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Introduction. 

This report contains a survey of the calculations per:forr11e~J 

by the Computation ..... ·.··pa.rtment of the f~athenatical Centre, Amst,.',:'·· 

dam f'or the Geological Department o:f the B.P.M., The Hague in 

connection with the ... orders R 6, R 25 and R 26. 
l 

' 

In each o-:f the; se orders the problem stated can be formttln.ti ?{1 
as :follows: 

A three dimensional space is filled with an elastic or liq_u~.<1 

medium, this medium being divided into two semi speo,ea by e. ho1~~ • · 

zontal layer of a. n10dium ol: the same kind, but with higher vel.o

ci ty of wave pro: · gation am of thickness h. 

A point-sourse above this layer emits a wav,e starting a.t 
time t ·• 0 of a prescribed shape. Pa1·t of the energy generated by 

this pri.···.•··- is r·e:flected into tho upper medium again. 

• ·. · e to the :fact that the velocity o-f propagation e'f sound _. 

waves is larger in the layer than in the remaining pa1:1:t of the 

space, there is a certain region of the upper medium in which the 
waves that can be r·egarded as due to direct ref'leot.ion at the 

upper interface is not the :first to arrive, but others will com•e 
before it. 

It was the purpose o~ the computations to evaluate the dis

ple.oements of the medium in a point lying at the same distance 

above the layer as the point s01Jrce and due to the longitudinal 

re~ra.cted and ref"lected waves arriving be:fore the djrect refloc, • 

tion. 

In the case o'f o ,er R 6 the thickness h was infinito, so 

-that in faot we had two media. filling a. half space. Both media were 

supposed to be elas-tic with the sa.me density; the velo.oities o~ 
o , . · ... e,.at ion wer,et, 

for lo•·.·· .. itudirtal waves in the upper medi1.1m 

for tr11nsversal waves in the upper medium 
for 

for 

,~':c·~· :',: i~;y wa,r,e is B.$&Umed to be S:,r,', ertoal::,, ~y--etx-t,oal in 
' . . , . ' ' . 

. ' 
• 

;'·; ~•·••·~he disp' .c&~J,,s oan be derived fro• ,a .... :J.::,t·entta.l .. 
• , • '• ' ' . • <'· . • ' • : 

'; " 



-0 - in which R 
t 

distance to J-Oint-s01,1:,~ce 
-time 

Especially F t has been tftken equal to the unit f1n1ctions 

0 t<o 
1 t o. 

The height of the point-source above the layer is taken ~s 
unity. The displacements were to be calculated at poirrts at hor:i -

zontal distances 3, 4, 5, 6, 7, s, 9 and 10 from the point-sour;_-., 

The horizontal as well as the vertical displacement were calcu

lated. 

In the case o~ order R 25 we had again elastic medin. The 

thickness o'.f the layer was h = 0,15 now. The other pat~a;-n_0ters 
l\ n were the same as in R 6, only now .. . · -t - .,, · n 

() a should be the 

velocity potential and only the vertical displacement was calcu 

lated in points lyi at distances 5, 7 and 9 from the point 

Finally in R 26 the media were liquid, the layer ha·d a thick-

ness h ·, 0,15 and O was the velocity·-potential again. There are 

only longitudinal waves possible now, b and b' being zero. The 

other parametere were the same as in R 25. 

As R 25 gives the most general featur:-es o:f the problem and 

moreover pa.ct of R 6 and R 26 can be co1·1sidered as a special case 

of it, we shall first consider this order. 

A good deal of the theory on which the computations were 
based was developed in 

' 

a L. C niardt Reflexion et Refraction des Ondes Seismiques 

Progressives; 
• 

b B.L~v.d. Waerdent Reflection and Refraction of Seismic 

llaves. GA Report No. 22363 of N. V. De Ba-

taa:fse Petreleum :.-.atschappij; 
• 

c P. Hazebroek: Two inter1ia.l Reports of the B. P. r1. 

We shall therefore often ref'er to these authors .. 

Chapter I. 
Re:flection of shock ,waves in an elastic medium divided in-to 

two parts b·y another elastic medium with higher velocities o'£ 

propagation of sound--waves R 25 .• . 

1.1. The notation for the · · •ra.meters as described in the introdt.tc-

tion will be used here. · · rther we may notice, t · t the p,robl(:;1;1 



' ' 

the point--aou:1~oe. ff:··.·. re::fore we oan :reduce the problem to one which 

oan be· put in a fo.1111,. introduci ···., besides the t . e coordinates:, 

two sp•eoial coordinates viz. the vertical coordinate z, meas1.1·.i~ed 

·.• · ong the axis of syrame-t .·· from the point source .···• .. · .. positive 

when the point in consideration lies below the so 3, and the 

horizontal co·ordine.te r, giving the distance to the axis. Then 

Taking the positive direction of tho z axis downwards has 

some advantages as rega1··ds slgris and corresponds w14th the nota:tioi:E 

of · • Hazebroek. As, howev·er, it is more convenient to-telce ver 

tical displacements and velocities positive whe·n they are upwards, 
we shall not derive 

ns its negative but as its positive derivative with respect to z,. 

and analogous, for the vertical displacement • 

We der.ote the height of the point,,,. so1A~rce above the layer by 

• This should be las stated in the introduction. Also we intro
• 

duce ..... ··· 1-z.- z, this being a vertical coordinate with p,oeitive 

direction U:· ar~ds and having its origin in the ime,g,e of the point•• 

source with respect "to the upper interlace • 
gives the distance to this image. 

·. t · be the density o~ the medi1»11 · · .. ·· · 
I .. I 

----··-,-
Th . . . I.. ' 

. ·.en · 1 .:r ·,T +- •. 

that of the layer. 
We will here take = , and so er = · = 1. 

' 

· · . · ·~ A a r1d be lam~' s constants in the medium, 
in the · er. 

We then ~ha.v•e 

a. = 

or 

).' ... ,, c:r 

. I = (t . 

