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On the numerical solution of Volterra integral equations of the second kind

II Runge-Kutta methods

by

P.J. van der Houwen & J.G. Blom

ABSTRACT

The purpose of this paper is to present the stability regions of a
number of Runge-Kutta methods for the integration of second kind Volterra
integral equations. Unlike the usual stability analysis, the kernel func-
tion is allowed to vary linearly with the independent variable. A second aim
of the paper is to show that the addition of certain terms in the numerical

formula increases the stability regions considerably.

KEYWORDS & PHRASES: Integral equations, Volterra, stability regions, Runge-
Kutta type formulas






CONTENTS

1. INTRODUCTION

2. SINGLE-STEP METHODS
2.1. Summary of the theory
2.2, Simpson-Runge-Kutta formulas
2.2.1. Explicit formulas
2.2.2. Weakly implicit formulas
2.2.3, Fully implicit formulas

REFERENCES






1. INTRODUCTION

In [4] stability conditions were derived for multistep and Runge-Kutta
type methods when applied to second kind Volterra integral equations

X

(1.1) f(x) = g(x) + J K(x,&,£(8))dE,

X

0
with kernel functions K approximately satisfying the relations

2 2 2
3K _ . 9K _ . 3K _
(1.2) = 0, = 0’5?3% = constant.

In addition, a modification of both multistep and Runge-Kutta methods was
proposed of which it was claimed to have a stabilizing effect. In this paper,
a number of Runge-Kutta methods are analyzed with respect to their stabili-
ty regions. It turns out that in all cases the modified forms do have larger

stability regions, sometimes to a considerable extent.

2. SINGLE-STEP METHODS

In this section we present integration formulas of the form (cf.[4])

D -
f(j) =F (x +u.h ) + h ? A., K(x +6. h ,x +v. h f(l))
n+l nn "jn 020 AR n j&n’n "j2 n’ntl’’
(2.1)
3 =1,2,...,m;
n+l féT?’ Hp = 0pp =1 2= 0()m,

where Fn(x) is an approximation to the expression

X
n

g(x) + JK(x,a,?(a))da,

%0



f(x) denoting an interpolation function through f., f e fn.

following we assume that the weights an

form

X
n
n
(2.2) [ $(x)dx = ) LALICHILE
o

2.1,

i=0

For each formula we will specify:

(1) The order of the quadrature error:R

(2) The order of the truncation error:T

(3) The characteristic equation:

(4) The stability region:

Summary of the theory

o’ Ey» In the

define a quadrature rule of the

f

n+l1

n

X

n
=ﬁ@)—uw—jx&@£@n&
* XO
= fn+] - f(xn+]), where

is the solution of (2.1)

when Fn(x) is replaced by

g(x)

X
+ an K(x,E,£(8))dE

0
and fn by f(xn).

C(z) = 0, the roots of which

are the amplification factors

by which perturbations are am— -

plified when the integration-—

formula is applied to the model
problem (1.2).

|z

<1

To scheme (2.1) we may associate (Znternal) stability functions:

DEFINITION 2.1. The (internal) stability functions Qm(z,y), Rm(z,y) and

Sm(z,y) of scheme (2.1) are defined by the recurrence relations



m

220 A (2405,9)Q, (2,)

QO(Z,Y) =1, Qj(st)

(2.3) Ry (2,¥)

m
0 Ry(amy) =1+ ) g (0 nR (2y), § = 1D,

P

m
S =0 . . .
0(Z>¥) o S5(z.y) = w4 zzo Aig (240,908 (2,y)

THEOREM 2.1. Let 'En(x) be defined by

n
Fn(X) = g(x) + Z anK(xsxj:fj)',

(2.4) =0
Aan = wh+1j - wnj =0, j=0()n - 1,-
then
(a) f(Xn+1) —f = 0RY ¢+ O(Tn) as h - 0,
When, in addition
(2.5) OK/3f 78 a slowly changing function of & and £ and 82K/axaf 18

a slowly changing function of x, & and £, Z.e.
K(x,g,f) = (L(x,&,f) + xH(x,£,f))f

where L and H are slowly varying functions of x, & and f;

