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MATHF:l\lATICS 

l . I n,trod,u,ct,i,,;;11, 

I11 ret~11t years se\'era,l al1thoris ll&id a.t,tent,ion to pr<l1>erties ar1d the 
oon11>utation <1f t,he E.,011rier e<>efficier1t,s of tl1e n10<:lt1lar i11v::1ria11t J ( r). 
H. S. ZtrcKERl\ilAN [!➔ ], sl1owe<.l a relatio11shiJ) ,vit.h tl1e Jla1•t,itio11 ft1r1ction, 
wl1icl1 enabled hi111 to compute tl1e first: 24 coefficient,s witl1 relative e<~~e, 
thus exte11ding considerably the tlrst. t.11bt1lati<)n l)y v\i'". ~~- H. BER\VIC~K [ l ], 

,vho ga,re the first 7 c,oefficient:s. I11 ortler t.o 1>roct,ed in tl1is \\'a.)l' one 
n .. · · •.··, ho~rever, first t,ables of t.he pa.rt,itior1 fur1ction that go f11rther t1l1ar1 

t,he existing ones of H. (1trPTA [2], [3]. D. H. !..,EHMER [ 4] proved several 
oongr11e1·1ces a11d relat,ions l.letweer1 the O•oeffioierit.s tl1emsel ves aind l)et.ween 
the coefficients, t,he divisor funct1io11s and Rama,nuja11's t,au functJion, ar1d 
computed, moreover, the 25-t1l1 ooefficie11t. B. v;.~N D.ER Pt)L [7] g,ave al.so 
ma1ny relat.ions of t,hat last t)rpe, and relations bet"reen J(T) and the 
theta f11nctions. In his paper also values of the next tl1ree coefficients are 
given that were con1pl1ted by the author of this paper, t,l1e l~t of wrhich 
being erroneous due to a regrettable coincidence. In tl1e present pa1:>er a 
t,able of the first l 00 coefficients is given, together "rith so1ne 11e"r pro
perties, found empirically and proved aft,erwards. 

The aut,hor is indebted to professor \'"AN DER Pot for many substantial 
contributions a11d to Miss G. BoTTER\VEG, Miss H. C. HAG.EN.J\A.R and 
l\:Ir W. KLEIN for their share in tihe n11n1erical work. 

2. BelatimUl betu,ee,n, theta /tttWtionrs a·nd J ( -r) 

I..1,et M1.: be a fu11ction of t,he integer k and the three 11umbers x, !I and z 
defined bv .,. 

(2.1) llf ,e ··•- :,fc + 'Jr+ ;lll, 

so that always .1:l/0 - 3, and let, n1oreover, z, y and z be such that 

(2.2) 

Then we have 

1..lf I x-2 + y2 + z2 = -2(xy + yz + zx), 

Ms= x3+ 11+ z3 .. ,, __ 
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so that 

1/ 3 M 3 Mk = xyz (xk + yk + zk), 

l/2 M2 Mk+1 = -(xy + yz + zx) (xk+1 + yk+1 + zk+1), 

from which it follows by addition, and taking into account (2.1) and (2.2) 
.. 

(2.3) Mk+3 = 1/2 Jj,f2 Mk+1 + 1/3 M3 Mk. 

The sol11tion of this recurrence relation that satisfies (2.2) can be written 
down in explicit form. 

Introducing 

(2.4) • 

one finds after some tedious arithmetic 

'M0 = 3, M 1 = o, 
[k/31 

2 2 h-0 k-h 
k-h J-h 

2h ' 
k > 0, 

(2.5) k > 0, 

k > 0. 

Inspecting the exponents of M 2 and Jin these formulae it appears that 
the product Mk M -k takes a particularly simple form. In effect 

M 1 M_ 1 = o, 
[k/3] . k-h 

J[k/3]-h 

11,=0 k-h 2h 

(2.6) 

[2k/SJ 2k 2k -2h 
. 2 ( -)h 2k-2h h 

h=O 

J[2k/3]-h , k > O. 

[k-1/3] ,. 

h=O k-h 2h+I 

[2k+l/3J 

h=O 2k+I-2h h , 
k > o. 

