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SECTION I '+•1 (JULY 1974) PAGE 1 

AUTHOR J.W. DANIEL. 

RE VISOR 

INSTITUTE MATHEMATICAL CENTRE. 

RECEIVED 730528 (EULEPl). 
730917 (SUMPOSSERIES>. 

BRIEF DESCRIPTION I 

THIS SECTION CONTAINS THO PROCEDURES FOR THE SUHHATION OF 
CONVERGENT INFINITE SERIESI 

EULE~ PERFORMS THE SUHHATION OF AN ALTERNATING SERIES. 

SUHPOSSERIES PERFORMS THE SUHMATION OF A CONVERGENT SERIES WITH 
POSITIVE MONOTONICALLY DECRE~SING TERMS USING THE VAN WIJNGAAROEN 
TRANSFORMATION OF THE SERIES TO -N ALTERNATING SERIES. 

KEY WO ROS I 

SUHHATIDN, 
SERIES, 
VAN WIJNGAARDEN TRANSFORMATION. 

SUBSECTION I EULER. 

CALLING SEQUENCE a 

THE HEADING OF THE PROCEDURE IS I 
••REAL•••• PROCEDURE•• EULER (AI, I, EP S • TI H) ; 
•• V A L U £ •• E p S t fl H ; aa l N f f G ER._ I 9 T I M ; 111 ~ £ AL •• A I 9 E p S ; 

EULER DELIVERS THE CO~PUTEO SUM OF THE INFINITE SERIES 
ACIJ, II= 0,1, ••• 

THE MEANING OF THE FORMAL PARAMETERS ISi 
AI <ARITHMETIC EXPRESSION>; 

THE SUMMAND,. 
THIS EXPRESSION WILL BE DEPENDENT ON THE JENSEN 
PARAMETER I; 
AI IS THE I-TH TERM OF THE SERIES <I>= 0). 

I <VARIABLE>; 
JENSEN PARAMETER. 

EPS,TIHI <ARITHMETIC EXPRESSION>; 
THE SUMMATION IS CONTINUED UNTIL TIH SUCCESSIVE TERMS 
OF THE TRANSFORHEO SERIES ARE IN ABSOLUTE VALUE LESS 
THAN EPS. 
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PROCEDURES US£0 I NONE. 

R~QUIRED CENTRAL MEMORY l 

EXlCUTION FIELD LENGTH I 25. 

LANGUAGE ALGOL &O. 

METHOD ANO PE~FORHANCE I 

EULER PERFORMS THE SUHHATION OF AN ALTERNATING SEQUENCE BY APPLYING 
EULE~•s TRANSFORMATION. BY THIS T~ANSFORMATION THE SEQUENCE OF 
TERHS IS REPLACED BY THE SEQUENCE OF MEANS OF TWO SUCCESSIVE TERMS. 
IF NECESSARY THE NEW SEQUENCE IS AGAIN TRANSFORMED BY EULER'S 
TRANSFORMATION. THE SUHHATION STO?S WHEN TIM SUCCESSI~E TERMS OF 
THE (ONGE OR SEVERAL TIMES TR~NSFORHEO) SEQUENCE ARE IN ABSOLUTE 
VALUE LESS THAN EPS. 

REFERENCES a 

P.NAUR, ED. I REVISED REPORT ON THE ALGORITHMIC LANGUAGE 
ALGOL 60. COPENHAGEN (1964). 

• 

EXAMPLE OF USE I 

THE PROGRAM I 

··sEGI N····rNTEGER·· K; 
NREAL··••pRocEouRE" EULER<A, a, c, o>; "co□EA 32010; 

OUTPUT (61, ••t••+.so••+zO") ••, 
EULER((- 1) •• K / CK+ 1) •• 2, K, •- 6, 100)) 

11 E No•• 

DELIVERS I 
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SURSECTIO~ ; SU~PussEPIEs. 

CALLING SE~WENCE : 

THE HEADING OF T~E PROCEDURE IS 

•RElL""PROCEDURE" SU~POSSE~IES(AI, I, ~AXAOOUP, ~AXZERO, MAX~ECURS, 
MACHE~?, TIM) t 

"VALUE" HAX40DUP, ~AXZERO, MAXRECURS, ~ACHEXP, TI~, 
11 RE1.Ltt AI, I, MAXZEROJ J•INTEGER" ~AXAODU", MAXRECU~S, MACrlEXP, Tif,f1J 

SlJM?OSSERIES : OELI'\IERS THE COMPUTED SJM OF THE 1NFINITE SERIES 

THE MEANING 
AI I 

MAXAOOUP I 

A[I] , t1z t,2, 11 , • ., 

OF THE FORMAL PARAMETERS IS: 
<ARITHMETIC EXPRESSION>J 
THE SU"tMANO, 
THIS EXPRESSION SHOULD BE OEPENOENT OtJ THE JENSEN 
PARAMETER IJ 
Al lS THE I•TH TERM OF TME SERIES CI>= 1), 
<VARIABLE>: 
JENSEN PARAMETER, 
<ARITHMETIC EXPRESSION>J 
UP?Eq LIMIT FOA TH~ NUMBER OF STRAIGHTFORWARD ADDITIONS 
!I 

TIM t 

PROCEDURES USED 

<ARlTH~ETlC EXPRESSION>J 
TOLERANCES EPS AND TIM ~EE)ED FOR A CALL OF THE 
PROCEDURE E~LER (THIS SECTION), MAXZERO IS ALSO USED 
AS A TOLERANCE FOR MAXADDU~ STQAIGHTFQRWARD ADDITIONS. 
<ARITHMETIC EXPRESSION>J 
UPPER LIMIT ~OR THE RECURSION DEPTH OF THE 

' 

VAN WIJNGAAROE~ TRANSFORMATIONS. 
<ARITHMETIC EXPRESSION~, 
IN ORDER TO AVOID OVERFLOW ANO EVALUATION OF THOSE 
TfqMS WHICH ClN BE NEGLECTED, M4CHEXP HAS TO BE THE 
LtRGEST ADMISSIBLE VALUE FOR WHICH TERMS WITH INDEX 
k • (2 ** MACHEXP) CAN BE COMPUTEO CK IS SMALL), 
0THER1'ISE OVERFLOW MIGHT OCCUR IN COMPUTING A VALUE FfJR 
THE JENSEN PARA~1ETER I, WHICH CAN BE AN U~JSUALLY 
HIGH POWER OF 2. 

EULER= CP:S2010, 

ExtcurIO~ FIELD LENGTH ; ABOUT 1000 * RECURSION DEPTH, 

LJNGuAGE. ALGOL bO. 
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METHOD AND PERFORMANCE : 

WHEN THE TERMS Al WITI~ INDICES 
HAXAODUP + l, ••• , MA~ADOU? + TIM ARE ALL ~ESS THAN MA~ZERO, 
CONVERGENCE IS ASSUMEO AND SUMPOSSERIES OELIVERS THE SUM OF THE 
SERIES av STRAIGHTFORWARD ADDITION UNTI~ TIM SERIAL TERMS ARE LESS 
THA~ MAXZERO. OTHERWISE THE VAN WIJNGAAROEN TRANSFORMATION IS 
APPLIED, YIELDING AN A~TERN.TING SERIES WHICH IS SUMMED UP vlITH 
EULER•S ~ETHO~. SINCE THE TERMS OF THIS A~TERNATING SERIES ARE 
THEMSE~VES INFINITE SERIES WITH POSITIVE TE~MS, THE HERE 
DESCRIBED PROCESS IS RECURSIVELY CALLED FOR THE SUMMATION OF EACH 
TERM THAT IS WANTED BY EU~ER 1 S METHOD, 
HO~EVE~, ON~Y STRAIGHTFORWARD 4DOITION IS A?P~IED IF THE A~LOWED 
RECURSION LEVEL (SPECIFIED BY MAXRECURS) HAS BEEN REACHED, 
IN THE RECURSION THE PROCESS ASKS FOR TERMS AI wITH INDICES OF 
THE TYPE J * C2 ** K), IN WHICH K CAN BE VERV LARGE. IN ORDER 
TO AVOID OVERFLO~ AN UP?ER BOUND FORK MUST BE GIVEN IN MACHEXP, 
IF K EXCEEDS THIS BOUND THE CORRESPONDING TERM IS TAKEN TO BE ZERO, 

REFERENCES : 
• 

r11 OANIEl., J.w. : 
SUMM4TION OF A SE~IES OF POSITIVE TERMS BV CONDENSATION 
TRANSFORM4TIONS. MATH, OF COMP. V,23, P,q1•96 (1q&Q). 

[2] WIJNGAAROEN, A., VAN I 
C QIJ~ SE SC IE NT IF IC C OMPUT·I NG B, PROCESS ANAL VS IS C C,UTC H) 
MATHEMATISCH CENTRUM CR•18 (1qos)~ 

EXAMPLE OF USE : 
• 

THE PROGRAM 

,, A E G I ~~ '' ,, C O M ~ E N T •• 7 3 0 e O 8 , E X A M P L E O F T H E U S E O F S U·M P O 5 SE R I E S ; 
•1 R E A L. •• '' P R O C E D U R E '' S U M P O S S E R I E S ( A , 8 , C , D , E , F , G ) J '' C OD E '' 
32020, 

'
1 I ~J T E G E R •• I r 
C l.J T P U T ( & 1 , •1 C '' / , + • 1 2 D '' + D D '' ) '' , 
S U M P O S S E R I E S C 1 / I • • 2 , I , 1 C' 0 , '' • 7 , 8 , 1 0 b 8 , 1 0 ) ) 

••END'' 

DELIVERS 

+ , 1 b 4 ~ q 3 ~ O t, b O 4 It + 0 1 
NUMBER OF TERMS USED 
RECURSION DEPTH 

: 4b2, 
1 • 
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SOURCE TEXTCS) : 

'' C O v E '' 3 2 0 1 0 , 
'' R E A L '' 19 P R O C E D U R E '' E LJ L E R C A I , l r E P S , T I M ) J 
''VALUE '' E PS, T IM J '' I ~J TE GER'' I , TIM 1 ''RE AL'' A I , E PS : 
'' t, E G l r~ •• '' I N T E G E R '' K , N , T J '' R E A L •• M N , M P , D S , S U t-1 ; '' A R R A V '' M ( 0 ; 1 5 J J 

N:: T:: O; I:: OJ MCOJ :: AI; SUM:: MCOJ / 2J 
NEXT TEij~: I:= I + 1: ~N:= AI: 

'' F O ~ '' ~ : : 0 '' S T E P '' 1 •• U r~ T I L '' N 1' D O '' 
'' B E G I ~~ '' M P : = ( :"1 N + ~1 t K l ) / 2 J M [ K l s = M !\J J M N s : H P '' E N O •• : 
,, I F '' A B S C M N ) < A B S ( M C N J ) & N < 1 5 fl T ~ E \J ., 
,, B E G I N fl D S I :: r-1 N I 2 ; N ; : N + 1 : M C N l : = M N ,, E N D ., ft E L S E '' D S : : H N , 
S lJ M : : S U M • D S : T : : '' l F '' A B S C O 5 ) < E P S '' T H E N '' T + 1 '' E L S E ~• 0 J 
'' I F '' T < T I ~ '' T H E N '' '' G O T O '' N E )( T T E R M ; 
ElJLE R: = SUM 

'' E N D '' E LI L E f;( J 
'' E OP'' 

,, C O D E fl 3 2 0 2 0 : 
'' R E A L '' '' P R O C E D UR E '' S IJ M P O S S E R l E S ( A I , I , M A X A D D U P , M A X Z f:. R O , M A X R E C u R S , 

