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Multipoint multistep Runge-Kutta methods I:

On a class of two-step methods for parabolic equations
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ABSTRACT

Multipoint multistep Runge-Kutta methods are discussed for the numeri-
cal solution of initial value problems for systems of ordinary differential
equations y' = f(y). These systems are supposed to originate from parabolic
partial differential equations by applying the method of lines.

In this report the discussion is concentrated on a class of multipoint two-
step methods. The main objective is to develop stabilized formulas of first

and second order. Numerical examples are discussed.

KEY WORDS & PHRASES:  Numerical analysis, multipoint multistep Runge—-Kutta
methods, parabolic partial differential equations,

method of lines.






CONTENTS

1. Introduction
2. The multipoint multistep Runge-Kutta method
3. A multipoint two-step Runge-Kutta method
3.1. The difference scheme
3.2. Consistency conditions
3.3. Stability properties
3.4. Two approximate solutions
3.5. Internal stability
4. A class of two-step methods of second order
5. Numerical examples

References

23

28

36






1. INTRODUCTION

In this paper we discuss multipoint multistep Runge-Kutta methods for
the numerical solution of initial value problems for systems of ordinary

differential equations of the type

(1.1) y' = £(y).

The systems we have in mind are supposed to originate from parabolic partial
differential equations by applying the method of lines. In general, these
systems are very large. As a consequence, an efficient scheme for (1.1) should
possess limited storage requirements.

Multipoint multistep Runge-Kutta methods belong to the class of the so
called hybrid methods. This class of methods is very wide. Generally speaking,
an hybrid method shares certain linear multistep characteristics with the
Runge-Kutta property of utilizing data at non-step points. When compared with
linear multistep or Runge-Kutta methods, the hybrid methods did not yet have
very much attention in literature. The class of methods we consider is simi-
lar tot that of GEAR [4]. This class is also discussed by WATT [13] and, more
recently, in VAN DER HOUWEN [11], whose work inspired the author to the pre-
sent investigation. Moreover, it belongs to a still wider class of methods
originally dicussed by BUTCHER [2].

Until further notice the discussion is mainly concentrated on a class
of two-step methods which need at most five arrays of storage in a computer
implementation. We have only considered first and second order formulas.

For partial differential equations higher order methods are usually not re-
quired.

A still more important aspect in integrating partial differential equa-
tions is the stability of the difference scheme. An efficient integration
method for (1.1) should possess a stability region which contains a very long
strip along the negative axis. Our main objective is to develop integration
formulas which possess such a stability region.

A great deal of this paper is devoted to the stability analysis of the class
of two-step methods mentioned above. This paper presents only partial re-

sults on this subject. In the near future we intend to investigate also



multipoint k-step methods for k > 2,

The class of two-step methods we consider contains a particular two-
step scheme already discussed by VAN DER HOUWEN [10]. It also contains a
class of stabilized Runge-Kutta methods which is also given by VAN DER
HOUWEN [9].

In the last section of this report a comparison is made between a sta-
bilized one-step and a stabilized two-step Runge-Kutta method by applying
these methods to a non-linear diffusion problem. The numerical calculations

have been carried out on a CYBER 73-28 computer using 14 significant digits.

2, THE MULTIPOINT MULTISTEP RUNGE-KUTTA METHOD

We define an m-point k-step Runge-Kutta formula to be a formula of the

type
O
yflii - é]aj,gynﬂ—z *
(2.1) h;gzbj’zf(ynﬂ_l) + hiz;xj’lf(yiﬁ), i=1,...,m,
Yn+1 © yiTi'
The points xj, j=n+1l,..., n+ 1 -k, denote the reference points of the

X 41 =% + h, n=0,1,...
Unless otherwise stated, h is supposed to be constant. The vector Y, always

k-step formula and h denotes the steplength, i.e.

represents a numerical approximation to the analytical solution y(x) at
X =X .

n

The method of the above type belongs to the class of the so-called
hybrid methods. This class of methods is very wide. It contains Runge-Kutta
methods, as well as linear multistep methods.

The class of methods we consider is similar to that of GEAR [4]. This
class is also discussed by WATT [13], and more recently, by VAN DER HOUWEN

[11]. Moreover, (2.1) belongs to a still wider class of methods discussed



by BUTCHER [2] (see also STETTER [8]).
Butcher's class contains implicit methods, where as we consider only explicit
ones. Following VAN DER HOUWEN [11] we shall represent formula (2.1) by the

parameter matrix

al’1 oo al,k b]’2 ces bl,k A],O
a1 v 3 | Bao bok | 12,0 2,1
(2.2)
am,1 oo am,k bm,2 oo bm,k Am,o Am,l' .. Am,m—l

As already noticed, multistep Runge-Kutta methods are not so familiar
as classical multistep or Runge-Kutta methods. Therefore, we shall briefly
discuss the basic concepts of convergence, consistency and zero-stability
for method (2.1). For a more thoroughly theoretical analysis of method (2.1)
the interested reader is referred to the paper of WATT [13 ] (see also BUTCHER
[2] and STETTER [81).

It is convenient to associate multistep method (2.1) with a non-linear
difference operator

(2.3) y(xn+]) - E[y(xn),..., y(x )1,

n+l-k

where y(x) now denotes a vector function of sufficient differentiability.

