607 

, 

METrlOOE 4rJO ?f;RFOR~ANCEa 
Tri!; REDUCTION nF ft-4& MATRIX • TO UPPER HESSENBERG FORM 
WHI~E ?RESERVING T~E TRIA~JGULARITY OF T~iE MATRIX B 
IS T~E RESUL, T OF A ~JU~9ER OF STEPS, W~itCH DO THE F"OLLOWit·JG 
AC T IO, 4 S I L N TR O OU C ING A ZERO EL, E ~ E ~.J T I 'J 4 A~ 0 RESTO~ ING 
T ~f E D l S T 1.J R fl Et' Z E ~ O I ~.J a , :~ I THOU T O t ST 1J RB I ~ G T ~i E Z ER 0 
I :~ T R O D J C E :, I \I A • T H I S t S D O r J E 8 Y PRE • A \J O P O $ T ~1 U L T 1 P L I C A T l O N 5 O F 
HOUSE~iO~DER ~ATRtCES. 
THE ~1ATRIX X SHA~ES THE TRArlSFORMATI'J~J. 
FOq ~U~TYER DETAILS SEE tll 

E X A ~·1 P ~ E . OF' JS E : 

T H.E P R O C E D LJ Rf! ~--1 E S T G L 3 t S U SE. 0 I ~ f Q Z I ( f t J t S SEC T I O ~~ ) • 

• 



2-nd REVISION, 1977 
MC 

PAGE 11 

CALLI~JG SEQJEiCEI 

THE HE4JING OF Tt➔ E PROCEDURE ISi 
''PRO CEO JR E '' ~EST G L 2 C f.4, A, B) J "VA l. l.l E '' -. i·4; '' I '1 TE GER'' r,J t "ARRAY'' A, 8 : 
'' C ~ D E '' 3 4 b <' ~ I 

T rt E ~ E A 'i ! 'I f'.; 0 F T HE F' OR '4 A L PA RA M ET E R S l S : 
~J I < A R I T ~ '·1 E T t C E X FJ R E S S l O r J > t 

T~iE O~DER OF THE GIVEN MATRICES1 
A I <AR~ A f IDE·-~ T 1 ~ l ER> J 

''RE~~~ ''AQQAY" 4t11~,11NJ t 
E~TRYt TrlE GIVE~ MATRIX Ar 
EXIT; THE U"PER tiESSE~J8ERG MATRIX :J.,A.,Z (SEE BRIEF DESC~lPTIO~J) 1 

Be cARRAY IDE;JTirIER>-1 • 

"REA~~ ••~QR4Y" 9tta~,1C~J J 
E~JTRY: TrlE GIVE,~ tJP~E.R fRIANGIJL,A.R ~1ATRIX B 
EXIT, TrlE U~PER TRI4NGULAR MATRIX ~.B.Z (SEE BRIEF DESCRIPTIO~)J 

PROCEDURF:S JSED; 
HS~2CO~ ~ CP 14605 
HS~2q0~2: CP 3~b08 

M E T ti O D E A ~ ~ D O E R F O R ~1 A :.J C E & 

• 

SEE r¾ESTGL3, e: .. JT HERE TtiE ~A TRIX X ftAS BEEN LEFT OUT• 

E X A ~1 P L e: ~J F. U S E t 
T~IE PRJCEDURE HESTG~2 IS USED !fJ JZIVA~ (THIS SECTION). 



' . 

2-nd REVISION, 1977 
• MC 

SUBSECTl0t1 HSrl2CO~I 
' 

CALLING SEQUE~CEI 

THE HE.DING or THE PROCEDURE IS; 
'' F' RO CED URE" HS H 2 CO l (LA , L. B, '~J, 1 , A 111 AZ, .A , B ) t '' V 4 LUE'' LA, LB, U, I , A 1 , A 2 J 
"l~TEGER" LA,~B,U,I; "REAL" ~1,A2J "ARRAY" A,6t 
"COOE" 34&05, 

TtiE t..1EA'Jtt,JG or Tt,iE FOR4AL ?ARAMf:TERS ISi 
LA I <A~ITHMETIC EXPRt!SSIOtJ>J 

THE LOWER 90~Jr~o OF THE RUN~tING COLUMN SUBSCRIPT OF., 
LB I <ARI TH~ETIC EXPRESSIO!·J> J 

THE LOWE~ BOUND OF THE RUNNING CO~U~N SUBSCRIPT OF BJ 
• 

Ua CARITHMETIC EXPRESSION>J 
TtiE UPPER ~QUND OF THE RLJNN!NG COL.,UM~J SUBSCRIPTS 
Of 4 AND 8 0 

l& «ARITH~ETlC EX~RESSION>J 
THE LO~ERBOUNO OF THE RUNNI~JG ROW suascRIPTS OP A AND 8, 
I+l IS THE UPP!R80U~o. 

A 1 I < A R I T ti~ E T I C E X J:I RE S S I n N Jt J 
TH!: I• T t1 C nr1P O NEf\l T OF T tiE Y EC TOR TO BE TR A ~SF ORME O • 

Ail ~ARIT~iMETlC EX?RtSSION~J 
THE CI+ll•TH COi1~0.\IE~•T OF TriE 'VECTOR TO BE TRANSFORMED, 

Ag cAqR4V lDE~JTIFIER>J 
''RE AL" ••ARR AV" . A [ I t I+ 1 , L. A 1.Lt l J 
E ; J T R V T rt E G I V E ~ ~ ~, A TR I X A r 
EXIT1 THE TRANSFOR~ED MATRIX Q.A (SEE BRIEF DESCRIPTtON)t 

ei <ARR•Y lDE~TIFIEq>I 
'' R E AL. '' '' A P R A Y " a t I I I + 1 , L B ; U l I 
E :~TR V I T !·1 E GIVE~ J ~AT RI)( BJ 
FXITa THE TRANSFOR'4EO ~ATRIX Q.B CSE! B~IE' OfSCRlPTION)t 

PROCE OtJRP:S JSED; 
i..! s L~ v E c ,, .~ T • r P 31070 

' 

• 

LANGUAGEt ALGOL 60. 

M E T ~-i tJ D A N ~ ? t R F O R f,~ A , ;1 C E I 
rJ ._~ E ~J T ~1 E C A LC lJ L. A T E t.) ti a L.J S E HO t.,. DE R ~, A TR I X Q ? RE~ UL T I f' L l E S 
A ~tA.T~l)( ~~, J~JLY RQ .. ~S l AND I+l AR~ CH4~J~ED 0 

l F T rl E E L« E i' ·1 E : ~ T S I A \J t1 I ♦ 1 l !\J A C O L U "1 ''1 0 F ~i A R E Z E R O , T t 1 E Y 
. 

R r. ~1 A I '· I Z t Q O I ~J () • t~ • 

T ~ ~ R ~ r O R t tJ ~ J L Y T J .. i E S U B :°"1 A T R I C E $ A t I : t + 1 , L A I U J A ~, D 
ii r 1 : I t 1 , L. s : 1.J l .i\ ~ c c 1 At I GE r, , ~ ~ E: RE tJ. 4 A:~ o <J • B ARE 
'"-\.IE· R· '"""'IT re "'t I ~t ! P"\f"'• ... p. I""! ...,, , ~"t t~ . •""· , ·~ . f''.~ M. ·r:' C ~ t,;& a 

• 



2-nd REVISION, 1977 
MC 

SUB SE C T l o N ri S r··t 3 C O L I 

CALLING SEQJEiCEI 

• 

THE ~iElOI~G nF THE PROCEOURE ISi 
'' P q O C E O JR E " ~ S ~ 3 C O L ( L A , L. S , '.J , I , A 1 , 4. i , A 3 , A , 8 ) J 
'' V A L. U E " L A , L. 9 , iJ , I , A 1 , A 2 , A 3 J '' l f i T E G E R •• I. 4 1 L S , I , U J '' R E A L " A 1 , A 2 , A 3 I 
'' A ~ R ~ Y " A , B ; 
'' C O D E °' l t.J b O b t 

I I 

A3: • 

Ag 

B: 

T~E ~1EANING OF T~·tE FORMAL PARAMETER IS; 
c AR ITH MET IC EX~ RESS IO t·l >t J 
THE LOWERBOU~D OF" THE ~U:\JtJir·~G COL.U~N SlJBSCRIPT OF A 1 
c A R l T 1·i M E T I C E X ? RE S S I O ~ 4 > I 
T ti E L O w ERB r') t~.! ~JD O ~ THE R l.J N t·J I ~ 4 G C O L J ~ ~J S LI BS CR IP T OF B J 
c A~ l T ~ 1 Me: TI C EX~ RESS! 0 lJ > ; 
THE tJ PP ER 8 0 U i·~ D OF THE R t,.f N ~-1 I ~ 1 G C O l- !J ~ ~~ SU BS C R I PT OF A AND B J 
c A ~ I T }·'i '1 E T I C E X ·~ ~ E S S ! O t J > J 
T t·i E L O ,J E R B O J N D O F T H E R U N ,;: I ·.J G ~ 0 w S U 8 S C ~ I PT n r A A ~ 0 8 , 
It2 IS THE iJPPERgou~D: 
< A R l T ti ~, E T I C E X? R E: S S l O t~ > ; 
T r I E I • T ~ C lj "1 P O ~J E ~J T O ~ T ~ t E \/ EC TO R T O B C TR A hJ SF OR ~1 E D r 
cARITHMETIC EX~RESS!O~>J 
T;•iE CI+l).,Ti·i C0f--1PO~JENT or-::· TtiE VECTOR TO BE TRANSFORME.Ds 
cA~lTH~ETIC EX?RESSION>J 
T t-i E ( l + 2 l • T ti C O ~ 4 P 11 ~,l E \I T OF T HE V EC T OR T O B E TR A r,J Sf O R ~ED • 
<ARRAY l DE.~JT IF I ER> J 
,. R E: -~ L ft ,~ A R R A V H A [ I I I ♦ z , Ls A I u l ' 
E: ~ T :1 V I T t·~ E GI VE t J i1 AT RIX A J . 
EXIT i T i·f E TR A~-! SF OR t.1 ED ~AT R 1 X Q • A (SEE BRIEF OE SCRIPT ION) I 
<A~ R ~ Y IDE ~-J TI FI~ R > J 
"~EAL" ,,4q~4vtt B[I1I+Z,LB1UJ I 
E ~4 T R V I T ~~ E: G I V E ~ i \.1 4 T R I X 6 J 
E X I T : T ~i E T R A ~-t S F O ~ t~t E r; M A T R I X J • f3 C S e. E B R I E F OE S C R l P T ·1 0 N ) t 

A:iL) PERC-JQ 11 4'~CE1 
1 ;-4 L \ .1 T · i E C A L C ',rl L. A T E D ri c1 ~J S t H O L ~1 E .~ ~ A T R I X 1 ? R E. ~ U L T I P L I E S A ~, 4 T R I X 
t-1, J 1 L. V RO rl S I , ( I+ 1 l A 't: ( I + 2) ARE CH A ~J ~ED, 
l F!' T •·i E' E L E l 4 E ,4 1 s I , ! t 1 A t ! ,, I + 2 A R E z E i~ 0 ' T Li E f j T ht E V R E ~1 A I ~ .J z F: R 0 
l r J ,1 • ·t • 

. 

T t.,i E ~ ~ ~ :j ~ E O \,t L V r f i E $ ! •. ) A , 1 A T R I C r: s A ( I ' r + 2 ' L A ' u l A ~~ D ~ C ! I I + 2 , L r-s I lJ ] 
A ~ £. C · i A ~,J G E :, ' . ~ ; I E i~ E ~ • A A ; .l D 1:J • ,:. 4 R ~ ::, 1'1 E ~ w ~ I T T f~ t .j I \t A R E s ,:, 8 • 



2-nd REVISION, 1977 
• 

MC 

• 

SECTION I 3,4.1 1 2 PAGE 14 

SUB SEC TIOi4 rlSH2~0~,1 J 

CALLI~4G SE~JENCEI 

THE HEADING OF THE PROCEDURE IS; 
~PROCEDJ~E" HS~2ROW3CL,UA, 1.JB,UX,J,Al,A2,A,B,X)J 
"VA~UE" L,UA,U!,UX,J,4t,Aa, "INTEGER" L,UA,UB,ux,J, 
"REAL" At,•2,~ARRAV" A,s,x, 
'' C O D E " 3 4 o O 7 I 

THE 
LS 

•JA I 

UBI 

UXI 

Ja 

• 

~EA~I~G OF THE roR~AL PARAMETERS IS& 
cARIT~~ETIC EXPRESSIOi>J 
Tt·iE L.OWERBOUND OF THE' RUNt~I~JG ROW SUBSCRIPT OF A,8 ANO Xs 
CAR 1 TH MET IC EXPRESS IOtJ> 1 
TtiE UPPERBOUNO or THE RUNt4I~JG RO~.J SUBSCRIPT or AJ 
<ARITrl~ET!C EXPRESSION~J 
THE UPPERBOUNO OF THE RUNNING RO~ SUBSCRIPT OF BJ 
c A~ ITH~ ET 1 C EXPRESS IO ;-Ji- J 
TtiE UPPERBOUNO OF THE RUNNI~IG RO~ SUBSCRIPT OF XJ 
cAqITH~ETlC EXPRESSIOi~>J 

• 

• 

THE LOWE~BOUND OF THE RUNNING COLU~N SUBSCRIPT OF A,B AND Xs 
J+l IS THE UPPER~OUNO; 
cARITHMETlC EXPRESSION>J 

' THE J•TH COHPO~C~T OF THE VECTOR TO BE TRANSFORMEDJ 
CARlTHMETlC EXPRESSION>; 
TtiE (J+t)-TH co~1PO!\lE'~JT OF. Tt1E VECTOR TO B! TRANSFOR~EDr 
<ARR•V tDtNTIFtER•t 
"RE,L" "ARRAY" A[L1UA,J1J+tl1 
ENTRV1 THE GIVEN MATRIX AJ 
EXIT& TriE TRANSFOR~ED MATRIX A.Z (SEE &RIEF DEICRJPTIQN)t 
<ARRAY lDEtJTirIER~J 
1
• R E A L " •• A. RP A Y " fl t L I U 8 , J I J ♦ 1 l I 
E ~J r R Y I T HE G l VE~ l ~ A. TR I X B J 
EXIT& THE TRANSFOR~ED MATRIX s.z (SEE BRIEF DESCRIPTION)t 
c A RR A Y I O E 'J T ! F I E R > J 
''REAL" "ARRAV" XfL1UX,J~J ♦ 1l t 
E ~~ T R V I T t ·f E G I \/ E f .J ~ 4 T R 1 X X I 
E: X I T I T HE T R 4 N Sr Cl q ··1 ED ~ A T R I X X • Z ( SEE B R l E F r, E SC R I P T t O r-.1 ) 1 

PROCEDURtS JSEDs HSHVECTA~ =. CP 31073; 

~ETH O c, ~ l -1 D F> ER FOR :.1 4 11 C E I 
w ~~,f t ~J T ~ E C 41. C U L A T E D HO U 5 E t i r. L O E R r·,1 A T R I X Z ~ 0 S T t~1 tJ L T I P L I E S 
4 -.1 A T R I X i-1 , 0 i'~ t. V C r.) L ! .J M ~4 s J A ~J D J + 1 A ~ E C H A N G F. D I 
! r THE.: EL E ME tJ T S J A N O J + 1 ! ;'··J A RO rl OF '4 A RF Z E RO , T HE ~4 
T ~f E Y R E ~1 A l :'I Z E ~ O I ~~ "~ • Z 
T H E R E f'. 0 ~ E O ~i L Y T i-1 E S LJ 8 ~-1 A T R I C E S A C l. I tJ A , J ; J t 1 l , 8 t L I U B , J I J t 1 J 
A;,:,, X [ 1- ; I_J X' J l J ♦ 1 l A f~ E CH Ar·~ GE r,' '.rJ HERE A • z, B • z A J .• , n X. z ARE 
OVERWRITTE~! I~ RESP. 4,B A~~D X • 

• 

EXA~PLE ryf JSEI T~iE PROCEOJRE HSM2ROW3 IS JSEO IN QZI (THIS SECTION) • 
• 

• 



2-nd REVISION, 1977 
MC 

(JANUARY 1Q1o) 

C A L L I '" G SE J ·J E t .JC E I 

THE HE40ING OF THE PROCEDURE lSI 
" P R O C E D U R E H S t·~ 2 R O ~i Z ( L A , L B , l .. J A , U B , J , • 1·. , A 2 , A , B ) I '' V A L U E '' L A , L B , U A , 
u e , J , A 1 , 1. , , ,, I l~ re; GER " L. A. , La , u A , tJ e , J , '' ~EA L. '' 4 1 , A 2 , t• A R RA v " A , a , 

• 

••CODE_. ~4bOBJ 

T i·f E ME A :'i I ; J G OF'" T ~➔ E P O R ~ A L P A RAM E T E R S l S 1 
LA I c AR I r HM ET IC EXPRESS I Or~• ; 

TtfE LO~JERB0Ut4D OF THE RlJN~JI\JG ROW SUBSCRIPT or Ar 
LB: <A~ITtiMETIC EXPRESSIOtl>; 

TtiE L.OtJ~RBOUf-JD OF THE ~UNNING qow SUBSCRIPT OF BJ 
. 

LJ 4 I c A =t I T ri ~ E T I C E X PRE S S I O t·J >t I 
THE tJ?PE~BOU~JO OF" THE RUNltI~JG ROW SUBSCRIPT OF AJ 

UR I c AR l TH~ ET IC e X Pi·~ ES S l O rI > 1 
T~iE UPPERBOJ~D OF THE RUNNI~~G ROW SUBSCRIPT OF BJ 

JI CAq1THMETtC EXPRESSION>: 
T ~i E I. 0 w E R 8 0 UN D Or T t1 E RU N ~4 I ~1 G C O L U '4 r4 S ll 8 SC R I P T OF A A ~JD B J 
\J+l [S THE UPPERBOUNDJ 

A 1 I c A R I TH 'l E T I C E X !!' RE S S I O r,J > f 
THE JwTrl COr1~0\~CNT OF' TtlE VECTOR TO BE TRANSFORHEOt 

' A2: <ARITttMETIC EXPRESSION>J 
T ti E C J + 1 l • T ri C O '1 P O NE ~J. T O F T Ji E VE C T O R T Cl B E T R A ~'i S F O R ~ ED J 

A& CA~R4Y lDENTirIE~>f 
''REA~P "ARqAV" A[LA1UA,J1J+1lJ 
ENT~VI THE GIVE~~ MATRIX AJ 
~ X I T I T i ·t E T R A t; S t O R h.1 E D MA T R l X A • Z ( S Ee: B R I E P OE SC R I P T I O ~J ) 1 

B& cARR~Y IDE'~TIF!E~~, 
"RE4L" t'ARRAV" BrLA1UB,J1J+ll1 
F~TRY; T~E GIVE~ ~ATQIX R; 
E X I T I T r·1 E T R A f ~ S r O R ~ E D '~1 A T R I X 8 • Z ( S E e: 8 R I E F O E S C R l P T I O N ) t 

• 

~ E T HOD A ND ? E R F OR t·,1 A ··~ C f; I 
SE: E HS t12 ~ 0 :11 :5 , 8 ;J T ~ER E T ;1 E :·l A TR I X X ~◄ A S 8 r; E \J I. E f T O lJ T 11 

' 

EXA'1~LE Or JSE; 
THE ~ROCt QLJr~t 14~5;12~0~2 IS Lf SEO Ir,~ JZ I VAl., 
C T -i I 5 5 E C T I rJ •,J ) • 



2-nd REVISION, 1977 
MC 

CJANL!ARV 1 '!)7b) 
' 

• 

CAL~ING SEQUENCEI 

THE HEADING OF THE PROCEDURE ISi 
t• P q O CEO URE " HS H 3 ROW 3 CL , U , U X , J, A 1 , A 2 , .. A 3 , A , B, X l J 
''VALUE" L,U,UX,J,A1,AZ,A3; "INTEGER" L,u,ux,J, "~EAL" A1,A2,A3, 
ftARRAV'' 4,s,x, 
''CODE" 3t.ib09t 

TtiE ~E4Nl~4G Of THE r0R'1AL PARAMETERS IS1 
LI cARITH...,E:TIC EXPRESSlOtl>J 

' 

TrlE LO~ERBOU~JD or T~•E R!JNtJit4G ROW SUBSCRIPT OF A At~O B AND x, 
LJ1 cA~lTH~ETIC EXPRESSION•J 

TriE UPPERaou~Jo OF THt RUNf·Jlt4G ROW SUBSCRIPT OF A ANO Bt 
• 

U X I c A~ I TH~ ET 1 C EXPRESS I O t.J > I 
T t1 E J P P E R 8 0 tJ N O O F T HE R U N r J I N G R O W S l.t 9 SC R I P T O F X J 

' 

Jt <ARITH~ETIC EXPRESSION>J 
THE LOWERBOUND OF THE RUNNING COLU~N SUBSCRIPT OF A,B ANO XJ 
J ♦ 2 IS T~E UPPER80U~OJ 

• 

All «A~ITH'1~TIC EXPRESSION~J 
THE J•T~ C0'1PO~ENT OF Tf·1E VECTOR TO BE TRANSFORMED, 

A 2 I c AR l TH t1 ET 1 C EX f' RESS IO r~ > J 
T ti [ C J + 1 ) • T H C O \~ P O ts' E N T O F T ti E . V E C T O R T O B E T R A N S F O R H E D r 

A31 cARITHMETtC EXPRESSION>J 
THE C J t Z) • T ti C :1 1 1 PO ~-J E ~J T OF . THE VE: CT !1 R TO BE TRANSFORM E O , 

Al cARRAY IDENTIFIER>J 
tt R E A L. ,t '' A P R A V " A t L t lJ , J I J ♦ 2 l I 
fNTRVa T~E G!VErl M4TRlX A; 
E X I T ; T i f E T R A ~-! S F O ~ ~1 E D ~, A T R I X A. • Z ( SEE B R l E r D E SC R l P T I (1 ~J ) t 

RI <AR~.\ Y IO E ~i TI F ! ER> J 
" R E A L " t, A ~ ~ A v ,. a c L I u , J I J + 2 J ; 
E :~TRY I T •1 E GIVE~! ~AT RI)( a I 
EX I T I T ti E TR A~ SF OR~ ED MA l RI X 6 • Z ( SEE 8 R IE r DES CR IP T I ON) I 

X: <ARRAY IDENTIFI~R>1 
"REAL~ ''ARRAV" XtLtUX,J1Jt2l J 
E r· J T R V : T '- f E G I V E :· ! "-1 &\ T R I X X ; 
F. ,c I T I T rl E T R A r ,J S F O R \1 E O r, A T R I X X • Z ( $ E E B R I E F D E S C R I f!) T I O N ) J 

PROCEDURES USEO: ~iS!➔ VECTA~ • CP 31073r 

11 E T rt O (1 A \,: V r> E R ~ 0 R ~-1 A 'J C E I 
~riE:~ Ti➔ E CA~CULATEh MOUSE~•OLDERMATRI~ Z POST~ULT!PLI£S A H&T~IX M 1 
Q t~t L. Y C 'J L. t.~J '1 ~~ S J , J + 1 A ~ l) J + Z A R E C H A ~-JG E D • 
IF T~iE ELE~1ENT'S J, J ♦ l A~'JD J+2 Ii•J A qo·"' Or '1 AR[ ZERn, THEN THEY 
R E ~ A I ",.J Z :: F~ 0 l i 1 ; 1 • Z • . . 

