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On the contractivity of a complex Runge-Kutta scheme*)
by

J.G. Verwer

ABSTRACT

This note reports an attempt to break the order barrier p < 1 for con-
tractive Runge-Kutta schemes with a special Runge-Kutta scheme of order 2

containing a complex parameter.
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Let K denote the set of real or complex numbers R or €. Let
(1) y' = f(t,y) , £ 20, y(0) =y,

be a differential system in K° , 8 21, where f is assumed to be continuous
on [0,) x K°. Following SPIJKER [3] we define F as the class of all con-

tinuous functions f for which

(2) [ Yt =yt | < [y &)=y ], all g, 2t 20,

where ; and y denote any two solutions of (1) and

stands for some given
norm on K°. Hence, given a norm, F is the class of all differential systems
(1) with contractive solutions with respect to the given norm. A function
f belongs to class F if for all pairs (t,z) € [0,®) x K° (or an appropriate
subspace) we have n[3f(t,z)/d9y]l< 0, where p is the logarithmic norm cor-
responding to the norm chosen for F(see e.g. DAHLQUIST [11]).

SPIJKER [3] has investigated the contractivity of numerical solutions

{un} defined by the implicit Runge-Kutta method

IA
[

IA
Z

m
U. =u + 1 Z a.. f(tn+ch,Uj) , 1

(3)

v
o

u =u + Tizl bi f(tn+ciT,Ui), n

. =a.. + ... +a. while b, a.. are real parameters with
Here €5 il im 1, 1] P

b1+ ... +b = 1. Given a function f € F, then method (3) is called contrac-
m
tive with respect to f, if, for all t > O,

(4) l un+1 - un+1 I = Ilun - un

l

for any two sequences {;n}, {un} produced by the method.

Spijker's paper now contains a remarkable result, viz., 11 method

(3) <s contractive with respect to all f e F, where |+| may be an arbitrary

norm , then its order of accuracy p is not greater than 1. Hence, if a



Runge-Kutta method is required to be contractive on the whole class F, with
respect to any norm, then the order barrier p < 1 is unavoidable
(NEVANLINNA & LINIGER [2] proved this result for the one-leg method). An
example of a method which is contractive on the whole class F, and for any
norm, is Backward Euler. This observation led the author to the following

problem.

PROBLEM. Consider the 2-stage integration scheme

(5a) Uiy

u + at £(t + u
n ( n 2T n+a)’

(5b) u

n+l un+oc + (l-a)'rf(tn+1’un+1)'

The computation-(tn,un) > (t ) consists of two consecutive backward

n+1,un+1)'
Method (5) may also be considered as a Runge-Kutta method (3) having the

n+1° n+1
iz. -> + [ + >
Euler steps, viz., (tn’un) (tn ar,un+a) and (tn aT,un+a) (t

Butcher-matrix
o o O
(6) cl A -1 o 1-a
‘ bl ! a 1-a

By choosing o complex, namely o = § * i, its order of accuracy p = 2 while

its stability function R is given by R(z) = (l—z+%z2)“1 which is A-stable.
Now the question arises whether, for o = }* }i, the above complex backward
Euler schemes share the contractivity property of the real backward Euler

scheme? If so, Spijker's order barrier can be broken with a complex Runge-

Kutta method (3).

Unfortunately, the answer to our question turned out to be negative.
By taking o complex, the backward Euler schemes (5a),(5b) lose the nice,
aforementioned‘contractivity property. An immediate consequence is that
Spijker's order barrier cannot be broken with method (5). We will prove this
by means of a counter example.

Consider the function f : € x ]Kz - ]Kz defined by



0 Re ¢(t)
(7) f(t,y) = M(t)y , M(t) = (mij(t)) =

0 -Re ¢(t)
where ¢ : € - € is continuous and satisfies Re ¢(t) = 0, Re(t) =2 0.
If we select the Zl—norm in.]K2 the logarithmic norm u, is given by

(8) u, [M(t)] = max (Re m.. + lm..l) = 0, Re(t) = 0.
1 ] 11 3 i 1]

Hence by restricting t to [0,»], and by using the El—norm, f ¢ F. Observe
that this is not true for the Ez—norm and £ -norm. Because method (5) takes
two internal "complex time steps" we defined ¢ from € to §. Now introduce

the notation A(t) = Re ¢(t). Applying (5) to system (1),(7) then yields
u =B

n+a n+a Tn’Un+l Bn+1 Ynta? where

- - - ' -[

1 aTA(tn+aT) | (l—u)TA(tn+1)

_ l1+atA(t +at) _ 1+(1=a)TA(t ) .
9) B o = n » B, = n+l
1 ' 1
0 . 0
o ]+aTA(tn+aT) o N l+(l—u)TA(tn+l)

We first observe that if a is real and O<a <1, then |B |, =B . ], =1
n+a 'l n+l'l
which implies contractivity. On the other hand, if Im o # 0, it is immediate
T
that IBn+a ll > 1 for all T A(tn+aT) > 0. For the vector u = (0,117, e.g.,

it thus follows that |u I = I B [ > 1 for all tA(t +at) > 0. This
n+a'l n+o ' 1 n

means that for o complex the backward Euler scheme (5a) is not contractive
on F. Further, by choosing A in such a way that A(tn+a1) > 0 and A(t +]) =0

it immediately follows that |u

n+1|1 = Iun+a|1 > |u_ |, . Hence for complex

a-values the combined method (5a),(5b) is not contractive either.

We conclude with an inequality which is valid for all members from F:

LEMMA. Let m be a nonnegative real. Let f € F be such that for some given
norm ul3f(t,z)/9yl < - m for all (t,r). For any two points (t,uo),(t,ao)

the results ua’ﬁa computed by. the backward Euler scheme (5a), where Re o >0,
then satisfy the inequality

(10) l :a -y, | < — lu -u



=~

This lemma can be proven by making use of known logarithmic norm properties
and of some results from DAHLQUIST [1], section 1.3. If we substitute
a=1+1i, or 1-a, the constant involved becomes Y2/ (1+tm). Thus we can

guarantee contractivity for the second order method (5), if ™m 2 V2 -1.
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