(2.6) Hn = H(xn,xn,fn), Jn = L(xn,xn,fn) + ann;
2.7) Afj are suffictently small perturbations of fj’ j = 0()n, then
(b) A.nﬁml = BnAVn,
where
v 7 7 T
\ = _
(2.8) AV = (Bf ,...,Mf—,AF (x ), 'Z wanXf(xn,xj,fj)Afj) ,

1=0



(2.9) A.n = <:::> : : . s Jn = Ln + ann

—wh+ln+lJn 0 . . . -

—Wn+1n+lHn

and

| 0
(2.10) B_ = (:::> o : : : ,
0

1 0 0
Awnan . . . AwﬁﬁJn 1
Awnan . . . AWﬁEHn 0 1

Q. Ry and S, being evaluated at
2 2
(z,y) = (thn,han) = (th(xn,xn,fn), hnH(xn,xn,fn)).

PROOF. See [4].
THEOREM 2.2. Let ﬁn(x) be defined by

n n
Fn(x) = g(x) + 'Z wth(x,xj,fj) + [fn“gn_ X wan(Xn’Xj’fj)]’

(2.11) 3=0 j=0
: Awnj = wn+1j - an = 0, j= o(1)n - 1,
then
(a) £x,) - £, =0 'T)+0®) ash =0,

bhen, in addition, conditions (2.5), (2.6) and (2.7) are satisfied, then

- >
(b) AAV_ ., =BV,



where

-

n
_ _ T
(2.13) BV, = (O ,...,0f=, jzowanXf(xn,xj,fj)Afj) s

@,

(2.14) A.n

and

(2.15) Bn = <:::>

1 0 0
Aw H . . . . Aw —H 1
nn n nn n
PROOF. See [4]
THEOREM 2.3. Let Fn(x) be defined by
n-1 m
Fn(x) = g(x) + E z wé%)K(x,x§iz,fgfz),
(2.16) j=0 g=0 ™ J
AR () (R) _ . _ -
Awnj = Wn+1j wnj = 0, i = 0(1)n-1, 2 = 0(1)m,
then
(a) f(xn+1) - fn+1 = O(Tn) + O(Rn) as h + 0.

When, in addition, conditions (2.5), (2,6) and (2.7) are satisfied then



>
(b) AnAV ] B AVn,
where
> (1) m) %
(2.18) AV = (A, BE Y AR (),
n-1 m
Z z w(%)K f(x ,xglz,fgz))Afgz))T
i=0 2=0 nj xfn’T3+1°73+1 j+l
P=h 9 hhiode o T °c 0
ThodoiTar T T BAaaTg) . ..
(2.19) Aﬁ )
- . . .. b=hXx J 0 0
hnAmIJml S N mm mm
(1) , (m) -
Wn+1an ° A Wn+1an I hn
(1) (m) _
n+1an : + « « Yotlnn 0 !
and
0 h AT L omyhy
(2.20) Bn = .
0 hn)\mOJmO 1 lehn
-, (D) -
0 Wn+an'n : l 0
(0)
0 wn+lan 0 =1
with J,, =J_+ 8. hH._.
3% n j&nn

PROOF. (a) This statement was proved by de Hoog and Weiss [2].

(b) From the definition of §n(x) and conditions (2.5), (2.6) and
(2.7) it follows that



- m
~ ~ (2) 3K (2) £(2)y,6(2)
AFn(X) - jZO RZO Ynj 3f (x, XJ+1’ J+1)AfJ+l
n-1 m
It (2) (2) (2)
- JZO ,QZO nj [Bf (xn j+1? J+1)
82K

(2 f(z))] £ ()

+(X_Xn)ax3f(xn’ j+1? j+l

AFn(xn) + (x—xn)AGn,

where we have written

n—-1 m 2
WK ) (1)), ()

AG = Z z W (x_, ,£
n 520 220 nj oxof n’ J+] j+l j+1°

Is is easily seen that the following relations hold:

IR

() o A% T ¢5)
Af n+l — AFn(Xn) * ujhnAGn * n XOAJQ[ jzhan]Afn+1’

