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INTRODUCTION 

This report R 53, Int 2 is the second o:f a number of interim 
' 

~eports giving in:formation about computations carried out by _e 
Computation Department of the Mathematical Centre on behal£ ~f 

• 

the National Aeronautical Research Institute in Amsterdam under 

contract R 53. The final report R 53 that will be made up even-
• 

tually will not contain much else than the final results 0£ 

the computations and, moreover, will be not available ~or gene 

ral distribution. As however in the course of the computations 

a lot of in~ormation has to be compiled for internal use, a 

part of this information may be o~ some value to others, thie 

compilation will be done in the form of interim re rts, that 

will be made available Ior limited cir01.1lat.ion. 

, 

, 

' 



R 53, Int 2,2. 

.• J.,ev,:, opment o:f 3.. in Factorial-S..-erie~ • 
• J.1 

o~ the Fourier-expansion o! these -solu-.. n 
tions of th.3 1··!athieu' • equ~1.tion obey th.e following recurrence 1,1, 

relations. C. :f. t-1ac-Lach1E1n: ThRory and. Ap,>li.cation o! ~tatbie,i­

:functions.) 

fl-l+q) 

,,.. . 
• 

ta 
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-(2r+l 

and 
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'-:TI n . J.j 

-1 2r+1 
n 

if n is odd 

' 
' 

' I 
' , 
l 1.1' 

The first formulae of both 

general on,:!s, but one can easily 

gen~ral form by the introduction 
m. 1·n that way 1.1 becomes 

:A.- n) 
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• 

and l .. l. 1 

I") 

e.-•·•4r,.;..) q 2r 
• 

n 0 ·- • ~-

2r-2 
.,. 0 \ 

.I 

if n is even. • 

1.1 and (1.1' differ from the 

se@th~.t we can put them in that 
n 

' 

n n) ' • 

0 • 
+ l121'--4P. 

JJ'C I 
' 

t • • 

' 1,2' • 
• 

• 

.. 

Now it immediately ~allows, n 

metrical cha"ract-er for int,_- 110,e of r, i.e. in those 

a:n a7t ~ 

irrts -that 
• 

interest 
positive values of r. These two conditions can only be satisfied ii 

a has its charac~eristic value~ 
We shall now assume that a actually has 

' .,._ . " 

n -

ri~l-series, making use of the ~actt that we 

small solu~ion •• en the injtial onditi 
· fied. 

its cha.racterietiO 
of expa.ns ion in ~a~t.o•• 

a.re looking for the 

ar-e a:ut - tioallJ~ sat i:&·• 111 
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2. Replacing r in 1. 2' ·· by r + we get the formulae 

we see that the two cases of odd a11<l ~v~n vrt.lues of n 

1.2 , and so 

a.re essentially 
identical. Vie shall tr1ere:fore only consider even values of n and 

translate the obtained rE'sul ts for odd vnl.ues of n. 

The small solution of the difference-oquntions 1.2' can 
-2 decribed ~ r! for l~rge values of r, 

with ·:­

As 

B n .,. 
2r 

0 
,.,, 0 nd p r~bitrs.1·y. 4 .. \_ .. 

C n 
r,p 2 .. 1 

n shall tend to a finite value if r .,,,. ~ ,: , that is idependent •f 

in which ·.-- n 
~ 0' 

r,p in a factorial-series: 

n 2.2 
• 

is ifidependent ,~ p, but depend.sonly on the way in 

nre normnlized. 

Thon :from ( 1. 2' we get, substituting for -~ its chRJ"'acteristia 

value bn: 

In +,his 

and 

with 
--~ n 
', ' " 

'. ·)' p 

the 

• • • 

n) 
• 

··-
/ 

4 ,, .. M'f> ., ·~ 'I, . .. • 

r• .. ·n+ 1 ( r+p-+ 1 
• • 

l)(r1¥"1 

n r ,, 
r+,' 

r,p 

p+l 

l 1 
• 

C n 
r,p 

' • 
, 

+ b n 
)+2,p 

n ·n . ~ am. c , being de:fined by ~,p· .,.,p 

•• r+l,p 
0 

2.3) 

(2. 4 

l) -p) ! 

