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SECTION I 7,1 (SEPTEMBER 1974) -

l~STlTUTEI MATHEMATICAL CENTRE, 

BRIEF OESCRIPTIONa ... 

• NEWTON CALCULATES THE COEFFICIENTS OF THE NE~TON POLYNOMIAL 
THROUGH GIVEN INTERPOLATION POINTS AND CORRESPONDING 
FUNCTION VALUES, 

K~YWORDS1 .., 

NEWTON INTERPOLATION, 
POLYNOMIAL COEFFICIENTS, 
DIVIDED DIFFERENCES, 

• 

CALLING SEQUENCE1 

THE HEADING OF THE PROCEDURE READSI 
"PROCEDURE" NEWTON(N,X,F)J 
"VALUE''Ns"lNTEGER••NJ"ARRAY".X,Fs 

THE MEANING OF THE FORMAL PARAMETERS lS1 
Na cARITHMETIC EXPRESSION>, 

THE DEGREE OF THE POLYNOMIAL, 
X1 cARRAY lDENTIFIER>J 

"ARRAY"X CO I NJ J 
THE INTERPOLATION POINTS, 
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Fa ~ARRAY IOENTIFIER~J 
ttARRAY''F lOINJ I 
ENTRYI THE POLYNOMIAL VALUES AT THE INTERPOLATION POINTSJ 
EXIT; THE COEFFICIENTS OF THE NEWTON POLYNOMIAL, 

PROCEDURE8 USED: NONE, - - , ' 

• 

RUNNING TlME1 TME NUMBER OF OlVISIONS IS N(N ♦ l)/2 1 -

LANijUAGEa ALGOL ~o. 
-·· 
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METHOD ANO PERFORMANCES -

THE COEFFICIENTS OF THE NEWTON POLYNOMIAL ARE CALCULATED BY 
lNTERPO~ATION AT THE GIVEN ARGUMENTS AND FUNCTION VALUESJ 
THE RESULTING SET OF EQUATIONS IS SOLVED BY TRANSFORMING THE 
CORRESPONDING LOWER TRIANGULAR MATRIX TO DIAGONAL FORM, 

EXAMPLE Of USEI 

"BEGIN" •ARRAY" X1 Ft01iJt 
1•PROCEDURE"NEWTON(N 1 X,F)r 

''CODE"36010J 
X lOl 1•0,x [ll 1•.s,x [ll 1•1 I 
FtOJ 1•1JFC1l 111Ft2l 1•0s 
NEWTON(2,X,F)J 
OUTPUT(b1,"C"/,"("THE NEWTON COEFF, ARE")", 

/ 1 3(N)"l",F[Ol ,Ft1l ,F[2J )J 
"ENO 11 TS TNE WT ON J 

THE NEWTON COEFF, ARE 

MC 
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+1,0000000000000"+000 -2,0000000000000"+000 +2.0000000000000"+000 
• 

• 

S0URCE TEXTCS)I 
• 

• 

"CODE••3o010J 
NPROCEOURE" NE~TON(N,X,F)J -"YA~UE" NJ "INTEGER" NI "ARRAY" x,,J 
"COMMENT" NEWTON DETERMINES THE COfFFICIENTS CtJJ,J•O,,,,N, 
OF THE INTERPOLATIONPOLVNOMIAL CtOJ ♦ Ctll *(X•XtOll+,,,+ 
ClNi * (X•X[Ol)•.,.•CX•XtN•1J) OUT OF N+l ~IN, fQUAT, 
TAE ARGUMENTS AND FUNCTIONVALUES MUST BE GIVEN IN 
ARRAY X, Fl01NJ, THE ARRAY FIS OVERWRITTEN BV 
THE COtFFIClENTS ClJJ,J•O,,,,Nr 

•• 

"BEGIN" "INTEGER" ~,I,IMII 
"~EAL" XIM1,FIM1J -IM11•op 
"'0~" II• 1 "STEP'' 1 "UNTIL" N "00" 
"BEGIN" FI Ml 1•F CIMll JXlM11111X tIM1l J 

-,,FOR" K1• I ''STEP" 1 "UNTI~" N "00" FtKl 1• (F[KJ•FlMl)/(XtKl•XIMl]J 
IMt;• I . 

"~NO•• -fifNO'' NE,uTON J - "E0P 11 
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AUTHOR& C.G. VAN OER LAAN. 

INSTITUTE: MATHEMATICAL CENTRE. 

RECEIVED! 730831. 

BRIEF OESCRIPTIONI 
THIS SECTION CONTAINS THREE PROCEDURESI 

INI SELECTS A (SUBISET OF INTEGERS OUT OF A GIVEN SET OF INTEGERS. 

SNDREMEZ EXCHANGES AT HOST N+1 NUMBERS WITH NUHBERS OJT OF A 
R.EF£REN~E SET. 

HINMAXPOL CALCULATES THE COEFFICIENTS OF THE POLYNOMIAL 
<IN Tt-E GRUNERT FORH) THAT APPROXIMATES A FUNCTION,GI~EN FOR 
DISCRETE ARGUMENTS, IN SUCH A WAY THAT THE INFINITY NORH 
OF THE ERROR VECTOR IS HINIHISEO. 

KEYWOROSI 

ARGUMENTS EXTREME VALUES, 
CHEBYSHEV POLYNOHIAL, 
SECOND REMEZ ALGORITH", 
MINIMAX POLYNOMIAL APPROXIMATION. 

SUBSECTION a INI. 

• 

CALLING SEQUENCE& 

THE HEADING OF THE PROCEDURE READSI 
••PROCEOURE 10 INI <N,H,S); 

• 

··v ALUE 0 'N, M; ··1 NT EGER"N t M" .. IN TEGER····AR~AY 10S; 
··cooE •• 3 60 zo; 

THE HEANING OF THE FORMAL PARAHETERS ISi 
N,Ml<AKITHHETIC EXPRESSION>; 

THE NUMBER OF POINTS TO BE SELECTED EQUALS N+1; 
THE REFERENCE SET CONTAINS THE NU~BERS 0,1, ••• ,H,H>=N; 

SI <ARRAY IDENTIFIER>; 
"' I N r E G ER·· ··AR RA v .. s c o , N 1 ; 
EXITITHE SELECTED INTEGERS ARE DELIVERED INS. 

PROCEDURES USEOI NONE. 
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LANGUAGES ALGOL 60. 

METHODS AND PERFORMANCE& 
THE ARGUMENTS FOR WHICH THE CHEBYSHEV POLYNOMIAL OF DEGREE N 
ATTAINS ITS EXTREME ~ALUES ON THE INTERVAL C-1,11 ARE TRANSFORMED 
TO THE INTERVAL (O,Ml BY A LINEAR TRANSFORHATION;FINALLY THE 
NUMBERS ARE PROPERLY ROUNDED. 

REFERENCES I SEE HINIHAXPOL (THIS SECTION>. 