AF (x

~ AR (2) (2)
n+1 Fpep) = AF (x)) + h AG L+ y W J Af

n+ln n n+l’

m
~ 2) %)
AGn+1 - AGn + Hn 2Eown+lnAfn+l

These equations are easily verified to be identical to the vector equation

-S>
A Av = B AV of the theorem. 0
n- n+l n n

DEFINITION 2.2. The characteristic equation of scheme (2.1) is defined by

(2.21) det (B -zA ) =

2.2. Simpson—Runge-Kutta formulas

Let F (x) be defined by (2.4) using repeated Simpson rule for even
values of n, and by repeated Simpson + /g rule for odd values of n > 1.

The matrix W = (whj)’ n=2,3..., j 0(1)n is then defined by (constant
step sizes)



32 8
27 27 9
32 16 32 8

_h
(2.22) W= 5% 17 27 27 ? .
® ® 8
. . . . 17 27 27 9
8 32 16 32 ... 16 32 16 32 8

For n = | we may define

m

(2.23) Fo(x) =g +h ]

2. K (x.#6. h,x
=0 je 0 "32

(®)
O+vj2h’f1 ).

We shall call the class of formulas defined by (2.1), (2.4) and (2.22)

Simpson-Runge -Kutta formulas.

The quadrature error R of this class behaves as

(2.24) R_ = 0(h*) as b > 0.
The characteristic equation (2.21) for the case where h J and hrlen
have a common set of eigenvectors with eigenvalues z and y, was derived in

[4]. By working out the determinant we find for odd values of n the polyno-

mial
6 1 1 1 5
ro - [2+ Qm+—3—sz+§yRm+3ySm]t;
23 5 5 4
+[1+2Q -35-yR -5 2zR 8ysm]c
o017 11 17 3
+ - Qm * 12 ZRm * EZ'yRm * 12 ySm] 4
(2.25a)
o2 5 2 2
o EERy g YRyt 3 vS e
s o+l gr o+ Lysg
4 m 24 m 4 m

+
|
<
w0
=]
L
I
o

" %ﬁ: ZRm 24



For even values we find

3 3 3 4
C(a;)=;5-[2+Qm+§sz+-§yRm+§ySm]c
5 19 5 3
+ [1 +2Qm —]—Z‘ZRm—'z"ZyRm I—Z-'YSm] C
(2.25b) + [—Qm + sz + é%-yRm + ySm] Cz
I R + ! R + 1 S ]
- [4 2% T 724 Y % Yop'
+ B 2R + Lys1=0
24 ““m 24 Y°n :

When we use (2.11) instead of (2.4) for the calculation of Fn(x), the same
order relation (2.24) for the quadrature error is obtained. The characteris-
tic equation (2.21) is obtained by application of theorem (2.2). Omitting

the details we finally find for odd values of n

5 1 4
ool Qm tRy Y §-ySm] ¢

23

(2.25a") + [Qm + Rm - Ez-ysm] €3

11 2 _ 5 1
*oon YSE T 95 YSpt t oo VS, = 0,

and for even values of n

4 3 3
A e L
(2.25b") + [Qm + Rm - ;—2 ySm] cz
5 1 _
+ oA ySmC - EZ—ySm = 0.

In the following we only present the stability region ];(z,y)[ < 1 in the
third quadrant of the (z,y)-plane since the integral equation itself is only

stable in that area (cf. [4]).
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2.2.1. Explicit formulas

When A‘y = 0 for & = j scheme (2.1) does not require the solution of

s

implicit equations. From a computational point of view such formulas may

be attractive when no instabilities are developed.

Third and fourth order Simpson—Beltjukov formulas

In [1] Beltjukov gives a formula in which (3=1(1)3, & = 0(1)3)

1 0 0 0 1/2 0 0 0
(Ajz) = (1/9 2/9 0o 0], (ejﬂ) = 1/2 1 0 0}
0 1/4 3/4 0 0 1 1 0
(2.26)
0 0 0 o0 1
. ) = 0 1 0 0], (u.) = 1/3
(v5,) (uy) /

o

1 1/3 0 1

The truncation error of this formula behaves as

(2.27) T_=0@*) as h > o.

