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for parabolic differential equations
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ABSTRACT

Splitting methods for time-dependent partial differential equations
usually exhibit a drop in accuracy if boundary conditions become time-
dependent. This phenomenon is investigated for a class of splitting methods
for two-space dimensional parabolic partial differential equations. A bound-
ary-value correction discussed in a paper by Fairweather and Mitchell for
the Laplace equation with Dirichlet conditions, is generalized for a wide
class of initial-boundary value problems. A numerical comparison is made
for the ADI-method of Peaceman-Rachford and the LOD-method of Yanenko applied
to problems with Dirichlet boundary conditions and non-Dirichlet boundary

conditions.

KEY WORDS & PHRASES: Numerical analysis, Parabolic partial differential
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1. INTRODUCTION

In [4] Fairweather and Mitchell investigated Alternating Direction

Implicit (ADI) methods for the heat condition equation

2 2

(1.1) §g_= 9 U + 3 U

' 8x2 ox

1 2
in a domain 2 with Dirichlet boundary conditions along the boundary 9.
Among other things, they discussed the classical Peaceman-Rachford ADI-

method on a square  with square meshes of size h, i.e. the scheme

1 1 1 T
(I - 5 h2 3x2)1:l:.l_..1 = (I + 5 ;E-axz)u
(1.2) 1 2 ,
1 1 1 =t
(I - 5-—=509 2)u = (I +%5— 9 2)u-
+
2 h2 x2 n+l 2 h2 x1 n
where uﬁ, un and U denote grid fungtlons defined on the grid Fh U BTh

covering © U 92 and where 9 2/h2 denotes the usual finite difference re-

2 i
placement of 3 /axi; furthermore, T is the integration step and un, un+1

present numerical approximations to the exact solution values U at times

t_ and tn+1’ respectively. By defining u, and u

n 1 on the set of boundary

n+
grid points arh by Dirichlet boundary conditions, the scheme (1.2) can be
applied in all internal grid points provided u- is prescribed along those

parts of the boundary for which the x,-coordinate is constant. Peaceman and

1
Rachford defined in their paper [6]
(1.3) - Ut +E T,x. %) (x.,%x.) € aT
: Up T VMR TR rEy)y Xpr¥p) € Oly-

D'Yakonov [3] (see also [10, Section 2.9]) and Fairweather and Mitchell [4]
showed, however, that the method will lose accuracy if the boundary condi-
tions become time-dependent. In order to improve the accuracy, Fairweather
and Mitchell proposed to replace u along the vertical parts of the boundary

by

U(t P X, 0 X )+U(t P X, 1 X )
* -
(1.4) ul = n’"1'72 . n+l1'71°72° 12 5 JTUCE ,x
4nh” %2

1,x2)—U(tn P X ,x2)].

+1°71



The effect of the modification (1.4) is that at points adjacent to a verti-
cal boundary (1.2) becomes an O(h2-+12) approximation to the equation (1.1),

2+T2/h2) approximation.

whereas (1.3) yields an 0 (h
The purpose of this paper is to derive the Fairweather-Mitchell modi-

fication for a family of splitting methods (including the classical ADI-

and LOD-schemes) and for a rather general class of initial-boundary value

problems given by

2 2
oU 3U 23U aU 23°U
st - G (BrXqrXprUs o= —5) # Gy (€% %500, o= =),
1 9x 2 9x
1 2
(1.5a) , (xl’XZ) € QU 39,
U(tO'Xl'x2) = Uo(xl,x2), (xl,xz) € Q U 3N

5 U 9 U
 (BrxgeXo)ge— + ay (Bxix)) g = ag(trx hx),

a (t,x,,x.)U + a
1
0 172 1 2

(1.5b)

(xl,gz) € 9Q.

Throughout the paper it is assumed that  is a bounded and path-connected
region in the (xl,xz)—space. Further, it is assumed that the functions Gl'
G2, and ai, i=20,1,2,3, as well as the solution U, are sufficiently smooth.
Since the Fairweather-Mitchell modification has to do with the time-
discretization of (1.5), and is not part of the space-discretization, we
follow in our analysis the method of lines which more or less separates the
discretization of 3U/9t from the discretization of the right hand side of
the partial differential equation. In the method of lines we assume that (i)
the region Q U 9Q is replaced by a grid Ph U SFh characterized by the para-
meter h and which is defined for each h € (O,ﬁ] such that Fh u BFh is dense
in @ U 982 as h > 0; (ii) the right hand side of the partial differential
equation and the boundary condition in (1.5) is discretized on Ph U BFh in

such a way that the equation and the boundary condition together convert

into a system of ordinary differential equations

(1.6) L _ f(e,yb),  b(t) = glt,y(t)).



Here, to each grid point € Ph U 9T, there corresponds a component of y, £

and b, those of y and f being zerohat all boundary grid points € 9T} and
those of b being zero at all internal grid points € Fh. Thus, y, £ and b
have as many components as there are grid pecints in Fh U BFh. Furthermore,
system (1.6) has as many non-trivial equations as there are internal grid
points. The function g(t,y) expresses the boundary values in terms of t and
y. We shéll assume that f is defined for each h ¢ (O,ﬁ] and that the exact
solution y(t) of (1.6) and the grid function Uh(t) obtained by restricting

the exact solution U(t,x ,x2) of the initial-boundary value problem to the

1
grid Fh u BFh, satisfy the condition

(1.7) Uh(t) - [y(t) +b(v)] e(t,h) =~ 0 as h~> 0
(provided of course that Uh(tO) = y(to) + b(to)). It should be noted that
our assumption on the existence of £ for 0 < h £ h does not mean that f re-
mains bounded as h -+ 0. Only for sufficiently smooth grid functions (e.g.
Uh(t)) the right hand side functions Will converge as h - 0. This observa-
tion turns out to be crucial in deriving the Fairweather-Mitchell correc-
tion for the problem (1.5).