EXAMPLE OF USEI 
··aEGI N····1NTEGER 0•--ARRAY 1•sc 012 J; 
••PROCEDURE ••IN I ( N,, M, S) ; "CODE•• 36020; 
IN1(2,20,S); 
OUTPUT(611··,····c··1NI SELECTS OUT OF 0,1, ••• ,20 THE NUHBERsa••,-,,, 

3 < B- Z O 8 > •• ) •• , S l O l , S C 1 J , SC 2 J ) 
••E No•• 

INI SELECTS OUT OF 0,1, ••• ,20 THE NU~BERSI 
0 10 20 

SUBSECTION I SNDREMEZ. 

CALLING SEQUENCEI 

THE HEADING OF THE PROCEDURE READSI 
··PROCEDURE 0 SNOREMEZ { N t H 9 s, Gt EH); 

• 

··v ALU£·· N, M; ··1 NT EGER ··N, M; "INT EGER .... AR tA v··s; •• ARRAYM G, EH; 
··c ooE·· 360 21; 

THE MEANING OF THE FORMAL PARAMETERS ISi 
N,Ma<ARITHHETIC EXPRESSION>; 

THE NUMBER OF POINTS TO BE EXCHA~GED IS SMALLER THAN OR 
EQUAL TO N+i;THE REFERENCE SET CONTAINS THE NUMBERS 0,1, ••• ,H 
, M> = N; 

SI <A~RAY IDENTIFIER>; 
"INT EGER•• ••ARRAY .. SC O IN l; 
ENTRYIIN S ONE HUST GIVE N+1 (STRICTLY) 

MONOTONE INCREASING NUHBERS OUT OF O, ••• ,H; 
EXIT aN+1 (STRICTLY) MONOTONE INC~EASING NUMBERS OUT OF THE 
NUMBERS 0,1, ••• ,H; 

GI <ARRAY IDENTIFIER>; 
•• AR~ A Y •• G C O I H l ; 
ENTRY&IN ARRAY GCOIHJ ONE HUST GIVE FUNCTIONVALUES; 

EMI <AR~AY IDENTIFIER>; 
••AR=<Av•• EMCOl1J; 
ENTRYJO<EHCOJ<=GCIJ,I O, ••• ,H; 
EXITI EMCill=IN~INITY NORM OF ARRAY GCOIHJ. 
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PROCEDURES USEOIABSMAXVEC=CP31D60. 

LANGUAGEt ALGOL 60. 

METHOD AND PERFORHANCEI 

THE SECOND REHEZ ALGORITHM IS USED (HEINAROUS,G.(1964)). 

REFERENCES I SEE MINMAXPOL CTHIS SECTION». 

EXAMPLE OF USE& 

•• 8 E GI N •• •• ARR A Y •• E M t O I 1 l , G ( 0 I 7 J ; •• I NT EGE ~ "•••ARR. A Y .. SC O I 2 1 ; 
10 PROC EDU RE *'SN OREHEZ C N, H, S 9 G, EH) ; .. CODE'•J&O 21; 
G[Olt=10;GC1JI 12;GC2li=-1S;GC3lt=-10; 
GC4lJ= 14-;GC5l1=15;G(6l1=1D;GC7Jl=11; 
EM [ 0 J I'"" 10 ; S [ 0 l I - 0; S [ 1 l I 3; S [ 2 J I -6; 
ourPur,&1,"<····«"THE NUHBERS1">",,,··,-scJJ1">N,3<B-o>,,, 

•• ( •• G [ SC J l l I") se, 3 ( s-o D) ") •• , 
SCOJ,SC1l,SC2J,GCS[OJJ,GCSC1JJ,GCSC2JJ>; 

SNOREMEZ(2,7,S,G,EHJ; 
OUTPUT(&1,"("//,·•,MARE EXCHANGED WITHl")M,/,-("S[J)l")N,3(8-0),/, 

•• ( •• G [ S C J l J I • I •• • 3 ( B DO) t / / t 

··(·"THE RE.FERENCE SET OF FUNCTION\IALUES 1s1••,··,,.s,a-00>··>--, 
SCOJ,SC1l,SC21,GCSlOll,G(S[1ll,GCSCZJJ , 
GCOl,GC11,GC2J,GC3l,GC4l,GC5l,GC&J,GC7J) 

"EN □•• 

THE NUMBERSI • 

S(JJI O 3 6 
GCS[Jlll 10 -10 10 

ARE EXCHANGED WITHI 
S[J]I O 2 5 
GCStJ]]I 10 15 15 

THE REFERENCE SET Of FUNCTIONVALUES ISi 
10 12 m15 10 14 15 10 11 
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SUBSECTION I MINHAXPOL. 

CALLING SEQUENCE• 

THE HEADING OF THE PROCEDURE REAOSI 
••PROCEDURE ••MI NM AX POL ( N, H, Y, FY, C Oe EH) ; 
•• V ALU E •• N , M ; •• I NT E G ER•• N, M ; •• A R. RA Y •• Y , F Y , C O , EM ; 
"CODE•• 3 60 22; 

THE MEANING OF THE FORMAL PARAMETERS ISi 
NI <ARI T HHETIC EXPRESS I ON>; 

THE DEGREE OF THE APPROXIHAT[NG POLYNOMIAL IS N-t; 
Ml <ARITHMETIC EXPRESSION>; 

THE NUMBER OF REFERENCE FUNCTION WALLIES VIZ. ARGUMENTS 
IS H+1; 

Y,FYI <ARRAY IDENTIFIERS>; 
••ARRA y•• Y 9 FY CO a HJ; 
ENTRYI FYCIJ IS THE FUNCTION VALUE AT YCIJ, FOR I=O, ••• H; 

COi <ARRAY IDENTIFIER>; 
••ARRA Y"GO C O J N l ; 
EXITI THE COEFFICIENTS OF THE APPROXIMATING POLYNOMIAL, 

OF DEGREE N-1,ARE OELI~ERED IN COCOIN~iJ 
(COCN~1J IS COEFFICIENT OF v••cN-1)); 

EMI <ARRAY IDENTIFIER>; 
••AR.RAY"EH(O 13); 
ENTRYI EHCZJITHE HAXIHUH ALLOWED NUHBER Of ITERATIONS; 
EXITI EMCOJITHE DIFFERENCE OF THE GIVEN FUN~TION ANO 

THE POLYNOMIAL IN THE FIRST APPROXIHATION 
POINT; 

EMC1JITHE INFINITY NORH OF THE ERROR OF 
APPROXIMATION ~VER THE DISCRETE INTERVAL; 

EHCJJ1THE NUHBER ~F ITERATIONS PERFORMED. 

PROCEDURES USEOI 
ELHVEC =CP34020, 
ABSMAXVEC=CP31060, 

· NEWTON CP36010, 
POL =CP31040, 
NEHG~N =CP31050, 
INI =CP36020, 
SNOREMEZ =CP36021. 

REQUIRED CE~TRAL MEMORY a ONE INTEGER AR~AY AND TWO REAL ARRAYS OF 
ORDER N + 1, ANO ONE REAL ARRAY OF ORDER H .+ 1 ARE USED. 

RUNNING TIHEI 
THE SECOND REHEZ ALGORITHHCON A DISC~ETE SET) IS QUADRATIC 
CONVERGENT;IN EACH ITERATION THE NUMBER OF OPERATIONS 
<MULTIPLICATIONS ANO ADDITIONS) IS P~OPORTIONAL TO H•N. 

