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A note on entire functions ·used in ------- , ' 
____ ... _,____ 1 ~ I 1: •• : I C7 t =-

• 

• 

1. Introduction. 

The functions defined by 

: 1 ----Ti 
. e L ___ _ 

n=-u.J 
• 

·u+n 
, 1 • 1 

were treated already in the preliminary report R 143 of the Compu­
tation Department of the Mathematical Centre and in a paper titled: 

A class of entire functions usea in analytic interpolation. The 

are all on tne lines Re u = n + 1, n being an 

integer, fork equal too, 1 and 2. The author was informed by Prof. 
" 

I.J. Schoenberg that it is possible to show this fact ror all 
integral values of k. 

The object now, however, is in the first place the functions 
t,u defined by 

1T k=-00 

-trr e 

' 

u+n · 

to those 
• • 

1 .2 

is possible to define two other classes of functitlns, by replacing 
u by u-1 ~ just as is t :ie case with the thgtafunctions , but these 

classes do not give new results with respect to exponential series. 
' 

This report gives namely in the second place some inequalities on 

exponential series, which can be t'l.erivad from the properties of 

2. In~e5ral, re:prese~tations,. 

One has fort~ O 

and 

So it 
• 

Gk t,u+1 -· 

Gk t,-u 

Gk t,u 

Gk t.,u, 

Gk t,u, 

·· Gk t, 1-u , 

o. 
' 

An astertsk stat1ds for complex conjugated and if w d has the saln$ 

meaning as in the papers mentioned above, one can write: 
• 

• 



w 
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00 

d<f l 
n=-oo 

k 

-k 

-1 n 

00 

n=-oo 

So for real y Gk t, iy ) O. 

and 

Further one hB..s 

G k 

Introducing the 

z 
n=-oo 

00 

le 

W ef d(f. 

-I< 

l - n~ t-Tii 2n+1 

• 

TTA 

-k 

is imaginary for real· . 
odd entire runction 

n=-w 

1T 

which is imaginary for real z and satisfies the relations 

z+2 

z+1 

one finds, m being an integer, 

and 

t .!.+i 2m+1 

Formula ·2.1 

Let be N 2m 

2 -k+1 
n 2 
tm 

e 

can be rewritten 
k 

-k . £' 
2 e 

C) 

r,mq 
t I t I 

• as: 

• 

TT~ rf 
- *' t a • 

rectangle ·. i 2m k . 2t, 1+1 2m 11111•k 2t, -1 2m-k I. 2t., 1-i. 2m k /2t ., 
• 

2 .1 

2.2 



- 3 -

one knows that N m is odd for every integer m ~ k. This nu1nber 

N 2m can be determined by the method given in section 3 of the 
already mentioned paper. Looking for the signs in the points 

u = + i 2m+1 2t and u 
one can show the 

1+ im t by means of 2.3 and 2.4 

Theorem: Fork equal to not, one or two, all zeros of Gk t,u are 
on the lines Re u = n + 1, n being an integer and t~ 0. Fork even, 
the imaginary part of the zeros approaches the value mt, m large, 
while for k odd this part approaches the value :2m+1 2t. 

The following productrepresentation holds: 

p 
-2Jiu-2· m 1-+e , 

where Pt 1s a function independent of u. The derivation being si­
milar to that 

The 

R 143. The other relations of section 7 of R 143 serve as well .for 

is again a thtafunotion. 

3. Some. ~nequalities .. 
I 

The following two inequalities 
1-eal y, give 

For k = 1 

t,O 

y L. I ti i W 

n 1 

and 

y 
n ::1 t:: 1 

So for each 

rise to interesting properties. 
one computes 

2 -tTTn n e 
~ •n sin 2tTTny +y eos.2trrny 

e 
2 -tlTn 

integer h, one shows by 

2 -t1Tn ._1 n _e 
I 2-· •-. ,_, 2 2 
h n t 

• 

putting y = h 2t 

Fork 2, one obtains 

and 

2 y e 
2 -t 1Tn 

. '~''"2''~ 
··n +y 

n 
-1 

• 
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and by putting y = h 2t it results that 

and 

Fork 

and 

00 
12 I • 

-· n 1 

oO 

n=1 

-1 n 

-t TT n 2 
e . 

-tTrn2 
e 

2~· -,.2~·~-,------~ 
4n t-+h 

3, one has 

n 1 

oO 

n=1 

-1 n 
-t l'Tn2 

e 

n -3ny + 3n Y-Y 

• • 

n -3ny 

-t rT n2 
e 

+ 3n Y-Y 
• 

sin 2t1Tny·+ 

Putting y = h 2t, one finally finds 

•• 
-1 n ·--n=1 

and 
oO 

n--· 1 

• 

cos 2tl1ny · 

1-
- 2, 

• 

It is clear., how to extend this 11st o:f foz'm.ulae • 

1 
2, 3.8) 

• 