Hence, M -k is a polynomial in 1 of degree [k/2] with integer coeffi
cients, that for I = 0 takes the value 9 if k :::::::: 0 (mod 3) and vanishes if 
le ¢ 0 (mod 3). More specifically 

[k/2] 

(2.7) MkM-k = 2 mk(n) Jn, 
n==O 

. 

where the coefficients mk(n) for k = 0 (1)13 are given in the following 
table: 

~ 
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Now, introducir1g t.he Jitcobia11 t.l1eta f ur1ct.ions 1) 

(J; ::z:~ 0; ( q) ::: { c) / "z 01 ( z' q)} z ~~ ()' 0 j =:-: 0 i ( q} = 01( ()' q) 

it is seen fro111 the first of tl1e t,wo fur1.clamental I"e.lations 

(2.8) 

that a set, (1f x, y and z satisfying (2.2) is given by x ;.;.;;; 0i, y ~ -,8:, z = 0!. 

Accordingly .... "" 

( 2.i)) 

and, (confer [7]), 

( 2. I (l) 

Hence, t1l1e equations (2.6) or (2 .. 7) are as many rela.tions betw'"eet1 theta 
ft111ctJio11s arid tl1e absolut,e modular inv.,.ariar1t1 J(1:). l\Iost of tl1ese results 
ca1,1 be fo11nd in [7]. They are given here because of the explicit form into 
wl1ich tl1ey l1ave bee11 brougl1t, and, 111oreo\"er, becat1se slight errors i11 
tl1e values of some ooeffioie11t .. s occur in formula (28) of [7], l1owe,rer 
witl\out any ft1rtl1er oonseq11e11oes. 

3. Rel,z.t,io,ns betu~en th,eta /·u·nc.tio·n,.s and the ge1ieratin.g furictiori,,;; of t}ie 

1Xlrt·itio,n j i,nction~'l 

Some classical res1.1lts a,re needed for our pt1rpose. Be p( n) tl1e n t11n her 
of partitions of the natural 11u111 her 'ti, int-0 the sum of natural 11t1mbers 
without restrict,ions. 1:r restrictions are in1pos.ed it is de11oted b,,,. a11 ir1dex .. .. , 

1} Hen:1, ant.l in wl1at folltl\\'S, q is consi<iereci as &rgt1mer1t rather tl1ar1 T (q = enlr)~ 

aitic~ ()11,ly ariti1111.etic~a1 J)rt'>pertit)s are exarnir1ed. 'I"lhe argt1rr1t~11.t is, Il"l<)re<>Vt)r~ SllJ)
preesed ev""erywl1ere 1rvt1e11 it is q. bt1t only 11setl in caa,es like 84(q4 ), where ot,l1ers migl1t 
1>refer 8,(0,4i-). It seem6<i t,<)o hard to be eonsist,ent and t,o denote by ,J or J(q) rather 
tt)All by J(-,;) a. function t,}1at, owes its n&1ne t-0 its modular J>roperties. 
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The followi11g scheme is proposed. Restrictions on the character of the 
terms are denoted by a lower index, restrictions on the number of terms 
b:;r an upper index. l\'.loreover, e stands for even, o for odd, d for different, 
s for sarrie, p for p1·i1ne. A n11n1be1·, if need be together with algeb1 .. aical 
S}"Inbols, has an obvio11s mea11ing, and other sjrmbols may be introduced 
by additional conventio11s. Hence, pd(n) is the number of partitions of n 
into different (uneql1al) te1"ms; p(10(n) is the nt1mber of partitions of n 
into unequal odd tern1s; Pa(n) is the number of partitions of n into an 
odd nun1ber of unequal tern1s; p~> 6 (n) is the number of partitions of n into 
three 11nequal terms each greater than six; p~ (2n) > 0, n > I, expresses 
tl1e conjecture of GOLDBACH, and so on. By definition, a value is attributed 
to a partitio11 function of the argument 0, vTiz. the one that suits its 
generating function. 

Some generating functions are in classical notation 

00 00 

L ( -)n qn(3n+ 1}, 

n=l n=-oo 
00 00 

· .. (1 + q2n) = I Pa (n) g2n, 

(3.1) 
n=l n=O 

00 00 

q 2 = q 2 ( q) = ( 1 + q2ri -1) = I p do ( n) q?i' 
n=l n=O 

00 00 

q3 = q3(q) = {l-q2n-l) -- L ( )'n Pdo(n) qn, 
\ n-1 n=O 

where apparently by definition pd(O) Pa0 (0) = 1. 
From the product expansions of the theta functions it follows that 

(3.2) 
O{ = 2q1

l4 q~, 

03 = qo q~ , 

= 2q11, qo qr, 
2 qo q3. 