2.5 

.. 
. _. n 
~~ ;+2,p 

2.6 

• 
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and fjmlJ~Y 
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( n) 
. 'p 

•· r+ ·-p. •l) 
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r+,' -p-2 + 

n 
C ·, ' . 'p 

2.7 

r-p (r,,.,,p·t-1 (r+p) (r+p+l = (r+n+2) r+u+l ,· r•-1,p ... · ·. 
:, 7 ,•17,J ,!2 '110 1■ 1 I i7 :o I 7; ll■ IFFII 

with 

and 
' , 

r+p. 

SubPJt.ituting 

coefficients of the 

we get 
. (n 

2.4, 2.5 
terri·ts with 

. :, p 

or 

I Rll .;·" 

• •1 ' .. .., ... 

n 
·+3 ,P 

0 

r+;-p-1 ! 

n r••·p+ 1 ! 2.8 
r+ ,•·-p+l ! 

+ h , 2 .+ ,P 
n 

,' +2,p ' 2.9 

2.10 

. 

into 2. 3), and equating the 
\Vith the snme ,o..1ue Q:f Y 

b n 
'+2,p 

. ' p ' ' 

I • • 

.n 
;\. ,~+2,p 

o, 2.11 

n r2cl1rrence-relation, from which we can calculr..te the ·,--' s succes-
• 

siv~ly, making use o~ n 0 for •1 ·-:· O, and firgt taking , n 
• 

,I Of p =· 1 

whi.cl1 givos values o:f B n m that differ from the ones we want, by 

multiplicative constant, that can be determined later on with the 

aid of the normalization-rulG -- n 2 
,! .. B 

m 1. 

From 2.7 and 2.10 we get 

2 
b n ) ' n: 

2p 1 ) • , 

C ;111•• , p • • • ' • • 4 
I ,) p ... l 

!" ' f 

' 1 

b • 

2 • 

h b n ' ' .. ) 2p 2 + n 2.12 •Ml tt p I ' • 
4 

' .... . .. , p ·:· 1 p i 
, 

. ' 

and so we can write 2.11 im the form, tl we introduce 
b n 

7171ft P 21,. , 

• 
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n ' 2 ' ' 1 1 ') .. + ' , ,, p \,' \ "t.,' p 
., 

' l 
• 

2.13 
., n + -·r- , 2 . ' ' 

n 0 ' • ' 

' • 2,p • ) 3,p t' ' ' • 
' .. 

We cnn put this recurrence-formula in a form more suited for 
computation by the i11trorl.l1ctior1 of an o.uxilirtry q11·:ntity. 

2 -2p-3 

Then \~1e have 

(n 
• (n) 2 ' ' rl .. \ ,, ) l ~ 

" + \ • • a p ,. • t •• • .. ' 11. 
' -- f ' ' ' J ,., .. 1, p ',' 3,p :,)' p ' • n ' ' 

. ,, 

and :2rorn (2.14 r·tnd 2.15a 

·. ( n 
' -

r" J·•-3 'p - + ( ·-J-2p 

• or 
;, ( n • 

,.i-1, p 

• 3. Nov; rest1.m1.ng tl1e results we find tha.t for even 

n· 

• 

-• - ,_ 

\-.., 

' -·, 
() 

- ( . ·· l 

q 
4 ' 

I ·b n -
4 

n) 
,) , p 

11111»• 

r 

t 
l 
' • t 
• 

·--l. 

'Tr 
r • • 

' 

~ --- .. . , ,,, , 
"' r+p .! 

,. .... __ , 
r -. - r· 

' ' t ' 

2 n ,\ ,,,--2p) --, + .,. 
,> ,P l: 

Quite similarly £or odd values of n 

v1ith 

·r r 
r+p+l ! 

n 
' ', 

• .. 