THERE F•' 0 RE :l 'JL Y TH~ SU e '4 AT r~ ICES A t I. I U, J t J t 2 l , 6 [ L I U , J : J + 2 l A ~.t n 
X t L : L.f x , J t J + 21 A R J: C ' t I~ ,J G E (~~ , ~, H E ~ E 4 • Z , B ,. Z ~ ~ t D X I Z A R E O V t P w r;., I T T E l,,J 
o ~, ◄ Re: s p • A , a A i._j L) x , 

' 

' 



2-nd REVISION, 1977 

• 

SUBSECTlONI H&H3q0~2. 

CAL~l~G SEQUENCEI 

TtiE HEAOING OF T~E PROCEDUqE ISi 
''PROCEDURE'• HSH3RO~ZCLA,LB,U,J,A1,A2.1A3,A,B)J 
'' V A L U E ,, L A , L e , U , J , A 1 , A Z , A 3 s " t N TE GER tt L A , La , U , J , 
"REAL" At,A2,A3J "ARR4V" A,Bt 
''CODE" 54btOJ 

THE 
LAI 

LBI 

u; 

JI 

P1 E A ~-J I r-J G Or T ~·i E F O R ~ AL PA RAM E T E R S l S I 
cARIT~~ETIC EXPRESSIO:~>; 
T~iE LOWF;~BOUrJo OF THE RUNNir,,JG ROW SUBSCRIPT OF" A J 
CA~IT~METIC EXPRESSION>J 
THE LOwf.:RBOtJ"~D OF THE RUN.Nl~·4G ROW SUBSCRIPT OF BJ 
<A~lT!i~E:TIC EXPRESSIOf4>J 
THE UPPERBOUNO OF THE RUNNING ROW SUBSCRIPT OF A AND Bl 
c A. R l T r1 ~ET IC EXPRESS l O rtJ > J 

MC 

THE LOWERBDtJND OF THE RUNNI~~G COLU~N SUBSCRIPT OF A AtJD B, 
J+2 IS THE UPPER80UNDJ 

e, 

CARlTH~ETlC EXPRESSION~; 
TtiE J•Tri co~1~0NE"tT OF Tri£ VECTO~ TO f!E TRA~4SFORMED, 

• 
cARITHMETIC EXPRESSION>J 
THE (J+l)•TH co~-,PONENT OF 
cAqzr~1METIC EXPRESSIOr~>J 

T~iE VECTOR TO B! TRANSFORMEOt 

Tl·iE CJ ♦ 2)•TH C0~1PO~ENT OF THE VECTOR TO BE TRANSFOR'1EDs 
cAqRAY lDENTIFIER>J 
''REAL" "ARRAY" A[LA&U,J~Jt2lJ 
E N T R V S T ~~ E G I V E t·! ~ A T R t X A J 
E X I T I T H E T R A ~-J S F O R 1,if E D M A T R l X " • Z ( S EE B ~ I E F O ES C R I P T I O N ) t 
< A 11 R ~ Y IDE ~l T IFIE R > r 
,, R E A '- ,, 11 , ~ R A v " B c L a I tJ , J i J + 21 , 
E~~TRV1 THE GIVEt•t >-14T~lX B; 
FXIT1 THE TRA~SFOR~ED MATRIX e.z (SEE BRIEF DESCRtPTtON)J 

PROCEDURES uSED1 HSHV~CTA~ I CP 31071; 

'1 E T rl O ('l A ~~ 0 P E R F O R r-1 4 ~{1 C E I 
SEE: rlSrl3R0~3, Si .. JT !-iE:RE TJJE ~ATRIX X HAS BE~N LEFT Ot~tT • 

• 



2-nd REVISION, 1977 

MC 

SOURCE TEXTS1 

'' C OD E '' 3 a b O O J 
''PROCEDURE " Q Z I VAL C N, A, B , ALF R , ALF I , BET A , l T t R , EM ) t 
"VALUE" N1"l~TEGER" ~1,•1 ARRAV" 4,B,ALrR,ALFI,8ETA,EM1 
"INTEGER'' "ARRAY'' ITER1 
"6EGIN" "REAL" D~ARF,EPS,EPSA,EPSDt . 
"PROCEDURE" ELMCOL(L,U,l,J,A,B,X)J"C00E" 340Z3t 
"PROCEDURE" ~SHOECMULCN,A,B,DWARFJt"CODE" 346021 
''PROCEDURE" ~ESTGL2CN,A,B)1"CODE" J4604J 
"PROCEDUqE'' ~St42R0~2CLA,LB,UA,UB,J,At,A2,A,B);"C00E'' 34~08s 
•'PROCEDURE" HSH3R0~2CLA,LB,U,J,A1,A2,AJ,A,B)t"CODE" 346101 
"PROCEOJqE'' HSH2COLCL4,LB,U,I,A1,A2,A,B)t~cooE 1 3460!; 
"PROCEDURE" HSH3COLCLA,LB,U,I,A1,A2 1 A3,A,Bl;"CODE" 3460bJ 
"PROCEDJRE'' CHS~t2(A1R,A1I,A2R 1 AZI,C,SR,SI)tflC00E" 346111 
''PROCEDURE" HSHVECMATCLR,UR,LC,Uc,x,u,A)r''CODE" 11010, 
''PROCEDURE" HSHVECTAM(LR,uq,Lc,uc,x,u,A)J"CODE" 310731 
"PROCEDURE" QZITCN,4,8,EPS,EPSA,EPSB,lTER)r"VALUE"N,EPSJ 

• 

''REAL" EPS,EPSA,EPSBt~It~TfGE~ 1' fJJ"INTEGER" •ARRAY" lTERJ 1 ARRAY" A,B1 
"BEGIN" "REAL~ ANORM,8NOR~,ANI,BNI,CONST,AtO,AlO,AlO,B11, 

B2Z,B3l,844,A11,A12,AZt,A22,A3l,A34,A43,A44,BtZ,BJ4,0L01,0LD2J 
"INTEGER" I,Q,M,M1,Qt,J,K,K1,K2 1 K3,KM1J"800~!AN" STAT?ONARVJ 
ANOR•4a•BNOR~l80J"F0R" 11•1 '1 8TEP" 1 "L)~TIL" N "DO" 
"BEGit~'' 8NI1•01tTERC!l gao;AtJl&•"IF" l~1"TH!N~ABSCACI,I•1ll"ELSE" Of 

''FOR" J1•I ''STEP" 1 ••UNTIL" "-J ·noon 
"BEGIN" ArJI taANl+ABS(A tt,Jl) JSNt i,9NitABS(8 tI,JJ l 
"E~D"l"!Ftt ANI>ANO~M "TH!N~ ANORM~tANlt~?F" BNI>BNORM"THEN" 
B r·J O R :·,1 I • B '1 l . 

tt£N0"1"lF" ANORM10 •THENij A~JORM1aEPS1"tF•SNQRM•O "THEN" BNORM~•EPS1 
EPSA~~EPS•ANOR~1EPS81•!PS•BNORMJ 
"FOR" ~&•N,H "WHl~E~ M1aJ ''Don 

"BEG I~~" 
»FOR" lt•~tl,1•1 "~HILE"("lF" I>l ''THE~"A6S(Atl,I•1l)>EPSA "ELSE" 
" f A L. S E '' ) tt 0 0 " Q J • 1 • l f 

' ' 

''IF'' Q» 1 "THE~4" A CQ, Q. 1 l I •OJ 
La "IF" Q>aM•t "THEN" ~11•Q•1 "ELS£" 

'' 8 E GI r,i '' 

• 

"IF" ABS(B[Q,Dl)c•EPSB "THEN" 
'' 8 E G I ~-' '' B [ Q , Q l i • o J Q 1 i • Q + 1 J 

r~SH2COL.(Q,r,,M,Q,A tO,Q] ,A [Ql,f;)J ,A,B) 1A [Q1,Ql a•OJ 
Q:sJt J ''GOTO" ~ 

"E~D~ "ELSE" H11~~-1,Q11•a+1,coNST1wo.1s,JTER[Ml11ITERtMl+tr 
5 T A T I O N A ~ Y t M " 1 F " I T E R t ti J I 1 t• T H E ~-J •~ " T R U E '1 11 EL S E •• 
A 8 s t A t M , r,1 • 1 l l > 1 c o rJ s T • o L D 1 '' A i'-t n '' • B s c 4 t M • 1 , M • 2 J ) >cc o i~ s T * o Lo 2 1 
It I P' ,, I T E P t ··1 1 > :S O " 4 Pt.! D ,, S T A T I O N A P V " T H E :- l '' 
ft 6 E G I ~J " fl f O R " I I : 1 tt S T E P '' 1 " ~, N T I l. fl M ft DO " I T E R t I l I a • 1 I 

"GOT0'1 Qt_tT 
"E t·J D" J 
,, 1 F ,,. I r E R t ~-, 1 • 1 o " A ~, o ,, s T • r 1 a N A R y ,. r HE ~., ,, 
"6EGlt·I" Al0:•01A201•1;A30:•1,1605 
"E~Jff ''ELSEM . 
"BEGI:4'' B111~Btij,Ql1B221*PIF" ABS(B[Ql,Qtl)<EPSB "THEN"EPSB 

''EL.S€tt a tG11,a1 l, 
a 3 3 1 = •· 1 F" • o s c ~ c r1 1 , 1-11 l 1 < r: P s e •• r 11 e- 0J 1' E P s a ., e: L. s E ,, s t ~11 , ~ 11 , . 

"C OtiME NT '1 
• 

' . .· 
. . . . . ' . . 
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MC 

(JANUARY 1q7o) 
' 

844;,"IF" ABScetM,MJ)cEPSB "THEN" EPSB "ELS~" BtM,MJ J 
A111•AtQ,QJ/811JA1Z~IA[Q,QlJ/B221A211•AtQ1,Ql/B11J 
~z21•AtQ1,a111s22,A3311A[Ht,M1l/B331AlU1•AtM1,MJ/6Q41 
Aij3;sAt~,M1Jl833JA~41RAtM,MJ/844181Zl•BtQ,Qll/B22J 
834&1B[M1 1 MJ/BQQf 
A101 ■ ((All•A11l•(AQ4•A11l•A34•A4JtA43•B34•A11)IA21 

+ A 1 2 .. A 1 1 * 8 1 2 I .. , 
AZOIJ(A22•A11•A2ttB12)•(A3l•A11)•(A44•A1\)+A43•B34J 
A30l•AtQ+2,Q1l/B22 

"EN0"J0LD11aASS(AtM,M•1lJJOLOZ~IABS(AtM•l,M•2ll1 
• 

"FOR" K1 ■ Q "STEP" 1 "UNTIL" Ml "00" 
"BEGifJ" K11•k+t1K2t•K+2;K311"I~" K+3>M "THEN" M 1'ELSE" K+31 

K~11•"IFP KetcQ "THEN~ Q 1 ELSEtt ~•11 
nlF" K4 wM1 "TH!N" 
~BEGIN" "lF" K1Q "THEN" 

"BEGIN" 
~-1 S H 3 C O L ( K M 1 , K M 1 , t1 , K , A [ K , K M 1 l I A [ K 1 , K M 1 l , A t K i , K M 1 1 , A , B ) J 

• 

A t K 1 , K M 1 1 I • A £ K 2 , K ~11 l I W 0 
"ENO"J . 
HS'i3ROW2CQ,Q,K3,K 1 8tKZ,K2l,BtK2,K1l,BCK2,Kl,A,B), 
B tK2,Kl a•B tKZ,K1l l•O 1 

ttENO" "ELSE" 
~sEGIN" HSH2CO~(KM1,KHt 1 H,K,AtK,KM1l,ACK1 1 KMll,A,B)J 

At~1,KM1] 1,0 
"END"1 · 
~SHZROWZCQ,Q,K3,K3,K,8tK1,K1l,BtK1,Kl,A,B)t8CK1,Kl1•0 

"E·~O" 
,1 E ~ o ,, 1 
OUTS 

''END'' 
''EN0'1 QZITt 

ti P ~ 0 CED WR E tt q Z VAL ( ~~J, A , 8, E PS A , E PS e , AL.FR , ALF I , BET A ) J "VALUE" N J 
"REAL" EPSA,EPSBt''INTEGER" NJ"ARRAV" ALFq,4LFI,BETA,A,BJ 
ff BEG I r,~ ,. " I '4 TE GER" M, L , J : •• Re; AL. " AN, 8 f;j, A 11 , A 1 c , Ai 1 , A 2 2, B 11 , B 1 2 , B 2 2, E, C , D, 

ER,E!,A11R,A11I,412R,At21,AZ1R,A2ll,A22R,A22l,CZ,SZR,SZt, . 
CQ,SOR,SQI,SSR,SSl,TR,TI,BOR,DDI,RJ 
'' F O R " 1

"1 I ~ N , ~1 tt i~ H I L E " ~ > o " 0 0 " 
•'l'"C"!F" M>t "THE~" AtM,M•ll•O "ELSE" "TRUE") ••THEN" 
" B E G I i\J '' A l. F R t M 1 I ::,, 4 t M , M l J 8 E T A I M l I a, 8 t t1 , M 1 J A L. F l t M J I • 0 J M I • M • 1 
"E"O" "ELSE'' 
"REG!~~•• La=~•1J"IF~ ABS(BCL,Lll<■ EPSB "THEN" 

., BE G I N '' 6 t L , L l t 1' O I HS HZ C O L ( L. , L , N , L , 4 t L , L l , A t ~1 , L,. l , A , 8 ) s 
A. [ ~'1 , l. l : :; B t M , L l I I O J A L. F R [ L l I • A t L , L l J A \. F R t ~1 l 111 A t H , M l I 
B E T A f L .. l I :; B [ L , L 1 f BE T A [ ~, J I • 8 t M , '"~ l I A L F l t ~1 J I • A L F I t L J I :; 0 J 

'' E N D " '' E L S E 1' " I f '' A 8 S ( B t M , M l ) < • E P S B '' T H E ~J " 
• 

,, B E G t ~,J " a c M , ~,-11 : • o , H s H 2 R o t1 2 c 1 , 1 , M , .. ~ , '- , A t ~1 , M J , A r M , L. J , A , a ) , 
A [ 1¥1, L l I~ 8 CM, L l I a OJ ALF R t LJ l • A t L, L l ; A J. FR t Ml I a; A [ ;1, ~11 , 
~CT A [ L 1 I~ 8 [ L, L 1 I 8 ET A t ft l I :a 6 t !1, "1 l J ALF I t ~1 J & :; ALF I t L J I :; 0 J 

" E ~, v '' '' E L S E " 
"BEG l '1 '9 

At~lr.A8S(A [\.,Ll )t48S(A tL,Ml )tABS(A [~,Ll l+ABS(A t~,MJ) J 
. R ;·J I 2 A ~ S ( B t L , L l ) + A ~ S C 8 t L , ~ J ) ♦ A B S ( B t ~ , ~1 l ) J 

~ l 1 : = A t L. , L .. J / A • i J A 1 2 I = A t L , M l / A ~J I A 2 1 I • A [ t➔ , L. l I A f ·J J A 2 2 I = A [ ~ , M l / A N ; 
"C O~ME r,,.J T n 



2-nd REVISION, 1977 

CJA"JUARY 1q?6) 
' 

811 a•B tL.,Ll /BiJJf3121aB tL, Ml /BN:8221,B t~, ~l /BNJ 
E;"A11/611J 
C1•CCA22•E•B2Z)/B22•CA21•Bl2)/CB11•822))/2J 
01•C•C+CA21•CA12•E•A1Z))/(Bl1•B22J, 
" I F ~ 0,, ~ O " T ~➔ E N '' 
"BEGit~"E1•E+C"If"CCO"THEN''C•BQRTCD)''E~SE"C+8QRTCO))J 

• 

41ll•A11•E*B11JA1ZIWA12•FtB1~JA221•422•~•622J 
"Ir" ABS(A11l+ABS(A12)>•ABS(Alt)+ABS(A22l "THEN" 
H5~2~0rl2C1,1,M,~,L,A12,A11,A,B)ttELS~" 
►iSH2R0~2(1,1,M,M,L,A22,A21,A,BJJ 
'' l F " A t·J > • ~ B S C E ) • 8 N " T ti E t l " 
rlSHZCOLCL,L,N,L,BtL,Ll,BtM,Ll,A,B) "ELSE" 
~ SH 2C 01. C ~, L, \J, L, A CL, L l , A t M, L l , A, 8) J 

• 

A t~,ll 11B t~,Ll l•O; 
41-fRtL,l 1•A [L.,Ll JALFR tt1J &~A tM,Ml ;BETA t'Ll a•B [L,Ll J 
9 E T A [ ~ l l m 8 [ ~ , M l t A L. F I t ~-~ l l • AL F I t L J I 11 0 J 

"E"JO" "E!_SE" 
"BEG I l·I tt 

ERt~EtC1EI1aSQRTC•Dl1AllR1cAt1•ER•8111A11l1WEl•B111 
• 

A12R1•A12•ER•812tA12I1sEI*B12JA21Ra•A21JA21I1•01 
422Rl•A22•ER•B22JA22Il•EitB22J 
"1F''A6S(A11Rl+A8S(A11I>+ABS(A1!Rl ♦ ASS(Al2Il>• 
ABS(A21R) ♦ ABS(A22R)tABS(A22ll"THEN" 
CrlSrl2(412R,A12!,•A11R,•A11I,CZ,SZR,SZl)''ELSE" 
CHS~2(A22R,A22I,•A21R,•A211,CZ,SZR,SZI)J 

MC 

" I F tt A t~ > ; ( A B S C E R l + A B S C E I J ) * B ~f '' T !'If E N " 
CrlSrl2(CZ•B11+SZR•6t2,SZ?•B12,SZR•B2Z,SZl•B22,CQ,SQR,SQI) 
"ELSE••CtiSH2CCZ•Atl+SZRtAlZ,SZ?tA12,CZ•A21+SZR*A22,SZI•A22, 
C~,SOR,SQIJ;SS~1•SGRtSZR+SQI•SZlt$SI~•SQR•SZI•8QJ•SZR1 
TR&•COtCZ•A11+CQ*SZR•A1Z+SQR•CZ•A21+SSR•AZZI 
Tit=CD•SZI•A12•SQI•CZ*AZ1tSS?•A22J 
aDR:•CQ•CZ•B1t ♦CQ•SZR•B12+SSRtB22J 
qDI1•C0•SZitB12+SSl•B22J 
RazSQRT(BDR•BD~+BDltBDI)sBETAtLl 11BN•Rr 
A~FR(Llt ■ AN•CTq•qDR+Tl•BDI)/RJ 
4L.FI [Ll a•A:\J*(Tq•BDI•Tl•BDR)/RJ 
TRJ~SSR•Alt•SQ~•CZ•A12•CQ•SZR•421+CQ•CZ•A22J 
T!t~•SSl•A11•SQI•CZ•A12+CQ•S%I•A21J 
BDR1~SSR•B11•S~R•CZ•B12+CQ•CZ*B2?; 
~DI1••SSI•811•SQI•CZ•B12t 
~;:SORT(6DR*RDR ♦ 8Dlt80I) ,BETA t"1J a•Bf\j•RJ 
"'L. FR r •11 , =A"* c r ~*a o ~ + r 1 •Bf' I l IR , 
_Al.,F'l tr~) ;:A'·~1cCT~tBOI•Tit80R)/qJ 

., ........ ,D" C. ''l . 

" E N D '' ; :i-1 I :. j 1 • 2 
''END" 

'' E tJ D" Cl Z V .AL; 
OWARF1=CHtOlJEPS1=EM{1JJ 
~~SH~EC~Ulc~,A,e,~~APF)J 
►~EST GL 2 C "I, A, 8 l 1 

. . . 

-_ 'JZlTC1•1A,_8,£PS,EPSA,fPSf,l, !TEq) t 
QZ VAL ( \i, A' a, EPS A, E? SB, Al F fi, AL r I 'BET A) ' 
'' f. ~ -t O '' · Q Z I . .,,, A L,, J . . . 