It is also convenient to define the polynomials

(2.4) oj(c) =z -

Now the usual definitions of convergence, consistency and zero-stability
apply (cf. HENRICI [5,61]):

DEFINITION 2.1. The method is said to be convergent if, for every problem

y' = f(y), v(a) =s, x € [a,b], £ an L-function, we have that



1im Yo = y(xn)
h->0

holds for all x € [a,b], and for all solutions {y_} of the method satis-

n
fying starting conditions y, > s as h -+ 0, 2 =20,...,k-1.

DEFINITION 2.2. The method is said to be consistent of order p, at x = X s

if p is the largest integer such that

- - p+l N
(2.5) y(x ) E[y(xn),...,y(xh+1_k)] 0(h ), h 0,

n+l

where y(x) is a sufficiently differentiable function. The method is said

to be consistent if p > 1,

DEFINITION 2.3. The method is said to be zero-stable if no root of the poly-

nomial P has modulus greater than one, and if every root with modulus one

is simple.

Before we proceed with the consistency conditions we first make an

assumption about the parameters a. ,. From now on it is always assumed that

3,2
(2.6) p;(1) =0, j=1,....m
(3)

n+l?
proximation of order p 2 0. Although relations (2.6) are not strictly neces-

As a consequence of (2.6) we have that y j=1,...,m, is always an ap-

sary, they are usually made.

Expanding y(x ) about X in (2.3) yields

n+l1-2

o~

y(x ) —Ely(x)sees y(x )1 = (1 - . ]am’g)y(xn) +
k k m—1
(2.7) h[(1+2§_l(2-1)am,l)y (x) - (szbm,£+zzoxm’z> E(y(x )] +

O(hz), h > 0.



LEMMA 2.1. The method is consistent, if

pm(l) =0,
(2.8)

We also see from expansion (2.7) that a necessary condition for convergence

is that

k
(2.9) Yb o+ ] A, #0.

If condition (2.9) is not satisfied the difference scheme may approximate
a wrong differential equation. In fact, (2.9) is a necessary condition for

a consistent scheme to be zero-stable. This follows easily from relation

k
(2.10) 1+ ) (4=Da_ = p!(1) + (1=k)p_(1).
=1 ’

Just as in the case for linear multistep methods, the error constants in

the truncation error (2.5) should be normalized with (2.9).

Next we give the convergence theorem which is similar to the conver-

gence theorem for linear multistep methods.

THEOREM 2.1. The method is convergent if and only if it is zero-stable

and consistent.

The proof closely parallels the proof of the convergence theorem for linear
multistep methods (see HENRICI [5,6]). The interested reader is referred to
the papers of GEAR [4] and WATT [13] (see also BUTCHER [2]).



3. A MULTIPOINT TWO-STEP RUNGE-KUTTA METHOD

We now confine the discussion to an m—point two-step scheme which can
efficiently be used for the integration of large systems arising from semi-
discretization of parabolic partial differential equations. As a consequence,
we shall concentrate on the stability of the scheme when applied to the

test-model

(3-1) Y' = Gy,
where

§e R, § < 0.

Moreover, the scheme should possess limited storage requirements in order
to cope with the usually very large systems as a result of the semi-dis-

cretization.

3.1. The difference scheme

The formula reads

0) _
yn+] - yna
y(l) = (I-b,)y_ + b,y + ¢ hf(y_ ,) + A,  hf(y))
n+1 1’7n 1'n-1 1 n—-1 1,0 n’’
(3.2) y(j) = (1-b.)y_ + b.y + c.hf(y__,) + Xx. hf(y ) +
n+l j’/n j’n-1 ] n-1 j,0 n
(-1 -
Aj,j_lhf(yn+] ) j=2,...,m,

- o (m)

Ynt1 = Ypsr> B2 2

The parameter matrix of (3.2) is given by



1 - b, b, e, Mo O
1 - b2 b2 c2 AZ,O A2,1
I = by by cq *3.0 3.9

(3.3)

m m m m,0 <:> Am,m—l

By the choice
(3.4) A = 0, j>e+1, L # 0,

the scheme uses at most five arrays of storage in an actual computer imple-
mentation. If bi =0, 1=1,...,m1; c; = 0, i=1,...,m; and Aj 0= 0,

3
j=2,...,m; we have the method discussed in VAN DER HOUWEN [10].

For scheme (3.1) the polynomial P (cf. (2.4)) is given by

(3.5) p,(8) = t¥ = (1-b )T - b,

which has the roots g, = 1 and L, = —bm. The second equation of (2.8) yields

the consistency condition
(3.6) 1 +b_=c_+ A + A

Thus, according to theorem 2.1, we have:

THEOREM 3.1. Method (3.2) is convergent, if and only Zif -1 < bm <1 and
1 +b =c + A + A .
m m m,0 m,m-1

Observe, however that when b_ is very close to -1, c_ + A + A

m m m,0 m,m—1|
is very close to zero. That means that the convergence condition (2.7) is
almost violated. In practice such a situation must be avoided in order to

get accurate results. For an extensive discussion about the behaviour of



the global discretization error of multistep Runge-Kutta methods, the inter-

ested reader is referred to WATT [131].

3.2. Consistency conditions

Before analyzing the real stability properties of the method, we shall
give consistency conditions for orders p = 1,2 and 3. We intend to develop
first and second order methods. The conditions for p = 3 may be used to ob-
tain some information about the error constants occurring in the principal
local truncation error. The conditions are listed in table 3.1, and are ob-

tained in the usual way by means of Taylor expansions about X .