LANGUAGEt ALGOL 60. 
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METHOD AND PERFORHANCEI SEE REF.(11,Ci.7. 

REFER.ENCE SI 

(11.G.M::INAROUS. 
APPROXIMATION OF FUNCTIONS ANO THEIR NUMERICAL TREATMENT 
{GERHAN).SPRINGER TRACTS IN NATU~AL PHILOSOPHY. 
VOLUME 4.1964. 

EXAMPLE OF USEl 

••aEGI N•••• 1 NTEGER 0•N; 
"PROC EOURE 0•MI NMA X POL ( N, H, Y, FY, CO, EH> ; "CODE•• 360 22; 

••PROCEDURE•• COHPUTE(N,A,B,F); 
··vALUE" N,A90;·•1NTEGER 1

• N;••REAL· A,a; 
••REAL•• ••PROCEDURE•• F; 
111 BEGIN .. ••INTEGER•• K,L,H; 

••RE AL •• R, T 1, I O H ; 
••ARR AY •• C OE F C O I N J , EH [ 0 I 3 J ; 
EH(2l1=10•N; 
M1-100•N; 
•• BE G l N •• •• ARR A Y •• Y , F Y ( 0 I H l ; 
IOHl=(B-A)/H; 
R t - Y ( 0 l a = A ; F Y [ 0 J I ,,, F ( R) ; 
Rl=Y(H]I-B;FY[Hll=F(R); 
Ll=M-1; 
•• F o ~ "·K 1 = 1 •• s r EP ··1 ··uNT IL·· L ··o o" 
··0EGIN 1•R1-Y[KJ1-A+K•IOH;FY(K]I F(R) ··ENo••; 
MINHAXPOL(N,M,Y,FY,COEF,E~); 

0 U T PU T C o 1 , •• ( n •• ( •• C OE F I •• ) •• , •• ) " ) ; 

··FoR·· K 1 - o·· s TEP'· 1 ··uN TIL "N-1 ~ oo··out PUT, &1,",.. ·, ", coEF c K J) ; 
OUTPUT(61,'0 ("/8S/,2(N),2(8+3ZOBJ,/")","l"EHC013l•>"•EMCOJ,EMC1l, 
EMC2l,EMC3l>; 

••ENO••; 
•• EN □•• C OH PUT E; 

'
11 REAL ••••PROCEOUR.E 1•F ( X); .. VA LUE .. X; ••tEAL .. X; 
Fl=i/(X-10); 

••FOR. 111
• NI= 2••00•• 

··aEGIN·· ouTPUTc61,··,··,1,"1MoEGREE=">·,011·,",N 1,; 
COMPUTE(N,~1,1,F) 

'"ENO•• 

DEGRE E=1 

COEFI 
1.0050378153393··~001 -1.01010~0101810"-002 

EH(013J . . . 

5.0631947616870"-004 +5.0631947616870"-004 +20 +3 
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SECTION I 7.1.3.2.1 

SOURCE TEXT(S) I 

··cooE··Joo 20; 
••PROCEDURE•• INI <N,M,S); 
••v ALUE •• H, H; ••INT EGER•• N, H; 
••INTEGER•• ••ARRAY'• s; 

(DECEMBER. 1975) 

··coHHENT •• I NI DELIVERS ( MONOTONE) THE ROUNDED VALUES 
OF THE ARGUHENTS,HHERE THE CHEBYSHEV POLYNOMIAL 

O_F OE~REE NlTRANSFORHEO TO THE INTERVAL CO,Ml,H> NI 
ATTAINS ITS MAXIMUM VALUES, 
IN INTEGER ARRAY SCOINJ; 

. ··sE GI N····r NT EGE R··1, J, K, l; "RE AL ••p I NZ; 
PIN21=ARCTANC1)•2 ✓N; 

Kl=O;L1-N-1;J1-sco11-o;scNJl=H; 
··FoR·· Kl K+1 ··wHILE·· K < L --oo·· 

"BEGIN••r I =SIN (K 4 PIN2) ••2•H; 

••EN0 1•K; 

J I = S C K l I = •• I F1111 I< J •• T HEN .. J ♦ 1 "EL S E•• I ~ 
SCLJl=H J;Ll=L-1 

··rF··L • 2=N··rHEN··s CL JI =H/ 2; 
••END'• IN I; 

HI £OP •• 

··cooE·· 36D 21; 
••PROCEDURE'• SNOREMEZ (N,H,S,G,EH>; 
••VALUE•• N,H;••INTEGER'• N,H; 
··rNTEGE~·· ··ARRAY·· s; ··ARRAY·· G,E"; 
··coHHENT·· SNOREMEZ EXCHANGES ATHOST N+1 NUMBERS ,GIVEN IN 

INTEGER ARRAY SCOINJ, WITH NUMBERS OUT OF THE 
REFERENCE SET O, ••• H, UNOE~ THE CONOITIONSI 

I. THE ALTERNANCE PROPERTY OF THE FUNCTIONVALUES G(SCJll, 
J-O, ••• N IS PRESERVED. 

II. !GlSCJlJ!> !EHCOJ!,J=O, ••• N. 
III. THE FIRST INDEX K, WITH GCKl-INFINITY NORM OF G, 

IS ONE OF THE RESULTING NUNBE~S S(OJ, ••• SCNJ. 
IN ARRAY GCOaHJ ONE HUST GIVE ERROR FUNCTION VALUES. 
MOREOVER, 
EH(1J&-INFINITY NORH OF G, 

THE PROCEDURE ABSHAXVEC IS USED; 
••eEGIN•• ••INTEGER" SO,SN,SJP1,I,J,K,UP,INDEXMAX,LOW,NH1; 

••RE.AL•• MAX,MSJP1,HI,HJ,HE,ABSE,H; 
··REAL·· ••p~QCEOURE·· ABSHAX\IEC(K,LOW,UP,A); ··cooE·· 31060; 

MC 
• 

PAGE 6 
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fOECEHBE~ 1975) 

INDEX MAXI ···soa-sJP11=S[OJ; 
HE1=£M[Ol,LOWI-S0+1; 
MA X a .,. t-i S J P 1 : = AB SE I = A B S ( HE ) ; 
NH11-N-1; 
•• F OR •• J I = 0 •• S TEP•• 1 •• UN TI L •• NH 1 ••DO•• 
••BEG IN•• 

UP:; SCJ+1J 1; 
HI= ABSHAXVEC(I,LOW,UP,G); 

MC 
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1111 lF~ •• H > MAX ••THEN'• ••BEGIN'• MAXI:;: H; INDEX MAXI= I ••ENo••; 
•• I F •• H > AB s E Ill THEN 88 

uaBEGI N•• "'If•11 HE • G( I J > 0 08 THEN" 
··aEGIN°" scJ11= ··rFM HSJP1 < H .. THEN*• I ··ELSE·· SJP1; 