Again, the functions of section 2 take the following form 

M2 2q~ q1s (2s q2 qf4 + I), M3 = -243 q qb2' 
I= 2-s q-2 q1 24 (2s q2 qi4 + I)3, 

(3.3) 

whereas the relations (2.8) read 

(3.4) = l. 

From (3.1) and (3.4) one derives easily 

(3.5) 
qo(q2) = qo(q)q1(q) = qo(iq) q1(iq), 

q2 (q2) q;-1 (iq), q3 (q2) = qll (q). 

Hence, from (3.2) and (3.5) it follows 

(3.6) . 03 (q2) = qo (iq) q11 (iq)' 



,\t 111st a s·i)e(~i.tti cortl l.,i11at~it,11 will t.M:, t,xi,rriitl(~i, \~iz. 

fl··•··· .iii. c· . ) , fl S (. • .· \ •·· -•) "I ij . .. :! 1.1· '.' ~ (· .. 11'.2) {f/~ x a'.t/l ... (1··· 1 f',, I;</).··.~. ; 2 ... '</ .. ,. ,Ji .. 14/ f '' 'f " !I. \ ' \.' ' 

4. 7~;,,, (''l'H'/li<·i,)itt,'J t)/ ,./ ( -r) 
:\s \\'E:-ll kil()W'll, t.l1t~ t~(>efncie11ts c( n) i11 tl1e ex I>tlilSiOil 

art' i11ti~gers. There t:irE:.'\ 1r1ar1y ways t,c) c<)rr11>t1t,e t.l1e C<){~flic~ier1ts, eacl1 (Jf 011e 
'"" 

l . . l l l l l t . . f"' • . ll "I., l. • • reS\l t,111g 11.l rc,t 1er t)r1gt 1y (~ll, cu lli ,l()IlS l ti 18 r1ot, \"Cr)~ Slllft. . . . rllS lS 

rat ller na.t.111·al since t}1e C(>efficie11t.s gro,v \'efj" rit1>iclljr \\rit l1 rt, 3Il(l t.l1t, 
cligit.s l1a\·t~ to C<Jn··1e fr(>tr1 S()Il1ewhere. l.1FJH1\IER ["4 .1 has (lt~rivt.1d rt111lt.i
l)li(~at.i ,·t~ relftt i(>ns t.}·1at, f()r Sf)<~cia.l \:•alt1es ()f :,i i11 v~ol \'t:ii it 111<)clen1t.e arr1ount 
of~ arit1hn1et1ical 01>eratio11s but all or1 la..rge n1.111·1bers. I.JEHl\IER [ 4 J arid 
\

7 
• .\N I)ER P<:)L [7] .111,ve gi\~e11 recurre11ce relati<Jns i111plj"ing (livisor f·u11ctio11.s 

a11d Ilamanuja11's tau-ft1nctio11. "fypictil exan11)les are t,l1e f()llo\\ri11g ones 
( [7 ], forn1ltla 54a.) 

(4.2) 
C '"' T ,,,, - '") == 691 . a 11 ·n -t- T . tl .J ' 

k .~,;,. <_.., l 

M ---1 

L k:c ( k") T ( n - k) :=::.; 24 a 13 ( ri). 
' k= ·-1 

Here r(n) is Ran1anujan's function and a~·+- 1(n) is tl1e sun1 of the (2rn,+ l)tl1 
po,~,ers of t)he di"'"isors of ,,i, if tn, = l, 2, :i, ,. . ~, wl1ere~ts l>.}:r definitio11 
a21n_ 1(< .. ~)·==-.; ½C(l - 2rt1) =-= -B2,n/(4·rra) a11d Bft111, are t}1e Bernot1llian 11un1bers, 
B0 ~"" l, B,. :-.:c= l /6, B, ~= - I /3() . . . . The -r-i\1nction is well tal>t1lated a11d 
tl1e a-fu11c~tioris are easil) .. con11>uted. l\loreo,,.er, tl1ey are not ,,.er)r large. 
Fron1 both for111t1lae c(n) is found by repeat,ing tihe san1e procedure. The 
second forn1ula has :r11oreover a11 advrtntage O\"er the first, one in t.l1at it 
yields (n - l)c{ti - l), ,vhereas the first 011e yields c(n - 1) directly 
(-r( 1) ::= 1 }, so that in tj}1e sec:or1d case 011e l1as a11 i111port,ant 11umerical 
cl1eck ir1 the ren1ainder1ess division bv 1i - I . ..,. 

