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APPENDIX. On the number of different prime factors of unitary t-cycles.

Here we present three theorems about the number of different prime fac-
tors of unitary t-cycles. The theorems essentially come from, and are includ-
ed with the kind permission of, Walter Borho.

If n is a natural number, then w(n) means the number of different prime

factors of n.

Theorem 1 Let (n, m) be a unitary 2-cycle, n < m. Then

a) w(m) > 2. b) w(n) > 3. c) If w(m) = 2, then w(n) > 6.
Proof a) is clear. A prime power cannot belong to a unitary cycle, because
s*(prime power) = 1.
b)

We have s*(n)/n =m/n > 1, i.e. n is unitary abundant. But a unitary abun-
dant number has at least three different prime factors because
* *
s (n) /n<s(2.3) / (2.3) =

c .. .
For abbreviation we write s

1, in case of w(n) = 2.
*(k) / k = a(k), for any natural number k.

Assume, contrariwise, w(m) = 2 and w(n) < 5. Then
a(n) < a(2.3.5.7.11) = 1152/385 - 1 = 767/385.

Because a(n) a(m) = 1, it follows that

- 1
() alm) = a(n)” 2 385/767 = F(1+3/767) > 5.
Let m = PQ, P < Q, be the decomposition of m into two prime powers. If
P > b4, then a(m) < a(k.5) = E-. %-— 1 = %, contradictory to ().

Hence P = 2 or P = 3.

If P=3and Q 2 11, then a(m) < a(3.11) = 5/11 < %u Hence Q < 11 and

m = PQ < 3.7 = 21. This is impossible ([3]).

If P = 2 then from (%) it follows that Q < 767 < 1000. Thus m = PQ < 2000.
But again, according to [3], no 2-cycles exist with w(m) = 2 and m < 2000.
Q.e.d.
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Theorem 2 There is only one unitary 2-cycle (n, m) with w(n) + w(m) < 7,

viz. (n, m) = (114, 126) = (2.3.19, 2.3°7).

Proof According to Theorem 1, we only need to investigate the case

w(n) = w(m) = 3. Assume n < m, then n is unitary abundant.

Lemma If n is unitary abundant and w(n) = 3, then n = 70 = 2.5.7 or

n = 2.3.R, (6, R) = 1.

Indeed, let n = PQR, P < Q < R, be the decomposition of n into three prime
factors. If P > 3, then a(n) < a(3.4.5) = 1. Hence P = 2. If Q # 3, then
Q > 5 and a(n) < a(2.5.9)

Because n = 70 is not a member of a 2-cycle, we can assume n = 2.3.R,

LI}

1, unless n 2.5.7T = 70. This proves the lemma.
*
with R a power of a prime > 5. We have ¢ (n) = 3.4(R+1), hence
*
6 | m=0(n) - n. Because 4 | ¢ (n), dbut b | n, we have
2 || m. Hence m has the formm = 2.3" S, where S is a prime power such that
(6, 8) = 1, and u> 1.

(n, m) form a 2-cycle, hence

-1 *

min = 6(R+3"7'8) = o' (n) = 12(R+1) = o" (m) = 3(3"+1) (s+1).

Elimination of R gives for S the equation

u-1

s=(3"+5) /@7 -,

a monotonically decreasing function of u. Forpu= 2, 8 = 7, hence R = 19,
as indicated in the Theorem. For u> 3, we have 4 > S > 3, which is impos-

sible. Q.e.d.
Without proof, we finally quote

Theorem 3 Let X be an arbitrary positive number. The number of unitary
t-cycles (n, m, ...) (t arbitrary, but fixed) with w(n) < X, w(m) <X, ...

is finite.

Remark. Theorem 2 can be extended to:

There is only one unitary 2-cycle (n,m) with w(n) + w(m) < 8. The proof

is somewhat longer than the proof of Theorem 2, but the same ideas are used.
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