1.. 
a-
.1 

b =· 

b'= 

I I 
~ and .· · ·.. those 

1.1.1 •. · 
' 

1.1. 2 •. 
• 

. l 1 1· t · 
. • ., . . 

Now aooordi. · to llazebroek the ·· . ·p · .. ··. ·.oe-trans~orm of the 

Ye1ooi-ty--poten-tial of: the re:fleot•d wave.a ee.n be writt.en as 

". 



in which 
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• 

p being the La.place-va-■r·iable 
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1.. 1. I 1. t. t. , t.. 
I I 

. , • 

g1 ·e,( 0( ... . .. , 
,, 

t. 2. . I /· 1 I 1 I I- I ' 1.1.8) = t){ (K. .... .... , 
• 

I L I 1. I -l. ,1. 

-f . •• 0( '-f 
• 

• 
• 2.. I. 0( a 1 

' 

+ + 
, 

Ft ,t Iii 
' 

1 l o· • . -· 
I t.. 

+ 
41. 

j ,. 
4 IE r::.L 
a: 

I 

in another meani 

conf'usion • 

J -

E' 

) ,;ii ' ' ...... 1$ I .. 

I I. 

than before; there is, 

The an:l · 1 could be calculated :from 1.1. 2 and 1. l. 2 if 

only we knew t e value of 
and therefore a.lso 1.1. 7 are all homogeneous of the second degre<:} 

by division in 1.1.6 and we can 

do without its value • 

As we shall see ...... terwards we have generally t9 deal with , , 
. . ,, , a ±, 9 • c • ·\ ........ 

and \', .. 
' 

I I . 1. 1. 
cula,e· • which occ1..t1~ in ~- and a1.~e somewhat di:f:ficult to be c 

... - I 
1. 1. 5 , we see that · ttrld can always. 

. \ l.. / . - ' . ' J 
at the f'orrr1ulae 

·L . a . ,~ - ... 

forms • For these we can 

derive thee ressions 
• 

I. 
t . . 

• 

TT'= 

1.2. From 1.1.3 and 1.1.4 we can derive the ~ollowi 

~or the Laplace trans~orm the vertical velocity 

differ,entiati _ with respect to z. 

• 

-2. -
~, lt.: 0 

Tn1-11 ~eV#l\ 

I ... --
V _ . .- - e 

I 

-.- .--r. d 
~ ' 

is the time--in~egra1 of 

l.l.7' 

formulae 

by 

1. '2. 2. 

, The vertical displacement , -

and we find therefore its ...... place- division by p. 

• 

,. 

- .. 
' t ' 

:'1' 

'-,ti~.~ 
b\f. ~ ~•"ti, 



• J 

1.2.4 

The inverse trans:for1ra'.tion is performed in the same way as 

C · niard did; we shall expose it ro •_ hly·. As to the proof o-£ its 

validity we may re:fer to the considerations that Cagniard gives, 

and which can similarly be followed here. 

Let us substitute f'or the Bessel-funct.ion integraJ.~-

representation 
. . 

• 
• 

0 
t 

ii.Ft: ,o,, 1.2.5 

• 

1. 2. 6 

and let us then replace the variable by 
• 

• 

I • • 

+l .1.2.1 

• 
• 

Then we get 
• 

·. 1. 2. 8 
• 

· with 

0 :,:,. \. 
,, _,,, ... + 1.2.9 

a 
and in which the pa.th of inte_ ation may be taken alo the real 

• • axis. 

This shows, that if we identi:fyK. with 

is the Laplace trans:form of a function 
tr , I 

~-

1 Wlt 
• 

• 
>mn - d. l~ 

# Q 

the · .· , w , -t connected by the relation 
• 

From this relation w-e transf·orm to 

. 

z, I ,, :fl$ I r 
' . 

·O 
' 

the time t 

l 
, -e > . 

a 

' 
• 

4-

~ 

""'+- n 
d' D 

· li 2. 10 
'ffl +"n ., 
a' b 

back again, yieldi:tlG. 



with defined by 1;he equations 

Final. 

• 

It 

Thus 

% -

in which 

I 

• 

• 

-iA & • : mz IP· 41 :·ra1At : ll'J•li ,ur•••· t.t.. • .... 
._:P 

··.-r1'r11W 

,,,,a:111e 

' . 

•··.' 1 a.. -t .It 

~ 

~eros 

I 
+ 

o:f 

' 

. 1. 2.14 .. 

. . ' 

• If. \."" - - - - , ~:,;->,¾Ii ;' "' ~ -t-
.. .,m, >:S· , ·. , e _,, ·r, I . 

• ' " ' H. ~ 

' , 1. 2.15 · 

• According to 
. ll 

C ·· niard they are to be chosen the fourth and first quadrant 

reap,ective1y, which condi ti 1on fixes them uniquely; on;.• if they 

are •. i .. ··.· on the i.meginary &axis there still m ht be two values 
; 

' 

for each. We then 1nust choose the one with the smallest modulus. 

l. 3. First of all the case m n i:r. 0 will be considered. 
As• • •o -1, we get from ' 

1. 2.1·5 ·. and 1.2.16 
.. 

• 

0() 

. defined by the eq· 1Ja.t ion ' ·1t ' 

. . . . O" 
0 •

... 
. , .. , . ~ 

' . ' .. 



ti 

there is a wave with conical front-a,1·ivi at the time 

in that region of the upper medium in which the condition 
must be smaller 

than • All this, assumi ~ a'' a! 

Following the method a.s given by v. d. Waerden, we have 

~oo-·.e ., 

Substituting ex 

in which now 

1\1 . 
~ 

1 

Writing C 

and I • 
'-. - l 

we get 

, 00 -

• 

2L 
Tr 

2 .. 

Tt 

1a / 
a 

:t• ,J,.;rt 

TI 

. ,. 
• 

\ 

I lij.Jf .. [10 1711 J I ,1zq• t)! be. 

\ 

~o 

we get 

I 

t. ,. 
- a t . 

I 

,,.,.ilffi(J ) ... ).tJJ1$,JfC$!$ .,,s,t1 tf .... di SIT 

* - 0( TJ (0< .- r.xTI' 

• 

• 

. 