TABLE 3.1. Consistency conditions for scheme 3.2.

p =1 b+ + Xm,O m,m-1 I
p =2 %bm " ‘n * >‘m,m—l(—bm-l * “mn-1 * Am—l,m-z * Km’lso) ik
p=3 ‘%bm + %Cm gkm,m-l(—bm—l * Cm—l * Am—l,m—Z * )\m—l,O)2 B
'%bm * é.cm * Am,m—l(%bm-l ~ Cm-1 *
Am—l,m—Z(_bm—Z T lp-2 * Am—2,m—3 * Am—Z,O))v% i ;

3.3. Stability properties

Let us apply method (3.2) to the linear test-model (3.1).

This yields the recursion

(3.7) Ynﬂ = S(Z)yn + P(Z)yn_], n=1,2,...,

where z = hé, and where S and P are polynomials of deéree m. Denote

i
opi '

I o~18

m .
(3.8) S(z) = X s.z' and P(z) =
i=0 * i

Then the coefficients ss and p; are defined by

EY



Sg = 1 - bm’
S1 7 Am,O * Am,m—l(l—bmrl)’
. = -H . o« o . . . - . i = ¢ oo o =
°i T jem-is AJ,J-I(Am-1+1,O * Am-1+l,m—1(l bm—l))’ 1 =2, -1,
i
*n T =1 5,1
and
Pg = byo
P - Am,mrlbmrl T Cpe
(3.10) 1I'[{1 o
= d . . . ,H . . . i = ° oo -
P; = Gogeier 23,1001 ¥ Glomieg X5, 5-1C%mie1> 1= 2oee0om 1y

m

I
n~ G2 My,-00r

o
]

Among other things we are interested in the absolute stability proper-
ties of our method. Let as, i =1,2, be a root of the characteristic equa-

tion
(3.11) a2 - S(z)a = P(z) =0

of recursion (3.7). We shall use the following definition:

DEFINITION 3.1. Method (3.2) is said to be absolutely stable for a given

z = hé, if |ai| <1 and if in case of |ai| =1 a; is simple.

By applying the Routh-Hurwitz criterion to (3.11), it is easily seen that
method (3.12) is absolutely stable, for a given z < 0, if and only if

N [s(z)| <1 - P(2),
(3.12) P(z) > -1,

Io‘il

]

1 = a, is simple.

As already noticed, we want to construct stabilized schemes. Thus the

problem we are faced with is:
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PROBLEM 3.1. Determine the coefficients ss and ;s which are supposed to be
compatible with an imposed order of consistency, in such a way that (3.12)

is valid for
-8 £z <0, B maximal.

According to definition 3.1, B is called the real boundary of absolute '
stability, while the interval [-B8,0) is called the real interval of abso-
lute stability.

An alternative to the requirement of absolute stability is the require-
ment that for a given z < 0 the roots of (3.11) are within or on the circle

with radius p(z), 0 < p(z) < 1. This is the case, if and only if

1S(2)| < 0(2) - 0~ (2) B(2),
(3.13)
P(z) > -0°(z).

Thus we are led to

PROBLEM 3.2. Let p : (==,0] > (0,17, p(0) = 1 be given, Determine the coeffi-
cients s; and P> which are supposed to be compatible with an imposed order

of consistency, in such a way that (3.13) is valid for
-B <z <0, Bp maximal.

The function p(z) shall be called a damping function. It can be used in or-
der to obtain a stronger decay for the higher harmonics, which are almost
always negligible in the true solution.
The function p(z) may also be considered as an aid to enlarge
minimum Im(z), -B < Re(z) < O,
p
where z belongs to the region of absolute stability. This is of importance

for problems where the eigenvalues of the Jacobian matrix of (l1.1) are not

purely real.
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In the present report we confine the discussion to problem 3.1, i.e.
we only discuss absolute stability. Problem 3.2 is subject of further in-
vestigations (results will be published in the near future).

The consistency conditions for orders p = 1 and 2 can be expressed in
terms of the coefficients s and P From relations (3.9)-(3.10) and table

3.1 we have:

TABLE 3.2. Consistency conditions in terms of s; and P;

p=1 sg = 1 - Py»
Sp=1*pg =Py
p =2 sy =% =~ ipg * P " Py

REMARK 3.1. These conditions can also be obtained by substituting the second

order Padé-approximation
2
1 +z + iz

to the exponential into equation (3.11).

Before proceeding with problem 3.1, we first remark that no optimal so-
lutions to this problem are obtained. The author intends to discuss optimal
solutions to problem 3.1 in a following report, where also problem 3.2 shall
be discussed. Here we shall give approximate solutions to problem 3.1.
However, these solutions are very satisfactory. We still have to observe
that with respect to stability the parameter P, may vary between -1 and +1.
However, as Py = bm’ the convergence condition (2.7) requires that Pg is
not allowed to be close to -1 (see Theorem 3.1). Therefore, in the solutions

discussed the parameter Py is fixed beforehand.

3.4. Two approximate solutions

Our starting point is the following theorem:

THEOREM 3.2. Let Q(z) be a given boundary curve for the inequality

|V(z)| < Q(z), where V denotes a polynomial of maximum degree m 2 2 and
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z < 0. Of all polynomials V, where V(0) = Q(0), V'(0) prescribed, V »non-
constant, the polynomial V which has m - 1 alternating points of tangency
to the curves +Q(z), z < 0, maximizes (If it exists) the negative interval

on which the inequality is satisfied.

The proof of this theorem follows the lines along which the minimax
property of the Chebyshev polynomials is proved. Observe however, that this
theorem does not guarantee the existence of a polynomial V with m - 1 alter-
nating points of tangency. Nevertheless, it can be useful for the construc-
tion of an optimal polynomial. The property characterized in theorem 3.2
is known as the "equal ripple" property.

