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INTRODUCTION
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This report R 5%, Int 1 is the first ef a number of interim
repérts giving information about computations carried out by the
Gemputa't;ion Department of the Mathematical Centre on behalf of
the National Aeronautical Research Institute in Amsterdam under
contract R 53. The final report R 53 that will be made up even-
tually will not contain much else than the final results ef the
computations and, moreover, will be not available for general
distribution. As however in the course of the computations a lot
of information has té be compiled for internal use, and part ef
this information may be of some value to ethers, this compilation
will be done in the form of interim reports;'ﬂmrtvﬁjj_be made
available for limited circulation.
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Series expansions of the functions P,, P, and R_. "

1. In the second part of the work a role is played by the functions

- UM 5 e 205 o
Rn ({o 2*.?} ' ’"]1): \ e™ 1 cos  cos ntp dty . . (1.3)
, .

We are more particularly interested in the cases %), =7 and

e = %7 28 these only occur in the final formulas.
~Use is made of the two following Feurierexpansions
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We can take & eaqual to 2ero at a later stage of the computasiiar.
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2. In order to commnute Pl we first introduce
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cration and summations and

(2.3)

where here, and in what follows, the indetermined expression
sin BHY
;L
as the singular case.
If we take N, =T 2ll the terms on the righthandside ef (2.3)

C
vanish but those that correspond to a singular case. Therefore:

2(§£ 4y — 2 ' 1
Py (B, my,m)=27mI (B {7) sin N4

Ne shall denote thls case

for vanishing (. means simply 47 .
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Next we take the cese Ne = R Here we can agalin sinplify comnsi--

derably as now the sums in (2.3) cancel one, another “e a large

extent. After some calculations we find the resuls:

. ! o 4
PLUBT, My, 7y)=s = B (R, g, T m
2Q Q “1 _ * " Y14 e # { N v -{Wh#_.-‘ -
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3« In order to compute P, we
the result

"Wd y‘r SO we find ]

sin n%« sinl \’ --n+2

‘m m

sin nN+ sin{V+n+2)%. sin n1s sin(Y -n-2)"%, (3,1)
n(y +n+2, n{Y =n—2 . o)

we consider

First,

again the case Mo =% Again all but the
singular terms vanish, After some calculations we find

P (ﬁaeﬂ N 1,%)= K 2 i

In the second case, viz. Mo = M2 8
simplifications., After some more intricate calculations we find
then

(3.3)

4. At last we deal with the expansion ef Rn" This is again performed
along the same lines, and we give directly the result

oG

R (g20,n,)= 1 [ Ny I( 620 )4 z 1743, (p)(-1)"

J
T ( gzﬁ )} ________ﬂ__n ] : (4.21)
5. The formulae (2.4) and (2.5) are not very suitable for small

f“ QQ as they take the indetermined ferm O / 0 for {t\zﬁ = (. This
with respect to

suggests the use of an expansion in a powerseries
. 2Q . This is readily performed by expanding the Besselfunctions
accurding to

J R 5E)

and interchanging the order ef summation with respect to n and jJ.
Wwe find without difficulty recurrence between the coeff
-€ X1 s which give rise 4o the following expan
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By inserting § ..zz.’ fer z, and sin Vv, for s, we find the sum that
occurs in (2.4), whereas insertion of 2:1 £ — g

ne="
for s, gives us the sum that eccurs in (2.5).

Although not strictly necessary we also expand the sums in (3.2)
and (3.3) with respect to {32Q so as to afford at least an in-
dependent check on the computations. The result can easily be
expressed in the foregoing one. We write (5.2) in the form

22 + 84 %4 + .-

Q0
s X 4# e 1 _ . |

2 y=1 2




This relation is an obvions re

sult from the directly from the
(1*2) fOllO%?f%

i 19 g )= -1

Ng expansions of both P

1 and P,. Moreover, we have

ow directlys

o N, J.s a(z)“J_‘__ (z)
Yy i's, 32 V=2 = (S, +35S,2°+58. 2%+ ...)
1 3 5
z +4 S, 20 + ...). (5.6)

v=1 Y y

+ i(2 8 z

2 4

The coefficients of both series can therefore be calculated ih
ene go, what makes the use also for Ps attractive.