. "E Q-t' .. -

• 
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'' C O OE '' 3 4 b Q 1 s 
tt PRO CED u RE'' Q Z I C N, A , 8 , X , ALF R, AL. f l , BE: T 4 , IT ER , EM l J 
It \/ A L, U E 91 N J ,, 1 N T E GE R " ~,I J " A. R R A V ,, A , 8 , X , A L F R I A L, F I , 6 E T A , E ~1 f 
"INTEGER" "ARRAY" ITERt 
"BEGIN" "R!AL" DWARF,E?S,EPSA,EPSB1 
•• RE AL " tt P R O C ED U RE " ~1 A T t-A A T C L , U , I , J , A , 8 ) J '' C O DE " 3 4 0 1 3 J 
''PRO Ce: 0 URE '' H $ H :>EC '1 UL C ~~, A , 9 , 0 WARF ) t " C ODE '' 3 4 c O 2 s 
"PROCEDURE" ~!STGL3(~J,A,B,~)t"COOE• 3Q~03J 
"PROCEDURE'' 4SH2ROW3CL,UA,UB,UX,J,A1,A2,A,B,X)r"C00E" Jq~o1, 
''PROCEDURE~ YS~3ROW3(L,u,ui,J,A1,A2,A3,A,B,X)JQCODE" 34~09J 
''PROCEDURE'' ~S~2COLCLA,LB,LJ,I,A1,A2,A,8)t"CODE" 3460SJ 
''PROCEDURE~• HSH3COLCLA,~B,U,I,A1,A2,A3,A,BJ1"CODE" 3abObs 
11 PROCEOURE" CHSH2(A1~,A1I,-2R,A21,C,SR,SI)t"C0DE" 346111 
"PROCEDURE~ co~101vcxR,Kl,Y~,YI,ZR,Zl);"COD!" 3asa2, 
"PROCEDURE" QZITCIJ,A,e,x,E~S,EPSA,EPS6,ITER)t"YALUE"N,EPSs 

MC 

PAGE 21 

"REAL~ EPS,EPSA,EPSB,"INTEGER" N1''INTEGER'' "ARR~Y" ITtR1°ARR4Y" A,e,x, 
"BEGIN" ''REAL~ ANORM,BNQRM,ANI,BNI,CO•~ST,A10,A20,A30,B11, 

B22,B3l 1 B44,A11,A1Z,A21,A22,A33,A3~,A43,A4U,B12,B34,0LD1,0LD21 
"INTEGER" I,~,~~,M1,Q1,J,K,K1,K2,K3,KM1r"B00~EAN" STATIONARYJ 
ANOR~;=BNOR~l•OJ"FOR~ l1•1 "STEP" 1 "J~TlL" N "00" 

. . 

" B E G I rJ '' 9 ~i I t • 0 r I TE R t I l I • O J A ~ l l I a " I F' 11 I , 1 1' T HE \J " A 8 S C A t I , I • 1 l ) " E LS E '' 0 t 
''FOR" Ja•I "STEP" 1 "UNTIL'' N ''00'' 
"BEGIN'' ANI1•ANl+ABSCAtl,Jl)tBNI1qBNI+A6SCBtI,JlJ 
n E \IO" ; " If 1' A~ l I,. A ~-J a~~ "Tri E ti" A ~.1·0 R ~ 1 • A ~JI t "IF" B ~JI> 8 NORM., T ti EN" 
B~JORMa•BNI ' 

1•E~Dff1~lF" ~NORM30 "THEN~ ANORM11EPS1"IF 1 SNO~M•O "THEN" BNDRMi•EPSJ 
• • 

EPSA1:EPS~A~OR~;EPS81sEPS•BNORMJ 
~r- □ RP ~1=N,~ nw~iILE" ~1>•3 ''00" 

"BEG I'-~" 
"FOR" I:•~+1,I•l "W~1ILE"C"IF" I>l "THE~"A8S(ACI,I•1l)>EPSA ''ELSE" 
"FALSE") ~oa" Q1•I•lt 
1
• l F " Q > 1 " T i.i E t·4 " A t ~ , 0 • t l I 11 0 J 

L I '' I F " Q > :, M • 1 " T ~,➔ E N " t 1 I I Q • 1 '' EL S E tt 
''BEGI t~" 

• 

nlF" ABS(B[Q,QJ)csEPSB "THEN" 
"BEGIN" BtO,QJ~~01Q11aQ+l1 

~-i S ~➔ 2 C O L C Q , Q , r~ , ' , A t Q , Q l , A t Q 1 , Q l , A , 8 ) J A t Q 1 , Q l I • 0 t 
QI •11 I "GOTO'' L 

HE~O" "ELSEff M11•~•lrQ11•Q+1rCONST1•0,15tlTERtMl1•!TERtt1J+1J 
S T 4 T I O i~ ~ R V 1 : " I F •• I T E R t M l • 1 •1 T HE ;• J '' '' T ~ U E " " E 1. S E " 
A 6 S ( A t ~ , •·1 • l l ) > • C O N S T * 0 L D. 1 " A ;- t D '' A 6 S ( 4 t M • 1 , M • 2 l ) > • C ON S T * 0 L D 2 1 
'' I F •• I T E A- t :"1 J >- 3 0 " A r-, D '' S T A T ! 0 N A ? Y '' T H ! N t• 
''BEGIN" "rOR~ I1•1 "STEP" l "~~JTI~tt M ''00" ITERtil •~•lJ 

••Gr)TO'' ~tJT 
" E !\J o r, ; 
'' l F '' I T f: R [ \.1 l a 1 0 '' A ~ r, '' S T 4 T ! 0 N A R V •• T ~i ! ~ J ., 
''BEG!~" A10aaorA211•1;A301•1.1&05 
'' E \J O " '' e; L S E '' 
"BEG!P~t! 91t;•OtQ,QJ1a22,~*lF" AB$(BtQ1,~1l)cEPS8 "THE,4"EPSB 

tt E L S E •• R r ·J 1 , Q 1 l J 
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MC 

(JANUARV 1t176) 
' 

B 3 311 '' I F " A 8 S ( B t M 1 , tw11 l l ◄ E PS 6 " THEN " E PS B " ELSE " 8 [ t11 , M 11 J 
B44&•"IF~ ABS(9tM 1 MJJcEPSB "TH!N" EPSB "EL!Efl BtM 1 MJ 1 . 
A11a•AtQ,QJ/B11J412~,AtQ,Q1J/B22tAZll•AtQ1,QJ/B11J 
A221•AtQ1,Q1l/B22JA3J1•AtH1,MlJ/83JJ~l41•AtM1,~l/B44t 
4431•AtM,M1JIB33tA441•AtM,MJ/BQ41B!21•BtQ,Q1l/B22J 
8JG;•BC~~1,MJ/B44t 
41011(CA33•A11l•(A44•A11)•A3,•A4ltA43•B31tA11l/A21 

tA12•A11•812J 
A20&•C422•A11•421•B1i)•(A33•A11l•(A44•A11) ♦ A43•834J 
430l•AtQ+2,Q1JIB22 

"E~D"J0LD11•ABS(A[M,~•1lJJOLD21•AB8(AtM•1,M•2llJ 
"FOR" ~a•Q "STEr~ 1 "UNTIL" M1 "DO" 
"BEGIN'' ~11•K+t1K2~•K+2JK31•"IF" Kt3>M "THEN" M "ELSE" K+lJ 

KHIJl"!F" Kal<Q "THEN" 1 ttELSE" K•lJ 
"lF" K••~1 "THEN• . 
"BEGINn "1'" KaQ "TtiEN" 

HSH3CO~(KM1,KM1,N 1 k 1 A10,AiO,A30,A,8l "E~SEfl · 
.. BEGIN" 

HSH3COLCK~1,KMl,N,K,AtK,K~tJ,AtK1,KM1J,AtKi,KM1J,A,B)t 
A t K 1 , K t,1 1 l I • A C K i , t< '~ 1 l I ~ 0 

"ENO"J 
HSH3ROW~(t,k3,N,~ 1BtK2,KZJ,B[KZ,K1J,BtK2,KJ,A,B,X)1 
8 CKZ,Kl ,=sa tt<2,Kll t•O J 

"END'' "ELSE" 
" 6 E G I ~~ " HS H 2 C O L ( K H 1 , K ~1 1 , N , .K , A t J< , KM 1 J , A t K 1 , KM 1 l , A , B ) J 

AtK1,KM1J 1110 · 
"ENO"J . 
H S ;-~ ZR O ~I 3 C 1 , K 3 , K 3 11 fi , K , 8 t K 1 , K l J , S t K 1 , Kl , A , B , X ) J 8 [ K t , K l I • 0 

"E\10'• 
•tE~JO" 

"END,,, our: 
"ENO" QZITJ 
,,p~QCEDU~E" 1ZV4LCN,A,8 1 X,EPSA,EPSB,A~FR,A~Ft,BETA)1"VALUE" N; 
"REAL" EPSA,EPSB1"INTEGER" N1"ARRAY" ALFR,A~Fl,SETA,A,B,XJ 
11 BEGlN" "l~TEGER" M,L,J;"REAL" AN,BN,A11,A1Z,A21,A22,Bl1,B1Z,822,E,C,D, 

ER,E!,A11~,A11l,412R,A12I,A21R,A21I,A2~R,A22l,CZ,SZR,SZI, 
ca,sqR,SJl,SSR,SSI,TP,Tl,BDR,BDI,~1 
"rOR'' ~l•N,M "~HILE" M~O "0 □" 
"IF"(''IF" ~,1 "THE~" AC~4 ,;~1•1l•O "ELSE" "TRUE~l"THEN" 
"fi E G I N" A I.FR [ ~ l I a A f ~1 , M l , BE TA t t·1 l I • B t t1 , ~1 l , A 1. F I t Ml I =; 0 t M i a M • 1 
''E\ID" ''ELSE'' 
ttAEGIN" Lt~M•l,''IF" ABSCB[L,Lll<•EPS8 "THEN" 

" 8 E G I ~j " B t L , L l I ;r O r r i S H 2 C O L C L , L , N , L , 4 t L , L J , A t M , L J , A , B ) J 
A.t~,Ll a;;Btt~,Ll 1•01ALFR(Ll 1sAtl.,L.l JA~FR[t,AJ 111AtM,MJ I 
BETA [L.l :=S tL,ll rBETA tr'] ,.e fH,~~, JAL.FI t"1] a=ALrI tLJ 1110, 

~E~0" "ELSE" "IF" ABS(BtM,M]l<•EPS9 "TME~I" 

• 

•• 5 E. GI ,.i tt 9 [ f1 , M l t a O f H ~ ~ 2 RO ~·I! C 1 , tA, ~• , N , L, , A t M , Ml , A [ ~~ , L J , A , B , X ) , 
A. t M, L l t: 0 t ~1

, L l I * O; ALF R t L l ; ~ A t I., L l I Ai.FR t ~i] I • A t ~1, ~1 l J 
BETA tLJ ;=a tL, Ll I BETA [t 4l ,.a [f1, ~J J ALFI [~J i•ALFI tLJ 1:0 J 

"f:'ID•' "'EL.SE" 
"~rr~ I ~4" ..... ,t ,. ~ . 

· 4 tJ : ; A\ 3 S t A t L , L l ) + A B S C A t l , M l ) + • 6 S ( A t ~ , L J l t A B S C A t ~ , ~1 l ) 1 
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CJANUARV 1910) 
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PAGE 23 

' 

ANt•ABS(BtL,LJ)+A.BS(BtL,Ml) ♦ ABS(Bt~,MJ)J 
A 11 I It A C L, , L. l / A ti I A 1 2 I • A t L , Ml I A t~ 1 A Z 1.• 1 e A E M , t. l / A ~i r A 2 2 I • A t M , M J / A N I 
8111•Bt~,LllBN1B12~•BtL,MJ/BNJBl21•StM,~J/8NJ 
E:•A111811J 
c,,ccA22•E•BZZ)/B22•CA21•Bt2)/(B11*S2a))/!f 
D1•C•C+(A21•CAlZ•E•B12))1(911*82i)1 
"I'" 0•10 "THEN" 

• • 

"B!GIN"~11E+("IF"C~O"T~EN"C•SQRT(D)"E~$E"C+SQRT(DllJ 
~111•All•E•611,A1Zt•A1Z•E•e12,,2z11A22•E•BZ2t 
"IF" ABSCAl1l+ABS(A1Zl~IABS(AZt)+ABS(A22) "THEN" 
HS~2ROWJC1,M,M,N,L,A12,A11,A,B,Xl 1 !~1E" 
H8HZROWl(1,M,M,N,L,AZZ,A21,A,B,X)J 
" IP'" AN>• ABS (El t B N" T ti E t4" 
HSHZCOLCL,L,N,L,BtL,LJ,8tM,Ll,l,B) "ELSE" 
~SH2COL(L,~,~,~,AtL,LJ,AfM,LJ,A,B)t. 
A tM,Ll 1,s CM,L.l i101 
ALFA[LJ 1wAt~,LlsALFREHJ11AtM,Ml1~ETAlLJ1•8tL,Ll1 
8 E TA t Ml I • B t ~1 , tt1 J J A L F I t ~1 l 11 ALF l t L l 11 O s 

"E:NO"tt!l.8E" 
"6!;IN" 

• 

ER11~+C1El11SQRTC•Dl1A11Rl•A11•ERt~11rA11ll1EI•B11J 
A1ZR~•A12•ER•B12tA12I11Et•B12JAl1R11A21JA21I1~0, 
A2ZR~•A22•!R•822tA22l-•tltBl2J 
"lF"ABS(A1iR)+ABS(A11Il+ABSCA12R)+ABSCA12ll>• 
ABS(A21R) ♦ A8SCA22R)+AB8(A~2l)PTHEN" 
CHSH2CA12R,A121,•A11R,•Allt,CZ,SZR,IZI)"ELSEtt 
CHSH2(A22R,A22I,•A21R,~A211,CZ,SZR,9Zl)J 
"lF"AN• ■ CASS(E~) ♦A8S(El))tBN"TM!N" 
CHSH2(CZ•811+SZR•BlZ,8ZI•B1l,SiR•B22,SZI•B22,CQ,SQR,SQil 
"ELSE"CHSH2(CZtA11+SZR•A12,SZl•A12,CZ•A21 ♦SZA•A22,SZI•A22, 
CQ,SQR,SQl)JSSR1•SQR•SZR+SQl•SZ1,ss1~•8QR•SZI•SQI•SZR, 
TRJ1CQ•CZ•A11+CQ•SZR•A1Z+SQR•CZ•A21+SSR•A221 
TI11CQ•SZl•Atl•SGl•CZwAZ1 ♦ SSI•A221 
BDR-wCQ•CZ•B11+CQ•SZRt812+SSR•IZ21 
eots•CQ•SZI*B12+SSI•B2Z; 
R1wSQRT(BORtBOR ♦BOI•SDl)JSETAtLJ1a8N•R, 
~LFRt~l1sAN•CTR•B0R+Tt•BDI)/R1 
A~FitLl1•AN•CTR•BDI•TI•BDRJ/RJ 
TR11S5R•A1t•SQ~•CZ•At2•CQ•SZR*l21tCQ•CZ•A221 
Tlt••SSl•A11•SQl*CZ*A12+CQ•SZI•A2lr 
B0RJWSSR•S11•SQR•CZ•B1itCQ•CZ•S2ZJ 
~OI1~•SSI•B11•S~I•CZ•B1Zt 

• 

R;wSQRT(BOR•BD~+BDI•BDI)tB!TAE~J1•BN•R1 
A~FR[Mlt•AN•(T~•SOR+TttBDl)/RJ 
ALFitMJ1•A~t(T~•BCI•TitBOR)/R1 

tt ENO., 
ft END" I f"1 a -.M-z 

''E~~O" 
''tND'' OZVAL 

• 

• 
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• 

SECTION I J.a.1.2 (JANUARY 1e;7(l) PAGE 24 
, 

• 

qPROCEOURE" QZVEC(N,A,B,X,!PSA,EPSB,ALFR,ALrI,B~TA)J"VALUE"N,EPSA,EPSB1 
"INTEGER" ~,"REAL" EPSA,EPSBJ"ARRAV" A,B,A~FR,,~rt,BETA,x, ' 
99 BEGIN"~INTEGER" M,~R,MI,L,~1,J,K;"REAL" BETM 1 A~FH,SL,SK,D,TKK,TKL,TLK, 

TLL,ALMl,ALMR,TR,TI,SLR,SLI,SKR,8KI,DR,DI,T~KR,TKKl,TKLR,TKLI,TL~R, 
TL~l,TLL~,TLLI,S,RJ 
"FOR" ~l•N "STEP" •1 "UNTl~" 1 "DO" 
'' I F " A L F I t M l ■. 0 " T ti E ~, " 
"BEGir·J" "COM~E"IT" MeTH REAL \IECTORt 

AL,FMi1AL,FR [Ml JBETMt•BETA [~1l ;B CM,HJ tat JL.1 t•MJ 
"FOR" L1•M•l "STEP" •1 "UNTIL" 1 ''00" 
19 6EG!t~JH SLIWOJ 

"FOR" Ja•L1 "STEP" 1 "UiJTIL'* M "00" 
SL~1SL+CBETM•AtL,Jl•ALFM•BtL,JJ)•StJ,MJ1 
fflF"C"IF"L•~t"TMEN"BETM•AtL,L•1J•O"ELSE""TRU£")BTHEN'1 

"BEGIN""COMMENT" 1•1 DLOCKt 
Ds•BETH•ACL,Ll•ALF~•BtL,LJJ 
"IF" o,o "THEN" D1•(EPSA ♦ E,SB)/ZJ8[L,~J1••SL/D 

"tND""!LSE" 
"8EGIN" "C0~1MENT~ 2•2 BLOCKJKt•~•1tSKt•Or 

"r0R"JasL1 "STE.P" 1 ffUNTI~tt M "OO" 
SK1eSK ♦ (BETMtAtK,Jl•A~Ff1tStK,Jl)•BtJ,MJr 
TKK1•BETM•A[K,KJ•ALFM•Bt~,KJ 1 
TKLa•BETM•AtK,Ll•ALF~•BtK,Ll t 
TL~l•BETMt4CL,KlJ 

• 

T~L1•BET~t4[L,Ll•ALFM•StL,Ll J . 
D1•TKKtTLL•TKL•TLK1"lF" 010 "THEN" Dl•CEPSA+EPSBl/21 
B tL., ~l 11CTL,KtSK•TK~•Sl.)/OJ 

6tK,Hl1•"lF"ABSCTKKl~•A8SCT~Kl"THfN"•CSK+TKL•BtL,Mll/TKK 
"ELSE" •CS~+TLL•BtL,MJ)/TL~JLICL•1 

• 

"EN0"1Ll1•L • 

"ENOtt 
"ENO""ELSE" . ' 

"BEGIN" "C01MENT" COMPLEX VECTORJ 
ALMR1~A~FRtM•ll1AL~I1aALFitM•ll1BETM1aSETAtM•ll JMR1~M-1JMI1 ■ MJ 
Bt~•l,MRJ1•ALMI~Bt~,Hl/C8ETM•AtM,H•ll)1 

• 

• 

At~•t,MIJ1•ceeTM•At~,Hl•ALMR•BtM,~J)/(BETM•AtM,M•1l)t - . 