Yet,, anot,}1er t,ype of for111ulae exist,s, 011e of· ,vl1ich will be i11"\"estigated 
now. The third formula (2.7) together with (4.l) )rields 

(4.3) 

Now, .i.itl1 is a very sir111)le fl1nction. In effect (confer [7]) 

00 

(4.4) M 2 ,, __ 480 I Os (·n) q!a, 
n ,..,, 1 
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"-''"here it should be re1nembered that a3(0) = 1/240. Be analogously 
00 

(4.5) M_2=8;s+0;R+Oi"s=2-s I d(n)q2n, 
n=-1 

where all d(n) are positive integers (n ~ -1). Also, 
00 

(4.6) 0 i 8 = 24 2 8 ( n) qn' 
n=O 

,vhere s(O) = 2-4 and s(n) is a positive integer for n > 0. Since 04 (q) = 03(-q), 
also 

( 4. 7) 

Similarly 

(4.8) 

00 

o;s = 24 .L (-)ns(n) qn' 
ri=O 

00 

e;;s = - 2-8 "> t(n) q2n' 
n=-1 

where all t(n) are integers (n ~ -1) with alternating signs. Hence 

(4.8) d(n) = 213s(2n) t(n), n ~ -1, 

where, of course, s(-2) = 0. 
The coefficients s(n) and t(n) can be found from the • expansions 

00 

(4.9} 02 2q1I, L qn(n+l), 

n=O n= -oo 

by applying the following well known artifice. Be a(n) given coefficients 
for n ~ 0, and a(O) -=I=- 0. Then the coefficients b(n) satisfying 

00 00 

L b(n) xn = {L a(n) xn}m-l 
n=O n=O 

can be found by differentiating logarithmically, m11ltiplying by the 
arising denominators and equating the coefficients of equal powers of x. 
Then one gets the recurrence relation 

n 

n a (0) b (n) = 2 (mk-n) a(k) b (n-k), n > 0, b (0) = a (O)m- 1 • 
k=l 

This device is particularly useful jf the a(n) form a lacunary sequence. In 
this way one obtains the recurrence relations 

' 

n s(n) - 2 I (-)k (n + 7k2) s (n-k2), 
k=l 

( 4.10) 
(n + I) t (n) = -

k=l 2 

n>O, s(0)=2- 4 , 

k(k+ 1) n- 2 ,n>-l,t(-l)=-1, 

where k takes such values that n - k2 ~ 0 resp. n - k(k + 1)/2 ;>- -1. 
Both formulae allo,v numerical checks by the division by n, resp. n + I. 
Having obtained s(n) and t(n), d(n) follows from (4.8) and hence r(n) 

from ( 4.3), ( 4.4) and ( 4.5) 

n+l n+l 
(4.11) c(n) 240 ~ a3 (k) d (n-k) = d (n) + 240 1 u3 (k) d (n-k). 

k=O k=l 



'I"tie:; f111,1l s11n1111at.itlr·i is ttiert;.fclrl, rat,ll{ir si11·1plt:~, all t,t~r111s l>ei11.g f.►(.>sit,ivt, 

ttil(l a3(1':) l:>t.\ing <)Ill)" 11, s1·r11.tll fiact<Jrv <:)f,. c,ourse, first; s(i·,.), t(,i) 1tr1d ,l(·r,) lta\·e 
t .. c) l>t:~ c~<>tll J.>l.t tt,<l l}tl t, t rtt:,st~ f·t1 r1c~t.itJt1s iirt.~ (lf S(>rt1t:~ ir1t;f.,reat, i.n t,l11,rt1sel Vf~s. 