Thus the idea is to prescribe the polynomial P, and after that to apply
the "equal ripple'" property in order to find the accompanying optimal S,

provided such an S exists. We begin with the first order case:

The case p = 1. For p =1 we give a solution which is similar to the opti-

mal solution given by VAN DER HOUWEN [10] for his special scheme.

Let Py be given. According to table 3.2 we have

P.Z ,
ol

P(z)

I
W o~—>pB
-

i

(3.14) m :

S(z) =1 - p0 + (]+p0—pl)z + z siz ,
1=2

where pl,...,pm and Sosee

i=1,...,m, i.e. P(2z) = Py> and write

-»8 are free parameters. Now set p; = 0,

S(z) = (1-py)S(w),
(3.15) _ mogop yit] . I+p
S(w) =1 +w + Z Po S,V s W= 7T z .
i=2 (1+p0)i Po

According to theorem 3.2 the accompanying optimal S is the polynomial which
has m - 1 alternating points of tangency to the curves +l, w < 0. This poly-

nomial is well-known;
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one has

Sw) = Y
(3.16) S(w) = Tm(1+m2 )s

where Tm(w) denotes the Chebyshev polynomial of degree m in w, i.e.
(3.17) Tm(w) = cos (m arccos w).

For S, given by (3.16), we have

(3.18) l§(w)| <1, —2m2 <w<0.

Thus the real boundary of absolute stability B is given by

2
2(1—p0)m

(3.19) B = 1+p0

5

provided that p0 > -1, Observe that B - « as p0-+—1. However, the normalized
error constants also tend to infinity as Py~ -1. We have a similar situa-
tion as with the well-known scheme of Du Fort and Frankel (see RICHTMYER
and MORTON [7]). For Py = 0, B = 2m2, i.e. the stability boundary of the
stabilized Euler method (see VAN DER HOUWEN [91]).

According to ABRAMOWITZ and STEGUN [1] (formulas 15.1.1 and 15.4.3),

the polynomial Tm can be written as

m (-m).(m). .
_ 1 1 ol-w,1
(3.20) T () = iZO ™, T ( 5)

where, for a ¢ R, (a)i is defined as
(3.21) (a)0 =1, (a)i = a(a+l)... (a+i-1), i1,

By means of (3.20) we then find

w 2
(3.22) Tm(l+-7) = Cz,m W,

m 2

ho~—pB

0
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where o m is defined by the recursion
b
Co,m =1,
(3.23)
_1- amn’ml L o
Co,m - T 2(22-1) g-1,m °’ >0 oM

Thus, using (3.22), the coefficients s; and p; are given by:

-1 <P0< 1,
i = 0, i=1, ,Mm}
(3.24)
Sg = 1 - Pg»
j
(1+py) s m _
sj = ——————j;j%—— . j=1,...,m.
(1-pg)
The case p = 2 Let P, be given. According to table 3.2 we have
v i
P(z) = ) p;z,
i=0
(3.25)
2 T i
S(z) = (]—po) + (l+p0—pl)z + (%—%p0+p1—p2)z + 123 s;z .

First we prove the following result:

-1. Let P and S be defined by (3.25) and consider the

THEOREM 3.3. Let p,
1 - P(z) and IP(z)I < 1. The interval [-B*,OJ, on

IA

inequalities |S(z) |
which these inequalities are satisfied, is maximized by

z * 2

2), S(z) =1 -P(z), B =2m,
m

P(z) = —Tm(]+

where Tm(z) = cos(m arccos z), Z.e. the Chebyshev polynomial of degree m

in z.
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PROOF: Because Py = -1 the polynomials S and P are given by
2 ¢ i
S(z) =2 -p,z + (l+4p,-p,)z" + s.z ,
1 1 72 . i
i=3
v i
P(z) = -1+ ) p.z.
. i
1=]

Thus a necessary condition in order to have S(z) <1 - P(z) for -e < z < 0,
e > 0 and arbitrary, is 1 + P, =P, <P, Orp < -1.
The optimal P which maximizes the negative interval, say [—B**,O], on which

|P(2)] < 1 is well-known; one has
2 *% 2
P(z) = -T_(1-p,z/m"), B =-m"/p,
where Tm(z) = cos(m arccos z). As a consequence the optimal choice for P
is P, = -1. Further if Pg =P = -1 we can set S(z) = 1 - P(z) by choosing

s. = p.
i Pi»

i=3,...,m. This establishes the proof of the theorem. [J

Conjecture: Suppose Py > -1 and fixed. Then the conjecture exists that for

the optimal solution of problem 3.1 holds

B < 2m2,

in the second order case. Until now we did not succeed to prove this con-
jecture.

For p0=>—1 and Py fixed we shall construct an approximate solution in

such a way that this solution tends to the solution of theorem 3.3 as

Py -1, Define the polynomial
P( = - A
(3.26) P(w) = pOTm(1+ 2),
m
and set
PIZ
W= E;_’
(3.27) o
cizm Py
Py i-1 L 2,...,m
P
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Thus there holds P(z) = P(w), while p1 is still a free parameter. We also

write S as a function of w, i.e. S(z) = S(w), where

(3.28) s, =

Py
2 2
-1 -
- - (% 2p0+p1 CZ,mp]/po)pO
32 2 H
P
s pi
- it0 .
s; = T i=3,...,m.
Py

The parameters gi’ i=3,...,m, are free and 51 and gz both depend upon the
free parameter Py~

Because the polynomial P is fixed, we can now proceed with the "equal
ripple" property. That means we try to construct a polynomial S, which has
m - 1 alternating points of tangency to the curves_i(l-?(w)), w < 0. If such

a polynomial indeed exists we have, for i = l,...,m - 1,

wn
~
£
e
~
il

D a-Bw,)),
(3.29)

w
~
3
N\
|

0 B,

where for each i, W, represents the point where S(w) touches the boundary
curves. Relations (3.29) constitute a non-linear system of 2m - 2 equations

for the 2m - 2 unknowns: P> §3,...,§m,w],...,wm_l.

