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Introductione.

In the theory of cosmic rays the following

TT/ -

where o« , A and 7y are functions of r.
I'wo cases are congidered here:

Tirst case: o = ”‘”WW%“”“
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second case: o

|

pe (0.0.9)

°

J = ””"”’me””‘” ( 1+4~I‘2 ) 6“41"2 ( CeC.a 10 }
2

© i + 2ar cos €)% and a denotes a

where r, o = ( 2 positive constant.
o

In this report the behaviour of J7(B) for small positive and

for large positive wvalues cof is considered, Furthermore there

are given numerical values of the functions J(r), J*(B) and K for

certain values of a in both cases.



1. Expansion of J™(B) for Il positive values of B.

We split up the demain D of
three domains:

A T
2
B

DZ: Ogrgé

and Do, D - D, - D

5

Let j(b) be defined as the int.grnl ex ctended over the region D of the
ln-tegrand ( 1-c *“br ) (l" Q”br )(}" - br_% S - " -

The integral over D, is called hi(b), that ove
and finally that cver Dy is called 1({b), so that

2 .

1

j(b) = h(b) + i(b) + 1(b).

2. Integration over the domain D.. -3

A e ow L e eI - ST . i . A o T & - E

OnD1 we can expand the function (1l-e . )(1-e ) in a power-

series of b, since on D, holds v, = & and r, = a/2.

ki

1 to

The function h{b) appears to be egue
., %

. _
'{(a2+r2)2~4a2r“c082@} dO+ e « o s
- (1.2.1)

- (a%+r°) 72 (1-x)"F B(K)
(1.2.2)
*”+rg) and T{k) denotes the elliptic

function ~f the second kinds
if we substitute this result into (1.2.,1) we find

"2.B(k)dr+. ..

N (1*243}



This i1ntegral has 1o be e

this end we use the method described in Theorem 5 o6f MR

Computation Department of the Mathematical Cent

e will now compute the integrals occurring in {(1,2.5).
The first and second term give the following resulits:

and

1)1/3, This inte-—

k) } dr (1.2.8)

The last integral does not depend on b, so the third term 1s of the
3

oraer b .



Using the expansions:

k) = % (1 - + eee )

and
2 2.-2, ¢
( g —TI ) ( o

-

a (1 + =5+ ...)

=)

in the integrand of (1.2.8) cne can derive that the third term is

aprproximately equal to

9 O 3 1 H a e L)

From the relations (1.2.6), (1.2.7)

h(b) = - g’f--g F(~2/3)b8/3+,,.. (1.2.10)
&,

5. Integratiorn over the domain Dq,

e I T

5

In order to compute the contribution i{b) we substitute u=br,

rul

and find:

i(p)= 2 p8/3

wilth

with Rl = g - ufl/a bl/3 and R

2 —

Using the substitutions v = u and

-1/3 ,1/3

r = a + pu

the equation (1.3.1) changes into the expression

with

f(v)=v

derive the first term of the power series of f(v),.

We have only TO
This term is found to be equal to



-1
+1
_ _ 1 T -6
e 16 1 =) 6 / (1.—-p2) 2 dp -+ P — _i“g ck + 4 o (]—*5 3)
-1

By using the results of (1.2.6) and (1l.3.3) we have

f"(---2/3)b8/3 + e (1.3.4)

i(b) = -
24&6

Integration: over D,

5

In this domain we find

1(b) = b3 #[7 r{B.rg3 rﬂz.dx'<i€i+ oo (1.4.1)
D

b

We have to remark that the remainder +term is of the order b~, so
tThat we need not to calculate terms of higher order occurring in the
expansions for h(b) and i(b).

>0 the final result is:

() = - 2 L (-2 83 4 o(p?) (1.4.2)

6. Behaviour for large positive b:

The integration domain D 1s splitted up into D4 (O=rs= bl/g’“é;
0= © = g) and D5(bl/3” (S:-i-'--. r=o0, O = @‘é—g) with ¢ > O but small
with respect to 1/3. TLet 14 be the integral extended over the regio.
D, and 1. be the dintegral extended“%ver D5.