By virtue of assumption (1.7) our considerations can be restricted
to the time integration of the initial-boundary value problem, that is the
integration of the initial value problem for equation (1.6). In section 2
we define a class of one-step splitting formulas for (1.6) and we derive
the error of approximation of these formulas. This error is the residual
left when the exact solution y(t) of (1.6) is substituted into the numeri-

cal scheme. Thus, by writing the numerical scheme in the form

Y -y
n+l “n
(1.8) —_— = Sn(yn'y )y

T n+1

the error of approximation An over the interval [tn,tn+T] is defined by

vt )=y ()

(1.9) A = - - Sn(Y(tn)'y(tn+1))'

Here, Sn denotes an operator defined by the splitting formula and the func-

tions £ and g. We observe that An is closely related to the local error of



(1.8) which is usually considered in the numerical analysis of ordinary dif-
ferential equations. To see this we consider the local error

(1.10) pn = y(tn+1) Y )

n+l y(tn+1) - y(tn) - TSn(y(tn)’yn

+1

where it is assumed that yn = y(tn). Let Sn(u,v) be differentiable with re-
spect to its second argument, then it follows from (1.9), (1.10) and a mean-

value argument (cf. [11, p. 68]) that

)]

ko)
1l

TA+ T[Sn(y(tn),y(tn+1)) - Sn(Y(tn)lyn+1

A F TBn(y(tn+1)'yn+1)[y(tn+1) - yn+1]'

(P)

),yn+1) is a matrix with elements BSn

where Bn(y(t /BV(Q) evaluated at

n+1

- - . 3 ] . n " -
(y(tn),v), v being an intermediate point "between y(tn+1) and yn+1 and de

pending on row and column index P and Q. Thus, An and p, are related by the

equation

)lp_ = 1A

(1.11) [ - B (y(t )y ) e ~



2. LINEAR SPLITTING METHODS
Suppose that we have split the vector function f in (1.6) according to
(2.1) f(try+b) = fl (t,Y'l'b) + f2(t1y+b), b = g(trY)l

in which, for example, f1 and f2 are assumed to be the approximations for

the operators G1 and G2 on the grid Fh. In terms of f1 and f2 we then may

define the following family of two-stage splitting formulas [8]

*
Yg =¥, * A TE (B toThy D)+ ATE () +a, T, ys 4 ba)
+ )\3Tf2(tn+ oc3r,yn+bn) ,
(2.2)
— _ *
Yn1 = ¥n * ulel(tn.FalT'yn-an) + u1)Tf1(tn+a2'['yﬁ+bﬁ)

b

+ u21f2(tn-ku T,yn-kbn) + (1-—u2)Tf2(tn-Fa4T,yn+1-k 1

3

The vectors yn and y denote the numerical approximations to the exact

n+1

solution y(t) at the step points tn and tn+1 = tn-kr, respectively. The re-

sult Yz is to be considered as intermediate. The boundary vectors b_ and

bn+1 are defined by g(tn(yn) and g(t

defined by (cf. (1.3))

. * .
n+1'yn+1)' respectively; bﬁ is usually

(2.3) b_ = bﬁ = g(tn+ocT,yﬁ),

Sio*

with an appropriate value of o. The definition of the b; is often of great
importance for the accuracy behaviour of the integration formula. In parti-
cular, if g is not constant (2.3) usually delivers inaccurate results. In
this paper we concentrate on the problem how to express b; in terms of Y,

and y so that inaccuracies due to boundary conditions are minimized. We

n+1
*
always assume that bﬁ vanishes at the internal grid Ph'
Formula (2.2) contains a number of two-stage splitting formulas known

in the literature. For future reference, in table (2.1) we summarize a

few important formulas by specifying the parameters Aj, uj, aj, o and the



corresponding order of consistency p (cf. [8]). It may be observed that the
family of splitting formulas (2.2) is such that the evaluation of Yp+1 only

requires the computation of f2(tn4-a4T,yn -+bn+ ). This aspect should be

+1 1

taken into account when implementing (2.2) on a computer (cf. Varga [9] and

Section 3.1).

Splittihg formulas Al A2 X3 u1 u2 ul a2 a3 a4 o )
Peaceman-Rachford [6] 0 1/2 1/2 0o 1/2 - 1/2 1/2 1/2 1/2 2
Fast form Peaceman-

Rachford [8] 0 1/2 1/2 0 1/2 - 1/2 0 1 1/2 2
LOD of Yanenko [10] 0 1 o0 0 o - R B | 1
Douglas-Rachford [1] 0o 1 1 0 O0 - 1' 1 1 1
Douglas-Rachford [2] 1/2 1/2 1 1/2 1/2 0 1 0 1 1 2

2.1. The error of approximation

To get insight into the accuracy of the approximation (2.2) with re-
*
spect to the definition of bﬁ we investigate the error of approximation of

(2.2). In the literature one sometimes defines an error of approximation

both for the formula yielding Y= and for the formula yielding y (e.qg.

n+1

Samarskii [7]), but usually the error of approximation is defined for Yn+1

ignoring the intermediate grid function Y= (e.g. Fairweather and Mitchel

[4], Hubbard [5]). We follow this second approach, that is we first elimin-

i i i + + .
ate Ya from (2.2) by expressing it in terms of Y, bn and yn+1 bn+1 For
notational convenience these grid functions will:‘be denoted by u, and Ui
respectively. From (2.2) it is immediate that

' = + - + + + +
(2.4) Y= v, Y, (1 \)1)yn+1 \)2'rf1(tn alT,un) \)3Tf2(tn aBT,un)
+ .
VaTEy (B oy Teun, )y
where
o - 1-1y=4, o = AmAg AN
———__—I - - 14
1 1 Wy 2 1 My



o - A3mAgHy AN, N 1=y,
3 1-u1 ! 4~ "2 1—u1 :

Substitution into the second stage of (2.2) yields a representation of (2.2)

without the non-step result yﬁ, i.e.