MACHEXP, TIM)f 
'' V A L U E •• M A X A O D U P , M A X Z E R O , 1 A X R E C U R 5 , M A C H E X P , T I M : 
'' R E A L '1 A I , 1 , M A X Z E ~ O ; '' I ~ T E G E R '' M A )( A D D UP , H A X R E C U R S , M A C H E X P , T I M : 
'' 8 E G I N '' '' l N T E G E R '' R E C U A S , V I. , V L 2 , V L 4 J 

fl R E A 1. ft '' P R O C E D U R E '' E U L E R ( A I , I I E P S , T I M ) J ,, C O D E ,, 3 2 0 1 0 1 

'' R E A l. '' '' P R O C E D U R E '' S U M lJ P ( A I , I ) 1 '' R E A L '' A I , I 1 
'

1 8 E G I N •• '' I N TE GE I:' '' J ! '' RE A·L '' S l.1 M , N E X T T E R ~ : 
I:: MAXAOOUP + lJ J:: 1, 

C H E C r< A O D : '' I F •• A I < : M A X Z E R O •• T r-i E N '' 
•• B E G I N '1 

•• I F 1' J < T I M '' T H E N 11 

,, s E GIN,,. J 1 = J + 1 , 1 : = I + 1 , ,, Go r o ,, c HE c K Aon ,, E ~~ o •1 

'' E N D '' '' E L S E '' 
'' I F '' R E C U R S • : M A X R E C U R S '' T H E ~~ '' •• G O T O '' T R A N S F O R t .. 1 S E R I E 5 : 
SU~:= OJ 11: O: J:: OJ 

ADD ~OOP: I:: l + 1J NEXTTERM:= AIJ ' 

J : = 19 I F '' N E X T T E R M c: :: M A X Z E R O '' T H E N '' J + 1 '' E L S E '' 0 ; 
SvM:: SU~ t NEXTTERHJ 
'' l F •• J < T I M '' T H E N '' '' G O T O '' A O D L O O P : 
S U ~ U ?- : : S UM J '' G O T O '' G O T S U M J 

TRANSFORMSERIES: 
., 6 E G I N fl ., B O O L E A N '' J O D D J '' I N T E G E R '• J 2 ; '' A R R A ·y ., V C 1 : V L l ; 

'' R E A L '' •• ? R O C E D U R E 1' B J K ( J , K ) J '' V A L U E '' J , K t '' R E A L '' K 7 
· '' I N T E G E R '1 J r 

'' B E G I N '' ., R E A L '' C O E F F J 
'' I F '' K > M A C H E X P '' T H E N '' B J K : :: 0 '' E L S E '' 
'' B E G I f\l '' C O E F F : : 2 • * ( K • 1 ) J I : = J * C O E F F : 

BJK:= COEFF * AI 
''END'' 

'' E ·\J D •• R J K ' 



SECTIO~ : 4,1 

'' R E A L '' •• P R O C E D U R E •• V J ( J ) ; '' V A L u E '' J J '' I N T E G E R '' J J 
'' 8 E G IN 1' ''~EAL'' TEMP, K J 

'' I F 11 J O D O ,, T HE N ti 

'' B E G I f\J '' J O O D : = '' F A L S E '' J R E C U R 5 : : R E C U R S + 1 : 
TE~?:: VJ:: SUHUP(6JK(J, K), K)r 
RECURS:: RECURS• 11 
'' I F '1 J < : 'v L '' T H E N '' V C J l : : T E ~ P '' E L 5 E '' 
'' I F '' J < : V l. 2 '' T H E N '' V ( J • V L. J : : T E M F--' 

•
1 E N O '' '' E L S E '' 
'' 8 E G I N '' J O O D I : •~ T R U E •• J '' I F '' J > V L 4 '' T Ii-I E N '' 

'' B E G I N '' R E C U R S ; : R E C U R S + 1 J 
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VJ::• SUMUPCBJKCJ, K), K)J RECURS:= RECURS• 1 
'
1 E ~J D '' '' E L S E '' 

,, BEG I ~ 1
' J 2 t a J 2 + l J I : = J 2 r 

'' I F '' J > V L 2 '' T H E N '' V J : : • ( V C J 2 • V L l • A I ) / 2 
''ELSE'' 
ti 8 E G I f\J '' T E MP : = V C '' I F II J < : V L ,. T H E N '' J ,, E L S E ,, 

J • VLJ := CV tJ2l • AI) / 2: VJ:= • TE"'1P 
''END'' 

••END t, 

'
1 END '1 

''ENO•• rJJ; 

J21= o, 
J O D D : : '' T R l .. J E '' J S U M U P : : E UL E R ( \/ J C J + 1 ) , J , M A X Z E R O , T I M ) 

'' E N D '' T R A N S F O R ~ S E R I E S J 
GOTSlJM: · 
11 E N D '' S U M U P f 

RECURS:: O: vL1= 1000J VL2:= 2 * VLr VL4:: 2 * VL2J 
~ lJ M ? 0 S S E R I E S : :: S LJ M LJ P C A I , I ) 

• 

'' E N D '' S U M ? 0 S S E R I E S 1 
1
• E OP" 

• 

• 
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sECTlOt~ u,2.1 CONTAINS TWO ALTERNATIVE PROCEDURES FOR THE COMPUTATION 
OF A OEF!NITE INTEGRAL. 

A. THE P~OCEDURE QADRAT USES HIGH ORDER I~TEGRATIO~ RULES (UP TO 16•TH 
ORDER) ANO IS APPROPRIATE FOR THE EVALUATION OVER A FINITE 
I~TERVA~, 

8, THE PROCEDURE INTEGRAL USES A S•TH ORDER METHOD AND CAN A~SO BE 
USED TO CA~CULATE THE INTEGRAL OVER A NUMBER OF CONSECUTIVE 
lNTERVA~S, ~OREOVER THE PROCEDURE CAN BE USED FOR THE COMPUTATION 
OF THE DEFINITE INTEGRAL OVER AN INFI~ITE INTERVAL, 

F(lR A CO~PARISION OF A NUMBER OF PROCEDURES THAT EVALUATE DEFINITE 
INTEGRALS : SEE REFC2l, 

RtFERENCES I 

C1J T,J.DEKKER AND C.J.ROOTHART~ 
INTRODUCTION TO NUMERICAL ANALYSIS, (DUTCH), 
MAT~. CENTRE REPORT CR 244/74, A~STEROAM, 

[2J C.J.ROOTHART AND H. FIOLET. 
QUDRATURE PROCEDURES. 
MAT~. CENTRE REPORT MR 137/72, AMSTERDAM • 

• 

• 

• 

• 

• 
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I~STITUTE: MATHEMATICA~ CENTRE. 

RECEIVED: 730530~ 

BRIEF DESCRIPTION: 

QADRAT COMPUTES THE DEFINITE INTEGRAL OF A FUtJCTION OF ONE 
VARIABLE OVER A FINITE INTERVAL, 

lNrEGRATION, 
Gl lJ A O R A T U Q E , 
DEFINITE INTEGRAL. 

CALLING SEQUENCE: 

T HE H E A D I NG O F T HE PR O C E O URE· RE A D S I 
'' R E A L '' '' P R O C E D U R E tt Q A D R .4. T ( )( , A , 8 , F X , E ) J 
,, V A L. lJ ~ '' .b. , B J ,, ~ E AL '' X , l , B , F X ' II A RR A y ,. E J 

QAORAT: DELIVERS THE COMPUTED VA~UE Or THE DEFINITE INTEGRAL FROM 
' 

THE 
X: 

FX: 

4 TO B OF THE FUNCTION F(X)r 

MEA~ING OF THE FO~~AL PARAMETERS IS: 
<\/~RI4BLE>f • 

Il~TEG~ATION V-RIABLEr X CAN BE USED AS A JENSEN•PARAMETER 
DURING THE EVALUATIONS OF FXJ 
<ARITHMETIC EX?RESSION>J 
CA,B) DENOTES THE INTERVAL OF INTEGRATION: 
8 < A IS A~LOWED1 
cARITHMETIC EXPRESSION>J 
FX DENOTES T~E INTEGRAND F(X), THIS EXPRESSION WILL BE 
DEPENDENT ON T~E JENSEN•P~RAMETER X, 

. <AR~AV IDENTIFIER>, 
'' A ~ R A Y '' E [ 1 : 3 l J 
ENTRVa E[1l: THE RELATIVE ACCU~ACV ~EQUIREOJ 

Et2l: TME ABSOLUTE ACCUQACV REQUIRED, 
EXIT: Et3l: rHE NUHBER OF ELEMENTARY INTEGRATIONS WITH 

H < ABSC8--A) * E[1l. 
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PROCEDURES USED: NONE. 

REQUIRED CENTRAL MEMORY; 

E X E C lJ T I O t~ F I E L. 0 L E N G T H : C I R C A 1 c + q • R E C U ~ S I O N D E P T H • 

RUNNING TlME: DEPENDS STRONGLY ON THE DEFINITE INTEGRAL TO COMPUTE. 

METHOD AND PERFORMANCE: SEE REF[ll. 

REFERENCES: 

[1J.C,J.ROOTHART AND H-.FIOLET-. 
QUADRATURE PROCEDURES. 
MATH,CENTRE~ A~STERDAM. REPORT MR 137/72. 

EXAMPLE OF USE: 

II B E G I ~~ If ' 

11 R E A. L '' '' P R O C E D U R E ,, Q A D R A T ( X , A , A , F X , E ) : ,, C O D E ,, 3 2 0 7 0 ; 
'' ARR A V '' E C 1 t 3 J : ''RE AL'' T , Q : 

E t 1 l : : E t 2 l : .= '' • c; J 
q;: QADRAT(T,0,3.141592&S358q ,SIN(T),E); 
0 U T P U T C b 1 , '' C It / , + 11 1 S D '' t 3 D , 3 8 , 3 Z D , / ti ) ,, , Q , E [ 3 l ) , 

''END •• 
• 

DEL IVE.RS: 

+ • 2 0 0 0 0 0 0 0 0 0 7 9 7 tJ O ,, + O O 1 0 

, 
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SOURCE: TfXT(S)i 

''CODE" 32070t 
"REA~" "PROCEOUR!" QAORATCX, A, B, FX, E)J 
"VALUE" A, e, "REA~" x, A, e, FXJ 1 ARRAV" Er 
"BEGlN" "REA~" Fo, F2, ,1, FS, F6, F7, F9, 

FtQ, V, W, HMIN, H~A~, RE, AEs 
• 

•
1 REAL 1 "PROCEDURE" LINT(XO, XN, FO, ,2, Fl, FS, F~, FT, F9, F14lt 
"REA~" XO, XN, FO, F2, Fl, FS, F6, F7, Fq, F14r 
~aEGIN" "REAL" H, XM, Flt F~, FB, F10, F11, Ft2, F13J 

XMI• (XO+ XN) I 21 ~ii• (XN ~XO)/ 321 X1• XM ♦ 4 • HJ 
F 8 I • '1 X I X I II X f J • 4 * H J F 11 I • F X , X I • X N • 2 * H p F 12 I • F X f 
VII o.3305801781q9226 * f7 ♦ o.173485115707338 * (F6 ♦ Fe)+ 
o,l2110542bS5q972•CFS + F9) + 0,13$007706341042 * (FJ + Fill 
.+ o.16571451422822l•cr2 + FtZ) + o,193q7JQ606381Z1''• 1 * CFO 
t F14)1 XI• XO+ HJ r1i• FXJ x,~ XN • HJ F131~ rx, 
wa, o.Z60~524J46Sb970 *FT+ o.239063286684Tb5 • (F6 + F8) + 
o.Z6306Z635477q67•CF5 + ,,, + o.218681911383057 * (FJ + Ftl) 
t o,21sTS97&"o64284"• 1 * cri + ,12, + o.1oss1so1oosJe40• c,1 
t F13l + o.1s11t94a&o59518"• 1 • cro + F14lr 
"lFP ABS(H) c ~iMIN "THE~" Et3l1• Et3J t 11 
ntF" ABS(V • W) c ABSCW) ·•RE+ AE "0R" ABS(Hl < H~IN 
"T~EN" LINT1• ti• w "ELSE" 
ttBfGIN" x,a XO ♦~• HJ F4;• ,x, ~ •• XN • b * Hs F10;• FX1 

VI= o.245~734300933Z4• F7 + o.25578b25828~q21* (F6 + F8) + 
o.22ss2bob3b9o4oo•<F5 + F9l + o,sooss1131s2s4oou. 1•cr4 • 
FlOl + 0.177~4648773,780•CF3 + F11l+0.58401459q3Q744q,,. l 
t (F2 + F12) t o.87"830942871311"•· l * (Fl ♦ F13) + 
0,1S~o4Z01!~48070"• 1 * CFO+ ,1~J, 
LlNTtw "Ir• ABSCV • W) < ABSCV) • RE 

Ll"'JT(XO, 
XM, Ftt.J, 

ftfNOtl 

XM, FO, Ft, F2 1 F3, FQ, ~~, 
t13, f'12, F11, F10, F9, F8, 

t A! "THfN" H * V 
"ELS!" 