6. The way in which

we have written the expansions (2.4), (2.5),
(3.2), (3.3) and (4.1) suggests already the method of computation
we have in mind.

First of all we prepare a 8 decimal table of J (f ) ) for all
n for which the function does not vanish identically. This table is
given on Datasheet 3. Fer the highest value of ;%Q.Q , l.e. 11.2
n goes up to 26.

Next we prepare a 7 decimal table of sin n1;, , for the 8ix
values of 7, , and the same range ef n. This table 1s given on
a1 table af 22DBI

Datasheet 2. Furthermore we prepare a 7 decim

for the same range of 134y and n. This table is given on Datasheet
4, and actually in two ways, viz. once with n = 1(1)27 and once
with n = 27(~1)1. The reason for this arrangement is to perform
easily the computation and checking ef the coefficients

V-1 . ,,

b3 SERC LN W . By cutting the sheet in two, folding
_ n -1 |

n=1

the lower part and shifting it alongside a celumn ef the upper one,
o factors that have to be multiplied appear

another. The results are given on Datasheet 5.

one
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We have then all the data, necessary for the computation &f Pl,P2
| T according to the formulae in 2, > and 4.

» table of (& ) )7 for n = 1(1)11 and

- _ and of the

fiicients of the powerseries after which Pl and P2 may be re-

coe

calculated either as a check or in order to get the required

accuracy of 7 decimils




q

0.0N0625
0.0025¢0
0.005625
0.010000
0.015625
0.022500
€. 040000
€.062500
0.090000
0.146625
0, 202500
0.302500
0. 422500
0. 640000
1.000000
1. 44C000
2.250000
4.00D000
9,.000000

20, 250000
29.000000

B= 0,35 ~= 0,50
£ (s (o0 i o el
0.14285714 0.12535711 0,0175
0.28571429 0.25071429 (.0350 .2 N.15) 0,059
0.42857143 0.3%37607143 0.0525
0.57142857 0.50142257 0.0700 0.4 0.30C 0.100
0,71428571 0,62678571 0.0875
0.235714286 0.75214286 0,1050 0.6 0.450 0.150
1.14285714 1.00285714 0,1400 Q.8 0.600 0.200
1.42685714% 1,25357143% 0.1750 1.0 0,750 0,250
1.71428571 1.50428571 0.2100 1.2 0.900 0,307
2.14285714 1:880%35714 0.2625 1.5 1.125 0,375
2.57142857 2.25642857 0.3150 1.8 1,350 0,450
2.2 1.850 0.550
3.71428571 3.25928571 0.4550 2.6 1.950 0.6%Q
L A.0 3,000 1,000
6.85714286 6.01714286 0.8400
8.0 6,000 2.L09
0 0.10 0.15 8. 20
0 0.64350111 0.7953988% 0.92729522

R 5%, Gegevenblad 1.

Algenmeen overzicht van parameters.

= 0,60 £ = 0.70 £ = 0.80
<2 (A ?’J’:‘*‘f;. 9] ¢ ?"3: & W
N.1665RTET OLLNNSGEET 006
0.21428%571 0, 10922571 9.105
0.333333375 0.21%3333%3 0,12
0.312% 0.1125
0.50000000 0:320000C0 .18 0.42857143 0.21857143 0,210
0.66666667 0.426666A7T C. 24
0.833%33%3333 0.533%3333%333 C.30 C. 71428571 N.364202571 0.350 0.6250 0.2250
1.00000009 0464000000 0.36 |
1.25000000 Qi80000000 Q.45 1.07142857 0.54642257 0,525 0.9375 @8.3%375
1. 50000000 0.96000000 O.54 1.20571429 0.65571429 0.630
1.83333333 1,173333%% 0,606 1.57142R5770.80142887 0,770 1.3750 0. 4950
2. 16666A57 1.33666667 0,78 1.8571428€6 0.547142868 0,910 1.6250 0.5850
2. 660606067 L.T706RBEART D.95 2.20571429 1.16571429 1,120 22,0000 0.7200
SO EBBTAT 0 TRAFARER T P 2,85714286 1.45714286 1.40¢ £.5000 90,9000
3.428571L43% 1.74857143 1.680 3.0000 1.0800
5, OO0OOULL 3., 20000007 1.80 A,.223571429 2,18671429 2.100 %, 7500 L5500
5.71427571 2,91424571 2,800 - 5.0000 1.8000
10.00000900 5.40000000 2. 37 . 7.5C00 2.T7000
12,B57142%F 5 55714206 2.300

17.5000 6.3000

S

0.20

Q.40
Q.60

0. 88
1.04
1.289
1, 60
1.92
2. 43
3, OB
4,80

11. 20

N.E. Alle getellen, welke in mindexr

0. 25 - 0.30 - 0.35 Mle ge " ke in ;
] dan ecimalen z21)in opgegeven,
1.04729755  1.15927948  1.26610363 21in exact.
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Waarden van 8in nmy .