. = + +
(2.5) A yn+1 yn Tulfl(tn ulT,un) + Tu2f2(tn-ku3r,un)

+ T(l—ul)fl(tn-ka T,V u + (1—\)1)un

+ - + _
2 1 TYn TBn)

+1

+ T(l—uz)fz(tn-+a T,u )y

4 n+1

where Yﬁ and Bﬁ are grid functions defined by

(2.6) Yﬁ = v2f1(tn-+a1T,un) + v3f2(tn4-a3T,un) + v4f2(tn-+a4t,un+1),
2.7 B- = 1 (bl b - (1-v,)b
(2.7) =T g~ VP, Vi Poe)
Note that Yﬁ and Bﬁ vanish at BFh and Fh, respectively.
Equation (2.5) should approximate the differential equation
d
(2.8) L - £t =0, u(f) =y(£) +bt) = y(t) + glt,y()),

or equivalently, the solution y of (2.8) should satisfy (2.5) to a suffi-

cient degree of accuracy. By substituting y into (2.5) we obtain

y(tn+1)_y(tn)
(2.5") . - u1f1 (tn+a1T,u(tn)) - u2f2(tn+a3r,u(tn))
- (1—u2)f2(tn+-a4T,u(tn+1))

- (1—u1)f1(tn-+a T,vlu(tn) + (1—v1)u(tn+1) + T(YE-FBE)) = An

2

where

1 e —
(2.6%) Yﬁ = vzfl(tn-+a1T,u(tn)) + v3f2(tn-+a3T,u(tn))

+ v £ (t +0o
2 n

4 )) .,

T,u(t
n

4 +1



1 S = -1 x - -
(2.7") B_ =1 (bﬁ Vlb(tn) (1 Vl)b(tn+1)),

S; being the grid function obtained by substituting the exact solution y(t)
*
into bﬁ. An is the term by which y fails to satisfy equation (2.5). It will
be called the error of approximation and is a function of both T and h.
Firstly, we consider An for fixed values of h. By Taylor expansions

around the point (tn+%'u(tn+%)) we easily find, for 1t > O,

-y -
(2.9) A= gp () - (e Leule )+
) .
) o (et ) (Yo +B)0(T) +

1 1
+ (—2——a2—u1a1+u1u2)0(r) + (E—ul—v1+u1v1)0(r) +

1 1 2
+ (Eu-a4-—u2a3-+u2a4)0(T) + (§-u2)0(T) + 0(t7).

From this expression it follows that we always have first order accuracy
in time provided that B = 0(1) as T = 0, i.e. if

~

*
(2.10) 10171 = vlb(tn) + (1-v1)b(tn 1) + 0(1).

+

Second order accuracy in_time is obtained if (u1 #1)

B —ub(t) + (1=v)b(t ) + 0(t°
a - V1°'tn 1 n+l ™)
(2.11)
v2 = 0, v3 + v4 =0

and if all coefficients of the remaining terms in (2.9) vanish. From the
theory of numerical integration of ordinary differential equations it fol-
lows that the error v, - y(tn) also is of order p =1 and p = 2 in T, re-

spectively. Hence, by virtue of our assumption (1.7), we have
p
. - = ’ + ,
(2.12) U](t ) u e(t_,h) c(t_,h,T)T

where the "error constant" C(tn,h,T) is bounded as T > O.



Next we consider A in (2.5') for fixed T and h -+ 0. The behaviour of
An for h ~ 0 is reflected into the behaviour of the error constant c in
(2.12), that is, if An is large for small h the error constant c will also
be large, which results in an inaccurate time integration. A minimal require-
ment is that An should be uniformly bounded as h - 0. This requires the uni-
form boundedness with h of the functions f1 and f2 for the arguments occur-
ring in (2.5"). As already observed in the introduction, the right hand side
function f, and consequently the split functions f1 and f2, only converge as
h > 0 if sufficiently smooth argument functions are submitted. Inspection of
(2.5") reveals that the only argument function which is not yet completely
defined, is the.grid functi:n §ﬁ + Eﬁ. This function contains the not yet
determined grid function bﬁ so that the behaviour of An as h > 0 will be
affected by the choice of b;. Evidently, b; should be chosen such that
Yﬁ + Bﬁ, as defined by (2.6') and (2.7'), becomes on the grid Fh U BFh a
smooth grid function. Thus, it is natural to require that Bﬁ is defined by
the same difference formulas as Yﬁ. This observation leads us to a formula
for a boundary value correction which is an extension of the Fairweather-

Mitchell formula (1.4). Let us derive this formula. Denote

(P) _ (P 1 1
f1 (t,u) = G1 (t,xl,xz,u,h axlu,h2 Bx%u)
(2.13) ’
(P) _ . (P) 1 1
f2 (t,u) = G2 (t,xl,xz,u,h 9 u, ) ) 2u)
2 h X2

where P runs through T, and where the operators h_lax and h_28 2 denote

h :
i ig
numerical approximations to the differential operators 9/9x, and 9 /Bx? de-
i i

" fined at all points P € Ph for all grid functions given on the (not neces-

sarily uniform) grid Ph U BFh.

Substitution of (2.13) into (2.6') yields for §ép) the expression

S | (P 1 1
(2.14) Yﬁ = v2G1 (tn+oc1'r,x1,x2,u(tn),h Bx u(tn), 5 9 2u(tn))
1 h Xy
(P) 1 1
+ v3G2 (tn+a31:,x1,x2,u(tn),h Bx u(tn), ) 9 2u(tn))
2 h X2
(P) 1 1
t VG ey oy Texy X auE g ) ey Oy w( )Ty B au(t )

2 e %5
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A

for all P € Ph’ Suppose now that we extend the definition of the difference

operators h"lax_ and h_28x2 to boundary points P € BPh for all grid functions
i i »
given on the grid Fh U BFh. Then it is easily verified that by the choice

(P)

* (P)
n n+1

(2.15) b =V b(P)
n

1P + (l—vl)b

TG(P)

+\)2 1

1
u ,— 9 u ,—
’ I x nl

“n+a 2" n'h

1T,X1 ' X

TG(P)

1 1
+ v3 5 (tn4-a T,xl,xz,u ,E-B u ,—3—3 ou )

3 n

d ou )

(P) 1 1
2 X5

+ — —
(B o, TrxyXoou vy 3 U172

+
v4TG ,

n+1
Eép) is given by the same expression as the right hand side of (2.14). We
shall call (2.15) the Fairweather-Mitchell correction. The effect of this

correction is an equal degree of smoothness of the grid function Yﬁ + Bﬁ

in all points of the grid Ph U 3Th.

