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R 53, In't 7,l¢

INTRODUCTION

This report R 53, Int 7 is the seventh of a number of interim
reports giving information about computations carried out by the
Computation Department of the Mathematical Centre on behalf of
the National Aeronautical Research Institute in Amsterdam under
contract R 5%. The final report R 53 thet will be made up even-
tually will not contain much else than the final results of the
computations and, moreover, will be not available Tfor genecral
distributions As however in the course of the computations a lot
of information has to be compiled for internal use, and nart of
this information may be of some value to others, this compilation
will be done in the form of interim reports, that will he made

avallable for limited circulatione.
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Summary.
Section 2 of this report deals with the computation of the
function

N

Ll('ﬂs? l): sSin Vll j eﬂlﬂ COShg — dw,.g__.. ——— (1’1)
cosh§ + SOELE

)

The ether sections are devoted to the summation of the following
SETr1es

n?; Gn(ﬁyﬂsn 1)9 (1’2)
- (2) .
o Ne (0) co sin m
n S »(n) 7 } ,
T\Z:i % Sen(q l) NG(ZS ! (O) N mz;; Bm m ' Sn( P?IZ?Q]_)’
; (1,3)
Ne (0) - sin mopq
7“2“-‘ 2 Sem(ql) M) i fwzz;; B(n?) T m j ‘Tn(fb’n’ql)s
i (1,4)
5 Wep(0) S
ra g Ne<2)‘(o) Sn (P"Q'Qrzl) Sn (Pyny r]l)y (1’5)
Il
3 Nel(,lz)(O) .
e M Sn (Frnyql) Tn (‘Byﬂy '?1)9 (1,6)
Il
E I\Te(nz)(O) -
et M Sn (FQ‘Q:Ol) Tl’l (‘?337'21) ’ (1,7)
Il q
& Ne;?)(O) . ‘
m:zt Ne( 2) (0) Tn ()/3 éx,v)l) Tn (ie,,.o.? ‘71) g (l,B)
n .
*1121 “"’\‘n(F9Q) Sn*({efﬂy'71) (1,9)
,hE A n(}B,-Q) Tn*(ﬁyng"}l)t (1710)

The functionsymbols are explained in former reports, and the
asterisk denotes the complex conjugated. Section 3 gives the method
used, section 4 some expansions, and, finally, resulis are given

in sections 5 through 1lZ2.
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2. Computation of Ll(ﬂ,*’zl) .

From the definition (7,15) of the report F 54 of the National
aeronautical Research Institute, viz.

23
1 (2,0 4) 81n.q1*ﬂ§ee 3 5 , (2,1)
© coshk +cosny |
one sces that the integral converges for values of nwith a

non-positive imaginary part. If one chooses the imaginary vart
of L 10 be negative then it is easily proved by means of

O L. (n o2
(27 4) - i as -in cosh: cosht a}
¥ = - SInnrl & ———— s
5 cosh § +Cosn g
that Llﬁﬂ,ql) satisfies the differential equation of the first
orders:
AL, (2,0.)
1V 20 . B L (2)
——aa ~ -~ 1 cosrzl_lj(ﬂ,nl)“ - 5 sinh 4 HO (). (2.2)

Solving this eguation one has

‘ n
_ _incosy i .
Ly (By1q)= e 13 (N ..7-;- sin 1 - j eTh COS g H(g)(t)dt;g
. L O
(2,3)
where the following identity is used:
o7
Ll(o’q; ): sin 'Zl j d | = 2 / Q—t? :O 1*
- ¢ cosh$ +COS Ry , 1+t™
E:?osvl (2,4)

s1nnq

Formula (2,3) can be justified also for real values of 2 by means
of analytic continuation.

Puftting“cz-cosvyl9 and using
s f
A = i]' cos ct Jo(t)dt - *]sin ct Yo(t)dt : (2,5)
Q_ﬂ_ O_D_
B = f sin ct Jo(t)dt + f cos ct Yo(t)d't ; (2,6
G o
ields
y (Q )= s L1 f ZEA s cf— = B si )
Re Ll"nl”Slnnl Sinlleosc ol cos c.b 5 s:.noi,;g
Q] T T (257)
Im Ll(ﬂ,ql):- sin 14 i Sin ) sin ¢ - 5 A sin c [l + 5 B cos cﬂig

(2,8)
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S50 the problemr is now to commute A and B. Following L. Schwarz

(Luf-tfahrtforschung 19445 341-372) the fo llowing functions are
defined:

Jc(hixy_qjéf( At)cos t dt,
Js(d,x)= ./Jb(;‘t)sin t at,
Yo (2, x)= j Y (A t)cos t at,
Ys(A,x)= fY (4 t)sin t dt.