4 5 — ~136
In tge domailn D4 we ?ave 1l—-e or ~ 1 + 0(e o ) and
~br:- RN,
1-¢ L2 1 + O(e b ) for large vpositive values of b and
conseguently
a0 .36
4 4 |
In the domain D5 we have rl = T -+ ()Cb“1/3+é:); Yo, = + OCHeL/5+d‘).
Hence oo
e _br— 2 _ ¢ _p39
I5 ~ 5 / r(l-e o )3 dr + O(b 1+3c e 0 ) (1.5.2)

bl/zmé‘
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If we write now u = br > we deduce from (1.6.2)
Oy

-3 /7
g ]/ r(l--@"br )3 dr = - g b2/3 [ {(-2/%) [1-1-31/3( 1--22/‘5)] "_-554' -
r:bl/Bmdﬁ
& @)
- g bg/j’ / 't:t"'"'"*[f’/)(ZL-----«*c:;mm‘)3 du
¢
ya (L.6.3
Furthermore g‘bz/B // u"S/) (1-c” )7 du = -

By addition of 14 and 15 we Tfind

| ~r — 36 s g:g
() ~ = 32/3-{1 v 31/3 (1m22/3)}l”(~2/3)b2/)+ 0(e~ P p2/372%

(1.644)



Introductions:

In this

R(B)=

for small and large

In (2.0.1) the functions « , B and

a6 iv 3¢ y 't h & Ie 1 a‘t i Ongss
_42/3 |
o = '% (1 + 4r)e™ T (2.0.2)
2/3
C 41"1 ~
/g: v (1+4r )e (2;@&3;
rl 1
a2l
J = Ji'(l + 4r.)e fr (2.,0.4)
r2 &

where ¢ is a positive constant,

The integration domain D will again be splitted up into Thnr

domains:
D,: O=rs a/2y 0=6= 7/
Dgg 0= roas% with t a positive constant

DB: Dlesz .

Now the intesgral over Dl is called m(b), the integral over DQ 18
called n(b) and finally the integral over D; is called p(b).

1. Estimation of m (b) for small positive b.

In this domain we expand the function (1—-emb/§’ )(1~e”b7 } in a

p-werseries of b. Furthermore since

2
/ . * _ - bx ,
; B.y de is bounded and glme } < bex
O
we find
im<b)§ < g C < with M > O

and Ml > 0O,

(2.1.1)



2. Treatment of the integral in the domain D,.

5 Yovosr -y il S 5o g

In D2 we can estimate the integral by writing
(1~e“bm)(1me”bﬁ)= b%ﬁm,+ eee, 1t follows then

..-4112/3 ‘__4_-_-[.2/3

o D -1 1 -b
n(b)= b7c” [f (1+4r) (1+4r))r] o o (1~ °T)ar de+,.
D) (2.2.1)
RO & B~y i
The functicn (1+4I‘)(1+4rl)rlle 4T 3 4r is positive in ID2

and is furthermore bounded in DZ'
Therefore we have

n(b)| < M2 b2 02 // (lwe”bz )a e drl with MZ > 0., (2.2.2)
D2 3
1f we now substitute r = a C0S 6 +(a2 sin2€>+ rg)§~we get finally
t bg sin:2 .
%n(b)f < M2 b2 c2 ] rz(l-e"ba’ ) / (azsinze +r§)”§ deS <
O O
< 1\{4 b3 c3 (242.73)

where M4‘ 1s a positive constant.

3. The domailn D3 .

Now we can expand the integrand and we find easlly

p(b) = b’ o” jf roc . Ay dr 4 + ... (243.1)

V3

According to (2.1.1), (2.2.3) and (2.3.1) it follows therefore:

x
2

b”5/2 R(b) = b° 0(1) + ... (2.%.2)

4. Behaviour for large B:

i W oy Sl

e devide the integration domain D into two parts. 1n Dl and .'.Dg
the variables r and € satisfy the following inequaliltles:

where €& 1s a small positive

number.

1h

=

I

3
Dys O=sr=0D /2 s O Eg

ng D - :Dla

After writing 1-—-e“bm <1, it follows that the integral over D, 1s

smaller than -Zf b, (0.4.71)




In the domain D, holds r ~ r , ~ ', for large

and ¥ Aare
exponential powers and

more o,

30 1o

C Omb inlng ( 2 * a . 1 ) ( 2 - 4 . 2 ) vy o

b“5/2 R(b) ~ b“5/2 o(1) .