SJP11- S(J+1J; HSJP11- ABSE 
•• E N D •• ••EL S E •• 
··aEGINH scJJ:= SJP1; SJP11= r; HSJP11= H ·ENOM 

··ENON ··ELSE" • 

··sEGIN°0 S(JJl=SJP1; SJP11=S[J+1J; HSJP11- ABSE REND"; 
HEa -HE;LOWl=UP+2; 

NENDH FD~ J; SNI= S(N]; S[N)I SJP1; 

Hia=ABSMAXijEC(l,O,S0-1,G); 
HJl=ABSHAXVEC(J,SN+1,N,G); 
•• I F •• J > M 111 T HEN•• J I · H ; 
··rF·· HI> HJ urHEN·· 

• 

··aEGIN°• ··1F·· HI > HAX ··rHENM .. BEGIN·· MAXI= HI; INOEXHAXI - I ··ENo·•; 
•• I F 1111 SI G N ( G C I l » = SIGN ( G ( S [ D J l ) •THEN•• 
••BEG I N •• •• I Fu H I > A 8 S ( G C S ( 0 J J I • T HE N •• 

••BEGIN•• S ( 0 l 1 = I ; 
•• I F •• G C J J / G ( S ( N 1 J > 1 •• r H EN "' S C N J I ::: J 

110 EN0 1
• 

•• E NO •• •• EL S E •• 
•• I F •• HI > ABS ( G C S [ N l J ) •• T HEN•• 
··sEGIN 1

• S[NJI= "IF·· G[JJ/G[S[NH1Jl > 1 ··rHEN" J .. ELSE'· S(NH11; 
•• F O R •• K t = NM 1 i.• ST E P •• - 1 ••UN T IL .. 1 ••DO•• S C K l I SC K- 1 l ; 
SCOJI= I 

••EN □•• 
•• E N D •• •• E L s E 19 

111 BEGIN 1
• ··rF·· HJ > MAX ··rHEN· ·aEGIN'· MAXI- HJ; INDEXHAX&- J MENo••; 

••rF•• SIGNCG[Jl) - SIGN(G[S[Nll) •THEN" 
••BEGIN" ••rF•• HJ> ABSCGCS[Nll) ••THEN" 

··sEGIN·· scNJ1= J; ··1F·· Gc111Gcsco1 J > 1 ··rHEN··scoi 1=1 MENo·· 
•• E No·· •• EL sE·· 
•• I F •• H J > A BS ( G C SC O l J J •• T HEN•• 
··aEGIN 1

• S[OJJ- ··rF·· G[IJ/G[S(1]J > 1 "THEN·· I 04 ELSE'· sc11; 
··FoRM Ka- 1 ··srEp•• 1 "UNTIL .. NM 1 •oo" SCKJ1- stK+11; 
SC NJ I... J 

••END'• 
10 f.N0' 0 RANDGE.BIEOEN; 
EM[1JI MAX; 

•
0 EN0•• SNOREMEZ; 

••Eop•• 
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SECTION I 7.1.3.2.1 (OECEHBE~ 1975) 

··cooE••3bo 22; 
1111 PROCEOURE 1

" MINHAXPOL(N,H,Y,FY,CO,EH); 
•• v AL U E •• N , H ; •• I NT E G FR•• N , M; 
••ARF\A y•• Y, FY, CO, EM; 
··coMMENr·· HIN MA XPOL CALCULATES THE COEFFICIENTS, 
COCIJ,l=, ••• N-1 OF THE POLYNOMIAL 
P{Y)=CO[Ol+C0[1l•Y+ ••• +CO(N~11•v••cN-1), 
THAT APPROXIMATES THE DISCRETE FUNCTION FYCil,I=O, ••• H, 
GIVEN FOR THE ARGUMENTS Y[IJ,I=09•••Ht 
IN THE MINIMAX NORM. 
THE ARGUMENTS MUST BE GIVEN IN MONOTONE INCREASING ORDER. 
IN ARRAY EM(013l, ONE HUST GIVE THE MAXIHUH ALLOWED NUMBER OF 
ITERATIONS,EMC21. 
HOR.ED VER, 
EM{O]a-THE DIFFERENCE OF THE GIVEN FUNCTION ANO THE POLYNOMIAL 
IN THE FIRST APPROXIMATION POINT, 
EM{1]1-THE MAXIMUM OF! P(YCIJ)~FY[Il! FOR I=O, ••• H, 
EHC3]1-TH£ NUHBER OF ITERATIONS PERFORMED. 
THE PROCEDURES ELMVEC,ABSHAXVEC,POL,NEWTON,NEWGRN, 
INI,SNDREHEZ 
ARE USED. 
REFERENCE!HEINA~OUS,G.(1964,CH.7), 
APPROXIMATION VON FUNKTIONEN UNO IHRE NUHERISCHE BEHANDLUNG; 
••sEGI t~•• ••1 ~ T EGER•• NH 1,, K, POHK, COUNT, CNT, J 9 HI; 
••R.E: AL•• :: , A a SE, AB SE H; 
•• I NT E GER. •• •• A RR A Y •• SC O I N J ; 
••ARRAY•• X,B[OIN] 
,GCOIM]; 

••PROCEDURE•• ELMVEC<L,U,SHIFT,A,B,X); "CODE .. 34020; 

••RE AL•• ••PROCEDURE•• A BSMAXV EC (K, LOW, UP, Al ; •co OE.. 310 60; 

··PROCEOURE 111 NEWGRN(N,X,C); ··cooE" 31050; 

••PROCEOURE'• SNDREHEZCN,H,S,G,EH); "CODE• 3&021; 

••PROCEDURE'• ERR.POL (N,M9E,CO,S,Y,FY,G); 
•• VA L U E •• N , M , E ; ••I NT E G ER•• N, H ; 
••REAL•• E; 
••INTE GE~•• ••ARRAY•• S; ••ARRAY•• CO t Y, FY t G; 

MC 
• 

PAGE 8 
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(DECEHBE~ 1975) 

··coHHENT 0·ERRPOL DELIVERS THE \IALUE OF 
CO [ 0 ] + C Q ( 1 ] • Y ( l J + 0 • ti +CO ( N 1•11 1 J • Y [ I J 'I-• ( N 11r 1) .,. F V ( I ) 
IN Glll FOR I=0,1, ••• M ANO I NOT EQUAL SCJJ,J=0,1, ••• N. 
FOR J-0,1, ••• N THEN GCS(JJJ1-(-i)••J•E• 
THE INTEGERS SIJJ,FOR J 0,1, ••• N ARE A SUBSET OF 0,1, ••• H; 

••BEGIN•• 011 INT EGER." J, K, Nt11 t SJM1 t SJ, SO, UP; 
NH11 .. N-1;SOa=SJH11=SCOJ; 
G[SD l 1-E; 
··FoR·· JI =1 ··sTEP 0

• 1 "UNTIL •• N ··oo·· 
··aE,GIN·· SJl=S[JJ ;up1-sJ-.1; 
•• F OR.. KI ,.. s J M 1 + 1 H s T E p •• 1 11141 u NT I L •• up •• 0 0 M 