As already observed theorem 3.2 does not guarantee the existence of an
"equal ripple" polynomial. In fact, we have the situation that system (3.29)
does not always has a solution. Let us illustrate this for m = 2. The two
unknowns, to be solved from (3.29), are P and Wy Solving (3.29) yields a

quadratic equation for P> i.e.
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|
o

2 2 3 2
(3.30) (2+2p0)p1 + (4p0 12p0)p] + ( 3p0+10p0 3p0) =
The discriminant of (3.30) can be written as
40P0(p0-1)(p0-3)(p0+0.2).

It now easily follows that no solution exists if -0.2 < Py < 0. The same
situation arises for values of m greater than 2. This has been verified by
numerical experimentation.

Because relations (3.29) are not sufficient for the "equal ripple"
property, a polynomial S belonging to a solution of (3.29) does not neces-
sarily satisfy this property. So each solution must be verified. If a solu-

tion found satisfies the property we have that
(3.31) B = max{min{z||P(z)| < 1}, min{z||S(z)| < 1 - P(2)}}.

By means of a Newton-Raphson method system (3.29) has been solved nu-

merically for m = 2,...,10, while

Sw

Pg

The polynomials P and S of theorem 3.3 did serve as an initial guess.

As a measure of safety, the first equation of (3.29) was replaced by
(3.22) S(w) = (-D'(0.99-P(w))), i=1,...,m~1I.

The solutions found all satisfy the "equal ripple" property. The coefficients
P, and SqseeeS 5 corresponding to these solutions, are listed in table 3.3.
The corresponding P> i=2,...,m, can be determined from (3.27), while the

corresponding Si» i=0,1,2, can be calculated from the consistency relations
(see table 3.2).
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TABLE 3.3. Coefficients “Py5 85> i=3,...,m.
m -10"%p, lo”’s3 101654 1o]8s5
2 | 8433976470221
3 | 8373943414819 714642946011
4 | 8353287170311 1010977435660 1726749099618
5 | 8343487258568 1156801510216 | 2890156512230 | 2529810379359
6 | 8338338202996 1237615568887 3619850449730 | 4882090890394
7 | 8335088244243 1287488484636 | 4099170910850 | 6704819396726
8 | 8333109733929 1319746351067 4421028523838 | 8046191949864
9 | 8331630767474 1342367929599 4652101448364 9062951609280
10 | 8293222925118 1395517005412 5018542084218 10362223955442
m 102056 102237 102458 102759
6 | 2469972407288
7 | 5442314391295 1736916306222
8 | 8115614961054 | 4263796094047 910317207146
9 | 10378688540331 | 6931995019678 | 2498621414458 3755585480498
10 | 13021686763735 | 10125630113776| 4757383942238 12373496908462
m 1030310

10

13676409585179



In table 3.4 we list the corresponding values of B,R/m and B/m2
for m = 2,...,10. From this table we see that B/m2 ~ 1.80. By way of compa-
rison we mention that for the second order two-step formulas given by VAN
DER HOUWEN [10] there holds B/m2 ~ 1.16. The second order one-step formulas,
given by VAN DER HOUWEN [9], yield B/m2 ~ 0.81.

TABLE 3.4.
m B B/m 8/m?
2 7.3 3.65 1.82
3 16.2 5.40 1.80
4 29.05 7.25 1.81
5 45.2 9.04 1.80
6 65.0 10.83 1.80
7 88.2 12.60 1.80
8 115.4 14.42 1.80
9 144.9 16.10 1.78
10 181.1 18.11 1.81

In order to illustrate the behaviour of the polynomials S and P, the
curves +(1-P(-z)), 0 < -z < -Band S(-z), 0 < -z < -B are given for m = 6
(see fig. 3.1). In fig. 3.2 we have plotted the curve max |ai(—z)|,

0<-z<-8 form=6. 1=1,2

3.5. Internal stability

Internal stability deals with the propagation of round—-off errors in a
single integration step. For methods of the Runge-Kutta type, which use a
relatively large number of stages and which have relatively large stability
boundaries, the amplification of round-off errors in a single step may be
of a considerable magnitude. Therefore, for these methods it is necessary
to analyze the internal stability behaviour.

In VAN DER HOUWEN [11], section 2.6.10, the internal stability is dis-
cussed for a class of one-step Runge-Kutta methods which is contained in
class (3.2). He defines a so-called internal stability function, i.e. a

function which approximately controls the propagation of round-off errors



1-P(-2z)

S(-z)

0¢

=(1-P(-2))

Fig. 3.1. The "equal ripple'" property for m = 6, B = 65.0.
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in a single step. We shall also define such a function for method (3.2).

