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Deformation of bearing surfaces, II.

1. Introductionﬁ

The followlng computations were performed on request of the

Royal Shell Laboratory at Delft. (See your introductory commission
of March 157, 1951).

The subject 1s concerned with the elastic deformation of bearing
surfaces, embodlied in the followlng reports:

(1) The elastic deformation of the surface of a half space under
the hydrodynamic pressure distribution, going with a parabolic
lubrication-film (IM 524) by H. Blok and J.W. Cohen.

(2) On the elastic hydrodynamic problem of the lubrication of spur
gear teeth. By H. Blok.

(3) Deformation of bearing surfaces, R 51 by the Computation
Department of the Mathematical Centre.

2. Method and range of the computations.
%The apeclifled task was:
1 . To determine Xy in the neighbourhood of x = k 1n such a way that
y'"(x4)= 0, (2,1)

to state the wvalues
y(xi) sy ¥ (xi) and y”(xi),

and the function F(x,xi) defined by (see (2) formula (64)):

5 |

F(X,Xi)::()(“?(i) (X+X1*2 ano)+ m [y(xi) - Y(Xﬂ ’ (2,2)

for the area x = ~ 2.0(0.,1)7.0. oo _
. 2 """'1 f

2 . To determine the function AI(G)wl%%m-Jr 1n'{1~G(t}} at, (2,3)
in which -K ;
(F>(t)ua.t(1+t2)“2 - B+(1+t%)™" + B(¥ - arctan . t), (2,4)

A = 2(14k") (2,5)

2 .;

B=1-3Kk (2,6)

1 4+ k° = 1.225748441 (2,7)



and this for number of further specified values of the parameter

>ime for N = 0(0.2)12,2, the relation between G

G[d’ (G)] (2,8)

1y the values of N for

It was necessary to compute separat:
: -1
G m[Tt (1 - 3 k2 )] ﬁ (For the formulas see (2)).

2fined by

3> . To determine the function y( x,G), d

co _
v T =1
y(x,G)= é— J 1n[ 1-G (P(t)] 1n(x-—-t)2 at, (2,9)
for x = k and x'= 0, |
and G having the values that correspond with N = 2(2)12.

Finally the first and second derivative with respect to x of the
was computed, x and G having the values mentloned

function y(x,G)
above,

For the computations the Improper integrals (2,3) and (2,9) were
transformation

transformed by means of the

arccot t = s, (2,10)
hanges into the function p(s)

= L
= - —1—-%-:—- sin 4 s + 2 k2 sin 2 s + (1-3 k2) S . (2:11)

Now: _ «;-arctan K
L, - 1+k j log [ - Gp S)] P (2312)
eG sin S

and §+arctan k

I 2 ds

31;? S

(2,13)

X - cot 8}

108[1 - G P(S)] 108

(G) is not improper in the point s = 0, for
S aafiome o) 1)
For S = arccot k,the integrand of (2,12) contains a logarithmic

singularity, amounting to
2 log(s SO)

This difficulty has been surmounted by the method described in (3) .
The integrand in (2,13) also contains a logarithmic singularity,

In cot 8,5 =X, 1In fact.



- } -
This logarithmic character of the singularity disappears 1in evaluating

the derivatives with respect to X.
It is easlily derived that:

ds (2,15)

t(x,G)= - %J

which 1is a principal value in the sense of Cauchy.
Now we expand the integrand into a seriles

wﬁ--+ao+a,iu+a2u cee (2,16)

in which u = s - 84, and

84 = arccot x ‘m (2,17)
g +arctan k 1
and now we evaluate a_, ‘ 5 ds analytically and
@
numerically. The difference between the
that is made by determining (2,15) via the way of num
gration.

The formula for y"(x,G) 1is:

two evaluatlons 1s the error

rical inte-

“§~+arctan K

{10g[}~G p(silm 10@[_1 - Gp(soﬂ}.