.GCKJl=FY[KJ-POLINt11,Y(KJ,CO); 
GCSJll=E&=-E; 
SJHil=SJ; 
••END•a J • . , 
•• F o R •• K 1 = s o -1 •• s r E P •• - 1 •• u N r I L" o "o o •• 
GCKJI FY(Kl• POL(NHi,Y[KJ,CO); 
··FoR•· KJ SJ+i ··sTEP·· 1 ··uNTIL .. H ··oo·· 
G[KJ1-·FYCKJ~ POLINH1,YCK1,CO)I 
••EN0 111 ERRPOL; 

INI(N,H,SJ; 
NH11-N 1; 
Hil=EHC2 1; 
ABSEI O; 
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··FoR.·· COUNT I= 1, COUNT + 1 ··wHI LE" COUNT <= HI l ABSE > A BSEH "DO" 
• 

••aEGIN•• 
POt1K1=1; 
··FoR·· Kl= 0 "STEP .. 1 ·uNTIL· N ··oo" • 

••BEGIN'• X[Kll= Y(S(KJJ; CO[Kll= FY[SCKJJ; BCK)I"· POHK; 
POHK1=-POHK ••ENO"; 

NEWTON(N,X,CO); NEHTON(N,x,a,; 
EHCOJa-
EI= COlNl/BCNl; 
ELMVEC(D,NH1,0,CO,B,~E>; 
NENGRN(NM~,x,co,; 
ERRPOL<N,H,E,CO,S9Y,FY,G); 
SNOREHEZ(N,H,S,G,EM); 

A B s EH I I,. A B s E ; AB s E I ... AB s C E ) ; 
CNTI-COUNT; 
••ENo•• WHILE COUNT; 
EMC2ll=MI; 
EHC3ll=CNT; 
•

11 EN0•• HI NHAXPOL; 
,. fop•• 
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lNSTITUTEI MATHEMATICAL CENTRE, 

RECElVE01 730831. 

BRIEF OESCRIPTION1 - . 

THIS SECTION CONTAINS TWO PROC!OURES1 

lNl SE~ECTS A (SUB)SET OF INTEGERS OUT OF A GIVEN SET OF INTEGERS, 

SNDREMEZ EXCHANGES AT MOST N+l NUMBERS WITH NUMBERS OUT OF A 
REFERENCE SET, 

KEV~ORDSI ... 

• ARGUMeNTS EXTREME VALUES, 
CHE8VSHEV POLYNOMIAL, 
SECOND REMEZ ALGORITHM, 

• 

S~BSECTION I INI, 

CAL~lNG SEQUENCEa • , 

THE HEADING OF THE PROCEDURE R~ADSI 
''PROCEDURE" INI(N,M,S)J 
"VALUE''N,MJ"lNTEGER"N,M""lNTEGER""ARAAY"SJ 

THE MEANING OF THE FORMAL PARAMETERS 1S1 
N,MacARlTHMETIC EXPRESSION>, 

THE NUMBER Of POINTS TO BE SE~ECTEO EQUALS N+1J 
TH[ REFERENCE SET CONTAINS THE NUMBERS 0,1,,,,,M,M>aNJ 

S1 <ARRAY IDENTIFIER>, 
''INTEGER" "ARRAY" St01NJ t 
EXITaTHE SELECTED INTEGERS ARE DELIVERED lN S, 

PROCEDURES USEDs NONE, -
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LANGUAGE1 ALGOL b0 1 • 

METHODS AND PERFORMANCE1 
~ 

THE ARGUMENTS FOR WHICH THE CHEBYSHEV POLYNOMIAL OF DEGREE N 
ATTAINS ITS EXTREME VALUES ON THE INTERVAL [•1,1l ARE TRANSFORMED 
TO THE INTERVAL CO,Hl BY A LINEAR TRANSFORMATIONJFINALLY THE 
NtJMBERS ARE PROPERLY ROUNOEOt 

EXAMPLE orr USEI 
. . 

''8EGIN''''INTEGER""ARRAY"S[012l J 
"PROCEOURE"INICN,M,S>,"C00E"36020J 
1Nl(2,20,S)J 
OUTPUT(b1,"(""C"INI SELECTS OUT OF o,t,,,,,20 THE NUMBERSl")'',I, 

3 C ·B • Z O B ) •• l " , S t O J , S C 1 J , S t 2 l ) 
''END'' 

INl SELECTS OUT OF 0,1,,,.,20 THE NUMBERSI 
0 10 20 

• 

SUBSECTION I SNOREMEZ, -

CALLING SEQUENCEa • 

THE HEADING OF THE PROCEDURE READS1 
"PROCEDURE"SNOREMEZCN,M,S,G,EM)J 
''VALUE''N,MJ"INTEGER"N,MJ"INTEGER""ARRAY''S'"~RRAY" G,EMJ 

THE MEANING OF THE FORMAL PARAMETERS %S1 
N,Mt<ARITHMETIC EXPRESSION>J 

THE NUMBER OF POINTS TO BE EXtHANGfD IS SMALLER THAN OR 
EQUAL TO N ♦ 1JTHE REFERENCE SET CONTAINS THE NUMBERS 0,1,,,,,M 
1 M>aNJ 

Sa <ARRAY IDENTIFIER>, 
'' I N T E G E R '' " A RR A Y •• S t O I N J J 
ENTRVllN S ONE MUST GIVE N+l (STRICTLY) 

MONOTONE INCREASING NUMBERS OUT OF O,,,,,MJ 
EXIT 1N+1 (STRICTLY) MONOTONE INCREASING NUMBERS OUT OF THE 
NUMBERS 0,1,.,.,MJ 

G1 cARRAY IDENTIFIER>J 
''ARRAY'' G t01MJ J 
ENTRV1IN ARRAY GlOtMJ ONE MUST GIVE FUNCTIONVALUESJ 

EM& <ARRAY IDENTIFIER»J 
"ARRAY'' EM tOI ll I 
ENTRYIO<EMtOJ<■G[Il,I•O,,,,,MJ 
EXIT1 EM[t] ••INFINITY NOAM OF ARRAY Gtoa~l, 
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PROCEDURES USED1•BSMAXVEC•CP310oO, -

~ANGUAGE1 A~GOL 60 1 

METHOD AND PERFORMANCEI -

THE SECOND REMEZ ALGORITH~ IS USED (MEINAR0US,G 1 (196U)) 1 

REFERENCE I .. -

G,MEINARDUS,APPROXIMATION OF FUNCTIONS AND THEIR NUMERICAL 
TREATMENT(GERMAN),SPRINGER TRACTS IN N•TURAL PHILOSOPHV,VOLUME q, 
1Qb~ • 

• 

EXAMPLE Of USEI 

''BEGIN""ARRAV"EMl011l,G[017lJ"INTEGER"•ARRAY"SCOIZJJ 
''PROCEDURE"SNOREMEZCN,M,S,G,EM)J"CODE"36021J 
G [ 0 l I• 1 0 t G t 1 l I• 12 JG t2 J I•• 15 I G t3 l I•• 10 J 
C, t4J 1••1'4JG tSJ s•15JG Col 11tl0JG t7J 1•1 l J 
EM [OJ 1•10,s [OJ 1•0,s t1J 1•318 t2J l'IOJ 
OUTPUT(bl,''(''"("THE NUMBERS1"l",l,"("8[JJ l"l",3(8•0),/, 