~l<,rt"<:>\"t'r it. ~·ill l>e ~1·1()W'tl tt1iit ~, <~.f\.tl t)t°' t~x1.>rt:~ss,,cl ir1 t. 'fo t.,l11tt; erl<.l or'.ae 

(*<.)lllt·~ir1!~s (:l.7) "''·itl1 (4.ll) tiri<l (4.8): 

~ 

(J . ~ ( ('/4. ) .:. : 2 4 )""' B ( 'fl ) t/4'1 
, ' . . _, 

f:I, "' f) 

~ r,o 

;: f ( 1~.) </;!~ -+· )~ ( . )~l t ( fl.) q2n} :-.::":. 

X 

:.:: -- 2 ·- H 2 t ( 2 fl,) (l4ll' , 

if$ "" 0 

(4.12) 

<>r tc)getl1er with ( 4.8) .. 

s.<) tl1at; tl1e co1111)utat1ion of" c~(,1) nia)r be con1pletely l)ased t)Il t,httt of l(ti) 

;11·1(_·1 a3(,n). In acti11al Jlract,ice, if ont~ \\l"ar1ts to cor111)t1te c(ri) 111) to a fixed 
11ppe1~ valt1e of n, N say, it, is e~isier to compt1te t(·rt.) for ~ ,w l ~ 1a ~ 1.\1 and 
e(n,) for .J.\.,.. /2 ~ n ~ 21.V (iirect:lji" fron1 (4.1()) tl1a11 tt) o<>n1pute t(ti) for 
-1 ~ n ~ 41V and t.l1en. t:o api:)ly ( 4.12). 

Actt1ally ( 4.12) w'"as fotin<.i er1.11)iric,1,lly. Fro111 t,he conjectt1re that it 
sl1ol1ld holcl followed then (~l.7) wl1icl1 ,vas proved afterwards .in the given 
wa:t:r. J 

This method of con11l,1ting c(·11,) l1as t,he disa(l,rantage, howe\rer, t,hat 
after the forn1,1tior1 of s(ra) and i('n.) no internal checl{s occur in the formt1lae. 
It is therefore acivisable to l1av~e an efficient n11n1erical check on t,he va,lues 
of c(n) for all \~alt1es of n. 

5. C1c,ngruenas sa.t,isfied by c ( ,i) 

One knows many c,ongr11ences satisfied by the coefficie11ts c(n). l.iEHMER 

(4] pro,7ed (more tl1an) that, 

(5.1) (n + 1) c(n,) =-= 0 (rnod 24), 

(5.2) 

lloreover he ren1arked t,hat fron1 the numerical values of c(n) available to 
hi1n ("n ~ 25) followed that in the case that, n is one of the five prime,s 
2, 3, 5, 7 and 11 or a power of one of these prin1es (tl1us if n ""·= 2, 3, 4, 5, 
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7, 8, 9, 11, 16, 25), the congruences (5.3) predict the exact power of that 

prin1e dividing c(n), (n ~ 25). 
We shall now prov.,,e some other remarkable congruences. From the 

form11lae of section 2 it follows that 

Co111bining this with tl1e forn1ulae of section 3 one gets 

and after introducing (4.1), with c(-1) = I, c(O) = 744, 

00 

24 qa {3q-2 + 35 .71 + 3 + 3 2 c(n) q2ri} = 1;2 (q~2 -q~2) _ 2ss q9 qI2. 
n=l 

Now, in virtue of ( 3.1) it 1-iolds 

(mod 71 ), (li I, 2, 3), 

and moreover 235 == 1 (mod 71), so that 

00 

q + qs + I c(n) q2n+s == 1/2 {q2(q) q2(q71) -q3 (q) q3(q71)} 
n=l 

-q9 q1 (q) ql (q71) (mod 71). 

Writing, for a moment, c'(n) = c(n) if n "¥:- 0, c'(O) = 1, then togethe1· 
with (3.1) again, one gets 

00 00 CO 

L c' (n) q 2n+S == 1/2 { L Pdo(n) qn L Pdo (n) q7ln 
n=l n~o n=O 

00 CO 

- L (-)n Pao(n) qn L (-)n ]Ja,o (n) q71n} 
n=O 

00 00 

-q9 L Pd (n) q2n Z Pa (n) q142n (mod 71). 
n=O n=O 

By equating the coefficients of the terms contai11ing q2n+ 3 one finds then 
at last 

[2n+3/71] [n-3/71] 

(5.4) 
c(n):== I Pa0 (k)pd0 (2n+3-7Ik)- L Pd(k)pd(n-3-7Ik) 

k=O k=O 

( 1nod 71), n =I=- 0. 