• 
-·~" 

1.3.8 

As to the va 11.ie , we notice that on the path o:f inte••· 

gratio.n has moduli I SO 
. ' 

:/ 
lX , · and ..,_, a:r··e real there. Theri returni 

• 

to the formulae 

1.1.8 and l.1.7 we see that we can write 
• 

• I 
. I 

.~ t + ft( 
,. 
) 

--
• 

' 

I 

, t.' and being real, a11d so 

• 



-9-

I - £. re 

, • 7 t 

But 

there:fore 

... -
I 

-
J 

£ 
- i 7 rr,;_. _z ::::, 11;11 .Q j 

e2- -1- 1 e1_«1 

• 

1 3 J 1-:"' \ 
• • ·- ,J / 

The function 

£ --~ e -"!"'--
ct+ b1(<=1.-~i 

which is independent of t, was tabulated with the desired accuracy 

between the limits of~ where it was needed and with such an inte1--

val, that interpolation was easily per:forined. 

was t · en apai:~t because it ca.uses a singu

larity in the point O<. a C , one end of the integration.•·int.erval •. 
ti 

At the other end · ()(_ex -rr. - 'lt1as a si:ngulari ty, we can get rid of 

either of them by the substi tutj.on 

ts ,,. _,,.. 

t. 2.. 
1.3.18 

giving 

·C - .ottr 
' 

()0 .,,_ r~1r1• •••• jt4.- •Y.• I• ., . ,, ,. 11\ ,1·· "" 1 -J,. ·a.c.-«ri 
1 -

1.3.19 

· This integral could be calculated numerically. 

1.4 •. Next we shall consider the case m O, n a1~itrary. This 

correspo-nds to a wa.v·e that, a.ft er ref'raction, tr,avels thr~ ~h the 

l~ayer, being repeatedly reflected at the inter£aces such that there 

a.re m+n paths between two consec,l.tive re:flections, and then goes 

into the upner medium again, m of the re~lections bei: o~ the 

lo itudina7_ type and n o:f them -transversal ones. Baca.use o:f the 

higher longitudinal velocity o'f propagation in the layer, these 

waves may a1:rive before the directly reflected one, provided the 

m and n ar#e not too large~ Now we have ~or -

... 
• 

.... 11· • . . • f"!rl' 

~ 



with 

or 

I 
1.. I. 
-r 

roots of the equRtion 

,0 

I . 
• 

l 

' 

1.4.2 

Fort= · "'l'l • · = = if t ows becomes e 
t 

• 

, until t reaches the 

point 0 to a branch-

* () ,-
point 

oft as 
0 ~n 

there~ore., • In these branch-points the values of · fr ha~e .. • ~ 

moduli which a:1~ smaller than those of any of the branch pol.nts 
• 

, + 
• 

the inte~and , compare C · niard > 

. · . : ·• Denoting the car · • II • 
• • • • 

' 

respondi value , we ve 

-z. mn .rO , 
1.4.6 

,-
' the integrand o:f u.,.,,.,-n is an antimetric :fu11ction of · now~ 

W en t ~ t _ . , / , .. , ~ , 
· ~aki into account that we may take as path •f integra.tion 

' • 
the paths :followed by . 0 and - 11 as t O ows :from 

,. 

. .·, and th9:t the integrand reaches conjuga. te 

values :for t,vo conjugate complex· arguments, we :find 
• 

--

Now we pe.r:form 

.a i,- . . l'I'\ "'t\ 

11 m-n 
the trru1.s:formation 

9 q;qj) ; 1 i ' 

' 

b"l'l\ 

Compari - this with 1.4.5 we see, that this mea.11s, 

that value o:f t :for which the point . would be th·e . ' • 

l.4i7 

,,, i•, 

.• 

that~ is 4; 

• Thi.s. . , n 
means, the.t the integra.tion· variable', is now a real otie• W'e get 

.. . ' . .....:.· ~-+..---· '. ~.·.• ....... ....----' ' ...-.· ,. ~ 
,; • • • ~ <,\, 

. ' . 
• -. ' . 

• ... ! • J. ., .. . '" .,.,:•• ' •.. ., . ,-,. 
',;,_,,.- . '. "· . .-" . . ' 



1n which according to ·· 1. 4. 2 · and 1. 4. 8 · 

so that we again have two 

the .... - th o:f integration. The :first is cancelled by the aubsti tu-
tion 

., I I I IOJ I 4 S ..,.,_ , 

and the other by applying the trA.ns:for.,mation 

The result is 

Now if' 

ani 

then 

> 0 

• 
-1 l 

0 

•+ 
' 

• 
·Y-, + l . l L 

• 
+t 

1.4.14 

' 

,' 1. 4.16 

which integral can be calculated nulerically if only we know -~, 
' ' and as :fi1nctions of ;1 • Now 

. , 
' 

·rr_ independent J~ t, so that· if ..... we could : . e a table or draw a 

• 

real and i11~aginorJr part as a :func;tj.on o:f a , and then, after also 

find tt.e cr_·~vP .. lu.e corresponding to pa:r .. ti.-

. ... 

ly from ·l.4~15) be 
found~ 

1The easio:--:t wa._y, and the only one feasible without taking too 

Tb.e metho,d by :.vhich the 

treated in th£. nert two sections sepal,~o.tely :for the oases n • 0 

0-. FoJ~" tt1e s.ame tr -va1uEJs as :for which ·.·.· had been oalou, ·-
. . 

t, .. , tile t'orm11lae .· 1.1. 5 .9 •· 001d the additional :f.or11ula 

. ' " . 



l2-

give .t· = .. , 

case . has a :finite value. We shall consider this last 

with the calculatiJn o~ +._... and the values of 

which will be developed in section.· 1. 7 • 

but rr cL . 
ll_T 

afterwards 

for cr..p o 

The computation o:f < and was perfor1Ited as :follows 

t. . - 2... 
· .. - '·.,.-i-11 - \ 

-i 

in which 

1.4.19 

and --
• 

Now a table of A and B from 
' 

~ 1.4.20 
• 

was me.de. 
' 1 ,I I • a 

The result is -- e 
• 

• 

and so 
-z.1n11 • 

In the case o~ large 

cient to t e 

values of m and nit was often s •fi-
• 

:"t· C 1,4.22 

1.5. Now the method o~ getti the graphs of t:r in the c.ase 

b , 11 - G will be shown. 
' 

Let lies in the first quadrant 

~ · ~ S i1'\ - 11" ,. L 1 L 

with .() 
p 1, I tT 

Then 

:r Cos - ' 1,5.3; 
' t 
' 

Ftirther let be 
• 

- , 2.T + l • J.. l 

" 

_. •·1·,- ,,,r_r, . -· :_. . - ~ .-- _:::~-
. 