(2,9)

Hence,
— “ﬂi pr— ——— (RS
A = 2 Jc(cgc Ys (c’ )f,
——— ——— PP — Aol

Schwarz tabulated the functions (2,3) for A = 0.1(0.1)1. However,

1t is easily seen that here A = 1/c 1. Thercforc the Computation
Department tabulated the functions (2,2) also for valucs of AS> 1.

The computations are all made by numerical intcgration. Only,
there rises a difficulty becausc of the singular nart of’Y (t), viz.

2 J (t) log t. When one 1ntegrat®s numerically the fUnctlons Y (t)sin ct
and Y (t) cos ct, onc has to computc also the crror caused by that
81ngu1ar term during the »nrocess of intcgration.

This error is found as follows:

Expand Jo(t) cos ¢t and Jo(t) sin ¢t into a mower-~series with resnect
t0 t.Nowﬂpne first considers the error caused by numerical integra-

Co ¢! . |
tion in f t log td t, n= 0,1,..., when exactly the samec numerical
O

process 1s used as is actually done in the numerical integration of
the functions considered.

This error be E Cn) E () is easily commuted, because one can
evaluate £ log t d1: wnalytlcﬁlly.

O

o The error caused by the singular term of‘YO(t) in the integral
LU

jﬁcos ct Yo(t)dt* resp . ,[ sin ct Yo(t)dt 1s gliven by

O 0
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Both series are highly convergent and only three or four terms
are needed in order to yield a result correct in 8 decimals.

This process, by the way, is valid for 2ll linear operations
in numerical analysis as e.g. interpolation, integration and 4dif-
Tferentiation.

A check can be madc in another way, for

e

~ 5
Iﬁ( (/= sinfq ] e cosh§-+005ﬁl

a

o -i-é%( x+i~)

= 2 sln N4 g-—-———-——g—e 9 ’ (2,10)
. 1l+2¢cx + X

where ¢ = cos'?l ‘

X = e§ . é;ch

x
Be ) and J the roots of the equations

Py
Hence, ) and } arc on the unit~circle. Incced,

s -1
J = = cosn 1k \/cos2 Pq=1 = =-cospn,y +1sinph, = ~c¢ 1,

-
= o \ V) - ) ’ \ — — *
cos 1 4 1 sin ?l e

SO0 one has

1ny, __,e"in"?.

»-
oy n+l e
et = (1) T
S

X B Iﬂ-m

Now one proceeds to compute the integral

o (“1)1’1’3'1 sin _r.:lm{:?_:_
-1in sin b4

&

—-c

s follows:

N
-
o,
e

o)
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Hence, | ,

r idx i 4 j=1 o ixx

o e S ?-hﬁ-lz S:Ldz B S
; IS e— X { o
‘J 3 dx . £¢~ -1 (i ) T ’if = d
(2,12)

This result is obtained by mecans of vartial integration. Also:

N : 1 ;? 1 [ E? A Llilz] :

Ll( 972 l): S1Il VI l 2e _, % vy W ‘:::K' j - Jl (k""l) ™ } -+

o _ . ] 1w X
+ 2 sinfq & A, ﬁ_:g_gl__fe dx.

(2,13)
The terms of the series can be computed in the following way: '
i, S : ) I iol - % sin 1«:'?
( jO() n+ é: i+ j J 1 ( i“) n+1l e cln l’?l
™ & sin kny 2,f+k
_ > —— L n+l (di«) }
ng’ {:0 Sln!;l ( l) f“T"ﬁ'i-kS x*—-314)
A [EX% j > sin nn -
TR J"‘" ' h= sin n 1 e

By means (2-1*13) 9 (2 ]4) ana (2 15) the value ol T l\-. ) WS
checked for one valuve of L and found +toc be correct in 7 de01malg.
This sewed as an indepoeondent check against systematic errors.

