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1. Introduction. 

In a certain physical pro'blem a fu...l'lction plays a role that can be 

written in the form 

-pd u u., 1, 1 . 

0 

where p takes moderately srnall nonnegative integer values and y n1ay 

take any positiv-re ·value. 
' ,.\, ,._,,, 2~ 

Putting V ""'1
" y u, and X = y 

where 
.• ,;.,:, v ·. dv 

0 

it follows that 

1,2 

.. · 1, 3 

The is more manageable than f y ~ and is, thererore, p 
tabulated rather thar1 f y p . 
are presented, a11d a table is given for p = 0 1 10, and 
x I ... O 0.25 3-5 0.5 14.5 in five deciinals. 

2. Computation of F_ x. 
e:r, m:;:a: Fl'! r«e· :· o:: • ·: : ., n s • : ,o o1 , : , p :: 1 :uoo:,r 

The re are many ways to e ompu te 
has: 

1 -2 
F 0 p 

-v -p e v dv, 

and by 

0 

-2 putting v 

00 

0 ,:,. ½ 

tit follows that 

-t e t p-3 dt, 

0 is directly expressible 

ractorial function. In particular one 

- ½ Ei 1= 0.109692 

0.139403. 

0 one 

2,1 

2 2 . , 

in terms of the incomplete · 

has e.g. 

startingvalues easily enough by mea.r1s of the recurrence relation t.hat 

.follows directly from 2.,2 . , viz. 

2 F O p + 3-P F O p-2. 
t ... 1 

e . 



-- 2 • 
·• 

0 in Table 

p have been included there ror reasons that 

I. Also negative values of 

will be obvious rurtheron. 

Furthermore, it is obvious from 1,3 that 
I 

F o<l p 0. 

Now, dit'ferentiation of 1,3 with respect to x yields 

• 

or, in general 

X '" .,,, •• 
p-k 

2,1+ 

2,5 

2,6 

Hence, using Taylor's theorem, one obtains directly the series expansion 

1 
k! 

o, one has 

k 
X ·-X 

0 • 2,7 

2,7 can be used to 

for not too large values of x. This procedure can then be 

repeated with x has just been calculated~ 

In doing so, one looses values for the large negative values of p. This 

difficulty can easily be overcome, as by partial integration of 1,3 
the more general recurrence £ormula is seen to hold 

2 F x + 3-P p 
e-1-x. 2,8 



This relation can either be used to supply values for large negative 
values of p., or even t.o fill directly gaps ir1 tr1e range of p, or again 

as a check. The direction ~tn whicr1 2, 8 is stable with respect to 

rounding-oI'f errors varies, but proper application yields good results .. 
by n1ear1s of ... numerical inte

gration for a suitably dai1se set of values of x. If x = O is included, 

a Ct:rtai.11 check on tr·1.0 riccuracy r.::>f tr1e nun1eric,al pr)ocess ls obta:Lned .. 

dt, 2.,9 

~o t 1'18·· ·"II- '}"'1,\;r '"'illJ'r"f'~I<;}'l C"'\ .a·, ·111t' ::'l ,,:,"1~~ .. t. io=,1.1· o· f 111 ' . X F X 1s obta1." ne· d, from that ..... . . 4 ' V If,.,, .;J J., ;i. ,,4. ,1,._ ..... . J.. ·- ' ,t;; t.-::; ... ~ ' ... l) . , 1 .... 

agai.11 F?(x), aDd so on, one single integration providing frorn now 
.c. 

O, so obtained 

forms each time a valu~1ble overall ct1eck on the integration. 
i s a ·v. ·'.'.:a l"' \ 7 •'.;l' l"t) '') ,•'"', t· t~l f'u), ... ;f"';; t' ·! ;<•"''! 1·""'! "'~.:·:.;).'I'.., j' 4l 1:""', ',. rli'a .. 1) i ,·-4 l 1.: ➔·, C' •"", a'.~ X· t· e· nd s t O 1.· nf" in it 'l'vl· .,., I;;;;: ...,. J ~ .i. • .. l.,.. .J 1,.; " ,.,, 1 l ...., .~. "• , .., 'V .._, .A, .t \., ...1.. .Ii< ... O · . !'"' . U cJ V V U - - tJ 

is rapid and accurate. 
As soon as F, x l1as bee.r1 computed in this \-Jay· i'or three consecutive 

~.) ' .. 
values of p., tl1e S()lutr:i~o11 can be extended in the p-direction by· means 

of 2,8) for eact1 value of x separately·. 
1\t last, ar1 as~rmptotic ex·par1sion 1--or large x. can be constructed frlor1~ 

of~ tt1:~ r·r:ethod of steepest desce11t. Little use of it ·has 

bee1,1 ?11ade ~ 
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l1ave been compui;ed f~or p, ~",, 0 1 10., and 

0.5 14.5. 'rhe reeults are given in Table II. The 

last decimal is not absolutely reliable. 