EXAMPLE. The formula given by (2.15) presents nothing more than an exten-
sion of the Fairweather-Mitchell formula (1.4) to a general class of split-
ting formulas and a general class of initial-boundary value problems. To
see this we consider the special problem (1.1) analyzed by Fairweather and
Mitchell, although we do not restrict the boundary conditions to those of

Dirichlet type but admit a general boundary function b = g(t,y).

By substituting the Peaceman-Rachford parameters of Table 2.1 into
(2.2) and putting for all P from the uniform square grid Tp

(t,w) = h 23 u ),
X,

1

(P)

£

we retain scheme (1.2). Next, we substitute these parameters into (2.15)

(®) _ (@)
1

and observe that fi to obtain the formula

' *(E) _ 1, (E) (E) T (E) _ (E)
(2.15") bﬁ = 2(un -+un+1) + 2;5{(8x§un) (Bx%uh+1) 1, E € BTh.

This formula is defined as soon as 9 5 is specified along the boundary. A
X2
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closer examination reveals that in this case of a square region b; is only
needed along the vertical parts of the boundary and therefore 3x2 needs
only definition along these boundary parts. Formula (2.15') thus transforms
into !

* (E) 1

(2.15")  prB) L (B (B
) n 2 "n

n+1

T (E)
) + ——E{(ax%bn) - (3_2b_.,)

(E)]

In the special case of Dirichlet conditions this formula is seen to be
identical to the Fairweather-Mitchell formula(l.4). In general, the grid

functions bn and bn+ are obtained by discretizing the boundary conditions.

1
For instance, in the case of (1.5b) a first order discretization yields

(see Figure 2.1)

pE) _ B oy (1+aéE))(2y(P) _, ™,
(P) __ (W) (N) __(8)
(E) y -y (E) y -y _ _(E)
+ a1 ————?;———— + az ————EE———— a3 . g
N
W P E
S

Fig. 2.1. Square grid Fh

The derivation of formula (2.15) is purely formal. Its evaluation is

another matter because it requires the a priori knowledge of uéii,
(P) (P) . . .
(szun+1) and (Bx%un+1) at boundary points, which, in general, depend

on the new approximation y Even in case of Dirichlet boundary conditions,

)(P)
n+1

can be evaluated at the beginning of the integration step.

n+1°
when b(t) = g(t), it depends on the type of region Q whether (3X2u

(P)
and (Bxgun+1)
In most cases the introduction of the Fairweather-Mitchell modification

(2.15) will induce a coupling between the equation for Y, and y and

n+1’
consequently additional computational effort to solve the implicit equations.
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2.2. Approximation errors at non-step points

From the preceding example we conclude that in general the condition
of smoothness on the grid function (?-kﬁ)ﬁ will lead to additional computa-
tions. If we do not satisfy this condition, the error of approximation
may be unbounded as h -+ 0 in the boundary points of the internal grid Ph
and we may ask whether the numerical solution is converging to the solution
of the initial-boundary value problem as both T and h -~ 0. The convergence
problem was studied by Hubbard [5] and by Samarskii [7] for the LOD-method
In spite of the unbounded errors of approximation over the interval
[tn'tn+
the way in which T and h - 0. Apparently, the behaviour of An with h and

1] as h > 0 and 1t fixed, convergence could be proved irrespective

T differs from the behaviour of the error e(t,h) defined by (1.7). This is
not surprising because the definition of the error of approximation is
rather arbitrary. For instance, let us consider the subclass of splitting

formulas defined by (2.2) with
(2.16) A, + A, = A

Then, Yﬁ may be considered as an approximation to y(tﬁ) = y(tn-FABT) and

the intermediate points tf.1 as step points instead of non-step points. Con-

sequently, errors of approximation An and Kn may be defined for the inter-
+ . . . — =

vals [tn,tn ABT] and [tn’tn+1]’ respectively. We shall call A and A the

partial approximation errors. It is easily derived that

y(t +A37)-y(t ) A

(2.17) An = A3T -

fl(tn-ba T,u(tn)) - f2(tn-+a T,u(tn))

1 3

>l > >
w |Id W |-

—%
- fl(tn-+a21,y(tn4-a3r) + bﬁ)
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Yty ()

(2.18) An = . - ulfl(tnﬁ-alT,u(tn)) - u2f2(tn-+a

3T,u(tn))

—%
- (1—u1)f1(tn-+a T,y(tni-ABT) + bﬁ) - (1—u2)f2(tn4-a T,u(tn

).

2

4 +1

From these expressions it is immediate that in and in are bounded as h - 0

provided we choose

* = = =
(2.19) bﬁ = bﬁ g(tﬁlyﬁ) g(tn+ >\3le5) .

This formula equals (2.3) if a = A_. Hence, although the error of approxi-

3
mation associated to the representation (2.5) is not bounded as h - 0 (un-
less the Fairweather-Mitchell correction is applied), the classical choice
(2.19) leads to uniformly bounded approximation errors if the intermediate
points tﬁ are considered as step points. Conversely, if the Fairweather-
Mitchell correction is applied, the partial approximation errors become un-
bounded as h - 0 whereas the approximation error for (2.5) remains bounded.
An even more seemingly paradoxicél result is obtained by putting in

addition to (2.16)
(2.20) A, = ul = 0, o, =1+ o, A, =
The splitting formula can then be written in the form

*
Vg = ¥, + MZT[fl(tn-FaZT'yﬁ +bﬁ) + fz(tn_14-u4f,un)]

(2.21)
)]

*
= Y- + (1—u2)1[f1(tn-+a2T,yﬁ-+h%) + f2(tn-+a4T,un+1

or equivalently,

*
(2.22) v =y (t_+a,T,y-+b)

+ (1—112)Tf

n+1 1

* *
U TE (B Yoy TaYg T hy ) F TR (R o, T, (vy +by)

*
) vy vbg ) P TO L YB))
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where

* *
Y1 = () uplf (8 o Tyya+ba) = £ (k) +a,Tyyz, +bo )],
=1 (b br - (1-u)be
Bt1 =T (b —upbg = (I-u)bg ).

