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1. Definition of integrals.
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In this report the method of calculation is given of those

integrals that play a role in the first part of R 53. So we shall
treat successively:

I (2)= J ~illeoshs inn nk ag . (1.1)

Tr ()= fe“lﬂco’?’hE £ sinh ng ak . (1.2)
A ()= Te“mCOShE e~ 15 ar (1.3)

(B ,90)= 5; n B(2)) j:oe-lﬁ cosh 5 se ! (0) zr(f)zii "

PRI (1)

£ (2)
A (B’Q):(__‘.‘)n se'(O) f emiQCOShS Nen }(2 1 (1"5)
B H / Neé;:(O)

Furthermore we notice that

<O

H:(Q): _Tgr imnm’! H(n2) (_Q): J 3-»—--1_(1 coshé cosh ng d§ , (’l.. 6)
o
Wherengf)QQ)means the Hankelfunction of the second type.

Most of the integrals are only defined for those values of fL
that have a negative iﬁaginary part, But we may consider them To
be defined on the real axis by @nalytic continuation.

Also, some of the fornmulas, used hereafter, are only justified
agaln by analytic continuation.

2. Series expansion of the integral I _(Q).

We state first ef all, that for n # O the integral only conver-
gces if the imaginary part of £L is negative. For realld In(;O_) is

defined by analytic continuation.
From formula (1,1) one sees easily, that the following recurrence-
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relation helds

Q) - I (=< 2B 1 (@) -2 & (2.1).
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n+ 1
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Yhen (& is real, we find

I. ()= 0O
0 (2.2)

-

B 1 =i}
1 (-(L)- — "5““ e

1

By means of these relations (2.2) and (2.1) it is possible to
compute Inﬁﬂ) for each n and eachfl . It is however our intention
To compute separately the part ef the integral that i1s singular
for L = 0 and the other part (the regular pars). The reason for

this 1lies in the fact that we have te form later on

i“n‘ %" Yn ) + In () , Where Yn(fl) is the Besselfunction of the

Tirst kind and second type ef order n. The singular parts of the
two functions cancel eachother avart from a logarithmic term.
Carrying out the recursion we would for higher values of n only
ebtain the singulaer part f I (@), unless we would perform the
calculations tc an excessive number of figures, and therefore the

regular part could not be found with any eaccuracy. Therefore we
PUTL s

O
ST k—-n
I ()= fia qnﬁkii_ (2.3)

and we heve the relatsions

Co = g (k1)
N |
C%,k :*&??WMI(3KM8)(k~1)
4%mk+2
4.k T JZET““‘(k“1)(K~3)(K*4)
i~k+3 5
Cs = e (k-1) (k-3) (5k“-50k+128)
03K >
C6,k :*wiTmr(kﬂ1)(k~3)(kw5)(3k w38k+128)
i~-~k+1 3 5
Co o = T (k= 1){k-3) (&=5) (Tk"~154k“+117€k~-3072)
gi~K+2 3 2
cg 3o = —yer— (k=1) (k=3)(k=5) (k=~T) (k”-26k"+240k~T768)
g L Je v
R ep 3 2
Cq e = o= (k=1) (k=3) (=5 F{9k =348k~ +5292k"~36912k+98304 )
: ,

==K
C10 k:'ng“ (e=1) (x=3) (1=5) (k=7 ) (k=9) (5k*-220K>+386 8k~

A
-

~31472k+98304),
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e computed first for fixed n the coefficients c . (k = 0,1,2...),

oy o I |
and then the singular vart was formed as f Ch 1 {0 K n’ and
o0 }{ n }C:-O* ?
gular part as E C, 1 @1 .
k=n s
All calculationgs vwere made in & figures.
3. Calculations of the functions I!().
¢
- . - —ifl cesh . ‘
Te put I _(z,00) = | e * ¢shy sinh n& d§ , (3.1)
n
4
SO _
Ig(z,ﬂ}: e (3.2)
* . =1 C Sk
I‘;(Z,Q): - = e QC 0z (3*3)
¢

and we have again - recurrence-relation

_ 2 ~if{l cosh =z 2m
T e (z,{l )= I - (L) = 7 © cosh m z + T Im(z,ﬂ_)