The two partition functions pd(n) and pd0 (n) have been tabulated by 
G. N. WATSON [8], up ton = 400. They are, moreover, easily computable 
and relatively small numbers. The right hand side of (5.4) contains only 
very few terms, even less than it appears at first sight since Pa0 (2) = 0. 
For instance, for n ~ 109, (5.4) runs in full 

c (n) == p40 (2n + 3) + Pdo (2n + 3-71)-pd (n-3)-pd(n 3-71) 

(mod 71), 0 ::;!:. n ~ 109. 



\\!' li i t)lt in\' r ,I ,·,~~8 rt.'tll l )' s111ii l l r1 ll 1t1 t>l·r8 , ) r1 I_\' i r·l <:~<) 111 I >,tris<,tl to c ( l c H •) i tR(:•lf. 
,,:eJ1i(.::i:1 ilN it 1111r11l,-t_-r ()f .1:i tit~c·itilttl tligitHi. 

' 

I 11 t lat, <lc~ri,·ittic)r'l (>f ( .i.4) ;l/ 1 \.\'f\.R i11t t"<'.•<ltt<•t".\(l. If' ir1st(:.1i<l <)flt~ ir1tr·cJ<l11<~t"~ 
_.,l/ ~ .t1r1<! J>r«.><~t},{~(ls tl,l.<)t1g t i1(~ R«ltllt:• lirlt"H <>Ilt~ gt.·t.H t 11,:~ it11al,)g( .. :1t.1s c~<~t1grtt(lt1t~t, 

' ' 

l'r tie 111111,lc)gotis co11gr\1enct~ 111c><l11l<.) 2:1 is 111ort~ C()IIlI)li,~ate<l and ,\~ill ht~ 
<,•n1it,te<l. .Frr;11:1 t,}1e n111nerical <:liitia it:, ttf)I>t~ars tliat sin1ila1"' c<>r1grt1eI1ces 

1r111st- exist, n1oc:lul(> 41 n.nc.l rr1c►clt1lcl 5\}. 1\ct1t1all): t l1t~ exist!ence of ( 5.4) a11ti 
p:• t-,.. ' t,a,'4! J''t ~ . •~ ~, . ' ,, 'a ' ' ii-t ,.. ( - '"') l fi" t £ l . . ll _~) .• ) wa~ a, S-() rs ' Ollll(, eillJ)lflCa ,, y. 

fl. T ;,,e co,r,z pu tati<J rt, C) / c ( ti, ) 

Tl ffi. . ( ) lE:~ ccle . c1er1t,s c n. ,,,.t~rt, 
l,)1',;R f>()L's formt1lit [7, (:38)] 

( 6. l) 

\\1,.l1iit is t,he explicit f<)r111 c:•f ( 4.:3), tising t,he n1eth{>ds clescrit}e<l in 
secti<:>n 4. 

rl,he f u11cti<)Il s( rt) was c,on1,1.>ut,eci for ri ,'.~=: t)( l. )2<:)() ar1<1 the ft111ction t{n) 

for ·rt == - l ( l) l O(l l)y metins (,f tjl1e se.lf cl1ec.~ki11g relations ( 4.10). Tlte.)r 
W'ere cl1ecked moreover by mea11s of· (4.12). Fron1 (4.8) and (4.11) followed 
d(ti) a11cl c(·r,.) f<)r 1i ,= -1(1)1(_)(>. Tl1is \'.\rhole Jlart was checked l)y cll1pli
cati<>n. Next; c(r1,} ,i.,as con1p11tecl fro111 t,}1e seco11d selfol1ecking equl1t,ior1 
( 4.2) for 1i ,,= l. ( l )5(.) its a11 i11de1>e,ndent. cl1eck . ... t\ t la.~t all \ralt1es of c(,ri) 

were s11bn1it,te{i t<.> trie cc)ngrt1e11ce-c.hecks ( 5.4) and ( 5.5 ). For spe-cial 
"''1' 0 }u.a.s• ()f 1~ the c-011urt1enc,.es·" (. :::;._ -)) <1r1d' ( -~) •)) \J11 ''Ct•ei. l1'"0{'l a 0 ('\heck,.~ The \i c:;:1, · \...--'t:.. · .- ~-- · . : 1 _ ,tr, ,, •_ , ;i,_ ,,,.,,;.; c· ._, • .:·) _. t¥ ? 1 S .1 •. -'. •·.O ,; .-' S. 