5. SUMMATYV.

Combining the results of Chapter I and Il

case after having substituted ™ = 00,0245 b into 1.4,

— ’ 4 — /¢ Y
=5/ 2 J*(b)= 00,1332 20 7 a 6 /6 o0(b=). (2.5.1)

for small posilitive D.

and

- _ - A ST * _h _
b=572 3%(p) . 0,0564 5L/0 4 o(p11/0 26 -t (2.5.2

small positive number.
For 1he second case we have according to (2.3.2) and (2.4.3)

for large

-5/ 3. %
b 5/ 2 R(b) = b~.0(1) for small positive Db, (245473,

and

I~ — |
b /2 R(b) = b 5/2 O(1) for large positive Db. (2.5.4) .



CHAPTER II1

1l. Method of computation.
In order to compute J(r) and K according to (0.0.3) and (0.0.4)

we change the triple integral into a double integral.

We define the function:
OO

Py 6, 7)= | B2/2 (1-e72) (1-c” ) (2-¢757)aB (3,1,0)
O

Now we determine the derivatives with respect to «, 2 and 7. 1T

follows

OO
2E / g=3/2 =Boe (4 BB y(1_ "B y43 (301.1)
0
2 O
1 - —
o ¥ _ / B % ¢ Boe Bﬂ(lwe Bz‘)dB (3ela?)
oo @ /3
O
and o0
5 i —
S5 - / gt3 o BOHAD) gpl 1 VE (weper) 2 (3.1.3)
0X OBy
O
Furthermore holds F(O0, 2, 7 )= O (3elad)
"""%“g (DL?O?W): O (3.115)
B2F 5)
_ o Lok
20D /A (0c;2,0)= 0 (3 :

If we integrate the equation (3.1.3) three times and use the
conditions (3.1.4), (3.1.5) and (3.1.6) we get finally

F(O(.. 9 /93 D”): %\/ﬁ: [ ”(o{+ﬁ+3’)3/2+(0(-4-[:\)3/2+ (Oﬁ+?)3/2+(ﬂ+3’)3/2- m?)’/ 2 _

...../63/2 _ '3’3/2} (Z3e1eT)

According to (3.1.0) we can write J(r) and K as a function of

F(Oﬁyﬁfg) 77/2

J(r):f r Flo,p,y)de (3.1.8)
, ()0O
K = / J(r)dr ' (3.1.9)
O

The function rF(«,p,y) was tabulated as a function of r and © .
The function J(r) was ~btained by numerical integration. In the

same way the function J¥(B) and the number K was defined for
several a's.,



2. Numerical values,

The functions J(r) and K were computed
of a:

18t case jSJ
a=0,005
T 10*5?‘7(3?) r ‘10711(1‘)

0.0000 0 0.0110 24
0.0005 129 0.0120 18
0.0010 238 0.0130 14
0.0015 319 0.0140 11
0.0020 265 0.0150 Q
0.0025 374 0.0160 7
0.0030 350 0.0170 6
0.0035 314 0.018C 5
0.0040 263 0.0190 4
C.0045 225 0.0200 4
0.0050 186 0.0210 3
0.0055 153 0.0220 3
0.0060 126 0.023%0 2
0.0065 104 00,0240 2
0.0070 86 0.0250 2
0,0075 72 00,0260 1
0.0080 60 0.0270 1
0.0085 51 0.0280 1
0.0090 43 0.0290 1
0.0095 37 0.0300 0

0.0100 3 0.010 1650 15

0.0105 1491 10

K = 1895 0.0110 1354 7
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WSt case

a=0,0b5
J(r) P

, O 0.15
75.3 Q.20
15.3 0.25
11.06 0.30
35 0.3%5
59.2 0 .40
30,8 0.45
27 .2 0.50
19,0
13.0

9.9

K = 6.04

WSt case

a=0.5
10%J(r) r
0 1.00
1.287 1.10
2.38% 1.20
%.,189 1.0
3,645 e
3. 744 1.50
3.537 1 .60
3,146 1.70
2.6903 1.80
2 .254 1.90
1,864 2 .00
1.258 2.50
0.859 3,00
0.600 3,50
0.430 4,00
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~
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. 215
.2385