' ' p+'t) • 

t. - n 
- " f) 

' ) l,p • 

n 
( . \ . ) 

r p+>-1 l 

+ 

2.14 

, 2.15a 

2.15b 

values o:f n we have 

3.1 
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and if ,+ ""* ,rt.. "''. 
n 4 

{ . 

(n n fil'· ' n ( . 
I ' P" •l ' 2 + -,:- ' 3. 4' \) X' ..• , 

►• t'~ p ' , 
' J ,It 

., 
) ' • ··'\ • 

l,p 1 l • 

3,p ,P n ' ' • • ,I •• • ., ' . ' . , 

• n ~ n (n . ' 
\ • ➔ c:: ~ 

2p 1 3-5' 
• ' . • + " 

• ( ' • a• I ii • ,· • ' ,.·."'1,p ,i 'p , 

·'' p I.,, 

4. As to the convergence of the :factorinl•,•seri<:;s, v,e shall again 

consider the even cnse. Le1 

Substituting this into (2.13) yields 

' ... 

• 
+(·t'\ -2p·-3) ~ ;-p• ·2 

1. 

2 . . . + \ 
.2 

,, :- Ill II 2 
' 

(4.1 

. n . .. 
n· 

.. n 
• • 

. " :,' -3 'p 

' . ,·-1, p 

". 0 

4.2 

:For l::11 .. ge vn.J_ues of · .. ) this gives asymptotically 

( !1) 
• 2 4 ~.:·~:.f-5 + ' I .. 

' ..... , •• ' i .. ' i • • ~' i • 

-----1 
'' 2 ~; ! 
i 

n, ;, n + . 1 
Id th ., .,,-'-1,p 

u+6 
+ 

I 

.. 

+ 
2p+ 3 2p+4 + .• n .. ------~----- . . 2 

' I 

:. n ..... 0 
. * 2 'p 

• 

k I • ., . 
" .. 

• 

"'I",., 1... -1· .; Y'I r- -. n 2 +3 d k 2 +I') Th f .r '""· .., .I ..... .1.u:-...., . p an ,,, - p· c::.. ere ore, - . . / ) p 
• k gives • • 

' \., . 
• 

.··, -, ·-.. ·.·- p-:>;. : gives -:.~11,.1 ~symptotic form 
... '9!' 

and .. n .,\ 2p .. • 2 ~ • ,....._, ,• • \ 
' ;,\ p , ' 

c""! ~;,,\r=' ·~11di..:pendent solutions of the difference••t➔q~0 .. tion 2.13. The 

third Sc.) ·.L11tion is a s1n:1.ll one. If we suppose for it. thn.t 

.,~' p ,.J J ,_,. •- , p \; 'i, - ' p ;_ l -• (:.. ' p 

asymptotic form of (2.13 becomes 

. \ ~ 2 n... .. ·i· - , p o. 

having a solution with asymptotic behaviour 

The largest solution behaves as . v '""•2p-2 ! So we mnke a s8.fe 

estj.ma.te of' the region of' convergence of the factorial••series, if vie 

• 

' 



R 53, Int 2, 7 • 
• 

' 

non zero-•,coefficie nt, therefore 

· n) '>'- 1 
' 

4.6 

Then the general term 0£ the factorial-series behaves as 

(n 

r-p+l 
rv 

' • 
A Y-2···2 ~ 

'Y'+r-p ~ 
... .. 

There:fore 11e have absolute convergence as long as 

r > .,"' P 1, 
. 

• 

4.8 
• 

·, 
• 

the converCTence being of the same type as that of a hyperharmonic 
' 

series with exponent ·r-+p+2 s11pposing At. 0 • 

Similarly in the case of odd n 

. r-p+ Y 
N A ".J r-p-3 

' , • 
( 4. 7' 

and there is convergence as long as 

r ),- I• p 2, 

the convergence being of the same rate as in the case of a hyper~ 

harmonic series with exponent r+p+3. 