F~, F7) • LINT(XN, 
FT) 

"f; f\t O tf L l ~l T J 

H M A X I ;: ( 8 • A ) / 1 b J •1 I F " H t 1 A X • O 11 T r f E N •• 
"B~GJN" QAORAT1• OJ "GOTO" RETURN ''E~O"; . 
RE1• E tll J AE1• 2 • E t2l / A8SCS • Al J E [311: OJ 
HMIN~I ABS(B •A)* REs Xt• A; F01~ ,x, 
X I • A t H M A X r f Z i • F ~ J X i • A + ~ . • H '1 A X J F 1 I II F·x J 
x,. A ♦ 4 * H~AXJ rs,. FX; XJ• At 6 • HM4XJ F61• FXr 
Xt• A. ♦ 8 • H~iXr F7t• FX1 XI~ B • 4 * HMAXJ pqgc FXr XI• Bs 
Fl'l1• FXJ 
QAORAT~; LINT(A, e, Fo, F2, F3, F5, F&, FT, F9, F!G) • 16; 

< 

RETuRNt , 

••ENO'' QADqAT; 
"E:0?" 

' 
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C CJ i" T R I 8 LJ T O R : H , F I O L. C: T 11 

RECEIVED: 730b0b. 

8RlEF DESCRIPTION: 

ItJTEGRAL CALCULATES THE DEFINITE INTEGRAL OF A FutJCTIOf~ OF ONE 
VARIABLE, OVER A FINITE OR INFINITE INTERVAL OR OVER A NUMBER OF 
CONSECUTIVE INTERVALS. 

DEFINITE INTEGRAL, 
INFI~ITE INTERvAl, 
S I t.1 P S tJ N ~ U L E , 
RICHARDSON CORRECTION • 

• 

• 

• 

I 
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CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE READS: 
It R E A L ,. ft P R O C E U U R E '' I N T E G R A L ( )( , A , B , F X , E , lJ A , U B ) J 
•• V A L U E '' .A , 8 s '' ~ E A L •• X , A , 8 , F X 1 '' A R R A V •• E J '' 0 O O L E A N '' U A , U t3 J 

INTEGRAL.: 

THE 
XI 

DELIVERS THt COMPUTED VALUE OF THE DEFINITE INTEGRAL OF THE 
FUNCTION FROM A TO BJ AFTER SUCCESSIVE CALLS OF THE PROCEOURE, 
THE INTEGRAL OVER THE TOTA~ INrERVAL IS DELIVERED, I.E, THE 
VALUE OF A IN T~E LAST CALL WIT~ UA•••TRUE'' IS THE 
STARTING POINT OF THE INTERVA~, 

MEANING OF THE FORMAL PARAMETERS IS: 
<VARIASLE>J 

• 

INTEGRATION VARIABLEJX CAN BE USED AS JENSEN•PARAMETER 
FOR FX. 
<ARITHMETIC EXPRESSION>J 
C A , B ) DE t~ 0 TES THE I NT ERV AL OF I ►~ TE GR A T I ON J B < A I S ALLOWED , 
<ARITHMETIC EX?RESSION~J 
THE INTEGR4NO F(~)J 
<ARRAV lDENTIFIER>J 
'' A R R A V '' E t 1 : e l J 
ENTRY t EC1J 1THE RELATIVE ACCURACY REQUIREDJ 

EXIT: 
E l2J tTHE ABSOLUTE ACC1JRACY REQUIREOr 
E(3l :T._,E NUMBER OF SKI?PED INTEGRATION STEPS: 
Et~l :T~E VAL.·UE OF THE INTEGRAL FROM A TO BJ 
E t S l I '' I F '' U 8 '' T H E N '' B '' t. L S E '' 0 ; 
E t c J : '' I F '' U B '' T H E N '' F C 9 ) '' E L S E 11 0 J 

<BOOLEAN E~PRESSION>1 
DETERMINES THE STARTING POINT OF THE INTEGRATION, 

• 

S T A R T I N G P O I N T : : '' I F '' U A '' T H E N '' A '' E L. S E '' E [ 5 l J 
<BOOLEAN EXPRESSION>J 
OETE~MINES THE FINAL POINT OF THE INTEGRATION: 
F I N A. L P O I N T : = ,, I F ,, U B ., T H E N It 8 ,. E L S E ., · 

'' I F '' B > A 91 T H E N '' + I N F I N I T V '' E L S E '' • I ~4 F I N I T Y : 
I N T H E C A S E U 8 z '' F A L S E '' , T H E V A L U E O F 8 I S S T I L L R E L E V A ~~ T 
(SEE METHOD At~D PERFORMANCE), 

PROCEDURES JSED: NONE. 

REQUIRED CENTRAL MEMORY: 

EXECUTION FIELD ~ENGTHI CIRCA 1& + S • RECURSION LEVEL. 

RUNNING Tir~E: DEPENDS STRONGLY ON THE INTEGRAL TO COMPUTE, 
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METHOO ANO PERrORMANCEI 

lNTEGRA~ USES THE SUBPROCEDURE QAD 'OR THE CA~CULATlOtJ OF THE 
DEFINITt INTEGRAL OVER A FINITE INTERVAL. THIS 1S 00NE BY MEAN$ OF 
S 1 M ~so N t S RULE W 1 Tri RI CHA RD 80N C ORRE'C T 1 ON, tF THE FOURTH DER? VAT i VE 
IS TOO ~ARGE (ANO THUS THE CORRECTION TERM) , THE TOTA~ INTERVAL 18 
SPLIT INTO TWO EQUAL PARTS ANO THE I~TEGRATION P~OCfSS IS INVOKED 
REC URS I VE L V • TH I 8 I S D ONE 1 ~~ S t.,1 C H A W A Y TH A T THE T 0 T AL A MOUN T O I' 
~ICHARDSON CORRECTIONS IS SLIGHTLY S~A~L[R THAN OR EQUAL TO 

Etll * ABS ( THE JNTEGRAL FROM ATOS OF (FX) ) + Et2l 1 
THE INTEGRATION OVER AN INFINITE INTERVAL REQUIRES TWO CALLS o, THf 
PROCEDURE QAD. IN THE ,tRST CAL~ QAD COMPUTES THE DEFINITE INTEGRAL 
FROM A TO 8 • IN THE JNTERVAL FROM B TO +OR• INFINJTY 
TH[ INTEGRAND IS TRANSFORHEO BY MEANS OF THE SUBSTITUTION 
Z•IICX+1•B) TO THE DEFINITE INTEGRAL OF FCB•1+1/Z)IZ•*2 FROM o· TO 
le FOR THE INTEG~ATION OF A DEFINITE INTEGRAL OVER A FINITE 
INTERVAL THE USE OF QADRAT lS RECOMMENDED ,ESPECIALLY WHEN HIGH 
ACCURACY IS REQUIRED. . 

• 

REFERENCES I 

[11 T.J.DEKKER ANO C.J.ROOTHART 0 · 

INTRODUCTION TO NUMERICAL ANA~YSIS.(OUTCH) 
~ATH.CENTR. REPORT CR 24171, AMSTERDAM• 

t2l c.J 11 ROOTHART ANO H 9 FIOL.ET •. 
QUADRATURE PROCEOURES, 
MATH 1 CENTR. REPORT MR 137/72, AMSTERDAM, 

• 

EXAMPLE OF USEI 
• 

''8EGIN" 
"REAL" "PROCEDURE" INTEGRALCX,A,e,,x,E,UA,U8)1"CODE" 320511 
"ARRAY" Et116l1"REAL" A,8,XJ"800LEAN" UA,UBJ 
UAl•"TRUE" IE Ell 11E t2l 1•"•14 I 
"F0Rff B1•2 1 4,Z0,100 "DO• 
"BEGIN" UB1wacso, 

•1•INT£GRAL(X,•1,•B,10/X••2,E,uA,UB)t 
OUTPUTCb1 1 "("N,8 ♦ 0D8,N,Z(B+DD08),/")", 

' 
A,E f31 ,E [UJ ,E (SJ ,E tbl l J 

1JA1r-"FAL.St•• 
--END•· 

., END ft 

• 

DELlVERS1 
.q,9q999q99999qqn+ooo 
.7.qqq99q999qQ98"~000 
•9a5C)OOOOOOOOOOO"+OQO 
.9.9999999Q9qq98" ♦ 000 

+oo .q.~qqq9qqqqo9q9 
+oo .7.~99qQq99999qa 
+oo .q.soooooooooooo 
♦ 01 .q,Qq9q9qq9qq995 

•002 
•00'4 
•020 
♦ 000 

♦ OOl 
+001 
+000 
♦ ()0 0 

• 
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SOtJRCE TEXT(S)1 

'' C O D E tt 3 2 o 5 ·1 r 
"REAL" ttPROCEOURE~ lNTEGRALCX, A, B, FX, E, LIA, ua,, 
''VA~UE" A,B;"REAL" X, &, B, FXJ "ARRAY" EJ 'BOOLEAN•• UA, UB1 
"BEGIN'' 

"REAL~ "PROCEDURE" TRANSF1 
.••aEC.IN" Z1• 1 / x, x,s.z + 611 TRANSFa• FX * Z * Z ''[~!D"t 
"REAL" "PROCEDURE" QAOCfX)1 "REAL" FX1 
"BEGIN" "REAL" T, v, su~1, HMINt 

"PROCEDURE" %"'~T, 
"BEGIN" "REAL" Xl, XI, Fl, FQ, Ht 

• 

X41• X2J XZ1• x1, F~I• F2J F21• F1J 
A~Ewi x,~ x11• (XO+ Xi) * .s, Fi1• Fx, 

X1• X3t• (~2 t X~) * .s, F3i• F~, Ha• x~ • xo, 
Va• (4 * c,1 + Fl) +2 * F2 + Fo + F4) * ,s, 
Ta• b * FZ •4 * (Fl+ FS) ♦ FO ♦ F4J 
"IF" A8SCTl ~ ABSCVJ *RE+ AE "THEN" 
SUM1•SU~1 t CV• T) * H "ELSE'' 
0 lF" AS$(M) te HMlN "THEN" E CJJ 11 [·[3l +1 
"ELS£" 
"BEGIN" ?NTr X2~• x3, Fi~• F3J "GOTO" ANEW "ENC''' 
xoa, X4J FOi• F4 

"tND 91 INT1 
• 

HMINs• A8SCXO • X2) * REJ Xii x11• (XO• X2) * .s, 
F11sFX1SUM1• o, lNT1 QA011 SUM/ 180 

"END" QAO; · 
"REAL" XO, Xl, X2, FO, Ft, F2, RE, AE, 81, ZJ 

• • 

REIi E[ll; "lFu UB "THEN" AE11 Et2J • 180 / A88(B • A) 
"ELSE" AEa• ~t2l * 90 / ABS(B •.AJr "IF" LIA "THEN" 
"BEGIN'' Et3Ja• Et4J&• OJ XI• xoa• ,, ,o,. FX ''END" 
"El.SE" 
•B!GIN" X1• XO~• Al• EtSlJ FQ1• Et,l "E~O"J 
EtSJ ~- X1• XZI• BJ Et6l1• F2tl FXJ et4J1• Et4l ♦ QADCFX)J 
"I''• •us "THENH 
" B E G I N • " l F •• A < B " T HE t·i " . 

