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Sca~tering factors_ for twenty-three atoms have been calculated from Hartree and Hartree-1',,ock 
radial wave functions. The results are compared with James & Brindley's values and with those 
recently obtained by other authors. · 

1 

Since the calculations of scattering factors by James 
& Brindley (1931) many new data on electron distribu
tions in atoms, computed by t,he self-consistent field 
method, have become available. The work of James 
& Brindley (quoted as JB in the following) was some 
years ago extended by Viervoll & Ogrim (1949), who 
included electron distribution-data on Na+, K+, and 
Cu+ and extended the sin fJ / A range. Viervoll & Ogrim 
were primarily interested in the f values at higher 
sin 0/l; they therefore applied only wave functions 
calculated without exchange, as the corrections for 
exchange would presumably have only small effects 
on the scattering factors in this region. 

Recently, new values for scattering factors have 
been calculated by: (a) McWeeny (1951) (McW), for 
all atoms lighter than Na, from wave functions given 
by Duncanson and Coulson; (b) Hoerni & Ibers (1954) 
(HI) for C, N and O from newer available self-con
sistent field data with exchange; (c) Henry (1954), 
for Au+ and Hg++, from self-consistent field data 
without exchaJlge. 

It is evident from comparison of the results of HI 
and JB that the taking into account of exchange gives 
effects which make the corresponding effects on cal
culated structure factors outside the .error limit for 

* Now at J.E.N.E.R., Kjeller per Lillestr0m, No1·way. 

structure determination by accurate modern methods. 
Also, the interval in sin fJ / A chosen by JB is rather 
too_ large for suitable interpolation in the low sin Bf A 
region. 

In view of the preparation of Volume 3 of the new 
edition of the International Table~ for X-ray Crystal
lography, it was decided to recalculate atomic scat
tering factors from all the newest available self
consistent field data. This decision had, in fact, been 
taken before we ""rere aware of the work being done by 
HI. We therefore included C, N and O in our com
putations, which has the advantage of giving the f 
values for these atoms at tl1e same intervals as for the 
other atoms, and, moreover, affords the possibility of 
an extra checl{. 

In this paper we give our results on all atoms, up to 
Rb+, for which the required electron distributions are 
availablet. We omitted Hand He, however, for which. 

t Bes.ides the literature mentioned at the foot of Table I , 
,ve found references to calculations on Sc and Ti (Hancock, 
1934), and on Ni (Gray & Manning, 1941). We were unable 
to obtain the f orme1·; the latter is a short communication 
without numerical data. 

Manning & Goldberg (1938) gave data on Fe. These, ho\.v• 
ever, are on a logarithmic scale of r, whereas the data for the 
other atoms were on a linear r scale. It is the ref ore impossible 
to handle the Fe a.tom in the sam.e mechanical way as the 
others. We are now computing the scattering factor of Fe 
separately and we intend to report on it in due time. 
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sin Bf A 
0·00 
0·05 
0·10 
0·15 
0·20 
0·25 
0·30 
0·35 
0·40 
0·50 
0·60 
0·70 
0·80 
0·90 
1·00 
l · 10 
1·20 
1·30 

sin 8/ A 
0·00 
0·05 
0·10 
0·15 
0·20 
0·25 
0·30 
0·35 
0·40 
0·50 
0·60 
0·70 
0·80 
0·90 
1·00 
1·10 
1·20 
1·30 

sin 0/ A 
0·00 
0·05 
0·10 
0·15 
0·20 
0·25 
0·30 
0·35 
0·40 
0·50 
0·60 

" 

0·70 
0·80 
0·90 
1·00 
1·10 
1·20 
1·30 

Li 
NSX1 

3·000 
2·710 
2·215 
1·904 
l ·741 
1·627 
l ·512 
1·394 
1·269 
1·032 
0·823 
0·650 
0·513 
0·404 
0·320 
0·255 
0·205 
0·164 

