EXPANSIONS OF BE;) AND a, INTO POWER-SERIES
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INTRODUCTION
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This report R 53, Int 5 is the fifth of a number of interim
rcyorte giving information about computations carried out by The
Compiictation Department of the Mathematical Centre on behalf of
the Mational Aeronautical Research Institute in Amsterdam under
convrect X 53, The final report R 53 that will be made up even-
tually will not contain much else than the final results of the
comhutations and, moreover, will be not available for general
diastribution. As however in the course of the computations a lot
of information has to be compiled for internal use, and part of

this information may be of some value to others, this cempilation

‘ L ] e B

Will ne done in the Torm of interim reports, that will be made

3
AvValroble feor limited circulation.
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(n)

ler-coefficients B

series with respect to T.

¢ results may be f

nlan *Pheory and
application of Mathie

Lthe Qﬁé;mamlmli

(1,1)

se 0f the recurrence relations:

(o, - 1+ q) B4 _ q Bl

[b‘l - (2r+1)2] Bé;lT - q{ é;3_3 + B();)1} ~ 0

The last equation yields the relations:

!

- r(r+1) P (rr) _n (r+1)

T

i

- r(r+‘l)(g§‘i?‘ - (rr““) Mq1f3(rr)/4
B r(r+1)[3 ig'il N P:E*i‘vl}i 1/4 z hPr+vwh Prizl) v>1

The calculation becomes somewhat easier by putting

(r)

(1,3)

The first formu

or :
v » (1,4)



f+ r+ ’

f27r4+17¢8ar3+81019r +162;08r+11‘92 §
o (=1 4: {+4 BEEYY \ I 3 *

The calculation of Tér31 and w(1) defined in the report R 33

Int 2,2 (9,2) and (9,1) is now easy:

(1) _ (=D _r g r_-r 5(1)
2I‘+?“ - 2 T ar (-1) 2I‘+1 ’
A1) T 3  (r) +~h _ (r) _h
2r+1- T hZ::O Ph+2 to = h
(1) _ (1) y (1)
Sor+1™ T? +1 T 3823:‘-4—1
First we compute T(l)z
2r+1

p(1)

2r+1

I
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With Wori1 = 2% (srTT Zi; ‘ v (1,8)

<

and the'wrwfunction defined as the logarithmic¢ derivative of the
factorial-function.

(n)

To compute 9 we use the recurrence formula for the g

(b1 - ] "'""Q.) 8(11)-“(19‘(1)——»--2}3(1? (1,9)

! 2 q §E1: )
_ O T A U . S (1,10)
wilith C = wwyﬂ(O) = -~ {-é% (lO§~X')}
x=0
o¢ the result iss
g - _(=T)F [ T T2 T3 (x+4)
er+l — riir+d): 2(r+1j§ 4(r+2)°  4(r+2)

.“.L12£ii156r2+480r+460 4
A8 (r+2) (r+3)

44r4+470r3+1875r +3329r + 2226

)
288 (r+2) (r+3)3

+

N 1146r6+23130r5+192864r4+849732r3+2084744r +2698552r+14§9988 6 m}
5912 (r+2)3 (r+3)3 (r+a)

(15,11)
and 5 ; A
Q_ L 1 _ 5 T 61 -3 89 4 4085 __5
V=gt C-p- el - g o -wes T - wzoad T
- gretr O (1,12)
Note: We have put in all formula's B&R)=,1 and so we still have to

normalise by means of "the relation:

OO
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(2,1)

. L

h:rmz

om which it follows that:

- (r=1)(r+1) P“r) = (3 (r=1)

}

(I‘w1)(r+1)(3(r) ~ (r=1)

- 4 (T“1)(r+1)53(r)

r+y

(r) (r+1)
Prw-—-h T Frm‘!—i-))(\}*% 1)

Again the calculation becomes somewhat easier by putting:

(r) (“?)rmi ogr) ﬂ (2,3)

r+ Y

Further we know B(Oz) C and we put . 5 = 1. ATter all we have

(2)

also to norimalise by means of the relation (1,13) now applied for
the case n = 2.

OO0

1a of (2,2) yields

or

L
P
]
O

(2,4)

L
-
[l

The results of the computatlons a:

(=)'

A () _
I~ r—1
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(2,5)

the case n = 1,

iiary to those 1n

Now we hﬁV@i

(2,6)

Again we have:

(2,7)

(2,8)

So we find:

T(2)+ g;g(g) _ \V(r“1)%'f(r+?) (2)
21 | 2

we find the following

and by putting %O =

expression for 3



3.

3~r3+370r2+1203r+1302(

7f?@G{T%?}

+ B o e S . i Tt o AR i 3 NI i3 B <. e U 30 M 5. 10 ool vorcndlie DXTar e

and

(2,10)

(n)

Ex Yansiones of B

and a_  in g serics for n > 6.

B RN T T TN . SOU RIS SV SR W PRI EIT 7 S -

In the following lines we shall omit the index (n),‘while (n)
18 a Fixed mumber,
_ . * — N
We try to write B = ;iﬁ ) T (3,1)
") = m, h

with thoe conditions

To be honest,

is only rcalised in the case n =¢°
Don't forget the relation:

B _o T Bm+2)=

For b we want the exXxpansion:

h

h = Z O{sh T with O< -

h=0




W f
! " —. |
g‘iw’rﬁ L %*‘ " *5% e ——— '%’g | ff°-'+'5§ " ) ( 3 4 )
i1 n+o it ?

