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On the stability of multistep formulas for Volterra integral equations

)

of the second kind*

by
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ABSTRACT

The purpose of this paper is to analyse the stability properties of a
class of multistep methods for second kind Volterra integral equations. Our
approach follows the usual analysis in which the kernel function is a priori
restricted to a special class of test functions. In most stability investi-
gations these test functions only depend on the unknown function. In this
paper we only require that the kernel function can be separated with respect
tc its first argument. Stability conditions will be derived. It turns out
that in the case of linear convolution kernels the trapezoidal rule for

example may become unstable.
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1. INTRODUCTION

Suppose we are given the system of non~linear Volterra integral equa-

tions

IA

IA
>

X
(1.1) f(x) = g(x) + J K(x,y,£(y))dy, Xg S X
0
where g and K are given vector functions and f is the unknown vector func-
tion.
Several numerical methods have been proposed to solve this equation,
the most familiar one of which is based on a direct quadrature rule. These

methods have the form

n+l
= > —_
(1.2) Foer = 80 jZO wn+1,jK(Xn+l’Xj’fj) ’ B = k-1,
where fO’ [»--- are approximations to f(xo),f(x]),... and W ; are given
3
weight parameters. We assume that the vectors fO""’fk—l have been computed

by some adequate starting procedure.

The stability analysis of this and other schemes is carried out either
by restricting the kernel function K to some special class of functions -
generally the function K = af where a is a complex constant (cf. MAYERS [51],
BAKER and KEECH [1]) —or by deriving conditions for small values of the

integration steps hn = x X (cf. KOBAYASI [4] and NOBLE [6]). In this

+
paper, the first approacﬁ ;ill be followed. The kernel functions K(x,y,f)
will be required to belong to the class of functions of which the variable
x can be separated from the variables y and f. Generalizing the analysis
presented in [3], the variational equation of scheme (1.2) can be converted
into a system of fixed-term recurrence relations by extending the space of
perturbations of fj with additional perturbations. In addition, by restrict-

ing K to functions which are linear in x, a fixed-term recurrence relation

will be derived only in terms of perturbations of fj.



2. DERIVATION OF RECURRENCE RELATIONS

For sufficiently small perturbations Afj, the variational equation of
(1.2) is of the form

ntl 5K
(2.1) Afn+1 = z Wn+l,j Sg-(xn+l,xj,fj)Afj, n > k-1.

j=0
In order to obtain a fixed-term recurrence relation for the perturbations
Afj we impose two conditions. Firstly, the arguments x, y and f in the

Jacobian matrix are assumed to be separable according to the formula

3K v
(2.2) ¢ (6y,£) = P(y,f) + izl Q; GOR, (y,£),

where P and Ri are arbitrary matrices only depending on y and £, and Qi is

an arbitrary matrix only depending on x. Secondly, the weights w . are
9
assumed to satisfy the relation

k
zZo aﬂwn+l—ﬂ,j =0 ] =0,1,...,n-k; n = 2k-1.
(2.3) Kk
a, =0
=0 %

where the parameters a, are independent of j and k is a positive integer.

From condition (2.2) it follows that

n+l r
(2.4) Mg = jZO LAV JCIPE DI .Z] Q; (% )Ry (x5, £) IAE
= i=
n+l-£ =2 k; £ = 0,1,...,k,
where LA 0 for j > n. By virtue of (2.3) Afn satisfies the relation
3
k
B ) L

(2.5)
r k n+l

"ok jZo 2pne1-£, 3% a1 -g)Ry G5 )08



where we have written

k
(2.6) ) gV i1-2.5 T Poboeioge i = n-k+l,...,n+l.

£=0
It should be remarked that the coefficients ap and bﬂ are related to
the coefficients of a linear multistep methods for ordinary differential
equations. To see this, let scheme (1.2) be applied to an integral equation
of the form f(x) =1 + fzo K*(y,f(y))dy. Using (2.3) and (2.6) it is easily

verified that (1.2) can be written as

k k

*
ZZO fne1- ¥ Py Zzo Bek (pyoprfpa-g) = 0

Exactly the same formula is obtained by first writing the integral equation

as the initial value problem
£1(x) = K (5£x), £y =1,

and applying a linear k-step method with coefficients ap and bﬂ' Note that

the choice a; = -1, a

factor 1 (cf. NOBLE [6]). For example the Adams-Moulton formulas generate

= 1 lead to quadrature formulas having repetition

the weights of Gregory's rule.