Mg2+ 
NSX8 

10·00 
9·91 
9·66 
9·26 
8·75 
8·15 
7·51 
6·85 
6·20 
4.99 
4·03 
3·28 
2·71 
2·30 
2·01 
l ·81 
1·65 
1·54 

cu+ 
NSX15 

28·00 
27·67 
26·71. 
25·30 
23·5~ 
21·76 
19·92 
18· 14 
16·50 
13·66 
l J. ·45 
9·80 
8·61 
7.75 
7• l.2 
6·64 
6·24 
.5·89 

NS: 
VS: 
X: 

Be 
NSX2 

4·000 
3·706 
3·065 
2·462 
2·059 
1·827 
1·693 
1·600 
1·520 
1·362 
1·195 
1·030 
0·877 
0·739 
0·621 
0·521 
0·438 
0·369 

AI3+ 
NS9 

10·00 
9.93 
9·72 
9·38 
8·94 
8·42 
7·85 
7·26 
6·65 
5·51 
4.53 
3·72 
3·10 
2·62 
2·27 
2·01 
1·82 
1·68 

Zn 
Nsts 

30·00 
29·30 
27·63 
2.5·67 
23·74 
21·88 
20·11 
18·41 
16·83 
l4·0n 
11·84 
10·15 

8·90 
7·99 
7·32 
6·81 
6·40 
6·04 

1 : Fock & Petrashen, 1935. 
2: Hartree & Hartree,. 1935. 
3 : J ucys, 194 7. 
4: Hartree & Hartree, 1948. 
5: Hartree, Hartree & Swirles, 1939. 
6: Brown, 1933. 

Table 1. Atomic scattering factors 
Electron densities calculated for the normal state. 
Electron densities calculated for the valence state. 
The electron distribution has been calculated with exchange. 

C 
VSX3 

6·000 
5·764 
5· 14] 
4·362 
3·612 
3·003 
2·538 
9.919. ..., ;.; .., 
1·983 
1·707 
1·548 
1·423 
1·313 
1·202 
1·096 
0·992 
0·896 
0·802 

Si4+ 
Nsx10 

10·00 
9·95 
9.79 
9.54 
9·20 
8·79 
8·33 
7•83 
7-31 
6·26 
5·28 
4·42 
3·71 
3·13 
2-68 
2·33 
2·06 
1·86 

Ga 
Ns1s 

31·00 
30·12 
28·29 
26·35 
24·48 
22·67 
20·94 
19·28 
17·70 
14·88 
12·54 
10·72 
9.35 
8·34 
7.59 
7·02 
6·57 
6·20 

N 
NSX4 

7·000 
6·781 
6·203 
5-420 
4·600 
3·856 
3·241 
2·760 
2·397 
1·944 
1·698 
1·550 
1·444 
1·350 
1·263 
1·175 
1·083 
1·005 

c1-
NSX11 

18·00 
17·33 
15·68 
13·74 
11·97 
10·57 

9·51 
8·74 
8·15 
7·30 
6·60 
5·91 
5·24 
4·60 
4·01 
3·49 
3·06 
2·69 

Ge 
NSt7 

32·00 
30·98 
28·91 
26·95 
25·09 
23·31 
21·67 
20·08 
18·53 
15·71 
13·29 
11·34 
9·85 
8·71 
7·86 
7·24 
6·74 
6·35 

., 

0 
NSX5 

8·000 
7·796 
7·250 
6·482 
5·634 
4·814 
4·094 
3·492 
3·010 
2·338 
1-944 
1·714 
1·566 
1·462 
1·374 
1·296 
1·220 
1·144 

A 
Nsx12 

18·00 
17·54 
16·30 
14·65 
12·93 
11·42 
10·20 
9·25 
8·54 
7·56 
6·86 
6·23 
5·61 
5·01 
4.43 
3·90 
3.43 
3·03 

As 
NSl6 

33·00 
32· ll 
30·06 
27·81 
25·76 
23·96 
22·30 
20·75 
19·27 
16·50 
14·06 
12·03 
10·40 

9·15 
8·21 
7·50 
6·95 
6·51 

7: Hart,ree & Ha,rtree, 1948. 
8: Yost, 1940. 
9: Hartreel 1935. 