The author is indebted to Miss T. Hurts, who carried out the 

numerical computations required for the tabulation. 



1i'ABLE I 

,1 
Values of F o = p 

' .·· exp 

0 

P J' 0 p 
-25 0.013068 
-24 0.013546 
-23 0.Q1lt060 

-22 0.014615 

- 2 ··1 O • 0 1 521 5 
-20 0.015866 
-19 0.016574 
-18 0.017348 
-17 0.01819~( 

-16 0.019132 
., ,-

- i ::, 0.020167 

-14 0.021318 

-13 0 .. 022606 

-12 0.024056 
-11 0.025700 

-10 0.027578 
- 9 0.029742 
- 8 0.032262 

- 7 0.035227 
r 0.038760 - t) 

- 5 0.043031 
- 4 o .0482~,s 

- 3 0.054846 
- 2 0.063244 

- 1 0.074248 
0 O .0890,-{3 

1 O 109·~92 • 0 .· 

2 o .139403 

3 O .183940 
4 0 .. 253641 
;r-

? 0.367879 
6 0.564401 

7 '\ 919~99 \..i • . . 0 

8 1 • 59lJ942 

9 2 .. 943036 
10 5.766237 
1 1 9.748805 



• 

X 

0 

0.25 

0.50 

0.75 

1.00 

1.25 

1 .50 

1.75 
2.00 

2.25 

2.50 

2.75 

3.00 

3.25 

3.50 

4.oo 
4.50 

5.00 

5.50 

6.00 

6.50 

7.00 

7.50 

8.00 

8.50 

9.00 

9.50 

10.00 

10.50 

11 .00 

11. 50 

12.00 

12.50 

13.00 

13.50 
14.oo 
14 .50 

• 

p ,,.. 0 

0.08907 

0.07235 

0.05883 
0.04788 

0.03901 

0.03181 

0.02597 

0.02124 

0.01737 
0.01423 

0.01167 

0.00958 

0.00787 

0.00648 

0.00534 

0.00364 

0.00249 

0.00172 

0.00119 

0.00083 

0.00058 

0.00041 

0.00029 

0.00021 

0.00015 

0.00010 

0.00008 

0.00005 

0.00004 

0.00003 

0.00002 

0.00002 

0.00001 

0.00001 

0.00001 

0.00000 

0 .. 00000 

110 5 <11ve 

TABLE II . 