In the next section relation (2.5) will be converted into a system of
fixed-term recurrence relations by introducing additional perturbations
which are expressed in all preceding perturbations Af.. In section 2.2 it
will be shown that a recurrence relation only containing Afj, j = n+l-2k,
n+2-2k,...,n+l can be obtained provided that we restrict K(x,y,f) to a

special class of functions.

2.1. Introduction of additional perturbations

Let us define the additional perturbations

1,2,...,r.

(i) _ ¢ _ .
2.7) e jzo wn’jRi(xj,fj)Afj, n=20,l,..., i



Substitution into (2.5) leads to the (r+1)(k+l)-terms relation

k
KZO Lapt M AN LI R O
(2.5")
T k .
- (i)
- izl KZO 2Q; (%1601
In addition, we have from (2.3) for the perturbations AGél) the recurrence
relations
k (i) k
(2.8) EZO 28601 * By EZO BeRi Gprr-prfnrr-g? 2 a1 = O
i=1,2,...,r.
By introducing the abbreviations
Lp = apl + b bpPx ypofnei-g)>
(i) _ _
(2.9) Mp T = mapQy ()
(1) _
Np o = bRy Gy o e
and writing
NS ,
n n
the relations (2.5') and (2.8) assume the form
k r
(0) (1), (1) -
EZO [LpG L1 p * izl My~ G 1 p] = O,
(2.10)
§ (@), (0) (i)
zzo [Ny ™78 1_p *+ 2p0C [ _,1 = 0, i=1,2,...,r.

(1)

Let us consider the special case where L,, MZ and Nél) do not depend

on n. Then, following the theory for linear difference equations with



constant coefficients we try to write the solutions of (2.10) in the form

(2.11) AGél) = e(l);n, i=0,1,...,r,

where ¢ is a scalar and e(l) is a vector independent of n. This supposition
is correct when the equations obtained by substituting (2.11) into (2.10)

have a solution, i.e. when we can find a scalar ¢ such that the equation

k k k
k=L (1) k-£ (r) k£ (0)
Y L,C IMy T L) Myt e
0 £ 0 £ 0 £
k k
) Nél) k-4 7 aﬂgk—ﬂl Q (1)
(2.10") 0 0 =3
k
k-2 k-2 (r)
z N(r)c z a,tc I e
0 £ 0 £
has a solution (e(o), .,e(r)) independent of n. Representing (2.10') in
the form
(2.10") c()? =0,

and taking for ¢ a root of the equation
(2.12) det[C(z)] = 0,

it is obvious that (2.10') has a non-trivial solution Z. Hence, a necessary
condition for (2.10) to have bounded solutions is the requirement that all
solutions of (2.12) are within or on the unit circle. It can be proved that
this condition is also sufficient provided that the Jordan blocks corres-—
ponding to the roots of (2.12) which are on the unit circie are lxl-matrices
[7]. In our case, however, LK’ Méi) and Néi), i.e. the characteristic matrix
C, depend on n and consequently the above requirement on the rocots of (2.12)

only has a local meaning. In the following the matrix C will be assumed to



depend on n and denoted by Cn'

DEFINITION 2.1. For kernel functions of the class (2.2), scheme (1.2) satis-

fying (2.3) will be called locally stable at the point X with respect to

the perturbations AGél)

circle, those on the unit circle having Jordan blocks of order 1.

when all roots of (2.12) are within or on the unit

It is to be expected that local stability in a sequence of points

S SRR S, implies global stability in the range [xn’xn+m] provided
that Cn is slowly varying in this interval with respect to the step size
h .

n

In the following we will concentrate on the derivation of local
stability criteria. These criteria often lead to conditions on the eigen-

values of the matrices han(x —ﬂ) i,£ = 0,...,k. In such

n+1—i’xn+]—ﬂ’fn+1
cases it is convenient to define the stability region of a method as the

set of points in the space spanned by the eigenvalues z of

han(x

n+l-i,n+1-£
n+1—i’Xn+1-£’fn+1—£) where the characteristic equation (2.12) has its
roots within or on the unit circle. Furthermore, it will be assumed that

the matrices Qi(x) are scalar functions. We now give the following theorem:

THEOREM 2.1. When the matrices Qi(x) in (2.2) are of the form qi(x)I, qi(x)
being a scalar function, then scheme (1.2) Zs locally stable in the sense

of definition 2.1 1if the equation

k
(2.12) det{ z a.
i=0 * 2=0

.k
k-1 9K k=L _
Q I: (aKI + b/@hn _a—f(xn'l'l_i’Xn+1—/e’fn+1_/@))c ]}—O

has 1ts roots within the unit circle or on the unit circle, those on the

unit circle having Jordan blocks of order 1.