(3.4)

From these rel-octions it is clear that I (z,.Q) can be written as

~iceshz cosh m z, where P_({(1)

a linear combination of terns Pm(ﬂ.) e
, - . , . )
is a pelynomial in (L ¢f degree m=<n,

further we know:

o0 3 Jo'e.
jl-i‘,n( Z:-Q-») GZ == - f Z Q j ewlﬂCOShg sinh mg dé =
i ° < (3.5)
— ] gk-} v ‘_
= J e 1il cesh 5 §.%1nh mE C¥ = T (fL)
S = m
O

By means of (2.4) we get the recurrence-relation

Q) - T () = oo R () + S5 T (3.6)

-+ M-

and our results are




T: ()= (- 4.’..20 - Jl?.;.@. — 12692736 + 2111933856 _ ‘}8579‘3’5 60 )H*(D:
A Dhﬁ ok Q “0._8 on U

10 19840 , 1850688 70926336 . .?.géé.g_._..%%z) H. (L)
Q oy o Q {L o

Al s .
HO(D_) and T.(Q) arse Traad as

- ™ ™
()= - 5 Y () - == J5(0)

(3.7)

iy

It is alse possibic to use thie relation (3.6) for the computa-
tion of the I!({1). The values (3. 7) are taken from a table and
when we need Y_ (1) with n>2 we can use

L

x /0y - 20
Tpaq (20 = ¥y g ML) = 193 Ly (L) . (3.8)

Computetions cf _/\_p (1),

Wl

i, oat - P Wmnefel® . wr M wnilliln i N ¥

In order to couonltc _/"\niﬁl) we proceed in the following way

e
e ,
/\un(ﬂ }: J e“lﬂ CGS}.’}..é e--n} dj‘é _
- .
230 o0
_ ! e-—-lﬂ *LEOE;ﬁ‘é coah ngd‘{“ [ ewlﬂ COSh-E sinh n\é dg
O <)

3
e ‘ c— P i \ . A
= H_(G) - I_(L) (4.1)



- - { A,
/e knew: Hg(.ﬂ.)x 5 1 n-1 Jﬂ(ﬂ) - 1 Yn(.&) (4.2)

where Yn (L) has the same singular part for Q= 0 as In
for a logarithmic term

(4.3)

It 1s clear that we can emit at once the singular part of In(ﬂ_) .
Furthermore it is necessary to omit this part, when we do not want
to compute with twenty er more figures. "hen "Reg" means regular
part and "He and Im" real and imaginary part, and further J means
the constant of Euler, we have for o¢dd n:

Nn-1
g N Lo
Im/\h(ﬂ)fl(-ﬂ) -g: Reg Yn(ﬂ)—-lm Reg In(ﬂ)-f-(.-‘l} (A«+lnq'%-)Jn(Q)
n+ 1
Re A (0)=(-1) ° EJ_(0) - Re T_(Q) (4.4)

and for even n:

Il
-]
ImAn(Q):(-ﬂ‘\ )? g Jn(ﬂ) - Im In(ﬂ.)

o)
_ . ’2"H . 21 .
Reﬂ"n(ﬂ):ﬁ(“_‘) g Reg Yn(_(?.) - Re Reg In(ﬂ.)-»(..ﬂ)g (a-i-lag‘%)Jn(i;?

(4.5)

All computations were made again in 8 figures and checked by

means of the recurrence relation:

ﬂ[/\'nwj(ﬂ) - (Q)] + 2 i emiQ~ - 2n i_/\.n(ﬂ) =0 (4.6)

n+ 1

This recurrence formula (4.6), however, could not be used for
the computation of _/Ln(ﬂ) , because we should lose signiricant

digits at each step.
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>+ Celoulations end a0 ).

