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An approximation connected with cos n and sin n,
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le Introduction.
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oome attention has been paid to the effect of tTruncating a certain
power serilies at 1ts maximum term. _
Ramanujan.(l) conjectured that if n is a positive integer and

2 Nn-1 4
n n . n n_ 1l n
then i?n 1s represented asymptotically by
1 A 3 ’ ,
NS = - E———— P 0 |

Proofs were published by Szeg® (2) and Watson.<3). |
A similar result connected with e = was conjectured by Aitken and
proved by Copson. Defining Uffn by the equation

2 n

Yl Il 1 1l ; ~- X1
1*""“""'“‘""“‘!::"‘(“1) }]_qun“e ’ (1,3)

l

he proved that trn is represented asymptoiticall¥ by

} N 1 1 -
lfl’lN 2+ 8n+ 2+ - -+ (194’)

zon°  128n°  256n%

This report is concerned with the effect of truncating the series
for cos n and sin n in a sinmilar way to the following resultsa
ILf XZrH-l is defined by

n-—1 2k 2n

K LT__)____ZH*'U (_yn (2n+l) T B _
Z (Hl) 2Kk ) N ( 1) | Tgn‘j‘; Xgn+1 = COS (21'1“*‘1)9 (195)
k=0

then it is given asymptotically by

' - 1 1 . D X b5 __.
32n¢1 < 4(2n+1; 8(2n+1{? l6(2n~+1)3 32(2n+1)4

b2 (1,6)

-1 2k 2n
E:j k (2n) n (2n) o

k=0



then

““““}*8‘”*5“""5' > e (118)
64(2n)

= sin(2n+1), (1,9)

{:’/211 = gin 21’1’ (1}10)

the asymptotic expansions for J”?n’rﬁﬁpﬁ o are again (1,6) resp.

on+1

(1,8) if only 2n resp. 2n+l is changed into 2n+1l resp. 2n in the

right hand side of the eguations.

It has to be noticed that these asymptotic expansions can not be
used to compute the values of cos n and sin n, for large n. The
whereas

maximum term in the series is of the order nn/nl&fé?/QQE,
g —

the order of the error in Xn and { n 10 N .m, and evidently the
order of the error in the left hand side of the equations (1,5),
(1,7), (1,9) and (1,10) excerds the order of the right hand side
viz. One,

The same argument holds, moreover, a fortiori to the case of
e , treated by Copson.

2. Darivatbtion of the exg
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By means of (1,95), rcwrittcn as

n-1 _
-1 )8 ) T c _ 2k
/erﬂ-l = L 2?1 > i ' (....1)} +1 (2n+l) + COs (2n+l)}
(2n+1) - k=0 (2% )1 _
_ .2.11.(_2.31--_1% _2n(@2n-1)(2n-2)(2n=-3) ,  (oq)y? (20)l o ooni)

(on1) (on+1) (2n+1 "

it 1s easily checked that

n+l
_ . os 1y (1 - 2 _yentl
In the same way the following expressians hold:

2n 3
in: 1 --j sin u (1 - _23521*1 du (242)
. /o



2n+1 i

0 2n--1
" 2n
. | U \2n
G/Qn = 1 - jo cos u (1 - op du (2,4)
and one sees that the asymptotic exvnansions of 3/2n+l and (Zn’ J’gn
and O/2n+l mist be the same.,
Introducing the function
1
f(t,u)= (1 - tu) /% (2,5)
One has only to consider two types of integrals:
1/
Il(t):jo cos u f(t,u)du (2,6)
Iz(t):JO sin u f(t,u)du . (2,7)

In order to get the expressions (2,1) till (2,4) one has to
replace t by 1/2n or by 1/(2n+1).
By means of

f(t,&)z exp ile tl"tU)

.l k-1 k
= exp (- 2 _ t°7° u")
k=1

one sees that f(t,u) is a regular function of the variable t in the
neighbourhood of t = 0 and has also an expansion converging in a

|

circle with radius "t‘ 1/ |lul. As a function of the wvarinble u

one has the same expansion converging in the region lu/{ 1/ \|t1.

£(t,u)= 3 W 5 4 ghrL Ryt Ct,wl (2,8)
and choosing |4 {1, one knows
1im f(-t,U): O .
u - 1/

Moreover,

1/t
I, (t)=f cos u f(t,u)du =

1/%

/0 1/ ‘
_ k
= %l T J COS Uu f(k)(o,u)du + 'tN+lJ

k‘-;b k!

cos u Ry fttu) du
(2,9)

O



| cos u £(6) (5 wyau + o(+M). (2,10)

upner bound of the integrals in
ation (2,9) is equal to

The error,
the sum on the

(2,11)

in a

Vi &ll f(k)(oyu)} (k b OflfvityN) Cont
refore and the error is of

grals do converge the
t~. Because of the fact that the expansion of
f(t,u) does not converge out side the r@gion.lu1<§l/lti, the 1limit
for N - 720 of the right hand side of equation (2,10), is not possi-
ble.