Y« The method o sumnotion.

e At Wou: WP T G hw RGP e SR it il

L i

All series mentioned in section 1 are convergent buat the con-
vergence 1s very poor. lr ordexr to overcome this difficulxy, tThe
following method was used.

1) An expansion is fowrd for the terms of tuc scries such that
e few terms of this expansion give enocugh accurazy for a Tixed wvalue

of n. So, e.g. the terms of the series (1,3) and (.L 4) are expandad
with respect to n 19 and the flrst two terms are sufficient to get the

terms correct in 5 decimal places.
2) This expansion is summed analytically from that value of n
till infinity.

3) Numerically the first n terms of “bhe series are conpu't ed and
&1 S O .t he | r e S ul ﬁt O f 2 ) » Th e S um O f b O Uh g ..L Vf""‘ S C'-Ar r s ._ ‘ Ld

X
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Now, it may be observed that all required expansions can be
split up i1nto partial fractions, and so can be exXpressed by means
of the following auxiliary functions

F(Syd) - -E:n egn+°{ (3*1)
e . n l§(n+0()
G(gy“’i): g"ﬁ “l)e N+ ol ’ (392)
C(Zk) (2,%2)= Z”’- COS____.S_IL? X ME§,+EEH_..OS 25...
2 ,9 - N +1 "} 4 e 4 4
(2n) <
. ! AW u '
_.9.9.%-6_‘&.&.,,9—‘?-1-5-%-& (o$§,s7{:‘ (3,3)
(2k)
c % 3‘
(22]:() (2 )__ 2_}1 S1nN 21’123‘* - - _é_ 1n (2 Sl .%_ [ X Co*tg }{'dx -
K+t (21'1) =~
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The function (3,1) and (3,2) can be dealt with as follows:

o X
co 19(n+§
e _ T S
. o o(
» 1§(n+%~ ~15(5+3)
Tpg(éad)= % gwn C = 22 — .
2(1-e9)
A r\ ,ﬁ o
’ 1C -
F(éyo‘): J—JTC iz dz + _ﬁ(T["o() * ] (3910)
2(1-g7)
In the same way,
7 lb.._(o(-%?)z \
G(ggd): f ““"“‘“:L“"""“"“" dz -+ G‘(O,f%) e (5 Q‘ll)
. 17 :
o 1+e
S0 1t 1s casily oroved that for 1 being & positive integer
A
-~ - ‘:§ 5 T 1 . . =
— - .......‘ - . C/.- - (o 1
F(%,)= - z | In (2 sin 2)+ i ( 2)] -7 & e 9,
when &= = 8 + 2 i{3 _ (3.1.2)
£
; 7 - 2k+7) 7./ 2
Yoz T e A Y E;}; ~ -*'.>.... .l“f'.,._.. N o e m s
F(’é?e()-- 2 A J-‘Lg ‘“}') | { 121 (ﬁl:: ‘f'i:.. ;
wnen w = - 8 + 2 £ 1, (3,17
NP : '3_} \; 1 pt"' PO
- (. \f{ g... =5 n P 2
G(é ) 1 | r(2 cos 2)%-22 [ o FalaE
) : o
when = — 7 +-£. (3,04,

] LT SRR & S e . . e ot o Wik -
fhese autliacy Juncticrs ware comnuted v 8 Tiguiess

4. Some expansions,
First it i¢ necessaryv to give exvansions Fur

- N o

Sn( 2,00, end Tn( 1,2,M- ) (Seo for the darriniticns F 3%, Int o,
' Al J - .
Putting
P e .
A — GJV{ BREASE !“« (ﬂrql}
one sees easilve 1
)
[ 1 ,f"{“ N L
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A sin ni - 2
— - i _ 1 f olf ﬂcos’l[cos (n+1)n ~cos(n~1)Q] dn =
[,
A sin nMq n
- n_ " 1 [ Rn—i—l(ﬁ’n’?l) - Fh-nl (ﬁ??n’”l)] ’ (4,2)

. 2 2
Calculating R . (P yR,74) and Rnwl(F yQ,74) by means of (4,2)
and substituting into (4,2), yields

2 sin mn
2 N2 2 (1
Rn(Pﬂ’q?l);l + (‘5 ) (n+15nln:ﬂ}= A? ! -

. E [81n(n+1)171 sin(n-1) 711]} ﬁ..._._ [Rn+2(5ﬂ, ?1“) .