Formula (2.2) may be compared with (2.5) but now Y, and Y 4q are eliminated

to obtain a relation only containing the intermediate grid ;unctions Yz and
Yaiq- In a similar way as we derived formula (2.5') for the approximation
error An we now can derive for the interval [tﬁ,tﬁ+1] the error of approxi-
mation Aﬁ, and by similar arguments leading to theorem 2.1 we now conclude

that we should choose in (2.21) just as above (cf. (2.19))

* *
bﬁ = bﬁ B g(tﬁ’yﬁ) ! bﬁ+1 = br‘1+1 = g(tﬁ+1'yﬁ+1)

but also that bn+ should be replaced by a grid function which makes

1
(Y-I-B)n+1 a smooth function when y(tﬁ) and y(tﬁ+1) are substituted and h -+ Of
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3. THE ADI-METHOD OF PEACEMAN AND RACHFORD

For a further illustration of the treatment of time-dependent boundary
conditions we shall apply the Fairweather-Mitchell modification to the ADI-
method of Peaceman and Rachford and perform a number of numerical experi-
ments. In Section 4 the same experiments will be performed for the LOD-
method of Yanenko. For convenience of testing we now restrict ourselves to
problems of type (1.5) on the unit square and assume a uniform Fh. We con-
sider the Peaceman-Rachford method in the so called Varga form [ 9], that is,

1 1 * 1 1
y171 =Y, + 5 Tfl(tn-i-2 T,yﬁ-kk;) + §-Tf2(tn-+§-r,yh-+bn)

(3.1)

_ 1 1 1 1
Yoe1 = WYty tE (e o Ty D) - Th (B r5 Tyt h)

where, for P € Fh, fip)(t,u) is given in (2.13) with Bx_ and 8x2 the stand-
i i

ard finite difference operators. The precise form of the boundary function

b(t) = g(t,y(t)) will be given later.

3.1. The modification of Fairweather and Mitchell

From (2.15) the modification of Fairweather and Mitchell is seen to

be given by
*(P) _ 1 (P) 1 (P)
bﬁ =3P, t3 bn+1 +
Lo 4L 1 S _
(3.2) 7 TG2 (tn+2 T'xl'x2'un’h Bx un, 5 szun)
2 h 2
1 (P) 1 1 1
— 1G (t += 1,%x,,%X,,1 = u ,—= 3 ~Uu ),
4 2 n 2 1"72""n+1'h X, n+1 h2 x% n+1
(P) = b for all

for P € BPh. For constant boundary values b we have b;
P e BTh where (3.2) is applied. Note that for the fast-form method this de-
pends on the occurrence of the time t in the differential operator
Gz(al#(xz). As already observed at the end of section 2, in most cases ex-
pression (3.2) cannot be evaluated in an explicit way. Let us distinguish

between Dirichlet conditions and non-Dirichlet conditions. For Dirichlet
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conditions the evaluation of (3.2) is easy to perform in our case of the

unit square. If.Q has a more general form, say  is an L-shaped region, the
computational procedure has to be reorganized (see [4]). In case of Dirichlet
conditions, however, it is always possible to replace the finite difference
operators by the corresponding differential operators. When doing this, the
computational procedure needs not to be reorganized in order to implement
(3.2) for different types of regions. For Dirichlet problems we implemented
two algorithms (i) Algorithm (3.1) with b; = g(tn-ké-r) (in the tables of
results denoted by PR), and (ii) Algorithm (3.1) using the modification
(3.2) (in the tables of results denoted by FMPR).

In case of non-Dirichlet conditions, (3.2) couples the Y- and Y41~
level at internal grid points in the neighbourhood of vertical boundaries.
Hence, the modification of Fairweather and Mitchell then requires the solu-
tion of large systems of equations with a special sparsity pattern. From a
computational point of view this is unattractive, as the classical Peaceman-
Rachford scheme only requires the solution of systems of (non-linear) equa-
tions with a tridiagonal Jacobian matrix. For non-Dirichlet problems we also
implemented two algorithms (i) The PR-algorithm, i.e. (3.1) with
b; = g(tn-k%-T,yﬁ), and (ii) The PR- algorithm followed by another applica-

*
tion of (3.1) on the same initial vector yn, but now with bﬁ defined accord-
ing to (3.2) (in the tables of results denoted by IFMPR). The IFMPR-algorithm,

defined in this way, can be interpreted as a first iteration step to solve

the coupled problem just mentioned.

3.2. Numerical experiments

To demonstrate experimentally the effect of the modification (3.2),

several experiments were performed. These consist of solving the heat equa-

tion
2 2 v v
U 9 U 9 U 2 U 39U
(3.3) 3% d(t){ 5 + 2} + (8x ) + (SE_) + V(tlxlrxz)
axl 8x2 1 2

in the cylinder [0st<1] x Q, @ being the unit square in the (xl,xz)—plane.

. 1 1
A splitting of v = E-v + §~v was used in all experiments.

Two types of boundary conditions were considered, viz. conditions of



the first kindr(a1 = a

(1.5b)).

2

In both cases the same testset was used.