~ "W'm'“d'TS — 5 ( 2, 8)
( ‘ S |

‘x-cot s8)“sin

y'(x,G)= & S

0

(2,18) can be proved by writing the integral (2,15) as follows:
sowﬁ

+ log |1-G p{s )l ds
| (x-cot s8)sin®s -

and then performing the differentiatlon with respect to Xx.

rv‘& log [1-~G p(s) © a

_ — = 3= ( (“ﬁ"'+ a, + a,u+t...)du
- (x-cot s)sin 8 + L) >
3 -t -

P 2 ¢ D
weboﬁ +3'£ + ..
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Therefore,

S +¢
O
Tim HHI: J 0%{3 -G p S:] d%} - 0
£ — X cot s sin S
ﬁ O*&
Utilizing
X - cot Sy = O
dso 2
we find a5 = - sin So and therefore dlfferentiation of the first

Integral ylelds:

5%~¢ : :l - -
+ EJ ~ [1 —2 ds + 2 -——-——-——-—————-——-—-——-—-72——--—-—G p(so 6)] eln® g
G ( G [ O

X- cot s)° sin®s X -
o

Se—- ¢

= + ?G'J { 108[‘! -G p(S):l - 10%[1“0‘ p(so“a)] ;ijg_—} W

0O

When, 1in a similar manner, we differentiate the last integral and
assume that lim¢ — 0 we find (2,18). |

For the case x = 0, this new-found integral is again an integral

of which the principal value has to be considered, for x = k the
Iintegrand 1s regular.

5. Numerical results.

All results have an error of at most one unit of the last flgure
that 1s stated. Here and there it proved necessary to use more

figures than was necessary for the final answer, in view of the fact
that flgures sometimes drop off.

For Xy was found

Xy = 0,.384043

and

y(xi)": = 2:5711‘
vyt (xy)= - 2,18004
y'(x4)= 10.53252,

In the tables I, II and III the functions F(x, Xy )s ‘f(G) as

functions of G and N, and y(x,G), y(x, G) and y"(x,G) follow under-
neath.



0,00110
0, 00004
0, 00001
0,00014
0,00164
0, 00694
0,01902
0,04091
0,07533
0,12459
0, 19057
0,27466
0,37798
0,50130
0,64515
0,8099%
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29,95236
31,07174
32,21136
33,37119
34,55125
35,75152
36,97198
38,21265
39, 47349
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J(G)

1

1,01717
1,03447
1,05192
1,06948
1,08717
1,10498
1,122972
1,14100
1,15919
1,17750
1,19595
1,21449
1,23379
1,25200
1,27094
1,29000
1,30018
1,3%2848
1,34791
1,36746
1,38713
1, 40693
1,42686
1, 44690
1, 46706
1,48735
1,50776
1,52829
1,54894
1,56972
1,59061

1,61162
1,63275
1,65400
1,6753¢
1,69687
1, 71848
1, 74021
1,76206
1, 78404
1,80613
1,82834
1,85067
1,87312
1,89569
1,91837
1,94118
1,96411
1,98716
2,01033
2,03362
2,05703
2,08056
2,10420
2,12797
2,15186
2,17587
2,20000
2,22427
2,24861
2,27310
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0.43360
0.69292
0.,84514
0,93001

0.97191
0.98580

0.43360
0.69292
0.84514
0.93001

0,97191
0.98580

Y(X:G)

- 1,4594
- 1.8887
- 2.3578
- 2.8613
- 3,403
- 3.972

yt!(x,G)

- 1,4716
~ 1.7283
- 2.0035
- 2.2970
- 2,6097

y' (x,G)

- 6.3674
- 7,8194
- 9,3633
-10.9726
-12.628

-14,33

yn(x:.)

12, 32
19.57
31,78
57,01
127 .8
8,4 x 10°

y”(x:G)

- 2471
- 5.364
- 8.920
~12.81
-16.76
~-20.,7