(n+1)n n({n-1) D — (n+1ltn -
Rn 2( 2..9,?}?1)] ( )
- nGl--l e L

It is clear that after performing this pProcess [?\log n+lq D
times, the expansion will diverge because of the factors in the
denominator. Using only m steps (m< p) one gets a gocecd annroXimaticn
for R, (f,2,%,), when n is supposed to be large and_ it is even possiblc:
to sta‘te the order of the remainderterm, viz. O(n"?ml(‘é——) ¥l ]1)"‘

Neglecting the terms of orders lower than n —e one finds the
following expansions:

. o n‘
Sn(ﬁ,ﬂ,ﬂl)z j 1P2'1003?Se (q)SInqdrl__ LB(n}

O

% r'--l(P yRy0p)~ R I‘+1\6 ,n..,fz \{“

. &{‘ { sin(na-]_)"(l ) s:x.n( n+1) ")1} . 9 ? sin(n--%)‘r}l 25in nn, o
an25(n~17 \n«--3” 1

n-1 n+1l
Sln(n+2)ll sin(n~3)ql sin(n--l)fzl §in(n+l)171
crjsinlnsng sin(aing _sin(eedyy
n+l){n+2 n-=%){(n=1 (n_l)z (n+1)2

+

and
Tn(P,n,ql): jl g1B L cosn (M) cosy sing dn=
= %- 21 B(rn) { Rr-—-2(P2‘Q,’Q1)“ Rr+2(p% ) = (4. 5)
- £ 11 M i} w & 1R i ;?:;’?é)‘?‘%" anﬁf;

é

sin(n-!-l)ql sin(n+3)R, ,

T oD (nr2) T tar2) (ne3)
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One needs also
Neég)(o) 1 4T “géﬂm:;llilemmmm~m
n Inwlin(n-!-l) (Il“z) (n...]_) n(n+l) (n+2) ,
(4,6)

which result is obtained by means of section 6 of the report R 53
Int 4 and the well-known series for Jn(x) and Yn(x).
From (4,6) and the expansions of R 53 Int 5 (3,5) it follows

that (2) o : | :
Ne'<’ (0) (n) Sin mn . 2 2 sin(n-2)74
{sen ) Ne ( )" (0) ’ mg. S __._..,ﬁ..m...._._._..f.} (2 e-1)n T
L. sin N7y 2 cﬂn(n+9)ﬂli} )
- (oD n(nrly T a(ar ) (nes) S T
5 ZSin(n*4)71 4 81n(n~27ﬁ_ 4 81n(n+?)vl

+ T

(n-4)(n-2)(n-1)n = T T Y T N
' - (n~1)“n(n+1) (n-—-l)n(nﬂ)

2 31n(n+4)ql e
- T + O( -)} t (41;7)
n(n+1l) (n+2) (n+d) 1!

Indeed, 1t is clenar that

where N<n, N is a positive integer, and

n  on A

Ry ()= j N “iﬂf?sh £l e a5 » 4 L4
because
C "
N R L
N, o 9
= ';i i%?ii-dj —n; (coshy ) a¥ + R (n),

and evaluating the integrals in the last line vields readily formuil'ea
(4,7). Again it may be noticed that all these expressions diverge

when N 5 co.
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Finally it will be proved that

CQ

S & -1
A p,m= (<D™ T sm A - ot uB T Y. (4,10)

Therefore onc needs (5,5) and (5,6) of R 53, Int 4,7. Tirst is to

he shown

' _ T £
/3(11) . QAL&%)-.I + ' (4_:11)

In this order only the case of even n is dcalt with. The vase
ef odd n is similar.

Use is made of some TurmuYa's of R 53, Int 2 (9,2).