17

= 0 in (1.5b)) and of the second kind (ao =0 in

For all examples used, the exact solution is known. The boundary condi-

tions as well as the initial condition follow from the exact solution. The

test examples are based on equation (3.3) with the following parameters:

diffusion

example solution non-linearity|inhomogeneous
number U(t,x,,X.) coefficient parameter term
12 d(t) v v(t,x,,x,)
7172
: -t, 2 2 -t, 2 2
1 1+e (x1+x2) 1 0 -e (x1+x2+4)—2
-t, 3,3 -t,. 3,3
2 + + - -
1+e (x1 x2) 1 0 e (x1+x2+6x1+6x2) 2
3 1+(x§—x§)/(1+t) 1/(1+t) 0 —(xf—xg)/(1+t)2—2
4 1+sin(27t) 1 0 sin(xlxz){Zﬂcos(Zﬂt)+
. . 2 2
51n(x1x2) 51n(2ﬂt)(x1+x2)}—2
5 1+e_t(xf+x§) 1/ (1+t) 2 —e_t(xi+x§+4/(1+t)
+4e‘t(x%+x§))

Concerning the implementation we remark that all experiments were car-

ried out for a sequence of constant stepsizes T, viz. 1/5, 1/10, 1/20

and 1/40.

All examples were semi-discretized using finite differences. At inter-

nal gridpoints we used second order, symmetrical differences, while the

boundary condition of the second kind was replaced by a second order, 3-

point difference relation. The gridsize h runs through the same range of

values as T does.

The tridiagonal Jaccbian matrices, used to solve the implicit equations

by means of a Newton-type process, were numerically evaluated using forward

differences. In case of constant partial derivatives 3f/3y these matrices

were determined once; in all other cases they were updated every integration

step.

In the constant case the implicit equations were solved with one

Newton iteration; otherwise we performed two Newton iterations.

Finally, to measure the accuracy obtained we define

sd = 10

- "log (maximum absolute error at t =

1.
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The results, in terms of the sd-values, for the preceding examples with
‘boundary conditions of the first kind are given in table 3.1. Table 3.2
contains the results for the five examples with a Dirichlet condition on
<1, x,=0) v (0<x

1 2

von Neumann condition on {(xl,xz)l (x1==1, O<<x2< 1}.

nyxyl (x, =0, 0<x,<1) U (0<x <1, x,=1)} and a

1

example 1| |example 2| |example 3| |example 4| |example 5

h T PR |FMPR PR |FMPR PR [FMPR PR |FMPR PR |FMPR

1/5 2.18(3.24(12.00(|3.04|2.6714.29(|1.37|2.00}(2.13|2.13
1/10((2.80|3.86((2.62|3.66(|3.28,5.22|(2.18|2.51|]|2.75|3.51
1/20](3.40(|4.46||3.23|4.26{|3.89|5.97|(2.88|3.10((3.36|4.11
1/40((4.01|5.07||3.83|4.86||4.49|6.63||3.5113.71 3.96(4.71

1/5

1/5 2.07(3.20((1.81|3.03||2.57|3.74(]1.18(1.99]|(1.93|2.84
1/10(({2.70(3.82(|2.46|3.65({3.20({5.03((1.91(2.50(|2.62|3.48
1/20|(3.30(4.43||3.08(4.25|(3.80|5.95|(2.66|3.09|/3.23[4.09
1/40}{3.90|5.03||3.69|4.85|14.40]|6.59||3.33[3.69||3.83|4.69

1/10

1/5 1.9913.20((1.70(3.02}|2.46(3.28(|1.09|1.99||1.79|2.47
1/10(|2.64|3.82||2.34|3.64|(3.14|4.42||1.77|2.49||2.48|3.48
1/20((3.25|4.42|12.98|4.25||3.75(5.77|(2.49|3.08|(3.14|4.08
1/40/13.85|5.03{13.59|4.85||4.36{6.59||3.21|3.68|(3.74|4.68

1/20

1/5 ||1.95|3.20||1.64|3.02||2.40|3.04||1.04|1.99||1.71]2.26
1/10{]2.57|3.82]12.25)3.64||3,04(3.92||1.70|2.49|2.36|3.19
1/20(|3.23(4.42((2.90(4.24|[3.72|5.07||2.36{3.08||3.05(4.08
1/40(|3.83|5.03|[3.52{4.85||4.32 6.47||3.08|3.68||3.68|4.68

1/40

Table 3.1: sd-values in case of boundary conditions of the first kind.
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example 1 example 2 example 3 example 4 example 5
h T PR | IFMPR PR | IFMPR PR |IFMPR PR |IFMPR PR |IFMPR
1/5 2.3113.37 (|2.12] 2.15 | |2.72| 3.57 | |2.14] 2.15 2.39| 2.75

1/5 1/10}(2.93| 3.88 {|2.18]| 2.15 | [3.33| 4.21 ||2.86| 2.58 3.01| 3.30
1/20|{3.54| 4.39 ||2.16| 2.16 |[3.93| 4.98 | |3.40{ 3.07 3.62| 3.86
1/40](4.14| 4.95 ||2.16| 2.16 |}4.54| 5.84 | |3.77| 3.43 4.22| 4.43
1/5 2.17)3.24 ||1.86| 2.76 | |2.59| 3.29 ||1.86| 2.14 2.05| 2.78

1/10 1/10||2.80| 3.90 {|2.52| 2.62 ||3.22] 3.89||2.62] 2.66 2.75| 3.35
1/20|(3.41}) 4.43 ||2.67| 2.64 | [3.82| 4.58 ||3.32] 3.20 3.36| 3.92
1/40|4.01| 5.00 ||2.65| 2.65 | |4.42]| 5.32 ||3.92| 3.70 3.97| 4.48
1/5 2.08| 3.03 ||1.74] 3.13 ||2.47|3.15|]1.73]1.83 1.86| 2.33

1/20 1/10((2.73]| 3.92 ||2.38| 3.25 | |3.14] 3.73 ||2.46]| 2.66 2.56| 3.39
1/20|(3.35| 4.47 ||3.02| 3.19||3.76| 4.37 ||3.13]| 3.27 3.33| 3.96
1/40|(3.91| 5.05 ||3.22| 3.19|/4.36| 5.04 ||3.77] 3.83 3.83] 4.54
1/5 2.03(2.95||1.68]2.88 {[2.40/1.99||1.67|1.71 * *

1/40 1/10||2.66| 3.85 ||2.28]| 3.56 ||3.04| 3.65 ||2.38] 2.46 2.42) 3.07
1/20(|3.31| 4.49 ||2.93]| 3.80 ||3.72| 4.27 ||3.05| 3.18 3.12| 3.99
1/40{(3.91} 5.08 {|3.56| 3.77 {{4.32| 4.90 ||3.67) 3.88 3.72) 4.58

Table 3.2. sd-values in case of boundary conditions of the second kind.

