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One-dimensional Galerkin methods and superconvergence at interior nodal

points *)

by

M. Bakker

ABSTRACT

In the case of one-dimensional Galerkin methods the phenomenon of super-
convergence at the knots is already known for years [5,7]. In this paper, a
minor kind of superconvergence at specific points inside the segments of the
partition is discussed for two classes of Galerkin methods: the Ritz-Galerkin
method for 2m-th order self-adjoint boundary problems and the collocation
method for arbitrary m—th order boundary prcoblems. These interior points are
the zeros of the Jacobi polynomial Pﬁ’m(c) shifted to the segments of the
partition; n = k+1 - 2m, where k is the degree of the finite element space.
The order of convergence at these points is k+2, one order better than the
optimal order of convergence. Also, it can be proved that the derivative of

the finite element solution is superconvergent of o(hk+1) at the zeros of
m-1,m-1
n+l

This is one order better than the optimal order of convergence for the deri-

the Jacobi polynomial P (o) shifted to the segments of the partition.

vative.

KEY WORDS & PHRASES: Galerkin methods, collocation methods, finite element

method, superconvergence, Jacobi polynomials

*) This report will be submitted for publication elsewhere,






1. INTRODUCTION

We consider the two-point boundary problem

-V + qx)y = £(x), x € [-1,+1]1 = I;
(1.1
y(x1) = 0,

where p(x) > 0, q(x) > 0 and f(x) are sufficiently smooth. Let

A= {-1 = Xp <X <. <X = 1};
(1.2) xj =-1+hj; j=0,...,N; h=2/N;
I. = [xj_l,xj], j=1,...,N

]

be a uniform partion of I and define M%’O(A) by
k,0 0 .
(1.3) My () ={v|vec (I);VePk(Ij),J =1,...,N; V(1) = 0}

where for any interval E, Py (E) denotes the space of polynomials of degree
k restricted to E. Then the finite element approximation Y ¢ M%’O(A) of y

is determined by
(1.4 (YLD + @Y = (5,0, Ve uOm),

where (,) denotes the L2(I) inner product. It has the following convergence

properties [7]

pEH =Ly g £ =0,1;

"y—Y“E < C1 k+1?

(1.5)

2k .

where C] and C2 are positive constants and where

L L.
Ivl, = } v,03n 1%, 2= 0
(1.6) =0



Also, it is known [3] that for specific points inside Ij’ Y has the error
bound V
k+2
I(Y'Y)(€j£)| < C(yh
(1.7)
h .
Ejﬂ =x, .+ §(1+o£), £L=1,...,k-1; j =1,...,N,

where Oy see+s0p_y are the zeros of Pé(o), Pk(o) the k-th degree Legendre
polynomial. This is one order better than the optimal error bound which is
of o(**.

It is this phenomenon of so-called Znterior superconvergence on which
we will concentrate our attention. In the next two secfions, we will treat
two classes of finite element methods where this occurs: the Ritz-Galerkin
and the collocation method [8]. Also, we will use that superconvergence to
give a new proof of the superconvergence of the derivative at other Gaussian
points [6].

Before that, we give some definitions we need throughout this paper.

For any E ¢ T and m 2 0, we define

Nl

m
vl [y ooty , 1k
K:

1" (E) 0 L (E)
2 £
I+l = 2 “D v“ o H
(1.8) WhE)  £=0 L (E)
Wm(E) = {VI Dzv € Lm(E), £ =0,...,m};
B(E) = {v| oty < 2@, £ =0,...,m}.
Also, we define the A-related norms
N m
(1.9) j=1 £=0 L (Ij)
[[B%4] = max I+l
Wh(A)  j=1,...,N Wm(Ij)'

Finally, throughout this paper, C, Cl’ etc. will be positive constants, not

the same at each occurrence.



2. THE RITZ-GALERKIN METHOD

Consider the 2m-th order two-point boundary problem

m

Lu= ) (—l)zDﬂ[pz(x)DKu] = f(x), xe¢eI;

(2.1) £=0

Du(xl) =0, £=0,...,m1,

where p.,...,p_ and f are sufficiently smooth in x. We assume that there
Po m

exists some C > 0 with the property

B(v,v)

v

2 m
C“v“m; vV e HO(I);

m
(2.2) B(u,v)

£=0

HE(I) = {VI v € Hm(I); Dev(il) =0, £

in other words, B(,) is strongly coercive.

] gt wv e B

.,m—11,

For some partition A of I defined by (1.2) and some integer k 2> 2m-1,

we define the finite element space

(2.3) Mg’m(A) = V|V e Hy(D; Ve BT), 5= 1,0.0,M

The solution u of (2.1) can be approximated in M

U of the weak Galerkin form
(2.4) B(U,V) = (£,V), V ¢ M%’m(A).