" B ! G I N " S 1 I R B • 1 , X O a " 1 " E f, J O " 
"E:LSE" 
"BEGIN" 811.1 B ♦ 1 t XOIW •1 ~END"t 
'Oi• E [bl' E [5] ;r, xzaw o, E tel•= F21• a, 

• 

AEa; E r21 * C101 
E tLJJ I• f: t4l • QAO (TRAt·4SP) 

"E\IDttJ 
I ~J T , G R A L. I II E [ q 1 

'' E N O '' I ~ TE G R AL J 
'' E OP" 

• 
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AUTHOR I P.W. HEMKER. 

CONTRIBUTOR IF.GROEN. 

INSTITUTE; MATHEMATICAL CENTRE. 

RECEIVED I 7~0620. 

BRIEF DESCRIPTION I 

TRICUB COMPUTES THE DEFINITE INTEGRAL OF A FUNCTION OF TWO 
VARIABLES OVER A TRllNGUL4R DOMAIN. 

KEYWORDS I 

I NT E G RA T I ON , 
QUAO~ATLJRE:, 
MOR~OIMENSIONAL QUADRATURE, 
CU BAT UR::, 
DEFINITE INTEGRAL. 

CALLING SEQJENCE I 

THE HEADING OF THE PROCEDURE READS I 

1•Rl.AL 111 ''°PROCEDURE•• TRICUB ( XI, YI, XJ, YJ, XK, YK, F, RE, AE ); 
••vALUE•• XI, YI, XJ, YJ, XK, YK, RE, AE; 
''RE~.L•• )(I, VI. XJ, YJ, XK, YK, RE, AE; 
••REAL•• •• PRO CE OU RE•• F; 

TRICU8 I= THE COHPUTEO VALUE OF THE DEFINITE INTE~RAL OF THE 
FUNCTION F ( X, Y > OVER THE TRIANGULAR OOHAIN T WITH 
VERTICES ( XI, YI J, ( XJ, YJ ) ANO { XK, YK ) • 
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THE MEANING OF THE FORMAL PARAMETERS IS I 
XI, VII <A~ITHMETIC EXPRESSION>; 

ENTRY I THE COORDINATES OF THE FIRST VERTEX OF THE 
TRIANGULAR DOMAI~ OF INTEGRATION; 

XJ, YJI <ARITHMETIC EXPRESSION>; 
ENTRY I THE COORDINATES OF THE SECOND VE~TEX OF TH~ 
TRIANGULAR DOMAIN OF INTEGRATION; 

XK, YKa <ARITHMETIC EXPRESSION>; 
ENTRY I THE co~~DINATES OF THE THIRD VERTEX OF THE 
T~IANGULAR DOMAIN OF INTEGRATION; 
REHARKI THE ALGO~ITHH IS SYH~ETRICAL IN THE VERTICES; THIS 
IMPLIES THAT THE RESULT OF THE PROCEDURE (ON ALL COUNTS) IS 
INVARIANT FOR ANY PERMUTATION OF THE VERTICES. 

F J <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE R~AOSI 
... REAL H ••p ROCEDURE·· F ' X, y I; "REALM x, y; 
THIS PROCEDURE DEFINES THE I~TEGRAND; 

AE, REI <ARITHMETIC EXPRESSION>; 
ENTRY& THE REQUIRED ABSOLUTE AND RELATIVE ERROR 
RESPECTIVELY. ONE SHOULD TO TAKE FOR ••AE• ANO ••RE'• 
~~LUES WHICH ARE GREATER THAN THE ABSOLUTE AND 
RELATIVE ERROR IN THE COMPUTATION OF THE INTE~RANO F. 

PROC~DUR~S USED t NONE. 

REQUIRED CENT<AL MEMORY I 

THE PROCESS IS PROGRAHHED RECURSIVELY. AT EACH RECURSION LEVEL 43 
REAL NJMBERS ARE USED. HOWEVER, ~OR ANY PRlPERLY CHOSEN VALUES OF 
RE AND AE THE RECURSION DEPTH WILL NOT EXCEED THE NUMBER OF BITS IN 
A ~EAL•S MANTISSA. 

RUNNING TIHE & DEPENDS STRONGLY ON THE INTEGRAL TO COMPUTE. 

LANGUAGE I ALGOL 60. 

METHOD AND PE~FORMANCE t 

A N~STED SEQUENCE OF CUBATURE RULES OF ORDER 2, 3, ~ ANO 5 
IS APPLIED. IF THE DIFFERENCE BETWEEN THE RESULT WITH THE 
4-TH DEGREE RULE ANO THE RESULT WITH THE 5-TH DEGREE ~ULE 
IS TOO LARGE9 THEN THE T~IANGLE IS DIVIDED INTO FOUR CONGRUE~T 
TRIANGLES. THIS PROCESS IS APPLIED RECURSIVELY IN ORO~R TO 
OBTAIN AN ADAPTIVE CUBATURE ALGORITH~. 
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REFER..E NCE S I 

C1l.P.W.HEMKER, 
A SEQUENCE OF NESTED CUBATURE RU~ES 9 

~ATH.CENTRE, AMSTERDAM, REPORT N~ 3/73. 

EXAMPLE OF USEI 

THE FOLLOWING PROGRAH EVALUATES THE 
F ( X , V ) = COS ( X ) • COS ( Y ) 
VERTICES ( O, 0 >, ( O, PI/2 ) ANO 
ON EACH LINE ARE LISTED I 

INTEGRAL 
JVE< THE 

( PI/2, 

OF 
TRIANGLE 
PI/2 ). 

Al ·rHE REQUIRED RELATIVE ANO ABSlLUTE PRECISION; 
Bl THE COMPUTED VALUE OF THE INTEGRAL; 
Cl THE NUMBER OF CALLS OF THE FUNCTION F, 

••eEGI N•• 

T WITH 

··REAL·· ··PROCEDURE·· TRICUB(A,B,C,O,E,F,G,H,I); ··coJE·· 32075; 
••INTE~ER•• N,C,I,K; ••REAL•• PI,ACCeR,S; 
••REAL•• ••PROCEOURE•• E ( X, Y); '11 REAL •• X, Y; 
'

11 8£GIN·· Cl c+1; 
··1F·· C> 20000 ··rHEN'· ·Goro·· cc; 
Ea- COS(X) • COS(Y); 

••ENO•• E; 

PII= 3.14159265359; 
•• F o ~ •• A cc a = .. -1 ., •• - 2 , •• - 3 , •• - '+ , •• - s , N - e, , •• - 1 , .. - a , •• - 9 , •• - 1 o , •• - 11 •• o o •• 
Ill BEG I N •• C I= 0 ; 0 UT PUT ( & 1 , 11111 

( " + • D •• + Z O 4' 2 B-, + • 140 •• + 2 Z D , 2 B , 10 Z O , / •• ) '° , 
ACC, TRICUB(O,O,O,PI/2,PI/2,PI/2•E,ACC,ACC) ,CJ; 

••END••; 
CCI OUTPUT(61,••c•••••,••>.; 

••E Nu•• 

RE SUL TS: 

+.1•• +O 
•• 1 •• 1 
+ • 1 •• -2 
+ • 1 •• -3 
+ .1 •• Lt, 

+ • 1 ·-- -s 
+ .1 •• -6 
+ • 1 •• -7 
+ • 1 •· -8 
•.1 •• 9 
+.1··-10 

+.50063973801970 1
• 

+.50063973801970'8 

+.50063973601970 1
• 

+ • '+99991102&1504 1
• 

+ • 49 99 9848959220 1
• 

+.49999848959226 1
• 

+.49999997378240 1
• 

+e~9993999209792N 
+.49999999893172·· 
+.49999999985571" 
+.49999999998692'· 

+O 
+O 
+O 
+O 
+O 
+O 
+O 
+O 
+O 
+O 
+O 

7 
7 
7 

10 
13 
13 
4+3 

133 
313 
733 

1723 
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SOURCE TEXT(S): 

··cooE·· 32 01s; 
••REAL'• ••PROCEDURE•• TRICUB(XI,YI,XJ,YJ,XK,YK,G,RE,AE>; 
··vALuE·· XI,VI,XJ,YJ,XK,YK,RE,AE; 
••REAL'• XI,YI,XJ,YJ,XK,YK,RE,AE; ••REAL• 111 PROCEOURE 0

• G; 
••s E GI t-J •• ••REAL•• SU RF, SURF MIN, X Z, Y Z, XI J, YI J, X JK, Y JK 11 XKI, V KI, GI , GJ, GK; 

••RE AL•• 11 PR:lCEDURE•• I NT ( A Xi, A Y 1, AF 1, AX2, AY 2, AF2, AX3, AY 3, AF 3, 
BX1,BY1,BF1,BX2,BY2,BF2,BX3,BY3,BF3, 
PX,PY,PF); 

1 'VALUE 0
• BX1, BY 1, BF 1, BX2, BY2, BF2, BX3, BY 3, BF3, P><, PY, PF; 

•• RE A L •• B X 1 , B V 1, BF 1 -, 8 X 2 , B Y 2 , B F 2 , BX 3 " 8 Y 3 , B F 3 , P X , PY , PF , 
AX1,AY1,AF1,AX2,AY2,AF2,AX3,AY3,AF3; 

•• 8:: G IN •• ••RE: A L •• E , I 3 • I tt , I 5 , A , B , C , S X 1 , S Y 1 , S X 2 , S Y 2 , S X 3 , S Y 3 , 
CX1,CY1,CF1.CX2,CY2,CF2,CXJ,CY3,CF3, 
OX1,DY1,DF1,0X2,DY2,0FZ,OX3,0Y3• □ F3; 

Al= AF1 + AF2 + AF3; Bl BF1 + BF2 + BF3; 
13&= 3 •A+ 27 •PF ♦ 8 • a; 
Ei= ABS(I3) •RE+ AE; 

··rF·· SJRF < SURF HIN ··oR." ABS (5 • l + 45 • PF - 13) < E 
··rHENM INTt= I3 • SURF "ELSEN 
•• B E GI N.. C X 11 = AX 1 + PX ; C Y 1 a = A V 1 + PY ; CF 1 I = G ( C X 1, CY 1) ; 

CX21= AX2 + PX; CY21= AY2 + PY; CF21- G(CX2~~Y2); 
CX31= AX3 + PX; CY31= AY3 + py; CF31- G(CX3,CY3); 
Cl- CFi + CF2 + CF3; 
r~,- A+ 9 •PF+ 4 • B + 12 • c; 