+ 4 _
coefficiznte of the p power of T we find successive-

)
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In all the formula's we suppose m > 0.
The cases m = n + 2y etc. are easily computed from the cases
n - 2p. We have only to replace in -the factors

[

m
)
{nL""(n - 213)2 } ’ {1’12 - (n - 2p + 2)2} ... etc, all n by -n, to gev
the coeéfficients for Pn+2p o ! Pn+2p“2 H v etc.
? ’

we have to replace in the

“hen we have calculated once an2p 3
answer n by -n, and get (31'3..+2p,p‘
o0 we find:
_ (n-p=-1)! _ (=1)n
Pn-2p,p — plin- : Pn+2p,p B p!.(n-i-p)i (3’5)

Pn+2p-2,p = 0

~(p-2)1(n=3)p-(n+1)(n-2)f (n-p)!

Pn~2p+4,p ] (n+1)(n-1)“(p=1)1(n-1)!

€ _ (=DP(p-2){ (n+3)p+(n-1) (n+2)in!
n+2p“4,P (n#1)(n+1) (p-1)? (n+p....1)f

Pn+2p-6,p = Pn-2p+6,p = °

Priop-8,p = Tp=f)T(nsp—d)T * Ca4 (P

wilith

0(41'1) (p)= .,__-._._2._“_1 - % 16( 12y7+76y6+193»5+261p4+197)>3 +

2(2v)°(2y+2)%(2v+3)
+1O1P2¢60y+18)

oy (29+2)%(2943)° 1 (2v+2)3(2¥+3)2(v2m”+1) |
o— me - m‘““-“j‘—‘p_ e ' -

(29)2(2y-1)(29+2)°(2¥+3) _ g (29-1)2Y(29+2) (20+3) (¥3+7¥5+11)
- T Thip—p T ' n+P-—_

=

where VY= 9—%—1 :

_ (n—p+3)! (=n)
and pn-2p+8,p -7 @ZET‘FTW - 4 (p)

where Ci(p) 1s defined above, and nqw Yy = :-%"-:-1- .

3)(v3+7v2+11v+3)

)
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(3,7)

_n=3 e
1f’:”-'*(fl'i"i)(n««-ﬂ)'

1.e. stant. FFor n = 6 this value is even that is

mall enough for our intention

eoﬁ.qe nave enough information to compose the scheme af the

__— Look at the figure 1. On the horizontal lines
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means that the coéfficiént ﬁh S'# o .
= Q, Flrst.let n be oddﬂ

sloping lines out of the not points (n,2h)(with
rhbourhood of the line m = O ths.
more ana more comnlicated: Ve have to fulfill
antimetrical requirement for the B

: (3,9)

But 1n the nei:

by the lines starting out of (n,2h)
get also two butterfl.es beginning

&

1 and
You also see thav, when n and i1 are large, the exvonents of

; T
o L ( )
o
iy 1.2
Gl e
an

the exXpansion of are exypressed by the form

units larg

always has a step of one unit. Under the

haevy lines our farmulws (3,4) (3,5) and the results for the Fi .
of the so-named "ideal cs¢ this moment of the

by the influence «f the reflection angd even o # O

\se! are false. From
with h odd. (See also the seriesS-—-expPansSi~n for b in ﬂcLachlan)
n ¢
xre is changed 1n veig view:

18 infected

‘hen n is even, tae fig

points (0,k + L) with

The sloping lines

points (0,k).
expansions rest two units larg

So the steps in the

the coefficients But the influence of the reflection forbids us

aln to come under the hes

ssary to take n large. e used the fo

tions. There-—
mula's (3,4),

evy lines with our comput

1-‘ g \ "
a R

fore it 18 nect

(3,5) etc. only in the cases n = 6,...,10,

Note: One can try to write the solution 4f the differential-~equa-

tion of the second order
y'" + (b - 2¢ cos 2x) y = O (3,10)

in a Fourierexpansion of the following form:

. to

ang that this solution for x —0 is ne:

(x)).

will have y =
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Therefore we put:

o
B = Z:_ h
n+27p e F%+2p,h t (3,12)
(p can be positive ang negative).
Again we haves
Ba,0 = 1 pn,h = 0 when h > O (3,13)
&0 . .
and = =
n b, éé% Xy, T + n" . (3, 14)
AS before we get the recursive formula:
12 >
h 2}
X, T + - D
— h 4 nr- 4 r . FEPZr 1, T
h=|r| ’
O OO
4{ > h+1 2 h+ 1
— o T + AT 2
T [-2r-2,n S [h-ors2)n ©
(3,15)
Fut » = 0 and we fing:
Xp T 4 ({bnm2,hm1 N Fn+2,h--1) ' (3,16)

But now there is another complication: The first line of the
butterfly is again exoressed by:

(n) _ (n—-p-1)!
n-—-2p,p - E.D‘Tm 1] o : (3317)

That will say for » = n

(n)

-N, N

“ihen we wish to eliminate this difficulty, we have to choose a : ow

coefficieént (2)2 n.1 2nd in order to satisfy our recurrence-
“N—-2 , N~

relation (3,15) we have to bulld up our second butterfly starting
from (-n,0). By this complication it is not easy to »roof the

, N
convergence of the g-series of B%l).