-
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T = 0.10 T = 0415 T= 0.20 T- 8.5 T = 0,30 l= 0,35
8in T, = 0.8 sin 7y, = 047 sin 1, = 0.6 sin 1, = 0.5 8in7y = 0.4 sin N; = 0.3
sin n "11 sin n Th sin nql sin an sin nql sa.n_n’lzl
0.6000000 0.7141429 0 . 8000000 048660254 0.9165151 3939
0.9600000 0.9998000 0.9600000 0.8660254 0.7332121 o 57;:3636
049360000 0.6855771 043520000 0 _ - 0.3299454 - O 6195211

0,5376000 - 0.0399925 - 0.5376000 ~ 0.8660254 - 0,9971685 ~
0.0758400 - 0.7415660 ~ 0.997 1200 —~ 0.86C0554 ~ 0.467789%

0.6589440 - 0,9982003 - 0.05894 30 o 0,6229370

0.9784704 ~ 0.6553145 6:5263%72 0. JAE0054 049661289

0.9066C 37 0,0799201 0.926604 0. B550254 0.1499742 -
0.47210%4 C. 7676205 7 ?315?52 ¢ -~ 0.8461597 -
0.15124%3 0.9952035 0. 15124%3 ~ Uab660254 ~ 0.8269013

0.7140924 (.6252023 - 0.,70705 14 ~ 0.8660254 0.1846382

049913048 - 0.1197201 - o,9$13048 0 0.9746124

0.8719952 -~ 0,7928107 - 0.4895144 0.8660254 0.5950517 ~

0, 4038875 -~ 0.9902147 0.4038875 08660254 - 0.4985710 - ~%i
042257753 - 0.5934899 0.9741795 0 - 0,9939085 0‘1415226
0.7651278 0.,1593288 0.7651278 -~ 0,8660254 - 0.2965559 0.9867946
0.9984 293 0.8165502 - C,0560261 - 0,8660264 0.75666%39 0.4505543
0., 832%530 0.9838415 - 0.,8323%90 0 0.9018869 -~ 0;716:;6;20
Ce3333452 0.55082831 - 0.9428048 0.8660254 - 0.035154% _
0.29%0067 - 0,1986824 - 0.2990067 0.8660254 -~ 0.9300104 oP 1832033
0.8117560 ~ 048389833 0.5839968 o - - 0‘7088540 049933534
0.9998029 - 0.9758942 Q.9998029 - 0,86602%4 043629271 044078088
0.7879287 ~ 0.5272686 0.6157665 ~ 08660254 0.9991957 ~ 047486681
0, 2608829 0.2377181 - 0,260B829 o 0.4354293 ~ 0.8570097
0.3705159 0.8600741 - 0492882561 048660254 -~ 046500522 0, 2344623
0,8537084 0.9663855 - 0.8537084 0.8660254 - 0,9564712 049975471
0.9954175 0.4928657 - 0.0956239 0 ~ D,1151248 03641420