First we express the function Ne(nz) (§) defined by (11.2) of
R 53, Int 2.1 into a modified Fourier-expansion ef the form:

Ner(lz)(g ) = b{ — § Sen(§) + E@ g;ln) cosh mg} + a Sen(g)
4 M—

(5.1)
Using the relation (13.1¢) of R 53, Int 2.1
a K ]
*.!-5--—--- (S+log'§"+ 721)7 (5'2)
| (2)4 <\ _ 3 (n)
and Nen (0)= a ﬁ:é‘l m B_"7, (5.3)

following (9.3) of R 53, Int 2.13.
‘e have also:

_ - (2)
, o) O eodh | Ne “’/(&)
Kn(p,ﬂ): {n; 1M an ‘J e 13L COS 5{ sen(O) Wez (O) +
P L, e

2 man) [ = 3

= m Bm |} Z B(n) T (QL)+ Z [B(n)(]_og K -+ -%—]-'-) - T(,;%H:

3’+log .2. w.z.]; m="1 m=0 ,

(5.5)

and

AR
ek

~i{)l coshé Ne(2)(§)
AL (B )=( 1)% se!(0) 1
: [t g,

K (p,Q0) &
= (--1)n§-lsl——eg-(—57 -2 Bén)J\m(n)J : (5.6)

n ' m=1
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It must be noticed that although the Bg?) are decreasing rapidly
with increasing n for small values of q, the series

3 (n) . - %0- (n) K T (n)] * L
mZ:i Bm IEH(D-) anc 2{;6 [Em (log ?— -+ )--- Tm Hm(ﬂ)m Kn(ﬂ)

are difficult to compute. The terms of the last series apnear to
approacn

those of a geometrical series for large m
Following R 53, Int 2.5 (3.1') we may write

(n) _

Boy’ = (5.7)

~(n) _

Boriq™ (5.8)

when ¢ 1s small and r large.

e shall use frequently the abbreviations
(5.9)
(5.10)
(5.11)
(5.12)

when {1 is small enough.
Taking p = 0 we easily get the asymptotic approximation faor odd

B ~1 én, } k *
¥ T 00, LTl
Ian (ﬂ)-—- ﬂ lOg ‘é‘ e T

Y(r)+ I‘*:.Z‘.-L} ,  (5.1)

and for even n

(n) & |
£* (@)= £9:0 ) P Ll faes B+ B oy, (5.10)
T =

These approximations, however, are not so suitable as wé should
prefer. The parameter fL is namely tce large to make the asymptotic
representation (5.12) effective. On the other side, the relation
(5.14) gives a valuable hint for the computations. Then m is still
increasing the quotlient of%cceaaive terms must converge to 132.
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So we did put,when the actual quotiént oi the m"?! term by the next
one 1g named

= +--—E-{;l + > + (5.15)
- m m{m+ 1) ).

First, this was used as a check upon original computations, but,

afterards, we could calculated the &, X,, etc. from the
Q.(n = 9,...15) and then compute the other terms of our series
;;(Q.) as a product of ¢ and the (m—-1 )th term.

All calculations of Kn((},ﬂ) and Qn(fa"ﬂ') were made with a absolute
accuracy c¢f 5 digits.

6. Compute

Of course, it is easy by means of Chapter III of R 53, Int 2

to calculate (n)
(2) be &
Ney " (0) m=0

(6.1)

This is, however, the right place for a check, Using the expansion

of the Mathieu-functions in Bessel-function-product-series (cf.