Thus, by virtue of (2.24), (2.27) and theorem 2.1 we may conclude that (2.4),

(2.22), (2.23) and (2.26) generate a fourth order Simpson -Runge-Kutta for-
mula. Its stability functions are easily found to be (apply (2.3))

Q3(z,y) =—é— (z+y) (Z%y)(2+z+y),
(2.28) Ry(z,y) = 1 +-% (z+y) (6+z+y),
5,(2,y) = 1 +-% (z+y) (3+z+y) .

In a similar way we conclude from theorem 2.2 that (2.11), (2.22), (2.23)

and (2.26) generate a third order Simpson—Runge-Kutta formula.
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\\ -1.0

\3§§
D — - =1.3
N~
\\ \\\\\\
AN \\\\
~
\\
AT ™~ -2.0
n even ™~
~
\\
~4 =2.4

Fig 2.1 Stability region of the Beltjukov-Simpson formula

The stability regions I;I < 1, ¢ being the roots of (2.25) and (2.25'),
respectively, are the inside areas in the third quadrant bounded by the
solid and broken lines, respectively. In the latter case the overall region
of stability is given by the intersection of these two ares (n even and

n odd). In the next figures the same conventions are used.
Fourth order Simpson—Pouzset formulas

Presumably the first Runge-Kutta type formula was given by Pouzet [3]

in 1960. Its parameter matrices are
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1/2 0 0 0 0 1/2 0 0 0 O
(sp) 0 1/2 0 0 O ’ (ejz) _| 0o 172 0 0o o
0o 0 1 0 o0 0O 0 1 0 0
1/6 1/31/31/6 0 1 1 1 1 o0
(2.29)
0 0 0 0 O 1/2
0 1/2 0 0 0 1/2
) = / sy o= | V2,
0 0 1/2 0 0 J 1
0 1/21/2 1 0 1

The truncation error is given by
5
(2.30) Tn = 0(h™) as h » 0.

Hence, (2.4), (2.22), (2.23) and (2.29) generate a fourth order Simpson -
Runge-Kutta formula. Replacing (2.4) by (2.11) again yields a fourth order

formula.

The stability polynomials are given by

£ ) U+ by) L1+ (2+hy) (+hz+by) 13,

Q4(Z’Y)

(2.31) R, (z,y) = 1 + %-(z+y){3+(]+%z+%y)(2+z+y)} ,
S, (2,y) = 1 + ¢ (z4y){2+(I+hz+hy) (I+ha+y) ],

The cdrresponding stability regions are shown in figure 2.2. by the solid

and broken line, respectively.
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y
-2.7 -1.9
AL\ 1 z
AN
N
N
N
N
AN
AN
AN
AN
N
N
AN
AN
N L -2.0
N
N
AN
AN
AN
AN
N
Y -3.2

Fig 2.2 Stability region of the Simpson-Pouzet formula

A fast third order formula and its stabilized second order modification

The formulas of Beltjukov and Pouzet both require two evaluations of -
the function Fn(x) in each integration step. Since these evaluations form
the bulk of the computational effort, it is suggested to look for formulas
which require only one evaluation of ﬁn(x) per integration step. This is
achieved by choosing uj =1 for j = 1(1)m. Let us consider the class of

explicit, two-stage formulas, i.e. m = 2, A. = 0, for £ 2 j. From

B
(4, eq.(3.6)-(3.9)] we may derive that this class is second order consis-—
tent, 1.e.
3
(2.32) . Tn = 0(h”) as h -+ 0,

provided that

A =1,

20 ¥ *21
Voor20 * Va1tpp = %>
Morar = b

Aoy = 2
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These equations lead to the following parameter matrices

I 0 O ' 1
(i) = R RO R R
J b} 1 J 1 10
2.33
(2.33) L
(\)'2)=2
? i 40

Thus, (2.4), (2.22), (2.23) and (2.29) generate a third order Simpson—Runge-
Kutta formula which is roughly twice as cheap as the fourth order formulas
of Beltjukov and Pouzet. Replacing (2.4) by (2.11) decreases the order by
one but yields a larger stability region as may be derived by substituting

the functions

Q,(z,y) = z(z+y) (1+z+y),

(2.34)
Ry(z,y) = S,(z,y) = 1 + 3z + iy,
into the characteristic equations (2.25) and (2.25'). The stability regions

are given in figure 2.3 by the solid and broken lines, respectively.