. ,,_, 

•a•~• .1·. • 1 • 

__ .•/< 

' ' 

/~ 
' 

• ,,. 2 L 

• 



l 

Then from .. 1.1.9 follows 
.. 

1.y-.l-4 1.1 

and .such, that with 1.5.1, 1.5.3 , 1.5.4 and l.4.8 we 

should get a real value :for T . Then 1. 5. 6 and the equation 
• -~ T1t o give us 

S.ih C!OS 
-1r 

....... O~ . 1Y fl 11'l . 

We now can calculate 

lowi scheme 

2.,.. :l 
• 

-

Then we have 

n 'f ; as ¥ 

a 

• 

j 

• 

• 
.1 l 

• 

• 1t 

t. l 

• 

1.5.7 

1.5.s 

1.5.9 

to the fol-

1. 5. 10 

1.5.11 

' I I , 
Moreover we can easily calculate 0(...,.. , ~i , eK;r and tX:, : , thes0 

bei .- the real and imagina parts of ot and ~ 1 
• These values ar1J 

them in this co o able way we avoid the squa:r"e-rooti of oompJ .. 0 .... 

numbers, which should have h~d ~o be performed i:f we had ca.lculn.t·•l-1 

• • 

them dj:r•ectly :from • 

We have 
::•:: . 0 $ 

. 

• 

• ·- . « 5 .• ._ 5 Lll. .• 'it •. a .. · , ..... !,•' ,·· .. '. 1 .. 1 ➔ ' _;, ::.,_/ f_;_/' -·~11· \( .. ;r ~ ·1-

. · · ~j:· ') _.· t - -. · ·~--1 
d I . .. •: . . s • ' • 

. . . = . ) ·tit 1, 
':,•' ;-~<, 

• • > .. 



arrl. 

and 

• ,,_L q. 

Finally 

ter the calc·t.;.lation of 

applying l.4o~l we get 

• 

-t""'"' which will be exposed 

correspondi _ values o~ .,-, 

1.5.13 

in 1.7 

and -~ 
. ~ • 

1. 6. The problem is much more complicated, if' also -n 

1nust also intro duce 

Q • We nc.~'., 
.. . 

I 

, 1. 6. 1.) 

and then the equntions are 

• 

• . a_ Sl11 · GOS 
1 t a' 2. "T" 

.,.a l!tn c,~h · 
t, ~ ~ \Y 3 t 

• 

d' 

-r, •·~in. ~~: •.. -

• 

From these we obtain the two equations 

t 

if' 

' 

• 

l.. t.. t. 
1.6.4 

t-l 
--.• 1.t\ 

root that 

we can write 1.6.4 as a quadratic equation 

comes into consideration is 

v'-. " + 1.6.6) 

4 4 
- -- fX 1_ ~ 1 ◄ t.< 1 k~., tJ<.~ 

L l '-\ , 1 1. 6. 7 

'• ..J. \ ,. = .,..:+' 
• 

I J,. 
• 1.6.8 

~,\ : 1 t~ • 1.. a1 , ~~ .... i-l .i,:a.) • 

1K, e t. l · l ~l • -
\ f L_ t,1\ . t.1 ._ "I. +, ~ b1. _,,. 1 ·· 

• 

• • 

' 

·1 ~ . l ··. . .· ··t • ·•;: ~•· ... d,. I 
. .,41 Ill _ 

·_ -·· . . ,,, . . . Ir/ ,I . ·.. ·. J , ; ,., -; . . l .. \ . .a. \ . ; . 

. , , . -

"'-:t . , I • . l . .. .,( . . . . .... t . 
-. C • .,, • ii• 

_, ,. a . . . 
. •' 

. . , . ,,: . 

• 



• 

An extra Iactor 2 has been introduced regardi~J~ the factor 
• . l. t. 

that 

chosen :for our pa1 .. ameters. Inserting these values and introduc ir. _-_ _. 

an auxiliary quantity 

- -t 1. 

we get 

1.6.10' 

" 1 .. 6. 8' 

·1.. = 4 
1.6.9' 

tabulate the ·c:( , 

most :frequent· in 011r 

computa:t ions, independent o~ .t , m and n. 

Substituting and 1.6.6. gives a new value 

goes into 1.6.3 again, etc. This iteration process 

proved to be ~airly ~ast • A dif~iculty is, thnt 
,.: 

t L is la.1'•ge and thereiore L , 
instance with 8 significant digits for 

so that i~ we work Ior 
1 . 1¥£111 4 •• ', 

_ and • · 1 ~-l hardly any 

d it is left in : _ + X'➔• L • We could therefore apply a 

power series in 1, but that often converged too slowly. 