B t~,MRJ JlfOIB [~,~·1IJ 1••1JL11111~•1 t 
"f0~" La•M•Z "STEP" •1 "Ut,TlL" 1 nogu 
"BEGIN" SLR11SLI1•01 

"FOR" JsaLt "STEP" 1 "UNTIL"~ ''00'' 
"SEGIN" TR~•BETM•AtL,Jl•A~MRtBtL,JlJ 

TI I 3 •AL ~tr• B t L, J l , 
SLRa•SLR+T~•9tJ,MRJ•TI•BtJ,MIJ t 
SLit•SLl+T~•BtJ,Mtl+Tl•BCJ,M~J 

"END"J 



' 

' . 
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MC 

• 
• 

SECTION t 3.4.1.Z (JANUARY 197f)l PAGE as 

' 

"IF"C"!F"L•wt•THEN"BETM•AtL,L•1J•O''ELSE""TRUE"l''THEN'' 
"6EGirJ"OR1w8ETM•A tL,Ll •AL~1R,rB tL,l~J r 

Dit••AL~1I•BtL,LJJ 
COMOIV(•SLR,•SLI,DR,OI,BtL,MRJ,8tL,MIJ)J 

"END""ELSEQ , 
ttSEGit~" K11L•l1SKR1 ■ SKI1•01 

" F O R " J ; • L 1 '' S TE P '' 1 '' U ~ l .T I L •' M " 0 O " 
"BEGIN" TR~•BET~1•AtK,Jl•AL~R•6tK,JlJ 

Titw•ALMI•8tK,Jlt 
SKR1•SK~+T~•BtJ,MRJ•TI•8tJ,MllJ 
SKI;•S~I+TR*8tJ,~ll+Tl•BtJ,~Rl 

"ENO"J 
TK~Rts8fTMtAtK,KJ•ALMR•8tK,KlJ 
TK~Il ■ •AL~I•BtK,Klr 
TKLRiaBET~•AtK,Ll•AL~R•BtK,~lJ 
TKLI~••ALMI•BCK,Llt _ 
TL~R,aBETM•AtL,KlJTLKI1aOJ 
TLLRt•BETMtAt~,Ll•ALMR•BtL,Ll; 
TLLI~••ALM!•BtL,LJt 
DR1,TKKR•T~LR•TKKl•TLLl•TKLR•TLKR1 
DitsTK~R•TLLI ♦TKKI•TLLR•TKLI•TLKRJ 

' 

• 

"lF°''ORIO "A \JO''Dlwo ff TllEN''DR I; (EPSA+!PSB) ,a' 
CO~DIVCTLKR•SKR•TKKR•SLR+T~KI•SLl,TLKR•SKl•TKKR•SLI• 
TK~I•SLR,DR,OI,DtL,MRJ,8tL,Mil)J 
"lF''ABS(TKKR) ♦ ABS(TKK?)~~A!SCTLKR)"THE~" 
COMDIVC•SKR•TKLR•BtL,MRl+T(Ll•BtL,MIJ,•S~l•TKLR*BtL,Mil 
• T K L I * 8 'L , '1 R l , T K K R., T t< K t , 8 t t< , MR l , e t t< , M 1 l ) • E. L S ! " 
CO~OIVC•SLR•TLLR•BtL,MRJ+TLLl•BtL,Mll,•SLl•TLLR•BtL,MIJ 
•TL~l•BtL,~Rl,TLKR,TLKI,Bt~,MR],at~,MIJ)rL1•L•1 

"tND"JLla•L 
''E~D"; ~1•M•1 

'' E ~ D" ; 
,, F O R " M I • N It S TE P " • 1 " U N T l L " l tt DO " 
'' F O R '' K I =; 1 " S T E P " 1 91 U \I T I L '' N " D O " 

.X t ~, M J & ; MAT t~ AT ( 1 , ~1, K, ~, X, 6) J 
tt F O R '' '-1 t ~ tJ '' S T E P '' • 1 " U i"l T l L " 1 '' D O '' 
,, a E G t ~~ « s ; :4 o , " I r " • L F I t M 1 ,, o " T t--t E ~1 '' 

•• 6 E G I ~,J •• 1
' r O R " K I , 1 '' ST E P " 1 " UN T l L " N " 0 O " 

"BEGINtt R11A8S(X[K,MJ)t 
~IF'' R)aS "THEN""BEGI~" S1•R1D11XtK,Ml "fNOfl 

" E: ·~ D '' J " F O R " J< I • 1 '' S T E P " 1 tf U N T I L " N " D O " 
X tK,MJ IWX [t<,\11 ID 

"E\JO'' ''EL.SE" 
'' o E G I r~ ,. " F ri R " K ; s 1 ~ s T E P '' 1 '' u t .J T I L •• t•,1 '' :, o " 

"BEGI~!' Ra•ABS(X[K,'1•11 )tABS(XtK,Ml lJ 
R;•R•SORTC(XtK,~1•1l/Rlt•2+(XtK,Ml/R)••2)J 
" I r:- tt t< > ;: S " T HE ti " 
"BEGIN" St•RrDRa•XtK,M•ll ,011,XtK,~l ''END" 

'' E t J D " I ~ r O R ,. K I • 1 ,. S T E P '' 1 '' tJ ~ .J T I L, •• f\! " 0 0 '' 
C QM D l V C X t K, ?1 • 1 l , X t K, M J , f,l R, DI, X t ~, H • 1 l , X t K, M] ) ; ~: = ~1- 1 

"£'JO" 
'' E ~" 0 '' 

"E.ND''. -~ZVEC; 

• 
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' 

DWARFa•EM tOJ rEF'St•EM [ll 1 
HSHOEC~UL(N,A,B,DWARF)t 
~ESTSLlCN,A,8,XJJ 
QZ?T(N,AaB,X,EPS,EPSA,EPSB,ITE~)t 
QZVALC~,.,a,x,EPS4,EPS9,A~FR,ALrl,BETA)J 
QZVEC(N,A,a,x,EPSA,EPSB,ALF~,ALrI,BETA) 
''E,-,.JD" QZIJ 

"EOP" 

"CODE" 31.looa, 
"PROCEDURE'' HSHDECMUL(N,A,8,DWARF)r"VALUE"~,owARF1"INTEGER"Nr 
"REAL" DWARFt"ARRAV~ A,Bt 
"BEGlN" 8 ARRAY" Vt1~Nl1"I~TEGER" J,K,Kl,Nt,ttREAL" R,r,c, 

"RE4L" "PROCEDURE" TAM~AT(L,U,t,J,A,B)r,cooE" 340141 
"PROCEDURE" HSHVECMAT(~R,U~,Lc,uc,x,u,.,,,cooE" 31070J 
K I t; 1 I t~ 1 I • N + 1 f 
''FOR" K1~•2 "STEP" 1 "UNTIL" Nt "DO" 
"BEGIN" R1sTAMMAT(Kl,N,K,K,B,BlJ 

"IF" R~OWARF ~THEN~ 
"Be:GI~J" Ra•"IF" B Ck:, KJ co "TH!tJ•• •SQRT(R+S tK,Kl •S:tK,KJ) 

"ELSE" SQRT(R+BtK,KJ•BtK,Kl)JT1•BtK,KJtRJC~••TIR1 
B tK,KJ 1,•RJ V [Kl 1~11 . 
"FOR" J1,K1 "STEP" 1 "UNTIL" N QOO" YtJJ 11BtJ,Kl/T1 
HSYVEC~ATCK,N,Kl,N,C,V,Bl;~SHV!CMAT(K,N,1,~,c,v,A) 

•END";KraKt 
'' C :\IC) H 

''END'' HSHDEC'~UL J 
"EOP '' ' 

'' C ODE '' 3 4 b O 3 I 

MC 

ti p R O C E O u R e: n. H E s T G L. 3 ( r.J , 4 , 8 , )( ) ' tt V A L u ! " r ~ ' ,, I \J T E G E R " ~.f , •• A R R A V '1 A , B , X ' 
"BEGIN" "l~TEGER'' NM1,K 1 L,K1,L1; 

"PROCEDURE" HS•4aCOL(LA,LB,lJ,I,A1,A2,A,9lt"CODE" 34&05; 
"PRQCEOURE•1 HSHZR0~3CL,UA,UB,lJX,J,A1,A2,A,B,X)J 11 CODE" l4b07J 
'' I F " ~ > 2 " T ti E ~-.J '' 
"BEG Ir~" ,, F o R" K 1 • z •• s r E P ,, 1 • u N r r L.. fl N ,. o o •· 

" F O R " L. I • 1 " S T E P " 1 '' Ll f,t T I L. " K • 1 " D O •• B C K , I. l a • 0 J 
N ~11 I • i'~ • 1 I K I IIJ 1 J • 
qFOR" Kl1• 2 ~STEP" 1 "UNTIL" ~41 "00" 
" B E Q I ~~ '' l~ 1 J , N ; 

,, r o R •• L. 1 • " • 1 " s r E r '" • 1 " 1J i-.J T I L ,, K 1 " , o " 
1
• a E G I r .f " 

~ 1 5 r ➔ 2 C J L C K: , L , f .. : , L , A t L , K l , A t I. 1 , K l , A , B ) ; A t L l , K l I • 0 • 
f1 SH ZR Ow 3 r l , tl, L 1 , r", L., ~ t L 1 , L 1] , B t L.1 , L l , A, B, X) I 

. ' 

·A,tL.1 'l· .,..O•Lt•- 1 
1'-s .. , ..... lltlllllt,, ...... 

tt E rJ ~ " ; K: : = K 1 
'' E ".f D 1' 

.. Er~ D" 
••E~JO" . ►iESTGL,3; 

tt i:- O· ·. p ,1 - .. 

' 
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(JANUA~V 191c) 
' 

''CODE" 3l16,0 qr 
,,p~OCEDU~E" HESTGL2(tJ,A,B)tffVALUE" tts''ltJTEGER" ~,"ARRAY" A,a, 
"8EQIN" "I~TEGER" ~Mt,~,L,K1,L1J 

"PROCEDUREtt HSHZCOL(LA,LB,U,l,A1,A2,A,9)s"CODE" 34~05r 
1•PROCEOURE" HSHZROWZCLA,L8,UA,UB,At,A2,A,8)1"CODE" J4&08t 
"l'" N»Z "THEN" . 
"BE~IN" "FOR" K11z "STEP" 1 "UNTI~'' N "00" 

"FOR" Ll•l "STEPtt 1 "UNTIL" K•1 "00'' 6CK,Ll1•0t 
N~11 &•N•1 JK1•1 J 

• 

"r0R" Kl1• 2 "STEP'' 1 "UNTlL" N~11 "00'' 
"BEGIN" L11aN1 

" P O R " ~ I I ~J • 1 " S T E P '' • 1 " l. I ~~ T I L '' I< 1 '' D O " 
"BEG I tJ" 

HSH2COL(K,L,N,L,A tL,KJ ,A [1.1,KJ ,A,B) 1A tL1,Kl 1•0J 
MSM~ROWZC1,t,r4,L1,L,BtL1,L1l,BtL·t,LJ,A,B)J 

• 

B tLr1,L.J 11101L.t1•L, 
"E:ND"1K1aKl 

"E'IO" 
"END't 

••ENO" HESTGL,2 I 
• 

"~OP" 

"COOE" 34605r 
.. 

MC 

"PROCEDURE~ ~SHZCOL(LA,L8,U,I,A1,A2 1 A,B)J''YALUE~ LA,LB,U,l,A1,A2t 
"lNT!G~R• ~A,~B,U,lJ"R~AL" At,AZ1",RRAY" A,Bt 
"11'"42•10 "T~~E:"-l'' 

' 

"6EGlN 8 "R!4L" R,T,CJ"ARRAY" Vfitl+llf 

• 

" f' RO C E O U ~ E " HS H V E C '1 A T C L R , U R , L C , tJ C , X , U , A ) I " C OD E " 31 O 1 O I 
R~•"lF" A1CO "THEN•• •SQRT(A1•A1+4i•A2) "E~S! 1 $QRT(A1tA1+AZ•A2)J 
T1•AttR1Ca,•T/R1V tI) 1~1 ,v tI+1l a1A,1T, 
HS~VEC~AT(I,I+1,LA,U,C,V,Al1HSHV!CMATCI,I ♦ l,LB,U,C,V,B) 

''END" 'iS~2COL; 
11 E0°" 

"C00E" 34e,Ot,1 
"PPOCEDJRE" ~SH3COL(LA,L8,J,I,A1,A2 1 A3,A,BlJ 
"VALUE" A,LB,U,1,A1,AZ,A1, 1 lNTEGER"LA,LB,l,Ut"~EAL"Al,A2,Als 1 ARRAY"A,Bt 
"IF" 42 •o "OR 0 ,3~,o "THE~" 
"BEGit~~ "REAL• R,T,C1"AR~AY" VtI1l ♦ 2lJ 

"PROCEOJqE" HSHVECMATCLR,UR,LC,UC,X,~~',•lt"CODE" 31010J 
R1="IF" 61<0 fffHEN" •SQRT(A1tA1+A2•AZtA3•A3) 
"ELS~" $1RT(A1•A1+AZtA2+A3•A3)J 
T1=AttR1C1••T/R:V tIJ l:.tt ,vtI+1J tlAZ/TsV [Itel 1=A3/TJ 
MS~VEC~ATCI,1+2,LA,U,C,V,A)JHSHVEC~AT(!,I+2,LB,tJ,C,V,BJ 

'*END'' l-f$H3COLJ 
ttE:Qr:,tt . 

• 
• 
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• 

''CODE" 340011 
"~ROCEOUREff ~SHZROW3CL,WA,UB,UX,J,A1,AZ,A,B,Xl1"VALUE'' L,UA,UB,UX, 
J,A1,A21"INTEGER" L,iJA,UB,UX,J1"RCAL" A1,A2J"ARRAV" A,e,x, 
"lF"A2"•o 1 TL.fE~" 
"8EGIN""REA~" R,T,CJ"lNTEGER" K1"ARRAY" VtJ1J+ll t 

"PROCEDURE" HS4VECTA~(LR,UQ,Lc,uc,x,~,A)s"CODE" 31073; 
R1•"IF" Alco "THEN" •SQRT(A1•Al+AZ•A2) ''ELSE" SQRT(A1•A1+A2•A2ll 
T1•At+q;C1s•T/R1VtJ+1J t•1 ;VtJJ SIA2/T: 
HSHVECTA~(L,UA,J,J+l,C,V,A)1HSHVECTAM(L,l.JB,J,J+1,e,v,e,, 
HSHVECTA~C1,UX,J,J+1,C,V,X) 

''fND" HSH~~OW3J 
'~f!QPtt 

''CODE" 34608 t 
"PROCEDU~Eu H$H2ROWZ(LA,LB,UA,U6,J,A1,Ac,A,8)J"VA~UE"LA,LB,UA,UB, · 
J,A1,A2J"l~TEGER~ LA,LB,UA,UB,JJ"REAL'* A1,A2-J"ARRAY" A,BJ 
"1F"A2•10 "T~ENH . 
'' 8 e: G l N " ,. R E A L " R , T , C J " I 1'1 TE GE R " K I tt A RR A Y '' \/ t J I J ♦ 1 l I 

" P R O C E O U ~ E " H S H VE C TA "°' C I. R , UR , L C , !. JC , X , l.J , A ) J ~ C D D E " 3 1 0 7 3 I 
Rt•"IF" Al«O »TH~N" •SQRT(Al•At+AZ•A2) ••ELSE" SQRT(A1•Al+A2•A2); 
T1•At+R;C1••T/R1VtJ+tl i•t;VtJJ 1aA2/T1 
HSHVECTA~(LA,UA,J,J+1,c.V,A)1ttS~1YECTA~1(LB,ua,J,J+l,C,V,6) 

"tND" ~SHZROWZ1 . 
t, E OP" 

"CODE" 3&Jt>09J 
"PROCEDURE'' ~SH3ROW3C~,u,ux,J,Al,A2,A3,A,6,X); 
0 VALUE"L,U,JX,J,Al,A2,~3r"TNTEGER"L,J,U,tJXr~REA~"A!,Ai,A3;"ARRAY"A,B,Xt 
•1 l fr " A a • • 0 " O R '' A 3 "' ;; 0 " T ~-¾ E ~J '' 
"BEGIN~ "REAL• R,T,Cs"ARRAY" Y[J1J+2l;''INTEGER'' Kp 

ttPROCEOURE" tiSHVECTA~(LR,UR,LC,LJC,x,u,A)J"CODE" 310731 
R1~••tfff 41«0 nTHE~J" •SQRT(A1tAltA2•A2+Al•A3) 
"ELSE" SQRT(A1•A1t42•AZ•A3•Al)J 
T1==At+R1C1a•T/~;VtJt2l i=-1,v CJ+1l 1aA21r,v [J] :•A3/T; 
HS H VE C T A ~-1 ( L , U , J , J + 2 , C , V , A ) 1 I t St~ V EC T A r 1 C L , U , J , J + 2 , C , V , B l J 
MS i:i V E C r A ~-1 ( L , U X , J , J + 2 , C , V , X ) 

''ENO" µSHlROw l, 
"e:OP" 

''CODE" 34b10r 
ttPROCEDJRE•' ·iSMJR0 1~2C~4,LB,lJ,J,A1,A2,A3,A,~)J 
"VA~UE"~A,L6,U,J,4~_,AZ,A3J"lNTEGER"LA,LB,U,Jr"REAL"At,A2,A3J"ARRAV"A,BI 
,, I F t~ A 2 • • 0 '' () R fl 4 3 "' =; 0 ,. T t·•~ f:. ~.t "1 

"B!GIN'' "REAL'' R,T,CJ"ARqAV" V[JJJ ♦ 2JJ 
•• f' R Or. E n J ~ E '' t,1 S ti V E C T A ,_. ( L f~ , '.J P , L C , : ... 1 C , X , ' .. J , A J 1 '' C O O E " 3 1 0 7 3 ; 
R I , " ! F~ !• A 1 < 0 " T 1·1 E r ,: tt • S ~ R T C A 1 t A 1 t A 2 * A 2 + A 3 • A 3 ) 
"ELSE'' S~RT(At•A1tA2tA2tA3•A1JI 
Tt=AttR;C1=•T/RJV C,J+-2] 1~1 ;V CJttJ 1•A21r,v [J) i•A3/T; 
~S ►tiECT~~CLA,~t,J,J+2,C,v,A);~SHVECTAM(LB,U,J,J+Z,C,V,6) 

., E /\# v IJ ~~SY 3 RO.✓ 2 , 
"E OP'' 
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SECTION I 3.5.1.1 (OECEMBE~ 1975) PAGE 1 

AUTHORS I G.H.GOLUB ANO CeREINSCH 

CONTRIBUTOR I D.T.WINTER 

INSTITUTE I MATHEMATICAL CENTRE 

RECEIVED I 731217 

BRIEF DESCRIPTION 1 

THIS SECTION CONTAINS TWO PROCEDURES, QRISNGVALBIO ANO 
QRISNGVALOECBIO. BOTH PROCEDURES CALCULATE THE SINGULAR VALUES OF A 
BIDIAGONAL MATRIX. HOREOVER, THE SECOND PROCEDURE CALCULATES THE 
THE SINGULAR VALUES DECOMPOSITION OF A FULL HATRIX OF WHICH THE 
BIDIAGONAL ANO THE PRE~ ANO POSTHULTIPLYING MATRICES, AS CALCULATED 
BY HSHR~ABIO ARE GIVEN. 

KEYWORDS I 
SINGULAR VALUES 
QR ITERATION 
BIDIAGONAL MATRICES 
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SECTION I 3.5.1.1 (OECEHBER. 1975> PAGE 2 

SUBSECTION J QRISNGVALBID 

CALLING SEQUENCE I 
THE HEADING OF THE PROCEDURE IS I 
··INTEGER·~ aaPROCEDURE·· Q.RISNGVALBID(D, B, N, EM); 
••VAL U E•• N ; •• I NT E G ER•• N ; •• A RR A Y •• 0 t B , EM ; 

THE 
01 

81 

NI 

EHi 

MEANING OF THE FORMAL PARAMETERS ISi 
<ARRAY IDENTIFIER>; 
••ARRAv•• OC11NJ; 
ENTRY& THE DIAGONAL OF THE BIJIAGONAL MATRIX; 
EXIT& THE SINGULAR VALUES; 
<ARRAY IDENTIFIER>; 
••ARRAv•• BC11NJ; 
ENTRY& THE SUPER DIAGONAL OF THE BIDIAGONAL HATRIX,IN BC11N-1J; 
<ARITHMETIC EXPRESSION>; 
THE LENGTH OF B ANO o; 
<ARRAY IDENTIFIER>; 
•• ARRA y•• EHC 11 7 l ; 
ENTRY& EMC1ll THE INFINITY NORH OF THE MATRIX; 

EM[2ll THE RELATI~E PRECISION IN THE SINGULAR VALUES; 
EHC~JI THE MAXIMAL NUMBER OF ITERATIONS TO BE PERFORMED; 
EMC6JI THE HlNIHAL NON~NEGLECTABLE SINGULAR VALUE; 

EXITI EHC3JI THE MAXIMAL NEGLECTED SUPEROlAGONAL ELEMENT; 
EHCSJI THE NUMBER OF ITERATIONS PERFORHEO; 
EHC7JI THE NUMERICAL RANK OF THE HATRIX9 I.E. THE NUMBER OF 

SINGULAR VALUES GREATER THAN OR EQUAL TO EHC&J. 

MOREOVER I 
QRISNGVALBIOI= THE NUMBER OF SINGULAR VALUES NOT FOUND, I.E. A 

NUMBER NOT EQUAL TO ZERO IF THE NUMBER OF ITERATIONS EXCEEDS 
EHC4]. 

PROCEDURES USED I NONE 

REQUIRED CENTRAL MEMORY I NO AUXILIARY ARRAYS ARE DECLARED 

RUNNING TIHE a 
THE RUNNING TIME DEPENDS STRONGLY UPON THE PROPERTIES OF THE HATRIX 

HETHOO AHO PERFORMANCE a 
' 

THE METHOD IS DESCRIBED IN DETAIL IN Cile THIS P,OCEOURE IS A 
' 

REWRITING OF PART OF THE PROCEDU~E SVD PUBLISHED THERE BY 
'. G.H.GOLUB AND C.REINSCH. 

' 

: LANGUAGE a ALGOL 60. 
' ' . ' 
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(DECEHBER 1375> 

SUBSECTION: QRISNGVALOECBIO 

CALLING SEQUENCE I 
THE HEADING OF THE PROCEDURE IS I 
••rNTEGE~•• ••PR.OCEDURE•• QRISNGVALOE:BIDCO, B, H, N, U, V., EM); 
•• V AL u £ •• M ' N ; •• I N T E G ER.. H , N ; •• AR~ A y M O 9 B ' u ' V t E H ; 

THE MEANING OF THE FORMAL PARAMETERS IS I 
Ot <ARRAY IDENTIFIER>; 

•• ARRA y•• DC 11 NJ; 
ENT~Ya THE DIAGONAL OF THE BIDIAGONAL HATRIX; 
EXITI THE SINGULAR VALUES; 

81 < ARRAY IDENTIFIER>; 
•• A RR A Y.. 8 ( 1 I N J ; 

MC 

PAGE 3 

ENT~Yl THE SUPER DIAGONAL OF THE BIDIAGONAL HATRIX,IN BC11N-1J; 
HI <ARITHMETIC EXPRESSION>; 

THE NUMBER OF ROWS OF THE MATRIX u; 
NI <ARITHHETIC EXPRESSION>; 

THE LENGTH OF 8 AND D, THE NJHBER OF COLUMNS OF U ANO THE 
NUMBER OF COLUMNS AND ROWS OF v; 

Ut <ARRAY IDENTIFIER>; 
•• AR~ A Y •• U C 11 H , 1 I N l ; 
ENTRYt THE PREMULTIPLYING HATRIX AS PRODUCED BY PRETFMHAT 

(SECTION 3.2.2.1.1); 
EXITI THE PREHULTIPLYING MATRIX U OF THE SINGULAR VALUES 

OECOHPOSITION U • S • V'; 
VI <ARRAY IDENTIFIER>; 

••AR~Av•• Vl11N,11Nl; 
ENTRY& THE TRANSPOSE OF THE POSTHULTIPLYING MATRIX AS PRODUCED 

BY PSTTFMMAT (SECTION 3.2.2.1.1); 
EXIT& THE TRANSPOSE . OF THE PJSTMULTIPLYING MATRIX V OF THE 

SINGULAR VALUES OECOHPOSITION; 
~Ml <AR~AY IDENTIFIER>; 

10 ARRAY'• EMC1J7J; 
ENT<YS tM(1JI THE INFINITY NO~H OF THE MATRIX; 

EMC211 THE RELATIVE PRECISION IN THE SINGULAR VALUES; 
EMC4JI THE MAXIMAL NUMBER OF ITERATIONS TO BE PERFORMED; 
EHC6J1 THE MINIMAL NON~NEGLECTABLE SINGULAR VALUE; 

EXITI EM(3]1 THE MAXIMAL NEGLECTED SUPEROIAGONAL ELEMENT; 
EH[SJI THE NUMBER OF ITERATIONS PERFORMED; 
EMC7ll THE NUMERICAL RANK OF THE MATRIX, I.E. THE NUHBER OF 

SINGULAR VALUES GREATER THAN OR EQUAL TO EM(&J. 