"C"G[StJlJl''l",3(8•00)")", 
S CO l , S [ 1 l , S [ 2 l , G t S CO l l , G .t S t 1 l J , Q t S [ 2 J J ) , 

SN0REMEZC2,7,S,G,EM)J 
OU T PU T C b 1 , '' ( 11 / / , '' ( " A RE EX C HA N GE D W I T H I " ) " , / , " C " S t J l I " ) " , 3 C B • D ) , / , 

"C 11 GlS[JJla"l",3(B•ODl,//, 
"("THE REFERENCE SET OF FUNCTIONVALUES ISl")",/,8(B•DD)")", 
S [OJ ,s [11 ,s [21,G (S tOl l ,G cs [1J l ,G ts C2l J , 
G[OJ ,Gtll ,GC2l ,GC3l ,Gt4J ,Gt5l ,Gtbl ,Gt7l) 

"ENO•• 

THE NUMBERSI 
StJJ I O 3 6 
GtS tJl JI 10 •10 10 

• 

ARE EXCHANGED WITHS 
S[Jl1 0 2 5 
G[StJJ l I 10 •15 15 

THE REFERENCE SET OF FUNCTIONVALUES ISi 
10 12 •15 •10 •14 15 10 11 
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SOURCE TEXTCS) I 
• 

ncoDE ''lb020 I 
" P R O C E D URE '' I N I C N , M , S ) J -"VALUE" N,MJ"INTEGER" N,MJ 
"lNTEGER'' '9 ARRAV" SJ 

"COMMENT" lNI DELIVERS (MO~OTONE) THE ROUNDED VALUES 
OF THE ARGUMENTS,WHERE THE CHEBYSHEV POLYNOMIAL 

OF DEGREE N(TRANSFORMEO TO THE INTERVAL tO,MJ,M>aN) 
ATTAINS ITS MAXIMUM VALUES, 
IN.INTEGER ARRAY StOaNJJ. 
• • 

"~E~lN""INTEGER••I,J,K,Ls"REALPPtN2J 
PlNZ1•ARCTAN(1)*2/NJ 
K1•01L1•N•11J1•S tOJ a•OtS [Nl 1•M1 

"F0Rfl Ka•K+1 "WHILE" Kc L "00" 
"BEGIN"l1•SINCK*PIN2)**2*MS 

Jt•StKJ l•"IF"I<•J"THEN°J+1"EL8E"IJ 
· S tLJ 1 ■ M•JsL1•L•1 
"END''KJ 
"lFML•2•N''THEN"S[Ll 1•M12, 

• 

"ENO'' 1 ~ I J 
••EOP" 

• 

•tODE''3oOZ1 J 
1 PROCEOURE'' SNDREMEZCN,M,8,G,EM)I 
"VALUE'' N,MJ"lNTEGER" N,Ms 
"INTEGER" ''ARRAY" SJ ''ARRAY" G,EMt 
"COMMENT" SNDREMEZ EXCHANGES ATMOST N+1 ~UMBfRS ,GIVEN IN 

INTEGER ARRAY StOaNl, WITH NUMBERS OUT OF THE 
REFERENCE SET O,,,,M, UNDER THE CONDlTIONSI 

I, TrlE ALTERNANCE PROPERTY OF THE ,uNCTIONVA~UES GtStJll, 
Jao,,,.N IS PRES~RVE0 1 

I I, 1G [S [JJ l &••IEM EOJ l,J•O,,, .N, 
III, THE FIRST INOEX K, WITH GtKJwINP.INITY NORM OF G, 

IS ONE OF THE RESU~TING NUMBERS SEOJ,,,,StNl, 
IN ARRAY Gt01Ml ONE MUST GIVE ERROR FUNCTION VA~UES 1 

MOREOVER, 
EMtlJ1•INFINlTY NORM OF G, 

THE PROCEDURE ABSMAXVEC IS USEDJ 
~BEGIN'' ''INTEGER" SO,SN,SJP1,I,J,K,UP,INDEX~AX,LOW,NMlr 

- "REAL'' MAX,~SJP1,HI,HJ,HE,ABSE,HJ . 

MC 
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''REAL" ''PROCEDURE" ABSMAXVECCK,LOW,UP,A)t "CODE•• JlObOJ 
"COMMENT" 
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, 

• 

INDEX MAX::S01:SJP11=S[OJ J 
t1 E : : E M l O l J L O 114 z : S O + 1 J 
MAXs:MSJPlt=ABSE:•ABS(HE)J 
NM 11 :i\l•l; 
'
t F O R '' J I :: 0 '' S T E P '' 1 '' U N T I L " N M 1 •• D O 11 

•• 8 E GIN •1 

lJ P I : S l J + 1 1 • 1 ; 
H:: A8S~1AXVECCI,LOW,UP,G)J 
'' I F '' H > M A X '' T H E N •• '' B E G I N " MA X I a H J I "0 E X M A X I • I •• EN D •• J 
•• I f '' H > A B S E '' T H E N '' 
'' 8 E G I f\J ~• '' I F •• H E • G C l l > 0 " T HE N •• 

'' B E G I N '' s C J J I : " I F '' MS J P 1 < H '' T HE N '' I " EL SE " SJ P 1 J 
SJPt := S CJ+1l J MSJP11• ABSE 

'' E ~-1 D •• •• E L S E '' 
'' B E G I r-J '' S t J l I • S JP 1 s SJ P 1 I • I J M S J P 1 I • 1-t '1 EN D " 

It f. N D ., •• E L s E '' 
'' B E G I ~, •• S C J J I :: SJ P 1 J S JP 1 I • S [ J + 1 l t -, S JP 1 I • A BS E •• E NO " I 
Ht::•HEJLOW1•UP+2J 

'' E N D '' F OR J 1 S N I • S ( N J J S t N l I • S J P 1 I 

HI:=A8SMAXVEC(I,O,S0•1,G)J 
HJ1:ABSMAXVECCJ,Sf~+l,M,G)J 
''IF'1 J > M "THEN'' Ja•M, 
'' I F '' H I > H J •• T H E N '1 

ti B E G I ~i It " I F ,, H I > M A X ti THE N fl ,, 8 E G I N ti M A X 1 • H 1 J I ND E X MA X I c I ., E NO ,, J 
'' l F '' S I G N ( G [ I l ) = S I G N C G [ S [ 0 l l l '' T HE N " 
'' B E G I N '' '' I F •• H I > A. B S C G [ S t O l J ) '' T H E N " 

., B E G l N II S C O J I • I J . 
'' lF'' G [JJ /G CS [Nl J > 1 "THEN" S [NJ I •J 

••ENO'' 
" E N O " '' E L S E •• 
II l F ,, H I > A B s ( G [ s [ t-J l ] ) ,, T HE N ,, 
,. B E G I N '' S t N l 1 • '' I F ,, G l J l / G [ S C N H 1 ] l > 1 " T H f N II J ., E L S E ,, S [ N ti-11 J , 

'' F O R "' K : : N M 1 '' S T E P " • 1 " U N T I L. '' 1 '' D O '' S t K l I a S C K • 1 l J 
StOl 1: I 

••END'' 
'' E N D •• '' E L S E •• 
''BEGIN'' "IF'' HJ> MAX "T~EN'' ''BEGIN" MAXI ■ HJJ INDEXMAX1: J "END"J 

''IF'' SIGN(GtJJ) • SIGN(G[S[NJJ) "THEN" 
., t, E G I t,J '' It I F ., H J > A B s ( G [ s t N ] ] ) " T H E N ,. 