(2n) 1 r d ~r (2n : ~
Too /e = (=0T £ 1 (-0)7F B2 )§ , (4,12)
and
(2n) (2n) (2n) (2n)
y (2n) _ PonTo T-2a T by Ty -8T T35 (£.13)
= = a7 )
2q B 2211, AT Bizm 7
Furthermore, Téf,n) is the solution of the recurrence-—reclaticns
(2n)
of T 0 that becomes small for large values of r. Hence, ons heas

only To substitute the expressions (see R 93, InNtT bH, (3?5} o

gl2n) _ (_l)r-ng on)itt o +

21’ I‘*l’l e I‘+l’1 o *ee 4

(2n) _ 1 -1 VYV (r-n)+ Y (r+n)
Toy ' = D (=T) (2n)! %r-—-n%£(r+n5£

into (4,12) and (4,13), and (4,10) results.
By means of relation (3,6) of R 53, Int 4 it 1s shown that

and

fII'n(ﬂ) ‘ ¢ (n=-1)! 2+n+1_(1 "
So the largest term in (5,5) of Int 4 is

(n) *
T§ Hy(2)

1
tha+t has the order T 2 nl [ %—n] {; where [%n] denotes the greatcst

integer contained in zn.

Alsoy,
KalPr) | o TR (3 -im
Selfl( 0) 1 O o ’
where K. is some constant independent of n, U and {1 , whet yields the

1
proof of (4,9).
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1f at last
h=N-1  §
. h
A= 5 =2+ Ry, a (4,14)
o h=-N+1

and one sees that except for (1,2), all series, mentioned in section
1, can be built up by the parts described above, and the method of
section 3 is available to produce the results correct in 5 decimals
using only the mentioned first two terms of the expansions.

For N = 9 the highest value of N taken in the computations, the
functions 9{ are tabulated below

6 = 1 “{1“-2" + S}: 3L © 4 ..’f('.-\.:..._.:g___.._
O B 4 T B84 T 2304 T 147456 7
‘ p. 5 7
8. -6 -3y, 2 0 }
1 -1 1{ > T 1 3374 T 18430 |
> 4 6 3
_ B R < S ¢ AL ¢ n
@2 I Z T 96 T 3072 T 184390 !
5 7 '
— 6 — ...."3:.3... - .................ﬂ {1 l -\
93 -3 1%4—8 768 T 30720 j 2 (4,15}
/] 6 a
_ - "~ N n
G 4 O -4 T 387 T 7680 T 363640 !
5 7
_ -0 n
95 B O-—-S ““'23840 T 92180 } =
6 8
_ _ 1 n
O =B g = 216080 ¥ 1290240 °?
o : _Q7
07 =Y_7 =1 ¢E150 -
3
fo)
05 =3 = 15371950 °

Now Gn("P ,(1,7,) has to be treated, defined by

, o 0 cosh xh(g)(g)
G (8,9,74)=(-1)" se!(0) j g hot CO8 ;; se ()

Ne ?TT(O) ¥
“m§ 1
. Z (;) e /sin mNq d§ se_(n) A, (B, )+
1 (__1) se (0) 2:_ B(n) w A ({)_) . (4,16)

m

Substituting (4,9), (4,14) and

se! (0)= > m Blgn) :

m=1
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one readily gets

_ N ¢! Y n) n pa k
Gn(P,I1,n l) - ("1) {Q% Bh Ch( nl)‘ﬁgm—g-u n+' } y (4*,17)
where o . :
nee oS <n>{ sin bny EEEEJEE;f ~
ch(nl)ﬂ- ;%;m B = - - . (4,13

Because of the poor convergence of the serics (4,14) it i%
necessary to tale in (4<17) n equal to 8 and morc. Then one has
only to use the Bén), B n) and B(n)

Yl=2 n+2

the series forJﬂ~m () in order to get out results correct in 5

decimals when T € %

multipliea with enough terms of

i
%Gn(Pfa,nl) .

@O.Q/4 x
i
{ Im[G(Q194){ e?ll’), + 2 + e qu‘f - G’(rlly 2) [l + e’z'“h}w
— J— ( f‘f""}f ;,
- G(ql’e’){l T e 21?”"’ 2{9 29}(”1)“ SRR
S, ,
- 9/4 7%’X
‘{ Im[G’(Q 5){461’1‘-61 T 8“31‘2'} + G(’) 3){ 4 e [a CLQ‘ - e"‘;"sj'7 L3
1? 1! j
e G D e e O (P D e R
s < (12 ‘
- q/4 Y
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[ Re o2 2N =4)= 3 el F(20,=2;+ 3 TR 2,00 -
- 7210 (o ql,E)} -~ -516 cos 31 1“(
Peje™™ F(21,,-4)~ e P(2p,,0)] -
- 4 008'21{0(26) (2,0 4)+ -12-%% ~ %—;} - 4 eing, 5{26) (a,z,l‘{%
[Re{eﬁm F(20;,-2)= 4 ™% F(27,0)+ 3 o7 F{2y,,2)]
2