PROOF. By elementary manipulations with the rows in the matrix Cn we have

k k-i,r-1 k k-1
det[Cn(C)] = det{( Z aiIc ) } % detf{ Z

‘a.g *
1=0 1 L

0

k
3K -l
[KEO (a£1-+b£hn Sf(xn+l—i’xn+l—£’fn+1—£))C 1} =0.



Let Z be a root of ZE aick_l with |z] = 1 (for instance, ¢ = 1 is always

=0
a root by virtue of (2.3)). If the matrices in (2.10') have dimension s

~

then z is a root of multiplicity (r—1)s. Solving (2.10") with ¢ = ¢ yields:
»(0) _z % (1)k=£=(1) EErk-la) _ %
e, =0’ZM£€ e +...+ZM£<: e = 0.
£=0 £=0

Hence, we can find (r-1)s independent vectors satisfying (2.10"), or in

other words, the Jordan blocks corresponding to ¢ are Ixl-matrices. 0

The problem now is how to derive practical criteria from theorem 2.1.
When we proceed as in the stability analysis of integration methods for
ordinary differential equations, the Jacobian matrices Kf(xn+l—i’xn+l—£’
f —K)’ in the characteristic equation (2.12) are replaced by a locally

n+l
constant matrix J (the "slowly varying Jacobian" approach), which leads to
the characteristic equation
k k
(2.13) I apct £y (ap +by2) T Lo,
£=0 £=0
where z denotes an eigenvalue of th. Since this equation is just the
characteristic equation of the linear multistep method with coefficients
ap and bﬂ when it is applied to the differential equation df/dx = Jf, stabi-
lity criteria can directly be derived from the stability theory for ordinary
differential equations. This immediately suggests to choose scheme (1.2)
such that it corresponds to a multistep method with good stability proper-
ties. Such methods are the Curtiss-Hirschfelder or backward differentiation
formulas [2] defined by
k

-1, ZZ (1-8)7a, + b, = 1, jo=0,1,...,k,
=1

[\
]

bﬂ = 0, £=1,2,...,k.

The stability regions of these formulas contain the whole left half plane
for k £ 2 and almost the whole left half plane (except for a small region

near the imaginary axis) for k = 3,4,5 and 6. In order to make use of these



excellent stability properties one should find the corresponding weights

wn,j by solving the relations (2.3) and (2.6). In [8] solutions are given
and the resulting quadrature formulas are investigated.

We should bear in mind, however, that the replacement of Kf(xn+l—i’
Xn+l—£’fn+l—£) by a constant matrix J is dubious when the Jacobian matrix
is a rapidly changing function of x, y and f. In order to obtain more
rigorous stability criteria additional information about the integral equa-
tion should be provided.

In section 2.3, stability results will be derived in terms of the eigen-

values of the Jacobian matrices Kf(x —K) for two specific

. 5X f
n+l1-i’"n+1-£’ n+l
classes of kernel functions and a specific integration scheme. Firstly,
however, we describe in the next section an approach to generate recurrence

relations with a fixed number of terms only containing perturbations Afj.

2.2. Recurrence relations without additional perturbations

When the Jacobian matrix of the kernel function has the form
oK
(2.14) §¥(x,y,f) = P(y,f) + xR(y,f)

it is possible to obtain a recurrence relation only containing a fixed
number of perturbations Afj. This will be shown as follows. For kernel func-
tions satisfying (2.14) relation (2.4) can be written in the form

n+l

nt1-g " jzo Vne1-g, 3 Py 5+ X RO, £ JAF

Af
(2.15)
n+l

- - <
£h jZO wn+l_£,jR(xj,fj)Afj, ntl-£ >k, 0 < £ < k,

where we have assumed hn = h, i.e. a constant step size. Taking suitable
linear combinations of (2.15) and using (2.3) and (2.6) we obtain the re-

lations



K
KZO A g ¥
K
(2.16) th ﬂzo PP o T 1) * e RO o T ) 10E
k n+l
+ h KZO La, jZO Voriog, iR ED0EL = 0, n 2 2k-1.