-2.0

Fig 2.3 Stability region corresponding to (2.33)
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An adaptive third order formula

The relatively small stability region of formula (2.33) leads us to
consider higher point formulas (again with uj =1 for j = 1(1)m and to use
the extra parameters to enlarge the stability region. For m = 3 the condi-

tions for a third order truncation error Tn become [4]

30 T A3 t Az = b

3030 * V31131

= 1
31 ¥ 232 T 2

= 1
10031 F (optrgdrsy = 2

It is easily verified that the parameter matrices

= 1
* Vgphyy = 25

> o> < >

/ AIO 0 0 O 1
y 0 4 I
(2.35)
1 0 0 0 o0 o©O
(65,) = 1 1 0 , (i) =0 0 0 0

o
o
o

satisfy the consistency conditions irrespective the values of Alozand A21'

The stability functions of scheme (2.35) read

_ _ 2
2.36) Q3(z,y) = b (z+y) 01+ (1-2, ) (z4y) + Xorog (2ty) 7]
Ry(z,y) = S5(z,y) = 1 + 3(z+y) + %A21(2+y)2

Since AIO and AZ] are free parameters we may use them to monitor the ampli-

fication factors corresponding to a particular eigenvector component in the
perturbations Afi’ i = 0(1)n. For instance, when the matrices thn and

hrlen has the eigenvalues z, and Yo for this eigenvector, we may choose AlO

0

and A21 such that

(2.37) Q3(ZO,Y0) = R3(ZO,Y0) = SB(ZO’YO) =0,

yielding the amplification factors Ly =%y =t3=¢,= 0, Cs = Cg = 1 for
odd values of n (cf.(2.25a)) and L, =0y =203 = 0, C, = %5 = 1 for even
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values of n (cf.(2.25b)). In the case of scalar integral equations where Jn
and H have only one eigenvector, condition (2.37) would give unconditional

stability. It is easily seen that (2.37) is solved by

2
1
@7y -l 0Ye  HRe) 2T % Y
L] - r 9 - _—n .
10 (ZO+YO)(]+2(ZO+Y())) 21 (zo+y0)2

+2

+1

Fig 2.4 Parameters AIO and A21 as functions of zy * ¥,

In figure 2.4 the behaviour of AIO and AZI as functions of zy + Y, is shown
revealing that AIO becomes singular at zy + Yo = -2 and z + Yo = 0, and

AZI becomes singular at z, + Yo = 0. Let us choose

A = -1 for z, + y, = -1
(2.38) 21 0" Y= .
A2] according to (2.37') for zg * 5y < -1
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and let KIO be free for the moment. In the region z

teristic equations (2.25a) and (2.25b) then reduce to (at (zo,yo))

* Yy S -1 the charac-

' 3 _ 2 - -
(2.25") 4 (2+Q3(ZO’YO))C + (1+2Q3(Zosy0))§ Q3(ZO,YO) 0
which may be written in the form

(2=1) (7= (14Q4 (2,5 )T + Q3(2957)) = O-

The roots are within or on the unit circle when

|Q3(ZO’YO) l <1, Z0 + yo < -1

where

) 2
Q3(Zo,yo) = %[(l-)\lo) (ZO+YO) + 2(1_>\10) (ZO"'YO) + 2]’

2z, Y, < -1
Let us choose

Mg =2 forzy+y,>-1- V3
(2.39)

A according to (2.37') for z < -1 -3

10 R

Then the amplification factors corresponding to all points (z ) with

N4
2y * ¥y < -2 (in figure 2.5 indicated by the dotted area) areolegs than or
equal to unity in absolute value. When the point (zo,yo) to which the scheme
is to be adapted is such that zy + ¥y 2 -1 we have AIO = 2 and AZI = -1 the
stability region of which is shown in figure 2.5 by the shaded area. Thus,
the formula defined by (2.35), (2.38) and (2.39) is unstable when (zo,yo)

lies in the blanc region in figure 2.5, which is approximately given by

zg * ¥ < -2, 6y0 + 420 > -3,

This leads to a small region of '"forbidden" values for the integration step h.
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. y
-2.0 -0.8 -0.7 0
| L] — : zq
stable
unstable . -0.5
— -0.7
stalle

— =2.0

Fig 2.5 Stability region corresponding to (2.35) with klO and AZI defined by
(2.38) and (2.39).