HORE.OVER i 
QRISNGVALOECBIDI· THE NUHBER OF SINGULAR VALUES NOT FOUND, I.E. A 

NUMBER NOT EQUAL TO ZERO IF THE NUHBER OF ITERATIONS EXCEEDS 
EH(l+J. 
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SECTION a 3.5.1.1 

PROCEDURES USED a 

R.OTCOL = CP340Lt0 

• 

• . . 

(DECEMBER 1975J 

REQUIRED CENTRAL MEMORY a NO AUXILIARY ARRAYS ARE DECLARED 

RUNNING TIME I 

MC 

PAGE 4 

THE RUNNING TIHE DEPENDS STRONGLY UPON THE PROPERTIES OF THE MATRIX 

HETHOD ANO PERFORMANCE I 
THE METHOD IS OESCRIBED IN DETAIL IN 
REWRITING OF PART OF THE PROCEDURE 
G.H.GOLUB ANO C.REINSCH. 

LANGUAGE I ALGOL &O 

RE.FE RE: NCE S a 
[11 WILKINSON, J.H. ANO C.REINSCH 

C 1 l • 
svo 

• 

HANDBOOK OF AUTOMATIC COMPUTATION, VOL. 2 
LINEAR ALGEBRA 
HEIDELBERG (1971) 

EXAMPLE OF USE I 

THIS P~OCEDURE IS A 
PUBLISHED THERE BY 

FOR AN EXAMPLE OF USE ONE IS REFERRED TO SECTION 3.5.1.2 

SOUf<.CE TEXT ( SJ a 

··coot·· 34210; 
••INTEGER•• ••PROCEDURE•• QRISNGVALBIO CD, B, N, EH>; 
··vALuE·· N; ··INTEGER·· N; .. ARRAY·· D, B, EH; 
••aEGIN 1

• ••INTEGER•• Ni, K, Ki, I, 11, COUNT, MAX, RNK; 
••REAL•• TOL, BMAX, z., X, Y, G, H, F, C, S, HIN; 
TOLi= EM[2) • EM[1); COUNT•~ o; BHAXI= o; HAXI EH[4); MINI= EH[&); 
RNK& = N; 

INI Kl·· N; Nil- N 1; 
NEXTI Kl= K - 1; ••rF•• K > 0 .. THEN•• 

••BEGIN•• ••rF•• ABS(BCKJ) >= TOL "THEN•• 
··aEGIN 1

• "IF" ABS(O[Kl) > TOL "THEN·· ··Gora·· NEXT; 
Ca= O; Sl- 1; 
1°FOR" It= K "STEP•• 1 "UNTIL•• Ni "00" 
••BEG I N" F I = S • BC I l ; 8 [ I J I= C • BC 11 ; I 11 = I + 1 ; 

"IF•• ABSlF> < TOL "THEN'• ••GOTO" NEGLECT; 
GI- DCI1J; D(Iill= HI= SQRTCF • F + G • G); 
Cl G / Ht SI= - F / H 

· ••E No•• 

• 
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' 

NEGLECT: 
"ENO•• 
" E L SE " '' I F •• A B S C B C K J ) > 8 M A X '' T HE N •• B M • X t • A BS ( B C K l ) 

'
1 ENO"J 
" I f " K s N 1 '' T H E N tt 
'' BE G l N '' " l F " D [ N J c O '' THEN " 0 t N J I s "' D t N l , 

'' I F '' 0 t N) < = M I N " T Hf N 11 RN K I • R N K " 1 J N I a ~ 1 
"END" 
''El. SE" 
"BEGIN" COUNT1: COUNT+ 1J "lFn COUNT~ MAX "THEN" "GOTO" ENDJ 

K11:: K + tr Zs= OCNJ J X1• DtKIJ J YI• D[Nll 1 
Gg: "IF 11 Nl • 1 "THEN" 0 "ELSE" 8[~1 • ll 1 Ht= 8[N1l J 
Fs: C(V • Z) • CV+?)+ CG• H) * (G + H)) / (2 • H * Y)J 
Gs: SQRT(F * F + 1)J 

' 

F1= CCX• Z) * (X + Z) + H • CY I cuIF" F < 0 "THEN" F • G 
"ELSE" F ♦ Gl ~ H)) / XJ Csa Saa lJ . 
"f0R" Is~ Kt + 1 "STEP" 1 "UNTIL"~ '•oo~ 

' 

••BEGIN•• It •• I • 1 J Ga• 8 titJ J Y1a O [Il J H•= S * G, G;= C • G1 
Z1• SQRTCF • F + H * H)J Cl• F / Zs 51• HI z, 
"IF" 11 .,= K1 "TI-IEN" 8t?1 • lJ 1a ZJ F'1• X * C + G • SJ 
Gs= G * C ~ X * s, HI• y * s, Va• V * c, 
OCllJs• Z1• SQRT(F * F + H * ~ll Cl• F / z, S1= H / ZJ 
F1s C * G + S * Yr XI• C * V • S * G 

"END" J . . 
BtN1Ja: Fr O[Nla• X 

11 END'' J 
"IF" N > 0 ''THEN" "GOTO'' INJ 

ENOI EMt3l 1= BMAXJ EMt51t• COUNTJ EMtTl1• RNKJ QRISNGVALBlOaa N 
"fND" QRISNGVALBIOs . 

"E0P" 

1tCODE 11 34271 J 
"INTEGER'' ''PROCEDURE'' QRISNGYALDECBIO(O, B, M, N, U, V, EM)J 
"VALUE" M, NJ "INTEGER" M, Nt •ARRAY" D, 8, U, V, EMr 
"BEGIN" "INTEGER st NO, Nl, K, K1, I, 11, COUNT, MAX, RNK; 

"REAL'' TDL, BMAX, Z, X, Y, G, H, F, C, S, MJN, 

"PROCEDURE•• ROTCOLCL, U, I, J, A, C, S)J 
'' V A LU f '' L , U , I , J , C , S J '' I NT EGE R " L , U , I , J J 
"REAL" C, SJ ••ARRAY'' AJ 
"CODE'' 3U040J''COMMENT" 

• 
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TOLs• EM[2l • EMtllJ COUNT1• Or 8MAX•• OJ MAX;• EMC4JJ MINt• EMtblJ 
RNKJ• ~01= NJ 

1 NI KI;; NJ N 1 I• N "'· 1 J 
Nt~r, Ka• K ~ 1, ••IF" K > 0 "THEN' 

"BEGIN" nIF" A8S(8[Ml) >• TOL "THlN• 
"BEGIN" "IF" ABSCDtKJl >• TOL •THEN" "GOTO" NEXTJ 

C1a o, SI• 1J 
"FOR" It• K "STEP" 1 "UNTl~" N1 ~00, 
"BEGIN" F1~ S * BtllJ BtIJ~• C * 8[Il J It1z I+ 1J 

"IF" ABSCF) c TO~ "THEN" "GOT0° NEGLECTJ 
G111 O[Ill J O[!lJ 1 ■ Hf•· SQRT(F * F + G * G)J 
Ca• GI HJ St•~ F / HJ 
ROTCOLC1, M, t<, I1, U, C, S) 

"ENP"i 
NEG~ECTI · 
"END" 
"ELSE" "lF" ABS(BtKJl > 8MAX ~THEN" BMAXI• ABS(BtKl) 

"END"J 
"IF" K • Nl "THEN" 
"BEGIN'' "IF" D tNl < 0 "THEN" 

"BE GIN" D tNJ IS • 0 tNJ J 
"FOR" I1• 1 "STEP" 1 "UNTIL" NO "00" V[I,Nla• • Vtl,Nl 

"END" 1 ~ 
"IF" DCNl <• MIN "THEN" RNK1• RN~• 11 NI• N1 

"f ND•• 
"ELSE" 
"BEGINM COUNT1•· COUNT ♦ IJ "lF" COUNT• MAX "THfN" "GOTO" ENDJ 

t<11• K + 1J Z1• DtNlJ X1.• DtKllJ Vsw OtNllJ 
G1• "IF'' N1 :c 1 "THEN" 0 "El.SE" 8 ["11 "' 1] p HI• S lN1l J 
Fa• (CY• Z) • CV+ Z) t (G • H) * (G + H)) / (2 * H • Y)J 
GI• SQRTCF * F + 1)1 
F1• ((X • Z) • (X + Z) + H ~ (Y / ("IF• F c O "THEN" f • G , 

"E~SE" F + G) • H)) / XJ C1• S1s 11 
"fOR" 1,. Kl+ 1 "STEP" 1 "UNTIL" N •oo• 
"BEGIN" It~a I• 11 GI• BtISlJ.Y1• O[Il1 Hla S ~ G, Gs: C * GJ 

Zs• SQRT(F * F + H ~ H)I C·1• F I z, St• H / ZJ 
"lF" 11 •• K1 "THEN" BCil w Ill• Zr F1• X • C + G • SJ 
G•• G • C • X • SJ HI• Y • St Ya ■ Y * Ct 
ROTCOL(l, NO, 11, I, V, C, SlJ 
Otlll 2• Z1~ SQRT(F • F + H * H)J C1a F / Zs S1• H / ZJ 
Ff• C - G + S • VJ XI• C * V ~ 5 • GJ 
ROTCOLC1, M, t1, I, U, C, S) 

"END'' 1 
B[Ntll• FJ O[NJt• X 

"ENO•a 
'IF" N > 0 ''THEN" "GOTO" lNf 

[NOi EMJ3JI• BMAX1 EMC5l1• COUNT, EMt1Jr• RNKJ QRlSNGVALDECBio,~ N 
"fND" QRlSNGVALDECBIDJ 

- - "E:OP" 
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SECTION I 3.5.1.2 (JULY 197~) PAGE 1 

AUTHOR: D.T.WINTER 

INSTITUTE I MATHEMATICAL CENTRE 

RECEIVED l 731217 

BRI~F DESCRIPTION I 

THIS SECTION CONTAINS THO PROCEDURES, QRISNGVAL ANO QRISNGVALOEC. 
QRISNGVAL CALCULATES THE SINGUL•R VALUES JF A GIVEN MATRIX. 
QRISNGVALOEC CALCULATES THE SINGULAR VALUES DECOMPOSITION 
U 4 S • V', WITH U ANO V JRTHOGONAL ANOS POSITIVE DIAGONAL. 

KEYWORDS I 

SINGULAR \/ALUES 
QR ITERATION 
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SUBSECTION: QRISNGVAL 

CALLING SEQUENCE I 
THE HEADING OF THE PROCEDURE IS I 
••INTEGER•• ••PROCEDURE.•• QRISNGVAL<A, M, N, VAL, EM>; 
•• \I A L u i:"" M , N ; •• I N TE G ER.. H ' N ; •• AR < A y M A t \/ A L ' E M ; 

THE H~ANING OF THE FORMAL PARAMETERS IS I 
Al <ARRAY IDENTIFIER>; 

fllll A RR A Y •• A C 1 I H , 1 t N l ; 
ENT~Yi THE INPUT MATRIX; 
EXITI DATA CONCERNING THE TRANSFORMATION TO BIDIAGONAL FORM; 

Ml <ARlTHM£TIC EXPRESSION>; 
THE NUMBER OF ROWS OF A; 

NI < ARITHMETIC EXPRESSION>; 
THE NUMBER OF COLUHNS OF A, N SHOULD SATISFY N <= H; 

VALi <ARRAY IDENTIFIER>; 
.. AR~ A Y •• V AL C 1 I N l ; 
EXITI THE SINGULAR VAlU~S; 

EHi <ARRAY IDENTIFIER>; 
"AR~Av•• EMC017l; 
ENT~Ya EMCO]I THE MACHINE PRECISION; 

EMC2ll THE RELATIVE PRECISION IN THE SINGULAR VALUES; 
EMC4JI THE HAXIHAL NUMBER OF ITERATIONS TO BE PERFORMED; 
EM{oJI THE MINIMAL NON-NEGLECTABLE SINGULAR VALUE; 

EXITa EM(1ll THE INFINITY NORM OF THE MATRIX; 
EMC3ll THE MAXIHAL NEGLECTED SUPERDIAGONAL ELEHENT; 
EMCSla THE NUMBER OF ITERATIONS PERFORMED; 
EMC7JI THE NUMERICAL RANK OF THE MATRIX, I.E. THE NUMBER OF 

SINGULAR VALUES GREATER THAN OR EQUAL TO EHC6l. 

MOREOVER a 
QRISNGVALJ= THE NUMBER OF SINGULAR VALUES NOT FOUND, I.E. A NUMBER 

NOT EQUAL TO ZERO IF THE NUMBER OF ITERATIONS EXCEEDS EHC4l. 

PROCEDURES USED I 
\ HSHREABIO = CP34260 

QRISNGVALBID = CP3~270 

REQUIRED CENTRAL MEMORY I AN AUXILIARY ARRAY OF N REALS IS DECLARED 

RUNNING T INE : 

' 

THE RUNNING TIME DEPENDS UPON THE PROPERTIES OF THE MATRIX, HOWEVER 
THE PROCESS OF BIOIAGONALIZATION OOHINATES, ANO ITS RUNNING TIME 
IS P~OPORTIONAL TO CH+ N) • N • N 

· .· ·HETHOO. ANO PERFORMANCE I 
. ' . - . . 

·,,··,,·•·', .·•· THE MATRIX IS FIRST TRANSFO~HEO TO BIDIAGONAL FORM BY THE PROCEDURE 
' . ' ' . . 

-~H.S.H!R.EABIO (SECTION 3.2.2.1. 1> , AND THEN THE SINGULAR VlLUES ARE 
' . ' . . 

!'', ·•···.·.·.·· .. ·.•··· ..• ·/:•.·CALC·ULAlEO ·av .. QRISNGVALBID CSECTIJN 3.5.1.1>. . ' . '.. ' . ' . ' .;, . . ', '. . ' . . " . ' . . . . - . 
,. . ' . ' . 

' . -- ... 
. . . ··, . . . 

. . . . . 

. . . . ~ . ; . . . ' . . ., . ' . . 

. . ,, 
' 

• 
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SECTION: 3.5.1.2 CDECEHBER. 1975) 

SUBSECTION i QRISNGVALOEC 

GALLING SEQUENCE I 
THE HEADING OF THE PROCEDURE IS I 
••rNTEGE~•• 11•PROCEOURE 1

• QRISNGVALOEC(A, M, l'i4, VAL, V, EM); 
•• V A L u £ •• M ' N ; •• I N T E G E R •• H I N ; •• A ~ ~ A y N A ' \I AL ' V ' E M ; 

THE MEANING Of THE FORMAL PARAMETERS ISi 
Al <ARRAY IDENTIFIER>; 

"AR~Ay• AC11H,11Nl; 
ENT~Ya THE GIVEN MATRIX; 

MC 
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EXITI THE MATRIX U IN THE SINGULAR VALUES DECOMPOSITION 
u • s • v•; 

Ma <ARITHMETIC EXPRESSION>; 
THE NUMBER OF ROWS OF A; 

NI <ARITHMETIC EXPRESSION>; 
THE NUMBER OF COLUMNS OF A, N SHOULD SATISFY N <= H; 

VALi <ARRAY IDENTIFIER>; 
••AR.~AY 1

• VAL[11NJ; 
EXITI THE SINGULAR ~ALUES; 

VI <ARRAY IDENTIFIER>; 
"ARRAY•• VC11N,11NJ; 
EXITI THE TRANSPOSE OF MATRIX VIN THE SINGULAR VALUES 

DECOMPOSITION; 
EMI <ARRAY IDENTIFIER>; 

••ARRAY .. EHC017J; 
ENT~YI EMCOJI THE MACHINE PRECISION; 

EHC2JI THE RELATIVE PRECISION IN THE SINGULAR VALUES; 
EMC411 THE MAXIHAL NUMBER OF ITERATIONS TO BE PERFORHEO; 
EHC6JI THE HINIHAL NON-NEGLECTABLE SINGULAR VALUE; 

EXIT& EMl1lt THE INFINITY NORM OF THE MATRIX; 
EMC3ll THE MAXIMAL NEGLECTED SUPER DIAGONAL ELEMENT; 
EMC5JI THE NUMBER OF ITERATIONS PERFORMED; 
EHC7ll THE NUMERICAL RANK OF THE MATRIX, I.E. THE NUMBER OF 

SINGULAR VALUES GREAT[R THAN OR EQUAL TO ~HC&l. 

MOREOVER I 
~RISNGVALOEC&= THE NUMBER OF SINGULAR VALUES NOT FOUND, I.E. A 

NUHBE~ NOT EQUAL TO ZERO IF THE NUMBER OF ITERATIONS EXCEEDS 
EHC4l. 

PROCEDURES USED I 
- CP34260 
= CP3lt261 

CP34262 
CP34271 

HSHREABIO 
PSTTFMH4.T 
PRETFMMAT 
QRISNGVALDECSIO -

REQUIRED CENTRAL HEHORY a AN AUXILIARY ARRAY OF N ELEMENTS IS DECLARED 
' 
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RUNNING TIME : 
THE RUNNING TIME DEPENDS UPON THE PROPERTIES OF THE MATRIX, HOWEVER 
TH£ PROCESS OF BIOIAGONALIZATION DOMINATES, ANO ITS ~UNNING TIME 
IS P~OPORTIONAL TO (M + N) • N • N 

HETHOO ANO PEKF0RMANC£& 
THE MATRIX IS FIRST TRANSFORMED TO BIDIAGONAL FORH BY THE PROCEDURE 
HSHR~ABID <SECTION 3.2.2.1.1>, THE TWO TRANSFORHING MATRICES ARE 
CALCULATED BY THE PROCEDURES PSTTFHHAT ANO PRETFHHAT (SECTIONS 
3.2.2.1.2 ANO 3.2.2.1.3 RESPECTIWELY), ANO FINALLY THE SINGULAR 
VALUES DECOHPOSITION IS CALCULATE) BY QRISNG~ALOECBIO (SECTION 
3.5.1.1). 

LANGUAGE I ALGOL 60 

REFERENCES I 
WILKINSON, J.H. AND C.REINSCH 
HANDBOOK OF AUTOMATIC COMPUTATION, VOL. 2 
LINEAR ALGEBRA 
HEIDELBERG (1971) 

EXAMPLE OF USE & 
AS THE PROCEDURE QRISNGVALOEC CALCULATES THE SINGULAR VALUES OF A 
HATRIX IN EXACTLY THE SAHE WAY AS QRISNGVAL, WE GIVE HER ONLY AN 
EXAMPLE OF USE OF THE PROCEDURE QRISNGVALOEC. FIRST WE GIVE A 
PROGRAM, AND THEN THE RESULTS OF THIS PROGRAM& 

111 8£GIN•• ••AR.RAY•• AC116,115l, VC115,11~l, VALC1151, EHCD 171; 
•• I NT E G ER•• I , J; 
••INTEGER'• ••PROCEDURE'' QRISNGVALOEC<A, H, N, \/AL, V, EH); 
•• VAL U c. •• H , N ; •• I N TE GER•• H, N ; •• A RR A Y" A , VA L , V , E t1 ; 
··coo E'· 3427 3; 

•• F O R •• I 1 = 1 •• S T E P •• 1 •• U N T I L •• 6 •• 0 :> •• 
•• FOR.•• J t = 1 •• ST E P •• 1 •• U NT I L •• 5 •• 0 0 •• 
ACI,Jll= 1 /(I+ J - 1); 
EMCO]I= ·•-14; EM[2]J= ··-12; EM[4JJ- 25; EH[&]J= M-10; 
Il= QRI~NGVALOEC<A, 6, 5, VAL, V, EH); 
OUTPUT (61, ••c••39, ••,••NUMBER SINGULAR VALUES NOT FOUND s ••> ••, 
32D, I, 3B, ••,••INFINITY NORM I••>", N, I, 38, 
••,••MAX NEGLECTED SUBDIAGONAL ELEMENT I .. )••, N, / 1 381 
••c••NUMBER ITERATIONS I .. , •• , 3ZO, I, 38, 
•• ( •• NU HE RI CA L RA N K I •• ) •• , 3 Z D , 1 ••) •• , I , EH [ 1 1 , EH C 3 1 , EM C 5 J , 
EM[7l>; 
outPUT<61, ·•,N,, JB, ·c··s1NGULAR VALUES a ">M, 1N)M); 
•• FOR.. I I - 1 •• ST E P •• 1 •• U NT I L •• 5 •• 0 0" 
OUTPUTC&1, "("/, 38, NM)•·, VALCIJ); 
OUTPUT(61, •• , •• ,, /, 38, ··c··MATRIX u, FIRST 3 COLU~Ns··)··, ,··>··,; 
°FoR- 11- 1 ··srEP·· 1 uuNTIL·· & ··oo·· 
0 UT PUT ( & 1 , •• < •• / , 3 B , ·. 3 ( N ) •• > •• , A ( I , 11 , A C I , 2 l , A C I , 3 l ) ; 

' . 