Since (2.16) holds for all n 2 2k-1 we may write down k+1 consecutive rela-

tions as follows

k k

ZZO aﬂAfn+l—i—ﬂ *h ZZO bZ{P(Xn+l-i—£’fn+l-i—£) *

iR e f i) P i
(2.17)
k n+l-1i

tho) o dLayg )W e

R(x.,£.)0f, = 0,
£=0 j=0 I3

n+l-i > 2k, 0 < i < k.

Again taking linear combinations of (2.17) yields the relations

i
a.
t 2=0

I %

Lap + Bbp{PCx 4y s pof himiop) *

i=0

F iR g Fpe e T8 g
(2.18)
Dag )t L
+ h a. La w_ . ., .R(x.,,f.)0f, =0,
iZo 1ol L 520 n+l-i-£,7 “73°73777]

n 2 3k-1.

By interchanging the summations of the last term of the left-hand side of

(2.18) this term reduces to
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k
h .z z Kaz('z aiWn+1-i—£,j)R(xj’fj)Afj =

k
h ) La, ) (.Z 8 W 1oiog, RO HEDOE, =

I e,
- h La b.R(x
220 L .50 i

_p)AE
i=0 L

n+1-i-2°Tne1-1 n+1-i-g

where we have used (2.3) and (2.6). Substitution into (2.18) yields the

recurrence relation

k

j2o i zzo[aﬂ T AL CS T LS e Y 2

fbv1w

(2.19)

+ ( -ih)R(x _z)}]Af 0,

Xn+l-i n+1-i—£’fn+l—i n+l-i-f ~

n = 3k-1.

Note that Afn only depends on Afj for n+tl-2k < j < n. The definition

+1
of local stability, given in section 2.1, should be modified in an obvious
manner, viz. the kernel functions are restricted to the class (2.14) and

the space of perturbations only contains Afj. From (2.19) we finally have

the following theorem.

THEOREM 2.2. Scheme (1.2) satisfying (2.3) is locally stable in the sense
of definition (2.1) (with obvious modifications) if the equation

kg
(2.20) det{ ) at *

1=0
k

3K Kl
[Ezo(azl-kbzh Sf(xn+l-2i,xn+]—i—ﬂ’fn+l—i—£))C 11 =0

has its roots within the unit circle or on the unit circie, those on the

unit circle having Jordan blocks of order 1.

Comparing (2.20) and (2.12') we see that in (2.20) more of the "history" of
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g% is taken into account. However, when the Jacobian matrix %% is locally
approximated by a constant matrix J it is easily seen that (2.20) is identi-
cal to (2.13).

We remark that the analysis presented in this section can be generalized

for the class of kernel functions satisfying

9K _ T
E(X,Y,f) = P(Y,f) + z X Ri(y’f),
i=1

by repeatly taking suitable linear combinations. The resulting recurrence

relation for Afn contains k(r+l) + 1 terms Afj. However, the resulting

+1
stability conditions are difficult to derive even for the case k = 1.

2.3. Derivation of stability conditions

In the derivation of stability conditions from the theorems 2.1 and 2.2

the following lemma is frequently used:

LEMMA 2,1. Let F(g) be a matrix-valued function of the scalar t with eigen—
values ¢j(;), j=1,2,...,8. Then the roots of the equation

det[F(z)]1 = 0
are within or on the unit circle when the roots of the equations
¢j(‘;)=0, j=l,2,-..,s

are within or on the unit circle.

PROOF. Let leaa root of det[F(z)] = 0 then the matrix F(Z) necessarily has
a zero eigenvalue. Since the eigenvalues of F(Z) are of the form ¢j(Z) we

have ¢j(c) = 0 for some j. Thus, be requiring that all roots ¢ of ¢j(c) =0
satisfy |z| £ 1 for all j, the roots of det[F(z)] = 0 certainly are within

or on the unit circle. g
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2.3.1. Jacobian matrices with locally constant eigensystems

When the eigensystems of the matrices Kf(xn+1—i’xn+1—£’fn+l-£) coincide
for i,£ = 0,1,...,k (e.g. in case of scalar integral equatiomns), it is
immediate from theorem 2.1 and lemma 2.1 that we have local stability if

the roots ¢ of the equation

k

r 2k-i-£
(2.21) ; %=0 aiLaﬂ * bﬂzn+1—i,n+l—£]C =0,
satisfy |z| < 1 for all eigenvalues zn+1—i,n+l—ﬂ of han(Xn+l-i’Xn+l—£’

f ).
n+1-£
For small values of k this equation easily gives the stability region

in the eigenvalue space {z —K}? p=0+ We shall illustrate this by

n+l-i,n+l
analyzing the trapezoidal rule defined by

= = = = = =l

(2.2) wn,O = 2Wn,1 = 2Wn’2 vee an’n_] wn,n 5 h.