5. Ff.r di:f:ferent values o:f p \Ve get di:fferent :factoria1· •se-ri.aa. 

We may refer to the general theory of factorial-series as de• 
veloped by Norlund C:f. his work on ''Differenzenrechnung'' as 

to the :fact that those series define analytical functions with,,, 

tl1eir region on convergence, which are identj.c.a.l 

In pa.Jt·ticula.:r we have ( for even n again) 

■ I 

ou n 
~ r - ,\ - v 

r-p+ v ! 

r ""' ~ ••• ' 
, 

r+p+l ' • v:.o 

r 
s , 

r+p+l ' • )-=-.0 

• 

(n 
y 

r 

r 

n 
'I 

r+p+l 

p+ 1 • 

n 
~ 

p 1+)1 ' • 

n 

n y ·y 
r 

· Y •211 2p-2 . 'Y-1 -- ~~---
r-p-1+ Y ! r+p+l J Y=o 

there. 

• 
• 

2p l 

' • 

• 

• 

• 

' 

• 
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Therefore, 

, I n 
!j y.,,.1,p • 

Similarly £or odd n, 

.,,,_ \J -2p,- 5.2' 

6. Another way of expanding 

the following manr1er. Again 

the B n 
m 

in :factorial • series we 

r! 

get in 

• using 

(2r+ 

n 
(\,_) 

Therefore, if we put 

we find 

lim D n -·· 
r➔eo r 

starting 

2r 2 

21T 

A r 

2r+· · 

2r 

r! 

' • 

2 

lim C n 
r~~co r, P 

:from n 

2 
, we find 

r r 
• r+ 

We now in a factorial series 

).} :: 0 

n 
\) 

2r+ 

It then follows ~rom · 6.3 that 

n 
a • 

0 

n. 
o,p • 

t 
• 

From 1.2' we get the recurrence-relation 

In this we have 

• 

b .· 2r D 
. 

n 

D n + 
r 

n 
),J 

n 
r 

+ 

1 
• 

)J-= f.j 

0 

2 4r II ·b n 

A r 

6.1 

(6.2 

e ' •• n 
' 2r+ )) )J • 

• 



• 

with 

as 

• 

-b n 

Finally, 

5 2r·I· ·, 
2 

• 

2 

New 6. 6 yields . 
• 

•r 

• 

n 
)) 

2r+~ 

• • 

• 

' • 

' • 

2r 

\l V-1 + 

• 

• 
. 

•• • • -• 

.le. 
2 

• 

• 

n 
1>+3 -

•. 

D 

• • 

n 

• 

n 
r 1 

• 

OC"' 

Y=O 

.. a 

2r 

n 
))-3 
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n 

5 

I C f )/ 
2 

rr· 
)J+2 

-b • n 

' • 
)' 

t 
• 

)) : 

• 

n 
)) 

n 
))+4 

6.8 

6.9 

6.10 

• 

• 

6.ll 

6.12 

with 

, 

L = • 6.13 

Fer the dif£erence-oquation 6.12 we can give independent 

solutions, with asympto~ic behaviour respectively as 

) 

and 
• 

n rv 2 
\) 

n 
)) 

n 

• 6.14 

6.15 

6.16 

Assuming again that the Iirst and largest one enters into the 

solution we look. :for with a non-zero-coe:f:ficient, we make a sa.-,~e 

estimate of the region of convergence o-:f the :facto-rial-series -:for 

• 

B n • We then have 
m 

• n A. 2 

and so in r 

27f -() - . 

n 
)) 

2r+·2 I· V ! 