The error function e = u-U has the bounds [2,4]

lel , < e 1 il

2 £ =0,...,m;

k+1?

£ 2r
(2.5) |D e(xj)l < Ch “uﬂk+],

r =k+1-m.

0

k’m(A) by the solution

£=0,...,m1; j =1,...,N-1;



What we want to prove is the fact that Znside each segment I, there
exist n = k+ 1 - 2m distinct and specific points where |e(x)| is of 0(hk+2),
one order better than the optimal order of convergence. This is, of course,
only true, if n 2 1 or k 2 2m. These points are sho&n to be the zeros of the

Jacobi polynomial P:’m(c), which will be introduced in the next section.

2.1. The Jacobi polynomial

The Jacobi polynomial Pg’s(c) is defined by Rodrigues' formula [1] as

“80) = w17 D (10N (0)1a%%, a2 0;
(2.6)
= a B.
w(o) = (1-0) (I+0)"5;  a,B > -1;
where A o8 is some normalizing factor, e.g. such that P ’B(l) 1 or

(1) (1+a)(1-+§J... (1+;9 It has the important property

2.7) (WP} %56 posB

) = (wP ), 0<1i,j,
where Sij is the Kronecker symbol.

From now on, we are only interested in the case that o = B = m, where
m is some nonnegative integer. In that case, we replace the double super-

script m,m by the single superscript m.

LEMMA 1. Let the linear interpolation Ii: Cm_l(I) > Pn+2m_1(I) be determined
by

otaisy ey = obeeny, £ =o0,...,m1
(2.8)
(Hf)(U ) = f(o ), i=1,...,n

+
and let the integral f_i f(0)do be approximated by the quadrature formula

1 1
(2.9) J f(o)do = J (1f) (0)do
-1 -1

Then (2.9) is exact if f ¢ P (I), with r = m+n.

2r-1



PROOF. From (2.8), it follows that there exists a function g (o) such that
(2.10)  £(o) - (1D (@) = (-0 "B (0)g(o) .

From (2.7), we know that

2.1 ((-oH™he =0, ifgecr (D,

which completes the proof. [

Elaboration of (2.10) gives the formula

i mi‘ 2 ¢ ‘z‘ w
(2.12) J (1) (o)do = [6, Df(-1) + 8, D f(+1)] + wyf(o, ),
4 p=o A1 £2 g2y £
with
T (1-6")™ ()
w, = ®.(0)do; é.(0) = .
1 i 1 m 2,md _m >
21 (G-Oin)[(l—d ) _d?Pn(O)]O: o
in
+1
9.=J v,.(0)do; ¥,. € P (I);
(2.13) 21 yat Li k

-1

Wﬂi(ojn) =0; L£=0,...,m"1; i =1,2;

s i . .
D Tzi((—l)J) = 8;0pgs 151,552 05 L,s < m-1.
The approximation error of (2.9) is RmnDzrf(E), where Rmn depends on m and
n only and where £ lies inside I.
In the next section, we will use (2.9) - (2.12) to establish super-

k+2

convergence of O(h™ “) at the Jacobi points.

2.2. Superconvergence at Jacobi points

We return to problem (2.1) and its Ritz—Galerkin solution (2.4). It is
standard that



(2.14) B(e,V) =0, Ve Mg’m(A).

For k 2 2m, we define for any Ij the n-dimensional subspace SO(Ij) of

Ms " (8) by
m
(2.15) SO(Ij) ={V]|Vve Hy(I) n Pk(Ij); supp (V) = Ij}.

For SO(Ij)’ a basis can be constructed, consisting of the Lagrangian poly-

nomials ¢i(x) defined by
(2.16) ¢i(x) = @i(l-+2(x-xj)/h), i=1,...,n,

where @i is defined by (2.13).
If we apply (2.14) to ¢i’ we obtain after partial integration

Lo v+l _L-v-1 v L. . xj
(2.17) (e,Lo.) = Yy ) [(-D" D e(x)D’ (p, (R)D ¢, (x))I "
£=1 v=0 j-1
i=1,...,n.
We now define the interior nodal points Ejﬂ by * "
(2.18)  E., =x. , +2(+™), £ =1,...,n
: jL j=1 -2 £n’? 2t
where OEn is the £-th zero of P:(c),.as defined in §2.1.
Application of (2.12) to (2.17) gives
L B
7221 wpe (€5 pILo; (E1p) = (e,Log)
m—-1
oL V4 h £+1 2r 2r+1
(2.19) izzo Cop,D e(xj_])+e£2D e(xj)](z) +R_[D (eL¢i)]x=E€Ij >
1=1,...,n

where Rpn depends on m and n only. If we multiply both sides of (2.19) by

2h2m'—l and apply formula (2.5), we have



| ? LwpLd, (€ )hzm]e(i )l =sc mfl(lnﬂ ( )1+ 10%e ) )
Jithar SaE AN 12 LA N ¥

m-1
h2m 2 hE(IDK
£=0

(2.20) + C

2 2r

etx, I + Ifex)1) +cyh?  erg I
J J 1 W (Ij)

2r k+2 k+2
< Clh ||u||k+1 + Cz(u)h < Cc(uh .