This quadrature rule satisfies (2.3) with k =1, ay = "a; = -1. From this

it follows that bO = b] =-%, so that equation (2.21) assumes the form

(2.23) (1-1z el - 2+ te -1, Yo+ (1 +42 )=o.
2 “n+l,n+l 2 "n+l,n 2 n,n+l 2 n,n

Let the eigenvalues z be real then by the Hurwitz criterion we arrive at

the stability region

Z =
n+l,n+l

z + z <0
n+1,n+1 n,n ?

(2.24)
z -z + z -z <0
n+1,n+1 n,n n+l,n n,n+l ?
z -z + z -z < 8
n+l,n+1 n,n n,n+l n+l,n ?

Next we consider the stability conditions resulting from the analysis

presented in section 2.2. From theorem 2.2 and lemma 2.1 it follows that we
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have local stability if the roots of the equation

k

(2.25) . %=o a;lap + oz y1-2i,n+1-1-27°

2k=i-b _ o

satisfy |z|] < 1 for all eigenvalues z In the case of the

n+1-21i,n+1-i-£°
trapezoidal rule we arrive at the stability region

<
zn+1,n+1 <0,

+ <
Znel,n+l T Zn-l,n-1 = 02
(2.26)
- + - <
zn+l,n+1 zn—l,n-l zn+1,n zn—l,n 0,
- - <
Zn+],n+l zn—l,n—] Zn+l,n * zn--l,n < 8.

It is not surprising that the regions defined by (2.24) and (2.26) are dif-
ferent because the spaces of perturbations, appearing in the definition of
local stability, are different.

The preceding derivations become increasingly difficult for larger
values of k. In such cases one may get a rough impression of the stability
region by applying the "slowly varying Jacobian" approach mentioned above.
In case of the trapezoidal rule this would give the familiar condition (for

complex eigenvalues)

1
(2.24") Re an],n+l
Although the conditions resulting from (2.21) and (2.25) depend on n,
i.e. only have a local meaning, there is an important class of kernel func-
tions for which the analysis of section 2.1 and 2.2 may give conditions for

global stability. This is investigated in the next section.

2.3.2. Convolution kernels

An important class of integral equations has kernels of the form
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(2.27) K(x,y,£) = k (x-y)Af,

where k* is a polynomial in (x-y) and A is a matrix with constant elements,
Evidently the Jacobian of (2.27) can be presented in the form (2.2) with
scalar functions Qi(x). Furthermore, the eigensystem of 3K/3f does not de-
pend on x, v and f so that we arrive at the characteristic equation (2.21)

with

*
zn+1—i,n+1-£ - hnk (Xn+1—i - Xn+]—£)u

where o runs through the eigenvalues of A. In the case where constant inte-

gration steps h are used equation (2.21) reduces to

k
* .
(2.28) . 123=0 ai[aﬂ + byhk ((£-i)h)alz

Zk-i-C _

Note that the requirement that (2.28) has its roots within the unit circle
not only implies Zocal stability but also global stability as the character-
istic matrix C does not depend on n. Secondly, we note that the analysis

of section 2.2 can be applied only when k*(x—y) = Y1-+y2(x—y). Therefore,

in order to compare the results of section 2.1 and 2.2, we will derive
stability conditions when the scheme is applied to such kernel functions.

It is easily verified that for such kernel functions (2.20) is identical to
(2.28) and has the form
k=i &

a.c ) [a,+b,hoy 12570 4 n2ay 12( a.b,(-i)z
o 1 220 J A A 2 i f=0 I L

2k-i-£ _

(2.28") 0.

| o~

i ,
The second double sum in this equation is due to taking into account the
variation of the Jacobian matrix with x and y. Especially, when Yy is small,
i.e. Y, = O(h), these terms cannot be neglected so that equation (2.28')
may differ considerably from the "multistep equation" (2.13).