OUTPUT(&1, ••,••1, I, 138, .. , •• LAST 2 COLUHNS 11
•)•, /"J .. ); 

··FoR·· 11= 1 "STEP·· 1 "UNTIL'· & "oo .. 
o u r P u T , & 1 , •• < ·• 1 , · 13 a , 2 , N, •• > " , A c I , 4 l , At I , 5 1 , 



NUMBE~ SINGULAR VALUES NOT FOUND I 0 
INFINITY NORMS +2 1 2833333333334"+000 
MAX NEGLECTED SUBDlAGONAL ELEMENT a +5 1 1786437871158"~014 
NUMBER ITERATIONS I 5 
NUMERICAL RANK I 5 

SINGULAR VALUES I 

+1,Sq211725872b2"+000 
+2,z4495q5q2ooq1"-001 
+t,l&l055610102q"~002 
+~ 1 32453A2038374"~004 
+b 1 40019471342b0"•006 

MATRIX U, FIRST 3 COLUMNS 

• 

• 
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•7,5~97918208386"~001 
.u,39oq273679284"~001 
M3,1703l4b681544"•001 
•2,4q99Q58583084"•001 
•2,0704qqq016883"•001 
•1,7b9q734614S38"~001 

+6,1011090790645"•001 
•2,2602102q9q17""•001 
wl.1306964~96148"~001 
•l,955781183357&"~001 
•l,8483260b08872"w001 
w3,b458t9286&515•~001 

92,3287171869184"•001 
+7,0245315S8l712"•001 
+2,160729365&q79"~001 
wt.q665595223&84"•00l 
w3,b80378618700Ttt~oo1 
•4 1 q8b8122801331"•001 

• 

LAST 2 COLUMNS 

+5,8&25326qJ5176"•002 
•4,8to9oaa1z4ooq•~oo1 
+S,~9822q2571qqq"•001 
+4.06310S36\5463"~001 
~b,\755991033503~'•002 
•S.415641b488948"•00t 

•1,0184205Q26735"~002 
+1,11eq1323014ssfl~oo1 
•S,9188920283495~•001 
+u,sqeqo17524bq1"•001 
+4,302q765325422"~001 
•Q,6Q9q203b23570''•001 

• 



• 

SOURCE TEXTCS)I 

"CODE" 3'4272J 
1 lNTEGER" ''~ROCEDURE" QRISNGVAL(A, M, N, 
"VALUE" M, Np "INTEGER"~, NJ "ARRAY" A, 

• 

"BEGIN" "ARRAY'' B t11N], 

VAL, EM)J 
VAL, EM, . . 

"PROCEDURE'' HSHREABIO(A, M, N, 0, 8, EMJ, 
"VALUE 11 M, ~J ''INTEGER" M, N, "ARRAY" D, B, EMJ 
'' C O O E '' 3 4 2 a O J 

"INTEGER" "PROCEDURE" QRISNGVALB?D(D, 
"VALUE" NJ "INTEGER" NJ "AMRAY" D, B, 
''CODE'' 34270J 

HSHREABIO(A, ~, N, VAL, B, E.~)t · 
QRtSNGVAL•• QRISNGVALBlOCVAL, B, N, EM) 

"fN0 11 QRISNGVAL; 
• • 

''EOP" 

"CODE 19 342731 

EM)J 

~INTEGER" fiPROCEDURE" QRISNGVALOEC(A, M, N, VAL, v, EM)J 
"VALUE" M, ~J "INTEGER" M, NJ «ARRAY'' A, VAL, V, EMJ 
"8EGlN" "ARRAY" B t11N] J 

"PROCEDURE" HSHREABID(A, ~, N, D, B, EM)f 
"VALLJE'' ~, NJ ''INTEGER" M, Np "ARRAY'' A, D, B, EMJ 
''CODE" 34260 J 

• 

~PROCEDURfQ PSTTFMMAT(A, ~, V, B)J 
"VALUE" N; ''INTEGER" NJ "ARRAY" A, V, Br 
"CODE'' 3tl2b 1 J 

"PROCEDURE" PRETFMMATCA, M, N, D)J 
" V A L. U E " ~ , N I '' I NT E GE R " M , N J 11 A RR A Y 11 A , D J 
"CODE" 3't2b2J 

• 

"INTEGER" "PROCEDURE'' QRISNGVALDECBIDCD, B, M, N, u, v, EM)J 
"VALUE" M, NJ "INTEGER" M, NJ "ARRAY" D, B, U, v, EMJ 
''CODE'' 34271 J 

HSHREABIO(A, M, N, VAL, B, EM)J 
PSTTFMMAT(A, N, V, B)J PRETFMMAT(A, M, N, VAL)J 
QRISNGVALDEC1·• QRISNGVALDECSID(VAL, 8, M, N, A, V, EM) 

nfND" QRISNGVALDECJ 
• 

11
' E OP'' 

• 

• 

MC 
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AUTHORI O. T. WINTER. 

INSTITUTEI MATHEMATICAL CENTRE. 

R£CEIVEDI 740327. 

BRIEF DESCRIPTIONI 

THIS SECTION CONTAINS A PROCEDURE TO CALCULATE ALL ZEROS OF A 
POLYNOMIAL WITH REAL COEFFICIENTS. THIS IS DONE BY MEANS OF THE 
COMPANIJN MATRIX. 

KE YWOROSI 

ZEROS 
REAL POL YNOHIAL 
COMPANION MATRIX 

CALLING SEQUENCEI 

THE HEAJING OF THE PROCEDURE READS a 
••rt~TEGER'• 00 PROCEOUR£ 1

• POLZEROS CA, N, EH, RE, IH>; 
••VALUE•• N; ••1NTEGER'0 N; "ARRAY'• A, EM, RE, IM; 
··cooE·· 34500; 

THE MEANING OF THE FORMAL PARAMETERS ISi 
Al <ARRAY IDENTIFIER>; 

dARRAv·· Ato1Nl; · 
ENTRYI THE COEFFICIENTS OF THE POLYNOMIAL, IN SJCH A WAY THAT 

P(X) - ACNl • X •• N + ACN~il • X •• (N-1) + ••• • ACOJ. 
EXIT: THE ARRAY ELEMENTS ARE ALTERED. 

NI <AAITHMETIC EXPRESSION>; 
THE DEGREE OF THE POLYNOMIAL. 
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£Ml 

RE I 

IHa 

<ARRAY IDENTIFIER>; 
•• AR~ A Y •• EM [ 0 I 5 J ; 
ENT~Yt EMtOJI THE MACHINE PRECISION; 

EM(2lt THE RELATIVE PRECISION FOR THE ZEROS; 
EMI4ll THE MAXIMAL NUHBER OF ITERATIONS TO BE PERFO~~EO; 

EXITI EM(111 AN UPPERBOUNO FO~ THE ZEROS; 
EMC3ll THE MAXIMAL NEGLECTED SUBOIAGONAL ELEMENT IN THE 

QR-ITERATION; 
EM(Sll THE NUMBER OF 

EMCSJ = EHC4J + 1, 
SUCCESSFULLY. 

<ARRA¥ IDENTIFIER>; 
.. ARRAY'• RE(11N]; 

ITERATIONS PERFORMED; 
IFF THE QR~ITERATION 

UPON 
DID NOT 

EXIT 
STOP 
' 

EXITI THE REAL PARTS OF THE ZEROS OF THE- POLYNOMIAL, IF ONLY K 
ZEROS ARE FOUND ONLY RECN~K+11Nl CONTAINS INFORMATION. 

<ARRAY IDENTIFIER>; 
••ARRAv•• IM[11Nl; 
EXITI THE IMAGINARY PARTS OF THE ZEROS OF THE POLYNOMIAL, IN 

SUCH A WAY THAT THE ZEROS ARE RECJJ +I¥ IHCJJ. 

MOREOVER I 
POLZEROSI- THE NUHBER OF ZEROS NOT FOUND II.E. BECAUSE EITHER THE 

lR-ITERATION DID NOT FINISH SUCCESSFULLY, OR SOHE LEADING 
COEFFICIENTS OF THE POLYNOHIAL WERE O>. 

P~OCEDUf<.ES USEOI 

COHVALQRI = CP3~190 

REQUIRED CENTRAL MEMORY I 

' 

AUXILIARY ARRAYS ARE DECLARED TO A TOTAL OF (NZ+ 1) • NZ REALS, 
WHERE NZ DENOTES THE NUHBER OF ZE~OS NOT EQUAL TJ O. 

RUNNING TIMES 

THE EXECUTION TIME DEPENDS STRONGLY UPON THE NUMBER OF ITERATIONS 
PERFORMED, EACH ITERATION IS ROUGHLY PROPORTIONAL TON CUBED. 

• 
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METHOD AND PERFORMANCEI 

WE FIRST DESCRIBE THE STEPS THAT ARE TAKEN 
EQUILIBRATED COMPANION MATRIX, FOUR STEPS 
PROCESS1 

IN ORDER TO YIELD AN 
ARE INVOLVED IN THIS 

1, IF SOME LEADING COEFFICIENTS A~E ZERO, IT IS CLEAR THAT IN FACT 
WE HAYE NOT GOT A N•TH DEGREE POLVNOMIAL, BUT A POLYNOMIAL OF 
LOWER DEGREE, THE LEADING ZfRO•COE,FICIENTS ARE DISCARDED, AND 
THE ZEROS OF THE RESULTING POLYNOMIAL WILL BE CALCULATED. THE 
NUMBER OF LEADING ZERO•CO!FFICIENTS ~ILL BE ADDED TO THE 
NUMBER OF NOT•~OUND EIGENVALUES OF THE COMPANION MATRIX, IN 
ORDER TO PRESERVE THE RELATIONSHIPS NOT•FOUND ZEROS + FOUND 
ZEROS• DEGREE OF POLYNOMIAL, 

2, SUPPOSE Z IS THE NUMBER OF ZEROS EQUAL TOO, THEN INSTE40 OF 
THE POLYNOMIAL GIVEN BY STEP 1, THIS POLYNOMIAL DIVIDED BY X••Z 
WILL BE HANDLED, MOREOVER, Z ZEROtS WILL BE ADDED TO THE 
EIGENVALUES FOUND BV COMVALQAI, 

3, LET NZ BE THE DEGREE 0~ THE POLYNO~IAL OBTAINED IN STEP 2, 
CtIJ THE COEFFICitNT o, X ** I, A SQUARE ARRAY AA 

ANO 
IS 

INITIALIZED BY SETTING1 
AA E1 ,JJ 1• • C tNZ•JJ I C tNZJ, 
AA[J+t,JJ1• 1, 
AA[I,Jla• O, 

MOREOVER AN UPPERBOUNO FOR THE ZEROS 
MAX CABS CC [IJ/C tNZl) ** (1/(NZ•Il)), 
THE NORM OF THE MATRIX, 

J • 1 ••• NZJ 
J • 1 ••• NZ•1J 
FOR ALL OTHER ELEMENTS, 
IS OBTAINED BY CALCULATING 

AND THIS VALUE IS USEO AS 

~. THE MATRIX 80 OBTAINED IS EQUILIBRATED IN A WAY ANALOGOUS TO 
THE PROCEDURE EQILBR (SECTION 3 1 l, 1, 1, 1), HOWEVER, IF 
( SUM(AtI,JJ ** 2) OVER J a SUM(A[J,Il ** 2) OVER J) FOR I> 1 
THIS EQUATION IMMEDIATELY HOLDS FO~ I• 11 SO THERE IS NO NEED 
TO USE THE FIRST ROW AND COLUMN ?N THIS PROCESS (ANO INDEED THE 
FIRST ROW IS THE ONLY ROW CONTAINING MORE THAN 1 NON•ZERO 
ELEMENT). IN FACT, THIS EQUILIBRATING PROCESS IS PERFORMED ON 
TWO ONE•DIMENSIONAL ARRAYS, 

AFTER THESE FOUR STEPS, THE PROCEDURE COMVALQRI IS CALLED, •ND THE 
FOLLOWING STEPS ARE TA~ENI 
1, THE ZEROS EQUAL TOO ARE ADDED 

IM, 
AT THE ENO OF THE ARRAYS RE AND 

2, IF THE ORIGINAL POLYN0MJ•L CO~TAINED SOME 
COEFFICIENTS, ALL ZEROS ARE SHI,TED TOWARDS 
ARRAYS RE AND IM IN ORDER TO GUARA~TEE TH•T ALL 
STORED IN THE LAST PARTS OF THESE ARRAYS, 

LEADING ZERO• 
THE ENO IN THE 
ZEROS FOUND ARE 

' 

THE PROCEDURE COMVALQRI AND TH! PROCESS GIVEN ABOVE GUARANTEE 4 
GOOD PRECISION FDR WELL•S!PARATEC ZEROS, AND (IF PRESENT) A 
MU~TIPLE ZERO EQUAL TO 0, HCWEVE~, IF THE POLYNOMIAL HAS 
NOT•WELL•SEPARATEO ZEROS, A MIGH PRECISION CANNOT BE GUARANTEED, IN 
FACT A OOUB~E ZERO CANNOT BE GUARANTEEO TO BE CORRECT IN MORE THAN 
HA~F THE WORD•LENGTH, AS THE COMPANION MATRIX IS DEFECTIVE, IN THE 
EXAMPLE GIVEN BELOW, ONE FINDS INDE!D ALL ZEROS CORRECT IN 12 
DIGITS,. ~ITH THE EXCEPTION 0~ THE DOUBLE ZERO 1, WHICH HAS BEEN 
CALCULATED WITH A SUBSTANTIAL IMAGINARY PART, 



LANGUAGE I 

EXAMPLE OF USEI 

WE NEXT GIVE A PROGRAM FOLLOWED BY ITS OUTPUTS 

'' B E G I N '' " I N T E G E R 19 I s 
'' A R R A Y '' A ( 0 I T l , R E , I M [ 1 I 7 J , E M [ 0 I 5 l , 

"INTEGER" "PROCEDURE" POLZERDICA, N, EM, RE, JM)J 
"VALUE" N1 ••INTEGER" N, "ARRAY'' A, EM, RE, IMJ 
"COD!:" 34500J 

A t1J l!IJ • 12, A t2] 1• :se, A tll 1• • Ll&J A [4] 1• 2s, 
At5J1• • 3i At6J111 • lt At7JI• lJ A[Oll• OS 

. EM [OJ 1a ''•141 fM tZl 1• ''•131 EM [4l 1• &01 
II• POLZEROS(A, 7, EM, RE, lM)t 
OUTPUT(~t, "("''("NUMBER NOT FOUND ZEROS">", JZD, /, 
" ( "UPPERBOUND OF THE ZEROS ") '', N, /, 
"("M•XIMAL NEGLECTED SUBDIAGONAL ELEMENT")", N, /, 

• 

MC 
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• 

'' ( '' N UM S E R OF l TE R A T I ON S " ) " , 3 Z D , / '' ) " , I , E M [ 1 l , E M [ 3 l , E M [ 5 l ) r 
OUTPUTC~1, ''("I, "(" Z!ROS 1">", l"J")s 
'
1 F'OR" I 1• 1· "STEP" 1 "UNTIL" 7 "00" 
"IV'" lM[Il • 0 "THEN" OUTPUTC&1, "("/, ZOSB, N'')'', I, RECil) 
"ELSE'' 0UTPUT(61, "C"I, ZDSB, 2CN>">", I, REtll, IM[Ill 

''END" 

NUMBEA NOT FOUND ZEROS 0 
UPPERBOUNO OF THE ZEROS +6.0000000000000''+000 
MAXIMAL NEGLECTED SUBDIAGONAL ELEMENT +4.0Z039756G3S82 19 •015 
NUMBER OF ITER•TIONS 10 

ZEROS I 

1 
2 
3 
4 
5 
b 
1 

•2,q9qqqqqq,,,qe••+ooo 
+2,0000000000000"+000 
+1.0000000000001"+000 
+1,0000000000001"+000 
+q,9qqqqqqqq9qeo"•oo1 
+q,999qqqqq~q~80"•00l 
+0,0000000000000"+000 

• 

•1.0000000000000"+000 
•1,0000000000000"+000 
+4,3&870703q7008"•007 
•4,318701Q]q7008"•007 



SECTION I 3,&,1 

SOURCE TEXT(S)I 

•• C O O E " 3 4 5 O O , 

(OCTOBER 1q74) 

" l N T E G E R tt '' P R O C E D UR E '' P O L Z e: R OS C " , N , E M , R E , I M ) s 
'' V A L. U E " N J '' I N T E G E R tt N J " A R R A Y '' A , E M , R E , I M J 
'' B E G I N " ,~ I N T E G E R '' I N F , Z E R O , I , J , N I , E X P O NE N T , N Z , N Z I J 

'' R E A L •• F A C T O ~ , C , R , Z , NOR M J 

''INTEGER" ''PROCEDURE" COMVALQRI(A, N, EM, RE, IM)J 
'' \J A L U E '' N J '' I N T E G E A t, N J '' A R R A Y " A , E M , R E , I M J 
'' C O 0 E " 3 4 1 q O J 

INF1• OJ 
'' F O R '' I I : N '' W H I L E '' A t I J : 0 " A N D •• I > O '' D O •• 
''AEGIN'' INF&• INF+ 1s NI• N • 1 ''END", 
ZERO:: OJ I1• • 1J 
'' F O R '' I I z I + 1 " W H I L E " A t I J • 0 '' A N O '' I < N '' D O '' 
'' B E G I N 11 Z E R O 1 = Z E R O + 1 J RE t N • I l I • I M t N • I l I : 0 •• E N D •• J 
NZ:: N • ZEROJ ••tF" NZ> 0 "THEN" 
'' B E G I N '' '' A R R A Y '' A A [ 1 I N Z , 1 I N Z l , B [ 1 I N Z l s 

'' F O R " I : • 2 '' 5 T E P " 1 '' U N T I L. '' N Z '' 0 0 '' 
'' B E G I N " '' F O R " J I • 1 '' S T E P •• 1 '' U N T I l. '' N Z '' D O '' A A t I , J l I = 0 J 

B[I • 111• 1 
''END" J 
Za:i: A[NJJ NORM1= Os B[NZJ 111 OJ NI1• NZr NZI1• OJ 
'' F O R " t I : Z E R O + 1 '' S T E P '' 1 '' U N T I L '' N '' D O '' 
" B E G I N '' A [ N Z I l I n R I • • A [ I • 1 l I Z J N Z I t • N Z I + 1 J 

MC 

PAGES 

R I z A B S ( R ) • t C 1 / N I ) , '' I F ID R > N O RM " THE N '' N O R M 1 = R J 
NI1z NI• 1 

•
1 END'' ; 
EM[1] :s NORM• 2J FACTORS• 1 / (2 * ~NC2))f I1z 1J NI:z NZ• 17 
•• F O R " I I • " I F " I < N Z '' T H E N •• I + 1 '' E L S E '' 2 '' W H I L E '' N I > O •• D O '' 
'' 8 E G I N •• N Z I 1 11 N Z • I r C I • SQ R T C A [ N Z I l * • 2 + B t I J * * 2 ) J 

R:x ABS(B[I • 1l)J EXPONENT1: ~NCR IC) • FACTORJ 
" I F '' A B S C E )C P O NE N T ) > 1 " T HE N '' 
"BEGIN" NII• NZ• 1J Cs• 2 ** EXPONENTJ Rgs 1 / c, 

BtI • tJaz SCI• 1J * RJ A[NZilzz A[NZIJ * CJ 
B[IJ 1• BCil * C 

"END" 
" EL SE '' N I I • N I • 1 

''END", 
NZiaa NZ. lr 
''FOR" 11• 1 "STEP" 1 •1 UNTIL'' NZ ''DO•• 
'' B E G l N " A A t 1 , I J I • A [ N Z I l J NZ I I • NZ I • 1 J 

"IF" I < t~Z "THEN" AA [I + 1, IJ 1:a B [Il 
''END" J 
PO~ZEROS1• COMVALQRIC•A, NZ, EM, RE, IM) + INFJ 

''ENO'' 
''ELSE" POLZEROS1• INFJ 
''IF'' INF•• 0 ••THEN~ 
'' F OR " I I • N '' S TEP " • 1 '' UN T I L " 1 '' D O '' 
'' B E G I N '' R E [ I + I N F l I • R E t I J t I M [ I + I N ,r l I m I ~ [ I ] '' E N D •• 

99 EN0'' POLZ!ROSJ 
•• E OP'' 
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• 

SECTION I 3.&.2 PAGE 1 

AUTHORS1 

' 

INSTITUTE1 ~ATHEt·1AT?CAL CENTRE AND RlJK8U~IVERSlTElT GRONINGEN, 

.. 
RECEIVED I 740520. ' 

' , 

BRIEF OESCRIPTION1 
' 

THIS SECTION CONTAI:lS FIVE PROCEDURES ,oR CALCULATING ZEROS Or 
ORTHOGONAL POLYNOMIALS WH1Cti ARE GIVEN BY THE COEFFICIENTS OF 
THEIR RECWRR[NCE RELATION1 
ALLZERORTPO~ CALCULATES ALL ZEROS, 
LUPZERORTPO~ CALCULATES A NUMB[R OF ADJACENT UPPER OR LOWER ZEROS, 
SELZERORTPOL CALCULATES A NUMBER 0~ ADJACENT ZEROS, · 
IT lS EFFlCIEtJT TO USE ALLZERORTPOL IF MORE THAN 50 PERCENT OF 
EXTREME ZEROS OR MORE THAN Z! PERCEtJT OF SE~ECTED ZEROS ARE WANTED. 
ALLJACZER CALCUL•TE8 THE ZEROS a, THE N•TH JACOBIAN POLYNOMlALe 3 
ALLLAGZER CALCULATES THE ZEROS OF THE ~.TH LAGUERRE POLYNOHlAL. 