On the other hand, if we apply quadrature rule (2.9) to the inmer product

2m—

@.21) 227 0,,0) = 207" "B 6,0,

we find that

2m

2m—1
| 2h B(¢i,¢£) -h m£L¢i(£j£)|

2k+2 2
(2.22) < Ch "¢£L¢i“ e < ch”°,

W (Ij)
which means that (hzmm£L¢i(Ej£)) is an O(hz) perturbation of a positive
definite matrix whose entries are of 0(1). From this, it easily follows
that the entries of (sz¢i(€j£)h2m)_l are of 0(1). This completes the proof

of

THEOREM 1. ILet u «¢ H?(I) n Hk+l(1) n Wzr(A) be the solution of (2.1) and let
Ue Mg’m(A) be the solution of (2.4). Then e = u-U has the bounds (2.5) and
the additional bound

(2.23) le(e; )l < ch?, 5= 1,.. N2 =1,...,n,

where Ejl 18 defined by (2.18) [

We can use the local convergence properties (2.5) and (2.23) to esta-
blish superconvergence properties of De at interior points of I.. To that

J
end, we define the projection I,: HIS(I)k n Hk+1(I) -> Mg’m(A) by

Al
(HAU)(EjK) = u(gjﬂ); j = 1""’N; L= ],0-"n;

(2.24)

L I 4 . s
D (HAu)(xj) =D u(xj), j=1,...,N~1; £ = 0,...,m1.



Then on any Ij’ u-—HAu has the representation

66 - M G = b 10D 0)E, (0
(2.25)
TS S R

where Ej(x) and Ej(x) have bounds depending on j only. This property can be
proved by expanding u and HAu as Taylor series around Ej'

Differentiating (2.25), we obtain
_ _ L k+1, _2mm, . k da _2\m m
(2.26) D(u-T,u)(x) =h Ej(x)(l o )mpn(o,. + 2h E; x) 5= (-0 )mpn(o)

From [1], we know that

m d _m-1
Pn(o) = Amn EE-PH+](0),
(2.27)
2 m.jL

m-1 _ _ 2 m1_m-1
P @l=8_«=-0""p (),

d
do L(1-07) n+l

do
where Amm and an depend on m and n only. From (2.26) and (2.27) we can con-

clude that

ID(u-Tw) ()| = o'y,  if x =

(2.28)
1

+]), j=1,...,N; £ = 1,...,n+l

_ h m-
nsp = 5otz oy
Consider now U-HAu. From (2.5), (2.23) and (2.24), we can conclude
that
(2.29) lu-nal < cb*?
L (D)
From (2.26) - (2.27), one easily proves

THEOREM 2. Let the conditions of Theorem | holds. Then e(x) has the addi-
tional bound



(2.30)  IDetnyp | < e,

where nie s defined by (2.28). This is one order better than the optimal
order of convergence for e'(x). [

2.3. Quadrature rules

Without giving proofs, we state that all the local convergence proper-—

ties from the Theorems 1 and 2 are preserved whenever (,) is replaced by

some approximating quadrature (,)h which is of O(hq), q = 2r, i.e.
| (,8) = (a,8), | < C(a,®)nY,  q = 2r,

Examples are the extended r—point Gauss-Legendre rule or the extended (r+1)-

point Lobatto rule.
3. COLLOCATION METHODS

We consider the m—-th order boundary problem
- m-1
Lu(x) = D u(x) + )
(3.1) 1=0
BKEUJ =

Pi(X)Diu(X) =f(x), xe I

I
)

-
&

1

b
°

v
B8

v

where Pgsec P and f are sufficiently smooth functions and where Bl""
.,Bm are continuous linear functionals over Cm—](I). We note that the
functions Pgs--+sP and £ and the operator L are not the same as in the
previous chapter. We assume that (3.1) has a unique solution and that 81,...
...,Bm are linearly independent over Pm—l(I) = ker(Dm).
Let A be a partition of I defined by (1.2). Then, for k = 2m-1, we
define the finite element space Sg’m(A) by

k,m _ m-1 . . .

