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INTRODUCTION 

This report R 53, Int 7 is the seventh of a number of interim 

reports giving information about computations carried out by the 

Computation Department of' the l··'iatl1.ematical Centre on behalf' o:f 

the National Aeronautical Research Institute in Amsterdam under 

contract R 53. The final report R 53 the .. t will be m.E1.de up even•· 
. . .. ~ 

tually will not contain much. else than the :final results of tl1.e 

computations and, moreover, will be not available Tor general 

distribution. As however in the course of the computations a lot 
•• 

of informa.tion has to be compiled :for internal use, and pa.~t of 

this information may be of some value to others, this compilation 

will be done in the form of interjn reports, that will be made 

available for limited circulation • 

• 
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$:u1mn a r·y;. 

Section 2 of this report deals with the computation of the 
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The functionsymbols are explained in former reports, and -the 

asterisk denotes the co I._Jlex conj :ated. Section 3 gives the me-thod 

used, section 4 some expansions, and, finally, results are given 

in sections 5 through 12. 
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From the definition 7,15 of the report F 54 o~ tha N~tional 
Aeronautical Research Institute, viz. 

• 

sin r, l 
0 

-in cash e 

one sees that the integral converges 

d 
• 

fo.r values o:f ...n. with a 
non-positive imaginary part. If one chooses tho imaginary part 

of ..fl to be negative then it is easily prov8d by means of 

aJl 
• • 
1 SJ..Ilt'J l 

D 

--------
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• 

satisfies the differential eauation of the first 

order: 
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. d.Q 
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Formula 2, 3 can be justi:fied a.lso :for real values of ..n... bJr means 
• 

of analytic continuation. 
• using 

.a 

A ' cos ct sin ct t dt· 
' 

( 2, 5) 
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.. 
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So the problett is now to contr)ute A and B. Following L.. Schwarz 
' 

Luftfahrtforschung 1944; 341-372 the Iollowing £unctions are 
def'ined: 
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Jc J 
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Js ). 'X J ,\ t • t c1t, sin -
0 •x 

)._ 'X /4 t Ye yo cos t dt, 
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Schwarz tabulated 

it is easilv seen 
t. 

~ t· • t dt. sin 

c'c Ys 

c?c + Ye • I 

c'c 

the functions 

that here A. ·-

•• 

' 

• 

0.1 

1 c )1. Therefore 
Department t~bulated the r.unctions 

••• 2 0 
-- ' ::,; e __ J_so for 

2,9 

• 

0 .1) 1. Hovvever, 

the Conmutation 
• • 

values of A> 1. 

The compt1tations are all made by numerical integration. Only, 

there rises a difficulty beCElUso of the sing1.1J_ar p.9,rt of Y
0 

t , viz. 

cos 

singular term during the J)rocess of intctgratj_onc 

This error is found as follows: 

sin ct into a T,ower-series wi-th rosuect . . 

to t. }Tow .n?no J'irst considers th~e error ce~usocl_ by 

tion in 
6 

t, n 0,1, ••• , when eJcactly 

.J,. 

numerical integra­

the same numerical 

prore.ss is used. a.s j~s actually done i1:1 the numerical inte61"ation of 

the functions considered. 
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evaluate 

error be E n • E n 
J1. 

analytically. 

because one car1 

..n.. 

0 

The 

cos ct 

0 

error 

t d t 

caused. by 

resp. 

00 OQ 

2 

resp. 

-1 n - n n!nl2 

St 
the singular term of Y

0 
t in the intet;ral 

sin ct 

-1 
,.....::.,_.......--:---

21c ~ 

2k+l l 

Y t dt is given by 
0 

ct 



• 

• 

R 5 3·. Int 7, 5 • 

Both series are highly convergent and only three or fouz~ terms 

are needed in order to yield a result correct in 8 decimals. 

This process, by the way, is valid £or all linear operations 

in numerical analysis as e.g. interpolation, integration and dif­

:ferent ia.t ion. 