It turns out that this function is equivalent to the function of Van der

Houwen.
Let y(J) denote the perturbed solution to y(J) Define
) 2 () (i) I . e (m)
(3.33) €ntl = In¥l " Yprrr J T Leeeesmioe = el

Instead of (3.2) we now consider the recurrence

-(0)

Yn#1 = Y2
Taad = (70)y, # by v b e REG, ) A REG) + og ],
(3.36) ) - -5y, Jyn L e ) A hEGr) +
S RN T
§n+1 B §§T¥’ m=z 2.
The errors eiiz then satisfy the recurrence relation
D (D
€a+1 = Pnsr2
(3.55) eiiz = lj,j_lh[f(yéi;l) (il )) - f(yii;l))] + piij,
j=2,...,m,
€+l © éTi

By assuming that the Jacobian matrix, say J(y), of f£(y) is slowly varying,

we find the approximate relation

() oy, hJ(y ) E(J D, @)

n+1 jsi-1 o) Cnr1 0 T Py 3T CERRRRLE

We thus arrive at the estimate

(3.36)  de g s0ie ] 1 Do ] 1Gie)) I max 1o
k=1 j=m+1-k J°J 1<k<m
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Following Van der Houwen we now define the i<nternal stability function

m-1 m Kk
(3.37) Qz) =1+ ) L N N LI
k=1 j=m+l-k 3°J

In case of normal matrices J(yn) we then have

(3.3 dey, b < Qo@(,))) max o1,

where o denotes the spectral radius. As a consequence, in actual computation

the steplength h should at least satisfy the internal stability condition

tolerance ,
machine precision

(3.39)  Qo(I(y ) <

where tolerance is understood to be the maximal allowable local truncation
error. When the parameters of the scheme have positive signs, we know from
practical experience that the internal stability behaviour can reasonably

be controlled by condition (3.39). In case of opposite signs, however, this
condition may be too cptimistic because of a possible cancellation of digits.
Therefore, we shall try to construct schemes with positive parameters, at
least for A. . ., and in such a way that (3.39) is satisfied for relevant

J ’J—]
values of h.

4. A CLASS OF TWO-STEP METHODS OF SECOND ORDER

In this section we give a number of second order formulas belonging to
class (3.2). We shall require that the principal local truncation error

of these formulas can be represented as (see (2.5))

3
4.1 Ch3 Q_Z§§l s C constant .
dx

The reason for this representation is that in the near future we intend to
develop methods which incorporate both automatic error and steplength con-

trol. For such methods it is very convenient when the local errors can be
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approximated by expressions of type (4.1).
Using the tensor notation in the Taylor expansion of the local trunca-

tion error (2.5) we can write (compare HENRICI [5], p. 118)
3

y(x ) - Elyx), y(x )]l =¢h fjfkf + Cphf f £

kyom®,

as h > 0, where the error constants C, and C, are given by (see table 3.1):

1 2
c,=+-r-L +1c 4 Ab e+
1 6 6m 2 m m,m-1"2 m—1 m—-1 "m—1,m-2
(_bm—2+cm—2+km—2,m—3+km-2,0))]’
1 1 1 ! 2
C,=--[-+ = 2 - )
2 6 L 6bm * 2%n * me,m-l( bm—l+cm—l+xm—1,m—2+xm~l,0) ]

The third derivative of y can be expressed as

moo_ J k J k
y fjfkf + fjkf £f.
Thus the principal local truncation error is of type (4.1) if we can satis-

fy relation
(4.2) C, =¢C

We observe that for linear equations the term fjkafk vanishes and that the
scheme is completely determined by the coefficients S; and P; of the poly-
nomials S and P. This means that C = Cl and C depends completely on s and p;-

It is convenient to express the parameters of the scheme into the coeffi-
cients s; and P;- From relations (3.9) - (3.10) it is clear that there exists
more than one solution. Unfortunately, in case of negative p; mo solution
exists for which all the parameters are positive. As, in our situation, the
coefficients p; are all negative (see section 3.4), we select a solution
which reduces the computational effort. To that end we set

(4.3) b, =0, i=1,...,m2; Ai =0, 1=2,...,m.

»0
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By using the relations of table 3.1 and relations (3.9) - (3.10) it now
easily follows that (4.2) is satisfied, if and only if

2

(1+p)) (P, =2p,+2p4+2s5) - {(1-py)

(4.4) c_ =

2 + Py - 2p2 + 2p3 + 233

By performing some elementary calcuations, the remaining parameters can be

solved from (3.9) - (3.10). Summarizing, we have:

b. = 0, i=1,...,m2,

i
b P17
m-1 l+p0—cm ?
b, =Py
P .
m+]l-1
c. =3 R =1l,...,m2,
m-i
P2
“m-1 1+p0—cm ?

2
(]+p0) (P1‘2P2+2P3+253) - { (l_po)
(4.5) c = ;
2 + Py - 2p2 + 2p3 + 233

A. =0, i=2,...,m

A = —
m-1,m-2 ]+p0—cm ’

Am,m—l =1+ Po ~ Cp°

In table 4.2 we give for m = 10 the parameter.matrix (3.3) for this
set of parameters (the coefficients s; and p; are taken from table 3.3).
In the next section numerical results are given of the method generated by
this matrix.

Finally, in table 4.1 we list the values (see (3.37))
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(4.6) Q(B), m=2,...,10,

for parameters (4.5) (again the coefficients s; and p; are taken from table

3.3). Observe that the parameters Ai ;-1 are all positive. By using relations
5

(3.9) it easily follows that Q(z) can be written as

m-1
(4.7) Qz) = 1+ (Qepge)lz| + 1 s |zl".
k=2
m Q(B)
2 0.76]01
3 0.61102
4 (0,433
5 0.27104
6 0.16105
7 0.97105
8 0.57106
9 0.32]07
10 0.22108

TABLE 4.1



1
1.26196439161229
1.75

o O O O O o o

0
-0.26196439161229
-0.75

-0.8481243492344]0—3

—0.19949026507992]0—2
-0.3602422985147910—2
—0.59607]7139438310—2
-0.9631903555103410—2
—0.]5827347046527]0-1
—0.2757539322104310—1
-0.54358937105922
-0.17691526753511
=0.60527159061348

107!