KEVWO~DSi 

ZEROS, 
ORTHOGON4~ POLYNOMIALS, 
CHRISTOFFEL ABSCISSAS. 

• 

• 

• 

• 



• 
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SUBSECTlONI ALLZEROATPO\.,. 

CALLING SEQUENCEI 

TH! HEADING OF TH! PROC!DUR! READSI . 
•P~OCEOURE• ALLZERORTPOL (N, B, C, ZER, EM)J 
" \I A L U E " N I " I ~i TE G £ R " N 1 1 A RR A Y '' 8 , C , Z E R , EM J 

THE MEANING or THE.FOR~AL PARA~~TERS %Sa 

MC 

PAGE 

• 

B, Ci cARRAY IOE~TIFt!R>J 
"ARRAY" B, C tO~N•llr . 

• 

ENTRY& THE EL.!MEt4TS BEil ANO CCil, t I o,.1, •••, N•1, 
CONTAIN THE COEFFICIENTS OF TH! RECURRENCE RE~ATtON 
Ptt+tl (Xl I CX • StIJ) tt P[Il CX) • Ctll • Ptl•ll (X) 

ZER1 

I, O, 1, •••, Nat, 
C tO J It O I 

◄ ARRAY IOENTtFIER>t 
"ARRAY'' ZER Cl 1Nl I 

• 

• 

EXlTI THE ZEROS OF THE N•T~i OEGREE ORTHOGONAL POLVNOMIALt 
cARlTHMETlC EXPRESSION>J 
ENTRY1 THE DEGREE OF TtiE ORTHOGONAL POLYNOMIAL OF WHICH 

THE ZEROS ARE TO BE CA~CULAT!Or 
cARRAY lOENTIFtER~t . 
"ARRAY" EM tOi5J, . 
ENTRY& EMtOJ I THE MAC~IINE PRfCISION1 

• 

EXIT& 

EM[2l1 THE RELATIVE TO~ERANCE OF THE ZEROSJ 
EMt4Jt THE MAXIMUM AL~OWEO NUMBER OF ITERATIONS, 

E,G. 5 * Nt 
E ~1 t 11 I T ti E MAX IM UM O, ABS C S t O l ) + 1 , 

CtIJ+A6SCBtlJ)t1,CI,1,.,,N•2l, 
CtN•1l+A8$CBtN•1llJ 

EMtJll INFORMATION CO~CERNING THE PROCESS USEDs 
I.E. THE ~AXtMUM ABSOLUTE VALUE Or THE 
CODlAGOrJA~ ELE~ENTS ~JEG~ECTED, 
CSEE A~SO SECTION 3,3 1 1.1.1,)J 

Er·1 [SJ I Tt1E NUMBER OF ITERATIONS PERFORMED, 
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PROCEDURES USEDI 

QRIVALSYtt1T~l 
DUPVEC 

• CP34160, 
• CP31030. 

~ETHOO ANO PERFORMA~CE I SEE SELZERORTPOL (T~IS SECTION). 

REFERENCES I $EE AL I. l,. 4 G Z ER CT ~i l S SECT IO r J l • 

• 
EXAHPLE Of USEI 

MC 

PAGE" 3 

AS A FOR~AL TEST OF THE PROCEDURE Wf CALCULATE THE ZEROS OF 
THE CHEBYSHEV POLYNOMIAL (OF THE FIRST KINOl OF THE TtiIRO DEGREE. 
TH£ RECURRENCE COEFFICIENTS AREi 
Btll • 0, I• o, 1, i!J 
C t O l w O, C t 1 l • , 5, C t 2 J a • cS • 
CIT IS RECOMME~DED TO STORE THE EL!~1ENTS OF THE ARRAYS BAND C IN 

REVERSED ORDER IF THESE ELEMENTS A~E STRONGLY !~CREASING). 

"BEGIN" "A~RAY'' s, cro~3J, ZER[113l, EMtOt511 
"P~OCEDURE" ALLZERORTPOL(N, ,t,ZER,EM)r"C0DE"31362s 

1 
a 
l 

E M t O J I I t ~1 t 2 l I , " • 1 l.& J E M t 4 l ; a 1 5 ; . 
e t2l i,s t1l i•B ,o, 110; 
c t o 1 i • o ·, c , t l 1 • • s ; c t a l , • • z s ; 
ALLZ£RORTPO~ (3, B, C, ZER, EM); 
OUTPUTC61,"C""C'1 TrlE THREE ZEROSJ'l",1 1 3(/ZDSP,N),2/, 

"C"EMtll l"l",580.ZD"+ZD, I, 
" C " f: M t 3 l I " ) " , S B D • 2 D " ♦ 2 r, , I , " C tt E '·1 [ 51 t " ) ,, , S Z O " ) '' , 
1,ZER t1l ,Z,ZER [21,l,ZER t3l ,E.., [11,E:M tll ,EM tSl l 

.s.obOZSQ0378ij44"•0~1 
t8,bb02540318444"•001 
+7.35&2436480607"•01& 

tH tll a 
EMt3ll 
EM tSJ I 

1.so"+oo 
1.42,.•3il 
s 

• 
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(OCTOBER 1q74) PAGE 4 
' 

8U!SECTION1 LUPZERORTPOL.. 

CALLING SEQUENCEI 

THE HEAOING OF THE PROCEDURE READS: 
••PROCEDURE" LUPZERORTPOL (N, H, B, C, ZER, EM)f 

' 

"VA~UE" i~, MJ ~INTEGER" N, Mr ''A~RAY'' a, C, ZER, E~, 

THE MEANING OF THE FORMAL PARAHETERS tS~ 
B, C~ cARRAY IDENTIFIER>r 

"ARRAY'' B, C [OIN•1l J 
EN T RV I THE E L E M ! NT S B t l l A ~~1 r, C t l J , I ra O , 1 , , , , , N • 1 , 

CONTAIN THE CDEFFIClENTS OF Tt◄ E RECURRENCE RELATION 
?IItll (X) • ex • atil) • ?[11 (X) • C [ll * P tt•1J (Xl 
I, O, l, •••, N•1, 
CtOl • 01 

<ARRAY IDENTtFIER>t 
"ARRAY" ZERt11MJ t 

' 

EXIT1 THEM LOWEST ZEROS ARE DE~lVEREDJ 
IF riOWE\/ER THE ARf,lAY B toiN•1l CONTAir-JfO THE OF'POSIT 
VAL.LIES OF TtiE CORRESF'O\JOING RECURRENCE COEFFICIE:NTS 
THEN THE OPPOSITE VA~UES OF THEM UPPER ZEROS 
ARE DELIVE~ED. 
t~ EITHER CASE, ZERCil<ZERtI+ll, I a 1,,,,,M•ll 

< A R 1 T ti M E T I C E X P ~ E S S l ON 2t I 
ENTRY~ THE DEGREE OF .Tt◄ E ORTHlGONA~ POLYNOMIAL OF WHICH 

THE ZEROS ARE TO BE CALCULATEDJ 
cARITt·i~ETtC EXPRESSION>J 
ENTRY& THE NUMSER OF ZEROS TO BE C•LCULATEDt 
<ARRAY IDENTIFIER>I 
"ARRAY" EMCOi511. 
E \J T R V I E ~1 t O J a T t·i t M A C r i I N E P Q. f C I S I O ~~ , 

E~t2J I TtiE RELATIVE TDt.ERA~CE OF THE ZERos, 
Et"4 C4l I Tt1E MAXI~~UM ALLOWEO NUMBER OF ITERATIOt~S, 

E,G. 15 • ~11 
EMtbl I IF ALL ZEROS AqE KNOWN TO BE POSITYVE 

THE ~I 1 ELSE O J 
E ', r 1 l I THE ~ A X I M u ~1 0 f A a s ( a t O J ) + 1 ' 

C tll +ABS(StIJ )+1, CI=1,.,.N•2), 
C C t~ • 1 l + A B S C O t ~.J • 1 J ) , 

E ~1 t 3 l & I f·l FOR t l 4 Tl ON c: 0 \ICE R '-J t NG THE PROCESS USE: D J 
I.E. TME ~AXI~J1 ABSOLUTE VALUE OF THE 
T t·i E O R E T I C A L f. R R O R S O F T ti E Z E R O S 
(SEC WILKINSON AND REI~SCH, 1971, P.2b3)J 

E'.·1 t51 I Tt·iE NUMaER uF ITERATIONS PERFORMED, 

PROCEDURES USED: 
DUPVEC 
AfJS~1AX\IEC 

• 

: CP31<;30. 
s Cr,,31060. 
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' 

• 

EXAMPLE OF JSEI 

AS A FO~MAL TEST o, T ►➔ E PROCED•JRE WE CALCULATE THE TWO ~OWER 
AND THE T~O UPPER Zf~OS OF THE ~AGUE~RE POLYNOMIA.L OF THE THIRD 
DEGREE. 
THE RECJRRENCE COEFFICIE~JTS ARE OBTAINED FROM [ll, P.7821 
B tIJ a • A2I / A3I : 2t + 1; 
Ctil ~ A41 / (All * A3CI•1)) • A1CI•1l , I • I, I • o, 1, 2. 

• 

CIT IS RECO~t·iENOED TO STORE TriE ELE~1ENTS OF THE ARRAYS 8 AND C IN 
REVERSED oqDE~ IF TMESE E~EMENTS ARE STRONGLY DECREASING), 

• 

''6EGlt◄" ••ARRAY" B, C to 111, ZER r1 JZl, E'1 COi bl J 
''lNTEGER•t IJ 
'' PR O CE D U ~ E " L, l 1 P Z E R OR T ~ 0 L. ( r.1 , t,1 , B , C , Z E R , E ~, ) ; " C O OE " 3 1 3 & 3 J 
EM tol 1• EM t2l 1• "•t4r EM t4l i• "4St EH t~l :• 1, 
''FOR~ la• O, 1, 2 ''00" 

• 

"BEG I ;\J '' 9 CI l t, 2 • I + 1 1 C CI l I• I * I "END,. J 
L ll P Z E R O R T P O l. ( 3 , 2 , A , C , Z E R , E M ) J 
OUTPUTC~l,"(""C''TH~ T~O LOWER ZEROS1''l",l,2C/ZOSB,N),2/, 

"C~E~ttl&")P,58D.Z0"+2D, I, 
"("E'1t3J 1")",SBO.ZD"+ZO, /,tt("E~1t51 l")'',SZ0")'', 
1 , Z ER t 1 l , 2, Z ER C 2 l , EM t 1 l , E f1 t 31 , EM [ S l ) J 

EM[~la• OJ . 
"FOR•• II= o, 1, 2 "DO" . 
" B E G I N •• a L I J I • • Z * l • 1 J C t I l I I I • I " E :~, 0 " I 
LlJ~ZERORfPOL. Cl,~, B, C, ZER, EM)J 
o lJ T P 1,.J T ( b 1 , " ( " 3 I , " C '' THE T WO lJ PP ER Z E R O S I " l " , / , 2 ( / Z D 5 6 , N ) , 2 / , 

'' C •1 E 1~ t 1 l I '' ) " , 5 a. D • 2 0 '' + 2 0 , I , 

1 
2 

E.tr1 t11: 
E t1 t 3 l I 
EH CSJ a 

" C '' E ~ t l l I tt l " , S 8 D , Z D ,, t 2 D , I , " t ,. E ~1 r. 5 J I ft ) ti , 5 Z D ti ) ti , 

1. , • Z E R t 1 l , 2 , • Z E P. [ Z l , E ~i r 1 l , E ~1 t 3 1 , f. "1 [ 5 l ) f 

+4.1577U55b18348"•U01 
t 2 • 2 9 4 2 8 O 3 b O Z 7 9 1 '' + o O O 

9a00"+00 
s.72"•1b 
12 

. 1 tb.26994S0829375ff+OOO 
Z +2~2942803602701"+0()0 

Er¥t r11; q.oo•••oo 
f .1 (3): 4. 7r,••-2(> 
E. t ·1 ( S l : . 1 4 
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• 

MC 

SECTIO~ I 3 11 0.2 ( ~JOVEMBER 1 q7&) 
' 

SUBSECTIOf'~I SELZERORTPOL. 
• 

CALLING SEQUENCE&· 
' 

THE HEADING or TtiE PROCEDURE R!ADSI 
"P~OCEDURE'' SELZERORTPOL (N, rJt, ~2,.6, C, ZER, EMJJ 
'' V 4 L. 1.J E ,, t~ , 'J 1 , N Z I ,. I N T E G E R ,, t J , r1 1 , l~ 2 t tt A R RA Y " B , C , Z E R , EM J 

THE MEANING Of THE FOR~A~ PARAMETERS IS I 
• 

B, Ct ◄ ARRAY IDENTIFIEA>I 
"ARRAY" e,c to I N•ll J 
f! N T RY I T !1 f EL E MEN T S 8 [ l l A i ~ D C [ I l , I " O , 1 , • • • , ~,. 1 , 

CONTAl~ TtlE COEFFICIENTS OF THE RECURRENCE RELATION 
P tI+1] (XJ • ex • 6 Cil) * ~ til (X) • C [ll • P tI•1l CX) 
I w O, 1, •••, Ne1, 

ZER1 
CtOJ a Ot 

<ARRAY ID~NTIFIER>J 
"ARRAY" ZER tNl 1t~~l; 

• 

!XITI THE N2•~1+1 CALCU~ATEO ZEROS IN DECREASING ORDER. 
N, ~1 ,t~21 <ARlTttMETlC E)(P.R!SSlON:rtJ 

EM . I 

ENTRY: N IS TME DEGREE or· THt Qf.?THOGONAL POLY~Ot..1IAL OF 
WHICH THE Nl•TH UP TO 4NO I~CLUOtPJG NZ•TH ZEROS ARE 
TO BE CALCUL4T!OCZERt~1J>•ZERtNcJ)J 

<ARRAY lDENTtfIER>r · 
.,ARRAVtt EM[015lJ 
E~JTRY I E~1 [Ol I Tt,fE MACriINE PRECISION. 

' . 

EXITI 
EMtZll TH! RELATIVE TO~ERA~CE OF THE ZEROS; 
E~flll THt MAKIMUM OF ABSCBtOl) + 1, 

CttJ+A8S(BttJ)+1 (I~1,,.,t~•2) AND 
C t r-1 • 1 l + A e. S ( B t N • l l ) J 

E:;1 tSl t TtfE NUMBER OF ITERATJOtJS Pf:RFOR~E() 9 

PROCEDLJRE3 uSED I 
VAL.SYMTRI = CP34151e 

METHOD AND PERFORHANCEI 

T ri E Z E R OS OF A ~J ORT t 4 0 G ON A L POL. Y ~ IO "'1 I A L ~ Rt T Y E E I GE r,tl VA L U ES Or A 
SYM~JET~lC TRIDIAGONAL MATRIX (SEE [21, t3l 1P.375,37&, ['ll ,P, lZOl • 
T~E ORTHOGONAL POLY~JO~IAL IS D!fI~EO BV A LINEAR THREE•TER~ 
t◄ 0 '1 0 G E ~i E O U S RE C JR R E f~ C E RE L A T l O N • 

•· 

REFERE~JCES I SEE ALL. L.AG ZER CTtiIS SECTION), 

• 
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EXA~1PLE OF USE I 

AS A FOR~AL TEST OF THE PROCEDURE WE C4LCULATE THE THIRD ZERO 
0 F' T H E L. E GE ~ D R E P O L Y ~JO ~1 I A I. () F T HE F O 1 ~' R T i1 DE GR E E • 
THE RECJ~RE~CE COEFfICIE~ITS ARE OBTAI~ED F~OM ttl, P.7821 
B[IJ a O, I • O, 1, 2, 3t 

PAGE 

• 

CtIJ • AqI / (A3I * A3Cl•1lJ * At(I•tl z l •I/ ( q *I* I• 1l, 
I • o, 1, 2, 3. 

C I T 1 S R E C O r~ M E N D E D T O S T O RE T H E E L, E r1 E f 1 T S O F T H E l R R A Y S B A ~, D C l N 
REVERSED ORDER tF THESE ELEMENTS ARE STRONGLY DECREASING). 

'' B E G I r~ " " A R R A Y '' B , C [ 0 a 4 J , Z E R t 3 i 3 l , E ~ t O I 5 l t 
"INTEGER" IJ 
,. PRO CE 0 U ~ E 1• SELZER ORT POL C ~,~ , N 1 , ff 2 , B , C , Z E ~ , E '1 ) J " C ODE " 31 3 o 4 I 
EM [OJ 1• EM tZl 1• "•14J 
"r0R" 11• o, 1, 2, 3 "00" 
'' A E. G I l'4 '' B t I l t z o J C t I l a s l * l / C 14 • I * I • 1 ) " E t~ D '' J 
SELZERORTPOL ca, 3, 3, a, c, ZER, Et1); 
OUTPUT(b1,"("ff(tlfHE THIRD ZER01~)",21,ZD5B,~,2/,, 

" C " E ~'•1 t 1 J I " l " , S B O • Z O " + 2 0 , / , 
" C fl E ~ t 5 J a tt l tt , S Z D " ) " , 3 , Z E R t 3 l , E ~1 C 1 l , E '-1 t S J ) 

' 

TtiE Ti·iIRD ZEROI 
' 

3 •3 8 399810435648bq•001 

EMt1l 1 1a3'3"+00 
E ~1 [SJ I 12 

SU8SCCTIO~; AL~ JAC ZER. 

C A L, L I ~., G S E Q :,J E N C E ; 

• 

Tr1E HEADING Of THE ~~OCEDURE ~EADS~ 

•• P ~ 0 C E D ~J R E " A L L. J A C Z E P C ~., , A L f A , 0 E T ~ , Z E~ ~ ) J 
"VALUE" aj, ALFA, 6ET4J 
"lNTEGER" NJ "REA~" ALrA_ eETAJ '1 A~RAY" ZERJ 
"CO()E" 313.701 

TrlE ~EA~I~G OF THE ~a~~1AL PARA~ETERS JS; 
!·,J : < A R I r i, •-1 f. T I C E X P r1 E s S 1 O 1 ! > ; 

T rl E lJ P P £ R R O U :~ D OF T t f E A R f~ A Y Z E R f N > = 1 J 
, , 

A L ,=- A , 0 E T A : < A R I T ~·1 r-.1 E T I C E X P R E 5 S I O l ·l > ; 
T ~ E P A R A ; 1 E T E R S O r T i i E J A C r:., n I P O L 'f i'J O ~, 1 A L , S E E 
lLF4, BETA>• 1J 

Z ER : <ARR A Y I DE '·l T ! F ! ER> J 
" A q R ~ Y '' l E P C 1 I '·J J J 
E x I T I z E. ~ t t J " • • • , z E1 ~~ t f·J 1 A R E T ri E z E R a s o F 
J A C D B I P {). L Y :J fJ '. ' l A L W l T : I P A P A ,~1 E TE R S A Lr A A N 0 

Cl l I 

T H E ti • T t➔ 
BETA, 
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(~1QVEMBER 191fl) PAGE 8 
' 

PROCEDURES 1JSE01 

A1 L z_eR ORT POL• CP • - 313oz. 
• 

REQUIRED CENTRAL MEMOAYI 

IF A~FA • BETA THE TWO AUXILIARY A.RR4YS OF N//2 REALS •RE 
USED, OTHERWISE TWO AUXlLIARV ARRAYS OF N REALS ARE OfCLARECa 

• 

METHOD ANO ~ERFORMANCEI 

THE JACOBI POLYNOMIALS ARE A SPECIAL CASE OF ORTHOGONAL 
POLYNOMIALS CSEE tll)t ALL JAC ZER COMPUTES THE COEFFICIENTS 
OF T~E THAEE•TERM RECURRENCE RE~ATIO~ AND CALLS THE PROCEDURE 
A~L ZEq ORT POL TO COMPUTE THE ZEROSr tF ALFA, BETA, THE . 
PCLYN0M1A~S ARE 000 OR EVEN, ~iENC~ ONLY THE THE ~OSITlVf ZEROS 
ARE CALCULATEOt THIS IS DONE 8¥ MEANS OF TME FORMULAS 

• 

P(2•M, ALFA, ALFA, X) w C(M)•PCM, A~FA, •o.s, 2•X*X • 1), 

e:XA.MPLE OF USEI 

THE PROGRA~.1 

"BEGIN" "ARRAY" Xtl13l1 
"PROCEDURE" ALL JAC ZE~tN, ALFA, eETA, ZER)r ''CODE" 31370r 
ALL JAC ZER(J, •• s, •• s,x,, 
OUTPUTC61,"("3(4B•Da13D''•ZD)"J",Xt1J,Xt2l,Xt3l) 

1'END" 

PRINTS THe: FOL,.OWttJG ~ESULTSs 

0.0000000000000" 0 

REFtRENCES; SEE ALL LAG ZERCT~~IS SECTl0~4) • 

• 
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C ~JOVE~BFR 197 & ) 
' 

SUBSECTJO~I ALL LAG ZER. 

CALLI~G SEQUE~CE1 

THE HEAOI~G OF THE pqocEDURE READSt 

''PROCEDURE" ALL LAG ZER(~, ALFA, ZER); 
"VALUE" N, ALFA; 
"INTEGER" N; "REAL" ALFAt "AR~AY'' ZEQ; 
ticnoE" 3t37lt 

THE ~EArJING OF T~E; FO~~AL PARA~~ETE:RS ISi 
~I <ARITHMETIC EX~RESSlON•J 

THE UPPEq ROUrJO opr THE A~RAY ZERt ti >• 1 J 
ALFAI <ARITH~ETIC EXPRESSIOtJ>J 

MC 

PAGE 

THE PARA~ETER OF THE L4GUERRE POLVNOMIAL,Sf.E ttJr ALFA> •tr 
ZtR: <ARRAY IDENTIFIER>f 

''ARRAY" ZERtt J NJr 
EXIT: ZERtll, ••• , ZERtNl ARE THE ZEROS OF THE N•TH 
L..A.GUERRE POL. Y~lOMI AL WITH PARAMETER ALFA. 