congrt1enoe ( 5. I), iiltl1ot1gl1 ,,.11li(l f<)r all 1't, \\Ta,s of" lit;tlt) use sir1ct, i11 l>ot,}1 

~~&\1 8 of COI11J)llt.i11g tl1e <·(ii) tlle f'act(")I' 24 ·1)litVS a 1 .. ole. 
Ill.-' \,_. . ,1 

\\.,it,l1 regartl tr() t,he ren1ark fc)llo\\'i11g ( 5.:i ), it is interesti11g to see 
w·hether Lel,1ner's st,aten1E~1,1t, alsc) ~tf)J>lies t(:> t,he 11e,v l')C)wers of 1>rimes 
(< I:J) t,}1at are a,,•ailal)le nc>,v (,·iz. n =-cc: 27, :32, 4!}, (>4, 81). r1,}1is ap1)eitrs 
t-(J l)e t,t1e case inclee(l. 1.'l-1is pl1t~11c)n1entln is rat.her i11t,erestir1g. Ir1 order tc> 
ha,7 e a furtl1er cl1eck, c( l 28) \\·as calc11lated n1oclulo 230 fron1 I..1el11ner's 
clnp.lic&tio11 ff>rn1ula [ 4 ]. I:t, ,\las found t,l1at c( 128) ::.~ 229 (111ocl 230) so tl1at 
al.so i11 t,his case Leh11er's stat,ement holcls. 

Th,e val ties of c(·1i) are gi ver1 i11 the followi11g table. 



398 

c(n) '11, 

1 1 
744 0 

1 96884 l 

214 93760 2 
8642 99970 3 

2 02458 56256 4 
33 32026 40600 5 

425 20233 00096 6 

4465 69940 71935 7 
40149 08866 56000 8 

3 17644 02297 84420 9 
22 56739 33095 93600 10 

14:6 21191 14995 19294 11 
874 31371 96857 75360 12 

4872 01011 17981 42520 13 
25497 82738 94105 25184 14 

1 26142 91646 57818 43075 15 
5 93121 77242 14450 58560 16 

' 

26 62842 41315 07752 45160 17 
114 59912 78844 47865 13920 18 
474 38786 80123 41688 13250 19 

1894 49976 24889 33900 28800 20 
7318 11377 31813 75192 45696 21 

27406 30712 51362 46549 29920 22 
• 

99710 41659 93718 26935 33820 23 
3 53074 53186 56142 70998 77376 24 

12 18832 84330 42251 04333 51500 25 
41 07899 60190 30790 91576 38144 I 26 

135 35635 41518 64687 86750 77500 I 27 I 
436 56892 24858 87663 46104 01280 I 28 

1379 83758 34642 99992 55422 88376 29 
4278 07822 44213 26256 70582 27200 30 

13023 36938 25770 29512 80448 73221 31 
38960 80061 70995 91189 43000 98560 32 

I 14632 93989 00810 63777 96110 90240 33 
3 31962 77091 39267 16726 36796 06784 34 
9 46816 61357 02260 43164 62634 38600 35 

26 61436 58257 53796 26887 21518 75584 36 
73 77316 99697 25069 76080 17928 54360 37 

201 76878 99472 28738 64858 00437 76000 38 
544 76388 17516 16630 12316 54104 77688 39 

1452 68925 44393 62169 79435 54293 76000 40 
3827 76775 17393 63485 06559 83311 30120 41 
9970 41660 02174 43268 73940 99688 24320 42 

25683 33470 63954 06994 77401 18663 19670 43 
65452 36773 14992 68312 17028 36951 44960 44 

1 65078 82156 81861 74782 49628 31551 42200 45 
4 12189 63080 52167 73489 54445 72343 33696 46 

10 19253 51589 15767 91938 65201 10914 37835 47 
24 96774 10595 07166 92603 31512 31996 72320 48 
60 60574 41541 37209 99542 37822 28126 50932 49 

145 81598 45321 50199 97540 39132 61539 84000 50 
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c(·n) n 

347 82974 25351 24906 52111 11193 03264 16268 51 
822 82309 23604 86379 46346 57066 92508 05760 52 

1930 75525 46782 25741 67329 52965 87752 61720 53 
4494 97224 12333 74771 55078 53776 07541 22752 54 . 