2.2.2. Weakly implicit formulas

When Ajl = 0 for & > j scheme (2.1) requires the successive solution of
at most m equations. Whe shall call such schemes weakly implicit to distin-

guish them from fully implicit schemes which require the solution of m simul-

taneous equations.

A third order one-point formula and its stabilized second order modification

For m = | the conditions for second order consistency, i.e.
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(2. 40) T - 0(h3) as h o,

read (cf.[4])

A10+>\”=1

DN

H

Viot1o Y V11t T
= 1
A =2

which lead to the parameter matrices

(. ,)

1]
~
ol
-
[N
~
-

(UJ) = (1), (6.,) = (1,1),

(2.41) i
OG0 = Oygo1749)

with stability functions

=23y
(2.42) 4=y 7=y ,
R, (z,y) =5,(z,y) = e e g

The stability regions corresponding to (2.4) (solid lines) and (2.11)

(broken lines) are presented in figures 2.6 and 2.6"'.

-28.5 -3.5
L — L VA

11 Cven \

AN

Fig 2.6 Stability region corresponding to (2.41)
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y
z
)’ _4¢0
~
e
7
e
~
-
~
/é_y‘:fz_l" n odd - =24.0
~
e /
- /
7
- |
P y=17z-24
b |
> n even |
|
|
i
|

Fig 2.6' Stability region corresponding to (2.41)

"Two point''formulas of fourth order and their stabilized third order modifi-
cations

First of all we remark that fourth order formulas require at least

two fn—evaluations. This may be concluded from the following three consis-
tency conditions (cf.[4]

um=1’
lill b, =
=
=1 ml" L 2
m
2 1
z AU, ==
221 ml 2 3

Since Mo is already fixed at the value 1, at least one Mo should differ
from O or 1 in order to satisfy these conditions. ‘

Secondly, for m = 1 no third order formulas exist. This follows from

the following two consistency conditions (follow from the fourth and eighth
condition of equations (3.6) - (3.9) in [4])

M
A

Nl

OV = N =



Let us now consider the case m

truncation error are (cf.[4])

A +

20 % A2 *

21 t A

22 = 1>

A

1

22 2

Vooroo * Vartar t Vaotoo T

+ A

Mo

1
Ao*A Ay * 290 = 3

5

22

2

Hirgp ¥

1
Aog = 3>

o\

( 7292

10v10 11011021 ¥

L1\

i)

M1t 22

<+

Aoty

N —

2 2
Vaor20 T Vaital

+

+ v

VorHirar t Vootan

Vo1 Aot )2g *

2
Ap ™) * Ay

HyQuotr gy + g =

A 10810™ 118117221 * 22 =

1

Vorrap * Vaotoy = 3

L
3

21

2. The conditions for a fourth order

1
"2"9

| —

S

These equations are greatly simplified when we put

(2.43) AZO = 0, My o= AIO + All'
This immediately yields ‘

_ L _3 1
(2.44) Mo = Ly =3 Ay =7 Ay =g

Substitution into the remaining equations leads to the conditions
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3v + v =

+
>

which finally result in the parameter matrices

1
6
0

1 2
3
I 1

(Ajg) =

(2.45) !
je 1
0 3 1
Together with the approximations (2.4) and (2.11), respectively, these para-

meters generate a family of fourth order and third order Simpson-Runge-

Kutta formulas with stability functions

3(z+y) z + Gloy

QZ(Z9Y) = > >

4= (z+y) 6=z~ (3 -0,y

1 18(z+y)
(2.46) R2(z,y) = —— '[4 + 5 ,

4 = (z+y) 6 -z - (3-— elo)y
$y(ey) = —— |44 82D

4 = (z+y) 6 - z (3 - Glo)y

In figure 2.7 the stability regions are shown for 810 = %f.
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-1.7