g%n Jo(ﬁ%z)
0.0175 0.99992344
0.0350 0.99969377

0.99937510
0.9993%1106
0.99913020

0.99877538

0.99808685

0.99750156

0.99724565

0.996403%24

0.99510600

0. 1500 Q.99438291
0.1750 0.99235839
0, 1800 0.99191639
0. 2000 ¢.99002497
0.2100 Q. 983900535
0. 2400 0.98565176
0. 2500 Q. 984435973
8. 2625 0.98284748
0.3%C00 Q,97762625
B8.3%150 Q.97534716
d.3500 #.96960858
0.3600 0.96786150
8.375 0.96515154
0. 40 8, 36039823
Q. 4580 Q.95001213
0.455D Q. 94390959
U.525Q 0.9%227172
D.5400 Q.92841789
0.5500 0.92%792R3%
0. 6000 0.91200486
0. 6300 - 0.90320943
8.65L0 8.89713164
Q. 660D . 89402917
0.774) 0.B5717503
0. 7809 "0.85358678
0.8400 (.83%122844
0.8809 0.81557116e
0.9 0.80344653
0.96Q C.7825%615
1.00Q0 0.76519769
1,0400 0. 74733904
1.71200 D. 71014613
1. 2000 0.67113274
1. 2800 0.6%048224
1. 4000 0.56685512
1, 6000 0.45540217
1. 6800 $. 20952799
1.8000 0.33998641
1.9200 0. 27020077
2. 0020 8. 22389078
2,1000 0.16660698
qgg 0, 00258768
BO *‘*nOt 18503603
“‘OQ32°18817
*’G¢39175898

- @, 2404253%

0. 22381281

- 0, 13299194

I, (F40)

0.00874967
0.01749732
0.02499219
0.02624096
0.02993650
0.03497857
0.04370814
0.04993753
0.05242768
0.05989206
0.06982664
0.07478926
0.08716547
0.08963%599
€.09950083
0.10442225
0.11913807
012402598
C.1%01227%
0.14831882
0.15555457

0.17233396..

0.17709970
0.18422336
0.19602658

Q. 21935254
0.22166329
Q. 25355932
Q, 260277735
0.26473180
Q. 28670099
0.29962838
0.30813545%
0.31235468
0.35716294
0.36108291
Q.38402922
0.39876034
0.40949915%
Q. 42678706
0. 44005059
0.45279393%
Q. 47666336
Q. 49828906
0.51757660
0.54194771
D.56989594
#.57652038
80.58151695
0.58059458
0.57672481
6.56829214
0.52018527
Q. 40970925
0. 26134325
0.89546555
0, 29849986

= 0, 20385315

Jg(ﬁ%i)

0.000038328
0.00015311
0,0003%1.2473
0.00034445
0.00044987
0.00061225
N0.000C5542
0.00124306
0.001370686
0« 90179734
090244600
2;00280723

s 00351836
6.004033808
0.00498335
0.00545227
0.00716550
0,00777189
Q,008563G3
0.01116%86

‘8f01230088‘
Qe 01515678

0. 01662575
0.01737303
0.01973466
0. 02438209
Q. Q2543455
0. 03366856
0.03557230
0.03686828
0.4366510

V.047299179

Q.Q5097744
Q.0Q05250018
0.07051790
0.0722660C

0.083%12686
0.09070241
0.09655168
€.10660357
OQ 114903 4-8
0.12341852
0.14103843
0.15934902
0.17823119
Oc20735590
0, 25696775
0.27680580
0.30614354
0.33458524
0.35283403
0.37462363

0,47768550
0.48352770
0. 44480540
O.1160563%9

0, 0965895

I (B )

0.00000011
0.00000089
0. 00000260
0.00000301
0.00000450
0.00000714
0.000013%95
Q. 00002082
0.000C:2410
0.00003579
¢.00005710
#.080007021
0.00011144
0.00012125
0.00016625
0.00019241
0,.00028696
0.00032425
0.00037521
Q. ¥V)55334
D.C0064T14
0.00088641
Q. 00096415
0.00108901
0.001323005
0.00187453%
0.00193716
0100296307
0.00322115
Q.00340111
0,01439966
0.00500136
0.005571836
0.005828%2
0.00916384
0.00951624
0.01181297
0.013523%%4
0.01490348
C.01739447
0.01956335
0.02189268
0.02784534

- 0.03287434
0.03939588

0.05049771
9.07252344
0.08254104
0.09880202
0.11645802
0.12894325
0.14527667
0.19811480
0. 27269860
0.34306638
6.3%9876267
0.39520851
0.02404164
8.23834943

T, (%)

J. 00000002
G, 00000002
0.00000003
0. 00000006
0, 00000015
0.00000026
0.0000003%2
0, 00000054
0.00000100
0:00000132
0.00000273
0;00000416
0. 00000505
0.00D00862
0.00001014
Q. 000N1232
« 00002100
«00002545]
D{ 00003834
0.00004346
0. 00005114
O 000056113
0 000Y0STY
G. 00011046
0000019513
0.0002182¢
0,00023472
0.00033147
0.00040216
0.00045513
6.00048347
U. D0083364
0,Q0093%3498
Q.00125146
0.00150220
0.001713%13
0.00211185