10384 83010 58794 97940 68925 15368 59324 35825 55 
23814 07585 30992 24134 99951 81283 96335 84128 56 
54214 49889 87656 47230 00378 95797 97720 88000 57 

1 22553 65475 04082 06615 35516 23305 01657 60000 58 
2 75134 11092 85948 64606 92553 08616 87146 59374 59 
6 13542 89505 30361 36170 69338 27228 48587 77600 60 

13 59250 92428 36550 38097 01809 16661 62894 74168 61 
29 92109 83800 07688 36650 74958 85452 33318 70720 62 
65 45530 43491 65030 30643 85476 04156 99953 65270 63 

142 31976 35972 71606 23108 02114 65424 36536 81152 64 
307 60954 73477 19676 30396 15540 12847 95239 17200 65 
661 00917 73782 87162 74459 09215 08064 15869 54240 66 

1412 35833 72861 18490 82870 80245 89187 32135 44410 67 
3001 00414 97911 12962 58941 10839 46623 40095 18080 68 
6341 98425 35335 41630 77601 14920 60361 94613 13664 69 

13331 26252 93210 23532 85518 96736 23687 92354 81600 70 
27877 50248 90624 32847 67184 93296 34876 93051 98947 71 
57998 94663 06862 70977 78971 24287 02702 89346 56000 72 

1 20064 76859 24154 07996 57067 63561 79539 59481 73320 73 
2 47334 29811 83106 50913 62656 13239 67886 40929 91488 74 
5 07071 19308 98997 08057 00789 06280 84219 65196 46750 75 

10 34690 66408 50426 35622 63168 39259 82257 41159 46496 76 
21 01594 58102 75143 25069 10589 02482 07991 00864 59520 77 
42 49352 00246 86459 96896 93275 41404 17894 12398 69440 78 
85 53998 18184 24975 89405 37694 48098 79634 98086 43878 79 

171 44484 30238 56632 32305 05079 66626 55430 46332 41600 80 
342 15552 55551 89176 73198 38691 23583 94201 19784 93364 81 
679 98684 36672 14052 17195 40980 18582 52260 99449 65120 82 

1345 82384 70689 81684 95259 62168 82155 84589 79008 27370 83 
2652 88632 13847 03560 25223 21296 59440 09217 23815 85408 84 
5208 62134 25202 53933 69315 34883 96012 72044 83857 83600 85 

10186 63549 71409 56830 21681 12072 29975 61148 07976 01792 86 
19845 94685 77153 87241 69587 80804 25504 86362 87388 82125 87 
38518 94383 02834 97365 36939 13362 43138 88225 01457 92000 88 
74484 51892 92890 17811 71998 98327 68142 07693 12594 10120 89 

1 43507 17246 72834 53885 51522 23427 82991 19235 32076 03200 90 
2 75501 04261 67891 53749 08061 78938 36796 95113 39297 83496 91 
5 27036 05805 32817 64188 08922 00416 29201 19197 55057 56160 92 

10 04730 45344 09390 42843 89896 53654 12981 69030 71458 27840 93 
19 08864 09832 13103 02488 60473 90986 18405 93893 84773 79584 94 
36 14432 17930 44626 81879 67680 91204 64684 97513 08362 05250 95 
68 21306 83268 93807 76546 62982 56534 65084 00341 84769 04448 96 

128 31568 45093 05662 37049 15719 10171 04861 21743 36342 89960 97 
240 60143 44493 76049 97591 58609 03804 73418 08640 16968 39680 98 
449 72195 69801 18067 40150 81827 51777 54986 40947 29105 49646 99 
837 98831 11070 74769 12751 95038 47574 52703 80191 83390 72000 100 
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