A check can be mado in another way, for 
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Hence, • 
ot d - I GO 

i « X • o( • l i«x j_o( J ei \ • h 1 ' h e e dx • i o( + dx. /, .. • 

j nb 1 i« r 1 ·: XJ "::. t J • X \ • •• • 
I 
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This result is obtained by moans of partial integ~ation. Also: 
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The terms of the series can be computed in the following way: 

• 00 .. id 1 
• 1 c.,( J sin n! io< .k e ~ . in.•. .fl I P Ill t - l. n+l j 1 n+l • 
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2-. .n J ( ..[)_~ " 1.2:. ,I •• ., 2,15 I "l. l l. -• ·~ • • • . J J 

• sin t? l n. ' ., -= l ' "1,;:-/ ' -

By means 2 !i J.4 a:r1d 2,15 
• 

checked for one ~.r~1.J.t:.e of' ..1l. and found to be correct j_n 7 decimals. 

This sewed as a:::i j_riaepcndent check ag8~j_nst systematic errors • 

• 

Al.l ser·ies mer.tioned in snci~ior1 '2_ a.re conve~cg,21:Lt b·!1-t the cor1-

vergence is very poor. Ir .. order to overcome t.bj s a.if'ficu:-:~y f the 

following method was used. 

An expansion is foUU:1d for the terms o:f -t·t1t:! series such tl1ai. . 
• 

e £ew terms of this expansion give enough accur~0y £or n fixed value 

of n. So, c- g. the terms of the series l,) nnd l, 4 are expc"lndcd 

are su£ficient to get the 

terms correct in 5 decimal places. 

2 This expansion is summed anal ioally ~rom that value OI n 

till in:finj.ty. 

3 Numer.LcalJ.y the first: n terms of the series are c9mputea_ an,i , 
' 

. also the resul·t of 2 · • The sum o:f both gives a :r,e;~:1:~.: 1,;t co~:e~·et, in 5· ._ 
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Now, it may be observed that all required expansions can be 

split up into partial :frac-tions, and 

of the following auxiliary functions 

so can be expressed by means 
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The function 3,1 and 3,2 can be dealt with as follows: 
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a It 
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One needs also 

1 
n 

__ 4L_~ 
n 1 n n+l . . . ' 

which result is obtained 

Int 4 and the well-known 

From 4,6 and the 

by means 0£ section 6 0£ the 

series ~or J x and Y x. 
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• • • 
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Finally it will be ~rov0d that 
• • 

co 
7 B n .Jt 

1ll-=- 1 m m 
n 
2 
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1J -
~ 

-1 1 
•_n, • 4,10 

Therefore ono needs 5,5 and 5,6 of' R 53, Int ,t,7. First is to 

he shown 

n r.tl ,.,.. n 
• \.. + 4 • • . ' L1r, 11 

In this order only the case 0£ even n .. 
1S d3alt with. The ~ase 

~£ odd n is similar. 

Use is made o:f some :rt:,rmul:a' ~ o:f R 5 3, Int ? (. 9, 2 !" 

and 

2r C 
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dr 

2n 
2n r 

, 

is the solution of the rect1.rre:r1.ce-re1a-ticns 

hc.s o:f T 

only to substitute the exp:r~ss.j~ons. ( .se.e R 1'.,, In-c ? , ( :1 7 5). 

a11d 
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2 

r-n. r+n. + • • • , 

r-n + Y r+n - r- ... n t r+n ! 

into 4,12 and 4,13, and 4,10 result~. 

• 

• 

By means of relat·ion 3, 6 of R 53, Int 4 it is shown that 

I' m < 

So the largest term in 5;5 0£ Int 4 is 

T n 
0 

1 

that has the order i: 2 n nl - ½n 

integer contained in ½n. 
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-·½n+l 

proof of 4,9 • 

' . h • ; w ere 

' 

denotes· the greatos~ 

• 
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4,14 

and one sees th~t except for 1,2, all series, mentioned in section 

1, can be built up by thG parts described abov0, and the method of 

section 3 is avnilable to produce the results correct in 5 decimals 

the expansions • 
•• 

using only the mentio~ed first two terms of 

For N = 9 the highest value 0£ N taken in t~e co~putations, tho 

:functions e ' are tabulated below 
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. .; 
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one read:ily gets 
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