'' B E G I t~ •• S C N l I • J , '' I F " G [ I l / G [ S t O l l > 1 '' T HE N '' S C O J I ;; I '' E N D '' 
1
• E N D '' •• E L. S E " 
''IF'' HJ> ABS(GCS[OJJ) "THEN" 
'' B E G I N '' S C o J 1 : '' I F '' G [ I l ,I G [ S [ 1 J l > 1 •• T H E N •• I '' E L SE '' S t 11 J 

'' f O R •• K I a: 1 n S T E P ,. 1 It U N T I L ,, N M 1 ,, D O ,. S t K l I • S t K + 1 l J 
StNl:: J 

''END'' 
'' E N D '' R A f\l D G E B I E D E ~J J 
E~1 CiJ gsMAXJ 

" E N D •• S N D R E ~ E Z J 
•• E OP•• 
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l~STITUTEI MATHEMATICAL CENTRE. 

BRIEF DESCRIPTION: 
, . 

MINMAXPOL CALCULATES THE COEFFICIENTS OF THE POLYNOMIAL 
ClN THE GRUNERT FORM) THAT APPROXIMATES A FUNCTION,GIVEN FO·R 
DISCRETE ARGUMENTS, IN SUCH A WAY THAT THE INFINITY NORM 
OF THE ERROR VECTOR IS MINIMISED, 

Kf.V~OROS1 
" 

MINIMAX POLYNOMIAL APPROXIMATION, 
SECOND REMEZ EXCHANGE ALGORITHM, 

• 

CALLING SEQUENCE1 

THE HEADING OF THE PROCEDURE READSI 
• 

''PROCEOURE"MINMAXPOLCN,M,Y,FY,CO,EM)J 
"VALUE"N,MJ''INTEGER''N,Mr"ARRAV"Y,FY,CO,EMJ 

THE MEANING OF THE FORMAL PARAMETERS IS1 
N1 <ARITHMETIC EXPRESSION► s 

THE DEGREE Of THE APPROXIMATIN~ POLVNOMIA~ IS N•1J 
Ml <ARITHMETIC EXPRESSION>, 

THE NUMBER OF REFERENCE FUNCTION VALUES VIZ, ARGUMENTS 
1S M+t, 

Y,rYt <ARRAY IDENTIFIERS~, 
"ARRAV"V,FY [01Ml 9 
ENTRY1 FYCIJ IS THE FUNCTION VA~UE AT Y[Il, FOR I=O,,,.M, 

COi <ARRAY IOENTIFIER>t 
11 ARRAY"C0[01NJ I 
EXIT1 THE COEFFICIENTS OF THE APPROXIMATING POLYNOMIAL, 

OF DEGREE N•t,ARE DELIVERED IN CO[OIN•ll 
(COtN•tl IS COEFFlCIENT OF Y•*CN•1))J 

EM1 <ARRAY IDENTIFIER>J 
1•ARRAY"EM tO 13J r 
ENTRY1 EMt2JaTHE MAXIMUM ALLOWED NUMBER OF ITERATIONSJ 
EXIT: EM[Ol 1THE DIFFERENCE OF THE GIVEN FUNCTION ANO 

THE POLYNOMIAL IN THE FIRST APPROXIMATION 
POINTJ 

EMtlltTHE INFINITY NORM OF THE ERROR OF 
APPROXIMATION OVER THE DISCRETE INTERVALJ 

EM[3l &THE NUMBER OF ITERATlONS PERFORMED, 



, 

PROCEDURES USED& 
, 

EL·MVEC •CP3Q020, 
ABSMAXVEC•CP3to~o, 
NEWTON •CP3bOtO, 
POL •CP31000, 
NEWGRN •CP31050 1 
lNl •CP3oOZO, 
SNOREMEZ •CP36021, 

" 

. l 
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. . , , 

• 

' ' 1. '·· . ' ... ,, 
1i . ' . ·. * 

' 

' 

• 
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RfQUIREO CENTRAL MEMORY l;ONE INTEGER ARRAY AND TWO REAL ARRAYS OF 
- -ORDER N + 1, AND ONE REAL ARRA~ o, ORDER M + 1 ARE USED, 

' 
, 
I . 

' 

RUNNING TIMEI 

THE SECOND REMEZ ALGORITHM(ON A DISCRETE SET) JS QUADRATIC 
CONVERGENTJIN EACH ITtRAtION THE NUMBER OF OPERATIONS 
(MULTIPL.ICATIONS ,AND ADDITIONS) ·IS PROPORTIONAL TO M*N, 

, 

LANGUAGES ALGOL bO, 

• 

METHOD ANO PERFORMENCEI $EE REF,[1J,CH 9 7 1 
, . . , 

• 

REFERENCES I ' 

[11,G,MEINAROus. . . 
APPROXIMATION OF FUNCTIONS ANO THEIR NU~ERICA~ TREATMENT 
(GERMAN),SPRlNGER TRACTS lN NATURA~ PHILOSO~HY, 

, 

VOLUME 4 1 t 9o4, ·~ 

• 
• 

' . 
' 

·l 
''. ' . ' 

' s -'~·'• ' . ' .. 
" , . \ 

',) , 
' 't ; . ' 

, : ", . 
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.• 
' 
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• 
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• 
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EXAMPLE OF USEI 

'' B E G I N '' '' I N T E GE R '' N J 
"PROCEDURE''MINMAXPOLCN,M,Y,FY,CO,EM)J "CODE" 36022J 

••PROCEDURE•• COMPUTECN,A,B,F), 
"VALUE" N,A,Br••INTEGER" Ns"REAL" A,e, 
"REAL'' "PROCEDURE" F1 
"BEGIN" "INTEGER" K,L,MI 

" R E A L '' R , T , I O M a 
"4RRAYn COEFt01NJ,EMC013J1 
EMt2J l•lO•NJ 
Ml•100•~J 
" Bf G I N '' '' A R RA Y " Y , F Y t O I Ml I 
IDM1•CB•A)/MJ 
RI• V t OJ I: A IF Y [ 0 J I •F ( R) I 
Racv [Ml 1•B1FY tM] 1.-F (R) J 
L&•M•lJ 
''F0R"K1•1"STEP"1"UNTIL"L•DO" 
" BE G I N '' R I • Y t K J I • A ♦ K * I 0 M J F Y t K J 1 • F ( R ) •• f N 0 " , 
MlNMAXPOLCN,M,Y,FY,COEF,EMlJ 
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OUTPUT(61,''(fl 9l(MCOEF1"l"I")")' 
''FOR°K1•0"STEPPl"UNTIL"N•l"00 1•ouTPUT(6l,"(" ">",COEFtKJ>, 
OUTPUT(b1,"("/8Sl,a(NJ,~(Bt3ZDB),/")","C"EM[013J")",EM[Ol,EM[1l, 
EM[2J,EM[3l)J 