The way we overcame this di:fficulty is as folJ_ows: Suppos(J 

the errors in and · - to be /!J,. e.nd Cl .. respectively, then the ei"'ror 
• in 

• 1S 

1,7 7 IIS 

• 

Now 

• 
• 

,., • ;.··· ~ 

• 

• 

' ii"' " t "' 
■ •11 Q )1 $ I I , .. t J I I Cj't ,1.)1 t \ 

i '' 

..... ,, 4 7 ,,,, , ••• U ,:14,, 

l 
\ 4-

• 

1.6.121 
' 



and 

thus 

• 
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1.6.13 

1.6.14 

From 1. 6.14 it follows that the answer in- will be corr·],:; ... 

to the same relative accuracy as._· if we handle_ 
correct to the same number of decimal places as. • 

as if it vvere 

to be un:finit:J i.1 
' 

1.6.7 and 1.6.6. We then find 
t. 

or 

Now t t the 

t 
... - . .s 

t. 1.6.16) 

and the others from 

t· ' 
• 

' f 

ft t 
.. ' 

2. l 3~ 1. 6. lri ~ 

~ _, . 
' • 

t ' 1, ' 

•• 2. 
Then everythi • ready :for the computation of and 1S • ;i; ' 

1.7.-The waves begin at the time 
• 

, or 

TI . 
• 

' (!a(1 
'lT 

,. 
tT 

Now putti 
• • 

1T ; l $t.,_ t 
' 

I ~ _., 

txrr,., ........... c. o~ 
l.. 

.• , 
' Tf --

b' 
I 

and.using we find 

and 
"'' t • 

These equations correspond to 
,, 

,. 0 and • ' 

' \. 

which is defined by 

1.7.1 

1 7 2" . ', . ) ., 

and with 



en n 0 we can omit and we have 
-3' 

l 
1.7.3' 

Beginning with any given. value of_ 1. 7 • t..~ • • 

for ...... 1.7.3' and solve j.·. 

:for __.. etc., and so f'ind 1 and ........ 1 by iteration. 
Then wo find ·t from 

. hit(') 

• cos 

9-nd the for1rrulae 1. 7. 2 give us values of 
I . 

n. , ,y...,,. , txn that are 

the values of . , ~ a.nd ex~ for 0- 2 0 • 

When n Owe proceed in the followi. way: Take any given 
• 

\ value of ~ , substitute these values 

in l. 7. 4 and solve this equation :for etc. 

and the formulae 1.7.2 
I I 

at"e the values· o· , °' , e<. and for CT = O. 

Now we ca.11 oont inue in -the ordinary way the 
• 

and 

Now we have 

and on the other hand 

t cL ··c -
-' 

So 1.7.7 ' 
and 

' :0 
◄, r 

1:t• 

1.7.8 

ct'" 

d 

. , 

0:-0 

together give 

•. ' •< I--

I 

i I 
. , 

computation o:f 

1.7.7 

. 
• 
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and so from ·1.7.8· again 

1.1.10 
·. ,, ~.' ~I ""' h . •.- .·. 4'1 ' 4 - 1 . . . . ~ . --

' C.t.\" ··, <~ cos· ;z. Co \"l 
Now all values wanted for -the en. culat •. on of' .... and y • are 

- C. 

known. Next 

in (1.4.13. 
we ask f'or the vn.lue of ·. . at the time t.~.'1!. .. -• · '41.,l'ltM,, ~r•.-. 

ff o independent o:f , according to · 1. 4.12 • 
Therefore 

' t and are constant having their values they 

adopt :for ct.: ct • So is purely im~in _· , • -t- _ 1.· ""• - o- 1
_ ~ ~ r 

is real, M ,.... O, and 
. 

Then 

I 
.· a.re real; 

. . ,. r 
from ·. 1. 1. 8 · , - 1. 1. 7 , · 1.1. 6 · and. · 1. 1. 5) we lenrn 

l"nll is ff • Therefore, i.s pt1:r·•~)• 1
• 

ly imaginc'1..ry, 
· ctT tT-·O 

-.,. :- o • Thus we see that 
• 

•• ii I £ Ill E; <t, 

, 11. a 1w1 1 IJ. ilP k -- • 

· l ·7 11 ~ . • • • ' • ~ .. J 

· .. r l. 
( 

the discontinuity. This is not 

the case form··· n ····· o. From 1.3.8 -
arxl thus . · , ·.· ·· O accordi , . z o. . 

,I - .,l "\,:'t . 
~ 

1.8. As the velocity of propagation of transversal waves in the 

layer is smaller than that of the longitudinal waves in the ma.in 

waves with m o, n ·. 0 arrive later -than the directly re 
one. The ref ore we need not consider these waves. 

Chapter I•·• 

Re:fleotion o:f stock we.vos in an elastic medium f'il1.ing n. 

half space and resting on a. second elastic medium with h_ )"her V(~lo•,· 

cities o'f propagation of sound-waves, filling the other ha.l:f' sp,acu 

R 6 • 

2.1. As 

to that 

• 

· s been said in the introduction this problem correspon(1s 
of R 25 with h ····· ,0tn►• 

Now ·._• ·., however, is the potential of the displacements, 

-the e . ressions · 1. 1. ~; a · .·.· .. -··. 1.1. 4 •·• still hold, if we define ,· 

as the ·. ·:plaoe 11 •·tra.nsform o:f the potential o-f the displacements o~ 
the re:flec'tad waves. .• ·•· .. ·· reovar, a.a h : ... ::-00 we have to oonsidor only 

the case m = a · .... o. 
Foll.owi, :,, the nota.tio11.s o.f·•:, 1. 3 .· and quite similar cons.id era-. 

•' 
'. '· 

t◄ •o· ,n· ·B·· w· e·., get: -.I.. ' ',, . ,. . .. ,, 
. . . 

. 



rr- ·. I ..--, " -;:;,,:.:. --~- , 
<l,i t]( -. Nit \A.,,.. 

• C uoll • I I I 

c~ ~ ,_ 
0(-

C 2.1.1 

in which is the potential o~ the displacements. 

Then the displacements are 
• 

2.l.2 
-

and 

• 

We per~orm the differcnti~tions by regardi - ~ as a function 
- f ~ . . 

o:f , 
and r , and then taki ...., the rol8,tions between d 0 '" ·"' .._. and r 

__,.. 

into account. The partial derivatives o~ ~ with#respect to 
,,. 

consider d as independc and 

variables, will be denoted by and 

• 

and 

• 
' 

2 

Now we have 

• 

ex.,.. 
,,-

ia..r 

Q 
---......... 