6.17 

6.18 

• 
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- )) 
f\/ A. 2 ,N 

-~ 
A.2 Y 6.19 

• 

We see, that we are sure of convergence for any value of r, 
- J -2r•"· 1. the terms going down as 2 v ~. The final convergence of the 

factorial-series now obtained is therefore much better than that of 

those with the -coefficients. It appeared, however, that at the 

beginning the convergence of the ·' -series was much better, if p 

was suitably chosen. For this reason we preferred the lust ones for 

actual computation. On the other hand we do still mention the 1"\, -
series, as they will a 

series involving the B 

For odd values of 

pear to be usefull when 
n should be summed. 
m 
n, we put 

slow-converging 

n 
n 
V 6.20 

Then 

and 

n 
0 

n 
)) 

n 

(n) 
o,p 

t 
• 

I 11• 

5 - ,._ 

n 
'\) -1 

a a 

• 

n 
))-3 

7. We sha.11 not give a detailed proof o~ the fact, that -the ...... 

6.21 

6.22 

6.23 

and 
B n 

m 

series also give the same interpolatory functions of the 

• given. 

Putting 

1 

r+))-p 1 

into 3.1, one gets 
<:;-...'j r ..._ __ ,_ 

" ., 
21T )}-= 0 

r O{") 

:17 iii' It 

\ 
··2Tf -::. 0 

1 

.· 21f 

l 
2r+h+. 

. 

be 

• 

w. v,p) 
L" id •• 

.. -: 0 
--2r+Y+ +j ! 

t;.) - )), p 

2r+ j · ! 

n )),p 7.2 
)}, p h·'"")) , 

' "" 0 



and therefore 

......., ( n 
h v,p) 

For the uJ 's we find at first 

.. ..--7 
2rr lim 

r ➔°' ".\ 

and the recurrence-relation 

This yields 

lJ. )) 'p 
J 

ua.lly for odd n 

with 

-Y n) .... 
h 

w. )) , p 
J 

h 

-j ..... - -2 . +)) J_ · .,,¼+2 -'>' : 
j ! .. 2~-2p+)} ! - +2p-)) : 

j+ 

( ;i 3 2n+ \>): j+ +2p )) 

~ )) . ' t 2p ' J• • • 

t 
• 

We only give the relations between and 

R 53, Int 2 ,11. 

y 
2 

7.6 

7.6' 

forsake of compl.e,,, 

teness, as a matter of fact one can better derive the values 0£ 

direct ~rom their recurrence-relation. 

' 
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m 
the non-periodical solution. 

in the same way as 

Mac-Lachlan, onl_y the normalization is done in that way that we 

· n n l"'"' : o 

and correspondingly for tho modified functions 
(}D 

• 

'· · n co sh m z. 8. 2 

and 

• 

"" ~o 

For the exist the recurrence-relations 

• 

,z. q 

n 
g2r+l 

~or odd values o-f n 

n· o 

-4 g n 

n 

n 
q g 2 

l 11 q 

3 

for even values o~ n, 

• 

,.. 2 

n 

B n 
1 

4 B n 
2 

4r 

C-f. 1.~a.c-La.chla.n 

2 
n 

n 

The fi1~st equation o:f 8, 3 can again be :fit into -the general. 

t ioh n = n · ' · ' 

symmetrical character :for integer values o:e :c. 
The first two equations of 8. 3 t can be :f'it into the general 

value of the :function that obeys the general recurrence-relation 

teger values of.r. Therefore in this case, we shall denote a func­

tion that obeys the ge·neral recux-i .. enoe-r.elation and assume .-the 

• 

• 

• 
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C at 

0 -0 

and :from the first equ~ttion of ( 8. 3' 

n 
w. 2 8. 5 

n 9. I:f B m ce.n be intorpolA.tcc1 

re~11rrcnce-rclation of the B, 
by an analytical function obeying 

the one easily sees that that 

■ I ·---
B n B n 

1n m --- is a particular solution of the recurrence-
m r 

relation o:f the 

general small solution of tho recurrence-relation 1s therefore, 

with C/.. independent of m , 

m 

B n 
m 

r 
+ o.. B n 

m 
• 9.1 

as the recurrence,;~ relations a.re the same as for B n but :for the m 
inhomogeneous term. 