"ENO"J 
•END" COMPUTES 

• 

"REAL''"PROCEDURE''F(X)J"YALUE"Xr"REAL"XJ 
' 

F11tl/(X•10)J 

''FOR'' Ns:2''00" 
"BEGIN'' OUTPUT(61,"C"/l,"( 11 0EGR!E•">",0//")",N•1lJ 

COMPuTE(N,•1,1,F) 
''ENO•• 

11 ENO"J 

DEGREE•l 

·coEF1 
• 1 t O O 5 0 3 7 8 1 5 3 3 9 3 '' • 0 0 1 • 1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 M • 0 0 2 
EMt013J 
•5 1 0631941blb870"•004 +5 1 0b31947bl6870"•004 ♦ 20 

' 

♦ 3 
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SOURCE TEXT(Sll 
. . . 

ttCODE 11 3b022J 
1 PAOCEDURE'' MINMAXPOL(N,M,V,FV,CO,EM)J 
''VALUE'' N,Mr"INTEGER" N,Mr 
"ARRAY" Y,FY,CO,EMJ 

' 

WCQMMENT" MINMAXPOL CALCULATES THE COEFFICIENTS, 
COtIJ ,I ■ ,,,,N•l OF THE POLYNOMIAL - .. 
P(Y)aCOCOJ ♦ COl1l*Y+a,e+COtN•1l•Y••CN•ll, 
JHAT APPROXIMATES THE DISCRETE FUNCTION 'YtIJ,I•O,,,,M, 
GIVEN FOR THE ARGUMENTS YtIJ,I•O,.,,M, 
~N THE MINIMAX NORM, 
THE ARGUMENTS MUST BE GIVEN IN MONOTONE lNCREASING ORDER, 
iN .. ARRAV EM[013l, ONE MUST GIVE THE MAXIMU~ ALLOWED NUMBER OF 
~T~RATIONS,EMt2J, 
MOREOVER, 
fMtOl 1•THE DIFFERENCE OF THE GIVEN FUNCTION AND THE POLYNOMIAL 
lN-THE FIRST APPROXIMATION POINT, 
EM t1l l•THE MA)(IMUM OF J P(Y tIJ )•FY tll I FOR I-.o, 1 , ,M, 
lMt3J a ■ THE NUMBER OF ITERATIONS PERFORMED, 
lH£ PROCEDURES ELMVEC,ABSMAXVEC,POL,NEWTON.,NEWGRN, ... , 

JNl,SNORfMEZ 
ARE USED, . 
RE,ERENCEIMEINAROUS,G,(1~64,CH,7), 
APPROXIMATION VON FUNKTlONEN UNO lHRE NUMERISCHE BEHANDLUNGJ 
"8£GIN" "INTEGER•• NM1,K,POMK 1 COUNT,CNT,J,~IJ 
"R~AL" E,ABSE,ABSEH, 
"l~TEG~R" "ARRAY" S[OINlJ 
"ARRAY" X,BCOIN] 
,G t01MJ I 

• 

"PROCEDURE•• ELMVECCL,U,SHIFT,A,B,X)I "CODE" 34020J 

"REAL" "PROCEDURE" ABSHAXVECCK,LOW,UP,Al, "CODE" 310b0J 

"REAL" "PROCEDURE" POLCN,X,A)J "CODE" l1040f 
• 

"PROCEDURE'' NEWTON(N,X,F)J "CODE" 360101 

"PRDCEDURE 11 NEWGRN(N,X,C)J "CODE" 31oso, 

,PROCEDURE'' INI(N,M,S)I "CODE" l6oao, 
' •. 

"PROCEDURE" SNDREMEZ(N,M,S,G,EM)J •CODE" 360lt, 
' ' 

"PROCEDURE" ERRPOLCN,M,E,CO,S,V,FY,Glf 
'. 

" V A L U E " N , M , E I •• I N T E G E R tt N , M J 
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"REAL" El 
"l~TEGER" ''ARRAY'' SJ"ARRAV'' co,Y,FY,Gr ''COMMENT" 
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"COMMENT''ERRPOL DELIVERS THE VALUE OF 
CO CO l +CO [ l l • Y CI l +, • , ♦ CO t N • 1 l • Y CI J * * C N• 1 ) • FY t I J 
l~ ~[ll FOR I~0,1,.,.M AND 1 NOT EQUAL S[JJ,J•o,1, ••• N, 
FOR J=o,1,,.,N THEN G[S[Jll 1•c-1>••J*E, 
THE INTEGERS S[Jl,FOR Ja0,1, 1 ,,N ARE A SUBSET OF 0,1,,.,MJ 

" B E G I N " '' I N T E GE R •• J , K , N M 1 , SJ M 1 , SJ , S O , UP J 
N~11•N•tJS01•SJM11•StOlJ 
GtSOJ saEJ 
11 F Cl R '' J I = 1 '' S T E P " 1 " UN T I L, •• N " 0 0 " 
"BEGIN'' SJ1:SCJJ JUPl•SJ•11 

' 

"FORn K1• SJMlt1 ••STEP" 1 "UNTIL" UP "00'' 
G tKJ ::FY tKl •POL(NM1 ,V [Kl ,CO) J 

GtSJJ 1=E1=.-EJ - _, 

SJM11:SJJ ... 

"ENO" JJ 
"FOR•• Kss SO•l ''STEP"•l ''UNTIL" 0 "00'1 

G [Kl 1=FY tKJ • POL(NM1,Y [ti(] ,CO) s - . 
"FOR" K1: SJ+1 ''STEP" 1 ''UNTIL" M "00'' 
G tKJ 1•FY tKJ-. POL(NM1,V tt<J ,CO) I 
il E N O '' E R R P O L J 

IN1CN,M,S)J 
NMll=N•lJ 
Ml l•EM [21 J 
A8$E1• OJ 

• 

• 

MC 
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"FOR" COUNTa• t, COUNT+ 1 ''WHILE•• COUNT<• MI & ABSE > ABSEH ''00" 
"BEGIN•• 

• 

POMt<-1•11 
~FOR•• K&• 0 "STEP'' 1 ''UNTIL'' N "DO" 
" B E G I N '' X t K J I • V C S C K l l J C O t K l I • F V [ S t K 1 l J - POMKS=•POMK ''ENO••, 
NEWTON(N,X,CO)s NE~TON(N,X,B)J 
EM (OJ ga . -
c.1= CO (NJ /B [Nl S 
fLMVECCO,NM1,0,CO,B,•E)J -~EWGRN(NM1,x,co1, 
ERRPOLCN,M,E,Co,s,v,FY,G)J 
SNOREMEZ(N 1 M1 S,G,EM)J 
- A8SEH1=A8SEJ . A8SE:•ABSCE>r 
CNT11=COUNTJ - . 

"END" WHILE COUNTJ 
EMt2J:•MlJ 
EMt3li=CNTJ 
··~ -"ENO•• MlNMAXPOLr 

''EOP" 

8 [Kl 1• POMKJ 