Fig.2.7 Stability region corresponding to (2.45) with 6]0 =3

The formulas (2.45) require the
able. It was pointed out by Schilder

1

solution of two equations in one vari--

[5] that it is possible to construct

formulas, which require the solution of only one equation in a single

variable. It is easily verified that

the matrices

11 2 4
330 3 %90 3 %0 ©
(2.47) (Aj2)= 13 . s (uj)= | s (6j2)= ] 1 |
A
2
Vio 3" V10 ©
W.,) =
% 0 2 0

together with respectively (2.4) and

‘(2.11), generate a fourth and third

order formula with stability functions
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3(z+6,y)
Q,(z,y) = %’(z+y) [1 + ZO ] >
o 3-z- G- ey
(2.48) RZ(Z’Y) =1+ 9(4Z+Y) s
4(3-2_(’3_ - 9]0)}’)
S,(z,y) =1 + 3(zty)

2(3-2-(5 - 0,)y)

Fig 2.8 Stability region corresponding to (2.47) with 6

10

. 2
In figure 2.8 the stability regions are given for 610 =3 -
y
- 2.3
<
N
AN
AN
AN
AN
N
AN
N
AN
AN
N
AN -1.
AN
AN
AN
AN
N
N
N
N
AN
< -3.6

2
3
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Fourth order Simpson-Newton-Cotes Formula and its third order stabilization

Instead of solving consistency conditions, one may construct formulas

by using quadrature rules. Let us consider formulas where (j=1(1)m)

xn+ujhn
(G) -~ % ~
(2.49) fn+l = Fn (xn+ujhn) + K(xn + ujhn’ x, f(x)) dx ,
X
n
where Ho = 1 and f(x) denotes an interpolation function through féi% .The

Runge-Kutta scheme is then obtained by replacing the integral by a quadra-

ture rule. The most simple application of this approach is the use of the
(1) _ @
n+l 1 n+l
diately leads to the parameter matrices

trapezoidal rule for f and the Simpson rule for fn+ . This imme-

11 1 L1y
7 7 3
(2.50) Gy =l Pt L wo = 2, . = ,
12 4 1
5z 1 111
o Lo
(v. ) = 2 .
I 0o +
2

The truncation error is obviously of fourth order as h -~ 0. The stability

functions become

1
4(z+5y)
NARURIFTTIN L L
2 6 (z+y) l 4 - (z*%—y)

6 8(zty) ]
(2.51) R, (2,y) = 7—— [ P+ —8Ety)

. 2 6 (Z+Y) 3(4_'(2%}7)) J

- 6 [ b(z+y) ]
S,(z,y) = Ty 1oy 2 K

3(4—(z+%y))

from which the stability region in figure 2.9 result,
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y
-11.8 - 2.3
1 1 z
AN
N
AN
AN
AN
AN
AN L -1.8
AN
N
AN
AN
AN
N
N
N
AN
N
N
AN
N -4.8

Fig 2.9 Stability region correponding to (2.50)

Fourth order Simpson-Newton—-Cotes formulas

Choosing the reference points x_ + ujhn at X > Xn + h,/4, xn + hn/Z

(1)

and at X 410 and defining £

n+l
rule at the points (xn,xn+hn/4,xn+hn/2), and f

n+l

by the trapezoidal rule,

(2)
fn+1

by Simpson's

by Simpson's rule at

the points (Xn’xn+hn/2’xn+hn)’ we arrive at the parameter matrices

1l 1 0 0 1
8 3 Z
o 1 1 1
(Ajﬂ) = 12 Y Té"‘ 0 Py (UJ) =
1 2 1 '
(2.52)
1 1 1
7 7 0 o\ oz 0
- |1 1 1 ’ - 1 1
©®.0= 17 37 3 0 1 () 0 7 3
1 1
1 1 1 1 \() I
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It is easily seen that this formula has a fifth order truncation error so

that both combinations (2.4) - (2.52) and (2.11) - (2.52) yield a fourth
order formula. The stability functions are given by

Q,(z,y) = —21 3 _ [ |+ ¢4 S2zty) (32+12z+3y)
L322 = A

(24-2z-y) (32-4z-y) ?