0.1105298662646110—2
0ﬂ2600903576l45510—2
0.4698358412050610-2
0.7775974263162010-2
0.1256649809898810—2
0.20647876976121]0-1
0.3596188412434910—1
0.70842630567026]0—1
0.23032252201367
0.85527159061345

TABLE 4.2,

Parameter matrix corresponding to parameters (4.5), m = 10.

LT
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5. NUMERICAL EXAMPLES

The integration formula defined by the parameter matrix given in table
4.2, will be applied to two parabolic equations. We shall concentrate on the
experimental verification of the theoretically derived stability condition.
To begin with we have chosen a non-linear diffusion problem which proceeds

from FEHLBERG [3]:

du _ exp(2-u) 32u
3
ot 4(2+x2) ax2

u(x,0) = 2[1 - 1n(2-x%)], 0 <x <1,
(5.1)

%—;‘E=o, x=0, t=>0,

u(l,t) = 2 + 1In(l+t), t 20.
The analytical solution of this problem is given by
(5.2) u(x,t) = 2 + In(l+t) - 21n(2-x).

By using the method of lines, i.e. by discretizing with respect to X,
we can replace (5.1) by an initial value problem for a system of ordinary
differential equations of type (l1.1). We divide the x-interval into N equal
intervals of length Ax = 1/N. Let uj(t) denote an approximation to the exact
solution u(x,t) at xj = jAx, j = 0,...,N-1. At the internal grid points
X., J = 2,...,N-3, we approximate the partial derivatives azu/ax2 by means

J
of the 5-point central difference formula, i.e.

(5.3) J (-u.

+ 16u. - 30u. + 16u. -
sz 12(Ax)2 J 1-1 J 3+l

-2 uj+2)’

i=2,...,N-3.

At the grid point Xy o We can also use the 5-point central difference for-

mula. Let uN(t) = t. Then we have
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2
o u
(5.4) N-2 1 _ _ .
7 5 ( U t l6uN_3 30uN_2 + 16uN_1 2 1n(1+uN)).
ox 12(Ax)

At the grid point Xy ve apply the 6-point difference approximation

52
e U R
~—1 (4 - _
(5.3) axz ]2(Ax)2 N-5 uN—4 * ]4uN-3 4uN—Z - 15uN—] +
10(2+1n(l+uN))),

Because of the symmetry at the left boundary, the partial derivatives at

the grid points xj,j = 0,1, can be approximated by

2
9 uO 1
o~ (- 30u, + 32u, - 2u,),
8x2 12(Ax)2 0 ] 2
(5.6)
Bzul 1
o 5 (l6u0 - 31ul + 16u2 - u3).

axz 12(Ax)

The approximations (5.3) - (5.6) are all third order exact.
By substituting (5.3) - (5.6) into (5.1), we arrive at the following

initial value problem:

duO d0
= lz(Ax)z (- 3OuO + 32u1 - 2u2),
du1 _dl
Y (16ug = 3luy + 16u; = uy),
5.7
> duj = dj (- u., , + 16u,. = 30u. + 16u -u..,) j=2 N-3
T " am? a2 T e T30 T 0 T uy) SRR
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du d
df 2 _ N 22 ( Uy + 16uN_3 - 3OuN__2 + 16uN_] 2 - ln(l+uN)),
12 (Ax)
(5.7)
duN d
-1 N-1
dt 7 (Uyog = buy, * Thuy g = bug , = 150y |+
12 (Ax)
10(2 + 1n(1+uN))),
duy
T "'
.2,2 .
uj(O) = 2(1 - In(2-7"A"x)), j =0,...,N-1,
uN(O) =0,

where dj’ j=20,...,N-1, is given by

exp(2-u.)
(5.8) d. = ——*—2—']——2‘.
3 4@+ (%))

The Jacobian matrix, say J, of (5.7) can be expressed as

(5.9) J=—_ om,

12 (Ax) 2

(=N
o

(5.10) D



31

5.11) a, 32 -2 O
16 a 16 -1
-1 16 a, 16 -l
M = N
-1 16 ay_, 16 -1
-1 16 ay_» 16 by_s

1 -6 14 =4 ay-; b

The entries aj are defined by

ag = - (30—30uo+32ul-2u2),
a = - (3l+l6u0—31ul+16u2-u3),
(5.12) aj = - (30—uj_2+l6uj_]-30uj+l6uj+l—uj+2), j=2,...,N-3,

Ay =~ (3°'UN..4+16uN_3-30uN_2+16lLN_]42-1n(1+uN)),

ay., = - (15+uN_5—6uN_4+14uN_3—4uN_2-l5uN_]+IO(2+1n(1+uN)));

the entries by , and by, are defined by

1

bN—Z = l+uN ’
(5.13)
-10
b = .
N-1 1+uN

For an experimental verification of the theoretically derived stability
condition we need the spectral radius o(J). However, the eigenvalues of M are
not so easily found. Therefore, as an estimate of o(M), we shall use the
spectral radius of the matrix which only represents the central differences
(5.3), that is, we neglect the boundary conditions. Moreover, we approximate

the diagonal entries a; with the constant -30. The approximating matrix for
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M is a well-known symmetric difference matrix of which the eigenvalues are
situated in the interval [-64,0]. Thus we approximately have real eigenvalues
for J, and

16 max(d.)
(5.14) o(J) = J

3 (Ax)2

The corresponding stability condition is

2
< 38 (Ax)

(5.15) h < 1?;7552?533-,

B = 181.1.