1T I 

, 

~--7. 
...... T 

·e·-_-o(-, 
~ 

ex - rx-,,-

:7 ___ _::::::.:., _ __, 
·• 

-- \,- .. ,, ·-· ,.,. 
C- ~ 

◄ .. 11 :m; , • 'J l 
. -,-,./ ' ·~ 

At last we get by integrating by parts 

I.; Q 
- -·• 

"ft I 

a 
- -

Tr I 

' . 
-·, 

C -- Cl 

ex. ex; 

• Then we have.; 
r, 

2.1.4 

2.1.6 

2.l.8· 

2. l.9 



Differentiati 2.1.9 with respect to 
-C. 

lCL -
- rm m v ' 7 
C- ·~ 

C 
. \ 111¢: i ., 1. ptl i:tIJL!SJiJ Ill .... _. 

1t / ' 

Q 

1 
r.J _ ""' . 'ff V 'I 

C 

I 

We introduce 
\ 

I 

I 

I 
.._ I 

,r 

I --.. , 

and find from~·• 2. 1 .• 6 , 

" 

b I F1u • ., 

e ••\J< 

ex-

• 

·- . . •_-V 

•• " • • ' ,I "" ,,.. 

d"' -_-_-_::-_.::-_"--' :.:..::..:.=-..::::-:=-=--:-:-7 
·ri ··tY-tr,,. ~ - · rr 

- t} f!I.. 
2.1.7, 

I z : 7 i 

C - ti 
" 7' 

" 11· 3 a 

, 

____ .... 
. 

7T 

yields 

• 2.1.10 

0( 

• 

2. 1. 10 

2.1.12 

2.1.13 

2.1.14 

2.1.15 

In the 's we apply the transformation 1. 3 .• 18 ; by this we obtain 

C - ~.!,t.: 
. I 

r 
' 

I 

2 
• I . (X - tx,r 

J e- r:; ·rr- :,.· 
....,;,... '.•.-..,._· ... ........ -· ' 

' 

• •pi) f , 

1-

~ 11 . 

' -rr / ...... ~n- . 

2·. 1. 16 

2.1.18 

• 

of 



2. 2. We f'u1--'ther need expressions for the derivatives of 
They obey the equa:t·ion , O or according to 1. :,. 7 

....... 1 ., - • 
,· ,'' ·. ' • - -- ·, .1 ' ... '' 

and therefore 

j ' 

Thus 

C( ,_ 

On the right hru1dside we '. · ve to substitute or 

to whether we want to find the derivatives o'f . · or .,. 
.-... 

• 
From ·2.2.1. :follows 

- 1, .,. -la. 

• 
..... 1 

-Q 

. ' ,. 
so that' i:f -• - -.·· I 'tl.,r -0 ·- ·. 

we get 
TT -

' ....,, 
-- • 'IT ......... ·Q •·' f:A 1T -

- ----

-· l a. '"t CX. rr ........ . ,. .... Ol.n-
• ... 

)I }/ 

·C( 
t • *2 I (¥. rr ()( I ~ • r~ rr IT r 

r- V 
' ,... i 

l 

2. 2.6 · 

2 ? 7 . '~. 

2. 3. For tall -t.. we haY'O , 
•• 

as we saw in 1.7) .. There:fore 

', r . 'i'. 4 O, and we have 

-tion . • .• 3.18 , • is eviden-tl,y 

F\11:1"-ther 

r • t a ( Ip; L 

I' ' 

. I 

and so a.s •. ·. -.c in 

--
• ,. ,·.··.·, ,• 1'f -

'' .. 

I 

2.1.18 
• > • '' 

' ' 

independent of .·. 

in the tra11S:f or1~r1:·1 .• , .• 

and equal to C.. • 



and :from 2. 1.1. 

rr 
Then :from 2. 2. 5-7 we get 

a.nd 

so 
' ' 

• 

' . . 
' ' 
' ' 

. ctrr 

f( 

r 

Jl!ll -- .u 
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lr er-

11: I ::it& •• ft a IC :,: I 

a 

' 
0 . 

a' 

' tH iktt(t: 11111,:;l;q J;P 11 ;••, 1 4 ;· 
1411 

. ,t:p:, .. _ 

, , 1 :; : I 1 :,!I , r It Q;lr 4 ; t < 
111 

, 

. ·•ta;;:: . Isa J•.•, 

I . l r er - , 2 1 • . 
There:fore the wave begins with a ,1scont111u1ng. 

a 

conical wave-front is de:fin·ed by the equation a' 

this displaceme!lt is p"erpendicula:r· to the wave• 11' •• · • nt. 

It, starts v1ith 

:· and as tl.1e 

Sp,ec],a;l when C v,, • · . =·\ :· 2 whioh is trtJe for our parame•, 
• 1-. t.er· .. •values, 

" ' 

Ch•. er III. 

' ' ' ' . l . 
- . -s:.'"tc.:>o 

' 

Refl,ection of sho·ck 2waves in a 

pa:t .. ts by another liquid mediu,n with 

of soUnd••waves · R 26 • 

are equal. 
' ' 

t ·t::t .. 

1 .. ·a d. dlt *d d .. t· ...,. 1qu1 21 •m8 ·1um · l.V1 e. in. 0 vW'O 

higher velocity of pro· .... · a.tion 

3~ l. 1!r1he who,le problem is o,omple te .. ·.. analogous to that of R 25. 
ere 01:-e on .· two dif":ferences. 

' 

l? ;Transversal waves do not exist and therefore we will al•• 

0 2 • ; , e ex . essions 
' 

w111,~~" w,& in ~.1, · 11 ca· l• l; ,. · w· e· 
' •• • j VlQ: . ,··~ ft ..L ' '•' . ' . ' .. ·. ,,, '•. 

he O ,·. ·· 
' 

a .r,,n 
drop 

,.- ••\, I 

·•• ... :~'seb:r\)Ok gi-ves £or ~b,em 

have to be I'Etpla.cad by others, 
index n, as it should always 



and 
m 

-22a
,_ ..•. / 

+ 

m ~ 2 and even. 

f 1 . p' 

' 

4 

l. 
r n 71 I ........ l -■ ..... - ...,, ---Ji, _ _..,._ r ! . u; :a i i, r ::p •1 r n1.,1I'llllJ:1 •• :Jlls. 