PROCEDURES JSEDI 
• 

A~L ZER ORT POL• CP 3136Z. 

,, 

REQUl~EO CE~T~4L ME,~O~YI 

T~n ALlXILIARV ARRAYS OF N REALS ARE USED. 

METHOD 4ND PERFORMANCE& 
iii> 

Tl1f LAGUERRE POL, Vtto~~r ALS ARE A SPEC I ~l. CASE OF ORT~➔ OGO~JAL 
POL V ~ 0 HI ~LS ( SEE t 1 l ) J ALL LAG Z ER C O ~1 P Lt TES THE' COE FF IC IE rJ TS 
DF T~E T~REE•TER~ RfCURREt~CE RELATIO~ AND CALLS THE PROCEDURE 
ALL ZER ORT POL TO COMPUTE THE ZEROS. 
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t1J1 M. ABRAMOWITZ ANO l~A. STEGUN(1965J1 

HANDBOOK OF MAT~EMATlCAL FUNCTlON8. 
DOVER PUBLICATIONS INC 1 

t2l I ;.H. GOLUB ANO J.H. H£LSCM(1'6')~ 
CALCULATION or GAVSS QUADRATURE RU~!S. 
ti14TH. COMP. VOL. 23,P.221•ZlO., 

[3J1 C. L4NCZ08C1957)1 
APPLIED ANALYSIS. 
PRENTICE HALL. 

C4l I J, STOER C 1 fi1Z> I 
EINFUEHRUNG lN 01E NUMERlSCME M-THfMATtK 1, 
HEIDELBERGER TASCHENBUECHER 105,SPRINGER. 

' 

EX4MPL,E OF USEI 

TH[ PROGR4~1 

"8!GIN" "ARRAY" Xtl13lt 
"PROCEDURE" ALL LAG ZERCN, ALFA, ZERlJ "CODE" 31371J 
AL~ LAG ZER(3,•e5,Xl1 
0 U T P LJ T C b 1 , " C " 3 ( 4 B • D , 1 l O " • Z O ) " l " , X t 1 J , X t Z l , X t 3 l ) 

t• EN 0 '' 
• 

' 

~RINTS THE FOLOWING RESULTS& 
' ' 

• 

MC 
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• 

• 

1.7944921485432" O s.sas3431q2z,1J" o. 
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' 

SOURCE TEXT(S) I 

"C00E"313b2J 
"PROCEDURE" 4LLZERORTPOL CN, 8, C, ZER, EM); 
" V A 1.. LJ E " N J " I N TE GE~ " t,J J " A ~ R A V '' 8 , C , Z E R I E M J 
"BEGIN" "l~TEGER"lt"REAL"NRMJ 

"INTEGER" "PROCEDURE" QRIVALSYMTRI CQ, BB, ~, EH)J "CODE~ 341b0J 
"P~OCEDURE" OUPVEC CL, U, SHIFT, A, S)s "COO!" 31030J 

r 

C CNJ I• 0 r 
NRM11ABSCBtOl)J 
~roR•11•t"STEP"1"UNTIL"N•2UDO""lF"CtIJtABSCBtil)~NRH"THENtt 

' 

NRM1wCtIJ+AB$C8tlllr 

• 

~1,~N~l"THEN"N~M1•"1F"NRM+1•~CtN•tl+ASS(8CN•lJ)"THEN"NR~+1"ELSE" 

' 
C£N•1ltABS(BtN•1l)s 

EM tlJ 11"-JRMJ • 
"FOR" II~ N "STEP"• 1 "UNTIL" 
QRJVALSYMTRI ca, C, N, E~), 
DUPVEC Cl, N, o, ZER, B) 

"END" AL~ZERORTPOLt 
"E0P" 

"COOEtt313olJ 

1 ''00'' !tIJ t• Btl • 111 

''PROCEDURE" LUPZ!RORTPOL C~J, r1, 8 1 C, ZE:R, EM) J 
"VALUE" N, Mt "INT!GER• N, Mt "ARRAY" B, C, ZfR, EMJ 
"BEGINM . 
"PROCEDURE" RATQR(N,M 1 POSD!F,CLAM,EPS)TRANS~(D,82)J 

•VALUE" N,M,POSOEF,DLAM,!PSJ 
"INTEGER'' N,MJ 
~eoOLEANq POSOEr, 
"REAL" DI.A~·1,EPS1 
"ARR•Y" 0,B21 

• 

"COMMENT" QR ALGORITHM FOR THE COHPUTATIO~J OF THE LOWEST EIGENVALUES 
OF A SVMM~TRit TRlOlAGONAL MATRIX. A RATIONAL VARIAtJT OF THE 
QR TRANSFORMATION IS USED, CONSISTING OF T~O SUCCESSIVE QO STEPS 
P~R lTERATION 1 

A SHIFT OF THE SPECTRUM lFTER EACH ITCRATION QIVES A~ ACCELERATED 
RATE OF CONVERGENCE. A i~EWTQN co~RECTION,DERIVED FROM THE 
t~ARACTERISTIC POLYNOMIAL,IS USED AS SHIFT, 

RATQR IS IMPLEMENTED BY REI~SCH ANO BALJ!R, SEF WIL.~INSON AND REt~JSCM 
,1971, CO~TR. II•b• (IN FL1TURE ~ATQR MUST BE REPLACED BY PATQRI 
<•CP3416o>l. · 

FORHATS: 0,B2 tt &NJ r "COMt,i1tNT" 
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( t JO V E M 8 f~ R 1 Q 7 b ) 
' 

"BEGIN" 
•lNTEGER" I,J,K,TJ "REAL" DELTA,E,EP,tRR,P,Q,QP,R,S,TOTJ 
•REAL""PROCEOU~E" ABSt1AXVEC(~,LO~,u~,A)1"CODE"310~0J 

"COMME~T•~ ~O~ER 80UNO FOR EIGENVALUES FROM GERSHGORtN, lNITlAL SHIFTJ 
Bi t111• l!RR1• Q1• Sa• o, TOTt• 0 r11, 
"FOR" IIJ \J "STEP'' •1 "lJNTtLtt 1 "DO'' 
"BEGIN'' . 

P~• ~J Q~a SQRT(B2tlllJ Ea~ Dtll•,•QJ 
"IF" E < TOT "T•fEN'' TnTri E 

"END" 11 
"IF" POSDEF & TOT c O "THEN" TOT&~ O "E~SE'1 

" F O R •• I I • 1 " S T E P " 1 " Lt t~ T t L '' ~ .J " 0 0 " D t I l I ;; 0 C I J • T O T J 
Ta• OJ 
"FOR" K1• 1 "STEP" 1 ''UNTIL" M "DO~ 
"BEGI~" 

~EXT QR TRANSFORMATION1 Ti~ T t 1J 
TOT1• TOT+ s, DELTA1• or~,1-s, I1• Nt 

• 

E1, ABS(EPS•TOT)B "IF" O~AM c ! "THEN'' D~AM:: EJ 
"IF" DELTA<• DLAM "THE~" "GOTO" CONVERGENCEJ 
El• 8ZlNl/DELTAJ QP;v OELTA ♦ EJ Pi• 11 
" r O R " I I • N • 1 " STE P " • 1 " U ~IT ! L " ~ " 0 0 tt 
"BEG I ~J •• 

Q1• ntIJ•S-~, Ra, Q/QP1 P1; P*R+1J 
EP.1; E•R1 OCit1Jt• QP+EPt DELT•1,·Q•EP1 
"lF" OE~TA < • DLAM "THEN" "GOTO"'CONV~RGENCE1 
Ea~ eztl]/QJQPr• OELTA+Et satI+ll11 QPtEP 

''END" I I 
o,KJ11 QPJ S~I Q~/PJ 
" 1 F '' TO T + S > TO T 1

• T ti E f i " •• GO T O " ~.J ! X T Q R T ~ A ~J S F O RM A T I O N I 
"COMMENT" IRREGULAR END OF ITERATION, 

DEFLATE ~'"1If'Jl~UM DIAGO~JAL ELE~ENTt 
Sas o, 1,a Kt OELTA;i QPJ 
" F O R " J I • K + l " S T E P " 1 '' U N T I l '' ! t •• D O 1' 

•• l F " 0 [ J l < DE L, T A '' T t-◄ E N '' 
''BEG!N'' I;~ JJ DE~TAt• DtJl "END"J "COHME~T'' 



2-nd REVISION, 1977 
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' 

CONV!RGENCEI 
" 1 F " l < N " T HE ~J " B 2 t I + 1 l I • B 2 C l J * E / Q P ·I 

1 rOR" J&• 1•1 "STEP•• •1 "UNTIL'' K ''D0" 
"BEGl\l" OtJ+tJtl DtJJ•Sp 82CJ+1J1a1. B2CJJ 

OtKJi1 TOT1 B2CKJ1i ER~I• ERR+ABS(DELTA) 
"ENO•• f<J 

EMC5J1•T1E~t3l1•ABSMAXVEC(T,1,M,82)J 
"ENOtt RATQRJ 

' 

"PROCEDURE" DUF'VEC (L, U, St·!IFT, A, 8) 1 "COOE" 310301 
"INTEGER" I;"REAL~NRMJ 
NRM111ABSC8tOl)1 
"f0R"l111"STEP"1"UNTtL"~J•Z''D0""lF"Ctil+ABSC8tlJ)~NRM"THEN" 

N RM i IC t I l + A 8 SC B t 1 l ) J 

MC 

' 

" t F " t,i :. 1 " TH EN " ~., R ~4 1 • " t F " N R ~1 + 1 > • C t r 4 • 1 J + A 9 s r B t N • 1 l ) " THE ~" " N R M t 1 ,. E L s E " 
C CN•l J ♦ ABS CB tN•1 l l I 

E~ttJ1iNRMJ 
"FOR" Ia• N "STEP"• 1 "UNTIL" 1 •DO" 
qBEGI:"" B till• B Cl • lJ, C CtJ &• CCI • 1l "ENO", 
RATQR CN, ~, EM t&J s 1, !t·1 Cil, EM tOl, B, C) J 
DUPVEC Cl, :1, o, ZER, B) 

"ENO" LUPZERORTPOL1 
"EOP" 

"CODE''l1 '5~4 J • 

"PROCEDURE'' SEL.ZERORTPOL C~, tl1, N2 1 6, C, ZER, EMl J 
'' VA L U E •• ~ , t.J 1 , :" 2 J •• I N TE GE R •• t,,, , N 1 , "' i I •• A ~ R A Y •• S , C , Z E R , E M 1 
"BEGlN" "I~TEGER"l•"REAL"~JRMr 

' 

'' PRO C E O URE " VA L S V M TR I C D., B fJ , N , N 1 , ~ J 2 , VA 1. , E M ) I " C OD E '' 3 4 1 5 1 J 
NRM1•ABSC6tOl)1 · 
"F0Rttl11N•2"STEP~•l"U~TIL"1"00""IF"CCil+ABSCB[IJl>NRM"TH!N" 

N~M1wc tIJ ♦ ASS(8 [ll) f 
"lF"N>t"THEN"NRM1•~IF"NRM+t>aCtN•1l+ABSC8tN•1ll"THEN"NRM+1"ELIE" 

C tr~•1 l ♦ ABS CB tN•tl) I 
EM tt JI •~,~RMJ 

" F O Fl '' I I , N •• S T E P " • 1 " U ~J T I L tt 1 '' D O •• a t I l I :: B C I • 1 l J 
V AL, $ V M T R I ( 6 , C , ~ l , ~4 1 , NZ , Z E R , E: M ) I 
E t·i [ S J a s. E '1 t 3 l 

"END" SE~Z!RORTPOLJ 
"EOf'" 

"CODE., J1370J 
''PROCEDURE" ALL JAC ZE~CN, ALfA, BETA, ZERl1 
t• v A L. 1J E ,. r ~ , A L F A , a E T A , •• .I N 'r E GE R '' N , 
!? R E' A L tP A L F A ' B E T A ' ff A R R A y ,. z E R J 
''IF'" ALFA • BETA. '•Ti1E~J" 
"BEGt~J'' "l~TEGER" I, ~, 

• 

•• A R R A Y " A. , 8 [ 0 I / ,J / / 2 l , E t 1 ( 0 I 5 l J 
"RE AL.'' •1 ! ~~, GA~ f ~ A:, SU~~ , Z ER I J 
,, P ~ o c e: o URE,. ALL ZE R or~ r Po L c 'J, A, a, z f. R, E 1-11 , ••ca o E" 

' 

• 

313b2J 
" C O t"1 M E ~~ T It 
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' 
ll 

SECTION I 3.~.2 (NOVEMBER 1911,) 

' 

' 

M1• N//2J "IF" t~ •• 2tM ~·THEN" 
"BEGIN" GAM.MA&• + Oe5J ZER[M t 1la• 0 "ENO" 

' ' 

"E~SE" ;AMMA11. o.!, 
MIN&• 0,25 • A~FA•ALFAt SUM11 AL'A ♦ GAMMA+ Zf 
AtOJ~• (GA~MA • ALFA)/SUM; At1J~, ~IN/SUM/(SUM + 2)J 
Bt11~1 Q•tt ♦ ALFA)*(l + GAHMA)/SUM/SUM/(SUM + 1)1 
"F0~" II• 2 "STEP" 1. ••UNTIL" M • 1 1 00" 
•eE;IN" SUM~• I ♦ l ♦ ALFA t GAMMAt 

AtIJ~• M!N/SU~/CSU~ ♦ 2)J SU,M 1, SU~•SUMt 
BtIJs• 4•I•CI ♦ ALFA+ GAMMA)*(l + ALFA)•CI ♦ GAMMA)/ 
SUM/(SUM • 1) 

"E~0"1 
EM ,011• 7,2" • ,s, £f;-1 C2J 11 1'•10f IM r·43 a• ••Mr 
•~~ ZE~ ORT POL CM, A, B, ZR, EM)1 
"FOR" Ia• l •STEP• 1 "UfJTlL" M 8 00" · 
"BEGIN" ZERtIJra Z~RI11 • 8QRT((1 ♦ ZEAtil)/2)1 

' 

ZERtN + 1 • ll11 • ZERl 
~END" 

"ENO• "ELSE" 
"BEGIN" "INTEGER" J "REAL" 8UM, HINJ 

"AR RA v" A, a to 1 ~ti , EM to a 51 , 

• 

• 

"PR0C(OUR£" A~L ZER ORT POLC~J, A, B, ZER, EMlJ "CODE" 313&2J 
MlN11 CBETA • ALFA)•CBETA t ALFA)J 
SUM11 •~FA t BfTA ♦ 2, ato11, OJ 
4tOJi1 (BETA• A~'4)ISUM1 • 

4t1J11 MlNISVMICSU~ ♦ 2)1 . . 
8tlJ11 4•Cl + ALrA>•C1 + BETAJ/80MISUM/(8UM + 1)1 
"FOR" t11 2 "STEP" 1 "UNTIL" N • 1 1 00" 
"BEGIN" SUM&•? ♦ t ~ALFA+ BETAJ 

Atila• MtN/SUM/(SU~ + 2JJ SUMa, SU~•SUMJ 
Btilt• 4•I•Cl ♦ ALFA; BETA)t(I + AL,A>•Cl ♦ 8ETA)/ 
(SJJP1 • 11/SUM 

"~N0"J ~ 
El"tEOJ111.2" • 15t EMC2llw 1.0"•9J EMt4Jt• o•NJ 
AL.L ZER ORT POL(N, A, B, ZE~, fi1) 

"ENO" A~~ JAC ZE~, 
"EOJt" 

"C00E" 313711 
''F'~OCEOURE" AL.L LAG ZER (t·J, ALFA, ZE~l I 
"V 1' L. U E" N, ALF A. r " INT E' GER" ~I I •• R ! AL." AL ff A f "ARRAY" Z ER r 
"8E~IN" "INTEGER" It "ARRAY" A, Oto1Nl, EM[O~Sl I 

" P ~ 0 C E OUR E " AL L Z E R OR T P O L C P ·J , A , a , Z E R , E t·1 l J •1 C O O E tt 3 1 3 b 2 ; 
B t O J I I O I A t N • 1 l I • t~ t t-4 t A L F A • 1 J 
"FOR" ti• 1 ''STEP" 1 "UNTIL'' tJ • 1 ''00'' 
"BEGIN•• Atl • lll• I+ It ALrA • 1J 

Sttl 111 l•CI + ALFA) 
"ENO"J • 

E"' tOJ 1• 7,2'' • lSJ £~1 [Zl a• "•lOJEr~ t'4l t• b•r,Jf 
AL.L.. ZtR ORT POL ("1 1 A, B, ZER, EP+,1J 

"END" A~L LAG ZERJ 
. "EOP" 

• • 

' 
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BRIEF OESCRIPTION1 

COMK~D CALCULAfES 
COEFFICIENTS,. 

THE ROOTS OF A QUADRATIC EQUATION WITH COMPLEX 

KEYWORDS I • 

ZEROS,QUADRATlC EQUATION,POLYNOMIAL EQJATION,COMPLEX COEFFICIENTS, 

CALLING SEQUENCE1 

THE HEADING OF THE PROCEDU~E RE~DSa 
"PPOCEOURE''COMKWD(PR,PJ,QR,QI,GR,GI,KR,Kl)J 
"VALUE 1'PR,Pl,QR,QIJ''REAL"PR,PI,QR,QI,GR,GI,KR,KIJ 

THE MEANING OF THE F0RM4L PARAMETERS IS: 
PR,PI,QR,Ql:<ARITH.METIC EXPRESSXON>J 

ENTijY1PR,QR ARE .THE REAL PARTS AND PI,Ql ARE THE 
IMAGINARY PARTS OF T~E COEFFICIENTS OF THE 
QUADRATIC EQUATIONI 
x~*2~Z*(PR+I•Pl)*X@(~R+I•QI)=o, 

CR,GI,KR,~l&<VARIABLE>J 

PROCEDURES USED1 

EXITITHE REAL PARTS AND THE IMAGINARY PARTS OF THE 
DINOMIAL ARE DELIVEREO IN GR,KR AND GI,KI, 
RESPECTIVELYJMOREOVER,THE MODULUS OF GR+I•GI IS 
GREATER OR EQUAL THE MODULUS OF .KR+I*~I, 

C O M M lJ L. : C P 3 4 3 tJ 1 ; 
C-O~DIV=CP3L13Q2J 
CO r-; SQRT :c P ·3 "3 4 3 • 
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EXAt1PLE OF USE1 

"8EGlN""REAL"GR,GI,KR,KIJ 
"F» RO CED URE '' COM KW D CPR, F> I " QR, QI , GR, GI , ~ R , KI ) J 
«CODE"34345J 
COMKWD(•,1,,3,,11,,02,G~,GI,KR,KI)r 
OUTPUT(b1,''C""C''X•*2•2C•.1+a3•I>•X•C ,11+ 1 02•I) HAS ROOTS")",/, 

•D,00,+D,00,"C"*l"l",/, 
•D,00,+D,DD,"C"•l")"")",GR,GI,KR,KI) 

11 fNO" 
• 

x~•z~2c~.1+,3•l)*X~( ,11+,02•I) HAS ROOTS 
• • 

,,.o,10+0 .. 40111 
0,10+0,20•1 

• 

SOURCE TEXTcs,, 

"C00E"34J45J 
"PROCEDURE" COMKWO(PR,PI,GR,QI,GR,GI,KR,KI)J 
"VALUE" PR,PI,QR,QlJ"REAL" PR,PI,QR 1 QI,GR,GI,KR,Kl1 
t1BEGlf\J" 
1 ~ROCEDURE 11 COMMUL (AR,AI,BR,81,RR,RI)J 
"CODE*1 3Li341; 
,pRaCEOURE"COMDIVCXR,XI,YR,Yl,ZR,ZI)I 
"CODE•• 3l+3tt2 J 
"PROCEDUREPCOMSQRT(AR,AI,PR,PI)J 
"tOOE 99 343"3J • 

"lF" QR:O & QI s O ''THEN" 
"BEGIN" KRl=KI:=o tGRe=PR•2JGis•PI•Z "ENO" "ELSE" 
"lF'' PRliO & PI= 0 ''THEN•• 
"BEGIN" COMSQRT(QR,QI,GR,GI)pKR1••GRJ~I1••GI "END" "ELSE" 
"8EGJN" "REAL~ HR,HIJ 
"lF" ABSCPR) > 1 "OR" ABS(Pil ~1 ~THEN" ''BEGIN" 
COMDIVCQR,QI,PR,PI,MR,HI)J 

• 

COMOIV(HR,HI,PR,PI,HR,HI)J 
COMSQRTC1+MR,Hl,HR,Hl)J 
CO~MUL(PR,PI,HR+1,HI,GR,Gl)J 

• 
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"END" "ELSE" "BEGIN•• COMSQRT(QR+CPR+Pll•CPR•Pl),QI+ PR•PI•2,HR 1 HI)J • 

"If'' PR* HR+ PI• HI• 0 "THEN" 
"BEGJNfl GR:= PR+ MRJGI I• PI+ Hl "END" "ELSE" 

• 

"8EGIN" GR a• PR~ HR1GI1= PI• HI "END", 
"ENO''J · 
COMDlVC•QR,•QI,GR.G!,KR,Kl)J 
••ENO•• 
"ENO'' COMtc;WD J 

"E OP'' 

• 