Observation of the results of table 3.1 and table 3.2 leads us to the
conclusions:

(1) When the space-discretization error is negligible with respect to the
time-integration error, the accuracy of the classical Peaceman-
Rachford method (PR) decreases when T is kept fixed and h tends to
zero. We also mention that under these conditions the loss of accuracy
diminishes. The two *-symbols in table 3.2 indicate numerical instabi-
lity.

(ii) In case of Dirichlet conditions the Fairweather-Mitchell modification

(FMPR) is less sensitive for decreasing values of h, again for fixed
T. An exception must be made for example 3, where for large values of
T a reduction of h causes a significant loss of accuracy. For boundary
conditions of the second kind the modification (IFMPR) remains sensi-
tive for decreasing values of h. This is due to the fact that the error

-2
of approximation of the algorithm IFMPR still contains the term h .
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(iii) In the case of boundary conditions of the first kind FMPR is superior

to PR, because the computational work of FMPR is hardly more than that
of PR. However, in the case of boundary conditions of the second kind,
IFMPR requires approximately twice as much computations or in other
words, the PR-method can be applied with half the steplength for the
same amount of computational work. Consequently, if we let h fixed

and if the time-integration error dominates, we then expect a reduc-
tion of the error of the second order algorithm PR by a factor 4, or
equivalently, an increase of its sd-value by approximately

10log'4 ~ 0.6. Therefore, IFMPR is more efficient than PR if their sd-
values differ by more than 0.6. With exception of examples 2 and 4,

IFMPR generally improves the accuracy is such a way that it can be

called "competitive".
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4. THE LOD-METHOD OF YANENKO

We repeated the experiments of the preceding section for the LOD-

method (see table 2.1)

*
= + + +b_
Y5 Yn Tfl(tn Tr¥5 bn)'
(4.1)

v = yﬁ + TfZ(tn+T'yn+1+hh+1)'

n+1

The definition of Ph' and of the components of the vector functions fi'

i=1,2, and b = g(t,y) is as in section 3.

4.1. The modification of Fairweather and Mitchell

From (2.15) the boundary value modification is immediately found to be

(4.2) pr®) _ By Bk
n n

1
n+1 2 1 Xq 0

1
u =9 _u ;5 9 ou
1"72""n+1"h “x, n+1'p2 “xZ n+l

)+

for P € BFh. It is of importance to observe that even in case of a constant

(P)

*
boundary value b the modified boundary values bﬁ usually are not equal to

b. In this case we have

(F) ®) (®) 0).

*(P) x
1 2 n+1

bn =Db - TG2(tn+T,X

Consequently, if the modification is not applied and if the boundary values
are constant it may pay to define the operator G

2
that b;(P) = b. It shall be clear that with respect to the evaluation and

in such a way, if possible,

implementation of formula (4.2), all remarks made in the preceding section
apply to the LOD-method.

For problems with boundary conditions of the first kind we again imple-
mented two algorithms (i) (4.1) with b; = g(tn+T), that is the classical
algorithm (in the tables of results denoted by YA), and ﬂii) (4.1) using
the boundary-value modification (4.2) (in the tables of results denoted Ly
FMYA).

For problems with boundary conditions of the second kind we implemented
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(i) The YA-algorithm with b; defined by g(tn+T,yﬁ), that is the classical
algorithm, and (ii) The algorithm consisting of one application of the
classical one followed by another application of the YA-algorithm on the
same initial vector Y but now with b; defined according to (4.2) (in the

tables of results denoted by IFMYA).

4.2. Numerical experiments

All algorithms were applied to the examples listed in section 3.2,
using the same values of T and h, as well as the same finite difference
formulas. The treatment of the implicit equatiors was also unchanged. The
results obtained for boundary conditions of the first kind are given in

table 4.1. Table 4.2 contains the results obtained for the second kind

conditions.
example 1| |example 2| |example 3| |example 4| |example 5
‘h T YA |FMYA YA |FMYA YA |FMYA YA |FMYA YA |FMYA
1/5 1.95(2.45|11.46(2.31((1.30{2.53i(1.02|1.73||1.61(1.72
1/5 1/10|(2.10{2.63|(1.60(|2.49|(1.51{2.79|(1.19/2.00([1.79]|1.9%
1/20|(2.31)2.85|{1.8012.71((1.76|3.04}(1.40(2.28}|2.02}|2.20
1/40|(2.55(3.11|(2.04|2.97||2.03|3.32(|1.65|2.56(|2.29|2.47
1/5 1.83(2.42 1;32 2.29(11.2212.53](0.96|1.72||1.46(1.71
1/10 1/10|1.97|2.60|(1.45)2.47|(1.42|2.78|(1.11|2.00||1.63|1.93
1/20|(2.16|2.83||1.64|2.69||1.66(3.04||1.30(2.28||1.86(2.19
1/40|(2.39|3.09|(1.87|2.95||1.93|3.31(|1.53|2.56|(2.12|2.46
1/5 1.77(2.42{]1.25(2.29|11.19(2.52|]0.93|1.72{(1.39}1.70
1/20 1/10|(1.90(2.60((1.38|2.47||1.38(2.77||1.06{2.00||1.55|1.93
1/20|(2.09|2.83||1.57|2.69||1.61|3.03|(1.24(2.28||1.78|2.18
1/40(({2.32(3.08|(1.79|2.94||1.88(3.30|(1.46(2.56||2.04|2.45
1/5 1.7412.42)(1.22(2.29((1.17|2.52|0.91(1.72|(1.35|1.70
1/40 1/10||1.87|2.60||1.35]|2.47||1.35|2.77||1.04|2.00||1.52|1.93
1/20((2.05{2.83||1.53(2.69||1.59|3.03||1.22(2.27||1.74{2.18
1/40|12.28]3.08((1.75|2.94|(1.86]3.30|(1.43]2.55](2.01}2.45