The result for Iz(t) follows in an equivalent wa

the order e

N k . €I g @

Iz(t):é;o %E'J sin u f(k)(o,u)du + O(tN). (2,12)
= A _

In order to determine the derivatives f(k)(o;u)

1 o k-1 k
log f(t,u)= g(t,u)zﬂ? log (l-tu)= -~ g;i — . (2,13)

Hence,

g(k) (o,u)= N (2,14)

If (n) denotes n times differentiation with respect to the wvariable

t, then by use of

r (M 2w g 0y g (6,0) (2,15)
k=0

it easily follows that




(2,17)

o)
I

JO o™ * x" sin x dx, (n>»0). (2,18)

This is done in the following chapter.

of the relations (2,10), (2,12) and (2,16) the proof is

“wﬁutation of the 1ntmgrals C, and S_.
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obtains after

From the defining formulae (2,17) and (2,19) ONne
intcgration by parts the rccurrcnce rolations

Cn % (Cn-—-l - Sn--]_) ’ (n >0), (3,1)

{

Sn

I

% (Cl’l‘“l + Sl’lﬂl) 9 (n >O); (3’2)

Morcover, obviously

C = § — 1/2‘ (3j3)

O O

The solution of this systcm is
n+ 1

-2 _
C_. =2 ni CcCOS ¢ (3,4)

_ n+l

2
S, = 2 ni sin 'g-r%:-m y (3,5)

1!

when n is a positive integer. Indeed, these formulae hold for n
and from the validity for a given n-1 the validity for n follows, =
then

C - e
g0 =3 (Cpq 3 8,1)= 52 ? (ne1) { et 3 ‘i“‘“Z"%

It

I

_ntl
> 2 n1 COS




4. Numerical values.

For checking purposes values of X, , aénﬁl’dén and<fé were

computed in two different ways. The results are given ingzile le The
values in a left hand side column are computed from the defining
relations (1,5) and (1,10), whereas those in a right hand side
column are computed from the asymptotic expansions. The results are
seen to agree infive decimalspractically for n = 10 already.

In tables 11 and II1 the values of Cn’ o Cn/n! and Sn/nl for

n = 0(1)30 are given.

n’
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10

0,442221
0,452493
0,463814
0,472381
0,476581
0,487844

0,708074
0,594971
0,556170
0,538995
0,529602
0,513541

Yone1

TABL™

T

Sl
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0,466307
0,452245

-0,463555

K2n

0,471357
0,476556
0,4878473

0,795411
0,594256
0,554745

0,538334
0,529408

0,513529

0,454649
0,445950
0,458651
0, 468020
0,474054
0,487226

0,635307
0,571177
0,546107

0,533744‘

0,526633
0,512853

21

Z2n+1

0,357188
0,432617
0,455729
0,4G7868
0,474203%
0,487225

0,617133
0,569475
0,544797
0,535291
0,526328
0,512839
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30

45

315

1260

0

-~ 56700

- 6 23700

- 37 42200

0

3405 04200

51081 03000

4 08648 24000

0

- 625 23180 72000

- 11879 40433 68000

- 1 18794 043%6 80000

A

274 41424 01800 80000

6311 52752 414138 40000

75738 33028 97020 80000

, 0

- 246 14957 34415 31760 00000
- 6646 03848 29213 57520 00000
- 93044 53876 08990 05280 00000
809 48748 72198 21345 93600 00000

o

e

1/16384
1/%32768
0

1/65536



IABLE ITIT
S Sn/nl

0 1/2 1/2

1 1/2 1/2

2 1/2 1/4

b, -0 . 0.

4 .~ 3 -~ 1/8

5 - 15 - 1/8

6 - 45 - 1/16

7 0 O

g 1260 1/32

9 11340 1/%2
10 56700 1/64
11 | 0 0
12 -~ 37 42200 - 1/128
13 - 486 43600 - 1/128
14 - 3405 40200 - 1/256
15 0O 0
16 4 08648 24000 1/512
17 69 47020 08000 1/512
18 625 23180 72000 1/1024
19 -0 0.
20 ~ 1 18794 04336 80000 - 1/2048
21 - 24 94674 91072 80000 - 1/2048
22 ~ 274 41424 01800 80000 - 1/4096
23 .0 O
24 75738 33028 97020 80000 , 1/8192
25 18 93458 25724 25520 00000 1/8192
26 246 14957 34415 31760 00000 1/16384
27 * 0 . 0. _
28 ~ 93044 53876 08990 05280 00000 - 1/32768
29 - 26 98291 62406 60711 53120 00000 - 1/32768

20 ~ 809 48748 72198 21345 93500 00000 - 1/65536