—

(2.53) R,(2,) = g—ae— [

[

53+ 16 <z+y) (96+20z+13y) ]
(24-2z-y) (32-4z-y) |’

~ 2 (z+y) (96+42+5y) ]
S,(z,y) = t-z-y [ 3 8 Bnm2zmy) (32-4z-y) I

and the stability region becomes that presented in figure 2.10.
-11.4 -10.1

-3.8_ -3.3 T
ﬂ\ n odd
/ <
/ \ n even
\ >
T
n odd / \
/)
b
/ |
z{\ I _ -5.0
\\‘\\\[
T~
| ™~
] ~
~_
/ ~
~
/ ~
~N
Z’— N
—— N _ -9.3
T \‘\\\\ \
n even ' \\‘\QE\‘§b
AN
XN
N -11.8

Fig 2.10 Stability region corresponding to (2.52)
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2.2.3. Fully implicit formulas

Although weakly implicit formulas possess larger stability regions
than explicit formulas, provided that the modified form (2.11) of the func-
tion Fn(x) is used, we still have no unconditional stability in the region

z < 0, v < 0. Therefore, we now consider a few fully implicit formulas.

A fourth order two-point formula and its third order stabilization

1 = = = = 1 1 i -
By putting XIO AZO o, A]l + A]Z My and A22 3 1n the consisten

cy conditions (cf.[4]) the order equations considerably simplify and easily

lead to the solution

5 1 1 4
0 17 17 /§ /0 6 56-3
. ) = s (1) =\ » (6..) = R
N 3 1 j ig
0 Z Z 1 \O 1 1
(2.54) 2
0 v 5v - =
v.,) = 3
j% 1 ’
0 3 ]

where 6 and v are free parameters. The truncation error behaves as

oh*) as h + 0

(2.55) Tn

-% , the stability functions become

and, setting ©

Qz(z’}’) =0,
‘ _ 27(z+y) + (36-15z-5y) s
(2.56) Ro(2:9) = 4 3055y Gzry) ¥ (36=152-5y) (-2=7)
_ 9(z+y) + (36-15z-5y)
Sz(z,y) =4 3(z+y) (3z+y) + (36-15z-5y) (4—z-y)

The stability regions are given in figure 2.11.
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- 2.9

_L-9.0

1

Fig 2.11 Stability region corresponding to (2.54) with 0 =3

Fourth order Simpson-Newton-Cotes formulas

Fifth order and higher order truncation errors can be obtained by

using quadrature rules and basing the method on formula (2.49). Let us
M,
n+l Y

a formula with "external' point Xl and fn+] by Simpson's rule. This leads

to a Runge-Kutta method with the parameter matrices

choose the reference points at x_ , x_ + h /2 and x and define f
n’ “n n n+l

S 8 1 1
. 24 L 24
(2-57) (Ajg) = —1_ i l H] (]Jj)' = 1 b
6 &/
1 1 1 1
(8 -2 7 2 v.,) = 7
37 ’ ik '

N| —
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The truncation error is evidently given by
_ 5

(2.58) Tn = 0(h™) as h~» 0,

so that both (2.4) and (2.11) yield fourth order methods. The stability

functions are given by

_ 3(z+y) (4+2z+y) v
QZ(Z,Y) = 2(6_zz_y) (6—z—y) + (z+y) (22+y) ’

12(6-2z-y) + 48(z+y)
2(6=2z-y) (6-z-y) + (z+y) (2z+y) °

(2.59)  Ry(z,y) =

_ 12(6-22z-y) + 24(z+y)
82(2:Y) = 306722=y) (b-2=y) * (z+y) (2z+y)

and the stability regions are presented in figure 2.12. y
-2.8

™

~- ~2.0

Fig 2.12 Stability region corresponding to (2.57)

.0
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