.. IF•• ABS CI3 - 14) < E .. THEN•• INT I Ilt- • SURF aa::LSE" 
··BEGIN·· SX11- .s • ax1; sv11- .5 • av1; 

ox11- AX1 + sx1; OY~a- AY1 + sv1; OF11= G(OX1,DY1); 
sx21= .s • ax2; sv21- .s • av2; 
DX21- AX2 + S~2; OY21= AY2 + SY2; OF21= G(OX2,0Y2); 
SX31= .5 • BXJ; SY31 .S • BY3; 
OX31= AX3 + SX3; OY31= AY3 ♦ SY3; OF31= G(OX3,DY3); 

ISi= (51 •A+ 2187 •PF+ 27& • 8 + 972 • C -
768 • CJF1 + OF2 + OF3))/&3; 
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11 

' 

$CIF·· A8S(I4 - I5) < E 1,,ITHEt,i!)~ 1~,1~1= IS~ SlJ~F iGELSE 1
~ 

11"B£GIN•e SURF#= .-25 If- SURF; 

INTCAX1,AY1.AF1,SX3,SY3,BF3,SX2,SY2,BF2,0X1,DY1,0F1, 
AX1 + SX2,AY1 • SY2wGCAX1 • 5K2,AY1 + SY2J, 
AX1 • SX3,AY1 • SY3,GCAX1 + SX3,AY1 + SY31, 
.s • cx1,.s • CY1,CF1) + 

I N T ( A X .".:) e, A y.•· ? ~ A F 2 ,.;Jll s V ~ a s y , -~ Cl, r:· ·~:: t,~ it,:. ,,iJ 'l ,. ~ \;f i ,..,. PB F 1 ¢;, ')···. V ;~ ·:l!, ri V ~') 1111 n F 2·, t 
· .t... 1! ~ liP . "Jtl I'\ U Tl · ·11,J 1} ;,,Ji 1 ·· ,t.: ;ii ., iii' I' '• .t,,,, 'f;f ,.,.,,, :11 Jt, "' ol.l,, ·,;, \ ' I¾. ""''' 'tr l.fl 1J ;,.. ii !'..,i, · 

AX2 • SX1,AY2 t· SY1,G(AX2 4 SX1,AY2 • SV1), 

.5 • CX2,.5 ¥ CY2,CF2> + 
I N T 1 " X 3 A V • A F 7 ~ v · S v .. A. ,- ·1 e X '"J r ' " 2 8 F :, :i-. 'K' ·:e D ,,; 7 0 F 3 . I ~ ·.. i ~ f . i.."1 I JI\. 1 t rt l. I ,...., , .. ,ii. "i; ..,) .\ .. t, '!I ,~) f ' . ,.,., 'l;T t.J ,, . :.) 'II t~; I -J -4!t · t 

AX3 + SX2,AY3 • SY2,GCAX3 + SX2,AY3 • SV2>, 
AX3 + SX1,AY3 + SY1,G(AX3 + SX1,AV3 + SV1), 
.5 • CX3,~5 ~ CY3,CF3J; 

SURf't= 
I& ENO ifi 

~ SURF 

S UR F i = 0 • 5 • A BS < X J • Y K - X K _,,. Y J + X I if!, ~~,· ~J ·~ 
XJ •YI ♦ XK • YI - XI• YK), 

SURFHINI= SURF•RE; REI= 3D•RE; AEI= 30•AE/SURF; 
X Z I = ( XI + X J + X K l / 3; Y Z I = ( YI + Y ,I • V :<) ,,/1 ::; ~ 

l ,... (XI VI\ Cl GJf/1 ,r"· 'XJ ~ ,4~ 11;, GK' !l"'f>Ji; 'J~ .. -,i' GI= l;ii ti,,,,·= ~:Iii, 'filJIJ . ,QI,= bl/\1','f~l'¾,f,,;: 

XII= xr•.s; YI&= YI•.s; XJI= XJ•~s; 
YJI- YJ•.s; XKI= XK•~s; YKI= YK•.s; 

TRICUBI= INTCXI,YI,GI,XJ,VJ,GJ,XK,YK,GK, 
XJ+XK,YJ•YK,G(XJ+XK,VJ+YK), 
XK+XI,YK+YI,G(XK+Xl,YK+YIJ, 
XI+XJ,VI+YJ,GCXI•XJ,YI+YJJ, 
e5 • XZ,~S • YZ,GIXZ,VZ))/60 

··t:No·· TRI cua; 
••EoPa"' 
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6 RI E. F OE SCRIPT IO tJ I 

• 

' 

THIS S!CTION co~~TAitJS THE FOLLOi~ING PROCEOt.JRES1 

Cl> GSS JAC WGHTSi 

GIVEN THE TWO ~ARAMETERS ALFA At~D BETA,TM1S PROCEDURE 
C AL C lJ LATE S TM E ~J Z ER C 5 OF T ti! N •TH J AC n B I P O LY t~ 0"-11 AL 
ANO THE CORRESPONDING GlUSS•CttRISTOFFEL NUMBERS NEEDED FOR 
T ti E t·J •PO INT GAUSS• JACOB I Q IJ AO RAT lJ RE OVER t • l , + 1 l 
WITH WEIGHT FUNCTlOf~ 

Wt~) • (1•X)••4LFA•C1+Xl••BETAJ 
' C2l GSS LAG WGHTSI 

• 

GIVEN THE P~RAMETER ALF4,THIS PROCEDURE 
CAL..ClJL.ATES THE ~J ZEROS OF Tt1E N•Tt'f L,AGUERRE: POLYNOMIAL 
Atlt) THE GA!JSS•CHRISTOFFEL NUMBERS NEEDED FOR THE 
N•POINT GAUSS-LAGUERRE QlJADRATURE or F(X] OVER 
CO, INFINITY) WJT~i RESPECT TO T~iE WEIGHT FU~CTION 

THESE.' P'RrlCEDUPES CA~J BE tJSED fOR GA.USS IAN QUADRA TLJRE• 
RULES OF THE JACOBI AND LAGU!R~E TYPE,LET THE WEIGHT 
F t J N C T l O ~ ~~ C X ) A ~.JO T ti E I N T E R V A L C A , 6 ) r, t r E R H I '--l E T H E 
SYSTEt1 OF POLYN0"°1lALS ORiiiOGO~'•!AL Of~ ( ~, B) WITH RESPECT 
T O W C X ) • T ri E ·'J T ~~ E ~-J • P O I .... , T G A U S S I A t--J Q U A D R A. T U R E R LJ L E 
A PPR n X I MA TE S T ~ E I ~,TE G q AL 

TO X•B 
INTEGRAL FCX) WCX) DX 
F q O l_1 X a A 

BY T~E EXPRESSIO~~ 
J•~~ 
SlJ~·• W [JJ F (X tJl) 
J:.1 

WHERE THE ABSCISSAS XtJl ARL THE ZER~S OF THf N•T~i 
P O L Y t-J O M l ! L. A f'.1 D ~ [ J l A µ E T rl E C O ~ E S P O ;,~ f.' I ,1 G G A U S S • C H R I S T OF F E L 
"-i I I \1 8 E'" p s \,J ,. ~-. 

' 
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KEVWOROS; 

GAUSSI•~ QUADRATURE, 
ZEROS OF ORTHOGONAL POLYNOMilLS, 
GAUSS-CHRISTor,cL ~UMBERS, 
GAUSSI•N WEIGHTS, 

• 

LANGUAGE; ALGOL 60, 

REFERENCES I 

' 

[Zl J.STOER, 
!INrUEHRU~JG IN DIE NUMER?SCHE MATHE~1ATIK 1, 
SP~I~GER VERL.AG, BERLlf\J, fiEIDELBERG, GOETTINGE:N, 

SUBSECTIO~I GSS JAC i•JGJiTS. 

CALLING SEQUENCEa • 

TtiE DECLARATIO~J OF THE PROCEDURE IN T~i! CALLING PROGRAM READS~ 
' 

"PqOCEDUqEu GSS JAC WGHTS(N, ALFA, BETA, X, W)t 
PVA~Ut" N, ALfA, BETA, 
''l~TEGER" N; "~EALP AL,A, BETA1 
'' C O OE '' 3 t l.l 2 5 t 

THE MEANING or T~◄ E roR~lL PARAMETERS IS; 
lJ1 <ARITHMETIC EXPRESSION>; 

T ri E UPP E R 6 0 L1 f\J O Or· T H E A R R A Y S X A t J D ~_, I \i > • 1 J 
ALFA, BET Ai <•~tTlif1ETtC EXf'RESSIOt...J> t 

THE l'ARAMETEPS or T ►➔ E WEIGHT FUNCTIO~-J FOR 
T ri E J AC O ~ I P O L V r· 1 O M t A L S I A L F A , BE T A > " 1 J 

is <A~RAV IOENTirICR>J 
"A~RAY" )( ti &NJ f 

' 

EX I T I X t I l I S Ti i E I• T t f ZERO OF THE r~ •TH JACOB I ? 0 L. Y NO ti 1 AL J 
~l <ARRAY IDE~TIFtEP>J 

" A q R A Y " W t 1 : r-.J l I 
E X I T I W t ! J I S T t J t G 4 U S S • C r· t R I S T OF F EL. ~I J ~ 6 E R 
ASSOCIATED viITH THE I•frf ZERn or T~~ t~•TH JACOBI POLVtJ0~1IAL, 

• 



2nd REVISION, 1977 

PROCEDURES tJSEDI 

GA~MA 
ALL J4C ZER 

• c, 35061J 
w CP 31310 11 

R£QUIRtO CENT~AL MEMORY1 

TWO AUXILIARY ARRAYS OF N REALS ARE USED. 

• 

RUNNING TIME; ROLIGt'LV F'RO='ORTIONAL TO I\.J CJ6£D, 

METHOD AND PERFOR~ANCE1 

AS 1S WELL•KNOWN,THt. GAUSSIAN rJilJADRATU'IE RLJLES APE 
BA 5 Er, 0 >I T HE ZEROS n F r, ~ T ~ ~ n GO t .f A L POLY ~4 0 ~11 AL S • 
PROCEOURES FOR THE COMPUTATIO~ aF THESE ZEROS CAN 
BE FOU~O IN SECTJQij 3,&.2. 
AFTE~ THE COMPUTATIO>J OF THC ZEROS OF TH£ JACOBI POLYNOMIAL 
T H E GA U S S l l ~. J ~.ti/ e'. l G H T 5 A " E C O ►~ P lJ T E O Of T 1-t E F O ~ M UL A 

J•N•1 
~til•ll( SUM P(J, ALFA, BfT•, X[ll)••2l 

J:io 
WHERE P(J, ALfA, BETA, XtlJ) IS THE J•TH ORTHONQR~iAL 
J A C O ~ l POL Y ;i O M I A L J S ~ E F U P T ti E R ·c 21 , C ~f , I I I • 

EXAMPLE OF USE: 

'' B E G I N '' '' C O M t~ E r J T '' E V A l. ~J A T I O ti.J O F T r ~ E I N T !.: G R A L 
TO X•l 

l~TEGRAL (t+X)••2 * fl•Xl • EXP(X) OX 
FROM X••1 

av 1EA~4S OF r1VE POI~T GAUSS•J•CDBI QUADRATURE. 
THE EX.CT V4LUE IS 2•EXPC1l•10/E~°C1l; 
'' R E A L •• ~ L F A , t, E T A , 1 t~ T t '' I ~, T E G E. R 1' ~J ; '1 A R R A Y •• X , w t t t 5 J J 

MC 
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'' R E A L '' '' P R tJ C E D W R E " f · C X ) , '' V A L U E. '' X r '' R E A L " X J F I : E )( P C X ) 1 
'' P R O t; E D U R E •• G S S J A C W G H l S C ; I , A L. r A , 8 E T A , X , !Al l J " C OD E '' 3 1 4 Z S J 
ALFAt~ lf BETA3: 2t ~r• 5; !NT1= OJ 
GSS JAC ~G~iTS( ~4, ALFA, BETA, X, ~); 
'' F O R '1 ~ .. J I : 1 .., S T E P '' 1 " U ~ J T I L '' 5 ,. ~ 0 '' I ~ J T I = I :°'J T • ..J· t r·J J • F C X t t ~ J l J 
0 t.J T P t..1 T ( b l , ., ( " I , .~ B + D • u [) 1

' + Z () ,. ) " , 1 r · 1 T • 2 * E X P ( 1 ) + l O / E X P ( 1 ) ) 
•~ E ~,JO t, 

• 1 " r.; 9 3 2 '' • 1 V 
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SU8SECTION1 GS$ LAG WGtiTS. 