Finally, we give the conditions for global stability of the trapezoidal

rule in the case of a convolution kernel (compare (2.26)j.

(2.26") hayl <0, hzay2 <0, hzayz > =4,
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From the last condition we conclude that the stepsize h is restricted by
h2 < TE%—T, o being ‘an eigenvalue-of A. Numerical experiments, reported in
2

the next section, confirm this result.
3. NUMERICAL ILLUSTRATION

In this section we will verify the stability analysis when applied to
the trapezoidal rule. In particular we are interested in the difference
between conditions (2.24) and (2.26) resulting from a different analysis.

It should be noted however that (2.26) is applicable only if KXxf = 0.

In order to illustrate the analysis we specify a number of scalar
integral equations. For each problem we will check the conditions for stabi-
lity yielding a prediction for stable or unstable computation. A final num-

erical experiment will verify this prediction. All problems were solved

using a constant stepsize h, the range of integration was 100h.

Problem 1: _
K(x,y,f) = (ra+bx+cy)f;

g(x) = (I-¢)sin x + a-bx + ((b+c)x—-a)cos x

solution £(x) = sin x.

For this set of problems the (local) stability conditions (2.24) and (2.26)

are
2 2
(3.1) 100 h(b+c) < a; bh™ < 0; ch™ < 4,
and
2 2 2
(3.2) 100 h(b+c) < a; 2bh™ + ch™ = 0; ch™ < 4.

Note that (3.1) is more stringent that (3.1) as it allows the parameter b

only to be negative. We have chosen the following values of the parameters:
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la) a = 1001, b = -900, c = 1000, h = 0.1

The conditions (3.1) and (3.2) predict instability. The numerical solu-
tion was indeed unstable. The true error was amplified by a factor of approx-

imately -4.

1b) a = 1501, b = =50, c = 200, h = 0.1.

Condition (3.1) predicts stability, whereas (3.2) predicts an unstable
behaviour. No severe instabilities were developed during the computation,
only a small increase in the absolute error was detected. Hence, the numeri-
cal solution did not give a decisive answer to the question whether it was
stable or not. In fact, it was difficult to find an example for which the

numerical solution was strongly unstable.

lc) a=1, b = =400, c = 400, h = 0.1.

Conditions (3.1) and (3.2) reveal that for this choice of the parameters
we have a point on the boundary of the stability region. Indeed, inspection
of the true error confirmed that the amplification factor was approximately

-1.
1d) convolution kernel.
a=1/4, b = =320, c = 320, h = 1/8.

For convolution kernels conditions (3.1) and (3.2) coincide and pre-
dict global instability. In every step, the absolute error was amplified
by a factor ~ -2.8, indicating a severe instability.
le) convolution kernel

a=1/4, b=-128, ¢ =128, h=1/8.

Both conditions predict stability. The numerical results confirmed this

behaviour.
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Problem 2. (nonlinear)

2.3
K(x,y,f) = -x"f7; g(x) =

I
b
+

|
b

solution: £(x) = xz, h

1]
o

It is easily seen that (2.26) gives no decisive answer, since it is
not applicable, (2.24) predicts stability. No instabilities were developed

during the computation.

From these experiments we conclude that the stability conditions (2.24)
and (2.26) give a good prediction for the global numerical behaviour, al-

though they result from a local analysis.

4. CONCLUDING REMARKS

An important feature of this paper is the considerable extension of
the class of kernel functions for which a stability analysis can be carried
out. However, the derivation of stability conditions from our analysis is
elaborate even in the case of scalar equations. Therefore, we recommend to
apply the present analysis only to schemes which have good stability pro-
perties with respect to the test equation f(x) =1 + fg f(y)dy. Since apply-
ing our analysis to more general kernel functions may lead to more rigorous
stability conditions (compare the trapezoidal rule), it must be regarded as
a necessary second sieve in order to select an appropriate scheme for the
solution of Volterra integral equations.

The class of quadrature rules which we have considered is related to
the class of linear multistep methods for solving ordinary differential
equations and, therefore, the quadrature weights do have a certain structure,
although this is not necessarily a line by line repetition. On the other
hand, not all composite rules, investigated by BAKER & KEECH [1], in parti-
cular those having repetition factor unity, fall within this class. However,
a generalization of our analysis so as to treat this class of schemes as

well, is subject to further research.
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