0,00247664

288512

N
0.,00384732

0.00602267

Qi Q0643701
- 0.00906287
- 0+Q1499516
001798363
0.02319652
0&02934606
0.03399572

0.04045259
0006430696
0.10666866
0.15972176

0.219799206
' 0.31276815
Q.C%109760

35 (%)

0.00000001
0. 00000001
0.00000002
0.00000004
0100000005
0. 00000003
0.00000011
0. 00000021
0.00000025
0. 00000032
0.Q2000063
0. 00000080
0.0000013%6
0,00000157
Ot00000192
0, 00000265
0. Q0000477
0.0LDOOSO3
0,00001027
0.0000118L
OAJMUQ]294
&. 00001505
0.000C2542
T mN0Z969
0,0000%2%3
0.000006"77
. 00007356
0.00010575
e O0QL3306
0.0G0015698
Q.00020432
9.000249?6
0.00030283
0.00043549
0.00061010
0:00083 46
0‘00245236
0.004293%61
0.060581723
0.00703%963
0100882842
0.01624172
O . 03 206898
0.05623801
‘0*0896?968
0.23472525

- 0.37312427
- 012161% ﬂ:

I (B

0, 00000001
0.00000001
0. 00000002
0.00000002
C, Q0000004
0400000005
0000000006
0, 00000009
0. 00000018
0. 00000019
0.00000045
€.00000052
0. 02000059
0. 0COCOLAK,
Q$OQ300134
2.00200161
4o COSQODLTT
G ODOONAY A
04@ﬁ$0047&
G, 0000743
OQ;OOGOQgO
0.00C001186
0.0G001044
0.067002Q2%4
0Q00002642
CLCNW04095
0.00006154
0¢OOQ (NJ)
OQOOC 231
0.00033210
Q.00044608
0.000656

0. 00095200
0.00120243

0.00158750

0.,00336689
0,00786343
0.C1602203

0.029%1115
0;11105&67.

1.27949259

R 53. Datasheet 3.
Values of J_({%2).

7, (%)

8. 00000001
0. Q0000001
0, 00000002
ﬁ.@mxmmmﬁ
O«@NXM@@Z
OQOGNKMEM'
Q'O@ﬂKKmﬁ
Q. 00000008
(0. 00000008
1. GOO00024
. 0“1000 27

o‘ooiitosz
¢, DoooonTs
C-G9000113

Io(BT0)

. 00000003
0. 00000004

Q.00000007

0, 80000009
Ch00000013
GHQOOOOOZB
0. 00000040
!0000006?

. 00000135
0.0.000387

Ci0©002218
0.0000%239
0.000Q9076
0, 00029367
0.00079815
0.00189395
Chnlﬁ.“ffﬁ
Q 07437380

0.1941449¢




30

1.0000
1.0400
1.1200
1.,2000
1. 2800
1.4000
1. 6000
1,6800
1.8000
1.9200
2. 0000
2. 1000
2. 4000
2. 3000
5. 2000
~e £200
4.8000
6.3000
11,2000

L0

& . 3000
11,2000

9!

To(e12)

C. 00000001
0.00000001
0.00000001
0.00000003
0. 00000005
0.00000011
0.00000035
0.00000053
0, 00000098
0. 00000174
0. 00000249
0, 00000333
0. 00001238
0,00004672
0.00014615

0.000393%3%9
0.00402695

0.02965849
0.30129553

I1(A)

0. 00000009
0.00081475

J10(BN)

0. 00000001
0. 00000003
0. 00000005
0.00000009
0.00000017
0.00000025
0.00000041
0.0Q0000150
0.Q0000666
0.00002395
0, 00007702
0.00102256
0.B1035376
0, 29007999

/

0.,00000001
0.00026381
!

ST (B

0.00000001
0, 00000001
0., 00000002
0.00000004
0.0N000N1E
0.0C000036
0,00C0D0%55
0.0C0O01L226
0.00023%71
0.00322646
0, 21570446

2
J o (BT1)

0, 30008034

* Cn
T1o(p™

0.00000002
O.CoCONCAL0
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