C A L L I N G S E Q t,.J E NC E l 

THE OEC~4RATIO~t Of THE PROCEDURE IN THE CALLI~G PROGRAM ~EADS~ 

"PRQCEOU~E" GSS LAG WGHTS er~, ALFA, x, W)J 
''VAL, U E '' ~J, ALF A J 
"INTEGER" NJ "~EAL'' AL,AJ "ARRAY" X, ~, 
"C00E" 31'1Z7s 

THE MEANING or THE rCRMAL PARAMETERS ISa 
Na cARlTH~tTIC EXPRESSION>J 

THE UPPER BOUNO OF THE ARRAYS X ANO WJ ~••11 
• 

ALFA1 cARITH~ETIC EXPRESSION>t 

• 

THE P4RAMETER OF THE WEIGHT FUNCTION POR THE 
LAGUE~RE PO~VNO~IALSt 
'L.'4••1; 

Xa cA~RAY IDENTIFIER~, 
"A~RAY'* )( tt I t~l J 
!XlT: Xtll IS THE I•TH ZERO OF TH! N•TH 
LAGUERRE PO~YNOMIALJ 

wa cA~RAV IDE~TIFIER•t 
"A~RAY" Wtll ~JlJ · 
EXIT1 ~[lJ IS THE GAUSSIAN WEIGHT CORRESPONDING 
w l T ri T '"'i E I • T ~➔ Z E R O o F T t·i E N • T ri L A G J E R RE P O L Y NO •➔ 1 AL • 

PROCEDURES tJSEDI 

GA~~A · 
ALL LAG ZER 

a CP 3SOb1, 
= c=- 31311. 

R E Q U I R ED C E, ,·~ T R A L ~1 E ~ 0 P Y a 

' 

T W O A ~J ~ I L I A R Y A R R A Y S O I' f\J R E A L S A R E U S ! 0 • 

r L., E z E Q a s A ~ J o w E I G H T s A ~ e: c o ri-, r t.> r E o I ~1 r ,-1 E~ s A t-1 E. 
WAY AS 1\1 r~-tt PR □ CEoi. 1 nE Gss JAc WGt~rs. 

• 
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E x A ~ Pt. E o , ,.J s E a 

THE PROGRAM 

• 

• 
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• 

"BEGIN'' "COMMEtJTP COMPUTATION OF THE I~TEijRAL FROM OTO ItJFINITY OF 
StN(X>•EXP(wX) SY ~EANS OF A TEN PQI~JT GAUSS•LAGUERRE 
QUADRATURE.THE EXACT VALlJE IS o.ss 
'' RE A l. " I ~J T J " I t,J T E GE R " N J ,t AR RA Y " X , W t 1 I 1 0 l , 
"~EA~""PROCEDURE'' F(X); ''VALLlE••x, "~EAL"XJ Fa•SlN(X)J 
" P R O C E O U RE " G S S L A G W G ri T S ( f J , A L, F A , )( , W ) s " C OD t '' 31 4 2 1 ; 
GSS ~AG WGHTSC10, o, X, ~J)J l~T1•0s 
" F O R " N 1 • 1 O " S T E P " • 1 '' U r J T I L " 1 tt O n " I N T 1 • I N T t W C N l * F ( X [ ~J l l t 
OUTPUT(&1, "("•D 1 aO"•ZD•)•, INT•0,5) 

"[NO" 
• 

PRINTS THE RESULTI 

• 



SOURCE TEXTS& 

"CODE" l14Z5; 
•PROCEOJ~E• GSS JAC AGMTS(N, ALfA, BETA, X, •)1 
•VALUE" ~, ALFA, BETAt "INTEGER• Nr •qfAL" ALFA, BETAJ 
"ARR&y• i, '41t 
" l F • A L F A a B E T A • T r1 ! : " " 
•BEGIN" •INTEGER" I, J, ~, 

MC 

"ARR4Y" B tt a•J • 1J I •REAL" ~o, P1, R2, S, HO, ALFA2, XIJ 
" R E A L " • o R O C E D URE III GA ,, i l~ A ( X ) J " C O O E " 3 5 0 6i t J 
•P-OCEDURE" ALL JAC ZE~(N, ALFA, B[TA, ZtR)J "COrEM 31370J 

ALL JAC ZER(N, ALFA, ALFA, X)J ALFA2t• 2•ALFAJ 
M O I a Z * * ( AL F AZ + 1 l • GA M ' ~ A ( 1 + A L F A ) • • l I GA ~1 MA ( Al F AZ + 2 l J 
8 tll 1• 1/SORT(:S + ALFA~l r M& ■ J,J • C\J//2) r 
"FO~• II• Z •STEP• l •UNTIL-~• 1 "DD" 
8til ~- SQRTtI•CI + ALFAZJ/CA•(I + ALVAl••Z • l))J 
•rOR" Ia• 1 "STEP" 1 "'J!~TlL" M •oa-
wsEGIN" Xl&• AeS(X[Il)t ROI ■ ls R111 XIIBtlJJ 

SI• 1 ♦ R1•RtJ 
"r OR" J I • 2 "STEP • 1 " u tJ T 1 L • 'I • 1 •DO" 
•BEGIN" RZ1• CXI•RI • B[J • 1J•RO)/BtJ11 

Poa• R1J Rt1• R21 s,. S ♦ ~Z•RZ 
.,END"J 
~tIJ as W[~J t 1 • 11 &• HO/S· 

"ENO• 
"E"ID" "ELSE" 
"BEGIN" •I~TEGER" I, JJ •ARRAY• l 1 Bt01~l1 

"REAL" t,,tI"~, su~1, HO, RO, Rt, R2, XI, ALF"ABETA; 
•pqoCEOURE" ALL Jae ZE~(N, ALFA, BfTAt ZER)J ~coDE" 313701 
•RE4L" "PROCED~RfM GA~MA(X); "CODE" 350bll 
AL'ABETA1• ALFA + BETAJ "IN&• (BETA• A~FA)•ALFABET4t 
B[OJs• OJ suu1• ALFABETA + 21 ACOJ a, (SETA• ALFA)/SU~, 
At1l1• ~IN /SU~/rS!JM + ZlJ 
Rt t J 1 • 2* SQRT ( ( 1 + ll FA l • ( 1 ♦ 8~ TA)/ (SU~ ♦ 1)) / SUt1 J 
" f O R • I I • 2 " S T E P " 1 • t,I f J T I L " ~J • 1 " D O " 
•eEGI~" SUMI• I+ t + AL~ABET41 

A t I l I a fi1 t t~ I S 1J ~1 I C S U ►1 ♦ 2 ) I 
q t ! J I• ( 2 / S l,,I '-1) • 

S J R T ( l • ( S U i.• • ! l • C 1 + A L F A. l * ( I t BE T A l / ( S U .,, • SU M • 1 ) ) 
"E'JO" J 
~•01c 2••CALFA6ETA + 1)•GAfiMA(1 + ALrA)•(;Af\1MA(l + BETA)/ 

GA~"1A(2 ♦ ALF~BETA)J 
ALL JAC ZE~(it, ALF"'A, OETA, X) I 
"F~Rff I:c 1 "STE.'-'.- 1 "t .. ,:!TlL. .. ;J "0(1" 
"BEG I: J" X l Is X [ I l I Ro 1 • t ; R 1 ; = C X t • A t O l l /8 t 1 J I 

s:;·~:= 1 + ~1•~'1, 
"•Fa~• J1=. 2 .. STEP" 1 ,.Lt'lTIL" l • 1 ttOfl" 
•BEGIN~ RZ~• C(Xt • AtJ • ll)•R1 • 9[J • lJ•RO)/BtJJt 

su~:- 50'4 + R2•R2J Ro;= 0 1, Plt• P2 
.. E. ~,r-,P ll 

··. ·'!ta,,.11 I 

. ttl • ·· 1 0· 1s· ,.,. ""r · .. I"""' ll,,· ·l.i··· 
•tt )l'.""\f' 
~ l, J 

•E~D- GSS JAC wGtiTS; 
•Ea~• 
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''CODE" 31421J 
"PROCEDURE" GSS LAG WG~TS(N, ALfA, X, ~)J 
"VALUE" N, ALFAJ "INTEGER" N1 "REAL" ALrA1 "ARRAY'' X, w; 
" B E G I t-J n " I N TE G !: R " l , J 8 " RE. A L •• t·t O , S , R O , R 1 , R c , X I s 

"ARRAY" A, B [O:~~l J 
"PROCEDURE" A~L LAQ Z~R(N, ALFA, X)a "CODE" 313711 
tt R E A L " •• P RO C E DU RE " G A t 1 MA ( X ) J " C O D E " ! 5 0 g 1 , 

. A t O l I • 1 t A L F" A ; A t 1 l I I 3 + A L F A ,. 8 t 1 l I • S QR T C A t O J ) J 
" F' 0 R " I I • 2 " S T t P " 1 '' U t J T I L '' ~J • 1 " D O '' 
"8Et,t{·~'' A Cll 1.- I t I t ALF• ♦ 1 J 

Btil&• SQRTCI•(l + ALrAJ) 
"E~D"; 
A L. L L A G . Z E R ( N , A l F A , )( l J ti O I • G A P¥1 M A ( 1 ♦ A L FA l J 
"FORn Ia• l "STE~" 1 ~UNTIL" N "00" 

• 

''BEGIN'• Xlt• X tll t ROIi 1 J 
• 

R 111 ( X 1 • A t OJ ) /6 [ 1 l J SI I 1 + R 1 *R 1 f 
"FOR" J1• i "STEP" 1 "UNTlL" N • 1 "00" 
"BEGIN'' RZ1a CCXI• AtJ • 1ll•R1 • BtJ • 1l•ROl/6tJlJ 

Ros, RtJ Rt1• R2, S:• S + R2•R2 
"END"; 

W tIJ I ■. HO/S 
"END" 

"ENO" GSS LAG ~Gt~TS J 
"EOPtt 

' 
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INSTITUTEI MATHEMATICAL CENTRE, 

' 

RECEIVE01 7~0Z18. I 

BRIEF OESCRIPTION1 

THIS SECTION CONTAINS PROCEDUR!I FOR CALCUL4TING THE DERIVATIVES OF 
FUNCTIONS OF MORE VARIABLES, USING DIF~E~ENCE FORMULASJ 
JACOBNNF CALCULATES THE JACOBIAN MATRIX OF AN N•DIMENSIONAL 

FUNCTION OF N VARIABLES USING FORW•Ro DIFFERENCES, 
JACOBNMF CALCULATES THE JACOBIAN MATRIX OF AN N•DIMENSIONAL 

FUNCTION OF M VARIABL!S USING FORWARD DIFFERENCES, 
JACOBNBNOF C4LCULATES THE JACOBIAN MATRIX OF AN N•OIMENS?ONAL 

FUNCTION OF N VARIABLES, I~ THIS JACOBIAN IS KNOWN TO BE A 
BAND MATRIX AND HAVE TO BE STORED ROW•WISE IN A ONE•OIMENSIONA~ 
ARRAY, 

t<EYWORDS1 
• 

NUMERICAL DIFFERENTIATION, 
,uNCTIONS OF MORE VARIABLES, 
DIFFERENCE ,oRMULAS, 

I 

• 

. ' ' 

' . 
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S~BSECTIONI JACOBNNF. 