St (M) ={V|Vecy (D;Ve P (T9)s 3= 1,000 N
(3.2)

Cg_l(I) ={v|ve Cm_l(I); BKEV] =0,2=1,...,m}.
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The collocation solution U € Sg’m(A) of (3.1) is defined as follows.

For r = k+1-m, we define the collocation points sz by

_ h 0 . . _
(3.3) zjK =X + E(l-fczr), j=1,...,N; £ =1,...,r,
0 . 0
where {Oﬂr} are the zeros of the r-th degree Legendre polynomial Pr(c). Then

U is determined by the linear system
(3.4) LU(ZjK) = f(zjﬂ)’ j=1,0..,N; £ =1,...,r.
The error function e = u -U has the bounds [5]

k+1-£
Iel Ch "u"k 1

2 =<
(3.5)
IDﬁe(xj)l < C(u)hzr, £L=0,...,m1; j =0,..

In order to establish superconvergence at interior points of I, [8], we
recall the n-dimensional subspace SO(Ij) of Sg’m(A) defined by (2.15). For
any V € SO(Ij), we have, if we put P (x) =

m £-1
(3.6) e,t"tv) = te,tvy + § T 0DVt e’ Pl 3 ,

£=1 v=0 j-1
where the operator LT is defined by

m
a.n =) cnBlem
220

If we apply the quadrature rule (2.9) to the left hand side of (3.6), we

have

h © T
5 Z U{ee(gjz)L LV(E"J»@)

-1
(3.8) + 2 [elez(eLTLV) (xs_) + 8 D (eL™LY) (x; )](E)“l

£=0

2r+1 2r

= (e,LTLV) +*+R h (eL LV)(E€1 )
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where Rmn depends on m and n only.

If we apply the r-point Gauss-Legendre rule to the first term of the
richt hand side of (3.6), we obtain

¢ .0
1 A, Le(zp)LV(zp) =

h
2 p=

(3.9)

= (Le,LV) +§_° p2rtly 2r(LeLV)(geI ).

where Smn depends on m and n only. In virtue of (3.4), the left hand side of
(3.9) is identically zero. If we combine (3.7) - (3.9) and apply it for
the Lagrangian basis functions ¢i of SO(Ij) as defined by (2.15), we get

after multuiplication by 2h2m_1

m-1

v T 2m 2
'££1 wpL L¢i(Ej£)h e(SjK)l < C, Z (lD e(x P+ e(xj)l) +

- : h £
] g, ptcer o) Gxy_) + 0,0 (oL L) 1T +

(3.10) £=0
+Ch W 2KH 20y o Tl ,  +lLelod , T C(u)h¥*?
wo(I)) W (1)
J J
i=1,...,n.

Analog to (2.22), we can prove that

T 2m 2m-1 2
(3.11) IwﬂL L¢i(£j£)h - 2h (L¢i,L¢£)] < Ch”,

whlch means that, for sufficiently small h, the matrix (w L L¢ (g. K)) is an
O(h ) perturbation of the positive definite matrix (Zh2 (L¢1 L¢£), whose
eigenvalues and entries are of 0(1). This implies that the entries of

T 2m, -1
(sz L¢i(£j£)h ) are of 0(1).

THEOREM 3. Let u € C (I) n W (A) be the solution of (3.1) and let

U "(A) be the soZutzon of (3.4). Then e(x) = u(x) - U(x) has the bounds
(3.5) pZus the bounds

le(ng)l = C(u)hk+2, J=1,...,N; L = l,...,03
(3.12)

k+1 .
lDe(an)l <Cwh ', j=1,...,Nb £ =1,...,n+l1,



12

where gjﬂ and nyp are gtven by (2.19) and (2.28), respectively.

PROOF. The first part of (3.12) was already established by (3.9) - (3.11).

The second part is proved analog to Theorem 2. [J

REMARK. RUSSELL and CHRISTIANSEN [8] also gave a proof of (3.12); they proved
in another way that the first bound of (3.12) occurs at the interior of the

polynomial

0,0

>Oyat, o =2 Gex,_)-1

g
(3.13) J (t-0)™ Tp 5-

1
which can be shown to be equal to (l—cz)mPE’m(o) up to a constant factor.
The proof of this equality can be given by using formula (2.6) with a=8=0

and elaborating the integral (3.13) which gives the desired result.

4. CONCLUSIONS

In this paper, it was proved for two classes of Galerkin methods that
superconvergence also occurs outside the knots of the partition, albeit in
a more modest form. Its existence can easily be proved for other classes of
problems which are solved by the Ritz-Galerkin or the collocation method.
Examples are nonlinear two-point boundary problems and parabolic equations
in one space variable [4].

The interior superconvergence is especially important if the finite
element space is of degree 2m, because the order of convergence at ;j is

then the same as at Xj'
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