251) s
Je have:
Ne$2) (¥ )= Z___ )T Bégn){ I (ke”5)u!2) (xed)-a (ke“ﬁm(?)(;ge"»)}
=1 6.2)
ve$2l @)= 2 07 B2 (e E( ) Geeb ) 0, (ke 2) (ke )
(6.3)
Negi)’(g Y= k r#u (-1 )I'Béin){ mewgJ;,m.] (ke“g )H:x(?f-‘)l (ke€)+eM§Jr+1 (kemg).
. H__!(:,E% (xeb)+ e€ (}a:e"S )H(z) '(xe5)- 'gJ 1(ke’%)H£.E% (ke®) }
(6.4)
2) > 20 1)f %5 (e ) (2) (e
Neénz_.‘(g): ;@ (- 1)rB§r‘2§ g-—ne EJ (ke g)H (keg)-&- (6.5)

4

+ QMEJQ—H (ke""""'=§ )Héz) (]a;eg )+e§Jr(ke*§‘ )H(il; (keg)-e+$J (kemg)H£2 )‘(

r+ 1
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- | 1
we substitute the values of J;(ke §) ' Hg.z)(keg) and HJE.Z) (keg )
and after a few reductions we get

o

Negi) (0)= 27 (-1)*F Béf,n) 4r{J12,(1:)-- J._1(k)d (k)} +
r= ‘

r+ 1

+ i 2r { I (k)Y (k)= 2 J ()Y (k)+d_ (k)Y __1(k)ﬂ
(6.6}
Ne%2)(0)= _ T (2n) 21 . [T

Il (-1)" 2r BQI" = ‘;Z'T? Sezn(?), (6.7)

221000 = 2 0 a2 2 fuc {20 5,005, 0f)
: i{ {3 (Y ()= 2 3 0¥, ()40, (Y4 () +3,, ()Y, (k)
J_.(k) Yr_l_.,(k)}}], (6.8)
Nes2) (0)= 2L ];) (-1)F By o 2L o (E). (6.9)

It may be noticed that the computations msde by means of (6,1)
and those made by means of (6.6) till (6.9) gives the same result
in 8 digits.

Now we are able to compute several functions we need., All
computations were made as Tar as necessary. S0 we lave:

oy

s, = é;% Bi?) (7.1)
se_ (9= ; B sin md (7.2)
se! (J)= Z'i m B(mn) cos me) (7.3)
se!(0)= ; n (%) (7.4)
o (D=2 3 sinnE  (aoaa) (7.5)



Q,/B = 2 + Seﬁ) z (7.10)
Then
2, = Jo(pzﬁ‘)-—- id, (Pzﬂ)-%- 2 2; (-1 )n{ser’l({)) ! 4
+ 2 B(mn)%/‘n se_(J) (7.11)
Z, = 5; Q. /A %;% /‘n sen(g) (7.12)
Z) = 2?_1 Q. /B E-%;i% /un se, (J) (7.13)
Zy= -




o0 - (2)
3 Ne (O) se (o)
L1 = L D Il T
A QB —Trr— - (7.16
I)_V‘lwp n=7 Nen (O)/u,n{ \Z..Pz ' )
2'5 = *‘?R{ H(g)(ﬂ)-—- 1 H(f)(ﬂ)} (7.17)
Zg =~ e (7.18)
V- |
20 = - (-iw)  ~iw (7. 19)
V12--(32 ‘ ’
2 W :"’"’ o
2y + 2 K’n(fs,ﬂ_) 7.20)

(2) “I;An(‘F,ﬂ)Qn/B + 27
&y " = == ' (7.21)

25 + 2 % KH(P,Q

and then the coefficients used in (9,.22) rage 31 of the report F 54
>I the National Aeronautical Research Institute are found by

2 o 4q T 2 4o (7.22)
s (2)

Ky =2 35" 29 + 2 45 (7.23)

a 9 3 4 . 4
_ (2) o

my, = 2 8y '_733 + 2 Zi (7.25)

A1l computations of these coefficients were made in 5 ifisures. lhc
inaccuracy may bve 3 or 4 units of the last decimal except for the
highest value and the smallest values of {] . In the last casc the
inaccuracy will be much better, i.e. 1 or 2 unite, in the other

the 1inaccuracy may exceed perhaps 4 units,