Values of F x ;".~; p 

p 1 

O. 10969 
0.08959 
0.07325 

0.05996 
0.04914 
0.04032 

0.03312 

0.02724 

0.02243 

0.01850 

0.01527 

0.01262 

0.01045 

0.00866 

0.00719 

0.00497 

0 .00.345 

0.00241 

0.00170 

0.00120 

0.00085 

0.00061 

0.00044 

0.00032 

0.0002} 

0.00017 

0.00012 

0.00009 

0.00007 

0.00005 

0.00004 

0.00003 

0.00002 
• 

0.00002 

0.00001 

0.00001 

0.00001 

0 

p 2 

O .13940 
O. 11458 
0.09430 

0.07770 

0.06411 

0.05297 

0.04382 

0.03630 

0.03011 

0.02501 

0.02080 

0.01732 

0.01445 

0.01207 

0.01009 

0.00709 

0.00501 

0.00356 

0.00254 

0.00183 

0.00132 

0.00096 

0.00070 

0. 00051 

0.00038 

0.00028 

0.00021 

0.00016 

0.00012 

0.00009 

0.00007 

0.00005 

0.00004 

0.00003 

0.00002 

0.00002 

0.00001 

exp 

p 3 

O. 18394 
0 .15229 

0 .12627 

o .10484 
0.08717 
0.07258 

0.06052 

0.05054 

0.04227 

0.03540 

0.02969 

0.02493 

0.02096 

0.01766 
0.01490 

0.01065 

0.00765 

0.00553 

0.00402 

0.00293 

0.00215 

0.00159 

0.00118 

0.00088 

0.00066 

0.00049 

0.00037 

0.00028 

0.00021 

0.00016 

0.00013 

0.00010 

0.00007 

0.00005 

0.00004 

0.00003 

0.00003 

p 4 

0.25364 
0.21174 

0 .17702 

0 .14822 

0 .12429 

O .10438 
0.08779 

0.07395 
0.06238 

0.05270 

0.04459 

0.03778 
0.03206 

0.02724 

0.02318 

0.01685 
0.01232 

0.00906 

0.00669 

0.00497 

0.00371 

0.00278 

0.00209 

0.00158 

0.00120 

0.00091 

0.00070 

0.00054 

0.00041 

0.00032 

0.00025 

0.00019 

0.00015 

0.00012 

0.00009 

0.00007 

0.00006 

p -· 5 

0.36788 
0.30986 
0.26140 

0.22086 

O .18689 
O .15838 
O .13442 
0 .11426 

0.09727 
0.08292 

0.07078 

0.06051 

0.05181 

0.04442 

0.03811 

0.02821 

0.02097 

0.01567 

0.01177 

0.00888 

0.00672 

0.00511 

0.00390 

0.00299 

0.00230 

0.00178 

0.00138 

0.00107 

0.00083 

0.00065 

0.00051 

0.00040 

0~00032 

0.00036 

0.00020 

0.00016 

0.00012 



X 

0. 

0 .. 25 
o_. so 

0.75 
]_. 00 

1.25 

1 .. 50 

1 .. 75 
2.00 

2.25 

2.50 

2.75 
3.00 

3.25 

3.50 
4.00 

• 

4.50 

5 .• 00 

5,50 
6.00 

6 .. 50 

7 .. 00 

7 .. 50 
8.00 • 

8.50 

9 .. 00 

9.50 

10 .• 00 

10,50 

11.00 

11~50 

12.00 

12 .. 50 
13.00 

13.50 

14.00 

14.50 

• 

•• 

p 5 
• 

0.36788 
0,.30986 
0.26140 

0,22086 

0.18689 -

0.15838 

0.13442 

0.11426 

0.09727 

0.08292 

0.07078 

0.06051 

0.05181 

0 .. 04442 

0.03811 

0.02821 

0.02097 

0.01567 

0 .. 01177 

0.00888 
. 

0.00672 

0.00511 

0.00390 

0.00299 

0 .• 00230 

0.00178 

0.00138 

0.00107 

0.00083 

0.00065 

0_.00051 

0 .• 00040 

0.00032 

0.00036 

o .• 00020 

0.00016 

0.00012 
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TABLE II 

Values or F x = p 

• 

0 .. 56440 

o .. 47990 
o,. 40867 

• 

o .• 34854 

0.29769 

0.25463 

0.21812 

0_.18710 

0.16072 

0.13826 

0.11909 

0.10271 

0.08870 

0.07670 

0.06641 

0.04994 

0003774 

0.02865 

0.002184 

0001671 

0.01283 

0.00989 

0.00766 

0.00595 

0.00463 

0.00362 

0.00283 

0.00222 

0.00175 

0.00138 

0.00109 

0.00087 

0.00069 

0.00055 

0.00044 

0.00035 

0.00028 

p 7 

0_.91970 

o .. 78944 
0.67863 
0.-58420 

0.50360 

o_.43471 

0~37575 
0 .. 32520 

0.28181 

0.24451 

0.21240 

0.18473 

0.16085 

0.14022 

0.12237 

0.09349 

0.07172 

o_.05523 
0.04269 

0Ato3311 

0.02577 
0.02012 

0001575 

0.01237 

0.00974 

0_00769 

0.00609 

o .• 00483 
0,00384 

0.00306 

0.00244 

0.00196 

0.00157 

0.00125 

0.00101 

0.00083 

0.00072 

0 

Continued. 

exp -2 p -v -xv v- d¥. 

p 8 
• 

1 .. 59494 

1.38173 

1.19861 

1.04105 

0 .. 90534 
0 .. 78828 
0 .. 68716 

0 .. 59971 
0.52397 
o.45829 
o.40128 

0.35172 
0.30860 

0.27103 

0.23826 

0.18464 

0614359 

Oell205 

0.08771 

0.06886 
0.05422 

0.04281 

0.03389 
' 

0.02690 

0.02140 

0.01706 

0.01363 

0.01091 

0.00876 

0.00704 

0.00567 

0.00457 

0.00370 

0.00300 

0.00243 

0.00196 

0.00160 

p 9 
• 

2,.94304 

2.57156 

2.24965 
1_.97021 

1.72732 
1.51598, 
1.33186 
1.17126 
1.03102 

0.90844 
0.80116 

0.70718 

0.62476 

0.55242 

0.48885 

0038372 
0.30211 

0.23854 
0.18887 

0.14993 
0.11931 

0.09517 

0.07609 
0.06096 

0.04894 

0.03937 
0.03173 

0.02562 

0.02072 

0.01679 
0.01363 
0.01108 

0.00902 

0.00735 
0.00600 

0.00495 
0.00420 

O. 027'74 
0 0 2, '.) l""J' j I 

.. ' ~ ( ""f' 

f"I, r•· 

O. 01 t)t:,5 