CALLING SEQUENCE1 

THE HEADING OF THIS PROCEDURE AEADS1 
''PROCEDURE'' JACOBNNFCN, X, F, JAC, I, DI, FUNCT), 
''VALUE" NJ "INTEGER" I, Nt "REAL" 011 "ARRAY" X, F, JACJ 
"PROCEDURE'' FUNCTJ 

THE 
N1 

X1 

FI 

JACI 

I I 

011 

MEANING OF THE ~ORMAL PARAM!TERS ISi 
cARITHMETIC EXPRESSION>s 
THE NUMBER OF INDEP!NDENT VARI~ILES AND 
THE FUNCTIONJ 
~ARRAY IDENTIFIER>p 
"•RRAV" X E11NJ I 

THE DIMENSION OF 

ENTRY1 THE POINT AT WHICH THE JACOBI•N HAS TO BE CALCULATED 
cARRAV IDENTIFIER•s 
"ARRAV" F l1 aNJ J 
ENTRY I THE VALUES OF THE FUNCTION•COMPONENTS AT THE POINT 
GIVEN IN ARRAY Xt 
c•RRAV IDENTIFIER>, 
"ARRAY" JAC tl IN, 1 INl, 
EXIT I ·T~E JACOBIAN MATRIX IN SUCH A WAY THAT THE PARTIAL 
DERIVATIVE Off I' [lJ TO X tJJ IS . GIVEN IN 
JACtl, Jl, l, J • 1, ,.,, NJ 
cINTEGER VARIABLE>, 
A JENSEN PARAMETER, DI MAY BE DEPENDENT OF It 
cARITHM!TlC EXPRESSION~J 
THE PARTIAL DERIVATIVES TO XEIJ ARE APPROXIMATED 
FORWARD DIFFERENCES, USING AN INCREMENT TO THE 
VARIABLE THAT EQUALS TM! VALUE o, DI, J • 1, •••' Np 

FUNCTI cPROCEDURE IO!NTirIER>, 
THE HEADING OF THIS PROCEDURE SHOULD REAOI 
"PROCEDURE" FUNCTCN, X, F)s 
"VA~UE" NJ "INTEGER" Nt "ARRAY" X, ~, 
THE MEANING OF THE FORMAL PARA~ETERS IS1 
NI cARITHMETlC EXP~ESSION•J 

• 

THE NUMBER OF lNOEPEND!NT VARIABLES OF THE FUNCTION Fs 
XI cARRAY IOENTIFIER>r 

TH! INDEPENDENT VARIABLES ARE GIVEN IN xr11Nl1 
Fl cARRAY IO~NTIFIER>s . 

AFTER A CALL OF ~UNCT THE 'UNCTION COMPONENTS SHOULD BE 
GIVEN IN F [1 IN], . 
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PROCEDURES USED: NONE. 

REQUIRED CENTRAL MEMORY I 

EXECUTION FIELD LENGTH1 JACOBNNF DECLARES ONE AUXILIARY ARRAY OF 
ORDER N, 

RUNNING TIME1 PROPORTIONAL TO N ** 2. 

LANGUAGE1 

METHOD lND PERFORMANCE& 

JACOBNNF C4LCULATES THE JACOBIAN MATRIX OF AN N•DIMENSION~L 
FUNCTION OF N VARIABLESJ THE ELEMENTS OF THIS MATRIX, WHICH ARE THE 
PA~TIA~ DERIVATIVES OF THE FUNCTION, ARE CALCULATED USING FORWARD 
DIFFER!NCES WITH AN INCREMENT TO THE I•TH VARIABLE OF DI, CI: 1, 
,,,, N), 

>, 

EXAMPLE OF USEI 

LET F BE DEFINED BYI 
Ft1J• X[ll ** 3 + XC2l, 
Ft2J• 10 * X[Zls 

THE JACOBIAN MATRIX AT THE POINT Cc, 1) MAY BE CALCULATED AND 
PRINTED BY THE FOL~OWING PROGRAM& 

''BEGIN'' 
••INTEGER" I, "ARRAV'' JAC [112, 1121, X, F [1121 J 
"PROCEDURE" JACOBNNFCN, X, F, JAC, I, DI, FUJJ ''CODE'' 34437J 
" P R O C E O UR E " F 1 ( N , X , F ) I " \I AL U E 91 N I '' I N T E GE R '' N s '' A R R A Y '' X , F J 
" 8 E G I N '' F C 1 ] I a X [ 1 l * * 3 + X [ 2 l J F [ 2 J I s X C 2 l * 1 0 '' E N D '' F 1 J 
Xt1JI• cl X[2JI• lJ F1(2, X, F)J 
J A C 0 B N NF C 2 , X , F , J AC , I , " I F '' I • 1 " T HE N " '' • & '' E L S E '' 1 , F 1 l J 
0 U T P U T C 7 l , '' C tt t , Lt B , '' C '' THE C: A L C UL A T E O J A C O 8 I A N I S I '' ) '' , / / , 
Z(48,Z(N),I)")", JAC[l, ll, JAC[1, 2J, J•Ct2, 11, JACt2, 21) 

''ENO" 

RESULTS I 

THE CALCULATED JACOBIAN IS1 

+ 1 , 2 0 0 0 0 0 5 q 3 8 2 & 2 " + O O 1 + l , 0 0 0 0 0 0 0 0 0 0 0 0 0 ,, + 0 0 0 
+0,0000000000000"+000 +1,0000000000000•••001 



MC 

(OCTOBER 1'174) PAGE 4 

CALLlNG SEQUENCES 

THE HEADING OF THIS PROCEDURE REAOS1 
''PROCEDURE" JACOBNMF(N, M, X, ,, JAC, I, DI, ,uNcr,, 
'' V A l. U E " N , M I " l N T E G E R " I , N , M J " RE A L " 0 I I " A R R A V '' X , F , J A C J 
"PROCEDURE" FUNCTJ 

THE MEANING OF THE FORMAL PARAMETERS ISi 
N1 <ARITHMETIC EXPRESSION~, 

THE NUMBER OF ~UNCTION COMPONENTSr 
M1 cA~ITHMETIC EX~RESSION~J 

THE NUMBER OF ?NOEPENO!NT VARIABLESJ 
XI cARRAY IDENTIFIER>, 

"ARRAY" X t11MJ I 
ENTRVs THE POINT AT WHICH THE JACOBIAN HAS TO BE CALCU~ATED 

F1 cARRAV IDENTIFIER>s 
"ARRAV'' F tl 1NJ J 
ENTRY1 THE VALUES OF THE FUNCTION•COMPONENTS AT THE POINT 
GIVEN IN ARRAY XJ 

JACI cARRAY IDENTIFIE~>, 
"ARRAY" JACt11N, 11Mlp 
EXIT I THE JACOBIAN MATRIX IN SUCH A WAY THAT THE PARTIAL 
DERIVATIVE OF F tIJ TO X tJl IS GIVEN IN 
JACtI, Jl, I• 1, ,.,, N, J • 1, ••• Mr 

I1 cINTEGER VARIABLE>, 
A JENS!N PARAMETER, DI MAY BE O!PENOENT OF lJ 

DII cARITHMETIC EXPRESSION~, 
THE PARTIAL DERIVATIVES TO XtIJ AR! APPRO~IMATED WITH 
FORWARD DIFFERENCES, USING AN INCREMENT TO THE I•TH 
VARIABLE TMAT EQUALS THE VALUf o, DI, I• 1, .,,, MJ 

FUNCTI cPAOCEOURE IOENTI,IER>t 
TH£ HEADING or THIS PROCEDURE READS I 
"P~OCEOURE" FUNCTtN, M, X, F)J 
"VALUE" N, M1 "INTEG!A" N, M, "ARRAY" X, FJ 
THE MEANING OF THE FORMAL PARAMETERS IS I 
NI cARITHMETlC EXPAESSION>s 

THE NUMBER OF FUNCTION COMPONENTSJ 
Ml cARITHMETIC !XPR!SSION>1 

THE NUMB!R OF lNDfPENDENT VAAIABLES OF THE FUNCTION Fs 
XI cARRAY IDENTt,IEA~, 

TH! INDEPENDENT VARIABLES 4RE GIVEN IN XC11Ml J 
Fl ~ARRAY IDENTIFIER>, 

AFTER A CA~L OF FUNCT THE FUNCTION COMPONENTS SHOULD BE 
GIVEN IN F t1 INl, 
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PROCEDURES USE01 NONE, 

EXECUTION FIELD LENGTHI JACOBNM~ 
ORDER N, 

DECLARES ONE AUXILIARY ARRAY OF 

RUNNING TIME1 PROPORTIONAL TO N * M, 

LANGUAGE I 

METHOD AND PERFORMANCEI 

JACOBNMF CALCULATES THE JACOBIAN 
FUNCTION OF M VARIABLES, THE ELEMENTS 
PARTIAL DE~IVATIVES OF THE FUNCTION, 
DIFFERENCES WITH AN INCREMENT TO THE 
,,,, M), 

MATRIX OF AN N•OIMENSIONAL 
OF THIS MATRIX, WHIC~ ARE THE 
4RE CALCULATED USING FO~WARD 
I•TH VARIABLE OF DI,CI • 1, 

EXAMPLE OF USEI 
• 

LET F SE DE~INED SYI 
l'tll• Xttl ** l + Xt2J, 
'1tll• 10 * XtZJ + XtZJ * Xtll, 
Ft3l• X[ll • Xt2J I 

• 

THE JACOBIAN MATRIX AT THE POINT (2, 1) 
PRINTED BY THE FOLLOWING PROGRAMS 

''BEGIN'' 

MAY BE CALCULATED AND 

"INTEGER" I 1 "ARRAY" JAC tl 13, 1121, X £1 tel, F t113l, 
"PROCEDURE" JACOBNMrCN, X, F, JAC, I, DI, FU)I ••CODE'' 344381 
"PROCEDURE" ,1cN, M, x, r,, ~VALUE" N, M, "INTEGER" N, MJ 
"ARRAY" X, Fl 
"BEGIN" F tll 1• X t1J ** 3 ♦ )( tlJ, 

Ft2J I• X[Zl * 10 ♦ XtcJ • Xtll ** 21 Ft3J 1• X [1] • Xt2J 
"ENO" 1'11 
X [1J ,. z, X E2l Ill 1, F1 (3, 2, )(, fl'), 
J A C OS N MF ( 3 , 2 , X , ,- , J A C , I , '' I F " I ■ 2 " T HE N '' 1 '' E L S E '' '' • S , F 1 ) J 
OUTPUT(71, ''("*,48,~("THE CALCULATED J•COBIAN IS1'')",I/, 
3(48,2 CN) 1 /)") '', JAC tl, ll, JAC tt, c?J, JAC [2, 1J, JAC [2, 2l, 
JAC t3, ll, JAC tl, Zl) 

''END" 