1 

I.· - ,.,.-},; rt/ .l • • .. · . . - IJtJ N . 
\J - . \f\ .J. tlO •. 4t . - , ' "11111, - ""4., ,r' «,r 

ApI,>lying the transfo tions 1.3.18 ain we get 

2 l .. ,, . 0( .· . ·.~.,,.,+ --' - '-' .... •• ,,,, ..• f () ..... ,. . -.... if' - ' •• • ' ' . ' :· I I i : -. _· . ' I - s I II' . _,. . '' ;' 
> ,, \ ' 

~fT 
The integral can be calculated numerically. Special·. wher1 

C 

x·• t we get the easier f'ormula. 

' 

As in R 25 

that 
and the graph of 

fro.·· the results of . · 

using 

C. _.,, -" _, ----. 7 

starts with zero. 

) again, as we oan simply truce thc?m 

•m ' li •. ' I 
•. ,..., - t(i ·~<X. 

· jf "- a I .. m,-.. :,, 
- l . - , -

J • I. 

'. 
. ' 

,' ' ' . ;./,_ . /" . 
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was calculated by ..... utting 

-~'-
{ 

.e_ 

d- r:x' 

so that • 

,pr a 

1 ))1 . l 

3.4. As in R 25 n; 
~ ' 

a simple Iormula for 
the 

- I 
1.7 in the case of a ,, I • 

::: I'll/I if 

in terms of t :; -eh, C, 

For -t. ... -t- Wt) 
JrlO 

obtain from 3.3.2 

and 

-

This :from 

Chapter IV. 

-o ,, 

• 
Q a 

•a el IP $21 

a' o' 

--- ,. -··----

(..OS 

• 

------·•· tJn --

Discussion of the method of calculation. Results. 

4.1. The method is in great lines that o:f Cagniard. This authort 

however, s gests to attack complex integrals of the type o:f 
·1.4.9 in another way. He de:forms the path of integration to one, 

- • _ 22 

' ' 

; , ' . . :, ' 

.see £ig. l -•. · e inte ._·. al alo · · the circle ca11 be expressied in a .. 
' . 

residue, th·e other o,ne should be ccalcula.ted nume·rically. ·. The 
' {-> 

~ ······ t~ . ·· · . ~ h .· . .. d..; ..p.,.p .. lt ,. t·h . •h f' .ii..:&: · ,.,e~ pOJ...1£1...,, ovr ev1er, 1s a. . ..w....1. 1.cu · · ·· . one , as aio .•· •·· · ; > is p.a;.., · o ~ 
,-r, 

• 

. . , integrB"ti,,on ,:•tter~ , •·;·,; .. e 8 si.,11gul.ari ties, whieh a·a.n be . · ·o,,uped into 
, 

' 

s ,: o:01:Tet$p·o1 ; ·>~••i .,,,.;, t,o . their oonj. ·· ate oompl.,e·x va.lu:e,s. So 4 ar,e 
. '. . r·- • ., . . ' . . ' . ' 

' . 
' . 

' 



• 

• 

. 

--- ·, 41 :r 1 F 1 ·- .,, c·· I CJ II I 3 ct , 

• _, 
' 

-

the 
~ . , (JI._ 

- trans-

does not differ too much from . and h is small ·.. lies quite 
~,~ ·. 0 

near to the imaginary a.xis and this implies that the integrand is 

not so very smooth there. So numerical integration could not be 

per£ormed without taki a very small interval. It is these reasons 

that we chose the other method. 

4. 2. The next pages give tables and . aphs o'f the ntirnerical results. 
' . 

'!he values o:f t:. for which the displacements 
} 

have been chosen in such a way, that they gave enough points for 

the drawing of the graphs. 

The aocuracy of the values 

digit for R 25 and R 26, 2 or 3 

of the 

units of the last digit for R 6. 
• 

In the cases o:f R 25 and R 26 we calculated as m..A.,l· \11av0s for 

each 

that 

value o:f r as were necessary :for the accuracy wanted i.e. 

acc11racy with which the .._ ..... aphs could be drawn· • Actuallf soma 
• 

order to secure that they were really 
' 

more were caldulated in 

negligible. 
. . 

' 

It may be noticed, that the · 2 and · r- of · .. 6 oan also be 

inierpreted %Ct ·OJ) . 

. ···o 7.l't, --. .·· should be the velocity,,•potentia1 of i;h•e o:rig·inal 
• 

waves. Moreover 

to "t j,,Jf:te o:f the ·· .. ··. 

The .· ... a: · s of th.e displ.a.ce·men-ts o:f the conical waves have 
• 

as . , ··. rtotes. :fo.r -th.a value o:f 1;, corresponding to the · · · ival of the 

· . ti.:;reat :r·e~1eotion •. ,. 
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Tables and aphs. 

In all 01Jr calculations we put a = 
-

' 1, C\ .. ·. 
, ID , - I .. 

'"-!I. =- I , .....__ .. and -x o t S: 
- ' ' 

II for the values 3 1 10 o~ r and for dif'f'erent times • For 

each ;-. the fj.rst t-value gives the time of a.rrjval of the conical 

wave, the last -value, for which the displacements are j_n-fini t:··; 

corresponds with the arrival of the direct reflection. 

de~cribed in Chapter III for r = 5, 7 ,9. Not only the total dis ... , 

Under the head ''Star·ti ~-values'' the time o:E a.111rival and tho 

starting--value of the reflections of different ord.er a.:t"G givcr1. 

described in Chapter 

tabulated. As to the 

to Table II. 

calculations 
or r = , , . ; here a so · e i · - crEJh ~trc 

head ''Sta.rt-i 11g-values '' the same applies nfi 

Af'ter each Table the corresponding graphs have been drawn • 

• 



• 

• 

t 

3,5355 

3,54 

3,55 
3,56 

3,57 

3,58 

3,59 
3,60 

3,6056 

t 

2,074 

2.061 

2,041 

2 ,0:61 

2,148 

2,387 

3,071 
6, 62'9 

<'. ;>:) 

r 5 

u z 
4,9497 0,3092 

4,96 

5,00 

5,04 

5 08 t 

5,12 

5,16 

5,20 

5,24 

5,28 

5,32 

5,36 
5,3852 

O .2998 ,. , 
0,2646 

0,2323 

o, 202'9• 
• 

0,177·0 

0,1548 

0,1362 

0 1235 
' , 

0,1190 

0,1361 
0,9498, 

2.074 

2,104 

2,187 
2, 3, . . . 