F 
NS(X2p) 6 

9·000 
8·790 
8·208 
7·396 
6·501 
5·625 
4·837 
4·160 
3·598 
2·769 
2·252 
1·926 
1·725 
1·587 
1·484 
1·404 
1·333 
1·263 

K+ 
NSX12 

18·00 
17·65 
16·68 
15·30 
13·76 
12·27 
10·96 
9·89 
9·04 
7·86 
7·11 
6·51 
5·94 
5·39 
4·84 
4·32 
3·83 
3·40 

Rb+ 
NS9 

36·00 
35·35 
33·61 
31·28 
28·85 
26·61 
24·68 
23·02 
21·57 
19·07 
16·82 
14·75 
12·88 
11·28 
9·96 
8·89 
8·05 
7·40 

13: 
14: 

10: 
11: 
12: 

Hartree, Hartree & Manning, 194 lc. 
Hartree & Hartree, 1936a. 

15: 
16: 
17: 

Hartree & Hartree, 1938b. 

F- Ne 
NS(X2p)6 NS(X2p) 6 

10·000 l.0•000 
9·630 9·812 
8·733 9·295 
7·656 8·546 
6·597 7·665 
5·643 6·768 
4·820 5·905 
4·129 5·128 
3·566 4·454 
2·751 3·403 
2·237 2·692 
1·921 2·234 
1·723 1·934 
1·583 1·737 
1·485 1·601 
1·406 1·496 
1·334 1·418 
1·264 1·345 

Ca Cr2+ 
NSX13 NS14 

20·00 22·00 
19-09 21·65 
17•33 20·67 
15·73 19·27 
14·32 17·67 
12·98 16·04 
11·71 14·50 
10·59 13·10 

9·64 11·87 
8·26 9·93 
7·38 8·60 
6·75 7·69 
6·21 7·06 
5·70 6·56 
5·19 6·13 
4·69 5·72 
4·21 5·31 
3·77 4·91 

• 

Hartree & Hartree, 1938a. 
Mooney, 1989. 
Hartree & Hartree, 1936b. 

Na 
NSX1 

11·00 
l 0·56 
9-76 
9·02 
8-34 
7·62 
6·89 
6·16 
5·47 
4·29 
3·40 
2·76 
2·31 
2·00 
1·78 
1·63 
1·52 
1·44 

Hartree, Hartree & Ma.nning, 1941a. 
Hartree, Hartree & Manning, 1941b. 
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atoms we <X>nsi<i.er that, McWeeny's {la.ta are c~<>Dl
pletely &<iequate. H nee .: ·, •Y, the eler.,tl'(>tl clistribu
tions were sm0<>thed 01:1t spherioallv, t\S was also done 

' ., 
• • , ' I by H··1 

' ' ' .. 
A po.i11t ()f oonsicleration lias been the oomp,utation 

for atoms in different et~tes of io~tion. Th~ neoes-

aary data a.re available 011ly for Li &Ild Li+ (J,,ook &, 
Petrashen, 1935); o-, 0, O+, O++ (Hartree, Hartree 
& Swirles, 1939); F &nci F- {Br<>wn, 1933); Na az1(l 
Na+ (Ha:rtree & HartAree, l.948) &n<l Ca and Ca.++ 
(Hartroo & Hartree, 1938a). These l1ave all bee11 
e,a,lcttlated witl1 e.xchange. It has been re&liaed (Jamee> 
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2 
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Li 

0 0·2 0•4 0•6 0•8 1•0 1·2 
Sin 8/). 

Fig. 2. Atomic scatter·ing factors for Li and Be. 

x: McWeeny. 6.: Viervoll & Ogrim. e :. James & Brindley. O: Our calculations. 