L

Table 4.1. sd-values in case of boundary conditions of the first kind
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example 1 example 2 example 3 example 4 example 5

h T YA (IFMYA|| YA |IFMYA YA |[IFMYA| |YA IFMYA YA |IFMYA
1/5 2.38| 2.62¢|1.56| 2.06{|1.43| 2.39|(1.06| 1.11}(1.92| 1.63
1/5 1/10(|2.59| 2.72|(1.69| 2.85||1.64| 3.03||1.31] 1.39||2.16] 1.82
1/20((2.83) 2.89||1.87| 2.43|{1.89| 3.06(|1.57| 1.69((2.41| 2.01
1/40([3.09| 3.07(|2.09| 2.20||2.16| 3.23||1.85| 2.01{|2.68| 2.20
1/5 2.23| 2.49|(1.45| 1.58||1.34| 2.07||1.01| 1.04||1.88| 1.74
1/10 1/10 2.42| 2.80{|1.59| 1.80|(1.53| 2.57||1.25] 1.30||2.11| 1.96
1/20]||2.65| 2.96||1.77| 2.11||1.77| -3.23]||1.51| 1.58||2.35| 2.15
1/40|12.91| 3.17|]1.99| 2.65||2.04| 3.39||1.79} 1.89||2.62| 2.36
1/5 2.15( 2.27((1.40| 1.44(11.29| 1.95{]0.99| 1.00||1.87| 1.81
1/20 1/10]{2.33] 2.50|¢1.53| 1.61](1.48] 2.36||1.22] 1.25}|2.10| 2.04
1/20)}2.56] 2.78||1.71| 1.85||1.72| 2.811|1.48} 1.52||2.34| 2.26
1/40|(2.81}) 3.12||1.92| 2.16|[1.99| 3.25||1.75| 1.81||2.61| 2.48

1/5 2.11) 2.18]|1.38| 1.38]|1.27| 1.89|]0.98] 0.98||1.87 *
1/40 1/10]12.29| 2.38|}1.50| 1.54||1.46| 2.27||1.21| 1.22{(2.05| 2.08
1/20||2.51| 2.63||1.68| 1.76||1.69| 2.66||1.46| 1.48||2.28| 2.32
1/40||2.77| 2.92|(1.89| 2.02||1.96| 3.02||1.74| 1.76||2.54| 2.56
Table 4.2. sd-values in case of boundary conditions of the second kind.

The results of tables (4.1) - (4.2) justify the following conclusions:

(1)

(ii)

When the time-integration error dominates, the accuracy of the locally
one-dimensional method (YA) decreases with h for fixed 1. The loss of
accuracy, however, diminishes. The *-symbol in table 4.2 indicates
numerical instability.

In case of Dirichlet conditions the scheme with the Fairweather-
Mitchell modification (FMYA) does not exhibit a loss of accuracy if h
becomes small and T is kept fixed. For boundary conditions of the
second kind the situation is different. In a lot of cases the accuracy
of the modified scheme (IFMYA) decreases with h for fixed T (compare
conclusion (ii) in the preceding section). It also happens; however,
that the results become better if h becomes small (see example 5, where

the space discretization error is equal to zero).
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(iii) Because of the fact that, for Dirichlet conditions, the computational
effort of the modified scheme (FMYA) is hardly more than that of the
unmodified one (YA), it certainly pays to apply the Fairweather-
Mitchell correction in case of boundary conditions of the first kind.
For boundary conditions of the second kind our results indicate that
the Fairweather-Mitchell correction applied to the locally one-dimen-

sional method is of less practical value.



25

REFERENCES

(1]

[2]

£3]

(4]

(5]

(6]

£7]

(8]

£9]

DOUGLAS, J. Jnr., On the numerical integration of U + uyy = u by
implicit methods, J. Soc. Ind. Appl. Math. 3, 42-65, 1955.

DOUGLAS, J. Jnr. & H.H. RACHFORD Jnr., On the numerical solution of
heat conduction problems in two and three space variables, Trans.

Amer. Math. Soc. 82, 421-439, 1956.

D'YAKONOV, YE.G., Some difference schemes for solving boundary prob-

lems, U.S.S.R. Comput. Math. and Math. Phys., No. 1, 55-77, 1963.

FAIRWEATHER, G. & A.R. MITCHELL, A new computational procedure for
ADI-methods, SIAM J. Numer. Anal. 4, 163-170, 19%7.

HUBBARD, B.E., Alternating direction schemes for the heat equation in
a general domain, J. SIAM Numer. Anal. (series B) 2, 448-463,
1965.

PEACEMAN, D.W. & H.H. RACHFORD Jnr., The numerical solution of para-
bolic and elliptic differential equations, J. Soc. Ind. Appl.
Math. 3, 28-41, 1955.

SAMARSKII, A.A., On an economical difference method for the solution
of a multidimensional parabolic equation in an arbitrary region,

U.S.S.R. Comput. Math. and Math. Phys., No. 5, 894-926, 1963.

VAN DER HOUWEN, P.J. & J.G. VERWER, One-step splitting methods for

semi-discrete parabolic equations, Computing, (to appear).

VARGA, R.S., Matrix iterative analysis, Prentice-Hall, Englewood
Cliffs, New Jersey, 1962.

[10] YANENKO, N.N., The method of fractional steps, Springer-Verlag, Berlin,

1971.

[11] ORTEGA, J.M. & W.C. RHEINBOLDT, Iterative solution of nonlinear equa-

tions in several variables, Academic Press, New York, 1970.