' 

2,573 

3,050 

4,207 

9,724 
• 

o,:::) 

• 

u r 
0 3092 , . 

. 

0,3047 

0,2874 

0;2714 
• 

O ,. 2573 

0,2459 
' 

0,2388 

0;2367 

0,2452 
0,2726 

o -x54s 'J . 
2,5138 

• 

t 
• 

4,2426 

4,25 

4,27 

4,29 

4,31 

4,33 

4,35 
• 

4,37 

4,39 
4,41 

4,43 
4,45 

4,47 

4,4721 

t 

5,6569 

5,66 

5,72 
5,78 

5,84 

5,90 

5,96 

6,02 

6,08 

6,14 

6,20 

6,26 

6,32 

. 6,3246 

• 

r = 4 

u 
z 

o,635 

o,619 

0,576 

O 534 
' ' 
0,496 

0,463 
• 

0,435 
0 ,,.415 

• 

0,407 

0,420 

0,480 
0,120 

0(-) 

r = 6 

u z 

0,1833 
O, 1820 . 

q,1561 

q,132 

0,1115 

0,0930 

0,0770 

0,06;6 

0,0539 

0,0455 

0,0434 
0,0583 

0,8141 
ex::, 

' 

o,635 

0.,,629 

0,616 

0,601 

0 592 , 
0,587 

0,591 

Ot607 

0,644 
0,724 

0,901 

1,448 

o, 1833 

0,1827 

0,1688 

0,1556 

O,l438 

0,1335 

0,1256 

0,1198 

0, 1185 

0,1239 

0,1442 
• 
• 

o, 2191 
• 

2,5617 

• 

-



t 

6,3640 

6,37 
• 

6,47 

6,57 
6,,67 

• 

6,77 

6,87 

6,97 

7,07 

7,17 

7,27 

7,2801 

t 

7,7782 

1,ao 
7,95 

• 

8,10 

a;25 
' 

8,40 

8,55 
8,70 

8,85 

9;00 

9,15 
9',2195 

r = 7 

u z 

0,1214 

0,1201 

0,0964 

0,0760 

0,'0586 

0,0443 

0,0328 

0,0242 

0,0182 

0,,0190 

,0,2121 
(X) 

r = 9 

u ' z 
• 

0, 10647 
• 

• 

0,06.25 

0,0485 
• 

0,0368 

0,0271 

0,0194 

0,0132 

o,oos, 

0,0046 

0,0022 

0,001} 

• 

u r 

0,1214 

0,1208 

0,1074 

0, .. 0953 

o,o/a,4'5 
0,076,1 

0 ,. 10700 

0·,0684 

0,0728 

0,1013 

o,a,2i5 

u r 
• 

0,:0647 

0,0634 

0,0551 

,Q,0477 

0,041:5 

0,0360 

0,0322 

0,0298 

0,0:5 

0,0,47 
,o,oa1·, 

0x:> 
' 

,,.27 

t 

7,0711 

7,10 

1,20 

7,30 

7,40 

7,50 
7,,60 

7 70 ' ' 

7,00 
7 90 ' -
8,00 

8,10 

r = 8 

u s 

0,0864 

0,0821 

0,0678 
·o o:·5·.5•·2··· . , ' . . 

. , .. 

0,044:; 

0,0351 
0,0212 
0,0206 

0,0151 

0,0108 

0,0076 
0,00 169 

u r 

0 .,0864 

0,0840 

0,0756 
0,,06~··. 

0,0611 

0,0551 
0;0500 
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8,4853 
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. ' 
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B 
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0,0492 

0,0364 
0,0261 

0,0179 

0,0115 
0,0066 

0,0031 

0 07 , 
0,0025 
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0,0502 

0,0497 

0,0419 
0,0352 

0,0296 

0,0251 
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0,0210 
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0,0527 
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5,04 

5,08 

5,12 

5,16 
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5,28 
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0,0089 
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0,0241 
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0,0735 
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-0, 0·,283 
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-0,0484 
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-0,0013 
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0,0007 
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··0,0020 

-0,0003 
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-0,0,•,1 
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0,0007 

0,0014 

0,0028 

0,0058 

0,0120 

0,0235 

0,0758 
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6,67 

6,77 
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6,97 

7,07 

7,17 

7,27 

0,,0144 

0,0217 
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0,0;73 

0,0457 
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-0,0018 

-0,0096 
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0,0467 
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0,0071 

6 

.._., ,0021 
• 

.... · ,0002 
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6,38'92 
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8,25 
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..0,0278 
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' .. i . ·.·. ,''' 

0,0002 
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5,08 0,0330 
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5,,16 0,0473 

5,20 0,0529 

5,24 0,0580 
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• 
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-0,0113 
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2 •-0 ,0304 
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0,0020 
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0,0028 
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--0,0011 
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·5· 1· 24·1 ' . . . ' ., 
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6,57 

6,67 

6,77 

6,87 
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0,0202 
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0,0357 
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-0,009,0 

-0,0216 
-0,·0321 
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-o,0268 

-0,0205 
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0,0009 
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0,0083 
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4,0 

-0,003; 

0,0003 

0,0052 

0,0055 

0,0023 

-0,0018 
-0,0059 

-0,0088 

-0,·0101 
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6,0 
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-0,0005 
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0,0010 

0,0011 

0,0007 
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0,0,012 
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8,85 o,o 3 
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0,0042 
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o,oo .· .. •.· 
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-0,0010 
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6,0 
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