Therefore 

T n = 
m 

is a solution, because 

r 'o 
~ 

dr 

B n 
er m 

' 

r 

+ log 

4 Fir 

,: B n 
m 

m J 

De:fining B 

chapter one can 

I'°fow one has 

m . 
also de£ino T n nccarditlg to 9.2). m 

n 

8.5 

+ m 

ca11 be cF.tlcul~ted from the first relation of 

, according to whether n is odd or even. 

For odd none has 

• 

b -1-q n 
T n 

1 
.. q T n· + 

3 

but according to 1.1 

• 1 WU , .. , .. b 
D 

n 
' so 

the preo.edi.~ 

8.3 or from 

2 B n 
1 

' 



n 
- 7 

• 

b ,.,-1-n 

2 q 

For oven n this becomes 

b T n 
n o 

n 

but B n 

n b T 2q T n n 0 
r • ·-

B, n. 'J q (..., 

2 

+ 

n 
2 

• 

n 

b B n 
n o 

• 
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2 q_ B n 
2 0 

• 

' 

9.5 

10. :Piffere rrtiation of tl1e :factorial-series for the B n 
m easily 

the 

the 

or 

• 

n odd. n _1 r-cr 
r+p+ ' • 

m 

+ J.O.l 

-function being defined as the lognrithmical derivative of 

factorial ~unctio~ 

n 

•r 

even 

n 

T n 
2r 

n 

= 2 

F • 

r 
·q 

1 r~r 
1 r+p • 

r oO 

21r \):.Q 

• 

• 

• 

°" r n 
2 "V 

rr )):,.D 2r 2 

00 / n 
',) • 

r•••p+"'-J t \I ::0 • 

•• 

2 l.og 2 
)) t ' 

• • 10~2 

• • • . . 
• • 

• p+)) + -t IJ r. . ·, 
' 

• 

3 

, 

io.4. 
' 

I 

• 

• 

1 
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III. 
n 

11. The 2 
Ne n · :function is dr-£i.ned as that solution of J .. fe.thieu 1 s 

equation that behaves as 

all -the same 

. 

,.k z e-l. e 
·z7 

ke 
when z "">+ oo. k= 

:for arbitrary 1 . 

or, which is 

11.1 

Here we do not bother about any normalization, so we can dis-

pense with the exact value of the factor A. 

Now we write 

Only the ratio 

z " in 

Ge z n 

12. Now, first ta.king n to be odd, we have 

-

r.:::. o 
~ 

r:..O 

n 

n 

~ .. n 
B 

r-:.-1 2r+l 

sinh 2r+l z 

2r+l e 

2r+l z e . -

• 

form 

11.2 
• 

00 

• 12.1 

we substitute 

this k 2 gi~es, using ~ 

the ~actorial-series 3.1 1 with p==O; 

the factorial-series converges ~or · 

r 

1 
k 

r -1 

n 
o,o 

n 
)) '0 

r:. o 

oO 

2r e 
2r+l z 

r+l ~ r+ 
r kez 1r+1 

r: r+l · l 

' • 

. •l 

n 

+ 0 

1 ,,,, 11 
. ,, 0 

'--' y 1 

2r-l 
k )) -= I 

r ke2 

'"2" 171 

• 
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One can easily account 

In the second term of 12.2 

for the change oI 

we have )) ~ l 

• • 

the order o~ summation. 

z 
• 

in which z ke· 
)) 1 7T 

... 2 . 2~ kez ke z sin cos cos 
~ 1 

••• 

3 l -
\} t rr 2 • 

So the second term of 12.2 becomes 

ex? n 
en Z 

~ 0 2e kez • . .. I cos cos ,., 3 Jr t::. -~ 

But 

and there:fore 

·' 
)) 

)) 
• 

and :fir1ally 

" 

rr 

n 
Y,0 

n 
0 

t 
2 • 

rr 

v ::. I 'y ., 7 

2 

0 

z cos ke cos i..v 

I 
• 

. 2v-2 sin 

so the second term is O e z • 
' 

Thus we :find 
. 

• 

z n , . kez + 0 e z 
o,o 

' 
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