1948; Bijvoet & Lonsdale, 1953), that the scattering 
factor changes very little 1-\ith the state of ionization, 
except, of course, for very small values of sin ()/A. 
We have checked and confirmed this for ]., ancl F
(see Table 1). Fo1· the other atoms we have only con1-
puted f for the normal state, unless data for this state 
were not available. 

2 

The calculations have been performed on IBM ma
chines in the Mathematical Centre, Amsterdam. Fol
lowing JB, we have calculated the separate contribu
tions of individual electron orbitals in order to be 
able to investigate the possibility of interpolation to 
the atoms omitted fro1n our list. We will report on 
this later. As intervals in sin ()/A ,ve have chosen : 

0·00 (0·05) 0·40 (O· l) l ·30 A-1 , 

that is, to the end of the Mo K diffraction region. 
Because of this choice of interval, our results are 
directly comparable with the JB values. 

The integrals 

• 

rz 
Pz(r) sin µr/µrdr 

0 

wl1ere µ = 4:n; sin 0/ A, were uniformly calcl1lated: 

(a) to the same upper limit rt = I3aH, where aH 

is the 'atomic unit', 0·52917 A, 
(b) in the same steps r /an =0 (0·005) 0·3 (0·05) 13·0. 

For the latter purpose, the data fr·om the literat11re 
were interpolated to the required intervals. 

The integrations were carried out according to 
Simpson, following a procedure described in the report 
MR 15 of the Mathematical Centre, Amsterdam. 

• 

The integrations were checked: 

(a) by the normalizing integral 

( b) by the integ1·al 

rz 
P:(r) ~ (sin µir/ µir) dr, 

0 i 

where the sum extends over all values of µi, i.e. 
of sin 0/l; 

( c) by perf arming all 2033 integrations twice, usine 
diffArent counters and type-bars. 

The data of Table 1 are given to three decimal place, 
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Fig. 3. &•t,tering fac~t-0r fo,r (\t+. 

0 : (Jur r~a.t,c,,1lat,i<}ns for Cu+ witt1 ~xci.hsn.ge. 1.J. : Vi~rxvoll & Ogrirri for <~,u with<>ut exchange,. 
• : .,T &m~s & Brir1t:lley fc,r (:u t·r1:,lrt1 'rt1<>rnwt-, }4-.errni field • 

•• 

3 

It is seen fr()m Fig. I th&t ot1r results &!,,¥Tee c,c;m
pleteJy wit;h those of HI. The agreemer1t wit,h 
}le W tr,en)r 's values, altl1ougt1 caloulat,t~I fr(.lm <iiff t,rer1t, 
electron-distribution ap. • p, • roximat,ions, is i11 ge11eral "rer,r 

~· ._; 

good (Figs. I arid 2) except, for F a.nd Ne. 
A co111pa,riS<>11 with James & Brinclley~s va.lues 

shol\"B tJie f oll<>W'ing points: 

(a) .F-, Al3+ and Rb+ have evidently :t>eell oom
puted frc)m t.l1t:, same eleetro11-distri bution d~it,a. 
The d·eviations .an, in ge1l,er&I s1nalle:r than 1 Cj", 

80 a·. re· 1·:nm· · " .. · .. ,1·oa· ,n·· ·t . ' ' . . . ' ' ' . . ' 
'. ' : . . . ·• 

(I.) y,: 0 F N' C,'li,"A.L (,.1 l K'' A I; lJ'.. 1,.4) ; :, , ,- . .., Dl"<ltlr, ,1- a.DC · ····· +; , ppa,rent1y, 

<iiffere11t sets c>f elect;ron-distributio11 data ha.ll'e 
tx~r1 used. The <>ries we used were &ll t,ompt1te<l 
t,aking exol11,nge into &o·oount (in t.he c!a.se t)f F 
<:•r1ly for the 2p-electrons). Except fc>r Li (Fig. 2), 
the fit, is rr1t1ct1 W()rse than ir1 the f ().rmer gro,1p, 
clifft~renc~~ gc)ing up t<l l {) o/t); discr<.~pancies are 
p&rticul&rly large for F a.nd for 0. Thia aliows 
the C(>r:1aiclt,rat>le inflt1en<.'le <>,f exchange on the 
sc&tt,erir1g fa.otors. 