. 180
. 139
,110
.088
071
, 059
,0U8
.040
. 034
.015
.004
,002
,00"

o O O O O o O O O O C o o O O

WO%J(T)

.010
.020
. 030
.040
,050
,060
.O70
, 080
,090

o O O O O O O O O O

O O

s
N O
gl O

o
0.150

— = =2 O O O O O O O O O O
"W N - O\ O~ O FE W -

365
.668
Rejel!
.019
. 046
. 988
379
. 753
.630
. 521

. 219
. 200

o o o O o o o —- = O O O O

1.739
2.119
2,820
3,225
5.307
3,126
2,780

2.376

1 .996
1 .648

1, 3U460
1,096
0.915

l

O O O O O O O O O O O O

O O O Ui O Uy O W O

175
, 200

,225
. 250
275
., 300
400
. 500
.600
, 700
,800

=

oY U

0,003%36

. 002

o O O O O O O O C O O O
O
2D
\Jl

1073 (r)

0.759
0.63"
0.550
0.455
0.381
0.328
0.282
0.142
0.073
0.045
0,032
0.019



0.00005
0.00010
0.00025
0.00050
0.00100
0.0050 N
0.01000
0.02000
0.03000
0.04000
0.05000
0 .06000
0.,07000
0.08000
0.09000
0.10000
0.15000
0 . 20000
0 .50000
1.00000
5 .00000
10.00000
20 00000
50.,00000

A 597

5. 708
3.070

2+ 530
2e220
1.907
1.066
0.688
0.157
0.0480
0.00278
0.000797
0.000227
0.00004%4

- 13 -

1000,000
10000 ,000
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énd case 2nd gcase
a=0,005 a=0.,01
r WO"T.J(r) r WO"j,J(r) r J(r)
0 0.0200  0.1653 0 ,
0.0846 0.0300  0.,125% 0.559
0.1460 0.0400 0.,1013 0.967
0.1953 0.0500 00,0852 1.287
0.2340 0.0600  0.0737 1.545
0.2664 0.0700  0.0648 1.753
0.2905 0.0800 0.0'79 1.915
0.3103 0.0000 0.0520 2,040
0.3267 0.1000  0.0471 2,132
D045  0.3381 0.2000  0.0226 2,148
0050  0.3561 0.3000 0.0134 2,162
0055  0.3346 0.4000 0.0084% 2.176
0060  0.3264 0.5000 0.0055 241901
0065  0.3125 0.6000 0.0037 2,203
0070 0.3%008 0.7000  0,0026 2.215
0075  0.2934 0.8000 0.0018 2.224
0080 0.2835 1.0000 0.0009 2423
0085 0.2756 1.2000  0.0005 2,241
0090 0.2678 1.4000 0.0003 2,259
0095  0.2601 1.6000  0,0001 2.230
0100  0.2529 1.8000 0.0000 2,216
2.201
K = 0.197 2,188
2,170
2,154
2,137
2,122
2,105 1. 4000
2,090 1.6000 ?
2,017 1.,8000 0.000

K = 0.183%



0.391
0.376
0.363
Q.347
0.3%38
0.326
0.316

na
2 case

a=0.,05

K = 0.135

0.051
0.042
0.035
0.026
0.018
0.013
C.009
0.007
0.005
0.005
0.002




r

0.00
0.05
0.10
0.15
0,20
0425
0. 30
0.35
0440
0.45
0.50C
0.+560
Q70
0. 80
0.90
1.00
1.10
1420
1.30
1.40
1.50
1.60
170
1.80
1.90
2 .00
2+ 950
3.00
3¢50

0

0.1308
0.,2305
00,3030
0.3498
Ce373%3
03773
0.3658
0.3%439
0.3159
0.2876
0.2147
0.1596
0.1182
0.0874
C.0648
0.0481
040350
0.0267
0.0200
0.0151
0.,0114
0.0086
0.0064
2.,0050
0.0038
0.0010
0,0001%
0 .0000
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