R!SULTSI 

THE CALCULATED JACOBIAN ISi 

+1,2000060002018" ♦ 001 
+4,0000100000210"+000 
+1,oooooooool114"+ooo 

• 

+1,0000000000000"+000 
+1,Q000000000000"+001 
+2,0000000000000"+000 

• 



• 
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SUBSECTIONI JACOBNBNDF, 

CALLING SEQUENCE1 

THE HEADING OF THIS PROCEDURE READS I 
"PROCEDURE" JACOBNBNC,(N, LW, AW, X, F, JAC, I, DI, FUNCT), 
'' V A L. U E " N , L W , R '4 , " I N T EGE R " N , I , L W , R ~ r " R E A L '' D I , 
"ARRAY" X, F, JACJ "PROCEDUR!" FUNCTs 

THE ME•NING o, THE FORMAL PARAMETERS IS1 
N1 cARlTHMETIC EXPR!SSION»J 

THE NUMBER OF IND!P!ND!NT VARIABLES AND THE DIMENSION OF 
THE FUNCTION1 

LWI cARITMMETIC EXPRESSION>s 
THE NUMBER OF C00IAG0NALS TO THE LEFT OF THE MAIN DIAGONAL 
OF T~f JACOBIAN MATRIX, WHICH IS KNOWN TO BE A BAND MATRIXJ 

RWI cARITHMETIC EXPRESSlON~t 
THE NUMBER OF C00%AGON•LS TO THE RIGHT OF THE MAIN OIAGONA~ 
OF THE JACOBIAN MATRIXt 

Xa cARRAY IOENTI,IER>J 
"ARRAY" )( t11NJ, 
!NTAY1 THE POINT •T WHICH THE J•COBIAN HAS TO BE C•LCULATED 

• 

F1 cARRAY IDENTIFIER>J 
"AARAV" pr tt 1NJ I 
ENTRV1 THE VALUES OF THE FUNCTION•COMPONENTS AT THE POINT 
QIVfN IN ARRAY XJ 

JACI cARAAY IDENTIFIER>, 
"ARRAY" JAC [1 I (LW ♦ RW) * (N • 1) + NJJ 
!XlT1 THE JACOBIAN MATRIX IN SUCH A WA¥ THAT THE CI, J)•TH 
ELEMENT OF THE JACOBIAN, I 1 E1 THE PARTIAL DERIVATIVE OF 
F tIJ TO X tJl, IS GIVEN IN 
J AC t < LW + RW l • CI • 1 ) + J l , , OR I • 1, • • , , N 
J• MAX(l, I• LWl, ,,,, MIN(N, I+ RW)I 

11 cINT!G[R VAR!ABL!>s 
A JENSEN PARAM!T!A, Dl MAY BE OEPENOENT OF I, 

DII cARITHM!TIC !XPR!SSlON>s 
TME PARTIAL DERIVATIVES TO Xtil ARE APPROXIMATED WITH 
FORWARD DIFFERENCES, USING AN INCREMENT TO THE I•TH 
VARIABLE THAT EQUALS TME VALUE OF DI, I• t, ,,., NJ 

• 
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FUNCTI cPROC!DURE IDENTirIER>t 
THE HEADING OF THIS PRQCEDUR! ~EADS 1 
"PROCEDURE" FUNCT(N, L, U, X, ,,, 
" V A L U E " N , L , U J " I N T f GE R '' N , L , U , " A R R A Y '' )( , F , 
THE MEANING OF THE ~CRMAL P~R~M!TERS IS 1 
NI «ARITHMETIC !XPRESSION~, 

THE NUMBER o, FUNCTION coM,ONENTSJ 
L,U1cARITHMETIC EXPRESSION>J 

LOWER AND UPPER BOUND OF T~E FUNCTION COMPONENT 
SUBSCRIPT, 

XI CARRAY IDENTt,I!A~, 
THE INDEPENDENT VARIABLES ARE GIVEN IN xc11NJ J 

Fl CARRAV ID!NTIFifA>t 
AFTER A CALL o, rUNCT THE FUNCTION COMPONENTS F[Il, 
I• L, ,,,, U, SHOULD BE GIVEN IN FCL1UJ, 

PROCEDURES USEDI NONE, 

' 

EXECUTION FIELD LENGTHI JACOBNMF DECLARES ONE AUXILIARY ARRAY OF 
MAXIMUM ORDER LW + RW ♦ 1J 

• 

RUNNING TIME1 PROPORTIONAL TO N * CLW + RW + 1), 

' 

LANGUAGE1 ALGOL 60, 

METHOD AND PERFORMANCEI 

JACOBNBNOF CALCULATES THE JAC09IAN MATRIX OF AN N•DIMENSION•L 
FUNCTION OF N VARIABLES, IF THIS JACOBIAN IS K~OWN TO BE A BAND 
MATRIX AND HAVE TO BE STORED ROW•WISE IN A ONE•OIMENSIONAL ARRAYJ 
THE E~EMENTS 0~ THIS JACOBIAN MATRIX ARE CALCULATED USING FORWARD 
Dir~ERENCES, WITH AN INCREMENT TO THE I•TH VARt•BLE OF DI, CI a 1, 
'• ', N) • 
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EXAMPLE OF USEI 

LET F BE DEFINED BVI 
Ft11 •Cl• 2 * Xtll) * XttJ ♦ 1 • 2 * Xt2l, 
Ftil • (J • 2 • Xtll) • XtIJ + 1 • XtI•ll • 2 * XtI+tl, I• 2, 3, 4, 
Ft5l • ti • Z • )(t5J • Xt4J I 
THE TRIDIAGONAL JACOBIAN MATRIX AT THE POINT X, GIVEN BY X[IJ • •1, 
I• 1, ,,,, S, MAV BE CALCULATED AND PRINTED BY THE FOLLOWING 
PROGRAM1 

''BEGIN'' 
" I N T E GE R " I 1 19 A R RA Y '' J • C t 1 a 1 l J , X , F C 1 I 5 l I 
"PROCEDUR!" JACOBNBND,CN, L, R, X, ~, J, I, D,G)J "CODE" 3G43~J 
"PROCEDURE" r1cN, L, u, x, F>, "VA~UE" N, L, Ur 
"INTEGER" N, L, u, ''ARRAY" X, ,, 
"BEGIN" "INTEGER" I1 

"~OR" I1• L "STEP" 1 "UNTIL" ("IF" U • 5 ''THEN'' I "ELSE'' Ul 
"00" 
"BEGIN" F t I l I• ( 3 • 2 • X t I J ) * X t I l + 1 • 2 * X [ I + 1 l J 

" I F '' I • • 1 " T HE N " F [ l J I • tr t I J • X C I • 1 l 
"END"t 
"IF" U • 5 "THEN" F tSJ I• ij • X t4J • X tSl * 2 

"END" f'1t 
• 

"PROCEDURE" LIST(ITEM), "~ROCEDUAE" ITEMt 
"BE;lN" "INTEGER" Is 

IT!M("("TH! CALCULATED TRIDIAGONAL JACOBIAN IS1 1')")r 
"~OR" !1• 1 "STEP'' 1 "UNTIL" 13 "DO" ITEMCJACtil) 

"END" LIST, 

"PROCEDURE" LAYOUTS 
~OAMAT( 1'("/l,4B,IOS,//,4B,2( ♦ ,5D''+02Bl,/,4B,3C+,50"+D2B),/, 
tbB,3(+,SD"+D2B),/,28B,3C+,5D"+D2B),/ 1 408,2(+,5D''+D2B),/'1 )")' 

"FOR" I 111 l "STEP" 1 "UNTIL" 5 "00'' X til 1• •1, 
F1C5, 1, 5, X, ,,, 
J A C O 8 N 8 ND Fl C S , 1 , 1 , X , F , J A C , I , " I f' " I • 5 '' T HEN '' 1 " EL S E " 
"•6 1 F1l, 
OUTLISTC71, LAYOUT, LIST) 

''END" 

RESULTSa 

THE CA~CULATED TRIDIAGONlL JACOBIAN ?81 

♦ ,70000" ♦ 1 
•, 10000 1'+1 

•,20000"+1 
+,70000"+1 
-.10000"+1 

•,20000"+1 
+.10000"+1 
•,10000"+1 

• 1 20000"+1 
♦ ,70000"+1 
•,10000"+1 

-.20000"+1 
-.20000•1 +1 



SOURCE TEXT(S)I 

'' C O D E " 3 4J '-J l 1 I 
''PROCEDURE'' JACOBNNFCN, X, F, JAC, I, DI, FUNCT)J "VALUE'' N; 
'' l N T E GE R '' N , l J " RE A L " D I , '' .4\ RR A V " X , F , J A C , '' P R O C E D UR E " F U NC T J 
'' BE G I N " " I N T E GE R " J , " RE A L '' S TE P , A I D I •• A R R A Y " F 1 [ 1 1 N J S 

''FOR" II• 1 ''STEP" 1 "UNTIL" N "00'' 
'' B E G I N '' S T E P 1 : 0 I , A I O I a X [ I l , X [ I l I • A I O + S T E P r 

STEP1s 1 / STEPr FUNCT(N, X, Ft), 
''FOR~ J1s 1 "STEP" 1 "UNTIL'' N ''00" 
J AC [ J, I J I a CF 1 [ J] • F t J J ) • STEP J X t I l z 1: A I 0 

''ENO" 
•9 E N D '' J A C O B N N F J 

•• E OP" 

'' C O D E '' 3 4 4 3 8 J 

MC 
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'' PRO C E D U R E '' J A C OB N M F C N , M , X , F , J A C , I , 0 I , F UN C T ) J '' V A L U E '' N , M J 
'' I N T E G E R '' N , M , I , '' R E A L. '' 0 I J '' A R R A Y " )( , F , J A C s '' P R O C E D U R E '' F U N C T r 
"BEGIN" "INTEGER" JJ "REAL." STEP, AlDJ t•AR~AY" Ft [1 :NJ J 

''FOR" I;a 1 ''STEP" 1 ''UNTIL" M ''00'' 
'' B E G I N '' S T E P I • O I J A I D I s X [ I l J X t I l z • A I O + 5 TE P J 

STEP1a 1 / STEPJ FUNCTCN, M, ~, F1)J 
'' F O R " J I • 1 '' S T E P " 1 '' U N T I L ., N '' 0 0 '' 
JAC CJ, Il 1• (F1 [Jl • F [JJ) * STEPJ X tIJ 1:a AID 

''ENO" 
''ENO'' JACOBNMF J 

"EOP" 

'' C O 0 E '' 3 4 4 3 q , 
''PROCEDURE'' JACDBNBNOFCN, LW, RW, X, F, JAC, I, DI, FUNCT)J 
'' V A L. U E '' N , L W. , R W J " I N T E G E R " I , N , L W , R W J '' R E i. l '' 0 I J 
"ARRAY'' x, F, JACJ "PROCEDURE" FUNCTJ 
'' B E G I N '' '' l N T E G E R " J , K , L , U , T , B J 19 R E A L '' A I O , S T E P I J 

LIB 11 U:a LW ♦ 1J T1a RW ♦ 1J Bl& ~W + RWr 
"FOR" 11• t "STEP" 1 "UNTIL'' N ''00'' 
99 BEGIN•• ''ARRAY'' Fl CLIUl J 

STEP I 1• DI r AIOs: )C [Il J X CIJ 1a AID t STEPI r 
FUNCT(N, L, U, X, Fl) a X tIJ :• AIDJ 
K I • I + C " I ff " I c • T '' T H E N '' 0 '' E L S E '' I • T ) * B J 
"FOR" J:• L "STEP" 1 "UNTIL'' U "00'' 
" B E G l N '' J A C t t< l I • C F 1 [ J J • F t J l ) / S T E P l J K Z : K + B '' E N D '' J 
" I F '' I > : T '' T H E N '' L I z L + 1 f 
"IF" Uc N "THEN'' U;• U + 1 

''ENO'' 
''END" JACOBNBNOFJ 

''EOP" 