(e,) Be, N, Ne, Mg1+ a:r1d A h1,ve he,ec11 computed 
l)y tlB t,y int10,rpo.. lat;ic~n. The dis,t,rep; a11cies with .., .., . 

<)Ur values a.re in ge11eral not larger tl1an i11 the 
forn1er gr(:>up. Again, the a.gn~m·ent is good for 
.Be, the lightest at-0m of the group (.li"ig. 2). 

d (·, ,_'jl (1 z· c·"I (.' d A F h ( ) ,,,a, (.,r+, ,t1·t, ,, .. n, ~a, .e a11 . . s: <1r t ese 
elt)rne11ts, ,J B g&vt" t:>r1Iy / values c)btair1ed frottt1 
rrhc~»mas-,Fe1·11:1i eleotrorl tiistirit,,uti<>M .. The .· ··.···,• ,;0-

:rnertt, c>f t;liese Vt\ilt1es wit!1 <>urs is in general 
,vorb"e than in the t~ (b) a:nd (c). (Oa1+, c&J. .. 



eulat,e<i t»~' ,J B fnl1n IIartrw, \\-'& ve:~ f unc~ti<)ns .} 

with<>Ut ('!Xt~han,ge, fit. (>Ur eu.:rve frc,n1 sin O I l ,,,~ 
('~~ flt.). ,1-.,1ri _,, n-.:1-. )' ,,. -- ,,n'5 ff ~/I ~1,ll!J• 

J'inally, Fig, 3 givM a C!<)mpariM,n bet,v\'t~"n tl1t~ S<"at.
tering f&et~~ c.,f (";11 +, calculat1-ed by us fr<)tll "\\"& \'t~ f tlO(•

ticll:ta with exc:~tiar1~e. an,1 that, f()t' C!tl ("ttlC'tll&t,e,(i l)~r 
Vierv·(>,ll &. {)g1·i1l1 ,.,itl·at>t1t1 ex.:·h,irig,,. Tlit"" <:lisl'I't~I>aric~it..,s 
arc, &f>'Jtrec,ial:>I('.\ tt1ri)11gi1!·,ut, tht, (~11 K rar1gt~. I .. ikewist1, 
Vittv1)II & Ogri1r:1 ~s v,,lues ft.ir (;a, atlrl (T a:re <.•<>t1si(ier~ 

~,., 

ably sma.ile:r t"ha11 c,11ra at It}\\' sin 0/l '"alt1t~s. It a1>-
J>e&m" then,f<m,~ t,hat rn(>re <;a,lculatit>rls f (·>r rrltxierat-el)· 
l~vy element:3 are very clesi,rable. 

\Ye wiab t,t) t.f)ar1k t,l1e l:)·in1K'"t,o.rs f>f t,!1e l\f1itltt•1r1ati<·al 
Cent~, Ameten:lam~ f<)r t,t\1:,i,r vti,ry· l1elr>ft1l <.,t:><:)1>eritti(>r1 
and t\he Net\heria.,r.,ds ()rgar1izati~:,r1 f(>r f>11rr~ Ftt~E:~11,rc .. l1 
(Z~ w .. 0 1

,.) ft)i gt!OOl"(>US SU()J)()rt. ()11r t.t1a.nks are {\I&) 

<i~ I;() Pn:.:d. I.>. It. Hart,n:,t~ f<>r stin1ulati11g aicivi(:e a11cl 
ftl'r tiuia intc0n•t i11 thi~ \41'<.>rk. 
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