Problem (5.7) shall be integrated for three values of N. For the addi-
tional starting values we use the analytical solution (5.2). As it is our
aim to verify the theoretically derived stability condition, we shall neglect
any accuracy condition by integrating with approximately the maximal step
allowed by condition (5.15). From solution (5.2) we know that dj should be
monotonically decreasing for increasing t. This means that, as the integra-
tion proceeds, the steplength h must be increased. This will be done by step
doubling. Thus, the stepsize strategy is: as soon as 2h satisfies (5.15),
the steplength is doubled. The integration is stopped as soon as t 2 100.
Results are listed in table 5.1. In this table we give the number of inte-

gration steps, denoted with steps, and the maximal relative error

(5.16) max uj - u(jbx,t)
j u(ij’t) ’
denoted with error.
TABLE 5.1.
N | 16 32 64
error 2.5]0—2 1.010—3 5.510-5

steps 28 101 397
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The results of table 5.1 indicate that to a certain extent the stability
conditions, which are derived for linear equations, also apply in case of
non-linear equations.

Because of the fact that Py = -% (remember Py = -1 violates the con-
vergence condition), we expect that the given two-step methods are not so
accurate. In order to get some insight in the accuracy behaviour we compare
the given 10-point two-step method with a stabilized one-step method of
second order which also uses 10 function evaluations per step. This method
proceeds from VAN DER HOUWEN [9]. For the one-step method the real stability
boundary B = 81.11.

Again we integrate problem (5.7), while for both methods the stepsize
strategy is applied as described above. However, condition (5.15) is re-

placed by

38 (Ax)>

h < 16 max(dj)’

(5.17) B = 81.11

The integration is stopped as soon t 2 100. Results are given in table 5.2.

TABLE 5.2
one-step two-step
N 16 32 16 32
error 4.110-4 3.010—5 3.210-3 1.6]0-4
steps 56 223 58 223

The results of the one-step method indeed are more accurate than the
results of the two-step method. The ratios between the given errors are
approximately 7.8 and 5.3 for N = 16 and N = 32, respectively. These results

thus indicate that it is of interest to investigate two—step schemes of
3
4
larger boundary of absolute stability than the one-step method has. As a

class (3.2) with Py > "% On the other hand, the two step method has a much
consequence, for problems where the steplength of the time integration is
completely determined by stability conditions, and not by accuracy condi-

tions, two-step methods shall be more efficient than one-step methods.
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To illustrate this we integrate the following linear problem (VAN DER
HOUWEN [121]):

2
du_3u, e_t(xlo+90x8—x), 0<x<1, t >0,
ot 2
X
(5.18) u=1+ x(]-xg), 0<x<1, t =0,

u=1,x=0,x=1, t 2 0.

Problem (5.18) is solved by the function

(5.19) u(x,t) =1 + e_tx(l—xg).
Again we divide the x-interval into N equal intervals of length Ax = 1/N.
Let uj(t) denote an approximation to u(jAx,t), j = l,...,N—-1. Proceeding

in the same way as in the first example we arrive at the following initial

value problem.

du

1 1
dt

17 ] 2
173U guy T Ut pug)/(Ax)T +

]
~
|
|
(=
1
I
=

(o) 0490(ax) B-axre N + 5/6(ax)2,

-+

2 4 5 4 1 2
Tt - QYT Rupt3ugT )/ (Ax)T +

+

(28%) '%490 (28x) 8-20x)e N —1/12(ax)2,

S S S S SR 2

(5.20) at - C2%-2t 3%-1m 2 3 T 2 Uyan) /()T 4
...+ 10 o8 . uy .

+ ((jax) "+90(jAx) -jAx)e R ji=3,...,N-3,

P | 4 5 4
e T st 33T 30y 30y (007 4
((-2)0%) %490 ((9-2) ) 8- (N-2) ) e = 17128302,

+

-1l

=Ly Yo L7 O 2
dt ~ tr2"N-57 29N-47 6 UN-37 3Un-27 G Uy-p) /(40T #

+

(C=1)ax) %490 (-1)85) 8- -1y ax)e Mo 5/6(ax)2,
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N _
wx - b
and
. . 9 .
uj(O) =1+ jAx(1-(jAx)7), j=1,...,N-1,
(5.21)
uN(O) = 0.

By using the same argument as in the preceding example, we have
the stability condition

2
3B(Ax)
(5.22) h < ==z7— .

Problem (5.20) - (5.21) shall be solved for N = 32 with the 10-point two-
step method given above, and with a strongly stable 10-point one-step method
given by VAN DER HOUWEN [11], section 2.6.6. We observe that the one-step
method used for the first example is weakly stable. Van der Houwen calls a
method strongly stable if its amplification factors are inside the unit
circle. For the strongly stable one-step method there holds: B = 79.70.

The integration is performed with the maximal constant steplength
allowed by (5.22) and is stopped as soon as t 2 5. The results are given in
table 5.3. These results clearly illustrate that in cases where the error
due to the space discretization dominates the two-step method is more effec-

tive than the one-step method.

TABLE 5.3.

L one-step | two-step

error 4.9]0—3 4.910—3

steps 342 150
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