10

+ 4 cosqji
[Re§% eln!F(2Q1,~2)+ eﬁslm F(2n1,2} - 4

_ (6) L 589 3
- 4 cos 01102 (2,09)= 37 * 1375 1

10 TC 5929
- 4 ¢cos ”1 % 0(2 ) (23"11)“ 24 + 14400

5899 TS 1., . o(10Y.., .
!rzl)+ 14400 24 }"‘ 4 :::.:..n-{} « S > \Cf"‘j:,:
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-] _
2q1,~4)+ b F(Zrzl,-2)- 65 e~ <t F(Z:;l,(})-a-

2 -
+ € + F(2Q132)” 12 C(g)(2$Q1)+ COsS 2Q1(§ - %?:}%)]

Re{-5 F(2ny,-4)+ 4 e™2TU P(2n,,-2)+ e+ B 20,00}

+ 4 0(24) (2,ql)+ 8 cos 2Q1.C(§) (2, ql)+ 8 sin 271.8(26) (2,91)-

2
TC
- = +
2

2

* [ Re{-2 e“1 P(2n,,-2)+ 4 F(29y,0)= 2 e~ F(zqhz)}a-
(cos 8ny cos 10094 )
+ 2 COS 2% _ b e
0 g2 10¢

_ sin 2ny sin 47y  sin 614
- 2 S1n 2'?1% 2 82(2,711)- —-———5———' - -—-——-g--—- — ,. -

sin 8194 sin 10144 , 1 ]
s Sl

_ 2
+ 8 sin 2 e S(%O)(2'?1)+ 5 - % ] }, .

+ q2/16 A x

— ,ﬁ , (3)-{- :655-5* 8 Sil’l'ql.S(Bﬁ) (2,7]1)-]
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¥ % [ Re iel L F(2713”6)- 6 e-—-ile( 2’113“4)4- 3 6"317‘ F(2t?l,-2)+

+ 2 721N F(2ql,0)}+ 12 cos 3'?1.0(26) (2,01)4-

~
<.

+ 12 sin Brgl (6)( ,ql)-- cocsrzl( I-g" - %g")‘l

A

¢ g | Refs ?1% B(2yy,-4)-15 &PFW F(27y,-2)+ 20 e} E(21,,0) -

_ “in: “517}; ...13.:..
10 e F(2n1,2)+ e F(Zn_1,6)j- 540 cos 57 -f!

l a . “'
- 18 [ Ref 2 631T"F(2’le4)- 9 e F(quf“z)"' 18 e F(2’71’0)""""

: ol
- 11 e“Sln‘ F( 27’11,2)} -12 cos 3 7120(%0) (2,771)“12:1'4' 12?88"‘;"

- 12 sin 3 ql.S(%‘O) (2,'21)]

=) Re{e’ ™ F(2vy,-6)+ 12 e M F(2n ,~2)- 16 7> 1 W F(2n;,0)+

(6)(2 1189 --TT2)]

- 24 sinnq. S yNq)= cos 3N 4 (555

1 in, | . in
"i'"é' [RG{B 65171 F(27?1,~2)-- 16 63117' F(2n1,0)+ 12 el\"{ F(2Y11,2)+

+ e-—-Bi“m F(2Q1,6) §+ 24 COS"{l . 0(210)(21’2 l) -
- 24 sin )}l S(lO) (Z,Ql)‘" COS 37?1(“.2 - %%969“)]

+ -]2-'~ [ ReieBlYl' F(299,-2)- 8 el F(2nl,0)+ 7 e~ F(271,2)} +

t >
+ 48 COSQlQ‘%‘ C(Blo)( 29)?1)"'%’ C(Zlo> (2’)11)“_2}13 (3)“ .E-é +

71924153
* 5187000 |+

+ 48 sinnl{ % 8(310) (2, 721)4- 7]4"' 5(210) (2,?21) }]
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